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To Chloé and Raphael

“I say, that’s rather a difficult question. Won’t you give the answer yourself?”
”No, because it’s worthless unless you yourself discover it.”

Somerset Maugham, “Of Human Bondage.”
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Introduction

This thesis is composed of three papers dealing with different areas of
interest rates theory. This introduction will situate the papers in the
broader context of mathematical models of interest rates and highlight
the common themes.

The first mathematical models of interest rates were based on the spec-
ification of a stochastic differential equation (SDE) for the dynamics of the
instantaneous short rate process r. These models, commonly referred to
as short rate models, made their appearance some years after the now fa-
mous model of Black and Scholes (1973) for the pricing of European stock
options. By assuming that the stock price follows a geometric Brownian
motion (GBM), Black and Scholes were able to derive a closed form for-
mula for the price of a European put and call. It was therefore natural to
use the same modelling idea to obtain prices for options on bonds.

A pioneering model in this area is the model by Vasiček (1977), where
the instantaneous short rate is assumed to follow an Orstein-Uhlenbeck
process. This is a mean reverting Gaussian process which is easier to han-
dle analytically than a GBM, particularly when it comes to pricing bonds.
From an economic standpoint it also seems better suited for capturing the
time series properties of interest rates. The major contribution in this
model however does not lie in the modelling of the short rate itself but
in the solution it provides to the issue that interest rates are not tradable
assets.

One weakness of the Vasiček (1977) model is that a Gaussian process
allows the short rate to become negative. Dothan (1978) therefore pro-
posed to use a GBM,thereby guarantying positive interest rates. Cox et al.
(1985) proposed a squared Gaussian process, which also provides positive
interest rates. In order to improve the quality of the calibration of the
models to real world data, short rate models with time-dependent param-
eters were introduced such as those by Ho and Lee (1986) and Hull and
White (1990).

One criticism of the short-rate models is that a single state variable
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drives the entire term structure of interest rates. Models with two or more
state variables were therefore a natural next step in the modelling effort.
This may also have been a response to the demands of practitioners for
increased flexibility. One also finds a parallel trend in the modelling of
stock prices with the development of stochastic volatility models. Famous
examples of two-factor interest models are the models of Longstaff and
Schwartz (1992), Hull and White (1994), and Duffie and Kan (1996).

In Paper 3 of this thesis, a Gaussian two-factor model from Brigo and
Mercurio (2006) is used to investigate, from a theoretical perspective, the
various expectations hypotheses concerning interest rates that have been
extensively studied in the empirical literature. Similar studies have been
conducted previously using the short rate models of Vasiček (1977), in
Campbell (1986), and Cox et al. (1985), in Frachot and Lesne (1993).

After the short rate models and the multiple factor models a new strand
in the literature emerged with the introduction of the forward rate models
with the paper by Heath et al. (1992). Their idea is to specify the dynamics
of the forward rate curve, which is an infinite dimensional object, with the
help of an SDE. In practice this mean choosing a particular functional
form for the drift and volatility of the SDE. But since there is a one-to-
one correspondence between forward rates and bond prices, a model of
this type in fact specifies the dynamics of infinitely many assets. There
is therefore a major risk that arbitrage opportunities are introduced in
the model. It turns out that the condition of absence of arbitrage places
very strong restriction on the model, namely that the drift of the SDE is
entirely determined by the volatility (the so called Heath-Jarrow-Morton
(HJM) drift condition).

Modelling in the HJM setting therefore amounts to choosing a func-
tional form for the volatility. As an example if we set the volatility to a
constant we obtain the Ho and Lee (1986) (one-factor) short-rate model.
Choosing a particular exponential function produces the Hull and White
(1990) short rate model. The problem however is that other functional
forms may produce a non-Markovian and therefore infinite dimensional
stochastic system. As we are modelling an infinite dimensional object,
obtaining a finite dimensional model should be the exception rather than
the rule.

At the end of the 1990’s a number of papers appeared addressing the
question of how the volatility should be specified in order to produce a
HJM model possessing a finite-dimensional realization (FDR): Ritchken
and Sankarasubramanian (1995), Bhar and Chiarella (1997), Inui and Ki-
jima (1998), Chiarella and Kwon (2001). These papers provided differ-
ent examples of volatilities producing FDRs. Björk and Svensson (2001),
building on previous work by Björk and Christensen (1999), were the first
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to produce both necessary and sufficient conditions on the volatility to
guarantee the existence of a FDR. This work, which was at first only
treated deterministic volatilities, was later extended in Björk et al. (2004)
to also include stochastic volatilities driven by a diffusion.

Paper 1 in this thesis uses the differential geometric framework pro-
vided by Björk and Christensen (1999) and Björk and Svensson (2001) to
study the FDR of HJM models with a volatility driven by a Markov chain,
a so called regime-switching volatility. Both necessary and sufficient condi-
tions on the volatility that guarantee the existence of a FDR are provided.
Then some commonly used deterministic volatilities, known to provide a
one-dimensional realization, are made stochastic and their FDR studied.

Despite the increased complexity of the interest models practitioners
still use a formula based on an extension of the Black (1976) model when
pricing caps and swaps. This pricing formula is based on the famous Black
and Scholes (1973) model for the pricing of European stock options. The
derivation of this formula is however not satisfactory from a theoretical
point of view. At one point of the proof the interest rate is assumed to be
constant and at another it is assumed to be stochastic.

Another issue with short rate models and forward rate models is that
the underlying variables are infinitesimal quantities which are not observ-
able. This gives rise to a lot of calibration problems when the model
are implemented. This may be one reason for the persistent use by mar-
ket practitioners of the theoretically unfounded formulas based on Black
(1976).

In the end of the 1990’s models of a new kind, so called market models,
were introduced to provide a solution to the mentioned shortcomings of
the interest rate models of the previous decades. In the libor market
model, introduced in the work of Miltersen et al. (1997) and Brace et al.
(1997), the libor rates are used as underlying stochastic state variables.
By assuming the rates to be log-normally distributed, a formula of the
Black (1976) type for the pricing of caplets is derived which this time is
put on firm theoretical ground. Jamshidian (1997) introduced the swap
market model, where the underlying variable is the swap rate. By assuming
the forward swap rates to be log-normally distributed a Black (1976) type
formula for swaptions is derived.

The major shortcoming of the market models is that they tend to
have a large dimension. When pricing an interest rate derivative in this
framework it is necessary to use one state variable (libor or swap rate) for
every cash flow. The pricing of a contract with 10 years to maturity and
quarterly payments, which is not uncommon on the market, will require a
39-dimensional market model.

Paper 2 in this thesis tries to address the dimension problem of the
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market models with the help of the geometrical framework of Björk and
Svensson (2001). Although this framework was originally developed to
study FDRs of infinite dimensional models it can also be used in a finite
dimensional setting. The markets models are viewed as stochastic systems
and the framework is used to examine if there exist a realization of the
these systems with a smaller dimension.

The mathematical modelling of interest rates has of course produced
other important types of models which have not been mentioned in this
introduction. There are two important omissions. Firstly the models by
Flesaker and Hughston (1996) and Rogers (1994) which link bond pric-
ing with stochastic potential theory and which guarantee positive interest
rates. Secondly there is the Markov functional models introduced in Hunt
et al. (2000).
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Summaries

Paper 1: Finite-dimensional Realizations of Regime-
Switching HJM Models

Another version of this paper has appeared in
Applied Mathematical Finance, Vol.15, No. 4, 331–354, August 2008.

This paper studies Heath-Jarrow-Morton-type models with regime-swit-
ching stochastic volatility. In this setting the forward rate volatility is
allowed to depend on the current forward rate curve as well as on a con-
tinuous time Markov chain y with finitely many states. Employing the
framework developed by Björk and Svensson we find necessary and suf-
ficient conditions on the volatility guaranteeing the representation of the
forward rate process by a finite dimensional Markovian state space model.
These conditions allow us to investigate regime-switching generalizations
of some well-known models such as those by Ho-Lee, Hull-White, and
Cox-Ingersoll-Ross.

Paper 2: Minimal Realizations of Market Models

Joint work with Tomas Björk and Damir Filipović

Using the differential geometric framework of Björk and Svensson we study
realizations of the libor market model and the swap market model of
interest rates. The volatilities are allowed to be both constant and time-
dependent. We show that there does not exist realizations of a smaller
dimension than that of the original model neither for the libor market
model nor for the swap market model.
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Paper 3: Expectations Hypotheses in a Gaussian Two-
Factor Model

Using an additive Gaussian two-factor model of the instantaneous short
rate we study the expectations hypotheses of interest rates as defined by
Cox-Ingersoll-Ross. The expectations hypothesis are studied both under
the risk-neutral and the objective probability measure. The Girsanov
kernel for the measure transformation is allowed to depend on the state
variables. We show that, when the Girsanov kernel is stochastic, all the
expectations hypotheses fail to hold under the objective probability mea-
sure, even if we allow for an additive premium as suggested by Campbell.
Frachot-Lesne have stated that it is necessary to use a model with stochas-
tic volatility to obtain this result. Our findings contradict their statement.
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Paper 1

Finite-dimensional
Realizations of
Regime-Switching HJM
Models
Another version of this paper has appeared in
Applied Mathematical Finance, Vol. 15, No. 4, 331–354, August 2008.

1.1 Introduction

The modelling of the term structure of interest rates in the Heath-Jarrow-
Morton (HJM) framework (Heath, Jarrow, and Morton, 1992), usually
begins with the specification of the volatility term in the stochastic dif-
ferential equation (SDE) for the forward rate.1 By assuming absence of
arbitrage it can be shown that the drift term is completely determined by
the volatility under the risk neutral measure (the HJM drift condition).
Thus, to obtain a specific model of the term structure in this framework
one only has to specify the volatility.

The object that is modelled, the forward rate curve, is an infinite di-
mensional object, so the SDE that we are specifying is in fact infinite
dimensional. From this perspective there is no reason why the solution
to this SDE can be realized by a finite-dimensional state space model. It
can of course happen. To take a concrete example, if we set the volatility

1For an overview of the HJM framework see, for example, chapter 23 in Björk (2004).
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to be a constant, then one can show that this gives rise to a one dimen-
sional model equivalent to the Ho and Lee (1986) model for the short rate
fitted to the initial term structure. For more complicated volatility func-
tions however we are not a priori certain to obtain a model that has a
finite-dimensional representation. In fact, considering the inherent infinite
dimensionality of the problem, this should be the exception rather than
the rule.

In the end of the 1990s, numerous papers address the question of how
one should to specify the volatility in order to guaranty that the model pro-
duced had a finite-dimensional realization (henceforth FDR): Ritchken and
Sankarasubramanian (1995), Bhar and Chiarella (1997), Inui and Kijima
(1998), and Chiarella and Kwon (2001).2 These paper provide examples of
volatilities known to yield a FDR. Björk and Svensson (2001), building on
earlier results by Björk and Christensen (1999), were the first to provide
both necessary and sufficient conditions for the existence of a FDR. To
complement this pure existence result, Björk and Landén (2002) address
the question of the actual construction of the realization.

The present paper uses the geometric framework developed by Björk
and coauthors to investigate HJM models with regime-shifting stochastic
volatility. Here the volatility is a function of a continuous time Markov
chain with a finite number of states and of the current forward rate curve.
The main purpose is to provide necessary and sufficient conditions on the
volatility to guaranty a FDR.

From a modeling perspective the use of a Markov chain could be mo-
tivated by the need to make the model more flexible without making it
intractable. There could also be economic reasons why an interest rate
model driven by a Markov chain is attractive. Business cycle expansions
and contraction can potentially have a first-order impact on expectations
concerning inflation, monetary policy, and nominal interest rates. Such
regime shifts could have a major impact on the whole term structure of
interest rates.

There is a large number of empirical studies where one tries to fit
the dynamics of bond yields (short rates in particular) using discrete-time
econometric models with regime-switching: Hamilton (1988), Garcia and
Perron (1996), Gray (1996), and Ang and Bekaert (2002), to name a few.
These studies suggest that regime-switching models capture historical data
better than single regime models. Some authors propose so-called dynamic
term structure models in continuous time; Naik and Lee (1997), Bansal
and Zhou (2002), Dai, Singleton, and Yang (2007). When estimated, these
models provide additional empirical support for the regime-switching mod-
els. Moreover, the inferred regimes appear to be associated with indicators

2See Björk (2003) for an overview.
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of business cycles. While containing some theoretical results, these papers
are, however, mostly concerned with econometric issues.

Previous attempts to introduce regime shifts in the parameters of the-
oretical interest models are quite recent and have been mainly concerned
with short rate models. Hansen and Poulsen (2000) extend the Vasiček
(1977) model by allowing for shifts in the local mean of the short rate
between a high and a low state. Numerical methods are then used to com-
pute bond prices. Landén (2000) considers a short rate model where both
the drift and volatility are driven by a Wiener process and a marked point
process. For the special case when the underlying process is a Markov
chain with only two states, a closed form expression for the bond price is
derived.

Valchev (2004) seems to be the first and, to our knowledge, the only
author to introduce regime-shifting coefficients in a HJM type of model.
He first provides a semi-martingale representation of the Markov chain
modulated volatility. Then he considers some explicit representations of
the volatility, and derives the corresponding short rate dynamics. The
paper is restricted to Gaussian models, i.e. models where the volatility
does not depend on the current forward rate curve. The question of the
existence of FDRs is not discussed and no realizations are constructed.

The paper by Björk, Landén, and Svensson (2004) is related to the
present one in the sense that it treats FDRs of stochastic volatility models
within the same geometric framework. The difference is that the authors
consider a volatility driven by a diffusion, and that this is essential for
the methods employed. In the present case with Markov chain modu-
lated volatility the geometric picture is different and therefore needs to be
tackled by other means.

The rest of the paper is organized as follows. Section 1.2 provides the
theoretical foundations needed in the rest of the paper. In particular the
FDR problem is formalized and a very general theorem on the FDR of
regime-switching volatility models is proved. After these quite abstract
results, more concrete matters are discussed. Section 1.3 treats the case of
deterministic volatility in detail. This allow us to obtain concrete results
concerning the possible choices of volatilities and their FDRs. The regime-
switching generalizations of Ho and Lee (1986) model and of the Hull and
White (1990) model are then presented and their FDR derived. Section 1.4
treats the special case of separable volatility. Possible regime-switching
models of this class are discussed and finally the example of the generalized
Cox, Ingersoll, and Ross (1985) model is analyzed.
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1.2 Model

As in Heath, Jarrow, and Morton (1992) we consider a bond market mod-
elled on a filtered probability space (Ω, (Ft)t≥0,F , Q) where Q is the risk-
neutral martingale measure. The market is assumed to be default and
arbitrage free. The space carries a one dimensional Wiener process W ,
and a m-dimensional continuous-time Markov chain {yt}, t ≥ 0, the finite
state space of which is the set S = {e1, . . . , em} of unit vectors on Rm.3 We
restrict ourselves to a scalar driving Wiener process to simplify notation
by avoiding to differentiate between indices related to Wiener processes
and states of the Markov chain. The restriction has no bearing on the
results.

The price at time t of a zero coupon bond maturing at t + x is de-
noted p(t, x). Notice the Musiela parametrization,4 which uses the time
to maturity x instead of the usual time of maturity T . The instantaneous
forward rate is defined as

rt(x) := − ∂

∂x
log p(t, x),

i.e. the price at time t of a zero-coupon bond maturing at t + x > t is
given by p(t, x) = exp{−

∫ x

0
rt(s) ds}.

The modelling will focus on the forward rate curve, x 7→ rt(x), rather
than on the individual forward rate rt(x). To stress this fact the forward
rate curve is denoted rt. The forward rate process {rt} is thus viewed
a stochastic process taking values in the Hilbert space H of forward rate
curves.5

The present paper studies a HJM model of the forward rate where the
volatility σ is modulated by the continuous time Markov chain y. We take
as given a smooth volatility function σ of the form

σ : H× S × R+ → R,

that is σ(r, y, x) is a functional of the infinite-dimensional r-variable, the
continuous time Markov chain y taking values in the finite set S, and the
positive real variable x.

Definition 1.1. The forward rate is given by the following stochastic dif-

3The notation used for important variables is listed at the end of the article.
4See Musiela (1993). The use of the Musiela parametrization is motivated by the

emphasis on the forward rate curve x 7→ rt(x) as an infinite dimensional object in the
framework of Björk and Svensson (2001).

5For details concerning the choice of space, see Björk (2003) and Filipović and Te-
ichmann (2003).
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ferential equation{
drt(x) = µ0(rt, yt, x) dt+ σ(rt, yt, x)dW (t),
r0(x) = ro

0(x),
(1.1)

where µ0 is given by the well known HJM drift condition emanating from
the assumption of absence of arbitrage:

µ0(rt, yt, x) =
∂

∂x
rt(x) + σ(rt, yt, x)

∫ x

0

σ(rt, yt, s) ds.

As we will be using results from differential geometry, for instance the
Frobenius theorem, it is convenient to formulate the model of the forward
rate in terms of Stratonovich integrals instead of the usual Itō integrals.
This allows us to use the theorems directly without having to translate
them beforehand into the Itō setting.

The Stratonovich formulation of the model is given by the following
stochastic differential equation:{

drt(x) = µ(rt, yt, x) dt+ σ(rt, yt, x) ◦ dW (t),
r0(x) = ro

0(x),
(1.2)

where ◦ indicates a Stratonovich differential. The HJM drift condition
now gives

µ(rt, yt, x) =
∂

∂x
rt(x) + σ(rt, yt, x)

∫ x

0

σ(rt, yt, s) ds,

− 1
2
σ′r(rt, yt, x)[σ(rt, yt, x)].

(1.3)

Here σ′r(rt, yt)[σ(rt, yt)] denotes the Fréchet derivative σ′r(rt, yt) operating
on σ(rt, yt). Setting

F :=
∂

∂x
, (1.4)

Φ(rt, yt, x) := σ(rt, yt, x)
∫ x

0

σ(rt, yt, s) ds, (1.5)

C(rt, yt, x) := σ′r(rt, yt, x)[σ(rt, yt, x)], (1.6)

we can write the drift more compactly as

µ(rt, yt, x) = Frt(x) + Φ(rt, yt, x)−
1
2
C(rt, yt, x). (1.7)

Henceforth we will use this Stratonovich formulation of the model.
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Remark 1.1. When the HJM drift condition, as expressed in (1.7), is
formulated using the usual parametrization and Itō integrals it only consists
of the term Φ. The present setting yields two more terms. The term Frt
comes from the use of the Musiela parametrization. The term, −1/2 C,
comes from the use of Stratonovich integrals.

