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Introduction and Summary

This thesis is devoted to derivatives pricing. Part I (Chapter I) addresses option
pricing in incornplete markets. The 1110st realistic models of financial markets are
by nature and construction highly incolllplete. Typical examples of incomplete
market models are nlodels for energy and weather derivatives~ and stochastic
volatility models. If we would like to compute an arbitrage-free price process for
a financial derivative in an incomplete rnarket~ we are faced with the following
well-known fact: there will exist infinitely nlany arbitrage free price processes for
a given derivative. l'v'Ioreover, the pricing bounds provided by rnerely requiring an
absence of arbitrage are extremely wide, and thus quite useless from a practical
point of view. Hence, there is a clear need for "reasonable" pricing bounds for
derivative assets. We follow the idea first introduced by Cochrane and Saa Re
quejo (2000) ~ who suggested ruling out not only the prices that violate the no
arbitrage restriction, but also those that in some sense would represent "deals
which are too good" and would not normally exist on the market. Cochrane
and Saa-Requejo formalized the idea of a good deal essentially as an asset price
process with a high Sharpe ratio and posed the problem of finding the upper and
lower bounds for all arbitrage-free price processes, given a bound on the Sharpe
ratio of the derivative.

Cochrane and Saa Requejo (2000) consider derivatives markets where incom
pleteness is caused by the presence of non-traded risks. They assume that the
derivative payoff depends on several non-traded assets. The price processes of
those assets are driven by a set of Wiener processes which are not included in a
set driving the price processes of the basic traded assets.

Among these models, the jump models are of particular interest. Firstly, the
existence of jurnps in asset prices is well documented in the elllpirical literature.
Secondly, the existence of jumps is one of the rnajor reasons a market model can
be incomplete, and thirdly, jumps are essential to all reduced-form credit risk
models. Models with jumps can be considered fundamentally incomplete since
they remain incomplete even without non-traded assets present in the model.
Unfortunately, the approach used by Cochrane and Saa-Requejo Cochrane and

IX
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Saa Requejo (2000) does not allow us to treat models with asset prices driven by
both jump and diffusion processes.

The rnain contribution of Chapter I is that it allows for jumps in the underlying
and derivative processes; this is extremely important from both a theoretical and
practical point of view. Using the rnartingale measure approach instead of the
stochastic discount factor framework, we show that the good-deal pricing problern
appears directly as a precise, we11-forrnulated standard stochastic control problem.
As a by-product, we obtain a generalization of the Hansen-Jagannathan bounds
for the case of jurnp diffusions.

We also offer a relatively detailed study of some concrete point process-driven
1110dels, including the classical J\1erton jurnp-diffusion model. We present numer
ical results for these particular models, where we can compare the original ~lerton
pricing formulas (for which the jump risk was assumed to be non-priced), with
our derived good-deal bounds.

Part 11 (including Chapters 11 and Ill) is devoted to derivatives pricing on in
ternational rnarkets and its particular focus is the term structures of interest
rates. The factors driving the yield curves are docurnented to be international to
a large extent. Thus, there is a clear need to take this into account when pricing
or hedging financial derivatives. Also, the contagion literature seems to report
high correlations between different markets. The developlllent of international
markets has highlighted the need to create a two-country model that would favor
pricing and estimation procedures on an internationally integrated market.

Chapters 11 and III present two different approaches. In Chapter III we specify
the finite set of factors and provide conditions on the factor dynamics so that the
resulting bond prices in the two-country econoruy would take some predetermined
form. This approach leads to the specification of an affine factor dynamics. The
approach in Chapter 11 differs frorn the approach we employ in Chapter Ill, and
is based on the geometric approach to the interest rate theory first introduced by
Bjork and Christenssen (1999) and Bjork and Svensson (2001). Using the Heath
Jarrow-Morton approach, we choose to rnodel domestic and foreign forward rates
and the exchange rate dynamics under the domestic country martingale measure
allowing the forward rate volatilities and the volatility of the exchange rate to be
arbitrary sruooth functionals of both forward rate curves. We do not make any
specific assumptions concerning the number of factors driving the forward rates
in the two-country economy, nor do we specify any particular dynamics for the
factors. The geometric approach allows us to find sufficient (and in simpler cases
necessary) conditions in terms of the exchange rate and forward rate volatilities
to ensure that we obtain a finite dinlensional realization (FDR) for both domestic
and foreign forward rates. That is, the approach provides us with the structure



Xl

of the forward rate volatilities such that it is possible to determine the number
of factors and express the forward rate process as a function of the finite set of
those factors.

The problern of specifying forward rate rllodels which adrllit FDR is important
from the point of view of model calibration. It has beconle very common to use the
pararlleterized families of smooth forward rate curves when fitting a forward rate
curve to the initial data. At each time step the model needs to be recalibrated,
which is natural since the rllodel does not describe the real world perfectly. The
problem of the existence of an FDR is equivalent to the problern of determining
if there exists a finitely parameterized farnily of forward rate curves, such that all
the forward rate curves produced by the interest rate model are contained within
the farnily. If the interest rate model does not admit an FDR, then recalibration
is needed not only because the model is a poor description of reality but simply
because the farllily of forward rates does not go well with the model.

The other problern of the existing interest rate models is that it is difficult to
explain terrll structure movements in ternlS of outside factors connected with
monetary policy if we consider just a sirnple nominal one-country model. Glob
alization suggests that the actions of central banks in different countries are very
likely to influence ternl structures of other countries as well.

Chapter III suggests that there exists a finite set of factors that influences the
prices of all the objects in the econonlY and extends a multifactor two-country
economy setting so that it models joint affine domestic and foreign term struc
tures, nominal exchange rates, domestic and foreign price levels, domestic and
foreign real ternl structures as well as the real exchange rate between the two
countries. This kind of model allows us to explain movements in a term struc
ture in terms of exchange rate changes or macroeconomic shocks or policy-related
factors.

However, if we want to take into account effects of macroeconomic shocks and
policies in the international markets we might want to consider jump-diffusion fac
tor dynamics. Thus, another contribution of the paper is that we allow the bond
prices to be influenced by the multivariate factor whose price process is driven by
a standard rllultidimensional Wiener process and a marked point process (with
intensity dependent on the same set of factors). In particular, we provide neces
sary and sufficient conditions on the factor dynamics, domestic and foreign short
rates and/or exchange rate volatilities (alternatively, the form of the exchange
rate) and factor jump size in order to obtain affine domestic and foreign, real and
nominal, term structures.

In particular, we answer the question of whether the affine framework is consis
tent with the empirical evidence supporting the Purchasing Power Parity (PPP)
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hypothesis; that is, under what conditions is the real exchange rate mean sta
tionary in the jointly affine fran1ework? If we ignore this issue we might create a
1110del that right frorn the modeling stage violates the PPP hypothesis, and hence
initially specifies the factor dynamics that would never allow the real exchange
rate in the economy to be asymptotically mean stationary; thus, in the econolny
where PPP holds, we would never be able to obtain a good fit to the data.

We estimate the dynarnics of the latent factors in a two-country Inodel using the
Kalman filter technique. As compared to all the previous studies, we include in
the set of observables real domestic and foreign yields, as well as exchange rate
and price levels.

As a practical application of the general international model presented, we con
struct a European type "real exchange" call option, and den10nstrate how to
value it. This derivative can be introduced and used by investors to hedge not
only exchange rate risks or inflation risks, but joint exchange rate and inflation
risks.

Part III (Chapter IV) is devoted to credit risk modeling. Recent elnpirical
studies show that there is a significant syste111atic risk component in defaultable
credit spreads. The purpose of Chapter IV is to present a reduced-form multiple
default model that would be able to rnodel the dependence of the credit spread
term structure (at the firn1 level) on macroeconornic risks.

The current theoretical literature considers models where only the default in
tensity, or equivalently, the probability of default (PD) is dependent on a state
variable assuming that the loss given default (LGD) is either fixed or at least
independent of default intensities. We take that analysis one step further and
consider the situation in which the san1e state variable influences both PD and
LGD, making these two quantities dependent on one another. In assessing capi
tal at risk, it is extren1ely important not to ignore the interdependence between
PD and LGD, since this would lead to underestimation of the true risk borne by
portfolio holders.

We assume that the default intensity and the recovery (given default) depend on
the market situation (we consider a 111arket index as a proxy for those). With the
PD dependence we try to account for the fact that during bad economic times it
is reasonable to expect more defaults, while with the LGD dependence we try to
account for the fact that if the entire 111arket is down, the market value of any
fir111 's assets should be lower, and debt holders should recover less if a default
occurs.

It is well known that market uncertainty and its level are negatively correlated.
That is, periods of recession (low index level) also tend to be periods of high
uncertainty (high index volatility) reflecting some sort of market panic, while
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periods of economic boom are perceived as safe periods with low uncertainty. In
setting up the dynamics of the n1arket index, we incorporate this realistic feature
by allowing the local volatility of the index to depend negatively on its level.

We derive abstract results for a multiple default reduced-forIn Inodel when the
default events are modeled by a doubly stochastic marked point process, where
both intensity and the mark's density depend on some state variable. Using a
concrete model, we are able to sinlulate realistic behaviors of the tern1 structure
of credit spreads.





Part I

Option Pricing in Incomplete
markets

1





Chapter 1

Towards a general theory of
good-deal bounds

We consider an incomplete market in the form of a multidimensionalivlarkovian factor model~

driven by a general lllarked point process (representing discrete jump events), as well as by

a standard multidimensional Wiener process. Within this framework~ we study arbitrage-free

good-deal pricing bounds for derivative assets, thereby extending the results from Cochrane

and Saa Requejo (2000) to the point process case, while, at the same time, obtaining a radical

simplification of the theory. To illustrate~ we present numerical results for the classic J\ferton

jump-diffusion model. As a by-product of the general theory~ we derive extended Hansen

Jagannathan bounds for the Sharpe Ratio process in the point process setting. 1

1.1 Introduction

The majority of existing financial markets are by nature highly incomplete, be
cause there are not sufficiently many financial instruments on the market to hedge
all risks. In some cases, the incompleteness can be considered negligible, but, in a
large number of cases, the incompleteness is so severe that it leads to the need to
study, on the theoretical level, market models that explicitly allow incompleteness.

Typical examples of inconlplete market models are models for energy and weather

1The paper is coauthored with Tomas Bjork, Stockholm School of Economics, and is forth
coming in Review of Finance. Presented at Berlin Mathematical Finance workshop for young
researchers (01/2004), the Bachelier Finance Society Third World Congress (Chicago 07/2004),
Stochastic Finance 2004 (Lisbon, 09/2004), European Finance Association, 32nd Annual Meet
ing (Moscow 09/2005).

3
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derivatives, stochastic volatility models, rnodels involving mortality risk, and
models containing nontrivial jump components.

Among these Inodels, the jump models are of particular interest. Firstly, the
existence of jUlllPS in asset prices is well docurnented in the empirical literature.
Secondly, the existence of jumps is one of the rnajor reasons for which a market
model can be incornplete, and thirdly, jurnps are essential to all reduced-forln
credit risk models. The object of the present paper is to study derivative pricing
in incomplete rnodels that are partially driven by jump processes.

Returning to general incomplete models, suppose now that we would like to com
pute an arbitrage-free price process for a financial derivative within one of the
model classes rnentioned above. Then, we face the following well-known facts.

• Since the underlying market is incolnplete, there will not exist a unique
martingale measure (or a unique stochastic discount factor). Thus there will
exist infinitely Inany arbitrage free price processes for a given derivative.

• In incornplete settings, the pricing bounds that are provided by merely
requiring absence of arbitrage are extrernely wide, and thus useless frorn a
practical point of view.

There is evidently a need for "reasonable" pricing bounds for derivative assets.
In the seminal paper Cochrane and Saa Requejo (2000), the authors (henceforth
CSR) introduce the new idea of ruling out, not only those prices which violate
the no-arbitrage restriction, but also those prices which, in sorTIe sense, represent
"deals which are too good" ("good deals" ). CSR essentially formalize the idea of a
good deal as an asset price process with a high Sharpe ratio and pose the problem
of finding the upper and lower bound for all arbitrage-free price processes, given
a bound on the Sharpe ratio of the derivative.

In Cochrane and Saa Requejo (2000), this question is analyzed in great detail for
discrete time one-period and multi-period models. For continuous time models,
the CSR setting is restricted to that of a purely Wiener-driven model, and it seenlS
to be very hard to extend the CSR technique to allow for the existence of jumps
(see below). The basic CSR approach is to work under the objective measure P
using stochastic discount factors, and their basic technique is dynamic program
ming. Within this framework, Cochrane and Saa Requejo (2000) derive a pricing
PDE, which is then studied in detail and, in some cases, solved numerically.

A similar, but not equivalent, approach to obtain asset price bounds, based on
gains-loss-ratios, is presented in Bernardo and Ledoit (2000). See Rodriguez
(2000) for an interesting connection of Bernardo and Ledoit (2000) to linear pro
gramming. A utility-based approach can be found in Cerny (2003).
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The principal object of the present paper is to extend the analysis of Cochrane
and Saa Requejo (2000) to allow for the possibility of jumps in the random
processes that describe the financial market under consideration. Thus, under
the setup of the present paper, all processes are allowed to be driven, not only by
a multidimensional standard Wiener process, but also by a general marked point
process ("l\1PP"). In view of the discussion of jump models above, we think that
this extension is quite important.

We wish to point out that the technique used in the present paper, as opposed
to the one used in Cochrane and Saa Requejo (2000), is very much focused on
martingale 111eaSUres, rather than on stochastic discount factors. l\IIore precisely,
while the authors in Cochrane and Saa Requejo (2000) choose to perform all
calculations under the objective measure P using various SDFs, we instead work
directly under the relevant equivalent martingale measures using the Girsanov
Theorem. Of course, both approaches are logically equivalent, but, for a par
ticular concrete problem, one approach may prove much more efficient than the
other from a conlputational point of view. The general rule is that the method
of working with SDFs under P is mainly employed in (enlpirical) asset pricing,
whereas the direct use of martingale measures is the natural choice in derivatives
pricing. For the class of problems studied in the present paper, the technique
of working directly under the relevant martingale measures is, in our opinion,
clearly to be preferred as a technical tool, since the problem at hand (including
an MPP) cannot easily be addressed by the SDF approach.

To clarify the contributions -as well as the particular choice of technique- of the
present paper, we start by summarizing some limitations of the CSR approach.

Under the SDF formulation in Cochrane and Saa Requejo (2000), the basic pricing
problem is never precisely formulated as a standard stochastic control problem, in
the sense that it there is no clear distinction between state variables and control
variables. In addition, the dynamic programnling argull1ent is rather informal.

Cochrane and Saa Requejo make a nunlber of ad hoc assull1ptions concerning
the existence and structural properties of the upper and lower good-deal bound
processes. Similar assumptions are made about the SDF process.

In the CSR model, the n-dimensional price process S for the underlying mar
ket is assumed to be driven by exactly n independent random factors (Wiener
processes), and the volatility matrix for the price process S is assumed to have
full rank. These constitute, in themselves, minor limitations.

However, the rank assumption is equivalent to assuming that the model is "condi
tionally complete" , namely, incompleteness enters only through the factor process
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Y, and that, without the Y process, the model would be complete. This struc
tural property is used crucially in the arguments and it is hard to see how the
arguments could be extended to allow for a Inodel that is not conditionally com
plete.

The main limitation of Cochrane and Saa Requejo (2000) is, however, the ab
sence of jumps. Again, the existence of jumps is one of the major reasons why a
Inarket model can be incomplete, so this is a severe limitation from a modeling
perspective. Furtherlnore, in a Inodel without jumps, the SDF automatically re
mains positive, whereas in a model including jumps, the positivity constraint on
the SDF becomes binding. This is already noted in Cochrane and Saa Requejo
(2000), and it appears that the CSR technique cannot easily handle a binding
positivity constraint on the SDF.

With respect to the specific contributions of the present paper, we begin by
noting that, when jumps are introduced into the model, the above assumptions
from Cochrane and Saa Requejo (2000) are violated. The implication is that a
large and substantial part of the CSR argument leading up to the central pricing
equation breaks down.

In contrast, the martingale measure approach of the present paper does not incur
the above problems. In particular, it does not require assumptions about the
number of driving Wiener processes, nor does it need rank assumptions for the
volatility matrix. Furthermore, the technique used in the present paper leads to a
drastic simplification of the entire theory, compared to Cochrane and Saa Requejo
(2000) .

The present paper's major contribution is, however, that it allows for jumps
in the underlying and derivative processes; this is extrenlely important from a
theoretical as well as frolll a practical point of view. In contrast to CSR, our
model is generically incolllplete even without the presence of the factor process
Y. This is of special importance when dealing with, for example, reduced-form
credit risk models.

We also emphasize that, in the present paper, the good-deal pricing problem
appears directly as a precise, well formulated standard stochastic control problem.
Indeed, the relevant Bellman equation can be written down immediately, without
need of a separate argument, and without need of any ad hoc assumptions.

As a by-product of our investigation, we obtain a generalization of the Hansen
Jagannathan (HJ) bounds for the case of jump diffusions.

In summary, the main contribution of the present paper is that we obtain a
streamlined, rigorously developed, and surprisingly simple theory of good-deal
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pricing bounds for a very general class of jurnp diffusions.

7

The structure of our paper is as follows. Section 1.2 outlines the probabilistic
framework for the rest of the paper. In Section 1.3.1, we present our basic factor
11larket model. The pricing problem is forlllalized in Section 1.3.2 and, in Section
1.3.3, we derive the fundamental Dynalllic Programrning Equation for the upper
and lower good-deal bounds. Section 1.3.4 discusses the special structure of this
equation in SOllle detail and connects the good-deal pricing bounds to the so-called
"minimal martingale measure". Section 1.4 is a relatively detailed study of some
concrete point process-driven models. The classical J.\;lerton jurnp-diffusion model
in Merton (1976) falls within this category, and we present numerical results for
that particular rnodel, where we can compare the original Merton pricing formulas
(for which the jurnp risk was assumed to be nonpriced), as well as the pricing
formula obtained by using the minimal martingale measure, with our derived
good-deal bounds.

In Appendix 1.5.1, we extend the Hansen-Jagannathan bounds from Hansen and
Jagannathan (1991) to the general setup of Section 1.2.

For completeness' sake, we conclude by studying, in Appendix 1.5.2, the special
case of a purely Wiener-driven model, and show how the Cochrane and Saa Re
quejo setup is nested within our framework.

1.2 General Setup

Our formal setup (see below for a more intuitive description) consists of a financial
market model on a fixed time interval [0, T], living on a stochastic basis (filtered
probability space) (0, F, F, P) where F = {Ft}O<t<T' and where the measure P
is interpreted as the objective (or "physical") probability measure. The basis
is assumed to carry a d-dimensional standard Wiener process W as well as a
marked point process M(dt, dx) on the 11lark space (X, X). The space X can be
fairly general, but, in most practical applications, it will be Rk

. The filtration
F is assumed to be the internal one, i.e., the filtration generated by Wand M.
The predictable (see below for comment) a-algebra is denoted by P, and we
make the definition P = P ® X. We assurne that the predictable compensator
v(dt, dx) adnlits an intensity, i.e., that we can write v(dt, dx) = At(dx)dt. The
compensated point process M(dt, dx) - At(dx)dt is denoted by jj(dt, dx).

Remark 1.2.1. The intuitive interpretation of the point process M is that we are
modeling events which occur at discrete points in time, and a very concrete exam
ple could be the modeling of earthquakes (or stock market crashes). As opposed
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to a more standard counting process setting, these discrete events are not all of
the same type. Instead, each event is identified by its "mark" x EX. In the
earthquake example, a natural mark would be the strength of the earthquake on
the Richter scale; in this case, the mark space X is the positive real line. The
informal interpretation of the point process J-L is that J-L is an integer-valued (ran
dom) measure such that J-L has a unit point mass at the point (t, x) ~ R+ x X,
if, at time t, there is an event of the type x. The interpretation of the inten
sity measure A is, loosely speaking, that At (dx) is the expected number of events
with marks in a "small set" dx, per unit time, conditional on the information
in F t-. Thus, the compensated point process jl(dt, dx) := J-L(dt, dx) - At(dx)dt is
"detrended" and possesses a natural martingale property. The above concept of
"predictability" is very important when dealing with jump processes. The formal
definition is somewhat complicated but, in most concrete cases, the reader can
informally substitute the term "predictable" by "adapted and left continuous".

We need some mild integrability conditions, which we sumnlarize as follows.

Assumption 1.2.2. We assume the following:

• Defining the underlying counting process N by N t = 1/([0, t] X X), we assum,e
that N t < 00 P -a. s. for all finite t, i. e., J-L is a multivariate point process in
the terminology of Jacod and Shiryaev (1987). We note that the intensity
process of N is given by At = At(X).

• There exists a deterministic increasing real valued function Ct such that,
for all t ~ 0, we have

(1.1 )

• We assume that the counting process N defined above has exponential mo
ments of all orders, i. e., that for all t ~ 0 and all constants c > 0 we
have

(1.2)

1.3 A Factor Market Model

We now present our Markovian factor market model, and we also formalize our
pricing problem.
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1.3.1 The Model
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We consider a financial market rnodel built up by the following objects, where *
denotes transpose.

• An n-dirnensional price process S = (SI, ... , sn)*

• A k-dirnensional factor process Y = (y l , ... , yk)*.

The interpretation of this is that SI, . .. ~ sn are prices of underlying traded as
sets without dividends, whereas the conlponents of Y are underlying nontraded
factors.

Remark 1.3.1. Note that the underlying asset in the price vector S above can
be "standard" underlying assets, like common stocks, but that we also allow S to
contain prices oj derivatives oj arbitrary types, jor example, call options, bonds,
or bond options. They are only "underlying " in the sense that they, within
the model, are considered a priori given. Evidently, they do not include the
derivatives jor which we wish to derive the good-deal bounds.

The precise probabilistic specification of the market rnodel is given by the follow
ing standing assunlption. See the remark below for an interpretation of the point
process integrals appearing in (1.3)-(1.4).

Assumption 1.3.2.

1. Under the objective measure P, we assume that (S, Y) satisfies the jollowing
stochastic differential equations (SDEs):

dS; = S;ai (Si,~) dt + S;ai(St, ~)dWt

+S;-L6i (St-,Yt-, x)J-L(dt, dx), i = 1, ... , n (1.3)

dY/ aj (St,~) dt + bj(St, ~)dWt

+LCj(St-, Yl-, x)J-L(dt, dx). j = 1, ... , k (1.4)

2. We assume that, jor each i and j, ai (s, y) and aj (s, y) are deterministic
scalar junctions, (Ji( s, y) and bj (s, y) are deterministic row vector junctions,
and 6i (s, y, x) and Cj(s, y, x) are deterministic scalar junctions. To avoid
negative asset prices, we also assume that 6i (s, y, x) 2: -1 jor all i and all
(s,y,x).
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3. All functions above are assumed to be sufficiently regular to allow for the
existence of a unique strong solution for the system of SDEs.

4· The point process fL has a predictable P -intensity measure A. More precisely,
we assume that the P -compensator v(dt, dx) has the form

v(dt, dx) = A(St-, Yl-, dx)dt. (1.5)

For brevity of notation, we often denote A(St-, Yl-, dx) by At(dx). The
compensated point process ji is defined by

ji(dt, dx) = Il(dt, dx) - A(St-, X t-, dx)dt, (1.6)

i. e., we obtain ji by "detrending" Il with its mean.

5. We assume the existence of a short rate r of the form

6. We assume that the model is free of arbitrage in the sense that there exists
a (not necessarily unique) risk-neutral martingale measure Q.

Remark 1.3.3. The interpretation of the point process integrals, which appear
in (1.3)-(1.4), is very simple. If, at time t, there is an event of type x, then there
will be a jump in Si with relative jump size 6i , and correspondingly for the Y
processes. Note that if the relative jump size 6i takes the value -1 at some point,
then the stock price Si immediately jumps to zero and stays there for ever. This
property of the model is important when dealing with bankruptcy problems.

The present setup extends the one in Cochrane and Saa Requejo (2000) in two
ways. In the CSR setting, the continuous time model is purely Wiener driven,
whereas the Inain contribution of the present paper is that we extend the fralne
work to also include a driving point process. Furthermore, even in the purely
Wiener-driven case, our setup extends that of Cochrane and Saa Requejo (2000)
because we do not make rank assumptions for the diffusion matrices a and b, and
because we allow the entire vector Wiener process W to drive price vector S. (In
the CSR setting, S is only allowed to be driven by an n-dimensional subset of
the W vector process.)