Remark 1.2. To simplify notation we define

µi := µ(rt, ei, x),
σi := σ(rt, ei, x),
Φi := Φ(rt, ei, x).

where i ∈ {1, 2, . . . , n}.

Remark 1.3. We will use the following notation when treating linear
vector spaces. If v1 and v2 are vectors we will denote the space spanned by
v1 and v2 by

〈v1, v2〉.

The Lie algebra generated by two vector fields v1 and v2 will be denoted

〈v1, v2〉LA.

1.2.1 Problem Formulation

The main question to be answered in the present paper is when does
the regime-switching volatility model in (1.2) admits a finite-dimensional
realization (FDR). To be more specific we present the following definition.

Definition 1.2 (FDR). The SDE in (1.2) is said to have a finite dimen-
sional realization if there exist smooth d-dimensional vector fields a and b,
initial points z0 ∈ Rd and y0 ∈ I, and a (smooth) mapping G : Rd → H
such that rt has a representation of the following form

rt(x) = G(zt, x), (1.8)
dzt = a(zt, yt) dt+ b(zt, yt) ◦ dWt, (1.9)

z0 = z0. (1.10)

Remark 1.4. Notice that, in the definition above, the Markov chain y only
appears in the dynamics of the state variable zt and not in the mapping
G. Setting rt = G(zt, yt) would mean that rt is allowed to jump with
the Markov chain, but this would be in conflict with the representation of
dynamics of rt in (1.2), where yt only affect the coefficients but no jump
term is present.
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Remark 1.5. The model is formulated under the risk neutral probability
measure Q in (1.2). But we could as well have formulated the model under
the objective probability measure P . If the equality in (1.8) holds Q almost
surely it also holds P almost surely as P and Q are equivalent martingale
measures. Formulating the model directly under Q has the advantage of
leaving the concept of market price of risk, which has no impact on our
results, outside of the modelling.

The framework developed in Björk and Christensen (1999) and Björk
and Svensson (2001) allows us to formulate the following theorem which
answer the question concerning the existence of a finite-dimensional real-
izations.

Theorem 1.1. The forward rate model in (1.2) admits a finite-dimensional
realization if and only if the Lie algebra L generated by 〈µi, σi : i ∈ I〉
denoted 〈µi, σi : i ∈ I〉LA is finite dimensional at r0. Here µi and σi are
viewed as vector fields on H.

Proof. This proof follows the proofs of Theorem 4.1 in Björk and Chris-
tensen (1999) and Theorem 3.2 in Björk and Svensson (2001). It turns
out that the introduction of the Markov chain y does not alter the original
theorem. Assume that the model admits a FDR. Differentiation of (1.8)
with the help of the Itō formula and use of (1.9) gives

drt = G′z(zt)a(zt, yt) dt+G′z(zt)b(zt, yt) ◦ dWt.

Comparing this with (1.2) produces

µ(rt, yt) = G′z(zt)a(zt, yt),
σ(rt, yt) = G′z(zt)b(zt, yt).

The forward curve manifold G = ImG = {G(z, ·) ∈ H; z ∈ Rd} is by
assumption finite dimensional. The tangent space of the manifold G at
the point z, denoted TG(z), is therefore also finite dimensional. We ob-
serve that ImG′z(z) = TG(z), so for every z ∈ Rd and every y ∈ S =
{e1, e2, . . . em} we have

µ(r, y) ∈ TG(z),
σ(r, y) ∈ TG(z),

where r = G(z). By standard theory6 we know that the Lie bracket of two
vector fields tangential to a manifold is also tangential to the manifold,
so we also have [µi(r), σj(r)] ∈ TG(z) for all i, j ∈ I. We can therefore
conclude that the Lie algebra is finite dimensional.

6See Warner (1971) or Olver (1986), Lemma 1.37.
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Assume that the Lie algebra is finite dimensional with, say, dimen-
sion n. Frobenius’ theorem supplies a n-dimensional (smooth) embed-
ded submanifold G with a local parametrization provided by a mapping
G : Rn → H, i.e. G = ImG = {G(z, ·) ∈ H, z ∈ Rd}, so that for r = G(z),
µi(r) ∈ TG(z) and σi(r) ∈ TG(z) for all i ∈ I. We first want to find a factor
process zt with dynamics as in (1.9) and, second, show that the mapping
G actually gives us rt as rt = G(zt). Recall that TG(z) = ImG′z(z), so
µi(r), σi(r) ∈ ImG′z(z). We can therefore find, for each i ∈ I, ai(z) and
bi(z) such that µi(r) = G′z(z)ai(z), and σi(r) = G′z(z)bi(z), r = G(z), or
using more compact notation

µ(r, y) = G′z(z)a(z, y),
σ(r, y) = G′z(z)b(z, y).

(1.11)

The injectivity of G′, following from Frobenius’ theorem, guarantees the
uniqueness of ai(z) and bi(z). AsG′z(z) has a smooth left inverse

(
G′z(z)

)−1,
we can solve for a(z, y) and b(z, y) and obtain

a(z, y) =
(
G′z(z)

)−1
µ(r, y),

b(z, y) =
(
G′z(z)

)−1
σ(r, y),

where r = G(z). The smoothness of G and of the inverse
(
G′z(ζ)

)−1 gives
smoothness of a(z, ·) and b(z, ·) and therefore local Lipschitz continuity,
yielding a unique strong solution to the SDE (1.9) for arbitrary initial
condition z0 ∈ Rd and y0 ∈ S. This completes the quest for the factor
process zt. To show that rt = G(zt), define qt = G(zt). Differentiation
gives

dqt = G′z(zt)a(zt, yt) dt+G′z(zt)b(zt, yt) dt.

Using (1.11) we see that this equation is identical to (1.2). Given an
arbitrary r0 ∈ G, since G = ImG(z) and G(z) is injective there is a unique
z0 such that r0 = G(z0). If we now set q0 = z0, by uniqueness of the strong
solution to (1.2) we obtain that rt = qt = G(zt).

Remark 1.6. The finiteness of state space of the Markov chain is not
needed to prove the theorem. When proving necessity the finite dimen-
sionality of the Lie algebra follows from the finite dimensionality of the
manifold G, not from the number of states in the Markov chain. When
proving sufficiency, we assume the Lie algebra to be finite dimensional,
so we implicitly assume that the only finite many µi and σi are linearly
independent, regardless of the number of states in the Markov chain.
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1.2.2 Constructing realizations

Having settled the question of existence of a finite-dimensional realization,
the next natural step is to construct such a realization. We will need
the following definition to describe the parametrization of forward curve
manifold.

Definition 1.3. Let f be a smooth vector field on the space H, and let y
be an arbitrary point on H. The solution to the following ODE

dyt

dt
= f(yt), y0 = y,

will be denoted
yt = etfy.

We can now describe the manifold using Theorem 4.2 of Björk and
Svensson (2001) which we reproduce here for convenience.

Theorem 1.2. Assume that the Lie algebra 〈µ, σ〉LA is spanned by the
smooth vector fields f1, . . . , fd. Then, for the initial point r0, all forward
rate curves produced by the model will belong to the induced tangential
manifold G, which can be parametrized as G = Im[G], where

G(z1, . . . , zd) = ezdfd · · · ez1f1r0,

and where the operator ezifi is defined as above.

Remark 1.7. Notice that the preceding theorem shows that the dimension
of the realization is equal to the size of the Lie algebra.

To construct the finite-dimensional realization we follow the procedure
outlined in Björk and Landén (2002). Given a volatility σ(r, y, t) for which
the Lie algebra L is finite dimensional and given an initial forward rate
curve r0 we perform the following steps:

(i) Select a finite number of vector fields f1, . . . , fd spanning the Lie
algebra L .

(ii) Determine the manifold G by using Theorem 1.2 above.

(iii) Set rt = G(zt). Make the following Ansatz for the dynamics of the
state variable z

dzt = a(zt, yt) dt+ b(zt, yt) ◦ dWt.

Using the Stratonovich version of the Itō formula yields

drt = dG(zt) = G′(zt) a(zt, yt) dt+G′(zt) b(zt, yt) ◦ dWt. (1.12)
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Identifying the coefficients of the drift and diffusion vector fields of
the r process we obtain

G′(zt)a(zt, yt) = µ(G(zt), yt)
G′(zt)b(zt, yt) = σ(G(zt), yt).

(1.13)

These equations can now be used to solve for the vector fields a and
b.

Remark 1.8. It can sometimes be very burdensome to find the minimal
set of vector fields spanning the Lie algebra. In those cases it is more
practical to work with a slightly larger set of vector fields. Occasionally
this can cause the equations in (1.13) to have multiple solutions. This is
of no consequence since it’s enough to find one solution, and any solution
will be adequate for our purpose.

1.3 Deterministic volatility

We can now use the abstract results above to derive concrete results for
particular model choices. In this section we consider the simple case where
the volatility does not depend on r. We first derive the Lie algebra, then
we determine the invariant manifold and find the state variable dynamics.
Finally, we study regime-switching generalizations of the Ho-Lee and Hull-
White models.

1.3.1 The Lie algebra

We assume that the volatility is of the form

σ(r, x, y) = σ(x, y), (1.14)

i.e. the volatility does not depend on r. When the Markov chain is in state
ei the volatility σi(x) is a constant vector field on H.

Using the notation in (1.7) for the drift µ, the generators of the Lie
algebra will be the following vector fields (one for each state of the Markov
chain y):

σ(r, x, y) = σi, i ∈ I,
µ(r, x, y) = Fr + Φi.

Because the σi:s are constant as functions of r the Fréchet derivatives
σ′i = 0 and therefore C = σ′r[σ] = 0 in (1.7).
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To compute Lie brackets we need the Fréchet derivative of µi which
is µ′i = F as F is a linear operator (and in the space H also a bounded7

operator).
Taking Lie brackets we obtain

[µi, µj ] = F
(
Fr + Φj

)
− F

(
Fr + Φi

)
= F

(
Φj − Φi

)
,

[µi, σj ] = Fσj ,

[σi, σj ] = 0,

where i, j ∈ I. Now the only remaining non-constant vector field is µi,
so computing the remaining Lie brackets is easy and yields the following
system of generators for the Lie algebra:

L = 〈Fr + Φi,Fkσi,F`(Φi − Φj); i, j ∈ I; k, ` = 0, 1, . . .〉LA. (1.15)

As we are interested in a FDR of the model, we want to know when
the Lie algebra L is finite dimensional (remember Remark 1.7). Now for
L to be finite dimensional, first the space 〈F kσi; k = 0, 1, . . .〉 must be
finite-dimensional, for every fixed i ∈ I. But for this to occurs, the vector
fields Fkσi must satisfy a linear relation of the form

Fniσi =
ni−1∑
k=0

cikFkσi, (1.16)

where cik ∈ R. We recall that F := ∂/∂x, so that (1.16) is in fact an ODE
with constant coefficients in the variable σi. By general ODE theory, σi is
a solution to (1.16) if and only if σi is a quasi-exponential function.8

Definition 1.4 (QE function). A quasi-exponential function is a function
of the form

f(x) =
∑

i

pi(x)eλix +
∑

j

eαjx
[
pj(x) cos(ωjx) + qj(x) sin(ωjx)

]
,

where λi, αj , ωj are real numbers and pi, pj , qj are polynomials with real
coefficients.

The preceding argument shows that a necessary condition for the model
to posses a FDR is that σi is QE. It turns out that this condition is also
sufficient. To show this we will use the following Lemma which lists some
well known the properties of QE functions.

7The boundedness of F is the reason underlying the choice of space H. For details,
consult Björk (2003) and Filipović and Teichmann (2003).

8See, for example, Schwartz (1992), chapter IV, §4.
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Lemma 1.1. Quasi-exponential functions have the following properties:

(i) A function is QE if and only if it is a component of the solution of
a vector-valued linear ODE with constant coefficients.

(ii) A function is QE if and only if it can be written as f(x) = ceAxb.

(iii) If f is QE, then f ′ is QE.

(iv) If f is QE, then its primitive function is QE.

(v) If f and g are QE, then fg is QE.

We now have the following result.

Proposition 1.1. Assume that the volatility is deterministic i.e. of the
form

σ(r, y, x) = σ(y, x).

Then the model in (1.2) possesses a FDR if and only if σ(x, y) is a quasi-
exponential function in the x variable.

Proof. Having proved necessity, we assume that σi is QE for every i ∈ I.
Then by (i) we obtain that 〈Fkσi; k = 0, 1, . . .〉 is finite dimensional. The
function Φi = σ

∫ x

0
σ> ds is QE by (v) and (iv) since it is composed of a

QE multiplied by the integral of a QE. In addition Φi−Φj is QE as linear
combinations of QE functions are QE. We can therefore also conclude that
〈F`+1(Φi − Φj); ` = 0, 1, . . .〉 is finite dimensional.

Knowing that the volatility σ is quasi-exponential in the variable x
allows us to give a simpler system of generators for the Lie algebra L
than the one provided in (1.15). This will facilitate the calculation of the
dimension of the Lie algebra in Proposition 1.3 and the construction of
realization Section 1.3.3. We have the following result.

Proposition 1.2. Assume that the volatility σi(x) has the following form

σi(x) =
Ni∑
j=1

pi,j(x) e−αi,jx,

where pi,j(x) is a polynomial of degree ni,j, αi,j ∈ R, αi,j 6= 0 and Ni ∈ N.
Then

〈µi, σi〉LA = 〈Fr,Fkσi,F`Φi; i ∈ I; k = 0, . . . , ni
1; ` = 0, . . . , ni

2〉LA, (1.17)
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where

ni
1 =

Nj∑
j=1

ni
j +Ni − 1,

ni
2 =

∑
(j,k)
j≤k

(ni
j + ni

k) +
1
2
Ni(Ni + 1)− 1.

We will prove this proposition in four steps, each step giving rise to a
lemma. The first lemma shows that the linear space 〈Fkσi; k = 0, . . . , 〉 is
spanned by monomials xjeαkx. Although this lemma is not used explicitly
in the proof of the proposition above, it is used to prove the next three
lemmas. Before stating the second lemma we will substitute the vector
field Φi occurring in (1.15) by the vector field Φ̃i := Φi −Kσi, where K
is a specific constant. The second lemma then shows that the linear space
〈F`(Φ̃i−Φ̃j); i, j ∈ I; ` = 0, . . . , 〉 is spanned by monomials xke−(αi,j+αi,k)x

thereby allowing us to disentangle the vector fields F(Φ̃i − Φ̃j) into FΦ̃i

and FΦ̃j . The third lemma shows that we can also disentangle the vector
field Fr + Φ̃i into Fr and Φ̃i. Finally, in Proposition 1.3 we calculate the
size of the Lie algebra L , which enable us to specify ni

1 and ni
2 mentioned

in the Proposition 1.2.
To avoid cluttering the notation with (unnecessary) double indices we

will temporarily remove the dependence on y from the expressions. The
first lemma used in the proof of Proposition 1.2 is as follows.

Lemma 1.2. Assume that the volatility σ(x) has the following form

σ(x) =
N∑

j=1

pj(x)e−αjx,

where pj(x) is a polynomial of degree nj, αj ∈ R, αj 6= 0 and N ∈ N.
Then

〈Fkσ(x); k = 0, 1, . . .〉
= 〈Fk

(
xnje−αjx

)
; k = 0, 1, . . . ; j = 1, . . . , N〉.

(1.18)

Proof. We start by showing that

〈Fkσ(x); k = 0, 1, . . .〉 = 〈xi e−αjx; i = 0, . . . , nj ; j = 1, . . . , N〉. (1.19)

The equality (1.18) then follows from the trivial fact that

〈Fk
(
xnj e−αjx

)
; k = 0, 1, . . . ; j = 1, . . . N〉

= 〈xi e−αjx; j = 1, . . . , N ; i = 0, . . . , nj〉.
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To prove (1.19) we first have to show that every element on the left-
hand side can be written as a linear combination of the elements on
the right-hand side. But this is trivial since we know that σ is quasi-
exponential. Conversely, we have to show that every monomial xie−αjx

on the right-hand side of (1.19) can be written as a linear combination of
the vector fields Fkσ on the left-hand side. To this end we will use the op-
erator (F +αj) which lowers the degree of the polynomial pj(x). To make
things as transparent as possible, we start by assuming that N = 1, i.e.
that σ = p(x)e−αx, where p(x) is a polynomial of degree n. We then have
(F + α)σ = p′(x)e−αx + p(x)(−α)e−αx + αp(x)e−αx = p′(x)e−αx where
p′(x) = dp(x)/dx.

Applying powers of the operator F + α1 yields

(F + α1)0σ(x) = pn(x)e−αx

(F + α1)1σ(x) = pn−1(x)e−αx

...

(F + α1)nσ(x) = p0(x)e−αx,

where pi(x) denotes a polynomial of degree i. Having at our disposal one
polynomial of each degree allow us to perform Gaussian elimination and
thereby express each monomial xie−αx as a linear combination of different
powers of the operator F + α. It only remains to show that every power
of the operator F + α can itself be expressed as a linear combination of
the vector fields Fkσ. A simple application of the binomial theorem shows
that

(F + α)kσ(x) =
n∑

i=0

(
n

i

)
αn−iFiσ(x),

and we are done with the case N = 1.
Next we have to show that we can obtain the same result when N > 1.

To keep the notation simple we now treat the case N = 2. To show that
the result also holds for higher values of N is trivial. So now we assume
that σ = q1(x)e−α1x + q2(x)e−α2x, where the qi(x) denotes a polynomial
of degree ni. Now note that the operator F +α1 only lowers the degree of
the polynomial in front of e−α1x leaving the degree of the polynomial in
front of e−α2x unchanged, as can be seen in the following calculation:

(F + α1)σ(x) = q′1(x)e
−α1x + [q′2(x) + (α1 − α2)q2(x)]e−α2x.