For future use, we introduce some n10re compact notation. Note that all objects
below are functions of s, y, and (in the case of 6) x, to spaces of vectors and
matrices.
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Definition 1.3.4. The column vector functions, 0:, 6, a, and c are defined by

11

Q = [ ~: ] J = [ j: ] a = [ ~: ] c = [ :: ] (1.7)

The n x d rnatrix functions a and the k x d matrix function b are defined by

(1.8)

1.3.2 The Problem

On the market specified above, we consider an arbitrarily chosen contingent T
claim Z of the form

Z = <I> (ST, YT). (1.9)

The problern is to compute a reasonable price process IT (t; Z) for the clairn Z.

From general theory, we know that each arbitrage-free price will be given by an
expression of the form

(1.10)

where Q is a martingale measure for the underlying S.

Since the market in the general case is incomplete, the martingale measure Q
(and the stochastic discount factor, see the appendix for details) will generically
not be unique, so there will not be a uniquely determined arbitrage-free price for
Z. It is also well known that, in incomplete settings like this, the pricing bounds
provided by merely requiring absence of arbitrage, i.e., varying Q in the above
formula over the entire set of lllartingale measures, are extremely wide and thus
useless fronl a practical point of view.

There is thus a clear need for reasonable pricing bounds for derivative assets. To
this end, we follow the approach in Cochrane and Saa Requejo (2000) and pose
the following inforrnal problern.

We wish to compute upper and lower bounds on the price of the derivative by
ruling out, not only the prices which violate the no-arbitrage restriction, but also
those prices which represent deals that are too good, in the sense that the Sharpe
Ratio process is "too high".
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This naive formulation of the pricing problem, in ternlS of a bound on the Sharpe
Ratio process on the derivative under study, turns out to be mathematically
intractable (see Cochrane and Saa Requejo (2000), and does not rule out the
existence of portfolios based on the derivative and the underlying with very high
Sharpe ratios.

What we therefore need is a forlnalization of the pricing problern that gives us a
mathematically tractable problern, and that, at the sarne tilne, allows us complete
control over the Sharpe ratio processes of all portfolios, based on the underlying
assets and the derivative. Accordingly, we utilize the Hansen-Jagannathan in
equality (see Appendix 1.5.1) to replace the bound on the Sharpe ratio with a
bound on the norm of the lnarket price of risk vector.

To carry out this scheme, we start by determining the class of rnartingale lneasures
for the underlying model, and we define, for each potential martingale measure
Q equivalent to P, the corresponding likelihood process L through

(1.11)

Since L is always a P-martingale~ and since every martingale within the present
framework, where the filtration is the internal one, admits a stochastic integral
representation (see Jacod and Shiryaev, 1987), we know that L must have dy
namics of the form

{

dLt = Lth;dWt+Lt-Jx~t(x){J-L(dt,dx)-At(dx)dt},

L o = 1~
(1.12)

where the Girsanov kernel processes hand cp (where we view h as a column
vector process, hence the transpose *) are predictable, suitably integrable (see
Jacod and Shiryaev, 1987 for details), and where cp must satisfy the condition

CPt(x) 2: -1, Vt, x P - a.s.

in order to ensure the nonnegativity of the measure Q.

(1.13)

Remark 1.3.5. We note that if we do have CPt(x) = -1, then we may lose
the equivalence between P and Q, but retain the property that Q is absolutely
continuous wrt P. Any ensuing dynamic arbitrage possibilities can be dealt with in
two ways. One possibility is to replace the inequality CPt (x) 2: -1 by CPt (x) 2: -1 +E
for a very small value of E. Another, more natural alternative is to view the good-
deal bounds derived below with the constraint CPt (x) 2: -1 as open intervals of
good-deal bounds, since the constraint only becomes binding at the boundary.
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The economic interpretation of hand i.p is that -h is "the market price vector of
diffusion risk", and that -i.pt (x) is the "market price of jump risk of type x" (see
Appendix 1.5.1 for details). From the Girsanov Theorem, see Jacod and Shiryaev
(1987), we also recall the following facts:

• We can write
dW = htdt + dWQ,

where WQ is a Q-Wiener process.

• The point process f.L will, under Q, have an intensity AQ
, given by

A~(dx) = {I + i.pt(x)} A[(dx).

(1.14)

(1.15)

The immediate problem is to find out how the kernel processes hand i.p above
must be chosen in order to guarantee that Q actually is a rnartingale measure for
S. To this end we use the Girsanov Theorem to obtain the Q-dynamics of Si,
i = 1, ... , n as follows, where, for brevity of notation, we write ai as shorthand
for ai(St, ~), and sinlilarly for other terms:

We then conlpensate the point process f.L under Q to obtain a representation of
S as a Q martingale part, plus a drift part.

dS: = St { (Xi + (Jiht + l Ji(X)A~(dx) } dt + S:(JidWtQ

+sL l Ji(x) {p,(dt, dx) - A~(dx)dt} .

Using (1.15), this can be written as

(1.16)

dS: = St {(Xi + (Jiht + l Ji(x){l + 'Pt (x)} At(dx) } dt + S:(JidWtQ

+sL l Ji(x) {p,(dt, dx) - A~(dx)dt}. (1.17)

Recalling that the rneasure Q is a nlartingale rneasure if, and only if, the local rate
of return of Sunder Q equals the short rate r, we thus obtain the martingale
condition

(Xi + (Jiht + l Ji(x) {I + 'Pt (x)} At(dx) = rt, i = 1, ... ,n. (1.18)
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A Girsanov kernel process (h, cp), which satisfies the positivity constraint (1.13)
and the martingale condition (1.18), is referred to as an admissible Girsanov
kernel.

We can now state our extension of the Hansen-Jagannathan inequality. See Ap
pendix 1.5.1 for the proof and for a precise definition of the Sharpe ratio process
SR.

Theorem 1.3.6 (Extended Hansen-Jagannathan Bounds).
For every arbitrage-free price process, derivative or underlying, and for every
admissible Girsanov kernel (market price of risk) process (h, cp), the following
inequality holds

ISRt l
2 :s; Ilht II~d +L'P;(x)At(dx),

where S R denotes the Sharpe Ratio Process.

(1.19)

Remark 1.3.7. It is important to note that the HJ inequality not only holds for
the given underlying asset prices. Specifically, suppose that we choose a fixed pair
of Girsanov kernels (h, cp), and that we use the martingale measure induced by
these to price various derivatives. Then, the inequality holds for all underlying
assets, for all derivatives, and for all self-financing portfolios based on the un
derlying and the derivatives. In other words, for a given choice of (h, cp), the HJ
inequality gives us a uniform upper bound of Sharpe ratios for the entire economy.
Note that the Sharpe ratio is not a number but a full fledged random process.

Since the right hand side of the HJ inequality also trivially bounds the underlying
market, we need an assumption of uniforrn boundedness of the underlying market
in order to have a nontrivial problem.

Assumption 1.3.8. We assume that there exists a real number B such that

(1.20)

with probability one for all t, and for all Girsanov kernels that are admissible
for the underlying market. Henceforth, Bo will denote the smallest B with this
property.

We now express our pricing problem as the problem of finding upper and lower
arbitrage-free pricing bounds subject to an upper bound on the norm of the
Girsanov kernel (h, cp), or, equivalently, on the norm of market price of risk vector
(-h,-cp).
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Definition 1.3.9. Given a bound B for the market prices of risk, the upper
good-deal price process is defined as the optilllal value process for the following
optimal control problem:

(1.21)

with Q dynamics

dS; = S; {Tt - l Ji(x) {1 + ift(X)} At(dx) } dt + S;O"idWt
Q

+sLl Ji(x){t(dt, dx), i = 1, ... , n (1.22)

dY/ {aj + bjht } dt + bjdWt
Q

+l Cj(x)f1(dt,dx). j = 1, .. . ,k. (1.23)

The predictable processes h and ~ are subject to constraints

O'i + O"iht + l Ji (x){l + ift(X)} At(dx) Tt, i = 1, ... , n

IlhtllRd +l if;(X)At(dx) < B
2

'Pt (x) > -1, Vt, x.

Some cornlllents are perhaps in order.

(1.24)

(1.25)

(1.26)

• The expected value in (1.21) is the standard risk-neutral valuation formula
for contingent claims.

• In (1.24), we have the martingale conditions froll1 (1.18) on hand 'P, guar
anteeing that the induced measure Q is indeed a rnartingale measure for
SI, ... ,sn.

• The induced Q dynamics of SI, , sn are given in (1.22).

• The induced Q dynamics of y l
, , y k are given in (1.23).

• The constraint (1.25) is the constraint that rules out good deals. To obtain
a nondegenerate problem, we only consider the case when B 2:: Bo, where
Bo is given in Assumption 1.3.8.
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• The constraint (1.26) is needed to ensure that Q is a nonnegative measure.

• The lower pricing bound is defined by the corresponding minimum problem.

Remark 1.3.10. We also need to check that the likelihood process induced by a
pair of admissible Girsanov kernels above is a true martingale and not merely a
local martingale. In our case, this is automatically ensured by the good-deal bound
constraints. For the Wiener part, the standard Novikov condition is trivially
satisfied. For the point process part, the result follows from the good-deal bound
constraint, the integrability properties ensured by Assumption 1.2.2, and from
Theorem 11 in Chapter VIII of Bremaud (1981).

1.3.3 The Pricing Equation

To perlllit us to treat the optimal control problem above with dynamic pro
gramllling lnethods, we have to rnake an extra assumption that ensures that the
l\larkovian structure is preserved under the martingale measure Q.

Assumption 1.3.11. We assume henceforth that the Girsanov kernel processes
hand cp are of the restricted form

ht

CPt(x)

h(t, St, Yt),
i.P(i, St-, Yt-, x).

(1.27)

(1.28)

Here, with a slight abuse of notation, the right hand side occurences of hand
cp denote deterministic functions of the form h : R+ x Rn X Rk

-7 Rn, and 'P :
R+ x Rn X Rk

X X -7 R, respectively.

Next, we present the basic pricing equation for the upper and lower good-deal
bounds - in the present setting, this is quite straightforward. Under Assumption
1.3.11, the optimal expected value in (1.21) can be written as V(t, St, Yt), where
the deternlinistic mapping V : R+ x Rn X R k

-7 R is known as the optimal
value function. Since we are in a standard setting for dynamic programming
(DynP), we know from general DynP theory that the optimal value function
will satisfy the following Bellman-Harnilton-Jacobi equation on the time interval
[O,T]:

av- + sup Ah,'PV - rV
at h,<p

V(T, s, y)

0,

<p(s, y),

(1.29)

(1.30)

where the sup is subject to constraints of the form (1.24)-(1.26), and where A h,<p

denotes the infinitesimal operator for the process (S, Y), under the measure Q
defined by h and cp.
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We recall that~ from an operational point of view~ the infinitesinlal operator A h,'P
is merely the integro-differential operator that appears in the dt term in the
stochastic differential dV(t~ St, yt) (when the point process increment has been
compensated). A standard application of the Ita formula for semimartingales
will~ in fact~ give us the following result.

Proposition 1.3.12. The infinitesimal operator A h,'P is given by

A h,'PV(t, s, y) =

n 8V {r }~ aS
i
(t, s, Y)Si r - ) x 6i(s, y, xH1 + <p(t, s, y, x)} At(S, y, dx)

k 8V
+ L ~(t, s, y) {aj(s, y) + bj(s, y)h(t, s, y)}

j=1 y]

+ l ~V(t,s,y,xH1+<p(t,s,y,x)}At(s,y,dx)

1 n 82 V 1 k 82V
+ 2L as as (t, S,y)SiSW;(S, Y)O"I(S, y) + 2L aT(t, s, y)bj(s, y)bz(s,y)

i,l=1 2 l j,l=1 Y] Yl

k 82V
+ L asa (t, s, y)SiO";(S, y)bj(s, y). (1.31)

i,j=1 2 Y]

Here, ~V is defined by

~V(t~s~y~x) = V(t~s(l +6(s~y~x))~y+c(s~y~x)) - V(t~s,y), (1.32)

where addition and multiplication in s(l +6(s~y~x)) andy+c(s,y~x) are inter
preted componentwise.

Proof. An easy application of the Ita forlTIula. •
Collecting the facts above, we can finally present the basic equation for the upper
good-deal bound.

Theorem 1.3.13. The upper good-deal bound function is the solution V to the
following boundary value problem:

a: (t, s, y) + sup {Ah''PV(t, s, y)} - r(s, y)V(t, s, y)
ut h,'P

V(T,s~y)

0, (1.33)

<P (s ~ y ) . (1.34)
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Here, Ah,cpV is given by (1.31), and the supremum in (1.33) is over all functions
h(t, s, y) and i.p(t, s, y, x), satisfying, for all (t, s, y), the constraints

0i + (Ji h +i 6i (x) {I + ip(x)} At(dx) r, i = 1, ... , n (1.35)

IlhllRd +i ip2(X)At(dx) < B 2
, (1.36)

i.p(x) > -1. (1.37)

The lower bound price function satisfies the same equation with the supremum
operator replaced by infh,cp.

1.3.4 On The Structure of the Pricing Equation

The pricing equation (1.33)-(1.34) is a partial integro-differential equation (PIDE,)
which generally cannot be solved analytically. However, the equation possesses
particular features which we wish to highlight.

As in all applications of stochastic dynamic programming, we note that the sto
chastic interternporal optimal control problem (1.21)-(1.26) is reduced to the
following two purely deterministic problems:

1. The static optimization problem of finding, for each fixed (t, s, y), the opti
mal hand i.p in the constrained maximization problem

as appears in (1.33).

sup {Ah,CPV(t, s, y)} ,
h,cp

(1.38)

2. Having solved the static problem above, and denoted the optimal h, cp by
h, <jJ, we have to solve the PIDE

V(T, s, y)

0,

<1>(s, y).

(1.39)

(1.40)

Obviously, if we wish to solve the PIDE in step 2 above, we first have to solve
the static optimization problem in step 1; it is of great importance to understand
the structure of the static problem. We then note that this is, in fact, an infinite
dimensional problem.
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More precisely, problem (1.38) has to be solved for every fixed choice of (t, 5, y),
and the control variables are hand cp. However, whereas the diffusion kernel
h(t, 5, y) (for fixed t, 5 and y) is rnerely a d-dimensional vector, the point process
kernel cp(t, 5, y, .) has to be deterrnined as a function of x and, hence, cp(t, 5, y, .) is
an infinite-dimensional control variable. We thus see that the static optilllization
problem is not a standard finite-dirnensional rnathematical progralllming prob
lem, but a full fledged variational problern. See Section 1.4.6 for a more detailed
discussion of how a random jurnp size affects the good-deal bounds.

The infinite dimensionality of the static optimization problelll is intimately con
nected to the cardinality of the lllark space X (or rather, to the cardinality of
the support of the rneasure At (dx)). If the rnark space has an infinite nUlllber of
elements, then the static problem is infinite dimensional. If, on the other hand~

X has a finite nurnber of elements, then the static problern is a finite-dimensional
problem. From a modeling point of view, this basically llleans that if we wish to
lllodel a situation with an infinite nurnber of possible jUlllP sizes, then the static
problem becollles a variational problem.

Even if the static problem is infinite dimensional, it has a very particular struc
ture. When we examine the expression (1.31) for the infinitesimal operator A h,-r,

we see that only three terms involve the control variables hand cp and that, in
fact, the control variables enter linearly. With notation as in Definition 1.3.4, we
formalize this observation in a lemma.

Lemma 1.3.14. The static optimization problem in (1.33) and (1.38) can be
written as

subject to the constraints

0: + ah + (6,1) At + (6, cpl) At rI,

Ilhll~d + Ilcpll~t < B
2

,

cp > -1.

(1.41)

(1.42)

(1.43)

(1.44)

Here, lis and Vy denote the gradients of V wrt, the vector variables 5, and y,
respectively, D(5) denotes the diagonal matrix with the components of 5 on the
diagonal, 1 denotes the column vector with 1 in all components, and the inner
products (6, cp1)At and (6, 1) At are interpreted componentwise.

When we write the static problem on this form, we see very clearly that we have
a linear objective function, an infinite-dimensional linear equality constraint, a
scalar quadratic inequality constraint, and an infinite-dimensional linear inequal
ity constraint. Since the set of admissible points is convex, the linearity of the
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objective function implies that the optimal point is an extremal point of the ad
missible set. It is also clear that at least one of the inequality constraints has to
be binding.

1.3.5 Positivity and the minimal martingale measure

The static problen1 (1.41) is, apart from the positivity constraint (1.44), a fairly
standard linear quadratic problelll in the space £2 [X, A(dx)]. The really problenl
atic part is the generically infinite-dimensional positivity constraint (1.44). The
problem with this constraint is that, although the standard finite-dimensional
Kuhn-Tucker theory can, to SOIDe extent, be transferred into an infinite-dimensional
setting, it requires some nontrivial topological assumptions to be satisfied. These
conditions appear only in the truly infinite-dimensional cases, and in those cases
the conditions are vital. In our case, the technical condition needed is that the
positive cone has a nonempty interior but, unfortunately for us, the positive cone
in £2 does not contain any interior points, which effectively prohibits us fron1 us
ing standard infinite-dimensional Kuhn-Tucker methodology. Below, we discuss
the positivity constraint in more detail.

As a first approach to solving Problem (1.41), one hopes (perhaps) that the
positivity constraint is not binding in the optimal solution. It is thus natural
to solve a relaxed version of Problem (1.41) where the positivity constraint is
not present and, having found the optimal solution, to then check whether the
positivity constraint is binding or not. If the positivity constraint turns out not
to be binding at the relaxed optin1al point, then all is well and we have found
our optimal solution. If the constraint is violated at the optimal point of the
relaxed problem, then the induced measure is not a positive measure. If we use
this measure for pricing, it still gives us pricing bounds, but these are wider
than the optimal ones. We now forn1alize these ideas, and we also relate them
to the concept of the minimal martingale measure from the theory of local risk
minimization.

Definition 1.3.15.

• Denote the optimal upper and lower bound Girsanov kernels from Theorem
1.3.13 by (hS, cpS) and (hi, cpi), denote the corresponding optimal mar
tingale measures by QS, Qi, and define the pricing functions Vs and Vi
correspondingly. Here, "s" stands for "sup" and "i" stands for "inf" .

• Denote by (lis, rpS) the optimal kernels for the relaxed static problem

sup Ah,lPV(t,s,y),
h,c.p

(1.45)
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subject to the constraints
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Cl'i + (Ji h + L8i(X){1 + cp(x)} At(dx) T, i = 1, ... , n (1.46)

IlhllRd + L cp2(X)At(dx) <::: B2, (1.47)

and denote by (hi, if}) the optimal solutions to the corresponding minimiza
tion problenl. Denote the solution to the PIDE

V(T, s, y)

(1.48)

(1.49)

by Vs, and define Vi in the salne way. The relaxed martingale measures
induced by (lis, rpS) and (lii, epi) are denoted by QS, and Qi, respectively.

• Denote by (hm, cpm) the Girsanov kernels obtained by solving the problenl

(1.50)

subject to

Denote the solution to the PIDE

(1.51)

av AhTn,epTn V V-+ -rat
V(T, s, y)

0,

<1>(s, y),

(1.52)

(1.53)

by vm. The measure Qm, henceforth referred to as the Minimal Mar
tingale Measure ("Ml\1~1"), is defined as the (possibly signed) measure
induced by (hm, cpm).

For the nleasures defined above, the first four depend on the choice of derivative
to be priced, whereas the mininlal martingale measure Qm is independent of the
choice of derivative. We see that the MMM kernels (hm, cpm) are obtained by
minimizing the right hand side of the HJ inequality, subject to the "martingale
condition" (1.51), but without the positivity constraint, so the MMM is the P
equivalent measure with pointwise minimal L 2 norm satisfying the martingale
constraint. It may happen that the MMM is a signed measure, thus assigning
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negative "probability" to some events. The problenl with a signed ]\;1M]\;1 onlyoc
curs in the presence of jumps, so in a pure diffusion setting the ]\;1MM will always
be a bona fide probability measure. The minimal martingale measure was first
defined in connection with local risk rninimization (see Schweizer (1995)), where
it plays a fundamental role. The original definition of the rv1]\;1M in Schweizer
(1995) is not the one given above, but it is fairly easy to see that, in the present
context, the two definitions coincide. We now derive the following easy result.

Proposition 1.3.16.

• We always have the relations

(1.54)

and
(1.55)

• If the positivity constraint is satisfied by hi, hS and h m
, then Qi, QS and

Qm are probability measures (and not just signed measures), and we have

Proof. Obvious from the definitions.

The moral of this can be summarized as follows:

(1.56)

•

• The minimal martingale measure provides us with a canonical benchmark
for pricing any derivative. Furthermore, since the 1\1]\;1]\;1 is the solution to
a standard minimum norm problem in L2

, it can easily be computed.

• The relaxed martingale measures Qi and QS are much easier to compute
than the optimal measures Qi and QS. The reason for this is that, for the
relaxed measures, we disregard the positivity constraints which are highly
cornplex and impossible to handle with Kuhn-Tucker methodology. The
corresponding relaxed static problems can be solved explicitly using vector
space methods.

• The pricing bounds provided by the relaxed nleasures Qi and QS are gener
ically not optimal but, for reasonable values of the Sharpe ratio constraint
B, they turn out to be much tighter than the no-arbitrage bounds.

• The bounds obtained by the harder-to-compute optimal measures Qi and
QS are, in their turn, considerably tighter than those obtained from Qi and
Qs.
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• Both the minimal martingale nleasure Qm and the relaxed measures Qi and
QS can be computed explicitly in terms of input data. Due to the cOlllplex
nature of the the general formulas, we have chosen not to include theln. See
Section 1.4.4 for a concrete, worked-out example.

1.4 Point Process Examples

In this section, we study a number of illustrative concrete examples. We restrict
ourselves to models which include jUlllpS, in line with the main focus of our paper.
See Appendix 1.5.2 for the purely Wiener-driven case.

As opposed to a purely Wiener-driven model, the introduction of a driving point
process (together with a Wiener process) produces a nontrivial incomplete Inarket
Inodel even without including the factor model Y. For this reason, but also for
tractability reasons, we only investigate pure jump-diffusion stock price Inodels
without any external factors. Specifically, all models studied in this section will
be assumed to have the following structure.

Assumption 1.4.1. We consider a financial market and a scalar price process
S satisfying the SDE

dSt = Stcxdt + StiJdWt + St-l b(x)p,(dt, dx). (1.57)

For this model, we furthermore assume that:

1. The Wiener process W is one-dimensional.

2. The drift a and diffusion volatility a are deterministic constants.

3. The jump function 8 is a time invariant deterministic junction oj x only,
i.e., 6 is a mapping 8 : X --+ R.

4· The point process J-L has a P -compensator of the form

vP (dt, dx) = A(dx)dt,

where A is a time-invariant deterministic finite nonnegative measure on
(X,X).

5. The short rate r is constant.

Under this assumption, the model parameters a, a, 6, and A are deterministic
objects that do not depend on the stock price S. In particular, the assumption
about A implies that the point process J-L has the following properties under P:
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• The jump events (disregarding the mark) will occur according to a standard
Poisson process with the constant intensity A(X) .

• If X n denotes the mark of event number n, then the sequence Xl, X 2 , . .. is
i.i.d. with the common probability distribution

1
.\(X) .\(dx). (1.58)

The sequence above is also independent of the interarrival times of the
events.

To obtain a feeling for the techniques used, we start with a very simple example
and then proceed to consider more cornplicated cases.

1.4.1 The Poisson-Wiener model

The simplest special case in the jurnp-diffusion setting above is when we define
the point process J-L as a standard Poisson process with constant intensity. In
terms of the notation above, this rneans that the mark space X contains a single
point, denoted by xo. Hence, X = {xo}, the measure A(dx) is merely a point
mass A(Xo) at xo, and the jUl11P function cS a real number 6(xo). For brevity, we
denote A(Xo) by A and cS(xo) by 6. Hence, we obtain the following P dynamics of
s:

(1.59)

where N is Poisson with constant intensity A.

In this case, the kernel function h(t, s) is scalar, and the kernel c.p(t, s) does not
depend upon x. The upper good-deal bound function V(t, s) is the solution to
the following boundary value problem.

aaV (t, s) + sup {Ah,'i'V(t, s)} - rV(t, s)
t h,cp

V(T,s)

0,

<1>(s),

(1.60)

(1.61)

where we -for the moment- suppress the constraints, and where

h av 1 2 2a2v
A ,CPV(t,s) = -s{r-cSA(I+c.p)}+-s a-as 2 as2

+ {V(t, s(1 + 6)) - V(t, s)} A(1 + c.p).

The static optimization problem in Lemma 1.3.14 then becomes

(1.62)
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Proposition 1.4.2.

max ,,\ {V(t, s(1 + 6)) - V(t, s) - lIs(t, s)s6} <P
h,<p

subject to the constraints

a+ah+6"\{I+<p} r,

h2+ <p2,,\ ~ B2,

<P > -1.
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(1.63)

(1.64)

(1.65)

(1.66)

To study the static problem in more detail, we need some notation.