This means that we can recover the monomials xie−α1x by first annihilat-
ing the polynomial q2(x) from σ as (F + α2)n2+1σ = π1(x)e−α1x, where
π1(x) is a polynomial of degree n1. Then we just apply the same procedure



1.3. Deterministic volatility 27

as in the N = 1 case, by operating with powers of the operator F + α1

thereby recovering all monomials xie−α1x. We can then apply the same
procedure to recover all monomials xie−α2x by first annihilating q1(x) with
the help of (F + α1)n1 .

Before stating the next lemma we will replace the vector fields Φi in
the generator set of L in (1.15) with simpler vector fields Φ̃i. This will
facilitate the analysis of the generator set 〈F`(Φi−Φj); i, j ∈ I; ` = 0, 1, . . .〉
and allows us to make use of Lemma 1.2 in the proofs. Let us for a moment
put aside the dependence on y and study Φ(x). To this end we partially
integrate the integral of σ(x) in the expression for Φ(x) as follows

Φ(x) =
( N∑

i=1

pi(x)e−αis
)(∫ x

0

N∑
j=1

pj(s)e−αjsds
)

=
( N∑

i=1

pi(x)e−αis
)( N∑

j=1

qj(x)e−αjx +K
)
,

where

qj(x) = −

(
pj(x)
αj

+
Fpj(x)
α2

j

+ . . .
Fnpj(x)
αn+1

j

)
,

K =
N∑

j=1

( nj∑
i=0

1
αi+1

j

Fipj(0)
)
.

By expanding the product we obtain

Φ(x) =
∑
(i,j)

pi(x)qj(x)e−(αi+αj)x +K σ(x). (1.20)

We note that the last term of this expression for Φ involves σ and therefore
monomials of the form xie−αjx. We now define

Φ̃(x) = Φ(x)−Kσ(x)

=
∑
(i,j)

pi(x)qj(x)e−(αi+αj)x. (1.21)

We can now replace every occurrence of Φi in (1.15) with Φ̃i. This can
be shown by simple use of the relation Φ̃i = Φi +Kiσi. The vector fields
Fr+Φ̃i = (Fr+Φi)−Kiσi, so Φ̃i ∈ L . We can therefore add them to the
set of generators of L . Next as Φ̃i − Φ̃j = Φi − Φj −Kiσi +Kjσj we see
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that Fk(Φ̃i− Φ̃j) = Fk(Φi−Φj)−KiFkσi−KjFkσj , so Fk(Φ̃i− Φ̃j) ∈ L .
We can therefore also add Fk(Φ̃i − Φ̃j) to the set of generators of L .

The next lemma treats the generators F`(Φ̃i − Φ̃j). We are therefore
forced to reintroduce the index for the Markov chain y in the notation.

Lemma 1.3. Assume that the volatility σi has the following form

σi(x) =
Ni∑
j=1

pi,j(x)e−αi,jx,

where i ∈ I, pi,j is a polynomial of degree ni,j, αi,j ∈ R, αi,j 6= 0 and
N ∈ N. Then

〈F`(Φ̃i − Φ̃j); i, j ∈ I; ` = 0, 1, . . .〉
= 〈F`Φ̃i; i ∈ I; ` = 0, 1, . . . , ni,j + ni,k〉

= 〈x`e−(αj
i+αk

i )x; i ∈ I; j, k = 0, 1, . . . ; ` = 0, . . . , ni,j + ni,k〉.

Proof. As Φ̃i(x) has exactly the same functional form as σ(x) we can apply
Lemma 1.2 on Φ̃i(x) and obtain

〈F`Φ̃i(x); i ∈ I; ` = 0, 1, . . .〉
= 〈F`(xnj+nke−(αj+αk)x); i ∈ I; j, k = 1, . . . , Ni; ` = 0, 1, . . .〉,

which proves the second equality.
To prove the first equality we just note that Φ̃i − Φ̃j also has the

functional form of σ so Lemma 1.2 can be applied again.

The next lemma disentangles the generators Fr + Φ̃i into Fr and Φ̃i.
This turns out to be be important for the study of the invariant manifold
in the next section, as it separates the effect of the vector field Fr, making
calculations a lot easier and producing a neater parametrization.

Lemma 1.4. Assume that the volatility σi has the form

σi(x) =
Ni∑
j=1

pi,j(x)e−αi,jx,

where i ∈ I, pi,j is a polynomial of degree ni,j, αi,j ∈ R, αi,j 6= 0 and
N ∈ N. Then

〈Fr + Φ̃i; i ∈ I〉 = 〈Fr, Φ̃i; i ∈ I〉.

Proof. Lemma 1.3 shows that Φ̃i ∈ L . Therefore we obtain that µi−Φ̃i =
Fr ∈ L , meaning that we can add Fr to the set of generators, thereby
disentangling the generator Fr + Φ̃i.
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The next proposition gives us an upper bound for the dimension of the
Lie algebra for a given finite-dimensional deterministic volatility model.

Proposition 1.3. The dimension of the Lie algebra in (1.15) is at most
given by

dim(L ) = 1 +
m∑

i=1

(∑
j

ni
j +

∑
(j,k)
j≤k

(ni
j + ni

k) +
1
2
Ni(Ni + 3)

)
,

where j, k = 1, . . . , Ni.

Proof. For a given state j of the Markov chain, 〈Fkσ〉 is spanned by at
most

∑N
j=1(nj + 1) =

∑N
j=1 nj +N monomials of the form xk e−αjx. The

space 〈FkΦ̃〉 is spanned by at most
∑

(j≤k)(nj + nk + 1) =
∑

(j≤k)(nj +
nk) + N(N + 1)/2 monomials of the form x`e−(αj+αk). Finally, we sum
over all states of the Markov chain and add the vector field Fr. As it can
happen that some combinations of indices give rise to the same function
e−αx or that some coefficients in the polynomials are zero, the calculation
only gives an upper bound on the dimension.

By an argument analogous to the one used in the preceding proof it is
easy to see what ni

1 and ni
2 to use Proposition 1.2 namely

ni
1 =

Ni∑
j=1

ni
j +Ni − 1,

ni
2 =

∑
(j,k)
j≤k

(ni
j + ni

k) +
1
2
Ni(Ni + 1)− 1.

Example 1.1 (A simple regime-switching model). In a simple regime-
switching model with deterministic volatility, the Markov chain has two
states and the volatility has the form e−αix, where αi > 0. In terms of the
above proposition this means that m = 2, N1 = N2 = 1, n1

1 = n2
1 = 0, so

that the size of the realization is dim(L ) = 5.

Remark 1.9. It follows from (1.21) that we can use Φi as a generator
instead of Φ̃i in (1.17). But, in the next section, when computing the
invariant manifold and constructing realizations we will use Φ̃i as we know
that it satisfies a particular ODE.
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1.3.2 The Invariant manifold

Having derived the Lie algebra we can now parametrize the manifold in
which the forward rate curve evolves. This is done by applying step (ii)
in the procedure outlined in Section 1.2.2. The parametrization will be
used in the next section when the state variable dynamics of the FDR are
derived.

First we have to select which vector fields to use to span the Lie algebra.
As the preceding section demonstrates, there are a lot of possible choices.
It turns out that, for the task at hand, the most important choice is that
the vector field µi = Fr+ Φi is broken up into Fr and Φi. This is because
we are dealing with deterministic volatility, so the only non-constant vector
field, in any parametrization, will be one involving the term Fr. Here we
use the following generator set for the Lie algebra L :

〈Fr,Fkσi,F`Φ̃i; i ∈ I; k = 0, 1, . . . , ni
1; ` = 0, 1, . . . , ni

2〉LA.

To find a parametrization of the invariant manifold we apply Theo-
rem 1.2. In practice this amounts to calculating the operator etf0 , etfi

1,k ,
and etfi

2,` where

f0 = Fr,
f i
1,k = Fkσi, k = 0, 1, . . . , ni

1,

f i
2,` = F`Φ̃i, ` = 0, 1, . . . , ni

2,

and then applying them in turn to the initial forward rate curve r0.
Recall that according to Definition 1.3, to calculate the operator etf0

we need to solve the equation

dr

dt
= Fr,

which is a linear equation with solution

rt = etFr0.

As F is the generator of the semi-group of left translations9, given the
initial forward rate curve r0, the solution can be written as

(etFr0)(x) = r0(x+ t). (1.22)

The vector fields f i
1,k and f2,` are constant so the solution to the cor-

responding ODE’s are easily given by

(etfi
1,kr0)(x) = r0(x) + Fkσi(x) t,

(etfi
2,kr0)(x) = r0(x) + FkΦ̃i(x) t.

9For details see, for example, Section 2.10 in Engel and Nagel (2000).



1.3. Deterministic volatility 31

Applying all the operators in turn on the initial forward rate produces the
following parametrization of the invariant manifold.

Proposition 1.4. The invariant manifold generated by the initial forward
rate curve r0 is parametrized as

G(z) = r0(x+ z0) +
m∑

i=1

( ni
1∑

k=0

Fkσi(x)zi
1,k +

ni
2∑

`=0

F`Φ̃i(x)zi
2,`

)
, (1.23)

where z = (z0, zi
1,k, z

i
2,`; i ∈ I; k, l = 0, 1, . . .).

Remark 1.10. In the previous proposition we can replace the vector fields
Fkσi and F `Φ̃i by the monomials of the quasi-exponential functions that
span the same space. This provides us with the following parametrization
of the invariant manifold:

G(z) = r0(x+ z0) +
m∑

i=1

( Ni∑
j=1

ni,j∑
k=0

xke−αi,jx · z1
i,j,k

+
∑
(j,k)

ni,j+ni,k∑
`=0

x`e−(αi,j+αi,k)x · z2
i,j,k,`

)
.

1.3.3 State variable dynamics

Having computed the manifold G we can now proceed to step (iii) in
the procedure outlined in section 1.2.2 and solve for the state variable
dynamics.

As 〈Fkσi, k = 0, 1, . . .〉 and 〈F`Φ̃i, ` = 0, 1, . . .〉 are finite-dimensional
linear spaces of dimension ni

1 + 1 and ni
2 + 2, respectively. Therefore we

know that σi and Φ̃i must satisfy linear relations of the form

Fni
1+1σi =

ni
1∑

k=0

c1i,kFkσi,

Fni
2+1Φ̃i =

ni
2∑

`=0

c2i,`F`Φ̃i.

(1.24)

We start by computing the Fréchet derivative of G. For i ∈ I let hi
1 :=

(hi
1,0, . . . , h

i
1,ni

1
) and hi

2 := (hi
2,0, . . . , h

i
2,ni

2
). Then

G′(z)(h0, h
i
1, h

i
2; i ∈ I) = Fr0(x+ z0)h0

+
m∑

i=1

( ni
1∑

k=0

Fkσi(x)hi
1,k +

ni
2∑

`=0

F`Φ̃i(x)hi
2,`

)
.
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Next, to solve the equation G′(z) · a(z, yt) = µ(rt, yt) for a(z, yt) we
need to compute µ(rt, yt) = Frt + Φ̃(x, yt) = FG(z) + Φ̃(x, yt). Taking the
derivative of (1.23) we obtain

µ(rt, yt) = Fr0(x+ z0) +
m∑

i=1

( ni
1∑

k=0

Fk+1σi(x)zi
1,k +

ni
2∑

`=0

F`+1Φ̃i(x)zi
2,`

)
+ Φ̃(x, yt)

= dusing (1.24) e

= Fr0(x+ z0) +
m∑

i=1

( ni
1−1∑

k=0

Fk+1σi(x)zi
1,k +

ni
1∑

k=0

c1i,kFkσi(x)zi
1,ni

1

+
ni
2−1∑
`=0

F`+1Φ̃i(x)zi
2,` +

ni
2∑

`=0

c2i,`F`Φ̃i(x)zi
2,ni

2

)
+ Φ̃(x, yt)

= dafter change of indicese

= Fr0(x+ z0) +
m∑

i=1

( ni
1∑

k=1

Fkσi(x)zi
1,k−1 +

ni
1∑

k=0

c1i,kFkσi(x)zi
1,ni

1

+
ni
2∑

`=1

F`Φ̃i(x)zi
2,`−1 +

ni
2∑

`=0

c2i,`F`Φ̃i(x)zi
2,ni

2

)
+ Φ̃(x, yt).

By setting G′(z)a(z, yt)− µ(rt, yt) = 0 and rearranging, we obtain

Fr0(x+ z0)[a0 − 1] +
m∑

i=1

( ni
1∑

k=1

Fkσi(x)[ai
1,k − zi

1,k−1 − ci1,kz1,ni
1
]

+ σi(x)[ai
1,0 − ci1,0z1,ni

1
] +

ni
2∑

`=1

F`Φ̃i(x)[ai
2,` − zi

2,`−1 − ci2,`z2,ni
2
]

+ Φ̃i[ai
2,0 − c2,0z

i
2,ni

2
− Ii

t]
)

= 0.

Here Ii
t is the indicator function such that Ii

t = 1 if yt = ei and Ii
t = 0

otherwise. Now as the preceding equation must hold for all x we can solve
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for a0, ai
1,k, and ai

2,` and obtain

a0 = 1,

ai
1,0 = ci1,0z

i
1,ni

1
,

a1,k = zi
1,k−1 + ci1,kz

i
1,ni

1
, k = 1, . . . , ni

1,

ai
2,0 = ci2,0z

i
2,ni

2
+ Ii

t,

ai
2,` = zi

2,`−1 + ci2,`z2,ni
2
, ` = 1, . . . , ni

2.

Next we solve the equation G′(z) · b(z, yt) = σ(yt) for b(z, yt)

Fr0(x+z0) b0+
m∑

i=1

( ni
1∑

k=1

Fkσ(x)bi1,k+σi(x)[bi1,0−Ii
t]+

ni
2∑

`=0

F`Φ̃i(x)bi2,`

)
= 0.

The solution is

b0 = 0,

bi1,0 = Ii
t,

bi1,k = 0, k= 1, . . . , ni
1,

bi2,` = 0, `= 0, . . . , ni
2.

Proposition 1.5. Given a deterministic volatility as in (1.14) of the
quasi-exponential form and an initial forward rate curve r0, the forward
rate model in (1.2) has a finite-dimensional realization in the sense of
Definition 1.2 where the dynamics of the state variable z are given by10

dz0 = dt,

dzi
1,0 = ci1,0z

i
1,ni

1
dt+ Ii

t dWt,

dzi
1,k = (zi

1,k−1 + ci1,kz
i
1,ni

1
) dt, k = 1, . . . , ni

1,

dzi
2,0 = (ci2,0z

i
2,ni

2
+ Ii

t) dt,

dzi
2,` = (zi

2,`−1 + ci2,`z
i
2,ni

2
) dt, ` = 1, . . . , ni

2.

1.3.4 Example: Ho-Lee

The simplest possible case of regime-switching deterministic volatility one
can think of is when the volatility jumps between constant states, i.e.

10Recall that when the volatility is deterministic the Itō and Stratonovich dynamics
are the same.
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σ(r, y, x) = σ(yt). In terms of Proposition 1.2 this is a degenerate case since
it implies that αi,j = 0. To derive the invariant manifold and the dynamics
of the state variables we therefore cannot directly apply Proposition 1.4
and Proposition 1.5. Instead we will obtain these results from scratch,
thereby providing a further illustration of simplicity of the use of the Lie
algebraic machinery.

The Lie algebra L is generated by the vector fields

σi(r, x) = σi, i ∈ I,
µi(r, x) = Fr + Φi = Fr + σ2

i x.

First we note that all σi are multiples of the same unit vector field e(x) ≡
1 ∈ L . We also note that, for i, j ∈ I, µi−µj = (σ2

i −σ2
j )x ∈ L . Therefore

we can add e and x to the set of generators and after simplification we are
left with the following three vector fields

f0 = Fr,
f1 = e,

f2 = x.

Remark 1.11. The number of states of the Markov chain has no effect on
the structure of the Lie algebra, and consequently neither on the invariant
manifold nor on the state variable dynamics.

To obtain the invariant manifold we apply Theorem 1.2 by first solving
for the operators etf0 , etf1 , and etf2 , and then letting them act on the
initial forward rate curve r0. As in (1.22), using that F is the generator of
the semi-group of left translation, we obtain

(ez0Fr0)(x) = r0(x+ z0).

The vector fields e and x being constant we obtain

(ez1f1r0)(x) = r0(x) + z1,

(ez2f2r0)(x) = r0(x) + x z2.

Applying the operators in turn produces the following parametrization of
the invariant manifold:

G(z0, z1, z2) = ez2f2ez1f1ez0f0r0(x)
= r0(x+ z0) + z1 + xz2.

The dynamics of the state variables z0, z1, and z3 are obtained by
comparing the coefficients of the SDE in (1.2) with those obtained in (1.12).
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For the drift we obtain the equation G′(z)a = µ. Here

G′(z)a = (Fr0(x+ z0), e, x) · (a1, a2, a3)
= Fr0(x+ z0)a1 + a2 + a3x,

and

µ = Fr + Φ = FG(z) + Φ

= Fr0(x+ z0) + z2 + σ2(y)x.

Setting G′(z)a− µ = 0 yields

[a1 − 1]Fr0(x+ z0) + [a3 − σ2(y)]x+ a2 − z2 = 0.

As this equation must hold for all x we obtain

a1 = 1,
a2 = z2,

a3 = σ2(y).

For the volatility we set G′(z)b− σ(y) = 0 and obtain

Fr0(x+ z0)b1 + xb3 + b2 − σ(y) = 0.

Again, as this equation must hold for all x, we obtain

b1 = 0,
b2 = σ(y),
b3 = 0.

We can now sum up our findings in the following proposition.

Proposition 1.6 (Ho-Lee example). Assume that the volatility is given by
σ(rt, yt, x) = σ(yt). Then the invariant manifold generated by the initial
forward rate curve is given by

G(z0, z1, z2) = r0(x+ z0) + z1 + xz2,

where the state variables have the following dynamics

dz0 = dt,

dz1 = z2 dt+ σ(yt)dWt,

dz2 = σ2(yt)dt.
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1.3.5 Example: Hull-White

As our second example we look at the Hull and White (1990) extension
of the Vasiček (1977) model where the volatility takes the form σ(r, x) =
βe−αx. If we let both parameters α and β be driven by the Markov chain
y we obtain the following volatility:

σ(y, x) = β(y)e−α(y)x.

To calculate the invariant manifold we apply Proposition 1.4 and obtain:

G(z0, zi
1,0, z

i
2,0) = r0(x+ z0) +

m∑
i=1

(
σi(x)zi

1,0 + Φ̃i(x)zi
2,0

)
.

The volatility solves the following ODE

Fσi(x) = −αi σi(x),

meaning that ci1,0 = −αi. Next

Φi =
β2

i

αi
(e−αix − e−2αix),

therefore

Φ̃i = Φi −
βi

αi
σi = −β

2
i

αi
e−2αix,

and Φ̃ solves the ODE

FΦ̃i(x) = −2αiΦ̃i(x)

giving ci2,0 = −2αi. By Proposition 1.5 the state variables z will have the
following dynamics:

dz0 = dt,

dzi
1,0 = −αiz

i
1,ni

1
dt+ Ii

t dWt,

dzi
2,0 = (−2αiz

i
2,0 + Ii

t) dt.

1.4 Separable volatility

After deterministic volatility, at the next (tractable) level of complexity
we consider separable volatility, i.e. volatility of the form

σ(r, x) = ϕ(r)λ(x).
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Here the vector field σ has constant direction λ ∈ H but has varying
length determined by the smooth scalar field ϕ. When introducing regime-
switching in this type of volatility we can make either ϕ or λ, or both,
dependent on the Markov chain y. We will consider these three cases in
turn.

1.4.1 Stochastic length

Assume that the volatility is given by

σ(r, x, y) = ϕ(r, y)λ(x).

The Lie algebra is generated by the vector fields (recall equation (1.7))

µi = Fr + Φi −
1
2
Ci = Fr + ϕ2

i︸︷︷︸
φi

λ(x)
∫ x

0

λ(s) ds︸ ︷︷ ︸
Λ

−1
2
ϕ′i[λ]ϕiλ,

σi = ϕiλ.

To simplify notation we define

Λ(x) := λ(x)
∫ x

0

λ(s) ds,

φ(r, y) := ϕ2(r, y).

To avoid treating trivial cases we make the following assumption.

Assumption 1.1. Assume that ϕ(r, y) 6= 0 for all r ∈ H.

We observe that all the generators σ are multiples of the single vector
field λ. Next we can remove suitable multiples of λ from all generators µi.
After this operation we are left with the following vector fields

gi
1 := Fr + φi(r)Λ, i ∈ I,
g2 := λ.

As gi
1 − gj

1 = (φi − φj)Λ and φi − φj 6= 0, we can add Λ to the set of
generators which after simplification consists of

f1 := Fr,
f2 := λ,

f3 := Λ.

Notice that all the generators are now independent of the Markov chain y.
As both f2 and f3 are constant, taking Lie brackets is easy and we obtain
the following system of generators for the Lie algebra:

〈Fr,Fkλ,FkΛ; k = 0, 1, . . .〉LA.
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Remark 1.12. We obtain the same Lie algebra as when ϕ(r) does not
depend on y and we make the assumption that φ′′[λ;λ] 6= 0. This case is
studied by (Björk and Svensson, 2001, p.228)

We can now apply the same reasoning as in section 1.3.1. The space
〈Fkλ〉LA is finite dimensional if and only if λ is a QE function of x. If λ is
QE, then Λ will also be QE according to point (iv) and (v) of Lemma 1.1,
as it is an integral of λ multiplied by λ. Consequently, 〈FkΛ〉LA also spans
a finite-dimensional space, and we have proved the following proposition.

Proposition 1.7. Assume that the volatility has the form

σ(r, y, x) = ϕ(r, y)λ(x).

Assume furthermore that Assumption 1.1 is satisfied. Then the model in
(1.2) possesses a FDR if and only if λ(x) is a quasi-exponential function
in the variable x. The smooth vector field ϕ(r, y) can be chosen freely.

Remark 1.13. As the Lie algebra has the same structure as in Propo-
sition 1.2, with vector fields of the quasi-exponential form we obtain the
same result concerning the representation by monomials and dimension as
in section 1.3.1.

1.4.2 Stochastic direction

Now assume that the volatility is given by

σ(r, x, y) = ϕ(r)λ(x, y).

Using the same notation as in the previous section, the Lie algebra is
generated by the vector fields

µi = Fr + φΛi −
1
2
ϕ′[λi]ϕλi,

σi = ϕλi.

Also here we have to make an assumption concerning ϕ.

Assumption 1.2. Assume that ϕ(r) 6= 0 for all r ∈ H.

This assumption allows us to remove suitable multiples of λi from µi.
After this operation we are left with the following generators:

gi
1 = Fr + φΛi, i ∈ I,
gi
2 = λi.
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To achieve greater simplification we take Lie brackets between the vector
fields

[gi
1, g

j
2] = Fλj + φ′[λj ]Λi.

Taking one bracket produces

[[gi
1, g

j
2], g

k
2 ] = φ′′[λj , λk]Λi.

To proceed we make the following assumption.

Assumption 1.3. Assume that φ′′[λj , λk] 6= 0 for all r ∈ H for at least
two states j and k of the Markov chain y.

This assumption allows us to remove suitable multiples of Λi from gi
1.

After these simplifications we are left with the following generators:

f0 = Fr,
f1 = λi,

f2 = Λi,

so the set of generators of the Lie algebra now becomes

〈Fr,Fkλi,FkΛi; i ∈ I; k = 0, 1, . . .〉LA.

Applying the same reasoning as in the previous section we obtain the
following result.

Proposition 1.8. Assume that the volatility has the form

σ(r, y, x) = ϕ(r)λ(x, y).

Suppose furthermore that Assumption 1.2 and 1.3 are satisfied. Then the
model in (1.2) possesses a FDR if and only if λ(x, y) is a quasi-exponential
function in the variable x. The smooth vector field ϕ(r) can be chosen
freely.

What if Assumption 1.3 is not satisfied? This is the case in the example
treated in the next section. There, as we will see, φ′′(r)[λi, λj ] = 0 for
i, j ∈ I and λi(x) is not a QE function.

1.4.3 Example: Cox-Ingersoll-Ross

To remove the possibility of negative interest rates present in Gaussian
models, Cox, Ingersoll, and Ross (1985) (CIR) introduced the following
process to model the short rate R = r(0):

dRt = a(b−Rt) dt+ ρ
√
Rt dWt.
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This model has an equivalent HJM formulation where the volatility takes
the form

σ(r, x) =
√
r(0)λ(x, ρ, a), (1.25)

where

λ(x, ρ, a) = ρ
∂

∂x

(
2(eγx − 1)

(γ + a)(eγx − 1) + 2γ

)
,

and where
γ =

√
a2 + 2ρ2.

A natural question to ask now is if the parameters a and ρ can be made
stochastic, i.e. functions of the Markov chain y. We note that the first
order Fréchet derivative is φ′(r)[λi] = λi(0), i.e. it amounts to a point
evaluation. Next φ′′(r)[λi, λj ] = 0, so we see that we cannot use the
results of the previous section.

Remark 1.14. This example was also treated in Björk, Landén, and
Svensson (2004), but there a and ρ were driven by a diffusion and it was
proved that an FDR did not exist. However, in their proof the diffusion
assumption was crucial, to their result is not applicable here.

To simplify the treatment we will assume that the Markov chain only
has two states, the generalization to more states being trivial. We assume
that the parameters a and ρ are functions of the Markov chain, taking
values ai and ρi, i = 1, 2. The Lie algebra is spanned by the following
vector fields

g1 = Fr + φ(r)Λ1,

g2 = Λ1 − Λ2,

g3 = λ1,

g4 = λ2.

To make the relation between λi and Λi clear we will express these vector
fields in terms of

Li =
∫ x

0

λi(s) ds, i = 1, 2.

As FLi = λi and F(L2
i ) = 2LiFLi = 2Λi, we obtain11

g1 = Fr +
1
2
φ(r)FL2

1,

g2 = F(L2
1 − L2

2),
g3 = FL1,

g4 = FL2.

11The constant 1/2 in g2 has been simplified away.
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We note that every vector field except the first is constant.
As the CIR model admits an affine term structure12 it can be shown

that Li must satisfy the following Riccati equation:

FLi(x) + aiLi(x) +
ρi

2
L2

i = ρi.

Taking the derivative of this equation with respect to x and solving for
FL2

i yields

FL2
i = − 2

ρi

(
F2Li + aiFLi

)
.

By substituting this expression into g1 and g2 we obtain

g1 = Fr − 1
ρ1
φ(r)(F2L1 + aiFL1)

g2 = − 2
ρ1

(
F2(L1 − L2) + aiF(L1 − L2)

)
.

By removing suitable multiples of g3 and g4 from these expressions we end
up with the following system of generators for the Lie algebra:

h1 = Fr − φ(r)
ρ1

F2L1,

h2 = F2(L1 − L2),
h3 = FL1,

h4 = FL2.

Now we can start to take Lie brackets and we obtain

A1 := [h1, h2] = F3(L1 − L2) + α1 F2L1,

B1 := [h1, h3] = F2L1 + β1 F2L1,

C1 := [h1, h4] = F2L2 + γ1 F2L1,

where

α1 := − 1
ρ1
φ′(r)[h2], β1 := − 1

ρ1
φ′(r)[h3], γ1 := − 1

ρ1
φ′(r)[h4].

A small calculation reveals that φ′(r)[h3] = φ′(r)[λ1] = λ1(0) = ρ1 so that
β1 = −1 and therefore the bracket B1 = 0. Further brackets will therefore
only involve A1 and C1.

12See Björk (2004), chapter 22.
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Continuing taking bracket for n ≥ 2 we obtain

An := [h1, An−1] = Fn+2(L1 − L2) +
n∑

i=1

αi Fn+2−iL1,

Cn := [h1, Cn−1] = Fn+1L2 +
n∑

i=1

γi Fn+2−iL1,

where we define αi := −(1/ρ)φ′(r)[Ai−1] and γi := −(1/ρ)φ′(r)[Ci−1], for
i > 1.

Now, aiming at a contradiction we assume that the Lie algebra is fi-
nite dimensional. Then there exists a N such that CN can be written as
a linear combination of C1, . . . , CN−1 and therefore there are constants
c1, c2, . . . , cN such that

c1C1 + c2C2 + . . .+ cNCN = 0.

If we substitute in the expressions for C1, C2, . . . , CN we obtain

N∑
i=1

ciF
i+1L2 +

N∑
i=1

ηiFi+1L1 = 0, (1.26)

where the scalars ηi are linear combinations of the scalars ci. By observ-
ing how parameters ai and ρi enter into exponential terms in both the
numerator and denominator of Li,

Li = ρi
2(eγix − 1)

(γi + ai)(eγix − 1) + 2γi
,

it is clear that there cannot be any linear relation between the derivatives
of L1 and L2. This means that both the sums in (1.26) must be equal to
zero, i.e

N∑
i=1

ciF
i+1L2 = 0,

N∑
i=1

ηiFi+1L1 = 0.

Recognizing that the two preceding equations are linear ODE’s with con-
stant coefficient in the variables L1 and L2, respectively, we know that
L1 and L2 should be quasi-exponential functions, which they are not. We
therefore have a contradiction. The assumption that the Lie algebra is fi-
nite dimensional is therefore false. We can therefore conclude that, a CIR
model with parameters modulated by a Markov chain does not posses a
finite-dimensional realization.
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1.4.4 Stochastic length and direction

In Section 1.4.1 the length ϕ of the volatility σ = ϕλ was made stochastic.
We showed that this did only have a minor impact on the structure of the
Lie algebra. The same Lie algebra as in the case without a Markov chain
emerged but without having to assume that ϕ′′[λ;λ] 6= 0. It turns out
that we obtain a similar result when we now let both length and direction
depend on y,

ϕ(r, y, x) = ϕ(r, y)λ(x, y).

We apply the same reasoning as in Section 1.4.2, and we make Assump-
tion 1.1 as well as the following assumption.

Assumption 1.4. Assume that φ′′i [λj , λk] 6= 0 for all r ∈ H for at least
two states j and k of the Markov chain y.

We simplify the generators and end up with the following system

〈Fr,Fkλi,FkΛi; i ∈ I; k = 0, 1, . . .〉LA. (1.27)

As expected we obtain the following result.

Proposition 1.9. Assume that the volatility has the following form

σ(r, y, x) = ϕ(r, y)λ(x, y).

Suppose furthermore that Assumption 1.2 and Assumption 1.4 are satis-
fied. Then the model in (1.2) possesses a FDR if and only if λ(x, y) is
a quasi-exponential function in the variable x. The smooth vector field
ϕ(r, y) can be chosen freely.

It turns out that we can replace Assumption 1.4 in the previous propo-
sition by a weaker assumption. To see how, we start by simplifying the
generators of the Lie algebra in the same way as in Section 1.4.2. This
gives the following generators:

gi
1 = Fr + φiΛi,

gi
2 = λi.

Now we observe that

gi
1 − gj

1 = φiΛi − φjΛj ,

[gi
1, λk]− [gj

1, λk] = φ′i[λk]Λi − φ′j [λk]Λj .

We can now introduce the following assumption.
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Assumption 1.5. Assume that φjφ
′
i[λk]−φiφ

′
j [λk] 6= 0 for all i, j ∈ i and

for some k.

This allows us to solve for Λi and Λj and obtain the system of genera-
tors in (1.27).

The following example shows that Assumption 1.5 is weaker than As-
sumption 1.4.

Example 1.2. In a two-state model, setting ϕ1 =
√
a1 + br(0), ϕ2 =√

a2 + br(0), where a1, a2, b ∈ R, satisfies Assumption 1.5, but not As-
sumption 1.4.

Remark 1.15. In the CIR model studied in Section 1.4.3 only the direc-
tion is stochastic. If we alter the model by introducing stochastic length,
by using the recipe in the previous example, we immediately can conclude
that the model does not posses a FDR since λ is not QE.

Notation

m : Number of states in the Markov chain.

I = {1, 2, . . . ,m} Set to index the states of the Markov chain.

d number of vector fields spanning the Lie algebra i.e. dimension of real-
ization.

N number of exponential terms in σ

nj degree of the polynomial in front of the exponential term e−αjx.
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Paper 2

Minimal Realizations of
Market Models
Joint work with Tomas Björk and Damir Filipović

2.1 Introduction

Since their introduction in the end of the 1990s, the libor market model
and the swap market model have been very popular among practitioners.1

This popularity stems from their applicability.
Firstly, the models allows the use of real discrete market rates as in-

puts, the libor rate in one case and the swap rate in the other. This
contrast with traditional interest rate models where instantaneous quanti-
ties are used. The first models developed to price and hedge interest rate
derivative securities used the instantaneous short rate as the underlying
stochastic factor. This is for example the case in the seminal model by
Vasiček (1977) or in the short rate models that followed such as those by
Cox, Ingersoll, and Ross (1985), Ho and Lee (1986), and Hull and White
(1990). Later on, Heath, Jarrow, and Morton (1992) used the instanta-
neous forward rate as the underlying variable, thereby initiating a second
strand in the literature. Then followed models such as those by Ritchken
and Sankarasubramanian (1995) or Mercurio and Moraleda (2000). The
main advantage of using instantaneous quantities is of course that they are
easy to handle mathematically. Unfortunately these entities are theoreti-
cal abstraction that cannot be observed in real life. This causes problems
for market participants when they try to fit the parameters of the models
to real world data.

1See for example (Brigo and Mercurio, 2006).
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Another issue with traditional interest rate models concerns the wide
use in the two largest interest rate option markets of the world, the cap
market and the swaptions market, of pricing formulas based on an ex-
tension of Black (1976) model, this in spite off the existence of the more
sophisticated models mentioned in the previous paragraph. The pricing
formula used is a simple alteration of the Black and Scholes (1973) for-
mula for the pricing of stock options. This formula clearly lacks theoretical
foundation since in its derivation, at some point, it is assumed that the
interest is constant, while in another it is assumed to be stochastic.

In order to overcome these shortcomings a new kind of interest rate
models was introduced in the end of the nineties. The libor market
model was introduced in 1997 in the work of Miltersen, Sandmann, and
Sondermann (1997) and Brace, Gatarek, and Musiela (1997). The swap
market models was introduced by Jamshidian (1997). Models of this kind
are commonly referred to as market models. Here the real market interest
rates, the libor rates or swap rates are used as underlying stochastic
variables. By assuming that the variables are log-normally distributed,
the pricing formulas for caps and swaptions, based on Black (1976) are
recovered and as result, a sound theoretical foundation for their use is
obtained.

Despite their benefits, market models have one important shortcoming
namely their dimension. The models have the same dimension as the num-
ber of rates that are being modelled. The pricing of a derivative security
having cash flows at N different points in time requires a model of size
N . To take a concrete example, a ten year swap with quarterly payments
necessitates a 39-dimensional model. It would therefore be convenient if
it was possible to reduce the dimension of the model in some way.

The object of the present paper is to investigate if it is possible to reduce
the dimension of the market models by analysing them from a geometric
point of view. To this end we will use the framework developed by Björk
and Svensson (2001) to study finite dimensional realizations of forward rate
models. It turns out that the minimal dimension of the markets models is
equal to the size of the Lie algebra generated by the drift and volatility of
SDE defining the models.

The rest of the paper is structured as follows. Section 2.2 provides the
necessary background on the libor market model and the swap market
model. First the libor market model is presented in Section 2.2.1. In
particular the Black-76 pricing formula and the dynamics of the libor
rates under the terminal measure are derived. Then, in Section 2.2.2,
after a brief presentation of the swap market model the relation between
the swap market model and the libor market is studied. Section 2.3 states
the problem of finding minimal realization of market models formally. In
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Section 2.4 minimal realizations of models with constant volatility are
treated. Finally, in Section 2.5 we tackle the slightly more general case of
realizations of time-dependent volatility models.

2.2 Market Models

2.2.1 The LIBOR market model

All standard mathematical assumptions relevant in the context of con-
tingent claim pricing are made.2 All processes are defined on a filtered
probability space (Ω, {Ft; t ≥ 0},Q). The basis is assumed to carry a
Wiener process W and the filtration is assumed to be the internal one
generated by W .3

As is conventional, we assume the existence of a default free bond for
every maturity. The bond market is assumed to be free of arbitrage. Let
p(t, T ) denote the price, at time t ≥ 0, of a zero coupon bond matur-
ing at time T ≥ t. We will make use of a given fixed set of maturities
T0, T1, . . . , TN denote the tenor by αi = Ti−Ti−1, where i = 1, . . . , N . On
the real market tenors of 3 or 5 months are common.