Definition 1.4.3. Define (hmax , <Pmax) as the optinlal solution to the prograrn
TIling problem

max<p,
h,<p

(1.67)

subject to the constraints (1.64)-(1.66), and (hmin , \f/min) as the optimal solution
to the problem

subject to the sarne constraints.

min<p,
h,<p

(1.68)

We will need hmax , <Pmax, hmin , and 'Pmin below, so we should describe these
constants in terms of the given model parameters. This is a simple exercise in
constrained optimization theory, but somewhat messy. The result is as follows.

Lemma 1.4.4. Denote the excess return a + b,\ - T by R. Then, the following
hold.

• The constants hmax and <Pmax are given by

hmax

<Pmax

aR bJB2 (a2+ b2,,\) - R2)

(a2+ 62
,,\),,\ (a2+ b2,,\) VX

6R aJB2 (a2+ 62 ,,\) - R2)--- + -----::_-------
a 2 + 62

,,\ (a2 + 62 ,,\) VX

(1.69)

(1.70)

• The constants hmin and <Pmin are given by the following expressions:

1. If

(1.71 )
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then

2. If

hmin

CPmin

(JR 6JB2 ((J2 + 62 .,\) - R2)

(0-2 + <52A)A + (0-2 + <52 A) VX
6R (J J B2 ((J2 + 62 .\) - R2)

(J2 + 62.,\ ((J2 + 62.\) VX.

(1.72)

(1. 73)

then

hmin
r-a

(J (1.75)

'Pmin = -1.

Proof. A direct application of Kuhn-Tucker.

(1. 76)

•
Now we can present a preliminary description of the optimal kernels.

Proposition 1.4.5. The optimal kernels Ch, 'iJ) for the static problem (1.63)
(1.66) have the following structure:

1. For all (t, s) such that

V(t,s(1 +6)) - V(t,s) - Vs(t,s)s6 ~ 0,

the optimal kernels (h, ~) are given by

h(t, s) = hmax , 'iJ(t, s) = hmax '

2. For all (t, s) such that

V(t, s(1 + 6)) - V(t, s) - Vs(t, s)s6 < 0,

the optimal kernels (h, ~) are given by

h (t, s) = h min , 'iJ (t, s) = h min .

Proof. Obvious from the arguments above.

(1.77)

(1. 78)

(1. 79)

(1.80)

•
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We thus see that the optirnal kernels have a so-called bang-bang structure, i.e.,
they switch between the extremal choices (hmax , Y?max) and (hmin , Y?min)' For an
arbitrarily chosen problem, switches do indeed occur, and the number of switches
depend of course upon the optimal value function V through the conditions (1.77)
and (1.79). An interesting special case arises when there are no switches and
when the optinlal kernels renlain constant. Before proving the main result in this
direction, we need sonle prelirninary lemmas.

Lemma 1.4.6.

1. If the optimal value function V (t, s) is convex in the s-variable for all fixed
values of t, then

h(t, s) = hmax , <jJ(t, s) = <Pmax, \:ft, s. (1.81 )

2. If the optimal value function V (t, s) is concave in the s-variable for all fixed
values of t, then

(1.82)

Proof. If V is convex in s, then (as a function of s) the tangent of V lies below
the graph at each point, which irnplies condition (1.77). The concave case is
similar. •

Lemma 1.4.7. Consider the Poisson- Wiener model in (1.59), a fixed martingale
measure Q generated by some choice oj kernel functions (h, y?), and a contract
junction <1>( s). Assume the following:

1. The contract function <1> is convex (concave).

2. The kernel junctions hand y? are deterministic junctions of time, i. e., they
are of the form

h(t, s) = h(t), <p(t, s) = <p(t).

Then, the arbitrage-free pricing function F (t, s) defined by

F( t, s) = e-r(T-t)IE~ [<1>(ST)] ,

(1.83)

(1.84)

which is convex (concave) in the s-variable, and where E~ denotes expectation
under Q, given St = s.
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Proof. Using the Ita formula it is easy to see that, given St = s, the SDE (1.59)
has the solution

which we will write as
ST = s· Z,

(1.85)

(1.86)

with the randolll variable Z defined in the obvious way above. We thus have

F (t, s) = e-r (T-t)1E~ [<I> (s . Z)] , (1.87)

and, froln the assumptions on hand cp, it follows that the Q-distribution of Z
does not depend on the value of s. The assumed convexity of <I> now illllllediately
implies the convexity of F. •

We can now state and prove the main theoretical result concerning the Poisson
Wiener 11lodel.

Proposition 1.4.8. Assume that the contract junction <I> is convex. Then, the
jollowing hold:

1. The optimal upper bound value junction V is convex.

2. The optimal kernels hand ljJ are constant and given by

3. V satisfies the PIDE

av ~ ~

at(t, s) + Ah'~V(t, s) - rV(t, s)

V(T,s)

0,

<I> (s),

(1.88)

(1.89)

(1.90)

where h, ljJ are defined by (1.88), and where

h~ ~ av A 1 2 2 a2v
A ,~V = -s{r-bA(l+cp)}+-s 0--as 2 8s2

+ {V(t, s(l + b)) - V(t, s)} A(l + ljJ). (1.91)

Instead, ij the contract junction <I> is concave, then V is concave, and items 2-3
above still hold, with the only change that hmax and CPmax are replaced by hmin and

CPmin·
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Proof. Define the function F as the solution of

8F ~ ~
at(t, s) + Ah,tpF(t, s) - rF(t, s)

F(T,s)

0,

<I>(s),

(1.92)

(1.93)

with A h,<j; defined as above. We now want to show that F == V, i.e., that F is
in fact equal to the optimal value function of the control problem for the upper
bound. To do this, we first apply a Feynlllan-Kac Representation Theoreln to
deduce that we can write F as

(1.94)

(1.96)

(1.95)

<I>(s) ,

0,

where Q is generated by h and cp. FrOlll Lelllma 1.4.7 we then deduce that F is
convex in the s-variable, and this implies - as in the Proof of Lemma 1.4.6- that
F also satisfies the PIDE

8F
-8(t,s) + sup {Ah'lPF(t,s)} -rF(t,s)

t h,lP
F(T,s)

with obvious notation and standard constraints on h and cp. We have thus shown
that F, defined by (1.92)-(1.93), satisfies the Halnilton-Jacobi-Belln1an equation
for the optin1al control problem for the upper good-deal bound, and we now
apply a standard verification theorem (see (Bjork 2004), Ch. 19) to deduce that
F == V. •

The n10ral of this result is that, for convex contract functions like European puts
and calls, we derive a well-behaved standard pricing equation for the upper bound,
and a corresponding lower bound equation, without an embedded supremum
operator. For nonconvex contract functions like that of a digital option, the
situation is lnuch more complicated and we must solve the full Hamilton-Jacobi
Bellman equation numerically.

1.4.2 The Compound Poisson-Wiener model

We now turn to the general Compound Poisson-Wiener Model specified by As
sun1ption 1.4.1. For this n10del, the static problern of Lemma 1.3.14 has the
following form:

Proposition 1.4.9.

~~ L L}.V(t, s, x)<p(t, s, x)'(dx) - s11,(t, s) L6(X)<P(t, s, x)'(dx), (1.97)
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subject to

(X + IJh +L8(x)>'(dx) +L8(x)ip(x)>'(dx) T,

h2+Lip2(x)>'(dx) :s; B 2,

~(x) 2 -1,

where, as before,

~V(t, s, x) = V(t s(l + 6(x))) - V(t, s).

Using, as above, the notation R for the risk premiuru

R = a + j 6(X)A(dx) - r,
x

we express the problem in functional analytical terrus, as follows.

Proposition 1.4.10.
rnax (H, ~) .. ,

h,<.p

subject to

ah+(6,cp)>..+R 0,

h2 + Ilcpll>.. :S B 2
,

~ 2 -1,

where,
H(t, s, x) = ~V(t, s, x) -lIs(t, s)s6(x).

We now proceed to study this problem in detail.

1.4.3 The minimal martingale measure

(1.98)

(1.99)

(1.100)

(1.101)

(1.102)

(1.103)

(1.104)

(1.105)

(1.106)

(1.107)

We begin by computing the ruinimal martingale measure Qm for this model.
The measure Qm is generated by the optimal kernels (hm, ~m) for the following
programming problem.

Proposition 1.4.11.

subject to

ah+(b,~).. +R=O,

(1.108)

(1.109)
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This is a standard minimum norm problem in L 2 ~ so~ frorn general theory~ we
know that the optimal (h~ <p) has to be of the form

(h~ <p) = c . (a, 6),

for some scalar c. When we substitute this into the constraint (1.109)~ it yields
the following result.

Proposition 1.4.12. The minimal martingale measure Qm is generated by the
kernels (hm ~ <pm), given by

r..pm

R·a

a2 + 11611~'
R·6

a 2 + 11611~'

(1.110)

(1.111)

1.4.4 The positivity constraint

As we noted in Section 1.3.5~ Problem 1.4.10 above is~ apart from the constraint
(1.106), a fairly standard linear quadratic problen1 in the space L 2 [X~ '\(dx)].
Following the arguments of Section 1.4.4, we are led to study Problem 1.4.10
without the constraint (1.106) in order to compute the "relaxed measures~' QS
and Qi. The problem for deterrnining QS is thus as follows.

Proposition 1.4.13.

subject to

ah+(6,r..p)>..+R 0,

h
2 + 11r..p11~ < B

2
.

(1.112)

(1.113)

(1.114)

This is now a standard optirnization problem in L 2 [X, '\(dx)], which we can solve
by finding the extremal points of the associated Lagrangian. See Luenberger
(1996) for details and for all unexplained terminology from functional analysis
below. First, however, we sin1plify the problem by using (1.104) to eliminate h.
Since the remaining constraint has to be binding, we face the following problem.

Proposition 1.4.14.
max (H, ep),

'P

subject to
2R(6, r..p) + (6, ep)2 + a 211epll2 + R2 - a2B2 = 0,

where we have suppressed ,\ in 11·11>.. and (', .) >...

(1.115)

(1.116)
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This is a standard programming problem in L 2
, and the Lagrangian function L

is given by

(1.117)

From the Kuhn-Tucker Theorenl (see Luenberger (1996)) we know that the opti
mal solution i.(J is an extremal point of L, i.e., a point where the Frechet derivative
vanishes. Denoting the Frechet derivative of L w.r.t. i.p by L'P' we easily obtain

(1.118)

Thus, the first-order conditions for Problem (1.4.14) are

(1.119)

When we take the inner product with 6 in (1.119), it gives us the relation

(1.120)

and, solving for (6, ep), we obtain

(1.121)

Inserting this expression into (1.119) gives us the optimal i.p as

(1.122)

To determine the Lagrange multiplier r, we substitute (1.121)-(1.122) into the
constraint (1.116). After some calculation, we obtain the following quadratic
equation for r:

where

2 (J2(H, 6)2 + (H, 6) 11611 2+ IIHI12K 2 - 2(H, 6)2K 2

r = 4(J4K {B2K - R2} , (1.123)

(1.124)

The Lagrange multiplier is the positive root of this equation. We thus have the
following pricing result.

Theorem 1.4.15. The upper and lower relaxed good-deal bound pricing junctions,
VS(t,s) and Vi(t,s) are given as solutions ojthe PIDE
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av
-+A'PV-rVat

V(T, s)

where A'P is given by

0,

<1>(s, y),
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(1.125)

(1.126)

A'PV(t, 8) = ~~ (t, 8)8 {r - i b(8, x){l + '{'(t, 8, x) P(dx) }

1 } 1 2 2a2v
+ ~V(t, s, y, x) {I + ~(t, s, x) A(dx) + -s (J -a2 (t, s),

x 2 s

with t.p == rps and c.p == q}, respectively. The optimal relaxed kernels 0s and ;pi are
given by (1.122), where r is the positive, respectively negative, root of (1.123).

The question now arises whether -at the optimal point- the positivity constraint
is binding or not. We have no general theoretical results concerning this question~

but our nurnerical experience (see Section 1.4.5 below) indicates strongly that the
constraint is indeed binding in the generic case. The inlplication of this negative
fact is that, in the generic case, the static problem has to be solved numerically.
In the next section, we study a concrete numerical example where we discuss the
nUlllerical solution of the static problem in more detail.

1.4.5 A numerical example

In the graphs below, we provide the numerical results for a special case of the
Wiener cornpound Poisson rnodel described above. The model under consider
ation is the Merton jump-diffusion stock price lllodel of Merton (1976), where
relative jump size has a shifted lognormal distribution, i.e., it is of the form
eZ - 1, where Z is Gaussian. In terrllS of the notation above this means that
X == [-1, (0), 6(x) == x and

A(dx) == Aaf(x)dx, (1.127)

where Aa is the intensity of the underlying Poisson process, and f is the density
of the shifted lognormal distribution. The derivatives under considertion are
European call options, and in all graphs we have stock price on the horisontal
axis and option price on the vertical axis. In the first graph, we see the upper
and lower relaxed bounds. In between these, we find the optimal bounds, and
in the middle, we have the price generated by the minimal martingale measure.
In the second figure, we show how the MMM price curve relates to the price
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curve generated by the Merton option pricing formula (where, by assun1ption,
the market price of jump risk equals zero).

The 1\11\11\1 price and the relaxed pricing bounds are obtained by inserting the
relevant kernels from the previous sections into the pricing PIDE, and then solving
the PIDE numerically. To obtain the optimal pricing bounds (including the
positivity constraint), we solve the static problem nurnerically (for each point in
the discretized state space), using an interior point algorithm that was kindly
provided to us by Mathias Stolpe (Stolpe, 1997). The ensuing kernels are then
fed into the PIDE, which has been solved numerically using finite differences.

We use the following parameter values: 1\!Iaximum grid size !vI = 60, grid stock
price step 55 = 1, grid time step 5t = 0,0003125, tirne to maturity TT = 0,25,
number of steps T = 800, interest rate r = 0, 05, strike price K = 40, volatility
a = 0,15, Poisson intensity AO = 0,1, a = -0,1, B = 1, and the pararneters for
the norn1al distribution generating the lognormal jurnp distribution were: 1\lean
0, 89, and standard deviation 0,45.

14,-------,-------,-----,-------,-----r-------,

50454035302520

10

- upper&lower relaxed bounds
- - upper&lower optimal bounds
...... MinMartMeasure

12

Figure 1.1: Good deal pricing bounds.

1.4.6 The impact of a stochastic jump size

With respect to the examples above, one natural question to ask is how the
introduction of a stochastic jump size into a purely Poisson model impacts the
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Figure 1.2: The minimal martingale n1easure and the Merton model.

good-deal bounds. In order to understand this question~ let us consider two
models: One cOlnpound Poisson model with a stochastic jUlnp size~ and one pure
Poisson model with a deterministic jump size. We assume that the intensity of
the underlying event process is the same for both Inodels~ and that the jUlnp
size of the pure Poisson model equals the expected value of the stochastic jump
size of the compound Poisson rnodel. The problem is understanding how the
randolnness of the jump size affects the length of the good-deal bound interval.
The intuition for this problem is as follows.

Since the good-deal bound constraint (i.e.~ the right hand side of the HJ bound)
is quadratic in the control variables h and cp~ it is natural to interpret it as a
constraint on the control energy (per unit tinle). Disregarding h for the moment~

a given alnount of admissible control energy -corresponding to a given good-deal
bound B- will~ in the pure Poisson case~ be used exclusively for changing the
intensity process of the underlying Poisson process. In the compound Poisson
case~ the control energy can be employed to change the intensity as well as the
distribution of the jump size. It is thus clear that, from a control perspective~

the stochastic jump size case provides more flexibility than does the pure Poisson
case. Consequently, we may expect wider good-deal bounds for the compound
Poisson model, compared to the pure Poisson model. In the graph below, this
intuition is very clearly validated.

We use the following parameter values: Maximum grid size M === 60, grid stock
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price step 58 = 1, grid time step 5t = 0,0025, time to maturity TT = 0,25,
number of steps T = 100, interest rate r = 0,05, strike price K = 45, volatility
a = 0,15, Poisson intensity Ao = 0,1, a = -0,1, B = 1, and the parameters for
the norn1al distribution generating the lognorll1al jurnp distribution were: ~lean

0,89, and standard deviation 0,45. The jump size for the Poisson process is taken
as the rnean of the lognormal distribution associated with the normal distribution
with the above pararneters.

- upper&lowerMPP
- - upper&lowerPoisson

Figure 1.3: The impact of a stochastic jump size.

1.4.7 Conclusion

In this paper, we extend the good-deal bound prIcing theory from Cochrane
and Saa Requejo (2000) to allow for jumps in the underlying processes. While
perforruing this extension we use a sOll1ewhat different technique than the one
used in the original CSR paper. The result is a streamlined, rigorously developed,
and simple theory of good-deal pricing bounds for a very general class of jUll1P
diffusions.

A number of intriguing open problell1s remain for future research. Firstly, on the
theoretical side, we note that the good-deal bound theory is a pure pricing theory.
Since the problem of arbitrage pricing is dual to the problem of hedging, one would
therefore expect that it should be possible to develop a dual "good-deal hedging
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(1.128)

theory". In our view, the task of developing such a theory constitutes a highly
challenging open problem. Secondly, the problem of numerically determining
good-deal bounds is relatively complex in terms of CPU time, so there is a very
clear need to develop fast, approximative good-deal pricing algorithnls. Thirdly,
the theory is now ready for application to real-life problellls, and it would be very
interesting to analyze, say, a reduced-form credit risk nl0del fronl a good-deal
perspective.

1.5 Appendix

1.5.1 Extended Hansen-Jagannathan Bounds

In this appendix, we derive an extension of the Hansen-Jagannathan bounds (see
Hansen and Jagannathan (1991)) to the present point process setting. The HJ
bounds provide an inequality for the Sharpe ratio process of any traded asset
(underlying or derivative) in terms of the market prices of risk of the driving
random sources, and, to make this idea precise, we consider the arbitrage-free
price process 7f of an arbitrary asset (derivative or underlying) with P-dynamics
given by

d'lrt = 'lrtCtt dt + 'lrtlltdWt + 'lrt- i bt(x)J1(dt, dx).

Here, et and a are optional processes, whereas 6 is predictable. In order to avoid
negative asset prices we must also assume that 6t (x) > -1.

Compensating the point process f.1 in (1.128), we obtain the P-senlimartingale
dynamics of S as

Since the last two terms in this equation are martingale differentials, we see that
the local mean rate of return under P is given by the expression

so, denoting the possibly stochastic short rate process by r, the risk premium
process R is given by the forlllula

(1.130)
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We now proceed to define the predictable (total) volatility process v, which
intuitively should equal the conditional variance of the return of the stock price,
i.e., it should roughly be given by the expression

(1.131)

We need to rnake this notion ll1athematically precise and this is achieved by
formally defining v through the relation

(1.132)

where (,) denotes the usual predictable bracket process (see Jacod and Shiryaev
(1987)). Frorn (1.129), it is not hard to obtain

(1.133)

so, by cOll1paring (1.133) with (1.132), we see that the squared volatility process
is given by

v; = II(Ttll~d + 116t lllt , (1.134)

where 11·IIAt denotes the norm in the Hilbert space L 2 [X, At(dx)]. For future use,
we can also express the volatility v as

(1.135)

where we view ((Tt,6t) as a vector in the Hilbert space 1{ = Rd
X L 2 [X, At(dx)].

We finally define the Sharpe Ratio Process SR by

(1.136)

Our goal is to derive an inequality for the Sharpe Ratio process in terms of the set
of market prices of risk that turn up in connection with the class of risk-neutral
martingale measures Q. Note again, that the Sharpe ratio process SR is not a
number, but an entire random process.

Turning to ll1artingale measures, we now copy the arguments in Section 1.3.1 and
see that if the measure Q is generated by the Girsanov kernels (h, cp), then Q is
a martingale measure if, and only if, the following conditions are satisfied:

(1.137)
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A Girsanov kernel process (h, c.p) for which the induced measure Q is a martingale
measure, i.e., a kernel process satisfying the martingale condition (1.137) and the
positivity condition

c.pt (x) ~ -1, for all t, x

is referred to as an admissible Girsanov kernel.

(1.138)

We now derive an inequality for the Sharpe ratio process BR, and we start by
noting that we can rewrite the martingale condition (1.137) as

ett + l5t(X),t(dX) - Tt = -(Jtht - 1ipt(:r)5t(x)'t(dx). (1.139)

Frorll (1.130), we recognize the risk premiurn R in the left hand side of this
equation so we can write R as

(1.140)

From this expression we see that the Girsanov kernel process (h, c.p) has a natural
economic interpretation. The component -hi can be interpreted as the rnarket
price of risk for the i:th Wiener process, and -\p(x) is the market price of risk
for a jurnp event of type x . Using (1.140), we may also state and prove the lllain
result of this appendix.

Theorem 1.5.1 (Extended Hansen-Jagannathan Bounds).
For any arbitrage-free price processes 7r and for every admissible Girsanov kernel
(market price of risk) process (h, c.p), the following inequality holds:

Specifically, this inequality can be written as

ISRt l
2

:::; Ilhtll~d +1ip;(x),t(dx).

(1.141)

(1.142)

We note that the inequality (1.141) is an inequality between random processes,
not between numbers.

Proof. A closer look at (1.140) reveals that the right hand side can be viewed as
an inner product in the Hilbert space H. Denoting this inner product by (, )rt,
we can thus write

Rt = ((ht, c.pt) , (at, eSSt))rt,

and, from the Schwartz inequality, we obtain

(1.143)

1Rt I :::; 11 ( ht, c.pt) 11 rt . 11 ( at, eSt) 11 rt . (1.144)

The inequality (1.141) now follows immediately from (1.135), (1.136), and (1.144) .

•
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1.5.2 Purely Wiener-Driven Models

Although the nlain object of the present paper is to study good-deal bounds in the
presence of a rnarked point process, for completeness' sake, we also study pricing
in our ruodel without a driving point process, i.e, we study the special case of a
purely Wiener-driven model. This is an extension, although a very modest one,
of the nl0del originally considered in Cochrane and Saa Requejo (2000); the nlain
difference is that we do not need a certain rank condition assurned by Cochrane
and Saa Requejo (2000). We derive the general HJB equation for the upper
(lower) price bounds and, given the appropriate rank condition, we derive the
pricing PDE presented by Cochrane and Saa Requejo (2000).

The general case.

We recall our ruodel for the purely Wiener-driven situation.

Assumption 1.5.2.

1. The price and factor dynamics under objective probability measure Pare
given by

dS; S;ai (St, ~) dt + S;(Ji(St, ~)dWt, i = 1, ... , n

dY/ aj (St,~) dt + bj(St, ~)dWt, j = 1, ... , k.

2. We assume that for each i and j, ai (5, y) and aj (5, y) are deterministic
scalar functions, and (Ji (5 ~ y) and bj (5, y) are deterministic row vector func
tions.

3. All functions above are assumed to be sufficiently regular to allow for the
existence of a unique strong solution for the system of SDEs.

4. We assume the existence of a short rate r of the form

5. We assume that the model is free of arbitrage in the sense that there exists
a (not necessarily unique) risk-neutral martingale measure Q.

Theorem 1.3.13 shows that the upper good-deal bound function V(t, 5, y) satisfies
the following boundary value problem

av { h }-a (t, 5, y) + sup A V(t, 5, y) - rV(t, 5, y)
t h

V(T, 5, y)

0,

<1>(5, y),

(1.145)

(1.146)
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(1.147)

where we momentarily suppress all the constraints, and where the infinitesimal
operator Ah,<p is given by

h n av
A V(t, s, y) = L as' (t, s, Y)Si T

i=l 1,

k av
+ L a.(t, s, y) {aj(s, y) + bj(s, y)h(t, s, y)}

j=l Y]

1 n a2v
+ 2L as as (t,S,y)SiSW;(S,y)a-l(S,y)

i,l=l 1, l

1 k a2v
+ 2L ~(t, s, y)bj(s, y)bt(s, y)

j,l=l Y] Yl

k a2v
+ L asa . (t, S, y)Sio-;(S, y)bj(s, y).

i,j=l 1, Y]

Thus, we have the following static optimization problenl.

Proposition 1.5.3.

k av
ffi:;X L a.(t, s, y) {bj(s, y)h(t, s, y)},

j=l Y]

subject to the constraints

(1.148)

r, i = 1, ... ,71 (1.149)

(1.150)

This is a very simple finite-dimensional optimization problem and, using standard
Kuhn-Tucker techniques, we obtain the following result.

Proposition 1.5.4. Denote the excess return et - r by R.