In the model we consider, money placed into the money-market account
will earn the libor rate. The model will first be used to price caps, and
in particular caplets, that are functions of the forward libor rate which
is defined as follows:4

Definition 2.1 (libor forward rate). The libor forward rate, contracted
at time t, for the period [Ti−1, Ti] is defined as

Li(t) = − 1
αi

pi(t)− pi−1(t)
pi(t)

, (2.1)

where i = 1, . . . , N .

The price of a cap

A cap is a contract composed of a portfolio of call options on the libor
rate called caplets. The purpose of the contract is to provide an insurance
against libor rates rising above the level R, the cap rate. The payoff of
caplet number i, denoted Xi, is given by

Xi = αi max[Li(Ti−1)−R, 0], (2.2)
2See for example Musiela and Rutkowski (1997).
3Concerning the choice of a one-dimensional Wiener process see Remark 2.1.
4More advanced derivative securities can of course also be priced within the same

framework.
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where i = 1, . . . , N . Notice that Li(Ti−1) is known at time Ti−1 since it
is the libor spot rate at time Ti−1 for the period αi = [Ti−1, Ti], but the
amount is not payed out until time Ti. The payoff is very natural if we
consider the hedging of interest payments on a loan with variable libor
interest rate. The rate for the period [Ti−1, Ti] is then settled at time Ti−1

and payed at time Ti. A cap with resettlement dates T0, T1, . . . , TN entitles
the holder of the contract to the amount Xi at time Ti for i = 1, . . . , N .

Having put the necessary notation in place we now go on to price a
caplet. Recalling (2.2) and using standard risk-neutral pricing we know
that the price, at time t, of caplet number i, with payoff Xi, is given by

ci(t) = αi EQ[e−
R Ti

t rsds max[Li(Ti−1)−R, 0]|Ft],

where rs denotes the short rate and the expectation is taken under the
risk-neutral measure Q, i.e. with the bank account as numeraire. In the
present context it is far more convenient to use p(t, Ti) as a numeraire and
price the claim under the Ti-forward measure.5 The price can then be
written as

ci(t) = αip(t, Ti) ETi [max[Li(Ti−1)−R, 0]|Ft]. (2.3)

This removes the exponential term from the pricing expression, so we do
not even have to assume the existence of the short rate. Next we observe
that

αiLi(Ti−1) = −pi(Ti−1)− pi−1(Ti−1)
pi(Ti−1)

=
pi−1(Ti−1)
pi(Ti−1)

− 1

is a martingale under the Ti-forward measure, henceforth denoted Qi, on
the interval [0, Ti−1]. This follows from the fact that a constant, trivially,
is a martingale under any measure and that pi(Ti−1) is divided by the
numeraire pi(Ti). Now we arrive at the main idea of the libor market
modelling approach. To obtain a pricing formula of the Black-76 type we
assume that Li is log-normally distributed under the Ti forward measure,
i.e. of the form

dLi(t) = Li(t)σi(t)dW i(t), i = 1, . . . , N, (2.4)

where W i denotes the Qi-Wiener process. The expectation in (2.3) can
now be computed explicitly yielding a Black-76 pricing formula of the form

ci(t) = αip(t, Ti)
[
Li(t) N(d1)−RN(d2)

]
,

5For a review of the change of numeraire technique, see Björk (2004, Chap. 24) or
Brigo and Mercurio (2006, Chap. 2).
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where

d1 =
1

Σi(t, Ti−1)

[
log
(Li(t)

R

)
+

1
2
Σ2

i (t, Ti−1)
]
,

d2 = d1 − Σi(t, Ti−1),

Σ2
i (t, T ) =

∫ T

t

‖σi(s)‖2ds.

With an explicit formula, calibration of the model to cap prices becomes
trivial, at least as long as we assume the volatility to be time-independent.
With σi constant, we obtain Σ2

i (t, T ) = σi(T − t) and therefore only one
unknown quantity in the pricing formula. Given caplet prices we can
compute the implied volatility. This is actually the quantity quoted on
the market. It can then be used to calibrate the model to existing cap
prices and afterwards pricing other derivative instruments on the market.

Dynamics under the terminal measure

In the derivation above, we have assumed that each forward libor rate
Li is log-normally distributed under its own measure Qi. In order to price
an instrument that depends on several rates we need to model all libor
rates under a common measure. The canonical way to do this is to use the
terminal measure, i.e. the measure QN as a common measure.

Remark 2.1. Here we assume that the libor rates are driven by the
same Wiener process W . We could of course use a vector Wiener process
instead but this would only render the task of finding a small realization
harder. This will become apparent ones we start calculating the Lie algebra
generated by the drift and volatility of the model.

Assuming that we have specified the deterministic volatilities σ1, . . . , σN ,
the dynamics of the libor rates will be of the following form under the
measure QN :

dLi(t) = µi(t, Li(t))Li(t)dt+ σi(t)Li(t)dWN (t), i = 1, . . . , N.

We now need to find µ1, . . . , µN so that all the rates Li(t) will have the
dynamics given by (2.4) under their own measure Qi. The tool needed for
this endeavour is the Girsanov Theorem.

The Radon-Nikodym derivative needed to change measure from Qi to
Qj , here denoted ρj

i , is given by

ρj
i (t) =

dQj

dQi
=
pi(0)
pj(0)

pj(t)
pi(t)

, 0 ≤ t ≤ T.
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In our particular case we need

ρi−1
i (t) =

dQi−1

dQi
=

pi(0)
pi−1(0)

pi−1(t)
pi(t)

= ai
pi−1(t)
pi(t)

, 0 ≤ t ≤ T,

where we set ai := pi(0)/pi−1(0). To rewrite this last equation we use
that, according to (2.1),

pi−1(t)
pi(t)

= 1 + αi(t)Li(t), (2.5)

so
ρi−1

i (t) = ai[1 + αiLi(t)]. (2.6)

By taking the differential we obtain the Qi-dynamics of ρi−1
i :

dρi−1
i (t) = aiαidLi(t).

Using (2.4) we rewrite the dynamics as

dρi−1
i (t) = aiαiLi(t)σi(t)dW i(t).

Next we use (2.6) to obtain

dρi−1
i (t) = aiρ

i−1
i

1
ρi−1

i

αiLi(t)σi(t)dW i(t)

= aiρ
i−1
i

1
ai

1
1 + αi(t)Li(t)︸ ︷︷ ︸

1/ρi−1
i

αiLi(t)σi(t)dW i(t).

After simplification we obtain

dρi−1
i (t) = ρi−1

i

αiLi(t)
1 + αi(t).Li(t)

dW i(t).

We can now identify the Girsanov kernel of ρi−1
i to be

αiLi(t)
1 + αiLi(t)

σi(t).

By the Girsanov theorem we therefore know that

dW i(t) =
αiLi(t)

1 + αi(t)Li(t)
σi(t)dt+ dW i−1(t). (2.7)
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By inserting this into the expression for the process LN−1(t) we obtain

dLN−1(t) = σN−1(t)LN−1(t)dWN−1(t)

= σN−1(t)LN−1(t)

(
dWN (t)− αNLN (t)

1 + αNLN (t)
σN (t)dt

)

= − αNLN (t)
1 + αNLN (t)

σN (t)σN−1(t)LN−1(t)dt

+ σN−1(t)LN−1(t)dWN (t).

Using (2.7) repeatedly it is easy to show, using induction, the following
well known result.

Proposition 2.1. Under the terminal measure QN the libor rates have
the following dynamics:

dLi(t) = −

(
N∑

k=i+1

αkLk(t)
1 + αkLk(t)

σk(t)

)
σi(t)Li(t)dt+ σi(t)Li(t)dWN ,

for i = 1, . . . , N and where the convention
∑N

N+1(. . .) = 0 is used.

To facilitate the algebraic treatment of the model that will take place in
Section 2.4 and 2.5, we will now renumber the variables and the parameters
of the model, and write the dynamics in logarithmic form.

We set X1 := LN , X2 := LN−1, . . . , XN := L1 and by a slight abuse
of notation we also renumber the parameters in the following way: σi =
σN−i+1 and αi = αN−i+1 for i = 1, . . . N . With this notation the model
now reads

dXi(t) = −
( i−1∑

k=1

αkXk(t)
1 + αkXk(t)

σk(t)
)
σi(t)Xi(t)dt+ σi(t)Xi(t)dWN ,

for i = 1, . . . , N .
To get the model in logarithmic form we set Yi = logXi, for i =

1, . . . , N . By a simple application of the itō formula we obtain

dYi(t) = −

(
i−1∑
k=1

αke
Yi(t)

1 + αkeYi(t)
σk(t) +

1
2
σi(t)

)
σi(t)dt+ σi(t)dWN , (2.8)

where i = 1, . . . , N . These are the dynamics that will be used in the
subsequent treatment of the libor market model.
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2.2.2 The swap market model

The swap market model is based on the same ideas as the libor market
model. By modelling the forward swap rate as a GBM, and using a suitable
numeraire, a closed-form formula for swaptions prices of the Black-76 type
is obtained. In this section, we will content ourselves with a presentation
of the variables of the model and the relationship to the libor market
model. For details the refer the reader to the expositions by Björk (2004,
Chap. 25) or Brigo and Mercurio (2006, Chap. 6).

A swap involves the exchange of a set of floating payments for a set of
fixed payment. In a receiver swap with tenor TN − Tn, the holder of the
swap will, at the dates Tn+1, Tn+2, . . . TN , receive a fixed payment and pay
a floating payment. This kind of swap is referred to as a Tn × (TN − Tn)
swap. The corresponding forward swap rate is defined as follows:

Definition 2.2 (Swap rate). A forward swap rate RN
n (t) of a Tn × (TN −

Tn) swap is

RN
n (t) =

pn(t)− pN (t)∑N
i=n+1 αipi(t)

, (2.9)

where αi = Ti − Ti−1.

The denominator in (2.9) is an important quantity in it’s own right so
we make the following definition.

Definition 2.3 (Accrual factor). The process Sk
n(t), n < K, given by

Sk
n(t) =

k∑
i=n+1

αipi(t),

is called the accrual factor.

The accrual factor is in fact the value at time t of a traded quantity,
namely the value of a buy-and-hold portfolio composed, for each i, of αi

units of zero-coupon bond maturing at time Ti. Being the value of a traded
asset, the accrual factor can be used as a numeraire. We will denote the
martingale measure for the numeraire Sk

n by Qk
n.

The basic idea of the swap market model is to model the swap rate
RN

n as a GBM and to use the accrual factor as a numeraire. This allows
swaptions to be priced with a Black-76 type formula.

Definition 2.4 (Swap market model). Let T0, T1, Tn be resettlement dates
and N = {(n, k) : n, k ∈ N, 0 ≤ n < k ≤ N}. A swap market model
with volatilities σn,k is specified by assuming that the swap rates have the
dynamics

dRk
n(t) = Rk

n(t)σn,k(t)dW k
n (t),
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where W k
n (t) is a Wiener process, possibly multidimensional under the

measure Qk
n.

As with the libor market model, it is possible to express all the swap
rates under a common measure. We will not pursue this issue here but
will instead concentrate on the relation between the swap market model
and the libor market model. For our present purpose of studying the
(minimal) dimension of market models it turns out, as will become clear
in the next section, that it is sufficient to study the libor market model.
The swap rate being a function of the libor rate, any conclusion we can
draw concerning the minimal dimension of one model also applies to the
other model. We have chosen to concentrate on the libor market model
because the calculations turn out to be more succinct.

We will now express the swap rate as a nonlinear function of the libor
rate. Using (2.1) we have

pi(t)
pi−1(t)

=
1

1 + αiLi(t)
.

This enable us to write

pN (t)
pn(t)

=
pN (t)
pN−1(t)

· pN−1(t)
pN−2(t)

· · · pn+1(t)
pn(t)

=
1

1 + αNLN (t)
· 1
1 + αN−1LN−1(t)

· · · 1
1 + αn+1Ln+1(t)

=
N∏

i=n+1

1
1 + αiLi(t)

.

(2.10)

The swap rate, given in (2.9), can be rewritten as

RN
n (t) =

pn(t)− pN (t)∑N
i=n+1 αipi(t)

= pn(t)

(
1− pN (t)

pn(t)

)
1∑N

i=n+1 αipi(t)

=

(
1− pN (t)

pn(t)

)
1∑N

i=n+1 αipi(t)/pn(t)
.

(2.11)

By inserting (2.10) into (2.11) we obtain

RN
n (t) =

1−
∏N

i=n+1
1

1+αiLi(t)∑N
i=n+1 αi

∏i
j=n+1

1
1+αjLj(t)

. (2.12)

Remark 2.2. When the libor rates are modelled as log-normal stochastic
variables under their own measure it is clear from the preceding expression
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that we should not expect the swap rates to be log-normal variables under
the measure QN

n . This highlights the classic problem of the market model
approach, namely that the libor market model and the swap market model
are incompatible. Surprisingly however, simulations show that the swap
rates are in fact not far from being log-normal.6

2.3 Problem formulation

One major drawback of the market models is that the dimension of the
Markov system they are made up of is the same as the number of libor
or swap rates. The pricing of a derivative security having cash flows at N
different points in time, requires a system of size N . It would therefore be
very convenient if it was possible the transform the model in such a way
as to reduce its dimension. In this section we will see how this could in
principle be possible.

A market model M is formulated as a system of stochastic differential
equations (SDE’s). Each equation models the behaviour of a single libor
or swap rate. In the definitions that follow we will focus on the libor
market model. The same definitions can of course be expressed in terms
of swap rates.

Instead of viewing the model M as a system consisting of N equations
we can view it as a single equation specifying the dynamics of an N -
dimensional object. In vector form the model presented in Proposition 2.1
becomes

(M) dL(t) = µ(t, Lt)dt+ Σ(t, Lt)dWt, (2.13)

where

dL(t) =


dL1(t)
dY2(t)

...
dLN (t)

 , Σ(t, Lt) =


σ1(t)L1(t)
σ2(t)L2(t)

...
σN (t)LN (t)

 ,

µ(t, Lt) =



−σ1(t)
∑N

k=2
αkLk(t)

1+αkLk(t)σk(t)

−σ2(t)
∑N

k=3
αkLk(t)

1+αkLk(t)σk(t)
...

−σN−1(t)
αN LN (t)

1+α1LN (t)σN (t)

0


.

6See Brigo and Mercurio (2006, Chap. 8).
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The solution to (2.16), which can be shown to exist, is anN -dimensional
stochastic process L(t).7

We now make the following definitions:

Definition 2.5 (Realization). An m-dimensional realization of the SDE
(2.13) is a point zo ∈ Rm, an open set Z of Rm, smooth functions a and
b, and a map G : Rm → RN such that L(t) has the local representation

L(t) = G(zt) P. a.s.

where zt is the strong solution of the m-dimensional SDE

dz(t) = a(zt)dt+ b(zt)dWt

z(0) = z0,
(2.14)

and where the Wiener process W in (2.14) is the same as in (2.13). The
process z is called the state process.

Remark 2.3. Note that the dimension of the realization is defined point-
wise, in a neighborhood of the point z0.

Main Problem 2.1. The objective is to find a a representation with
smaller dimension than that of the SDE of L(t) in (2.13), i.e we want
m < N . Otherwise we could just choose G to be the identity map and set
z(t) = L(t).

Ultimately we are searching for the minimal realization.

Definition 2.6 (Minimal Realization). The dimension of a realization is
defined as the dimension of the state process z. A realization is minimal
if there is no other realization of smaller dimension.

The object of the present paper is to find the dimension of the minimal
realization of the libor market model and of the swap market model.

Instead of doing a separate investigation of the two market models,
it in fact enough to study the realization problem for the libor market.
From equation (2.12) in Section 2.2.2 we know that the swap rate RN

n (t)
is a nonlinear function H of the libor rate, given by

H(Lt) =
1−

∏N
i=n+1

1
1+αiLi(t)∑N

i=n+1 αi

∏i
j=n+1

1
1+αjLj(t)

. (2.15)

Finding the minimal realization for the swap market, given by Defini-
tion 2.4, amounts to finding a mapping G̃ : Rm → RN , m < N , and a

7See, for example, Björk (2004, Chap. 25) or Hunt and Kennedy (2000, Chap. 18).
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state process z so that

RN
n (t) = G̃(zt)
dzt = a(zt)dt+ b(zt)dWt.

Assuming we have already found a minimal realization for the correspond-
ing libor market model, given by a map G and a m-dimensional state
process z, the minimal realization for the swap market model will simply
be given by the composition of H and G as follows:

G̃(zt) = H ◦G(zt).

We have thereby showed the following

Proposition 2.2. Every minimal realization of the swap market model
can be translated into a minimal realization of the corresponding libor
market model.

In order to find the size of the minimal realization we will employ the
framework of Björk and Svensson (2001). This framework was developed
to study finite dimensional realizations of infinite dimensional forward rate
models in the Heath, Jarrow, and Morton (1992) setting. It can however
without modification be employed to study realizations of finite dimen-
sional models.

We will not present the Björk-Svensson framework here but refer the
reader to the original article Björk and Svensson (2001) or to the overview
in Björk (2003).

For our purpose the only result needed to conduct our investigation is
the following which we provide without proof.

Proposition 2.3. The dimension of the minimal realization of the li-
bor market model is equal to the dimension of the Lie algebra, evaluated
pointwise, generated by µ and σ in (2.13).

2.4 Constant volatility

In this section we will study the Lie algebra generated by the vector fields
µ and Σ in the logarithmic formulation of the libor market model.

Writing (2.8) in vector we obtain.

dY (t) = µ(t, Yt)dt+ Σ(t, Yt)dWt, (2.16)
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where

dY (t) =


dY1(t)
dY2(t)

...
dYN (t)

 , Σ(t, Yt) =


σ1(t)
σ2(t)

...
σN (t)

 ,

µ(t, Yt) =



− 1
2σ

2
1(t)

−

(
α1eY1(t)

1+α1eY1(t)σ1(t) + 1
2σ2(t)

)
σ2(t)

...

−

(∑N−1
k=1

αkeYi(t)

1+αkeYi(t)σk(t) + 1
2σN (t)

)
σN (t)


.

In the present section we assume that the volatility is constant, the time-
dependent case being treated in the next section. Hence, we set the compo-
nents of Σ to be constants σ1, . . . , σN . Next, for simplification, we multiply
the vector µ by −2. We end up with the following vector fields:

f0(y1, . . . , yN−1) =


σ2

1(
2α1ey1

1+α1ey1 σ1 + σ2

)
σ2

...(∑N−1
k=1

2αkeyk

1+αkeyk
σk + σN

)
σN

 σ =


σ1

σ2

...
σN

 .

We set

Gk :=
2αke

yk

1 + αkeyk
σk,

and rewrite f0 as

f0 =



σ2
1

(G1 + σ2)σ2

(G1 +G2 + σ3)σ3

...

(
∑N−1

k=1 Gk + σN )σN


.

With the vector fields in the appropriate form we can start computing Lie
brackets, the first bracket being

[f0, σ] = f ′0[σ]− σ′[f0].
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Here f ′0(y)[σ] denotes the Jacobian matrix of f0(y) operating on σ. As σ
is constant, trivially σ′ = 0. The Jacobian matrix of f0 is

f ′0 =



0 0 0 . . . 0
σ2G

′
1 0 0 . . . 0

σ3G
′
1 σ3G

′
2 0 . . . 0

...
...

. . .
...

σNG
′
1 σNG

′
2 . . . σNG

′
N−1 0


,

where

G′k =
∂Gk

∂yk
.

Taking brackets we get

f1 := [f0, σ] = f ′0σ =



0
σ2(σ1G

′
1)

σ3(σ1G
′
1 + σ2G

′
2)

...
σN (

∑N−1
k=1 σkG

′
k)

 .

We now continue to take brackets of f1 with σ. The Jacobian of f1 is given
by

f ′1 =



0 0 0 . . . 0
σ2σ1G

′′
1 0 0 . . . 0

σ3σ1G
′′
1 σ3σ2G

′′
2 0 . . . 0

...
...

. . .
...

σNσ1G
′′
1 σNσ2G

′′
2 . . . σNσN−1G

′′
N−1 0


.

Taking the bracket of f1 with σ produces

f2 := [f1, σ] = f ′1σ =



0
σ2(σ2

1G
′′
1)

σ3(σ2
1G

′′
1 + σ2

2G
′′
2)

...

σN (
∑N−1

k=1 σ2
kG

′′
k)


.
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Next the Jacobian of f2 is given by

f ′1 =



0 0 0 . . . 0

σ2σ
2
1G

(3)
1 0 0 . . . 0

σ3σ
2
1G

(3)
1 σ3σ

2
2G

(3)
2 0 . . . 0

...
...

. . .
...

σNσ
2
1G

(3)
1 σNσ

2
2G

(3)
2 . . . σNσ

2
N−1G

(3)
N−1 0


.

Taking the bracket of f2 with σ yields

f3 := [f2, σ] = f ′2σ =



0

σ2(σ3
1G

(3)
1 )

σ3(σ3
1G

(3)
1 + σ3

2G
(3)
2 )

...

σN (
∑N−1

k=1 σ3
kG

(3)
k )


.

By continuing to take brackets in the same fashion, m times in total, we
obtain

fm := [f1, [f2, [. . . , [fm−1, σ] . . .]]] =



0

σ2(σm
1 G

(m)
1 )

σ3(σm
1 G

(m)
1 + σm

2 G
(m)
2 )

...

σN (
∑N−1

k=1 σm
k G

(m)
k )


.

Given a point yN = (y1, y2, . . . , yN ), we want to investigate whether
the N vector fields σ, f0, f1, . . . , fN−2 are linearly independent in a
neighborhood BN (yN ) = {ξ ∈ RN : |ξ − yN | < ε} of yN . This amounts to
studying the ranks of the following matrix:

...
...

...
...

σ f0 f1 . . . fN−2

...
...

...
...

 ,
which in full details reads266664

σ1 σ2
1 0 . . . 0

σ2 σ2(G1 + σ2) σ2σ1G
′
1 . . . σ2σ

N−2
1 G

(N−2)
1

...
...

...
...

σN σN (
PN−1

k=1 Gk + σN ) σN

PN−1
k=1 σkG′

k . . . σN

PN−1
k=1 σN−2

k G
(N−2)
k

377775 .
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In order to facilitate the study of the rank of the matrix, we perform
some Gaussian elimination. First, we divide row number i with σi for
1 ≤ i ≤ N . This yields

2666666664

1 σ1 0 . . . 0

1 G1 + σ2 σ1G
′
1 . . . σN−2

1 G
(N−2)
1

1 G1 + G2 + σ3 σ1G
′
1 + σ2G

′
2 . . . σN−2

1 G
(N)
1 + σ

(N−2)
2 G

(N−2)
2

...
...

...
...

1
PN−1

k=1 Gk + σN

PN−1
k=1 σkG′

k . . .
PN−1

k=1 σN−2
k G

(N−2)
k

3777777775
.

Next, we subtract the first row from the remaining rows. This yields

2666666664

1 σ1 0 . . . 0

0 G1 + σ2 − σ1 σ1G
′
1 . . . σN−2

1 G
(N−2)
1

0 G1 + G2 + σ3 − σ1 σ1G
′
1 + σ2G

′
2 . . . σN−2

1 G
(N)
1 + σ

(N−2)
2 G

(N−2)
2

...
...

...
...

0
PN−1

k=1 Gk + σN − σ1

PN−1
k=1 σkG′

k . . .
PN−1

k=1 σN−2
k G

(N−2)
k

3777777775
.

Then we subtract row i from row i+ 1 when 2 ≤ i ≤ N − 1 and obtain

2666666664

1 σ1 0 . . . 0

0 G1 + σ2 − σ1 σ1G
′
1 . . . σN−2

1 G
(N−2)
1

0 G2 + σ3 − σ2 σ2G
′
2 . . . σ

(N−2)
2 G

(N−2)
2

...
...

...
...

0 GN−1 + σN − σN−1 σN−1G
′
N−1 . . . σN−2

N−1G
(N−2)
N−1

3777777775
.

Finally, we subtract the σ1 times the first column from the second column
to obtain

1 0 0 . . . 0

0 G1 + σ2 − σ1 σ1G
′
1 . . . σN−2

1 G
(N−2)
1

0 G2 + σ3 − σ2 σ2G
′
2 . . . σ

(N−2)
2 G

(N−2)
2

...
...

...
...

0 GN−1 + σN − σN−1 σN−1G
′
N−1 . . . σN−2

N−1G
(N−2)
N−1


At this point a change in notation is convenient. We set n := N − 1 and
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yn = (y1, y2, . . . , yn) and obtain the following n× n matrix.

Hn(yn) =


G1 + σ2 − σ1 σ1G

′
1 . . . σn−1

1 G
(n−1)
1

G2 + σ3 − σ2 σ2G
′
2 . . . σ

(n−1)
2 G

(n−1)
2

...
...

...

Gn + σn+1 − σn σnG
′
n . . . σn−1

n G
(n−1)
n

 . (2.17)

Our goal now is to show that the matrix Hn(yn) has full rank. In the
next proposition, we will in fact prove a slightly more general result. This
has the benefit of making the proof more transparent, but more impor-
tantly, will enable us to use the result in the next section where we study
the time-dependent volatility case.

Define the matrix Fn(y) in the following way

Fn(y) =


f1
1 (y1) f2

1 (y1) . . . fn−1
1 (y1) fn

1 (y1)

f1
2 (y2) f2

2 (y2) . . . fn−1
2 (y2) fn

2 (y2)
...

...
. . .

...
...

f1
n(yn) f2

n(yn) . . . fn−1
n (yn) fn

n (yn)

 . (2.18)

We will also consider the submatrix of Fn given by

Fn−1(y1, . . . , yn−1) =


f1
1 (y1) f2

1 (y1) . . . fn−1
1 (y1)

f1
2 (y2) f2

2 (y2) . . . fn−1
2 (y2)

...
...

. . .
...

f1
n−1(yn−1) f2

n−1(yn−1) . . . fn−1
n−1 (yn−1)

 .
We make the following assumption:

Assumption 2.1.

(i) the functions f j
i (yi), i, j = 1, . . . n, are continuous functions on the

real line R.

(ii) In each row i of the matrix Fn(y), the functions f1
i , f

2
i , . . . , f

n
i are

linearly independent over the real field.

Given a point y0 ∈ Rn, we study the matrix Fn(y) in a neighborhood
Bn(y0) of the point y0 ∈ Rn. Let Bn(y0) := {x ∈ Rn : ‖x−y0‖ < ε} where
the real ε > 0. The submatrix Fn−1 is studied on the projection of the
neighborhood Bn(y0) on Rn−1, denoted Bn−1(y0), i.e.

Bn−1(y) := projRn−1 Bn(y).
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Note that Bn−1(y0) is a function of y1, . . . , yn−1 only. To avoid any con-
fusion in this respect, elements of Bn will be denoted x and elements of
Bn−1 will be denoted by z.

To prove that the matrix Fn(y) has full rank, we will use the following
result.

Lemma 2.1. If detFn(x) ≡ 0 for all x ∈ Bn(y) then detFn−1(z) ≡ 0 for
all z ∈ Bn−1(y).

Proof. The statement will be proved by contradiction. We therefore as-
sume that detFn(x) ≡ 0 for all x ∈ Bn(y) and that there exists a z ∈
Bn−1(y) such that detFn−1(z) ≡ 0. Another way to express the later
is by letting Cn−1 := {z ∈ Rn−1 : detHn−1(z) 6= 0} and assuming that
Bn−1 ∩ Cn−1 6= ∅. Note that as the determinant is a continuous function,
the set Cn−1 is an open set being the inverse image of an open set.

For all z in the non-empty and open set Bn−1 ∩ Cn−1, the column
vectors of the matrix Fn−1(z)

vn−1
1 (z) =


f1
1 (z1)
f1
2 (z2)

...
f1

n−1(zn−1)

 , vn−1
2 (z) =


f2
1 (z1)
f2
2 (z2)

...
f2

n−1(zn−1)

 , . . . ,

vn−1
n−1(z) =


fn−1
1 (z1)

fn−1
2 (z2)

...

fn−1
n−1 (zn−1)

 ,

are linearly independent as z ∈ Cn−1. Adding up to n − 1 independent
vectors, they consequently span Rn−1. In particular the vector

vn
n−1(z) =


fn
1 (z1)
fn
2 (z2)

...
fn

n−1(zn−1)


lies in their span. Therefore there exists unique functions h1(z), . . . , hn−1(z)
such that

vn
n−1(z) =

n−1∑
i=1

hi(z)vn−1
i . (2.19)
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If we interpret this equation component-wise, for row i, 1 ≤ i ≤ n− 1, we
obtain

fn
i (zi) = h1(z)f1

i (zi) + h2(z)f2
i (zi) + . . .+ hn−1(z)fn−1

i (zi). (2.20)

Next, we consider the column vectors of the matrix Fn(x) for all x in
Bn. We can identify the first n− 1 component of the vector x with z, i.e.

x = (x1, x2, . . . , xn−1, xn) = (z1, z2, . . . , zn−1, xn).

as z ∈ Bn−1. Therefore we have vn−1
i (z) = vn−1

i (x) for i = 1, . . . n− 1.
Since the vectors vn−1

1 , vn−1
2 , . . . , vn−1

n−1 are linearly independent it fol-
lows that also the vectors

vn
1 (x) =



f1
1 (x1)
f1
2 (x2)

...
f1

n−1(xn−1)
f1

n(xn)


, vn

2 (x) =



f2
1 (x1)
f2
2 (x2)

...
f2

n−1(xn−1)
f2

n(xn)


, . . . ,

vn
n−1(x) =



fn−1
1 (x1)

fn−1
2 (x2)

...

fn−1
n−1 (xn−1)
fn−1

n (xn)


,

are linearly independent. Knowing that detFn = 0 for all x ∈ Bn, the
vector vn

n must consequently lie in their span. Therefore there exists unique
functions k1(x), k2(x), . . . , kn−1(x) such that

vn
n(x) =

n−1∑
i=1

ki(x)vn
i (x). (2.21)

We will now focus on the first n−1 components of (2.21). Component-wise
for row i, where 1 ≤ i ≤ n− 1, we have

fn
i (xi) = k1(x)f1

i (xi) + k2(x)f2
i (xi) + . . .+ kn−1(x)fn−1

i (xi).

By observing that xi = zi for 1 ≤ i ≤ n − 1 we can rewrite this equation
as

fn
i (zi) = k1(x)f1

i (zi) + k2(x)f2
i (zi) + . . .+ kn−1(x)fn−1

i (zi). (2.22)
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By comparing (2.20) and (2.22) and by using the uniqueness of ki(x) and
hi(z) respectively, we can conclude that ki(x) = hi(z), 1 ≤ i ≤ n − 1.
This means that the functions ki(x) we have solved for, are in fact only
functions of x1, . . . , xn−1. The last component of (2.21) can therefore be
written

fn
n (xn) =

n∑
i=1

hi(z)fn
n (xn). (2.23)

The important fact here is that the functions hi(z) do not depend on xn.
This allows us to finalize our proof. We have reached a contradiction since
we initially assumed that the functions fn(xn) are linearly independent
over the real field. The assumption that Bn−1 ∩ Cn−1 6= ∅ must therefore
be wrong. We can conclude that detFn−1 ≡ 0 for all z ∈ Bn−1(y).

We can now immediately apply Lemma 2.1 and prove the linear inde-
pendence of the columns of the matrix Fn(x).

Proposition 2.4. Let y0 ∈ Rn be given. Set Bn(y0) = {x ∈ Rn : ‖x −
y0‖ < ε}, ε > 0, and Bn−i = projRn−i Bn. Under Assumption 2.1 the
matrix Fn(x) defined in (2.18) has full rank for all x ∈ Bn(y0).

Proof. Assume on the contrary that detFn(x) ≡ 0 on Bn. Application of
Lemma 2.1 gives detFn−1(z) ≡ 0 for all z ∈ Bn−1. By repeated use of
Lemma 2.1 we finally get, after n− 1 steps, that detF1(ξ) ≡ 0 for ξ ∈ B1

or more precisely that f1
1 (ξ) ≡ 0. This is in conflict with Assumption 2.1,

where we state that the functions f j
i where linearly independent. We thus

have a contradiction. The assumption that detFn(x) ≡ 0 on Bn must
therefore be false, and we are done.

Returning to the libor market model we apply the previous theorem
on the matrix Hn(x) in (2.17).

Proposition 2.5. The matrix Hn(x) has full rank in a for all x ∈ Bn(y0).

Proof. We simply observe that the functions Gi, which we recall are given
by

Gi =
2αie

yi

1 + αieyi
σi, 1 ≤ i ≤ n,

as well as their derivatives G(m)
j , 1 ≤ m ≤ n− 1, are linearly independent

over R. The matrix Hn(xn) has therefore the same form as Fn(y). The
statement therefore follows from application of Proposition 2.4.

We can now conclude our examination of the dimension of market
models in the constant volatility case.
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Proposition 2.6. The N -dimensional libor market model with constant
volatility and the corresponding swap market model do not posses a real-
ization of smaller dimension, in the sense of Definition 2.5.

2.5 Time-dependent volatility

Next we tackle the slightly more general case of time-dependent volatility.
The Lie algebra becomes a little more involved but as we will see we can
use the same ideas as in the previous section. The relevant vector fields
are now

f̂0(y1, . . . , yN−1, t) =



σ2
1(t)(

2α1ey1

1+α1ey1 σ1(t) + σ2(t)
)
σ2(t)

...(∑N−1
k=1

2αkeyk

1+αkeyk
σk(t) + σN (t)

)
σN (t)

1


,

σ̂ =



σ1(t)
σ2(t)

...
σN (t)

0


.

We set
Gk := Hkσk(t) where Hk :=

2αke
yk

1 + αkeyk
,

and rewrite f̂0 as

f̂0 =



σ2
1(t)

(G1(t) + σ2(t))σ2(t)
(G1(t) +G2(t) + σ3(t))σ3(t)

...

(
∑N−1

k=1 Gk(t) + σN (t))σN (t)
1


.

In order to save the space and make the matrices more readable we will
from now on not specify the time dependence of σi(t) and G

(m)
i (t) in the

matrices.
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The first N colums of the Jacobian matrix of f̂0 are

f̂ ′0 =



0 0 0 . . . 0
σ2G

′
1 0 0 . . . 0

σ3G
′
1 σ3G

′
2 0 . . . 0

...
...

...
. . .

...
σNG

′
1 σNG

′
2 σNG

′
3 . . . 0

0 0 0 . . . 0


and the last column of the Jacobian matrix of f̂0 is

2σ1∂tσ1

∂tσ2(G1 + σ2) + σ2∂t(G1 + σ2)
∂tσ3(G1 +G2 + σ3) + σ3∂t(G1G2 + σ3)

...

∂tσN (
∑N−1

k=1 Gk + σN ) + σN∂t(
∑N−1

k=1 Gk + σN )
0


where

G′k =
∂Gk

∂yk
and ∂tσi =

∂σi

∂t

The Jacobian matrix of σ̂(t)

σ̂′ =


0 . . . 0 ∂tσ1

0 . . . 0 ∂tσ2

. . .

0 . . . 0 ∂tσN

0 . . . 0 0

 .

Taking brackets we get

f̂1 := [f̂0, σ̂] = f̂ ′0σ̂ − σ′f̂0 =



−∂tσ1

σ2(σ1G
′
1)− ∂tσ2

σ3(σ1G
′
1 + σ2G

′
2)− ∂tσ3

...

σN (
∑N−1

k=1 σkG
′
k)− ∂tσN

0


.
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The next step is to compute the Jacobian matrix of f1:

f̂ ′1 =



0 0 0 . . . 0 a1(t)
σ2σ1G

′′
1 0 0 . . . 0 a2(t)

σ3σ1G
′′
1 σ3σ2G

′′
2 0 . . . 0 a3(t)

...
...

. . .
...

...
σNσ1G

′′
1 σNσ2G

′′
2 . . . σNσN−1G

′′
N−1 0 aN (t)

0 0 0 . . . 0 0


.

Taking the bracket of f̂1 with σ̂ produces

f̂2 := [f̂1, σ̂] = f̂ ′1σ̂ − σ̂′f̂1 =



−∂tσ1

σ2(σ2
1G

′′
1)− ∂tσ2

σ3(σ2
1G

′′
1 + σ2

2G
′′
2)− ∂tσ3

...