• The upper (lower) good-deal bound function V (t, 5, y) satisfies the following
boundary value problem:

av n av k av A 1 k a2v
at + r L as Si +L a. {aj + bjh} + 2L as as Si SW; 0-1

i=l 1, j=l Y] j,l=l 1, l

1 k a2v k a2v
+2 L ~bjbl + L asa .sio-;bj - rV = 0 (1.151)

j,l=l Y] Yl i,j=l 1, Y]

V(T, 5, y) = <1>(5, y). (1.152)
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• For the upper bound, the kernel h= hmax is given by

• For the lower bound, the kernel h = hmin is given by

(1.154)

Here, we use the notation Vy = (Z:' '... ,Z:') *

The Cochrane and Saa Requejo model.

The pricing PDE of Cochrane and Saa Requejo (2000) can now be derived as a
particular case of our slightly more general model above. In terlns of our notation,
the CSR model is specified by the following set of assurnptions.

Assumption 1.5.5.

• The price dynamics are assumed to be of the form

(1.155)

where Z is an n-dimensional standard Wiener process.

• The factor dynamics are assumed to be of the form

dY/ = aj(St, It, t)dt + bj(St, It, t)dZ + bj(St, It, t)dWt, j = 1, ... , k,
(1.156)

where W is a k-dimensional standard Wiener process orthogonal to Z.

• The n x n volatility matrix () is assumed to be invertible.

Given this assumption, we have a d-dimensional driving Wiener process (Z, W),
where d = n + k, so the kernel process h is now (n + k)-dimensional and can be
decomposed as h = (h z , hw ). The martingale condition (1.149) will take the form

(1.157)
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and the invertibility assumption above allows us to solve for hz to obtain

Thus, the static problem is sirnplified as follows.

Proposition 1.5.6.

subject to the constraints

43

(1.158)

(1.159)

This is a trivial linear-quadratic optimization problern and the optinlal hw is
easily found as

h = J A2 - R'R . b'V:
w Jb'V: V'b y.

y y

We have thus determined the entire optinlal vector h = (h z , hw) , and substituting
this into the pricing equation of Proposition 1.5.4, one obtains the pricing PDE
of Cochrane and Saa Requejo (2000).
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Chapter 2

On finite dimensional realizations
of two-country interest rate
models

In this paper we study a two-country economy and model a derivatives market where donlestic

T-bonds, foreign T-bonds and exchange rate derivatives are traded. We use the Heath-Jarrow

Morton approach, modeling domestic and foreign forward rates directly under each country

martingale measure, assuming that they are both driven by a multidimensional Wiener process.

Thus, the interest rate setting for both countries is defined by two infinite dimensional stochas

tic differential equations (SDEs). In addition we model the exchange rate stochastic process

under the domestic martingale measure. The purpose of the paper is to understand when the

inherently infinite dimensional domestic and foreign forward rate processes can be realized by

means of a Markovian finite dimensional state space model. We assume that both forward rate

volatilities and the volatility of the exchange rate can be arbitrary smooth functionals of both

forward rate curves. We find necessary and sufficient conditions in terms of the exchange rate

and interest rate volatilities to ensure that we obtain a finite dimensional realization (FDR) for

both domestic and forward interest rates and we show how the exchange rate depends on such

realizations. Finally, for the case when FDRs exist we show how to derive the dynanlics of the

underlying factors spanning the state space. 1

1I gratefully acknowledge financial support from the Jan Wallander and Tom Hedelius Foun
dation. I thank Tomas Bjork and participants at the Quantitative Methods in Finance Confer
ence, Sydney 2005 for their helpful comments.
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2.1 Introduction

The purpose of the paper is to study when the inherently infinite dimensional
domestic and foreign forward rate processes in a two-country econonlY can be
realized by lneans of a Nlarkovian finite dimensional state space model.

We nl0del a derivatives lnarket where domestic T-bonds, foreign T-bonds and
exchange rate derivatives are traded. Using the Heath-Jarrow-1Vlorton approach,
we choose to model donlestic and foreign forward rates and the exchange rate dy
nanlics under the donlestic lnartingale measure allowing forward rate volatilities
and the volatility of the exchange rate to be arbitrary slnooth functionals of both
forward rate curves.

The development of international markets made clear the need for a two-country
lnodel that would favor pricing and estimation procedures on internationally inte
grated markets. The approach of nlost previous studies has been to specify a finite
set of factors and provide conditions for the factor dynalnics so that the resulting
bond prices in the two-country economy would take sonle predetermined form.
This approach includes affine and quadratic models and leads to the specification
of an affine factor dynamics. This paper is based on the geometric approach to the
interest rate theory first introduced by Bjork and Christenssen (1999) and Bjork
and Svensson (2001). We do not make any specific assumptions concerning the
number of factors driving the forward rates in the two-country econOlllY; neither
do we specify any particular dynamics for the factors. The geometric approach
allows us to find sufficient, in silnpler cases, necessary conditions in terms of the
exchange rate and forward rate volatilities to ensure that we obtain a finite di
mensional realization (FDR) for both domestic and foreign forward rates. That
is, the approach provides us with the structure of the forward rate volatilities
that enables us to determine the number of factors and express the forward rate
process as a function of the finite set of those factors.

The interest rate setting for both countries is defined by two infinite dimensional
stochastic differential equations (SDEs) supplemented by the dynaluics of the ex
change rate between the two countries. We apply the theoretical results obtained
by Bjork and Christenssen (1999) and Bjork and Svensson (2001) to provide nec
essary and sufficient conditions on the exchange rate and forward rate volatilities
for the two-country interest rate lnodel to admit an FDR.

The problem of identifying nlodels which possess an FDR is important from
the point of view of model calibration. It has beconle very common to use the
parameterized families of smooth forward rate curves when it comes to fitting
a forward rate curve to the initial data. At each time step, the model needs
to be recalibrated, which is natural since it does not describe the real world
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perfectly. The problem of the existence of an FDR is equivalent to the problem
of deterlllining the existence of any finitely pararneterized family of forward rate
curves, such that all the forward rate curves produced by the interest rate ruodel
are contained within the family. If the interest rate rnodel does not admit an FDR,
then recalibration is needed not only because the rnodel is a poor description of
reality but because the farnily does not go well with the interest rate rnodel.

Since the theory was first introduced by Bjork and Christenssen (1999), the func
tional analytical framework has been enlarged by Filipovic and Teichmann (2003)
and Filipovic and Teichmann (2002), who extended the class of interest rate rnod
els which can be analyzed by means of the geornetric approach. Also, Bjork and
Landen (2001) suggested a way to construct the finite diruensional realization
and actually derive the factor dynaruics. We use this approach to construct an
FDR and derive the factor dynaruics in a two-country framework. Later, Bjork,
Landen, and Svensson (2002) extended the analysis to include stochastic volatil
ity forward rate ruodels. Recently, a nuruber of studies applied the geornetric
approach to study futures prices Bjork, Blix, and Landen (2004) and forward
prices Gaspar (2004).

The paper is organized as follows. In Section 2.2 we present the formal setup of
the two-country economy, the system of domestic and foreign forward rates and
the exchange rate equation, define the objects of our study and describe their
dynamics under the dOlllestic martingale measure. We specify the problelll we
want to address in Section 2.3. Section 2.4 studies the existence of an FDR for
constant volatility models and shows how to construct FDRs. In Section 2.5 we
address the same question in the more complicated case of constant direction
volatility. Our main conclusions are given in Section 2.7 and for the benefit of
the reader we include an overview of previous results and a brief mathematical
appendix (Section 2.8).

2.2 Two-countryeconolllY

Our formal setup consists of a financial market living on a stochastic basis (filtered
probability space) (0, F, F, P) where F = {Ft}O<t<T and where the measure P
is interpreted as the objective (or "physical") probability measure. The basis is
assullled to carry an m-dimensional standard Wiener process W.

Denote by Pt(x) the time t price of the domestic zero coupon bond maturing at
T = t + x and define the doruestic instantaneous forward rate as

(2.1)
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Denote by Pt (x) the time t price of the foreign zero coupon bond maturing at
T = t + x and define the foreign instantaneous forward rate as

(2.2)

Using the 1\1usiela parameterization 1\1usiela (1993) and the standard Heath
Jarrow-l'vlorton drift condition (see Heath~ Jarrow~ and ~i1orton (1992)) we write
down the domestic forward rate dynarnics under the dornestic rnartingale rneasure
Qd as follows

{:XTt{X) + (Jt{x) l x

(J;{U)dU} dt + (Jt{x)dWt,

rg(x). (2.3)

Analogously under the foreign rnartingale n1easure Q! the foreign forward rate
dynanlics takes the form

{::x1't{X) + o-t{x) l x

0-;{u)du} dt + o-t(x)dWt,

fg(x). (2.4)

The initial forward rate curves~ {rg(x); x 2: O} and {fg(x); x 2: O}~ are taken as
given. Volatilities O"t(x) and Q-t(x) are any adapted stochastic processes. Assume
that the dynamics of the exchange rate process is as follows:

(2.5)

Then, under the domestic rnartingale measure Qd the exchange rate (denoted
in units of domestic currency per unit of foreign currency) has the following
dynamics:

(2.6)

To specify the foreign forward rate dynamics under the domestic martingale mea
sure we use the standard machinery and perform the Girsanov transforn1ation
(see, for example, Bjork (2004)) from the foreign to the domestic martingale
rneasure. Denote by L(T) Radon-Nikodym derivative

dQ!
L(T) = dQd' OIl FT,

we have
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Then the likelihood process is a martingale under the domestic martingale mea
sure and has the following dynamics

{
dLt = Lt6tdWt

Lo = 1,

and Wiener processes under the domestic and the foreign martingale measures
are connected via

Thus, under the domestic Inartingale measure Qd the foreign forward rate dy
narnics are

{:x Tt(X) + o-t(x) l x

o-;(u)du - O-t(X)6;} dt + o-t(x)dWt,

rg(x ) , (2.7)

where * denotes transpose. We rewrite the systenl of forward rates and the
exchange rate equations as follows:

(Frt + o-tHo-; - o-t6;)dt + o-tdWt

St(Brt - Brt)dt + St6tdWt

So = 58,
where the operators F, Hand B are given by

(2.8)

F

Hf(x)

Bf(x)

8
8x

l x

f(s)ds

f(O)

(2.9)

(2.10)

(2.11 )

and we use the following interpretation Hat = [H(}lb' .. , Hamt].

2.3 Problem formulation

In the previous section we assumed that domestic and forward rate volatilities and
exchange rate volatility can be any adapted processes. To study finite dimensional
realizations of forward rate models we need to make more specific assumptions
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concerning the structure of volatilities. It is natural to assume that volatilities
of all the objects in the economy can depend on the whole domestic and foreign
forward rate curves as well as spot exchange rates. For exanlple, we can assume
that if the shape of the forward rate curve predicts a recession, volatility of the
forward rate increases denl0nstrating some sort of market panic. Thus, we Inake
the following assunlptions concerning the volatility processes O"t (x), a-t (x) and bt·

Assumption 2.3.1. The adapted processes O"(t,x), a(Lx) and b(t) have the fol
lowing functional form:

O"(t, x) = O"(it ,x), a(t, x) = a(ft,x).

where 0", a and b denote deterministic mappings

0" H x ii x R+ x R+ ~ R m

a H x ii x R+ x R+ ~ R m

<5 H x ii x R+ ~ R m
,

and where it is the following infinite dimensional vector process

The spaces Hand ii are Hilbert spaces of the domestic and foreign forward rate
curves2

.

We thus intend to study the following infinite dimensional system of SDE:

(Frt + O"(it)HO"*(it))dt + (}(ft)dWt,

(Frt + a(it)Ha*(it) - a-(it)b*(fd)dt + a(it)dWt,

St(Brt - Bft)dt + Stb(it)dWt, (2.12)

which in the above notations can be rewritten as

where Jt and fJ are given by

(2.13)

[

Fr + (}(f)H(}*(f) ]
Jt(i) = Ff + a-(f)Ha-*(f) - a-(i)b*(f) ,

Br - Br - ~llb(i)112
[
(}(f)]

fJ(f) = a-(f) .
b(i)

(2.14)

2For the description of the Hilbert spaces see the mathematical appendix.
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In the further analysis we switch to Stratonovich dynamics. As opposed to Ita
calculus~ in Stratonovich calculus the Ita formula takes the form of the standard
chain rule for the ordinary calculus that allows for ruore intuition with the results.
The Stratonovich integral is defined as follows:

Definition 2.3.2. For given senlimartingales X and Y~ the Stratonovich in
tegral of X with respect to Y~ J~ X S 0 dYs~ is defined as

it it 1
X s 0 dYs = XsdYs + - (X~ Y)t,

o 0 2

where the first term on the RHS is the Ita integral. Where the Wiener process is
the only driving noise, we define quadratic variation process (X, Y) t by

with the usual nlultiplication rules: dW· dt = dt . dt = 0, dW . dW = dt.

It is easy to see that

(2.15)

Indeed~ using the infinite dimensional Ita formula we obtain the dynaruics of a(Tt)

(2.16)

where a~(i\)[a(i\)] denotes Frechet derivative W.r.t. to the infinite diIl1ensional
variable f operating on a(ft ). We use the definition of quadratic variation to
COIl1pute the Stratonovich correction term

Thus the two-country forward rate model in Stratonovich form is given by

dft = {it(ft) - ~&~(ft)[&(ft)] } dt + &(ft ) 0 dWt ,

or in expanded form (for our particular case of (2.12 ))

(2.17)

(2.18)

df =

+

{ [

Fr + (j(f)H(j*(f) ] 1 [(j~(f)
Fr + a(f)Ha*(f) - a(f)<5*(f) - - a~(f)

Br - Br - ~11<5(f)112 2 <5~(f)

[

(j(f)]
a(f) 0 dWt ,

<5(f)
(2.19)
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where (J~(f), o-~(f), 6~(f), (J~(f), o-~(f), 6~(f) denote Frechet derivatives with re
spect to the infinite dimensional variables rand r. Since the Wiener process Wt

is 11lultidilnensional we interpret the above expressions as follows:

m

(J~(r, r, S)(J(r, T, 5) = L (J;r(r, r, S)(Ji(r, T, 5).
i=l

Our task is to understand when the infinite dimensional process f can be realized
by lneans of a finite dimensional SDE.

Definition 2.3.3. We say that the systenl of SDE (2.8) has a d-diluensional
realization if there exists a point Zo E Rd

, smooth vector fields A, B 1 , ... , Bm
on some open subset Z of Rd and a smooth nlap G : Z -t H, such that f has
local representation

(2.20)

where Z is the solution of the d-dimensional Stratonovich SDE

(2.21)

and where Wt is the same as in (2.12).

Theorem 2.3.4. (Bjork and Svensson) Consider the SDE in (2.13) and as
sume that the dimension, evaluated pointwise, of the Lie algebra {P, a1, ... ,am}LA
is constant near the initial point f o E H. Then (2.8) possesses an FDR if and
only if

at the neighborhood of fO.

The purpose of the paper is to explore the existence of an FDR for the particular
case of a two-country economy based on the existing abstract theoretical results
in the literature.

In principle, our task is to determine when the infinite dimensional process f can
be realized by means of a finite dinlensional SDE. It is quite difficult, however,
to analyze the systenl of stochastic differential equations for any given donlestic
forward rate volatility and exchange rate volatility. Instead we will study some
particular cases where we are able to provide sufficient (and in SOlne cases nec
essary) conditions for the system to possess an FDR. We start with the case of
constant volatilities.
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2.4 Constant forward rate volatilities and con
stant exchange rate volatility

2.4.1 Existence of an FDR

We consider first the silnplest case, assuming that the volatility of the exchange
rate process is a constant vector <5 = (<51 , ... , c5m ), and that domestic and foreign
forward rate volatilities do not depend on f-variable, that is, a(f, x) = a(x) and
o-(f, x) = a(x). We now give the formal assull1ption.

Assumption 2.4.1. The volatilities a and 0- are Coo-mappings

a: R+ -7 R m

0-: R+ -7 R m

We find that it simplifies the calculations if we consider variable Y = In S instead
of S. The dynamics of Y are

(2.22)

Since the volatilities are deterministic, the Stratonovich dynamics of r, f and Y
coincide with the initial dynamics and can be written as

(Frt + D)dt + a 0 dTVt ,

(Fft + D - o-c5*)dt + 0- 0 dWt ,

{Brt - Brt - ~IIJ112 } dt + J0 dWt,

where the constant fields D and fJ are given by

(2.23)

D(x)

D(x)

m (X
a(x)Ha*(x) = L ai(X) in a;(s)ds,

i=l 0

m (X
o-(x)Ho-*(x) = Lo-i(X) in o-;(s)ds.

i=l 0

(2.24)

(2.25)

Then the dynamics of the infinite dimensional colun1n vector process f in Stratonovich
form can be written as

(2.26)

where jl and 0- are given by
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[

Fr + D ]
jl(f) = Fr + jj - a6* ,

Br - Br - ~"6"2
&(f) = [~] (2.27)

and where o-(ft ) 0 dWt = L:1 o-i(ft ) 0 dWt
i and denotes the Stratonovich integral.

In this silnplified case we obtain the following result:

Proposition 2.4.2. Assume that the domestic and foreign forward rate volatili
ties a and a are deterministic, i. e. of the form

a(f, x) = a(x), a(f, x) = a(x),

and the volatility of the exchange rate is constant 6(f) = 6. Then there exists a
finite dimensional realization if and only if both the foreign and domestic forward
rate volatilities a(x) and a(x) are quasi-exponential.

Proof. The two-country lnodel will have a generic FDR at the point f o if and
only if

(2.28)

(we will denote dim {jl, 0-1 ,0-2 , ... ,O-m} LA by dim {jl, o-} LA)' in a neighborhood of
'10 . Denote v~ = o-i.

We obtain the following matrices for the Frechet derivatives of jl and o-i, i
1, ... , rn.

[
F 0 0]

jl' (f t) = 0 F 0 ,
B -B 0

Now we can cOlnpute the Lie bracket as follows

[i
0

~] [~:] [~
0

~]
[ Fr + D ]Vi [jl,o-i] = F 0 Fr + jj - a6*1

-B 0 Br - Br - ~116112

[ F~i ]Fai . (2.29)
Bai - Bai

In the same way we have
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We continue to calculate the Lie brackets and taking into account that [ai, aj] == 0
we finally see that the relevant Lie algebra is given by

== span {{L, v~, n == 0, 1, 2, ... ; i == 1, ... , n1} . (2.30)

We will first prove that in order for the system to possess an FDR, it is sufficient
that ai (x) and o-i (x) are quasi-exponential. Assurne that ai (x) and o-i (x) are QE
for all i. Assume first that we have only one \Viener driving process and thus
only one volatility vector [a(x), o-(x), b)]*. Then according to Lemma 2.8.14 (see
Appendix), there exists a minimal annihilator polynomial M(F), such that

AI(F)a == 0, Nf(F)o- == 0 (2.31)

or denoting the degree of the annihilator by n and the coefficients by (li we expand

We t.hus can rewrite (2.31) as follows

Fna + (In_l Fn- 1a + + (llFa + (loa

Fno- + (In_lFn-10- + + a1Fo- + aoo-

We now notice that
FM(F)a == M(F) [Fa] == 0

and the same holds for 0-

FM(F)o- == M(F) [Fo-] == O.

Equations (2.31) also imply that

M(F)(a - 0-) == O.

o
O.

(2.32)

(2.33)

(2.34)

(2.35)

(2.36)

(2.37)

Since the equality holds for every x, then it also holds if evaluated at the point
x == 0, so

BM(F)(a - 0-) == O. (2.38)
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Written in expanded forlll equations (2.35), (2.36) and (2.38) imply that

Fn+1a + Qn_lFna + + Q 1F 2a + QoFa

Fn+10- + Qn_lFno- + + Q1F 2 0- + QoFo-

BFna - BFno- + Qn_l(BFn-1a - BFn-10-) + + Qo(Ba - Bo-)

o
o
o.
(2.39)

FrolH (2.39) we realize that vector Vn+l can be expressed as a linear combination
of vectors Vn, Vn-l, . .. , and 1h

[
;::~~ ] == Qn-l [ ;:~ ] - ... - Qo [ ;~ ], (2.40)

BFna - BFnii BFn-1a - BFn-10- Ba - Bo-

which means that the resulting Lie algebra is finite dimensional. If the driving
Wiener process is m-dinlensional we can apply the same reasoning to every volatil
ity vector ai, i == 1, ... , n1 to realize that for every i == 1, ... ,m we can express
vector V~i+l as a linear c0111bination of vectors V~i' V~i-l'···' and v1, where ni is
the degree of the 11linilnal annihilator polynomial l\;fi (F). Since we have a finite
nUlllber of volatility vectors ai, 'i == 1, ... , m, we realize that the Lie algebra is
finite and an FDR exists.

We also need to show that QE a and 0- are necessary for the system to admit
an FDR. Assume that there exists an FDR and thus the Lie algebra £ is finite.
Then for each i span {v~, n == 0,1,2, ...} is finite dimensional and there exist ni
and coefficients {a~}Z~o' i == 1, ... ,m, such that

ni

V~i+l == L v~Qi·
k=O

(2.41)

(2.42)

Vector equation (2.42) Ineans that both ai and o-i are solutions of linear differential
equations with constant coefficients. From Lemma 2.8.14 it then follows that for
each i ai and o-i are QE. •

Proposition 2.4.2 shows that any model with QE forward rate volatilities a and
0- admits an FDR. FrorH the proof of the above proposition we see that the
dimension of the relevant Lie algebra

dim{/l,al,a2, ... ,am }LA::; l+m+ Lni,
i=l

(2.43)



2.4. CONSTANT FORlN'ARD RATES VOLATILITIES 59

where ni is the degree of polynomial M i and m comes from inclusion of additional
m vectors V~i+1' i = 1, ... ,m3

. The following result shows that under some
conditions on the volatility of the exchange rate, 6, the lllodel admits an FDR
with an even slllaller dimension of the relevant Lie algebra

m

dim {[l, aI, a2,' .. ,am}LA S; 1 + L ni·

i=l

(2.44)

In order to understand the proof of Corollary 2.4.3 we now need to introduce the
following notation. We notice that each polynornial

(2.45)

can be rewritten as follows:

Q(x) xn + an_lxn- 1+ ... + a1X + ao

x(xn- 1+ an_1 xn- 2 + ... + al) + ao = XQ1(X) + Q(O), (2.46)

where Q1 (x) is defined as

(2.47)

Corollary 2.4.3. Assume that both foreign and domestic forward rate volatilities
ai (x) and (Ji (x) are quasi-exponential with minimal annihilator polynomial !vIi of
degree ni for each i == 1~ ... , m. Assume also that none of the volatility vectors
Vi can be expressed as a linear combination of other volatility vectors Vj, j i- i.
Then there exists an FDR with the dimension of Lie algebra

m

dim {[l, aI, a2,"" am}LA S; 1 + L ni·

i=l

(2.48)

if and only if for each i the exchange rate volatility 6 and the forward rate volatil
ities satisfy the relation

(2.49)

where Af1 is defined analogous to (2.47).

Proof. Assume first that for every i Mi(O) i- 0 and

(2.50)

3The dimension of the Lie algebra is less then < l+m+ 2:::1 ni in case some of the volatility
vectors vi turn out to be a linear combination of other vectors v j , j =f i
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Since for each i ai(x) and ai(x) are QE with annihilator polynomial Ali of degree
ni, then

(2.51 )

We can rewrite the first two equations of (2.51) as follows

(2.52)

By assurnption the following relation between ai (x), ai (x) and 6i is satisfied:

(2.53)

where ni is the degree of the annihilator polynonlial M i . This means that for all
i == 1, ... , m the whole vector V~i (together with the third component) can be
expressed as a combination of the other vectors vi, k == 0, 1, ... , ni - 1

(2.54)

or

(2.55)

We also note now that for each i all other vectors V~i' Ni > ni can be expressed
as a linear combination of vectors vi, k == 1, ... , Ni - 1. Indeed, construct for
each i the polynomial Qi (F) as follows:

(2.56)

where Pi(F) is any polynornial, such that Pi(O) i- o. Then Qi(F)ai == Qi(F)ai ==
0; moreover since

BM~(F) (ai - ai) + Nfi(0)6i == 0

holds and pi (0) -I 0 it is also true that

(2.57)

(2.58)
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Since BPf(F)Mi(F) (Oi - o-i)=O adding the zero term to (2.58) we obtain that

BP{(F)Mi(F) (Oi - o-i) + Bpi(O)j\;f:(F) (Oi - o-i) + pi(O)A[i(O)Ji
= B (P{(F)Mi(F) (Oi - o-i) + pi(O)M:(F) (Oi - o-i)) + pi(O)Mi(O)Ji = 0.(2.59)

We note that Qi(F) = Pf(F)J\;fi(F) + pi (O)J\;fl (F) and thus conclude that

(2.60)

This implies that

where bi are the coefficients of the polynomial Qi of degree p, where p > m.

Q(x) = xP + bp _ 1xP-
1 + ... + boo

Thus, the Lie algebra £ is finite and there exists an FDR, and the volatility of
the exchange rate is deternlined as in (2.51). The dimension of the relevant Lie
algebra

dim{{L,al,a2, ... ,am}LA ~ 1 + Lni.
i=1

vVe prove now that the existence of the Lie algebra with (2.48) implies (2.49).
Since for each i 0i (x) and o-i (x) are QE (with annihilator polynomial A[i of degree
ni), according to Proposition 2.4.2 we know that there exists an FDR. Assume
that the dimension of the relevant Lie algebra £

dim {{L, aI, a2, ... , am} LA ~ 1 + L ni·
i=1

This means that for each i dim {{L, ai} LA ~ 1 + ni (since none of the volatility
vectors Vi can be expressed as a linear cOlnbination of other volatility vectors v j ,

j =I- i). Since for each i the Lie algebra has the dimension 1+ni, vector V~i can be
expressed as a linear combination of vectors vb, ... ,V~i-l' i.e. assume that there

exist some coefficients {ai}Z~~
1

, i = 1, ... , rn, such that

(2.62)
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Equations (2.62) can be written as

pi(F)ai = pi(F)ai

BPf(F) (ai - ai) + pi (O)<5i

o
o

(2.63)

(2.64)

for sonle polynomial Pi(F). However, since Afi(F) is the Ininilnal polynomial,
we must have that Pi(F) = CiMi(F) for some constant Ci. Then (2.63) can be
rewritten as

Nfi(F)ai = Nfi(F)ai

BNf~(F) (ai - ai) + Nfi (O)<5i

o
O.

(2.65)

(2.66)

We note that Al i (O) -I- 0 since otherwise BAIl (F) (ai - ai) holds for any choice of
ai(x) and ai(x), which is inlpossible since Nf1(F) is not the minilnal polynomial.
Thus we showed that (2.48) leads to (2.49). •

From the above result we see that to produce a Inodel admitting an FDR with a
Lie algebra of dimension less or equal to 1 + L:::1 ni we may choose the forward
rate volatilities a and a freely in the class of QE functions. However, given a
fixed choice of a and a, the choice of <5 is restricted by relation (2.49). We also
note that if M i (0) -I- 0 for all 'i, then (2.49) will in fact determine <5 uniquely in
terrns of a and a.

2.4.2 Construction of an FDR

In this section we study the construction of an FDR in the setup where domestic
and foreign forward rate volatilities are deterministic

and exchange rate volatility is constant <5i (f) = <5i .

The construction is based on the algorithm proposed by Bjork and Landen (2000);
they propose that a finite dimensional realization can be constructed in the fol
lowing way:

• Choose a finite number of vector fields 11, ... ,1m, which span the Lie algebra

{/L, a-} LA·

• Compute the invariant manifold 6(Zl' . .. , zm) using Theorem 2.8.10 (see
Appendix).
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• We constructed f = G(Z) and now make the Ansatz for the Stratonovich
dynamics of the state space variables Z

It rnust then hold that4

dZ = a(Z)dt + b(Z) 0 dWt . (2.67)

(2.68)

Solving those equations we find the vector fields a and b and thus the
dynamics of the state space variables.

We will consider both cases introduced above. First, we consider the general case
that produces a Lie algebra of dimension less or equal to 1+m+ 2:::1 ni and thus
requires a larger number of driving factors to be specified. Then, we will consider
the specific case when the volatility of the exchange .rate satisfies condition (2.49)
and thus there exists the realization that requires a smaller number of factors.

The general case

Section 2.4 shows that the two-country model generated by the volatility structure
as in Assumption 2.4.1 has an FDR if and only if (according to Proposition 2.4.2)
the Lie algebra [, is finite dimensional and spanned by a finite number of vector
fields:

{{L, a} LA = span {{L, v~, k = 0,1,2, ... , ni; i = 1, ... ,m} .

Since the Lie algebra is finite dimensional then for each i span {v~, n = 0,1,2, ...}
is finite dimensional as well and (J"i, ai and <Si must satisfy the following vector
ODE for some ni

(2.69)

where for every i = 1, ... ,m

We give the following definitions:

4The definition of * can be found in the Appendix.
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Definition 2.4.4. If J-l and ai are vector fields on a Hilbert space 11 x ii X R+,
we define operator exp{p,t} as the solution to the following system of ODE

df == [I] == [ Ff:
r
; !!(j6* ] == P,(f)

dt tlj; Br _ Bf _ ~ 116112 (2.70)

f(O) == fo.

and we define operators exp{vit} for k == O~ 1 ... , ni and i == 1~ ... ~ nl as the
solutions of the following ODEs

af [~] [VIi]gt k
~ - V 2i == vi

at tlj; - vii (2.71 )

f(O) fo·

Using Theorem 2.8.10 we find that the realization is given by

f t == G(Zt), (2.72)

where the invariant manifold G

[

G 1 ( zo , zi ~ k == 0 ~ 1, ... ~ ni; i == 1, ... ~ m)]
A ° . .

G(z ,z1, k = 0,1, ... , nil = G2(Z~,. ~~, k :: 0,1, , n,: i :: 1, , m) (2.73)
G3 (z ,Nk ~ k - 0 ~ 1 ~ ~ n1" l - 1~ ~ nl)

can be constructed as

G(zo ~ zl ~ k == 0 ~ 1 ~ ... ~ ni) == IT
k=O,l, ... ,ni;i=l, ... ,m

(2.74)

The solution to the system of ODE (2.70) is given by

exp{JLIt}ro eFtro(x) + it eF{t-s) D(x)ds = ro(x + t) + it D(x + t - s)ds

1
ro(x + t) + 2 (1IS(x + t) 11

2
- j]S(x) 11

2
) ~

eFtra(x) + it eF{t-s) { D(x) - (j(x)6* } ds

fo(x + t) + it D(x + t - s)ds - it (j(x + t - s)6*ds

f o(x + t) + ~ (11 S(x + t) 11 2 - 11 S(x) 11 2) - 6* (S(t + x) - S(x) ),

rt
1

Yo + lo (rs(O) - f s(0) )ds - 211<5112, (2.75)
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where

65

(2.78)

S(x) = l x

O"(s)ds, S(x) = l x

o-(s)ds.

From (2.75) and (2.75) we find that

1 - -
rs(O) - rs(O) = ro(s) - ro(s) + 2(113(s)11 2

- IIS(s)11 2
) - 6*S(s) (2.76)

and substituting this into equation (2.75) we finally obtain

it 1 it -
exp{f-L3t }rO yo + (ro(s) - ro(s))ds + - (1IS(s)11 2 -113(s)11 2 )ds

o 2 0

1 it
-- -lIbl1 2t - 6*S(s)ds. (2.77)

2 0

The solution to the systenl of ODE (2.71) is given by

exp{vkit }ro ro + vki(x)t

exp{vzit}ro = ro + vZi(x)t

{
3i } , 3iexp vk t Yo = Yo + V k t.

To construct a finite dilnensional realization we cOlnpute the invariant manifold
G(zO,z~,k = 0,1, ,n) by means of computing exp{J1t}fo and exp{l{t}i~o, k =
0,1, ... ni, i = 1, ,m.

1
ro(x + zO) + 2 (IIS(x + zO)1I 2

- II S (x)11 2
)

m ni

+ LLFkai(x)z~
i=l k=O

ro(x + ZO) + ~ (IIS(x + zO)11 2
- IIS(x)11 2

)

m ni

- 6*(5(zO + x) - 5(x)) + L L Fko-i(X)Z~
i=l k=O

+ 6zo+ L L(BFk-1ai - BFk-lo-i)Z~. (2.79)
i=l k=l
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To find the dynamics of the state vector Z

we need to solve the following systelll of equations for the vector fields a and b

or

(2.80)

G'(z)a(z) = [L(G(z)), (2.81 )

The systelll of equations G'(z)a(z) = [L(G(z)) can be rewritten as follows:

a m ni

ox ro(x + zO)aO + D(x + zO)aO + L L Fk(Ji(x)ak
i=l k=O

a m ni .

ox ro(x + ZO) + D(x + zo) +L L Fk+1(Ji(X)ZIo,
i=l k=O

(2.82)

a _ m ni .

ox 7'0 (x + zO)aO + D(x + zO)aO + (iT(x + zOW - iT(x)<5*)aO + L L FkiTi(x)ak
i=l k=O

a _ m ni .

%(x + zO) + D(x + ZO) + <5* (iT(x + ZO) ~ iT(x)) +L L Fk+JiTi(x)Zk,(2.83)
~=l k=O

+ 6ao + L L(BFk-1ai - BFk-lao)a~

i=l k=l

ro(zO) - 7'o(zO) ~ ~ (1I5(zO)11 2-115(zO)112) - <5*5(zO) - ~1I<5112
m ni

+ L L(BFkai - BFkai)zl
i=l k=O

ro(zO) - 7'o(ZO) ~ ~ (11 5(zO) 11 2- 115(ZO) 11 2) - <5* 5(zO) - ~ 11<511 2aO
m ni-1 m ni-1

+ L L(BFkai - BFkai)zL + L L al(BFkai - BFkai)z~i· (2.84)
i=l k=O i=l k=O
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The equality should hold for all x with all the coefficients being independent of
x; thus, identifying terms we obtain that

0, j == 1, ... ,m

ak-lZ~j +zr-l' j == 1, .. . ,m; k == 1, ... ,nj.

(2.85)

(2.86)

From equation G'(z)bi(z) == Q-i(G(Z)) we obtain

f) m ni

oxro(x + zO)bO + D(x + zO)bO + L L FkCTi(X)b% = CTi(X),
i=l k=O

:/o(x + zO)bO + D(x + ZOW + <5*(o-(x + ZO) - o-(x)) + b°<5*

+ L L FkO-i(X)b~ == o-i(X),
i=l k=O

+ <Sbo+ L L(BFk-1ai - BFk-1o-i)bk == <Si.
i=l k=l

(2.87)

Therefore we have

0,

1, if j == i

0, j i- i; k == 0, ... , ni. (2.88)

Since Q- is constant, the Ito dynamics will look the same as the Stratonovich
dynamics, and hence we have just proved the following proposition.

Proposition 2.4.5. Given the initial forward rate curve fo, the two-country for
ward rate model generated by the volatility vectors as in Proposition 2.4.2 has a
finite dimensional realization given by

f t == G(Zt),

(2.89)

k == 1, ... , nj.

dt

dW!, j==l, ... ,m

(a{Z~j + Zl_l)dt j == 1, ... , m;

where G was defined in (2.79) and the dynamics of the state space variables are
given by

{

dZo

dZg
dZl
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Example 2.4.6. As a concrete application let us consider a simple case where
the domestic forward rate volatility is of the form

a(x) = e-O:x
,

and the foreign forward rate volatility of the form

o-(x) = Ce-O:x .

(2.90)

(2.91)

A ssume that the exchange rate volatility, <5, is a constant. Both a (x) and 0- (x)
are quasi-exponential and satisfy the same differential equation

Fy = -ay. (2.92)

Thus, there exists an FDR with a Lie algebra of dimension equal to 3. Given
the initial domestic and foreign forward rate curves ro and TO, the forward rate
system generated by the volatilities has an FDR given by

(2.93)

where

and the dynamics of the state space variables are given by

dt

dWt

[-aZl(t) + Zo(t)]dt.
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Example 2.4.7. Consider now the case when the domestic forward rate volatility
is of the form

a(x) = e-O:x ,

and the foreign forward rate volatility is of the form

(2.95)

(2.96)

Assume that the exchange rate volatility, 6, is constant. Both a(x) and o-(x)
obviously satisfy the same differential equation

(2.97)

Thus, the two-country economy has an FDR and the Lie algebra is four-dimensional
Given the initial domestic and foreign forward rate curves TO and ro, the forward
rate system generated by the volatilities has an FDR given by

(2.98)

where

o e-O:X -0: 7 ° e-20:x -20:zo -o:x
TO(X + Z ) + -(1 - e -) - --(1 - e ) + zoe

a 2 2a2

O'Zle-O:X + a2Z2e-O:X,

Yo +1z0

(ro(s) - 1'o(s) )ds

1 {ZO e-O:z o - 1 e-20: z o - 1 }+ - -+ ----
20'2 2 a 4a

C
2 {o 1 2 ° 1 4 0 }- Z + - (e- o:z - 1) - - (e- o:z - 1)

2a2 a 4a

6C e-20:z o - 1
+ -(ZO + ) + 6zo - (1 - C)azl + (1 - C) a2z2.

a 2a
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and the dynamics of the state space variables are given by

A specific case

dZO(t)

dZo(t)

dZ1(t)

dZ2 (t)

dt

dTV(t)

[-2a2Z2(t) + Zo(t)]dt

[-3aZ2(t) + Zl(t)]dt.

Assun1e that the condition for the existence of an FDR with a Lie algebra of
srnaller dirnension is satisfied. According to Proposition 2.4.2 the Lie algebra L
is spanned by a finite number of vector fields

{it, a} LA = span {it, v~, k = 0,1,2, ... ,ni - 1; i = 1, ... ,m} ,

and thus ai, ai and 6i satisfy the following vector ODE

where for every i = 1, ... , m

(2.99)

It can be shown that the realization is given by

where

(2.100)

[

G1 ( zO, zk, k = 0, 1, , ni - 1; i = 1, , m)]
6(zO,z~,k=0,1, ... ,ni-1)= G2(zO,z~,k=0,1, ,ni-1;i=1, ,m) .

G3 ( ZO , Zk' k = 0, 1, , ni - 1; i = 1, , m)

The invariant manifold G(zO, z1, k == 0,1, ... ,ni - 1; i = 1, ... ,m) is given by

G(ZO, z~, k = 0,1, ... , ni; i = 1, ... , m) = IT
k=O,1,ooo,ni- 1;i=1,ooo,m
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m ni-1

+ L L Fkai(X)zl
i=l k=O

ro(x + zo) + ~ (IIS(x + zO)11 2
- IIS(x)11 2

)

m ni-1

- 6*(5(zO + x) - 5(x)) + L L Fkai(X)zl
i=l k=O

G3 (zO, zL k = 0,1, ... , ni ~ 1) Yo +1z0

(7"o(s) - ro(s))ds

+ ~1z0

(115(s)1I2-IIS(s)11 2 )ds ~ ~llbl12zo
2 0 2

- 1z0

b*S(s)ds + bzo

m ni-1

+ L L (BFk-1ai - BFk-1ai)zl· (2.102)
i=l k=l

In order to find the dynamics of the state vector Z

we need to solve the following equations for the vector fields a and b:

(2.103)
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The system of equations G'(z)a(z) = (L(G(z)) can be rewritten as follows:

a m ni-1

oxro(x + zO)aO + D(x + zO)aO +L L FkO";(x)a%
i=l k=O

a m ni- 1

ox ro(x + ZO) + D(x + zO) +L L Fk+10";(x)zL
i=l k=O

a _ m ni- 1 .

%(x + zO)aO + D(x + zO)aO + J*(a-(x + zO) - a-(x))aO + L L Fka-;(x)a%
i=l k=O

a _ m ni- 1 .

%(x + ZO) + D(x + ZO) + J*(a-(x + ZO) - a-(x)) +L L Fk+1a-;(x)zL
i=l k=O

m ni-1

+ 6ao + L L (BFk-1ai - BFk-1o-o)ai
i=l k=l

ro(zO) - i'o(ZO) - ~ (1IS(zO) 11
2

- IIS(zO) 11
2

) - 15*S(ZO) - ~ 111511
2

m ni-1

+ L L(BFkai - BFko-i)zl·
i=l k=O

The equality should hold for all x with all the coefficients being independent of
X, thus, remembering that

and identifying terms, we obtain

alz~.-l' j = 1, .. . ,nl
J

I'll 7
j - zj J" - 1 m·LXk"-'nj-l k-l' -, ... " k = 1, ... , nj - 1. (2.104)

From equation G'(z)bi(z) = ai(G(z)) we obtain
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a m ni-l

axro(x + zOW + D(x + zO)bO + L L Fk(J;(x)b% = (J;(X),
i=l k=O

m ni-1

+ L L FkO-i(X)b~ = o-i(X),
i=l k=O
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m ni-1

+ <5bo + L L (BFk-1ai - BFk-1o-i)bk = <Si·
i=l k=l

Therefore we have

(2.105)

0,

1, if j = i

0, j i- i; k = 0, ... ,ni. (2.106)

(2.107)

Since (j is constant the Ito dynamics will look the Sal1le, and we have just proved
the following proposition.

Proposition 2.4.8. Assume that condition (2.49) holds. Then given the ini
tial forward rate curve f o, the two-country forward rate model generated by the
volatility vectors as in Proposition 2.4.2 has a finite dimensional realization given
by

Tt = G(Zt),

where G was defined in (2.102) and the dynamics of the state space variables are
given by

{

dZo = dt

dZg = alZ~._ldt + dW!, j = 1, , m

dZk = (a~Z~j_1 + Zk-l)dt j = 1, , m; k = 1, ... , nj - l.

Example 2.4.9. As a concrete application let us consider a simple case where
the domestic forward rate volatility is of the form

a(x) = e-ax
, (2.108)



74CHAPTER 2. ON FDRS OF TWO-COUNTRY INTEREST RATE MODELS

the foreign forward rate volatility is of the form

(2.109)

Assume that the exchange rate volatility, C, is a constant. Both a(x) and o-(x)
obviously satisfy the same differential equation

Fy = -ay. (2.110)

Thus, the two-country economy has an FDR if and only if the following condition
holds

a(O) - 0-(0) = -aC, (2.111)

or 1 - (1 + ba) = -aC" which leads to b = C. Thus, in this simple case we
see that if we are given the two forward rate volatilities and know that the model
admits an FDR, then we can determine uniquely the volatility of the exchange
rate. Then, given the initial domestic and foreign forward rate curves ro and ra,
the forward rate system generated by the volatilities has an FDR given by

(2.112)

where

(2.115)

and the dynamics of the state space variables are given by

{

dZO(t) = dt

dZo(t) = -aZo(t)dt + dW(t).
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Example 2.4.10. Consider now the case where the domestic forward rate volatil
ity is of the form

a(x) == e-O:x
~

and the foreign forward rate volatility is of the form

a(x) == 2(1 + (6)e-2
o:

x
.

(2.116)

(2.117)

Assume that the exchange rate volatility, C, is constant. Both a(x) and a(x)
obviously satisfy the same differential equation

(F + Q)(F + 2Q)Y == F 2 y + 3aFy + 2Q2 y = O. (2.118)

Thus, the two-country economy has an FDR with a two-dimensional Lie algebra
if and only if the following condition holds:

or

Fa(O) - Fa(O) + 3Q(Fa(0) - Fo-(O)) + 2a2C = O~

6=C.

(2.119)

Thus, in this simple case we see that if we are given the two forward rate volatili
ties and know that there exists an FDR with a two-dimensional Lie algebra, then
we can determine uniquely the volatility of the exchange rate. Then, given the
initial domestic and foreign forward rate curves ro and ro, the forward rate system
generated by those volatilities has an FDR given by

(2.120)
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where

and the dynamics of the state space variables are given by

Example 2.4.11. Consider the multidimensional case with the domestic forward
rate volatility vector of the form

(2.121)

and the foreign forward rate volatility of the form

(2.122)

Assume that the exchange rate volatility is constant

(2.123)

Volatility components 0"1 (x) and 0"2 (x) satisfy the following differential equations:

(F-a)O"l 0

(F - 2a)0"2 O.
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Thus, the two-country economy has an FDR with a two-dimensional Lie algebra
if and only if the following condition holds:

Cl = 0',61

C2 = 20'62.

Thus" in this case we see that an FDR with a two-dimensional Lie algebra exists
if and only if the exchange rate volatility is of the form

6= (Cl, C2
).

a 20'
(2.124)

Then, given the initial domestic and foreign forward rate curves ro and f o, the
forward rate system generated by the volatilities has an FDR given by

(2.125)

where

1
Z0 C2 {zO e-ozo - 1 e-20zo - 1 }

Yo + (ro(s) - fo(s))ds +~ - + - ---
o 20' 2 a 40'

Ci {zo + ~ (e -20zO _ 1) - ~ (e -40z0 - I)}
20'2 a 40'

1(Cl Ci) 0 Ci (0 1 (-20z0 )) Cl 1 C2 2+ - - + - z - - z + - e -1 + -z +-z
2 0'2 40'2 40'2 20: a 0 20: 0

and the dynamics of the state variables are given by

dt

-o:ZJ(t)dt + dW 1 (t)
- 2O'Z6(t)dt + dW2 (t).
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2.5 Constant direction volatility

In this section we study a more complicated case where the domestic forward rate
volatilities are allowed to take a more general form:

(Ji(r, r, s, x) = cpi(r, r, S)Ai(x), i = 1, ... , m. (2.126)

The foreign forward rate volatilities are also allowed to be of a more general form:

(2.127)

where Ai and ~i are constant vector fields on Hand il (deterrninistic functions
of x) and cpi and CPi are scalar vector fields on Hand il (do not depend on x and
depend on the whole current price curve). Thus, (J and a denote deterministic
l11appings:

(J : H x il x R+ x R+ ----+ R m

a :H x il x R+ x R+ ----+ R m

Assul11e also that the exchange rate volatility is a deterministic mapping:

(2.128)

Assumption 2.5.1. Assume that cpi(r, r, S) -# 0, CPi(r, r, S) -# 0 and 6i(r, r, S) -#
o for all (r, r, S) E H x il x R+ and for all i = 1, ... ,m.

Again, we change variables Y = In S; then the dynamics of Y are

(2.129)

We can write the Stratonovich dynamics of f as follows:

dr = {Fr +~ ip~(r, i', Y)D i } dt - ~d((J(r, i', Y), W) + ip(r, i', Y)>" 0 dW

di' { Fi' +~ If;2(r, r\ Y)i\ -If;(r, i', Y).\5*(r, i', Y) } dt - ~d(o-(r, i', Y), W)

+ cp(r, r, Y)~ 0 dW,

dY { Br - Bi' - ~ 115(r, i', Y) 11
2

} dt - ~d(5(r, i', Y), W) + 5(r, i', Y) 0 dW;

(2.130)
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where
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A.i (X) l x

A.i(s )ds

'\i(X) l x

'\i(s )ds, i = 1, ... ,m. (2.131 )

To compute the Stratonovich correction terulS we will use the infinite dirnensional
Ita formula to obtain

do-(rt, rt, yt)

+

do-( rt, rt, yt)

+

d6(rt, rt, yt)

+

{...} dt + o-~(rt, rt, yt)o-(rt, Tt, yt)dWt + o-~(rt, rt, yt)o-(rt, rt, yt)dWt
o-~(rt, rt, yt)6(rt, rt, yt)d~tlt, (2.132)

{...} dt + o-~(rt, rt, yt)o-(rt, f·t, yt)dWt + o-~(rt, rt, yt)o-(rt, rt, yt)dWt
o-~ (rt, rt, yt)6(rt, rt, yt)dUlt, (2.133)

{...} dt + 6~(rt, rt, yt)a(rt, rt, yt)dWt + 6~(rt, rt, yt)o-(Tt, rt, yt)dWt
6~(rt, rt, yt)6(rt, rt, yt)dUlt. (2.134)

where o-~, o-~, 6~, o-~, o-~, 6~ denote Frechet derivatives with respect to the in
finite dimensional variables rand r. (Further, we will use shorthand notations
o-~(rt, rt, yt) = o-~(r, i\ Y) olnitting the time index.) Thus, we obtain the following
expressions for the Stratonovich correction terms:

d(o-, W)

d(o-, W)

d(6, W)

{o-~o- + o-~o- + o-~6} dt

{o-~o- + o-~o- + o-~6} dt

{6~o- + 6~o- + 6~6} dt.

Remark 2.5.2. Since the Wiener process Wt is multidimensional we interpret
the expressions above, for example, as follows:

o-~(r, r, Y)o-(r, r, Y) = L o-~r(r, r, Y)o-i(r, r, Y)
i=l

Taking into account the functional form of the domestic and foreign forward rates
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volatilities, we can rewrite the system dynarnics as follows:

{

m 1 m

Fr +~ 'P;(r, f, Y)Di - :2 8 'P~;(r, f, Y)[>"i]'Pi(r, f, Y)>"i

1 m_I m }
- :2~ 'P~i(r, f, Y)[>,,;]y\(r, f, Y)>"i - :2~ 'P~i(r, f, Y)<5i (r, 'r, Y)>"i dt

m

+ L Y?i(r, r, Y)Ai 0 dWi,
i=l

dr

dY

{
~ - 1~ - -

Ff + f=: rp;(r, f, Y)Di - :2 f=: rp~i(r, f, Y)[>"i]rpi(r, f, Y)>"i

1m_I m _

- :2 L rp~i(r, f, Y)[>"i]'Pi(r, f, Y)>"i - :2 L rp~i(r, f, Y)<5i(r, f, Y)>"i
i=l i=l-t rpi(r, f, Y)<5i(r, f, Y)>-i } dt +t rpi(r, f, Y)>-i 0 dWi,

{

I m 1 m

Br - Bf - :2~ <5;(r, f, Y) - :2 8 <5~i(r, f, Y)[>"i]'Pi(r, f, Y)

1 m_I m }

- :2~ <5~i(r, f, Y)[>"i]rpi(r, f, Y) - :2~ <5~i(r, f, Y)<5i (r, f, Y) dt

m

+ L6i (r,r,Y)odWi (2.135)
i=l

Our task is to determine when the Lie algebra generated by the following vectors
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is finite dilnensional.