σN (
∑N−1

k=1 σ2
kG

′′
k)− ∂tσN

0


.

The next bracket is given by

f̂3 := [f̂2, σ] = f̂ ′2σ − σ̂′f̂2 =



−∂tσ1

σ2(σ3
1G

(3)
1 )− ∂tσ2

σ3(σ3
1G

(3)
1 + σ3

2G
(3)
2 )− ∂tσ3

...

σN (
∑N−1

k=1 σ3
kG

(3)
k )− ∂tσN

0


.

After taking brackets m times we obtain

f̂m := [f1, [f2, [. . . , [fm−1, σ] . . .]]] =



−∂tσ1

σ2(σm
1 G

(m)
1 )− ∂tσ2

σ3(σm
1 G

(m)
1 + σm

2 G
(m)
2 )− ∂tσ3

...

σN (
∑N−1

k=1 σm
k G

(m)
k )− ∂tσN

0


.
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In the same way as in the previous section, we collect all the vector fields
in a matrix: 

...
...

...
...

σ̂ f̂0 f̂1 . . . f̂N−2

...
...

...
...

 .
The first N column are

σ1 σ2
1 −∂tσ1 . . .

σ2 σ2(G1 + σ2) σ2σ1G
′
1 − ∂tσ2 . . .

σ3 σ3(G1 +G2 + σ3) σ3(σ1G
′
1 + σ2G

′
2)− ∂tσ3 . . .

...
...

...

σN σN

∑N−1
k=1 Gk + σN σN

∑N−1
k=1 σkG

′
k − ∂tσN . . .

0 1 0 . . .


,

and the last column is

−∂tσ1

σ2σ
N−1
1 G

(N−1)
1 − ∂tσ2

σ3(σN−1
1 G

(N−1)
1 + σ

(N−1)
2 G

(N−1)
2 )− ∂tσ3

...

σN

∑N−1
k=1 σN−1

k G
(N−1)
k − ∂tσN

0


.

The next step is to perform Gaussian elimination. By subtracting
suitable multiples of the last row we can remove all other entries in the
second column of the matrix and obtain for the first N columns

σ1 0 −∂tσ1 . . .

σ2 0 σ2σ1G
′
1 − ∂tσ2 . . .

σ3 0 σ3(σ1G
′
1 + σ2G

′
2)− ∂tσ3 . . .

...
...

...

σN 0 σN

∑N−1
k=1 σkG

′
k − ∂tσN . . .

0 1 0 . . .


,
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and for the last column we obtain

−∂tσ1

σ2σ
N−1
1 G

(N−1)
1 − ∂tσ2

σ3(σN−1
1 G

(N−1)
1 + σ

(N−1)
2 G

(N−1)
2 )− ∂tσ3

...

σN

∑N−1
k=1 σN−1

k G
(N−1)
k − ∂tσN

0


Next we divide row number i with σi for 1 ≤ i ≤ N . For the first N
column we obtain

1 0 −∂tσ1/σ1 . . .

1 0 σ1G
′
1 − ∂tσ2/σ2 . . .

1 0 σ1G
′
1 + σ2G

′
2 − ∂tσ3/σ3 . . .

...
...

...

1 0
∑N−1

k=1 σkG
′
k − ∂tσN/σN . . .

0 1 0 . . .


,

and for the last column we obtain

−∂tσ1/σ1

σN−1
1 G

(N−1)
1 − ∂tσ2/σ2

σN−1
1 G

(N−1)
1 + σ

(N−1)
2 G

(N−1)
2 − ∂tσ3/σ3

...∑N−1
k=1 σN−1

k G
(N−1)
k − ∂tσN/σN

0


,

Next we subtract the first row from row number 2 to N thereby obtaining,
for the first N columns

1 0 −∂tσ1/σ1 . . .

0 0 σ1G
′
1 − ∂tσ2/σ2 . . .

0 0 σ1G
′
1 + σ2G

′
2 − ∂tσ3/σ3 . . .

...
...

...

0 0
∑N−1

k=1 σkG
′
k − ∂tσN/σN . . .

0 1 0 . . .


,
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and for the last column

−∂tσ1/σ1

σN−1
1 G

(N−1)
1 − ∂tσ2/σ2

σN−1
1 G

(N−1)
1 + σ

(N−1)
2 G

(N−1)
2 − ∂tσ3/σ3

...∑N−1
k=1 σN−1

k G
(N−1)
k − ∂tσN/σN

0


.

Then we subtract the first column from the column 3 to N +1 to produce,
for the first N columns

1 0 0 . . .

0 0 σ1G
′
1 − ∂tσ2/σ2 . . .

0 0 σ1G
′
1 + σ2G

′
2 − ∂tσ3/σ3 . . .

...
...

...

0 0
∑N−1

k=1 σkG
′
k − ∂tσN/σN . . .

0 1 0 . . .


,

and for the last column

0

σN−1
1 G

(N−1)
1 − ∂tσ2/σ2

σN−1
1 G

(N−1)
1 + σ

(N−1)
2 G

(N−1)
2 − ∂tσ3/σ3

...∑N−1
k=1 σN−1

k G
(N−1)
k − ∂tσN/σN

0


.

By subtracting row i from row i + 1 when 2 ≤ i ≤ N − 1 we obtain, for
the first N columns

1 0 0 . . .

0 0 σ1G
′
1 − ∂tσ2/σ2 . . .

0 0 σ2G
′
2 + ∂tσ2/σ2 − ∂tσ3/σ3 . . .

...
...

...
0 0 σN−1G

′
N−1 + ∂tσN−1/σN−1 − ∂tσN/σN . . .

0 1 0 . . .


,
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and for the last column

0

σN−1
1 G

(N−1)
1 − ∂tσ2/σ2

σ
(N−1)
2 G

(N−1)
2 + ∂tσ2/σ2 − ∂tσ3/σ3

...

σN−1
N−1G

(N−1)
N−1 + ∂tσN−1/σN−1 − ∂tσN/σN

0


.

We set

n := N − 1,

yn := (y1, y2, . . . , yn),

gj
i (yi) := σj

iG
(j)
i ,

φ1(t) := −∂tσ2/σ2,

φi(t) := ∂tσi/σi − ∂t, σi+1/σi+1, for i = 2, . . . , n− 1,

and finally obtain

Hn(xn, t) =


g1
1 + φ1(t) g2

1 + φ1(t) . . . gn−1
1 + φ1(t) gn

1 + φ1(t)

g1
2 + φ2(t) g2

2 + φ2(t) . . . gn−1
2 + φ2(t) gn

2 + φ2(t)
...

...
...

...
g1

n + φn(t) g2
n + φn(t) . . . gn−1

n + φn(t) gn
2 + φn(t)

 .
(2.24)

Note that the vector 
φ1(t)
φ2(t)

...
φn(t)


is added to every column of the matrix. To study the linear independence
of the columns of the matrix we can remove this vector leaving us with
the following matrix 

g1
1 g2

1 . . . gn−1
1 gn

1

g1
2 g2

2 . . . gn−1
2 gn

2

...
...

...
...

g1
n g2

n . . . gn−1
n gn

2

 . (2.25)
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This matrix corresponds to (2.18) as the functions gj
i on row i of the matrix

are linearly independent. We can apply Proposition 2.4 again and obtain

Proposition 2.7. The matrix Hn(xn, t) in (2.24) has full rank in a neigh-
borhood Bn of the point (yn, t).

We can now bring our examination of the dimension of market models
in the time-dependent volatility case to an end.

Proposition 2.8. The N -dimensional libor market model with time-
dependent volatility and the corresponding swap market model do not posses
a realization of smaller dimension, in the sense of Definition 2.5.

2.6 Conclusion

It is not possible to reduce the dimension of the libor market model by
finding a realization of smaller dimension in the sense of Definition 2.5.
Neither in the constant volality case nor in the time-dependent case.

The results concerning the libor market model are also valid for the
swap market model. This follows from the fact that the swap rate can
be expressed as a (nonlinear) function of the libor rate. The problem of
finding a realization of small dimension for the swap market model can
therefore be reformulated into a realization problem for libor rates.
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Paper 3

Expectations Hypotheses
in a Gaussian Two-Factor
Model

3.1 Introduction

Expectations hypotheses have a long tradition in the economics literature
that can be traced back to the work of Fisher (1896), Hicks (1939) and
Lutz (1940). They occur both in interest rate theory and international
economics.

The common claim of these hypotheses is that a forward quantity, such
as the forward rate, is an unbiased predictor of some spot quantity such
as the future spot rate.

There is an extensive empirical literature dealing with these hypotheses
and it is still an active area of research among econometricians. The
purely theoretical work is however comparatively scarce. The interest in
these hypotheses is understandable since it would we be very valuable to
obtain information about future values of economic variables using only
the current ones.

The first thorough theoretical work on expectations hypotheses for in-
terest rates, using the modern theory of arbitrage pricing, was done by Cox
et al. (1981). They start by providing precise definitions of the hypotheses,
they proceed to show that these hypotheses are in general incompatible
and that only one of them is consistent with a general equilibrium model.
Subsequent empirical work by Fama (1984), Fama and Bliss (1987), Fama
(1990), Campbell (1986), Campbell and Shiller (1991), to name just a few,
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strongly reject expectations hypotheses in this form. It is generally argued
that it is necessary to add a term premium, constant or time dependent,
to the equations for them to make sense.

The first article to address the CIR critique of the expectations hy-
potheses from a theoretical perspective is Campbell (1986). Using a Vasiček
(1977) model he shows that the expectations hypotheses are valid if a con-
stant premium is added to the equations.

Frachot and Lesne (1993) argue that the conclusion of Campbell (1986)
is wrong because he uses a Gaussian model. They instead suggest the use
of a Cox et al. (1985) model, where the short rate follows a squared Gaus-
sian process. As this model exhibits stochastic volatility the expectation
hypotheses have to be corrected in a different way. Adding a term pre-
mium to the value in the classical expectation hypothesis is not enough.
The value should also be multiplied by a term premium giving rise to an
affine relation between values in the classical expectations.

In his Ph.D. dissertation Jadoui (1998), in joint work with Frachot,
also considers the expectations hypotheses outlined in Cox et al. (1981),
but instead uses a quadratic Gaussian model. He argues that the relation
between the values in the classical expectations hypotheses are in the form
of a second-degree polynomial.

Together, the previous studies seem to suggest that the relation be-
tween the values in the classical expectations hypothesis, say Et[rT ] and
f(t, T ), is determined by the form of the function relating the values to the
state variable. If the values are affine functions of the state variable, say
Et[rT ] = α+ βx and f(t, T ) = γ + δx, where x is the state variable, then
in turn the relationship between the values is affine: Et[rT ] = ηf(t, T ) +µ
where η = β/δ and µ = α−βγ/δ. If the values are determined by a second
order polynomial in the state variable, a (unique) relation between the vari-
ables in the form of a second order polynomial can similarly be derived. A
natural question to ask here is what happens when the values are functions
of two state variables, say Et[rT ] = αx+βy and f(t, T ) = γx+ δy. Unless
the vectors (α, β) and (γ, δ) are parallel we cannot express Et[rT ] as a
function of f(t, T ) without coefficients that depend on the state variables.

In this paper we study the expectations hypotheses in an additive Gaus-
sian two-factor model of the short rate specified under the risk-neutral
measure Q. This model has a constant volatility. Then an affine state
dependent Girsanov kernel is used to formulate the model under the ob-
jective probability measure P. We then proceed to examine the different
expectations hypotheses defined as in Cox et al. (1981). We show that
these expectations hypotheses fail to hold if we allow the Girsanov kernel
to be state dependent despite that the model has a deterministic volatility.

The paper is structured as follows. Section 3.2 establishes the nota-
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tion and presents the classification of the expectations hypotheses by Cox
et al. (1981). Section 3.3 provides a brief theoretical overview of the ex-
pectations hypotheses using the change of numeraire framework and the
Heath-Jarrow-Morton approach. In Section 3.4 the additive two-factor
model of Brigo and Mercurio (2006) is presented and then used to inves-
tigate the various expectations hypotheses outlined in Section 3.2. The
relationship to the work of Campbell (1986), Frachot and Lesne (1993)
and Jadoui (1998) is then discussed.

3.2 Formulation of Expectations Hypotheses

The economy is modelled on a filtered probability space (Ω, (Ft)t≥0,F,P),
where P denotes the objective probability measure. We assume the market
to be free of arbitrage. This is equivalent to assuming the existence at
least one martingale measure Q making the discounted asset prices F-
martingales.1

3.2.1 Notation

The time t price of a zero coupon bond with time to maturity T − t is
denoted P (t, T ). The bond is assumed to deliver one Euro at maturity T
so P (T, T ) = 1. The continuously compounded spot rate (or yield) Y (t, T )
for the period [t, T ] is defined as

Y (t, T ) := − logP (t, T )
T − t

.

The continuously compounded forward rate Ft(S, T ) contracted at time t
is defined as

Ft(S, T ) := − logP (t, T )− logP (t, S)
T − S

.

The instantaneous forward rate with maturity T contracted at time t is
defined as

f(t, T ) := −∂ logP (t, T )
∂T

.

The instantaneous short rate at time t is defined as

r(t) := f(t, t).

1See e.g. Björk (2004) chapter 10.
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3.2.2 CIR classification of EH hypotheses

We will adopt the terminology of Cox, Ingersoll, and Ross (1981) when we
refer to expectations hypotheses. The measure under which the expecta-
tions are taken is intentionally left unspecified.

Local Expectation Hypothesis (L-EH)

According to this hypothesis the expected instantaneous return of holding
a zero coupon bond is equal to the short rate. By standard arbitrage
theory we know that this hypothesis is always true under the risk neutral
measure Q.

E
[

lim
h→0,h>0

P (t+ h, T )− P (t, T )
P (t, T )

∣∣∣∣Ft

]
= E

[
dP (t, T )
P (t, T )

∣∣∣∣Ft

]
= r(t) dt.

(3.1)

Return To Maturity Expectation Hypothesis (RTM-EH)

Under this hypothesis the return of holding a zero coupon bond until
maturity is equal to the expected return from rolling over a series of single-
period bonds

1
P (t, T )

= E

[
exp

(∫ T

t

r(s) ds
)∣∣∣∣∣Ft

]
. (3.2)

Unbiased Expectation Hypothesis (U-EH)

This hypothesis says that the forward rate is an unbiased estimate of the
future short rate

f(t, T ) = E [r(T )| Ft] . (3.3)

Yield To Maturity Expectation Hypothesis (YTM-EH)

By integrating (3.3) with respect to T we get

Y (t, T ) =
1

T − t
E

[∫ T

t

r(s) ds

∣∣∣∣∣Ft

]
. (3.4)

3.3 Theoretical Overview

Before studying the expectations hypotheses in a particular model it is in-
formative to see what kind of results we can obtain in a general setting and
what kind of assumption we need to make in able to draw any conclusions.
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3.3.1 The change of numeraire approach

The change of numeraire technique was popularized in the paper by Geman
et al. (1995).2. We will use it here to treat the U-EH.

We start by deriving a classical result namely that U-EH is only valid
under the T -forward measure. Under the T -forward measure, the price of
a T -claim X is given by Π(t) = p(t, T ) ET [X|Ft]. Setting X = r(T ), we
obtain

Π(t) = p(t, T ) ET [r(T )| Ft] .

On the other hand, using ordinary risk neutral valuation under the mar-
tingale measure Q we obtain

Π(t) = EQ
[
r(T )e−

R T
t

r(s)ds
∣∣∣Ft

]
.

By equating these expressions for the price and using that p(t, T ) =
EQ
[
e−

R T
t

r(s)ds
∣∣∣Ft

]
and that the forward rate is defined by f(t, T ) :=

−∂ log p(t, T )/∂T , we obtain

ET [r(T )| Ft] =
1

p(t, T )
EQ
[
r(T )e−

R T
t

r(s)ds
∣∣∣Ft

]
= − 1

p(t, T )
EQ
[
∂

∂T
e−

R T
t

r(s)ds

∣∣∣∣Ft

]
= − 1

p(t, T )
∂

∂T
EQ
[
e−

R T
t

r(s)ds
∣∣∣Ft

]
= − 1

p(t, T )
∂p(t, T )
∂T

= −∂ log p(t, T )
∂T

= f(t, T ).

In the framework of Platen and Heath (2006, Chap. 10) the growth
optimal portfolio (GOP), with value N(t) at time t, is the numeraire under
the objective probability measure.

2For an overview see also Björk (2004, Chap. 24) or Brigo and Mercurio (2006,
Chap. 2)
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Starting from the objective probability we obtain

EP [r(T )|Ft] = ET

[
r(T )

p(t, T )
p(T, T )

N(T )
N(t)

|Ft

]

=
p(t, T )
N(t)

ET [r(T )N(T )|Ft]

=
p(t, T )
N(t)

{
ET [N(T )|Ft] ET [r(T )|Ft] + Cov[r(T ), N(T )]

}
=
p(t, T )
N(t)

{
ET [N(T )|Ft]f(t, T ) + Cov[r(T ), N(T )]

}
=
p(t, T )
N(t)

{ N(t)
p(t, T )

f(t, T ) + Cov[r(T ), N(T )]
}

= f(t, T ) +
p(t, T )
N(t)

Cov[r(T ), N(T )]
}

The forward rate rate is thus a biased estimate of the future spot rate.
The size of the premium as well as its sign depends on the covariance be-
tween the short rate and the GOP. By making some concrete assumptions
about the dynamics of the GOP it should be possible to deduce interesting
properties about this bias.

3.3.2 The HJM approach

By the assumption of absence of arbitrage, the Heath-Jarrow-Morton con-
dition gives the following dynamics for the forward rate under the risk-
neutral measure Q

f(τ, T ) = f(t, T ) +
∫ τ

t

σ(s, T )[
∫ T

s

σ(s, ξ)>dξ]ds

+
∫ τ

t

σ(s, T )dWQ
s ,

(3.5)

where > denotes transposition and where W is a d-dimensional Wiener
process. The short rate r(T ) is then given by

r(T ) = f(T, T ) = f(t, T ) +
∫ T

t

σ(s, T )[
∫ T

s

σ(s, ξ)>dξ]ds

+
∫ T

t

σ(s, T )dWQ
s .