81

il(f)

Denote by L the Lie algebra generated by the vector fields p(f)~ al (f), ... ,am(f)

It is clear that the Lie algebra is not at all as sirnple as in the case of deterministic
volatilities. In fact, it is not easy to handle even in the case of a scalar Wiener
process. This is because each vector 6i cannot be replaced by means of Gaussian
elimination (dividing by the same non-zero function of r, f and S) by a vector
which would not depend on r, f and S. However, we will show that in this general
case it is still possible to provide sufficient conditions for the Lie algebra L to
be finite dimensional. There exists, however, a simple case where we are actually
able to provide both sufficient and necessary conditions for the Lie algebra,
generated by the drift and volatility vector fields, to be finite. We present this
sinlple case in the next section.

2.5.1 A scalar driving Wiener Process: necessary and suf
ficient conditions

In this section we consider a simple case where domestic and foreign forward rate
equations and the exchange rate equation are driven by the same scalar Wiener
process W. We assume that the domestic forward rate volatility is of the form

a(f, r, x) = cp(r, f)A(X) (2.136)
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and the foreign forward rate volatility is of the form

o-(f, r, x) = i.p(r, f)~(x),

where

i.p : 1-{ x if -7 R.

(2.137)

Thus, we aSSUIlle that the domestic and foreign vector fields (]" and 0- have constant
directions .\ and ~ that are different for different countries. The length of the
fields, however, is deternlined by any smooth functional, i.p, of the two (domestic
and foreign) entire forward rate curves. The functional i.p is the sanle for both
countries. Assume also that the exchange rate volatility takes the forln

(2.138)

Again, we change variables Y = ln S; then the dynamics of Y are

(2.139)

In this case we write the Stratonovich dynaInics of r as follows:

dr { Fr + rp2(r', 1')D - ~rp~(r, r)[>.]rp(r, 1')>' - ~rp~(r, r)[).]rp(r, 1')>' } dt

+ i.p(r, f).\ 0 dW~

{
-I - - 1 -

df Ff + i.p2(r, f)D - 2i.p~(r, f) [.\]i.p(r, f).\ - 2i.p~(r, f) [.\]i.p(r, f).\

rp2(r, 1').6} dt + rp(r, 1'). 0 dW,

dY { Br - Br - ~62rp2(r, 1') - ~6rp~(r, r)[>.]rp(r, 1') - ~6rp~(r, r)[).]rp(r, 1') } dt

+ Ji.p(r, f) 0 dW, (2.140)

where i.p~(r, f)[.\] and i.p~(r, f)[.\] denote the Frechet derivatives operating on the
vector .\ and i.p~(r, f)[~] and i.p~(r, f)[~] denote the Frechet derivatives operating
on the vector ~.

D(x) = >.(x) iT >.(s)ds

D(x) = ).(x) iT ).(s)ds.

(2.141)

(2.142)
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Our task is to determine when the Lie algebra generated by

83

Fr + i.p2(r, r)D - ~i.p~(r, r)[A]~(r, r)A - ~<p~(r, f)[~]i.p(r, r)A

{l(f) Ff + i.p2(r, f)iJ - ~i.p~(r, f)[~]<p(r~ f)~ - ~<p~(r, r)[A] <p(r, r)~ - i.p2(r, r)~6

Br - Br - ~b2i.p2(r, f) - ~b<p~(r~ r";)[A]i.p(r, f) - ~6i.p~(r, r)[~]<p(r, r)

i.p(r,f)A

a(f) <p(r, f)~

b<p(r, r)

(2.143)

is finite dimensional. Before we start cOlnputing the Lie algebra generated by
these vector fields we make the following assumptions:

Assumption 2.5.3. We assume that <p(r, f) i- 0 for all (r, r) E 1{ x H.
Assu~ption 2.5.4. Denote <1>(r, r) = :p2(r, f). We assume that for all (r, f) E
1{x1{

Under Assumption 2.5.3 the Lie algebra generated by vector fields (2.143) is in
fact generated by the simpler system of vector fields fo = {l(f) and f1 = a(f) (we
use the Gaussian elinlination and the fact that <p~(r, r)[A]i.p(r, f), i.p~(r, f)[~]i.p(r, f)
and i.p(r, f) are scalar fields on 1{ x H), where

(2.144)

We are now able to formulate the following necessary and sufficient conditions
for A(x) and ~ (x) ensuring that the Lie algebra generated by vector fields fo and
f1 is finite dimensional and thus the whole systenl admits an FDR.

Proposition 2.5.5. Assume that

1. The domestic and foreign forward rate volatilities are of the form (2.136)
(2. 137} consequently, and the exchange rate volatility is of the form (2. 138},
and

2. Assumption 2.5.3 and Assumption 2.5.4 hold.
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The two- country interest rate model then has a finite dimensional realization if
and only if A(X) and '\(x) are QE. The function cp is allowed to be any smooth
scalar field on H x H.

Proof. The two-country lllodel will have a generic FDR at the initial point fa if
and only if

dim {/-t, a} < 00

in the neighborhood of fa. We obtain the following matrices for the Frechet
derivatives of vector fields p and a

F + <p~(r, f)D <p~(r, f)D o 000

000

The Lie bracket between the two fields is equal to

FA + <p~(r, r) [A]D + <P~(r, r) [,\]D

f2 = rp, a] = F'\ + <p~(r, r)[A](D - 6,\) + <P~(r, r)[,\](D - 6,\)

A(O) - '\(0) - ~62<p~(r, r)[A] - ~62<p~(r, f)[,\]

In the same way we obtain that

(2.145)

f3 = [rp, a]' a]

<p~,r(r, r)[A; A]D + 2<P~,r(r, r)[A; ,\]D + <p~,r(r, r)[,\; ,\]D

{ <I>~,,. (r, f) [A; A] + 2<I>~,r(r, i)[A; 5.] + <I>~,r( i, i) [5.; 5.] } { iJ - 65. }

-!62 <p" (r r)[A o A] - 62 <p" -(r f)[A·'\] - !62 <p'! -(r r)['\·'\]2 r,r" r,r" 2 r,r' ,

Taking into account Assumption 2.5.4 and performing Gaussian elimination (we
divide vector field f3 by <p~r(r,r)[A;A]+2<P~r(r,r)[A;'\]+<P~r(r,r)['\;'\] -I- 0 and
subtract <p2 f3 from fa) we 'see that the Lie ~lgebra is gener~ted, in fact, by the
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system of much simpler vector fields

[ Fr ]fo(r) = Fr
Br-Br

fl(r) [~]
f2(r) [BA~~B~]
f3(r) = [n ~8~] .

-~62

85

(2.146)

Since all the fields except for the first are constant in the first two argurnents, it
is easy to calculate the Lie brackets. Also~ it is easy to see that all the brackets
between the vector fields fi and fj, i, j 2 1 are equal to zero and only the brackets
with fa are non-zero. After computing the Lie brackets we find, in fact, that

We note that a necessary condition for the Lie algebra generated by these vector
fields to be finite dimensional is that the vector space spanned by

(2.148)

is finite dimensional. According to Proposition 2.4.2, this occurs if and only if
both A(x) and ~ (x) are quasi-exponential functions.

If A(X) and ~(x) are QE, it follows that D(x) and D(x) -6~(x) are QE by Lemma
2.8.13. As we already proved in Lemnla 2.8.14, there exists a nlinilllum degree
annihilator polynon1ial P(F) of degree q = 2n (where n is the degree of the
minimum annihilator polynomial for A and ~), such that

P(F)D = P(F)(D - 6~) = o. (2.149)
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Using Proposition 2.4.2 we realize that the Lie algebra spanned by

[

Fq+l D ]
is finite dimensional and vector U q+1 = Fq+ 1(iJ -=- Ab) _

BFqD - BFqD + bBFqA
pressed as the linear combination of vectors

and the proof is cornpleted.

can be ex-

•

2.5.2 General orthogonal noise model. Sufficient condi
tions.

Before moving to the general constant direction volatility model, we consider the
simpler orthogonal noise model, where the set of Wiener processes Wi , i E M
driving the don1estic forward rate equation is uncorrelated with the set of Wiener
processes Wi , i E N driving the foreign forward rate equation; both sets are
uncorrelated with the set of Wiener processes W i , i E K driving the exchange
rate equation. In this case, because of independency, the Stratonovich dynamics
(2.135) of f will be simplified as follows:
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dr {Fr + L 'P7(r, T, Y)Di - ~ L 'P~;(r, T, Y)[Ai]'Pi(r, T, Y)Ai} dt
iEA! iEA!

+ L CPi(r, r, Y)Ai 0 dWi,
iEAI

df {FT + L 07(r, r\ Y)Di - ~ L 0~;(r", T, Y)[.\;]0i(r, T, Y).\i} dt
iEN iEN

+ L tPi(r,r, Y)~i 0 dWi,
iEN
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dY {Br - BT - ~ L J;(r, T, Y) - ~ L J~;(r, T, Y)Ji(r, T, V)} dt
iEK iEK

+ Lbi(r,r,Y)odWi. (2.151)
iEK

Thus, our task is to determine whether the Lie algebra generated by the following
vector fields is finite dimensional:

o

o

o

o

o

o

i E lvI, j E N, k E K.

To proceed with computing the Lie algebra generated by ft(f), ai(f), i E M,
aj(f), j E Nand ak(f), k E K we make the following assumption:

Assumption 2.5.6. We assume that CPi(r, r, Y) -I 0, <(Ji(r, f, Y) -I 0 and bi(r, r, Y) -I
o for all ('1', r, Y) E H x it x R+ and for all i EMU N u K.
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Under Assumption 2.5.6 we once again use Lemma 3.166 to see that the Lie
algebra

L = {{L(f), o-i(f), i E .1\;1 U NU K} LA = {jL(f), o-(f)} LA

is generated by a rnuch simpler systeul of vector fields:

Fr + LiEAI :;;(r, r, Y)D i Ai a a

fa Fr + LiEN c;;(r, r, Y)D i fi = a fj = A· h= aJ

Br-Br a a 1

i E .1\;1, j EN. (2.152)

Although the systeln of vector fields we arrived at by means of Gaussian elim
ination is much sinlpler than the initial systenl of vector fields, once we start
computing the Lie brackets we very soon realize that the resulting Lie algebra is
still very difficult to analyze. However, the situation is not hopeless. Denote by
Ll the Lie algebra generated by the following systern of vector fields:

Fr Ai a a

la = Fr

Br-Br

D·'l

a
a

fj = Aj , h = a

a

a a

i E M, j E N.

Now we can see that the Lie algebra L

L = {fo,fi,i E .1\;1,fj,i E N,h}LA

is in fact included in the larger Lie algebra Ll

£1 = {Jo, j;, gi, i E lvI, h 9j, j E N, h } LA '

(2.153)

(2.154)

since the generators of L are included among the generators of Ll. It is clear
then that if the larger Lie algebra is finite dilnensional then the Lie algebra L will
also have finite dirnension. Larger Lie algebra Ll has a much siulpler structure
than L. By studying Ll we can then easily obtain sufficient conditions for the
existence of an FDR.
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Existence of an FDR
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The following proposition gives us necessary and sufficient conditions for the
larger Lie algebra L1 (and thus sufficient conditions for the general orthogonal
noise ill0del (2.151)) to be realized by a finite diillensional state space model.

Proposition 2.5.7. The Lie algebra L1 is finite dimensional if and only if each
component of A(x) and ~(x) is quasi-exponential. Thus a sufficient condition
for the two-country general orthogonal noise model to have a finite dimensional
realization is that all the components of ACr) and ~(x) are quasi-exponential. The
functions CPi, i E it!, <pj, j E Nand <5k , k E K are allowed to be any arbitrary
smooth scalar fields on 1{ x if x R+.

Proof. We start by cOluputing the Lie brackets for the larger Lie algebra L1. It
is easy to see that the only non-zero Lie brackets will result froill taking brackets
between vector field 10 and all other vector fields. Thus~ cornputing the Lie
brackets we see that for i E 1vJ~ j E N

It is clear that a necessary condition for the relevant Lie algebra to be finite
dimensional is that the vector space spanned by the subspace

and the vector space spanned by subspace

{F5.j , n=1,2, ... , jEN}

(2.155)

(2.156)

are finite dimensional. This is satisfied if and only if Ai ~ ~j, i E A1, j E N are
QE. According to Lemma 2.8.13 D i , Dj are QE as well, which means that L1
is finite dimensional. Since this obviously leads to the finite dimensionality of
the smaller algebra L we conclude that QE Ai, ~j~ i E M, j E N are sufficient
for the two-country general orthogonal noise model to have a finite dimensional
realization. •

2.5.3 General model. Sufficient conditions

Existence of an FDR

In this section we consider the general two-country model (2.135) where each
equation of the system is allowed to be driven by the m-dimensional Wiener
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process W. In order to rnake predictions concerning the existence of an FDR in
this model, we intend to study the dimension of the Lie algebra generated by the
following vector fields:

FT + 2::n cp;D i - ~cp~[A]cpA - ~<p~[~]0A - ~cP~6A

Jt(f) Fr + 2:7:1 0;Di - ~<p~[~]0~ - ~0~[A]<p~ - ~0~~6 - 06~

BT - Br - 1 ~.~ 6? - 16' [A]I,0 - 16~[~]/~ - 16' 6
2 L-n=l ~ 2 r r 2 r 'f-' 2 Y

CPlAl !.p2 A2 CPmAm

0-1(f) 0lAl 0-2(f) = <P2 A2 o-m(f) = !.pm Am

61 62 6m

We can see that the Lie algebra generated by these fields can no longer be reduced
by rneans of Gaussian elimination to the sinlpler systenl of vector fields as in
(2.152). Denote by [, the initial Lie algebra generated by these fields. Define
the Lie algebra [,1 as the Lie algebra generated by the following vector fields (for
i = 1, .. . ,m):

FT + 2:~ cp?D· Ai 0 0
~=l ~ ~

fo F- 2:m -2iJ fi = 0 li = ~i h= 0T + i=1 CPi i

B B- 12:m 62 0 0 1T- T-- ..
2 ~=l ~

We note now that the Lie algebra [, is included in the larger Lie algebra [,1. The
vector fields generating the Lie algebra [,1 can be considered as a system of the
vector fields for the general orthogonal noise rnodel. Thus, as pointed out in the
previous section, the Lie algebra [,1 can itself be included into even larger Lie
algebra [,2 generated by the following vector fields for i = 1, ... , m:

10 =

FT

FT

BT-Br o

0 0 D· 0
~

h= ~i , h= 0 gi = 0 gi = D i

0 1 0 0
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Thus, we obtain the following inclusion

where

L1 = {fo, h, fiJi, i = 1, ... m} LA

91

(2.157)

Using Proposition 2.5.7 we immediately obtain the following result specifying
the necessary and sufficient conditions for the larger Lie algebra £2 to be finite
dimensional and thus the sufficient condition for the Lie algebra £ to be finite
dimensional.

Proposition 2.5.8. The Lie algebra £2 ~f finite dimensional if and only if each
component of A(x) and ,\(x) is quasi-exponential. Thus a sufficient condition
for the two-country general constant direction volatility model to have a finite
dimensional realization is that all the components of A(x) and ,\ (x:) are quasi
exponential. The functions epi, rpi and bi , i = 1, ... , m are allowed to be any
arbitrary smooth scalar fields on H x ii x R+.

Proof. Follows frolll Proposition 2.5.7 and inclusion (2.157).

Construction of an FDR

•

From Subsection 2.5.3 we know that the general constant direction volatility
model admits finite dimensional realization if and only if A(X) and '\(x) are QE.
However, we were not able to determine the minimal dimension of the realization.
Thus, we can only construct non-minimal finite dimensional realization. We
use the same technique as in the siluplest case, and given the simplicity of the
generating vector fields, the operators exp{id} and exp{at} are easy to find:

(2.158)
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efiktro [TO +tAit
] , eHti'o = [TO + :k~it] ,

[TO +rDit
] , [ 0 ]e9ftro -kt A k - (2.159)e9, TO = TO + ~ Dit .

Assume that the finite dimensional realization exists and Ai, Di, ~i and Di satisfy
the following ODE:

ni- 1

L c~FkAi'
k=O
qi- 1

Ld~FkDi
k=O

ni- 1

Fni~. = "" c~Fk~.
1- ~1- 1-

k=O
qi- 1

Fqi Di = L d~FkDi .

k=O

(2.160)

(2.161 )

Then we can construct the invariant manifold as follows:

where k = 0,1, ... , ni - 1; j = 0,1, ... , qi - 1; l = 0,1, ... , ni - 1; p =

0,1, ... ,qi - 1, i = 1, ... ,m, qi = 2ni' This brings us to the forward rate curve
parametrization

i = 1, , m)]
i=l, ,m) ,

where
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C 1 (ZO, Zlk' Z;j' k = 0,1, ... , ni - l;j = 0,1, ... , qi - 1; i = 1, ... , m)
m ni-1 m qi-1

TO(X + zO) + L L F
k

Ai(X)zlk + L L FjDi(x)z;j

i=O k=O i=O j=O

m ni-1 m l]i-1

ro(x + zO) + L L Fk~i(x)zlk + L L FjDi(X)Z~
i=O k=O i=O j=O
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(2.162)

We can now infer the Stratonovich dynamics of the vector state process Z

from the equations

which can be rewritten as follows:

a m ni- 1 m qi- 1

G~ (Z)a(Z) = Ox ro(x + zO)ao + L L FkA;(x)alk + L L Fi D;(x)a~J
i=O k=O i=O j=O

a m ni- 1 m qi- 1

oxro(x+ZO)+ LLFk+1A;(x)ZIk+ LLFj+1D;(x)Z~
i=O k=O i=O j=O

C;(Z)a(Z) ~ ro(x + zO)ao +f 'f F
k
.\;(x)ark +f I:Fi D;(x)a;i

i=O k=O i=O j=O

~ ro(x + ZO) + f 'f Fk+l .\;(X)Zlk + f I:Fj+l D;(x)Zt
i=O k=O i=O j=O
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Substituting equations (2.160) in (2.163) we obtain the following solution for
vector a(Z):

1
OIl A A 1 A - A

ciZi,ni- 1 - 2CP~JG(Z))[Ai];Pi(G(Z)) - 2CP~JG(Z))[Ai]rpi(G(Z))

- ~<P~'i(G(Z) )6i

zl kzl
i,k-I + Ci i,ni-I

d? Z;qi- I + cp7(G(Z))

Z;j-l + d{Z;qi- 1

-:::0 3 1 A -. A 1 A A

CiZi,ni- 1 - 2~~i(G(Z))[Ai]~i(G(Z)) - 2rp~JG(Z))[Ai]rpi(G(Z))

- ~0~i(G(Z))6i - ~i(G(Z))6i

zlk-I + c~zln-I, , z

d?ztqi- I + ~7(G(Z))

Z~. I + d~ Z~ - IZ,J- Z z,qz-

Vector b(z) can be found frolll the following system:

a m ni- I m qi- I

c; (zW(z) = ox r'o(x + zO)bo+ L L FkAi(x)b}k + L L FjDi(x)b;j = <PiA;
i=O k=O i=O j=O

a m ni- I m qi- I

0/0 (X + zO)bo+ L L Fk)..i(X)bTk + L L FjDi(x)bt = ~i)..i
i=O k=O i=O j=O

bo 0

bio cpi(Z),
bik 0, k = 1, ... ,ni - 1,

b~. 0,
ZJ

bfo epi(Z),

bfk 0, k = 1, ... , ni - 1,

b1. 0
ZJ

Finally, comparing the dynamics of Y and Z5 we are able to derive the dynamics
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of Z5. The Stratonovich dynarnics of the state variables are given by

dZo dt

dzlo { c? Zi~ni-l - ~ip~i(G(Z)) [.\d'Pi(G(Z)) - ~ip~i(G(Z)) [ji]V\(G(Z))

- ~ip~;(G(Z))Ji} dt + 'Pi(G(Z)) 0 dWt

dzlk {Zi~k-l + c7Zlni- 1 } dt, k = 1~ ... ~ ni - 1

dZ10 {d? Z~qi-l + ip;(G(Z))} dt

dZlj {Z~j-l + d{ Z~qi-l} dt, j = 1~ ... ~ qi - 1

dZlo {C?Ztiii- 1 - ~0~i(G(Z))[~i]~i(G(Z)) - ~<P~i(G(Z))[Ai]<Pi(G(Z))

- ~~~i(G(Z))6i - 0i(G(Z))6i }dt + ~i(G(Z)) 0 d~~Tt

dZ;k {Ztk-l + c7Ztiii- 1 } dt k = 1~ ... ~ ni - 1

95

dZ~.
Z,]

{d? Z(iii- 1 + 1ji;(G(Z)) } dt

{ Z(j_l + diZ(iii- 1 } dt, j = 1, ... , qi - 1

{ - ~J2ip2(G(Z)) - ~J'P~(G(Z) )[.\]ip(G(Z)) - ~J'P~(G(Z) )[j]ip(G(Z)) } dt

+ 6~(G(Z))odW

Thus~ we proved the following proposition.

Proposition 2.5.9. Given the initial domestic and foreign forward rate curves
ro and To and exchange rate So, the forward rate system, generated by volatilities
defined in (2.126), (2.127) and (2.128), has a finite dimensional realization given
by

where G is defined as in (2.162). The Ito dynamics of the state variables Z are
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given by

dZo dt

dZl.o c?Zlni- 1dt + ipi(G(Z) )dWt

dzlk {Zlk-l + c~Zlni- 1 } dt, k = 1, ... ,ni - 1

dZ;,o {d? Z;'q,_l + 'Pf(G(Z)) } dt

dZlj {Z£j-l + d{ Z£qi- 1 } dt, j = 1, ... , qi - 1

dZfo C?Z~iii-ldt + ~i(G(Z))dWt

dZ:k {Z~k-l + c} Z~iii-l} dt, k = 1, ... ,ni - 1

dZfo { d?Ztii,-l + i,Of(G(Z)) } dt

dZfj {Ztj-l +diztii'-l}dt, j = L .. .. 1];-1

dZ5 6i.p(G(Z))dlV,

where c~, c~, d~ and d~ are defined in (2.160).

2.6 Existence of an FDR In a system with for
ward exchange rate

In the previous sections we studied the existence of an FDR in an economy
described by the dynalnics of don1estic and foreign forward rates as well as spot
exchange rates. However, we might want to model the whole term structure of
exchange rates and then the natural problem would be to understand when there
exists an FDR in the economy specified by the domestic and foreign forward rate
dynamics as well as the dynamics of the forward exchange rate.

Definition 2.6.1. We define forward exchange rate, F(t, T), contracted at time
t, as units of domestic currency that will be paid per unit of foreign currency at
time T.

Taking out a forward contract for foreign exchange means agreeing to buy foreign
exchange at an agreed rate in the future. The existence of the forward market
leads to a considerable alnount of speculation. The forward exchange rate should
be determined so as no arbitrage opportunities are introduced on the international
market. Assull1e that we agree to buy foreign currency at time T at a rate of
K units of domestic currency per unit of foreign currency. The price of such a
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contract equals
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(2.163)

The price of such a contract on the initial date should be equal to zero if the price
for one unit of forward currency in the future is set to the forward exchange rate;
thus, the forward exchange rate, F(t, T), should be equal

(2.164)

where the expectation is conlputed under the domestic forward rnartingale mea
sure.

Assume that an investor sells dornestic bond p(t, T), converts the proceeds to

foreign currency, and buys ~;~'~:T) foreign bonds. The foreign bonds yield 1 unit
of foreign currency at tirne T, which can be converted back to dornestic currency
at the agreed tillle t in the forward contract rate, F(t, T). Thus, the amount

of domestic currency the investor obtains in the end is p~(~~?;~). On the other
hand, at tirne T we need to repay 1 unit of domestic currency. The strategy
should yield zero so as not to introduce arbitrage on the market; thus,

F(t, T) = S(t)p(t, T) .
p(t, T)

(2.165)

Hence, the forward exchange rate can be expressed in terrns of the spot exchange
rate and donlestic and foreign bond prices, which implies that the necessary
and sufficient conditions for the existence of an FDR for all the objects on the
righthand side are also the necessary and sufficient conditions for the existence
of an FDR for F(t, T), p(t, T) and p(t, T).

2.7 Conclusion

The purpose of the paper is to understand when the inherently infinite dilllen
sional dOlllestic and foreign forward rate processes can be realized by means of
a Markovian finite dirnensional state space rnodel. Since under the lllartingale
measure the forward rate dynamics is completely specified by its volatility we
proceed by considering several different volatility specifications. Our findings for
different types of volatilities can be summarized as follows.

We find that the necessary and sufficient conditions for constant domestic and
foreign volatilities (volatilities that do not depend on the whole forward rate
curves) and constant exchange rate volatility are that both forward rate volatil
ities are quasi-exponential. In this case, the exchange rate volatility does not
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restrict the results in any way. Once we have chosen quasi-exponential domes
tic and foreign volatilities, we automatically produce a rnodel that admits an
FDR. We can, however, reduce the nUlllber of factors by the number of Wiener
processes driving the forward rate systelll if we make sorne specific assumptions
concerning the dependence between forward rate volatilities and exchange rate
volatility. Here we rnay choose the forward rate volatilities freely from the class
of quasi-exponential functions. However, given a fixed choice of these volatilities~

the choice of exchange rate volatility is restricted and deterrnined by the choice
of forward rate volatilities.

The case of constant direction dOlllestic and foreign forward rate volatilities
lp(f)A(X) and lp(f).\(x) is 1110re cornplicated. We are able to provide necessary
and sufficient conditions for the existence of an FDR only in a simple case where
the 1110del is driven by one Wiener process and where the lengths of all the vec
tor fields (forward rate volatilities) lp(r, f) are the sarne and the exchange rate
volatility takes the form 6lp(r, f). It turns out that the necessary and sufficient
conditions for the existence of an FDR are that the constant directions of the
volatilities, A(X) and .\(x) are quasi-exponential functions.

In the more general case when the systelll is allowed to be driven by an m
dimensional Wiener process and the length of the vector fields is allowed to be
different, we can provide sufficient conditions only. The sufficient condition for
the general two-country model to admit an FDR is that the constant directions
of the volatilities are quasi-exponential.

We also study the two-country model specified by the dOlllestic and foreign for
ward rate dynamics and the forward exchange rate dynarnics. Since no arbitrage
condition implies that the forward exchange rate can be expressed as a function
of domestic and foreign bond prices and the spot exchange rate, the necessary
and sufficient conditions for the existence of an FDR for all the objects on the
righthand side are also the necessary and sufficient conditions for the existence
of an FDR for F(t, T), p(t, T) and p(t, T).

2.8 Appendix

2.8.1 The space

The analysis becomes rllore complicated given that, in general, operator F = t:
is not bounded. This means that we cannot guarantee that the strong solution
for the forward rate equation exists for any choice of the initial point rOe Thus,
to be able to proceed we need to restrict ourselves to the subspace where the
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operator F is in fact bounded. Hence~ we define the following sufficiently regular
subspace H'Y.

Definition 2.8.1. Consider a fixed real number r > O. The space H'Y is defined
as the space of all infinitely differentiable functions

satisfying the norlll condition 11 T II'Y < 00. Here the norm is defined as

The following Proposition can be proved (see Bjork and Svensson (2001)).

Proposition 2.8.2. The space H is a Hilbert space5 , i. e. it is complete. Fur
thermore, every function in this space is, in fact, real analytic and can thus be
uniquely extended to a holomorphic function in the entire complex plane.

Given all the above assumptions~ the boundeness of the operator F implies that
both the drift and the diffusion of the forward rate equations are slnooth vector
fields on H and thus the strong solution exists for every initial point ro EH.

2.8.2 Basic concepts in differential geometry

Consider a real Hilbert space H. \Ve give the following definitions.

Definition 2.8.3. n-dimensional distribution is a nlapping F~ which to each
f E H associates an n-dilnensional subspace F(f) ~ H.

A vector field f : H ~ H is said to lie in F if f(f) E F(f) for every f E

H. A collection f1 ~ ... ~ fn of vector fields lying in F generates (or spans) F if
span {i1 (f)~ ... ~ fn(f)} = F(f) for every f E H~ where span denotes the linear
hull over the real field.

Definition 2.8.4. The distribution F is smooth if to every f E H there exist
smooth vector fields f1 ~ ... ~ f n spanning F.

A vector field is smooth if it belongs to Coo. Assume now that we have two
distributions F and G. If G(f) ~ F(f) for all f~ then F contains G.

The dinlension of a distribution F is defined pointwise as dinlF(f). Let now f
and g be two smooth vector fields on U.

5We will suppress the subindex ,.
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Definition 2.8.5. The Lie bracket of the two vector fields 1 and 9 is the vector
field

[1, g](f) = I'(f)g(f) - g'(f)f(f),

where f'(f) denoted Frechet derivative of f at f. The Frechet derivative is oper
ating on 9 (the Sall1e applies to g' (f) f (f) ).

Definition 2.8.6. A distribution F is called involui'ive if for all smooth vector
fields 1 and 9 lying in F on U, their Lie bracket also lies in F, i.e.

[1, g](f) E F(f), Vf E H.

The following concept of Lie algebra will be used extensively further on in the
paper.

Definition 2.8.7. Let F be a smooth distribution on H. The Lie algebra
generated by F, denoted by {F}LA or by L {F}, is defined as the minimal (under
inclusion) involutive distribution containing F.

Let F be a distribution and let r.p : V ~ ~ll be a diffeoll1orphislll between the
open sets V and W on X. Then we can define a new distribution r.p*F on W by

cp*F(r.p(x)) = r.p'(x)F(x). (2.166)

For any smooth vector field f E COO (U~ X) the field r.p*f is defined analogously.
It is straightforward to verify that

(2.167)

(2.168)

This implies that if F is generated by fl, ... , In, then if*F is generated by
r.p*Il, ... ,r.p*In, and that F is involutive if and only if cp*F is involutive.

2.8.3 Existence of a finite dimensional realization

Let p" aI, ... , am be smooth vector fields on H. For a given initial point f o E H
consider the following system of SDE on H.

{

dft = P,(ft)dt + a(ft) 0 dWt,

f o = fO,

where Wt is an m-dimensional Wiener process and 0 denotes the Stratonovich
integral. In this paper f t is the extended vector process (Tt, rt, }t)*. The following
result gives the general necessary and sufficient conditions for the existence of an
FDR.
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Theorem 2.8.8. (Bjork and Svensson) Consider the SDE in (2.168) and

assume that the dimension of the Lie algebra {P, aI, ... ,am} LA is constant near

the initial point f o E iI. Then (2.168) possesses an FDR if and only if

dim {P, aI, ... , am} LA < 00

at the neighborhood of fO .

The following theorenl gives us a paranleterization of the forward rate curves pro
duced by the lllodel. To state this theoreln we will need the following definition.

Definition 2.8.9. Let f be a Sll100th vector field on H, and let f be a fixed point
in H. Consider the ODE

{
or.t =
at

f'o = f.

We denote the solution f t as f t = eftf'.

We can now state the second theoreul.

(2.169)

Theorem 2.8.10. (Bjork and Svensson) Assume that the Lie algebra {P, a}LA

is spanned by the smooth vector fields i1' ... , id. Then, for the initial point '1'0,
all forward rate curves produced by the model will belong to the manifold 9 E if,
which can be parameterized as 9 = I nl[G], where

G(Zl" .. , Zd) = efdZd ... ehZ1fo,

and where the operator eJizi is given in Definition 2.8.9.

The lnanifold 9 in the above theorerll is obviously invariant under the forward
rate dynarnics. It will be therefore be referred to as the invariant manifold.

2.8.4 Quasi-exponential functions - some useful results

Lemma 2.8.11. Take the following vector fields f1, f2 and fk as given. The Lie
algebra L = {f1' f2, ... ,fk}LA remains unchanged under the following operations .

• The vector field fi(r) may be replaced by a(r)fi(r), where a is any smooth
nonzero scalar field .

• The vector field fi(r) may be replaced by

fi(r) + L aj(r)fj(r),
j-:f-i

where aj is any smooth scalar field.
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As we will see later, the following types of functions will play an inlportant role
for the rest of the paper.

Definition 2.8.12. A quasi-exponential (or QE) function is by definition any
function of the forrn

f(x) == L eAiX + L elXjX(pj(x) cos(Wjx) + qj(x) sin(wjx)L
j

(2.170)

where Ai, (Xi and 'Wj are real numbers, whereas Pj and qj are real polynomials.

Lemma 2.8.13. The following holds for the quasi-exponential polynomials:

• A function is QE if and only if it is a component of the solution of a vector
valued linear ODE with constant coefficients.

• A function is QE if and only if it can be written as f (x) == ceAxb, where c
is a row vector, A is a square matrix and b is a column vector.

• If f is QE, then f' is QE.

• If f is QE, then its primitive function is QE.

• If f and 9 are QE, then fg is QE.

For use below we need the following sirnple result on QE functions.

Lemma 2.8.14. The following two implications hold.

• Assume that two real valued functions f and 9 satisfy the same linear ODE
with constant coefficients, i. e. they satisfy an equation (without prescribed
boundary data) of the form

P(F)f

P(F)g

0,

0,

(2.171)

(2.172)

where P is a polynomial. Then f and 9 must be QE.

• Consider two arbitrarily chosen QE functions f and g. Then there will exist
a (not uniquely defined) polynomial P such that f and 9 satisfy:

P(F)f

P(F)g

't.e. f and 9 satisfy the same ODE.

0,

0,

(2.173)

(2.174)
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Proof. In one direction the proof is trivial. Indeed, if P(F)f = P(F)g = 0, then
according to LeIl1Il1a 2.8.14, both f and g are QE since they are solutions of linear
ODEs with constant coefficients.

Assume now that both f and g are QE. Then there exist t\\lO (possibly different)
polynomials Rand Q, such that R(F)f = 0 and Q(F)g = O. Now construct the
polynornial P as the product of the polynomials Rand Q, then

P(F)f = Q(F)R(F)f = R(F)Q(F)g = P(F)g = 0,

which Il1eans that both f and g satisfy the same ODE with real coefficients
specified by the polynomial P. •

In the second statement above, there is of course no unicity of the polynomial
P, since any polynornial of the forn1 QP will do as well. For fixed f and g there
will, however. exist a unique polynornial P of minimal degree.

Corollary 2.8.15. Assume that f and g are QE functions, then there exists a
unique polynomial of minimum degree with the property P(F)f = P(F)g = O.

Proof. Since f and g are QE, then there exist two different polynomials P and
Q, such that P(F)f = 0 and Q(F)g = O. We can always rewrite P and Q as
P(F) = P(F)Al(F) and Q(F) = Q(F)AI(F), where

l

M(F) = IT(F - Sj)nj
,

j=O

where {Sj }~=1 is the set of COIl1mon roots and nj is the rrlinimal multiplicity of

each common root (3j. (M = 1 and P = P and Q = Qin case the two polynomials
do not have cornmon roots.) The rninimal polynomial AI can then be constructed
as M(F) = P(F)M(F)Q(F). •





Chapter 3

Joint Term Structures of
Nominal and Real Interest Rates
in a Two-Country Setting

The aim of this paper is to create a general affine framework that would allow the pricing of

nominal and inflation-linked bonds in an international setting and that would help to explain

ternl structure movements in terms of macroeconomic shocks~ exchange rates or policy-related

factors. The contribution of this paper is that it enlarges the lnultifactor affine Daffie-Kan

framework to model affine joint donlestic and foreign nominal and real ternl structures~ domes

tic and foreign price levels~ and nominal and real exchange rates. \Ve assume that the bond

prices are influenced by the multivariate factor whose price process is driven by both a mul

tidimensional Wiener process and a general marked point process. We provide necessary and

sufficient conditions on the factor dynalnics~ domestic and foreign short rates and/or exchange

rate and price level dynamics in order to obtain jointly affine domestic and foreign real and

nominal term structures and real exchange rate. We investigate if the general affine framework

is consistent with the empirical evidence supporting the purchasing power parity (PPP) hy

pothesis; that is, we find necessary and sufficient conditions for the real exchange rate in the

affine framework to be nlean stationary. As compared to previous studies we include in the set

of observables inflation-linked domestic and foreign bonds as well as nominal exchange rate and

price levels. Thus we estimate the international ATS model for the joint domestic and foreign

nominal and inflation-linked bonds, including nominal exchange rate and price levels in the

set of observables. As a practical application of this international nlodel we construct a "real

exchange rate" option and demonstrate how to price it. This derivative can be introduced and

used by investors to hedge exchange rate and inflation risks.!

1I gratefully acknowledge financial support from the Jan Wallander and Tom Hedelius Foun
dation. I thank Tomas Bjork and Sveriges Riksbank for helpful comments.
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3.1 Introduction.

Along with the general equilibrium nlodels for the term structures of interest rates
developed by Cox~ Ingersoll, and Ross (1985), affine terru structure models based
on the no arbitrage approach have received considerable attention in the finance
literature. These lllodels are attractive rnainly due to their analytical tractability
which sinlplifies both pricing and estinlation procedures. The ruain idea behind
affine term structure nlodels (ATSl\ls) is that bond prices are driven by a finite set
of underlying l\larkovian factors that follow sorne exogenously specified diffusion
processes. The idea then is to find necessary and sufficient conditions on the factor
dynamics so that the bond prices take sorne predeternlined functional forru, i.e.
are exponentially affine in the factors.

The most general no arbitrage multifactor rnodel of the affine term structure
nl0dels of interest rates was first described in Duffie and Kan (1996)2. Duffie and
Kan (1996) also give an economic interpretation of those factors; in fact, they con
sider yields of zero-coupon bonds of various fixed nlaturities as factors. The yields
follow the ruultivariate ~larkov diffusion process with" stochastic volatility" .

The developnlent of international nlarkets rnade clear the need for tractable bond
pricing models of internationally integrated rnarkets. The extension is important
since the factors driving the yield curves are to a large extent docurnented as
being international. Thus, there is a clear need to take these factors into ac
count when pricing or hedging financial derivatives (i.e. foreign exchange rate
options). Typically we require the lllodels of an international interest rate mar
ket to be flexible enough to capture all the realistic features of the integrated
market. However, we would also like the rnodel to be tractable enough to be able
to produce closed-fornl solutions for bond prices which would, of course, favor es
timation procedures. The contagion literature seelUS to suggest high correlations
between different lllarkets, implying that we might not need a large nunlber of
factors to capture the realistic behavior of bond prices.

Modeling exchange rate movements as diffusion processes started in the early
1980s with Biger and Hull (1983). Since then a number of models (Arnin and
Jarrow (1991), Frachot (1996), Ahn (1997)) have extended the original siluple
model to consider the joint dynamics for nOlninal exchange rate and domestic and
foreign term structures. Backus, Foresi, and Telmer (2001) provide an extension
to the general Duffie and Kan (1996) franlework by constructing a two-country
affine model and exploring the forward prenlium anomaly. They analyze whether
in a discrete time setting affine terln structure models are consistent with the

2For the general review of affine ternl structure models see e.g Piazzesi (2003), Rebonato
(2003) or Dai and Singleton (2000)
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elllpirical evidence of the forward prelnium anomaly. Han and Hammond (2003)
suggest a way to reconcile the forward premium anomaly with a pure square root
econOlllY. Finally, l\10sburger and Schneider (2005) analyze which specification
fits the dOlnestic and foreign countries' yields and exchange rate dynamics explor
ing several different specifications and a more advanced estimation technique.

After Wednesday 29 January 1997, when the United States Treasury issued its
first Treasury Inflation-Protected Securities (TIPS), and nlany other countries
started issuing inflation-linked bonds, a clear need arose to develop a joint affine
framework that would allow the pricing of both the dOlllestic and foreign nominal
bonds and inflation-linked bonds, and enable efficient estirnation procedures for
lllodel pararneters. Indeed, it becollles difficult to explain term structure move
ments in terlns of outside factors connected to nlonetary policy if we only consider
a simple nOlninal one-country ll10del. Globalization suggests that the actions of
central banks in different countries are very likely to influence term structures of
other countries as well. Thus we need to introduce in our Inodel some factors
responsible for inflation or central bank actions in both countries.

Except for the general equilibriuln models, 11l0St existing arbitrage free Inodels
for inflation-linked bond pricing are built on a one-country rnarket only, such as
e.g. Jarrow and Yildirim (2003). A study by Dillen (1997) suggests a three
factor lllodel where the state variables are the world real interest rate, the real
exchange rate and the inflation rate, and they are driven by a three-dimensional
Ornstein-Uhlenbeck process. Dillen (1997) captures the effects on the terlll struc
ture originating from exchange rate fluctuations and actions by central banks. He
also considers the influence of regirne shifts, such as changes in the target infla
tion rate and devaluations, by allowing the factor dynarnics to be driven by a
Poisson process. Another extension was proposed by Brennan and Xia (2004),
who consider a pure Gaussian terrn structure model and explore the forward pre
miUlll anolnaly in this setting. Dewachter, Lyrio, and IVlaes (2001) estimate a
joint model for the term structure of interest rates and the macroeconomy.

The aim of this paper is to create a general affine fralllework that would al
low the pricing of nominal and inflation-linked bonds in an international setting
and that would help to explain terrn structure movelllents in terms of exchange
rates, lllacroecononlic shocks or policy-related factors. The paper creates the
affine frarnework for pricing securities on international rllarkets by enlarging the
multifactor affine class Daffie-Kan type models to incorporate the dynamics of
dOlllestic and foreign price levels and thus the real exchange rate between the two
countries. Thus, the contribution of this paper is that it extends a multifactor
two-country economy setting so that it jointly models, in a tractable way, do
mestic and foreign term structures, nominal exchange rates, donlestic and foreign
price levels, domestic and foreign real term structures as well as the real exchange
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rate between the two countries. In particular, we answer the question of whether
the affine frarnework is consistent with the empirical evidence supporting the
purchasing power parity (PPP) hypothesis, i.e., under what conditions is the real
exchange rate aSylllptotically mean stationary in the jointly affine framework?

Although there is a number of studies considering the term structures driven by
the jump processes (e.g., Bjork, Kabanov, and Runggaldier (1995), Eberlein and
Raible (1999) and Piazzesi (2005)) very few two-country affine term structure
rnodels are considering factors following jurup-diffusion dynanlics and except for
Dillen (1997), who considers the Poisson process, none of the models include jUlllP
processes. However, if we want to take into account effects of macroeconornic
shocks and policies in international rnarkets we might want to consider jurnp
diffusion factor dynamics. Thus, another contribution of the paper is that we
assume that bond prices are driven by the rnultivariate factor whose price process
is driven by a standard multidirnensional Wiener process and the marked point
process with an intensity that is allowed to depend on the sarlle factors. This
specification is nlostly important for rllodeling the developing countries market. In
particular, we provide the sufficient conditions on the factor dynarnics, dOlllestic
and foreign short rates and/or exchange rate volatilities (alternatively, the forrn
of the exchange rate), and factor jurllp size in order to obtain affine donlestic
and foreign terlll structures. We also provide necessary conditions on the factor
dynamics and the foreign term structure for the domestic ternl structure and the
exchange rate to be affine. We provide sufficient conditions for the real exchange
rate, nominal and real domestic terrll structures, and nominal exchange rate to
be jointly affine.

We do not give an economic interpretation of the factors assullling that they are
unobservable (latent). The natural task is then to back out the dynarnics of those
factors frolll the observable variables. As we specified above, considerable work
has been done concerning the estirllation of the latent factors driving a single
country noruinal term structure. However, little has been done regarding the
estimation of two-country ATSJ\!Is and to the best of our knowledge the interna
tional eIR ATS model for joint domestic and foreign nOlllinal and inflation-linked
bonds has never been estirllated. Also, it seems that in the estinlation of two
country ATS~Is all other studies lose inforluation about the unobservable factors
not including in the set of observables (and thus not including in the estimation),
real domestic and foreign yields, (and real exchange rate).

To estimate the dynamics of the latent factors in a two-country ruodel, Han
and Hammond (2003) and Dewachter and Maes (2001) used the Kalman filter
technique. Han and Hammond (2003) included the exchange rate as one of the
state variables. Affine exchange rate and affine price levels would simplify the
estimation procedure since as compared to Han and Hammond (2003), the exact



3.1. INTRODUCTION. 109

functional form of the exchange rate is known; that is, in this case we can find a
function from state variables to observables.

As a practical application of the general international rnodel presented here, we
construct a European type "real exchange" call option. and show how to value
it. This derivative can be introduced and used by investors to hedge not only
exchange rate risk or inflation risk, but also joint exchange rate and inflation