We immediately observe the kind of relation that prevails between the
short rate and the forward rate. We already now that the U-EH is only
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valid under the T -forward measure. Here, we can derive the functional
form of the premium under the risk-neutral measure ones we have specified
a volatility. To get an idea of the sign of the premium and its properties
with respect to time thus need to make further assumptions.

If we now assume that the volatility σ is deterministic we immediately
obtain

EQ [r(T )| Ft] = f(t, T ) +
∫ T

t

σ(s, T ))[
∫ T

s

σ(s, ξ)>dξ]ds.

We let P denote objective probability measure. By absence of arbitrage
there exists a vector λ(t) = (λ1(t), . . . , λd(t))> (the Girsanov kernel) so
that dW P = dWQ + λtdt. This gives

r(T ) = f(t, T ) +
∫ T

t

σ(s, T )[
∫ T

s

σ(s, ξ)>dξ − ϕ(s)]ds

+
∫ T

t

σ(s, T )dW P
s .

The change of probability measure from Q to P gives rise to a new pre-
mium, that will depend on the product of the volatility and the Girsanov
kernel. If we assume the Girsanov kernel to be deterministic we immedi-
ately obtain

EP [r(T )| Ft] = f(t, T ) +
∫ T

t

σ(s, T ))
∫ T

s

σ(s, ξ)>dξds

−
∫ T

t

σ(s, T )ϕ(s)ds.

Let us now provide two examples showing how the HJM framework can
be used to get analytical expressions for the biases. We only compute the
bias under the risk neutral measure. To obtain the bias under the objective
probability measure we also have to make an assumption concerning the
functional form of the Girsanov kernel.

Example: Hoo-Lee

Assume that d = 1 and that σ is constant. Then
∫ T

s
σ(s, ξ)dξ = (T − s)σ

and therefore

EQ [r(T )| Ft] = f(t, T ) +
∫ T

t

σ2(T − s) ds = f(t, T ) +
σ2

2
(T − t)2.

Under the risk neutral measure the forward rate underestimates the future
spot rate. We also see that the bias is a quadratically increasing function
of the time to maturity
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Example:Hull-White(Generalized Vasiček)

Assume d = 1 and σ(s, T ) = σe−γ(T−s). Then∫ T

s

σe−γ(ξ−s) dξ =
σ

γ
(1− e−γ(T−s)),

and therefore

EQ [r(T )| Ft] = f(t, T ) +
σ2

γ

∫ T

t

e−γ(T−s)(1− e−γ(T−s))ds

= f(t, T ) +
σ2

2γ2
(1− e−γ(T−t))2

Also here the forward rate underestimates the future spot rate. The bias
is also an increasing function of the time to maturity.

According to the theory of Björk and Svensson (2001) all interesting
volatility functions are of the quasi-exponential form, because they produce
finite dimensional realizations. To obtain more general result in this HJM
setting, we could therefore try study the bias for this type of function.

3.4 The Additive Two-Factor Gaussian Model
(G2++)

We will study expectations hypothesis in an additive two-factor Gaussian
model, which goes under the name G2++ in the terminology of Brigo
and Mercurio (2006). This model can, by a suitable change of variables,
be transformed into the Hull and White (1994) model where the state
variables are the short rate and the mean reversion level.3 As the model
remains Gaussian this will have not implications on our results.

The model

The instantaneous short rate is assumed to have the form

r(t) = x1(t) + x2(t) + ψ(t),
r(0) = r0,

(3.6)

where the state variables x1(t) and x2(t) have the following dynamics under
the risk-neutral measure Q:

dx1(t) = −b1x1(t)dt+ σ1dW
Q
1 (t), x1(0) = 0

dx1(t) = −b2x2(t)dt+ σ2dW
Q
2 (t), x2(0) = 0.

(3.7)

3See Brigo and Mercurio (2006, p.159).
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Here (W1,W2) is a two-dimensional Wiener process with instantaneous
correlation ρ such that

ρdt = dW1(t)dW2(t).

Here r0, b1, b2, σ1, σ2 are positive constants. The deterministic function
ψ(t) will be used to fit the model to the current yield curve. We assume
that ψ(0) = r0.

The assumption of absence of arbitrage is characterized by the existence
of a square integrable process ϕ, the Girsanov kernel, such that

dWQ = dW P − ϕ(t)dt, (3.8)

Here we assume this Girsanov to have the following form

ϕ(t) =
(
ϕ1(t)
ϕ2(t)

)
=
(
γ1 + δ1x1(t)
γ2 + δ2x2(t)

)
.

We note that ϕ(t) depends on the state variables. This will turn out to be
important for the treatment of the expectations hypotheses.

Using (3.8), we rewrite the dynamics of the state variables under the
objective probability measure P as

dx1(t) =
[
− σ1γ1 − (b1 + σ1δ1)x1(t)

]
dt+ σ1dW

P
1 ,

dx2(t) =
[
− σ2γ2 − (b2 + σ2δ2)x2(t)

]
dt+ σ2dW

P
2 .

(3.9)

Setting

α1 := −σ1γ1, β1 := b1 + σ1δ1,

α2 := −σ2γ2, β2 := b2 + σ2δ2,

we obtain

dx1(t) =
(
α1 − β1x1(t)

)
dt+ σ1dW

P
1 ,

dx2(t) =
(
α2 − β2x2(t)

)
dt+ σ2dW

P
2 .

(3.10)

By (3.6) and a simple integration of (3.10) from t to T we obtain the
following representation of the instantaneous short rate

r(T ) = ψ(T ) + x1(t)e−β1(T−t) +
α1

β1
(e−β1(T−t) − 1)

+ x2(t)e−β2(T−t) +
α2

β2
(e−β2(T−t) − 1)

+ σ1

∫ T

t

e−β1(T−s)dW1(s) + σ2

∫ T

t

e−β2(T−s)dW2(s).
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From this expression it is clear that, conditional on Ft, r(T ) is normally
distributed. The expected value and variance are

EP[r(T )|Ft] = ψ(T ) +
α1

β1
(e−β1(T−t) − 1) +

α2

β2
(e−β2(T−t) − 1)

+ x1(t)e−β1(T−t) + x2(t)e−β2(T−t),

VarP[r(T )|Ft] =
σ2

1

2β1

[
1− e−2β1(T−t)

]
+

σ2
2

2β2

[
1− e−2β2(T−t)

]
+ 2ρ

σ1σ2

β1 + β2

[
1− e−(β1+β2)(T−t)

]
.

(3.11)

3.4.1 The price of a zero-coupon bond

By risk-neutral valuation the price at time t of a zero-coupon bond ma-
turing at time T is given by

p(t, T ) = EQ[e−
R T

t
r(s)ds|Ft].

In order to compute this expectation, we note that the integral

Z(t, T ) =
∫ T

t

r(s)ds =
∫ T

t

ψ(s)ds+
∫ T

t

x1(s)ds+
∫ T

t

x2(s)ds,

is, conditional to the sigma field Ft, a normally distributed random vari-
able. If we denote the (conditional) mean by m(t, T ) and variance by
v(t, T ), we know from the moment generating function of Z that

EQ[eZ(t,T )] = em(t,T )+ 1
2 v(t,T ).

Using (3.7) we obtain

m(t, T ) = EQ[Z(t, T )] =
∫ T

t

ψ(s)ds

+
1
b1

(1− e−b1(T−t))x1(t) +
1
b2

(1− e−b2(T−t))x2(t).

v(t, T ) =
σ2

1

b31

[
b1(T − t)− 3

2
+ 2e−b1(T−t) − 1

2
e−2b1(T−t)

]
+
σ2

2

b32

[
b2(T − t)− 3

2
+ 2e−b2(T−t) − 1

2
e−2b2(T−t)

]
+ 2ρ

σ1σ2

b1b2

[
T − t+

1
b1

(eb1(T−t) − 1) +
1
b2

(eb2(T−t) − 1)

− 1
b1 + b2

(e−(b1+b2)(T−t) − 1)
]

(3.12)
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By using these expressions for the mean and variance we obtain the fol-
lowing.

Proposition 3.1. The price at time t of a zero-coupon bond with maturity
T is

P (t, T ) = exp
{
−m(t, T ) +

1
2
v(t, T )

}
= exp

{
−
∫ T

t

ψ(s)ds+
1
b1

(e−b1(T−t) − 1)x1(t)

+
1
b2

(e−b2(T−t) − 1)x2(t) +
1
2
v(t, T )

}
.

(3.13)

If we assume that the observed yield curve on the market today (at time
t = 0) is a smooth function T 7→ P ?(0, T ), we can use it to fit the model
to current prices. We will use the function ψ for this task. According to
(3.13) we have

P ?(0, T ) = exp
{
−
∫ T

0

ψ(s)ds+
1
2
v(0, T )

}
.

We can therefore write

exp
{
−
∫ T

t

ψ(s)ds
}

=
P ?(0, T )
P ?(0, t)

exp
{
− 1

2
[v(0, T )− v(0, t)]

}
,

and obtain the following corollary.

Corollary 3.1. The price at time t of a zero coupon bond with maturity
T is

P (t, T ) = exp
{
A0(t, T )−A1(t, T )x1(t)−A2(t, T )x2(t)

}
,

where

A0(t, T ) = log
P ?(0, T )
P ?(0, t)

+
1
2
[v(t, T ) + v(0, t)− v(0, T )]

A1(t, T ) =
1
b1

(1− e−b1(T−t))

A2(t, T ) =
1
b2

(1− e−b2(T−t))

and where P ?(0, t) and P ?(0, T ) are the current prices observed on the
market of zero-coupon bonds with maturity t and T .

Now that the we have solved for the bond price and made assumptions
concerning the change of measure between Q and P we are ready to in-
vestigate under what conditions, if any, the expectations hypotheses hold.
We will follow the CIR classification discussed in Section 3.2.2.
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3.4.2 Expectations hypotheses in G2++

Local Expectation Hypothesis

We know that this hypothesis is by construction satisfied under the risk
neutral measure i.e.

EQ
[
dP (t, T )
P (t, T )

∣∣∣∣Ft

]
= r(t)

To study this hypothesis under the objective probability measure P we ap-
ply the itō formula to the price equation in (3.13), using the state variable
dynamics in (3.10). If we then compare the resulting expression with the
corresponding expression when using the state variable dynamics under Q
we obtain

EP
[
dP (t, T )
P (t, T )

∣∣∣∣Ft

]
= r(t)−A1(t, T )σ1(γ1 + δ1x1(t)︸ ︷︷ ︸

ϕ1(t)

)

−A2(t, T )σ2(γ2 + δ2x2(t)︸ ︷︷ ︸
ϕ2(t)

).

By assuming that the Girsanov kernel is state dependent, i.e δi 6= 0 we
obtain a stochastic premium.

As the functions Ai are positive, for the premium to be positive, we
have to assume that the Girsanov kernels are negative. We note that
the functions Ai are increasing in the maturity yielding higher expected
returns for long maturities.

Return to Maturity Expectation Hypothesis

To study this expectation hypothesis we need to compute the expectation

EP[e
R T

t
r(s)ds|Ft].

We use the same technique as in the derivation of the price of a zero-coupon
bond in Section 3.4.1. The integral

Z(t, T ) =
∫ T

t

r(s)ds =
∫ T

t

ψ(s)ds+
∫ T

t

x1(s)ds+
∫ T

t

x2(s)ds,

is a normally distributed stochastic variable, conditional on Ft. If we
denote the mean M(t, T ) and the variance v(t, T ), we thus have

EP[eZ(t,T )|Ft] = eM(t,T )+ 1
2 v(t,T ).
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The conditional mean of Z(t, T ) is

M(t, T ) = EP[
∫ T

t

r(s)|Ft]

=
∫ T

t

ψ(s)ds+ (
α1

β1
+
α2

β2
)(T − t)

+
1
β1

(
x1(t)−

α1

β1

)
(1− e−β1(T−t))

+
1
β2

(
x2(t)−

α2

β2

)
(1− e−β2(T−t))

(3.14)

The variance v(t, T ) is the same as the one we calculated previously when
solving for the price of a zero-coupon bond in (3.12). Comparing the
expression for M(t, T ) in (3.14) and m(t, T ) in (3.12) we immediately see
that the return to maturity expectation hypothesis cannot hold even if the
Girsanov kernel is not state dependent i.e. if δ1 = δ2 = 0 so that β1 = b1
and β2 = b2. In the present setting we instead obtain

EP[e
R T

t
r(s)ds|Ft] =

1
p(t, T )

eM(t,T )−m(t,T )+v(t,T ).

The expected value is thus equal to the inverse of the price times a state-
dependent stochastic premium. We also note that the hypothesis does not
even hold under the measure Q. If we set the Girsanov kernel to zero,
thereby obtaining m(t, T ) = M(t, T ), we still have to multiply the inverse
of the price by ev(t,T ) to obtain equality in the equation.

Yield to Maturity Expectation Hypothesis

The yield to maturity expectation hypothesis is the most interesting to
study from a theoretical perspective since almost all empirical studies are
based on it.

Here we need to compare (T − t)Y (t, T ) with EP[
∫ T

t
r(s)ds|Ft].

From the definition of Y (t, T ) and Corollary 3.1 we obtain

(T − t)Y (t, T ) = −A0(t, T ) +A1(t, T )x1(t) +A2(t, T )x2(t).
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where

−A0(t, T ) =
∫ T

t

ψ(s)ds

− σ2
1

2b21

[
(T − t)− 3

2b1
+

2
b1
e−b1(T−t) − 1

2b1
e−2b1(T−t)

]
− σ2

1

2b22

[
(T − t)− 3

2b2
+

2
b2
e−b2(T−t) − 1

2b2
e−2b2(T−t)

]
− ρ

σ1σ2

b1b2

[
T − t+

1
b1

(eb1(T−t) − 1) +
1
b2

(eb2(T−t) − 1)

− 1
b1 + b2

(e−(b1+b2)(T−t) − 1)
]

A1(t, T ) =
1
b1

(1− e−b1(T−t))

A2(t, T ) =
1
b2

(1− e−b2(T−t))

To compute the expected value we use the Fubini theorem to obtain

EP
[ ∫ T

t

r(s)ds|Ft

]
=
∫ T

t

EP[r(s)|Ft]ds.

Integration of the expectation in (3.11) gives the desired result.

EP
[ ∫ T

t

r(s)ds|Ft

]
= B0(t, T ) +B1(t, T )x1(t) +B2(t, T )x2(t)

where

B0(t, T ) =
∫ T

t

ψ(s)ds+
α1

β1

[ 1
β1

(
1− e−β1(T−t)

)
− (T − t)

]
+
α2

β2

[ 1
β2

(
1− e−β2(T−t)

)
− (T − t)

]
B1(t, T ) =

1
β1

(
1− e−β1(T−t)

)
B2(t, T ) =

1
β2

(
1− e−β2(T−t)

)
By removing the state dependence in the Girsanov kernel we can obtain

A1 = B1 and A2 = B2 but we will still have −A0 6= B0. We will thus have
to add a deterministic term for the equation to be valid. We recall that
the yield to maturity expectation hypothesis is just an integrated version
of the unbiased expectation hypothesis and that the latter is only valid
under the T -forward measure.
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This theoretical result could help explain the empirical failure of the
yield-to-maturity hypothesis common in the literature. If we run a regres-
sion of

∫ T

t
r(s)ds on Y (t, T ) we are thus not only expected to find that the

intercept is different from zero but also that the model is mispecified since
the error term is correlated with the right hand side variables.

Frachot and Lesne (1993) study the expectations hypotheses using a
Cox et al. (1985) model for the interest rate of the form

dr(t) =
(
φ(t)− λr(t)

)
dt+

√
αr(t) + βdWQ(t).

We note that this model collapses to a Vasiček (1977) model when α = 0.
To compute expectations under the objective probability measure Frachot-
Lesne use a Girsanov kernel of the form ϕ(t) = q

√
αr(t) + β. This is the

usual way to model the change of measure in this type of model.4 They
then obtain an affine relation between the variables in the YTM-H of the
form Y (t, T ) = a + bEP

t [
∫ T

t
r(s)ds]. This is compared to the result of

Campbell (1986) who obtains b = 1. Frachot and Lesne (1993) argue that
Campbells result is due to the use of a Gaussian interest model (α set to
zero). They therefore advocate that a stochastic volatility model should
be used when studying the expectations hypothesis. There is however a
problem with their argument. As the same parameter α occurs both in
the volatility and in the Girsanov kernel it is impossible to know if it
is the stochastic volatility or the stochastic Girsanov kernel that drives
their result. Our analysis in a Gaussian model clearly indicates that it is
the stochastic Girsanov kernel, and not the stochastic volatility which is
behind the affine relation.

Our analysis in a two-factor model also highlights another important
issue with Frachot-Lesnes idea. In a CIR model the quantities occurring in
the expectations hypotheses are affine functions of the state variables. This
allows us to express one of the quantities as an affine function of the other
in a unique way. When Jadoui (1998) uses a quadratic Gaussian model of
the short-rate he finds that there is a quadratic relationship between the
quantities. But as in the affine case, if the quantities can be expressed as
linear functions of the state variable and its squared value there exists a
unique quadratic relation between the quantities. When using two different
factor it becomes impossible to find a relation between the quantities in
this way and therefore also impossible to find any alternative form of the
expectation hypotheses.

4See Cheridito et al. (2007) for an alternative approach and a thorough discussion
of the modelling of the change of measure as well as empirical results.





Bibliography

Backus, David, Silverio Foresi, Abon Mozumdar, and Liuren Wu, 1998,
Predictable changes in yields and forward rates, NBER Working paper
series 6379, National Bureau of Economic Research.

Bekaert, Geert, Robert J. Hodrick, and David A. Marshall, 1997, On biases
in tests of the expectations hypothesis of the term structure of interest
rates, Journal of Financial Economics 44, 309–348.

Björk, Tomas, 2004, Arbitrage Theory in Continuous Time (Oxford Uni-
versity Press), 2nd edition.

Brigo, Damiano, and Fabio Mercurio, 2006, Interest Rate Models – Theory
and Practice (Springer).

Campbell, John Y., 1986, A defence of traditional hypotheses about the
term structure of interest rates, Journal of Finance 41, 183–193.

Campbell, John Y., and Robert J. Shiller, 1991, Yield spreads and interest
rate movements: A bird’s eye view, Review of Economic Studies 58,
495–514.

Cheridito, Patrick, Damir Filipović, and Robert L. Kimmell, 2007, Mar-
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