risks.

The outline of the paper is as follows.

1. In Section 1 we define the rnultifactor two-country econorny and give the
the basic definitions and results on foreign exchange theory and nleasure
transforrnation.

2. In Section 2 we describe a two-country "norninal" econorny and provide
the sufficient conditions that we need to impose on the factor dynarnics.
domestic and foreign short rates and/or exchange rate volatilities (alterna
tively, the fornl of the exchange rate) in order to obtain exponentially affine
dornestic and foreign terrn structures. In addition we provide the necessary
conditions on the factor dynanlics and the foreign terrn structure for the do
mestic term structure and the exchange rate to be affine. Then, we assurne
that both the domestic and foreign term structures are affine and show that
this implies affine factor dynarnics under domestic and foreign martingale
rneasures and derive the irnplications for the exchange rate dynamics.

3. In Section 3 we introduce inflation-protected securities and explain the anal
ogy between Sections 2 and 3.

4. Section 4 introduces the enlarged two-country factor econOlllY and gives
the necessary and sufficient conditions for real exchange rate, nominal and
real domestic ternl structures, and nominal exchange rate to be jointly
affine drawing implications for real exchange rate dynanlics. To enlarge the
framework we extend the general affine theory for the frarnework of real
and nOlllinal zero-coupon bonds. Then, joining the affine "nominal econ
omy" with the inflation-protected bonds economy, we obtain the enlarged
model. In this section we also investigate if the affine frarnework is con
sistent with the empirical evidence supporting the purchasing power parity
(PPP) hypothesis, that is, under what conditions is the real exchange rate
asymptotically mean stationary in the jointly affine framework? We con
struct the European type" real exchange" derivatives and explain why they
can be useful. We also show how to price the security introduced.
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5. Section 5 estimates the nonlinal two-country model and the joint nonlinal
real affine international model. In the rnost general of those specifications
we include nominal exchange rate and US price level in the estiInation
procedure.

3.2 Two-country economy

We consider a financial market in a two-country econorny where all the objects
in the econorny are defined on a filtered probability space (0, F, F, P) where
F = {Ft}O<t<T and P is the objective probability nleasure. The probability
space carries -both a multidimensional vViener process Wand a rnarked point
process (l\fPP), i-l(dt, dy), on the nlark space (R, B). The predictable a-algebra
is denoted by P, and we define P = P @ B. The filtration F = {Ft}O<t<T
is, in fact, generated by Wand /1, i.e. Ft = Ft V Ft

w . \Ve assume that-tIle
point process i-1( dt, dy) has a P-cornpensator of the forIn uP (dt, dy) which adrnits
intensity AP, that is uP(dt, dy) = AP(t, dy)dt. Denote the compensated process
jj(dt, dy) = i-l(dt, dq) - AP(t, dy)dt.

Consider a two-country econoIny where the price dynamics of the standard do
mestic and foreign risk-free assets, Bt and B{, are given by

dBt

dB{

BtRtdt, and

B{ R{dt,

(3.1)

(3.2)

where Rf and R{ are domestic and foreign stochastic short rates.

Definition 3.2.1. A domestic zero coupon bond with maturity date T (T
bond) is a derivative which gives the holder a face value of 1 domestic unit on
date T. The price at time t of a domestic bond with maturity date T is denoted
p(t, T).

Definition 3.2.2. A foreign zero coupon bond with maturity date T (T-bond)
is a derivative which gives the holder a face value of 1 foreign unit on date T.
The price at time t of a foreign bond with maturity date T is denoted pi (t, T).

Definition 3.2.3. The continuously compounded domestic zero coupon yield,
y(t, T), is given by

y(t,T) =
logp(t, T)

T- t
(3.3)

where p(t, T) is the price of the domestic zero coupon bond. For a fixed t, the
function T ----+ y(t, T) is called the (zero coupon) domestic yield curve.



3.2. TWO-COUNTRY ECON01\lIY 111

The continuously compounded foreign zero coupon yield, yf (t, T), is given by

f( T) = _ logpf (t, T)
y t, T - t ' (3.4)

where pf (t, T) is the price of the domestic zero coupon bond. For a fixed t, the
function T ~ yf (t, T) is called the (zero coupon) foreign yield curve.

We assume that there is a nlarket for dornestic and foreignT-bonds for every
maturity T. We assume that rnarket is the arbitrage free, that is, there exist
donlestic and foreign martingale rneasures Qd and Qf. Assume that the Qd
and Qf corllpensators are v(dt, dy) and v f (dt, dy), admit intensities, A(t, dy) and
Af (t, dy), respectively.

The bond prices are, of course, expressed in different currencies. The exchange
rate at tirne t, S(t), is quoted as units of domestic currency per unit of foreign
currency:

S (t) = dorn~stic currency.
forergn currency

3.2.1 General results on foreign exchange theory and mea
sure transformation

Assume that the exchange rate process exhibits jumps. For exanlple, it is natural
to expect that the exchange rate responds to surprise events, shocks or policy
changes in the economy. Assume that the dynamics of the exchange rate under
the domestic martingale measure are given by

dS(t) = S(t)as(t)dt + S(t)(}s(t)dWt + S(t-) 1<5s(t, y)p,(dt, dy), (3.5)

where Qs(t) and (Ys(t) are any adapted processes, and 6s(t,y) is a predictable
process. Suppose that our task is to determine the dorllestic asset price dynamics
under the foreign nlartingale measure. The answer to this problerll is given by the
Girsanov theorem. Assume that there is a domestic T-claim Z(t) and a foreign
T -claim Z f (t) in the economy. Denote the domestic price of the foreign asset by
if (t), then

if (t) = S(t)Zf (t).

We define the likelihood process L by

dQf
dQd = L(t), on :Ft; 0 ~ t ~ T. (3.6)
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According to risk-neutral valuation, the price of the foreign asset at time t = 0
(we take t = 0 without loss of generality) is equal to

which is equivalent to

(3.7)

Since the price of the foreign asset expressed in the dornestic currency is equal
to Zf (t) = 5 (t) Z f (t), we can consider Zf (t) as the asset traded in the dornestic
market and hence according to the risk-neutral valuation we obtain that

which leads to

(3.8)

Equations (3.7) and (3.8) hold for all possible integrable T-clairns; thus, conlpar
ing equations (3.7) and (3.8) we see that

and the following should hold for any t

L ( ) = 5 (t ) - J~ (Rd (s ) - Rf (s ) )ds = 5 (t) B f (t )
t 5(0) e 5(O)Bd(t) , 0 ~ t ~ T.

Hence the likelihood process has the following dynarnics

(3.9)

dL(t) = L(t) {RI (t) - Rd(t) + O's(t)} dt+tTs(t)L(t)dWt+L(t~)L6s (t, Y)JL(dt, dy)

(3.10)

Since L(t) is a 111artingale under the domestic martingale measure Qd, the dy
namics of L (t) under Qd must have zero drift

dL(t) = tTs(t)L(t)dWt + L(t-)L6s (t, Y)ji(dt, dy), (3.11)

which 11leans that under the dornestic martingale measure the drift of the ex
change rate process equals
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(3.12)

I\1ore formally we have the following result: the Girsanov rlleasure transfornlation
theoreln for nlarked point processes (see e.g. Jacod and Shiryaev (1987)):

Theorem 3.2.4. Assume that Qd is a domestic martingale measure and Qf is
a foreign martingale measure. The exchange rate S(t) has dynamics as in (3.5).
Then

1. The Wiener processes under domestic and foreign martingale measures are
connected via

dW(t) = dWf(t) + (Js(t)dt~

where (J5 is allowed to be stochastic.

2. The Qf intensity of the MPP can be expressed as

)/(t~dy) = (1 +6s(t,y))A(t.dy). (3.13)

We will also need the following result:

Lemma 3.2.5. There exists a conditional jump distribution A:f(t~ dy), M(t~ Y) =
1, such that Qd almost surely is

v(dt~ dy) = A:f(t. dy)v(dt) = M(t, dy)v(dt Y).

Proof. See Last and Brandt (1995).

(3.14)

•
Lemma 3.2.6. Assume that A:f(t, dy) is a conditional jump distribution for Qd
intensity A( t. dy) ~ that is,

A(t, dy) = 1'v1(t. dy) ..(t, Y) = M(t, dy)"j(t)~

where "j(t) = A(t, Y), then

• The Qf intensity, "jf (t), relates to the Qd intensity "j (t), by

5.J (t) = 5.(t) L(1 + Js(t, y) )M(t, dy) (3.15)

• The conditional jump size distribution under Qf, M f (t, dy), relates to the
conditional jump size distribution under Qd, M (t~ dy), by

Mf( d ) = M(t,dy)(l + Js(t,y))
t, y IR(l + Js(t, y))M(t, dy)"

(3.16)
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Proof. The predictable compensator takes the form

v(dt, dy) = )..(t, dy)dt = ~(t)M(t, dy)dt,

where

'\(t) = .\(t, Y), M(t, dy) = ~~~', ;;;.

FrOIn the Girsanov theorelll we obtain that under Q!

)..!(t, dy) = )..(t. dy)(l + 6s(t, y))

(3.17)

(3.18)

(3.19)

L(1 + Js(t, y)).\(t, dy) = '\(t)L(1 + Js(t, y))M(t, dy)

)..(t, dy)(l + 6s(t. y)) M(t, dy)(l + 6s(t, y))

JR(l + 6s(t, y)))..(t~ dy) JR(l + 6s(t~ y))1VI(t, dy)·

•
Corollary 3.2.7. If the jump size of the exchange rate is deterministic, that is~

6s(t, W, y) = 6s( t), then

1. The Q! intensity, ~! (t), relates to the Qd intensity ~ (t), by

~! (t) = ~(t)(l + 6s(t)) (3.20)

2. The conditional jump size distribution under Q! , AI! (t, dy), is equal to the
conditional jump size distribution under Qd, M (t, dy).

Proof. Follows directly from LemIna 3.2.6. If 6s(t) is deterministic we see that

~! (t)

AI! (t~ dy)

(1 + 6s(t)))..(t, Y) = (1 + 6s(t))~(t)

(1 + Js(t)).\(t,dy) = .\(t,dy) = M( d )
JR(l + Js(t)).\(t, dy) JR .\(t, dy) t, y.

•
3.2.2 The Two-Country Multi-factor Economy: basic con

cepts

The main goal of this section is to model the joint dynamics of the dOlllestic
and foreign term structures and the nominal exchange rate in a two-country
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(3.21)

multifactor economy (the results can be easily generalized for the multi-country
case). In particular, under what conditions on the factor dynamics are all the
objects in the economy affine?

Assume that all the objects in the economy are driven by an a priori given
n-dimensional factor price process X t . It is natural to aSSUllle that the factor
price process (and thus dOlllestic and foreign interest rates) has a jump-diffusion
dynalllics reflecting for example the possibility of shocks as a result of instability
in the dOlnestic economy or surprise policy changes. \\le aSSUllle that the objects
in the foreign econolny are driven by the same multidirnensional factor process
exhibiting jumps. The general specification allows us to rnodel global factors that
affect both countries and local factors affecting only one of the countries.

We make the following assumptions concerning the factor dynarl1ics and the dy
namics of financial assets.

Assumption 3.2.8.

1. There exists an a priori given factor process X with the following dynamics
specified under a domestic martingale measure Qd

dXt = a(t, Xtldt + a-(t, Xt)dWt +L,(t, Xi, y)p(dt, dy),

where a(t, Xt) is an n-dimensional column vector. (J(t, Xt) is an n x d
matrix, Wt is ad-dimensional Qd Wiener process and r(t, Xt, y) is an n
dimensional column vector process and by

L,(t, Xi, y)p(dt, dy)

we denote the column vector

[
JR 'I (t, Xt,: y)p(dt, dY)]

JR rn(t, Xt, Y)J-L(dt, dy)

2. The compensator 1/(dt, dy) of the MPP J-L( dt, dy) admits a predictable Qd
intensity

(3.22)

where for each t and x, A(t, x, dy) is a deterministic measure on Y. According
to Lemma 3.2.5 we can rewrite the intensity as

)..(t, X t-, dy) = M(t, X t-, dy) .. (t, X t-, Y) = M(t, X t-, dy)~(t, X t-), (3.23)

where lvl(t, X t-, dy) is a conditional jump distribution, M(t, X t-, Y) = 1.
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3. Assume that for every maturity T, prices of domestic and foreign T -bonds
have the form

F(t, Xt, T),

G(t, X b T),

(3.24)

(3.25)

where F and G are two smooth functions of the entries t, T and Xl.

4. Assume that the dynamics of the exchange rate under the domestic martin
gale measure are given by

dSt = StG 8(t, Xt)dt + StO"s(t, Xt)dWt + St- LOs(t, Xl, Y)f1(dt, dy), (3,26)

where as(t Xd is a scalar function, as(t, Xt) is a 1xd row vector, 6s(t, Xt, y)
is a scalar function and Wt is as above.

Definition 3.2.9. If the term structure {p(t, T); O:S t :S T~ T 2: O} has the
form

p(t, T) = F(t, X(t),T), (3.27)

where F has the form
F(t, Xt, T) = eA(t,T)-B(t,T)Xt (3.28)

and where A is a deterministic scalar function and B is a deterministic row vector
function, then the model is said to possess an affine term structure.

Definition 3.2.10. We will say that the short rate is affine if it is an affine
function of factors

(3.29)

where RI (t) is a deterministic row vector function of t only and R2 (t) is a deter
ministic function of time t.

Remark 3.2.11. Affine term structure implies affine short rate. Indeed, if the
term structure is of the form (3.28), then the short rate can be found as

d aIn F (t, x, T) I

R (t, x) = - aT T=t = -AT(t, t) + BT(t, t)x,

which implies that the short rate is indeed affine in the factors since it is of the
form (3.29).

Definition 3.2.12. If the exchange rate has the form

(3.30)

where Q is a deterministic function of t only and P is a deterministic row vector
function of t, then the model for the exchange rate is said to be affine.
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Definition 3.2.13. We will say that the factor dynamics (3.21) are affine if
the drift vector J-l( t, x), the covariance matrix a(t, x )0-* (t, x) and the intensity,
A( t, x, dy), of the marked point process are affine componentwise and the jump
size, r(t x, y), of the process does not depend on x.

3.2.3 Interpretation of the Factors

How should the factors X = (Xl, X 2 , . .. ,Xn ) be chosen? It is always convenient,
of course, to assume that the terrIl structures are influenced by some set of ob
servable factors, since then we can find the bond prices at time t substituting
the observable values of factors Xi at tilne t in the bond pricing equation. For ex
ample, Duffie and Kan (1996) suggest an affine yield factor model which aSSUlnes
that the factors of the model are the yields X = (Xl, X 2 , ... ,Xn ) of zero-coupon
bonds of n different fixed Inaturities, Tl , T2 , ... ,Tn . These kinds of factors are
indeed observable from the current yield curve and can thus be defined as

X·='l

log p( t, Xl, Ti )

'~ -t
i = 1, ... ,no (3.31 )

It is quite unrealistic to expect that the prices of foreign bonds can be expressed
in terms of domestic yields only. In the enlarged economy we could choose, for
example, several purely domestic nOlninal and real yields, as ,veIl as several foreign
nOlllinal and real yields as factors. \\le could include dOlnestic and foreign price
levels in the sets of factors as well. Instead, we will aSSUlne that the bond prices
and exchange rates are driven by the set of unobservable latent factors since in this
case we do not have to assume a priori which factors influence term structures.
The dynalllics of the factors ,vill be possible to estimate from the observable
domestic and foreign bond prices, domestic and foreign inflation-protected bond
prices as well as exchange rate.

3.2.4 Affine Term Structure Factor Model with Jumps:
Sufficient Conditions

The 11lain question we consider in this section is: what are the sufficient conditions
that we need to illlpose on the factor dynamics, the domestic and foreign short
rates and/or exchange rate volatilities (alternatively, the functional form of the
exchange rate) in order to obtain affine domestic and foreign term structures?

We consider the factor dynamics under the domestic martingale measure Qd given
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by (3.21).

Notations. As we specified earlier~ the factor dynamics are said to be affine if
the drift vector a(t, x), the covariance rnatrix a(t, x)a*(t, x) and the intensity~

A(t, x, dy), of the rl1arked point process are affine componentwise and the jurnp
size does not depend on x. We choose the following notations for the affine
objects:

a(t, x) a 1 (t) + a 2 (t)x

a(t, x)a*(t, x) d1 (t) + Ld;(t)Xi
i=l

a(t, x)a~(t, x) b1
( t) + 62

( t )x

A(t,x,dy) A1 (t, dy) + A2 (t, dy)x, (3.32)

where a 1 (t), b1 (t) are column vectors and a 2 (t), d1 (t), d%(t), b2 (t) are rnatrices
depending on tirne t only, A1 (t, dy) is a scalar, A2 (t, dy) is a row vector. We
assume that domestic and foreign short rates are affine and can be written as

R 1(t) + R2 (t)x

R}(t) + Rj(t)x (3.33)

where R 1(t), R}(t) are scalars and R2 (t), Rj(t) are row vectors depending on
tinle t only.

The following proposition provides sufficient conditions for the factor dynarnics,
the domestic and foreign short rates and the exchange rate volatility which ensure
that the domestic and foreign ternl structures are affine.

Proposition 3.2.14. (Sufficient conditions I: Affine domestic and foreign
term structures)

A ssume the following:

1. The drift, a( t, x), of the factor process under the Qd measure, matrices
a(t, x)a*(t, x), a(t, x)as(t, x), the domestic short rate, Rd(t, x), the foreign
short rate, Ri (t, x), and the Qd intensity A(t, x, dy), are affine in factor x.

2. The solutions to differential equations (3.38), (3.39) and (3.46), (3.45)
stated below exist.
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3. The jump size, f( t, y), of the factor process does not depend on factor X t .

4. The jump size, 6s(t, y), of the exchange rate process does not depend on
factor Xt.

Then the domestic and foreign term structures F(t, x,T) and G(t, x, T) are affine
in factor X t .

Proof. 1. In the first part of the proof we show that under the assumptions of
Proposition 3.2.14 the domestic terIn structure is affine. This result is known froIll
Duffie and Kan (1996), but we provide it for the cOIl1pleteness of the arguInents.

By AssuInption 3.2.8 for every Inaturity T, the price of the T-bond has the forln

p(t, T) = F(t, Xt, T).

According to risk-neutral valuation, the price process of the dOlnestic bond can
be expressed as

We know that under the domestic Inartingale measure Qd the factor price process
follows

dXt = a(t, Xt)dt + (J(t, Xt)dWt +L,(t, Y)jl(dt, dy);

thus the tern1 structure will be determined by the following PDE

Ft(x, t) + Fx(x, t)a(t, x) + ~tr [(J*(t, x)H(J(t, x)]

+L{F(t, x + ,(t, V)) - F(t, x)} fJ(dt, dy) = Rd(t, x)F(x, t), (3.34)

where Fx denotes the row vector (z;:;) ~=l and H denotes the Hessian matrix

H .. = (~)n
'l) 8Xi8xj i,j=l·

Consider now the ansatz solution to PDE (3.34) given by

F(t, x, T) = exp {A(t, T) - B(t, T)x} .

Substituting ansatz solution (3.35) in PDE (3.34) we obtain that

(3.35)
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At(t, T) - Bt(t, T)x - B(t, T)o:(t, x) + ~B(t, T)O"(t, x)O"*(t, x)B*(t, T)

+ L{eB(t,T)-Y(t,y) - 1} A(t, x, dy) = Rd(t, x). (3.36)

Since by assurnption a, aa*, Rd and ,\ are affine in x and using the notations
above can be written as (3.32), we can collect all terrllS in Xi for every i and
equate the terrllS in brackets to zero since (3.36) should hold for every x. \Ve
introduce the notation

t(t, Z(t)) = L{eZ(t)-Y(t. y) - I} Ai(t, dy), i = 1,2, (3.37)

where 12 (t, Z (t)) is a column vector

12
( t, Z (t)) = (If (t, Z (t) ), I~ (t, Z (t)), .... I~ (t, Z (t)))*,

and thus obtain the following differential equations for A(t,T) and B(t, T)

-B(t, T)a~(t) + ~B(t, T)d~(t)B*(t, T) - I~(t, B(t, T)) - R~(t),

0, k=l, ... ,n,

(3.38)

{

BA
at(t, T) = B(t, T)a1(t) - ~B(t, T)d1(t)B*(t, T) - I1(t, B(t, T)) - R1(t),

A(T. T) O.
(3.39)

Once the solution to system (3.38) exists and is unique, we obtain the solution for
A and substitute both solutions A and B in (3.38)-(3.39) in the ansatz solution
(3.35). The obtained F(t, x) is the solution to PDE (3.34). Indeed, the solution to
(3.34) is unique and thus the solution is indeed defined by F(t, x) = exp{A(t, T)
B(t,T)x}.

II. In the second part of the proof we show that under the assumptions of Propo
sition 3.2.14 the results proved in the first part ilnply that the foreign term struc
ture is affine. Under the foreign martingale measure Q! we obtain the following
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dynamics for the factor:
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dXt = a(t,Xt)dt + O"(t,Xt ) {dW/ +O"S(t,Xt)dt} +L"((t, y)fl(dt, dy)

{a(t, Xt) + O"(t, Xt)O"s(t, Xt)} dt + O"(t, Xt)dW! +L"((t, y)fl(dt, dy).

Since a and aas are affine by the assulllption, the drift of the factor process under
the foreign rnartingale measure

(3.40)

is affine as well. Applying the Girsanov theorem we also have that under the
foreign martingale measure

>/(t,Xt,dy) = (1 + 6s(t,y))A(t,Xt ,dy). (3.41)

Since we assumed that Qd intensity A(t, x, dy) is affine and the jump of the ex
change rate process 6s(t, y) does not depend on the factor, Qi intensity Ai(t, x, dy)
is affine as well. We apply the salne reasoning as in the first part of Proposition
3.2.14 for the Qi factor dynamics with the drift ;3(t, x), the same covariance
matrix a(t, x )a* (t, x), foreign short rate Ri(t, x) and intensity under the foreign
Inartingale Ineasure Ai(t, x, dy). We write down an ansatz solution for the foreign
term structure

G(t, x, T) = exp {C(t, T) - D(t, T)x} (3.42)

and conclude that the foreign terrn structure is also affine once the solution to
the differential equation for D(t, T) exists. Introduce the following notation

Ji(t, Z(t)) = L{eZ(th(t.y) - I} -Xfi(t, dy), i = 1,2, (3.43)

which given the form of A under the foreign martingale nleasure can be written
as

Ji(t, Z(t)) = L{eZ(th(t,y) - I} (1 + 8s(t, y))N(t, dy), i = 1,2,

then D (t, T) satisfies the following system of differential equations

(3.44)

D(t, T){ a~(t) + 6~(t)} + ~D(t, T)d~(t)D*(t, T) + J~(t, D(t, T))

Rfk(t),
{

a~k (t, T)

Dk(T, T) = 0, k = 1, ... ,n,
(3.45)
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Then we obtain the solution for C(t,T) by solving the following differential equa
tion

which conlpletes the proof.

{

ac
at(t, T)

C(T,T)

D(t,T){a1(t) + b1 (t)} + ~D(t, T)d1(t)D*(t, T) + J 1 (t, D(t, T))

R}(t),

0,
(3.46)

•
The following proposition also presents the sufficient conditions on the factor and
the exchange rate dynarnics to ensure that the domestic and the foreign ternl
structures are affine.

Proposition 3.2.15. (Sufficient conditions 11: Affine foreign term struc
ture) Assume that

1. The drift, a( t, x), of the factor process under the Qd measure, the covariance
matrix a(t, x)a*(t, x), the domestic short rate Rd(t, x) and the Qd intensity
A(t, x, dy) are affine in factor x.

2. The exchange rate is affine and takes the form

S(tXd = eP(t)Xt+Q(t).

Then

1. The domestic term structure F( t, x, T) is affine.

2. The foreign short rate Ri (t, x) and Qi intensity, Ai (t, x, dy), of the MPP
are affine.

3. The foreign term structure G(t, x, T) is affine.

Proof. Following the arguments of Proposition 3.2.14 we see that since a(t, x),
a(t, x)a*(t, x), Rd(t, x) and A(t, x, dy) are affine, the domestic term structure is
affine if solutions to differential equations (3.38)and (3.39) exist and are unique.

The exchange rate dynamics for the exchange rate process are
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dSt Si {p'(t)Xt + Q'(t) + P(t)a(t, Xt) + ~P(t)l7(t, X t)l7*(t, Xt)P*(t)

+ L{eP(th(t'Y)-l}A(t,Xt,dY)}dt

+ St P (t)l7(t, Xt)dWt + St- L{eP(th(t,y) - 1} j1(dt, dy), (3.47)

frorn which we explicitly find that the volatility of the exchange rate process is
given by

We can also note that

a(t, x)as(t, x) = a(t, x)a*(t, x)P*(t),

which implies that a(t, x)as(t, x) is affine since by assurnption a(t, x)a*(t, x) is
affine. Thus, the drift of the factor price process under the foreign martingale
measure is also affine. Indeed, applying the Girsanov theoreru we have

dXt = a(t,Xt)dt + l7(t,Xt) {dW! +l7.;(t,Xt )dt} +L,(t, Y)J1(dt, dy)

= {a(t, Xt) + l7(t, X t )l7s(t, Xt)} dt + l7(t, Xt)dW! +L,(t, Y)J1( dt, dy).

The jump size of the exchange rate process equals

6s (t y) = eP(t)'Y(t,y) - 1 (3.48)

and thus under the foreign nlartingale rueasure, the intensity of the MPP is

)J (t, Xt, dy) = )..(t, Xt, dy)eP(t),(t,y) (3.49)

and it follows that if )..(t, x, dy) is affine then )./(t, x, dy) is affine as well. Since we
also know that under the domestic martingale measure the drift of the exchange
rate process is equal to the difference between the short interest rates, the foreign
short rate can be found as

Rd(t, Xt) - {p(t)a(t, Xt) - ~P(t)l7(t, X t)l7*(t, Xt)P*(t) }

P'(t)Xt ~ Q'(t) - L{eP(th(t,y) - I} A(t, Xt, dy). (3.50)
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Thus, the foreign short rate can be deterlllined frorn (3.50) and turns out to be
an affine function of factors as well. Turning to the arguments of Proposition
3.2.14 we see that since ;J(t, x), a(t, x)a*(t, x), RI(t, x) and ).J(t, x, dy) are affine,
the foreign terrn structure is also affine. •

To sumrnarize, Propositions 3.2.14 and 3.2.15 above show how to model the joint
factor and the exchange rate dynalllics so as to ensure that the domestic and
foreign terrn structures are affine. The propositions suggest the two following
ways.

• Specify affine factor dynamics under the dornestic rnartingale rneasure and
an affine dornestic short rate exogenously, and then lllodel the affine ex
change rate dynamics freely. This will ensure affine factor dynamics under
the foreign rnartingale measure as well as an affine foreign short rate.

• In case we prefer to make as few assumptions as possible concerning the
functional fornl of the exchange rate process, it is actually sufficient to spec
ify, as we did above, affine factor dynalllics under the domestic martingale
llleasure and an affine dOlnestic short rate exogenously. In this case we
do not have to make assumptions concerning the functional forrn or the
dynanlics of the exchange rate. The only assumption we have to nlake is
the assulllption concerning the volatility of the exchange rate process, that
is, we need to assume that a(t, x)as(t, x) is affine. This, however, goes at
the cost of lnaking the additional assumption about the foreign short rate
functional form; in particular, we also need to assurne that the foreign short
rate RI (t, x) is affine.

The follovving section suggests the possible functional form of the exchange rate
volatility consistent with the fact that a(t, x)as(t, x) is affine.

Exchange Rate Volatility

Sufficient conditions 11 shows that one way to obtain the affine domestic and
foreign term structure is to nlodel affine factor dynarnics under the dornestic
martingale rneasure, affine dornestic and foreign short rates and the exchange
rate process volatility in such a way that a(x)as(x) is affine 3. The natural ques
tion would be:

3We will omit the time-variable in this section.
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Question: Given that both a(x)a*(x) and a(x)as(x) are affine, what are the
implications for the exchange rate process volatility; that is, if we start modeling
the exchange rate process directly, what would be the form of the exchange rate
volatility?

The result of this section is based on the result of Duffie and Kan (1996) stated
below.

Proposition 3.2.16. Assume that the factor volatility a(x) is n x d-dimensional
matrix, such that a(x)a*(x) is affine in x, then under some nondegeneracy con
ditions and a possible reordering of indices, we can take

(3.51)

where a(Xd is of the form

and matrix V is

(3.52)

VVl(Xd
o

o

o
VV2(Xt )

o

(3.53)

where a E Rnxn, bE Rn and 2: E Rnxd, and

where for each i, ai is a scalar and (3i E Rn.

(3.54)

On the basis of this proposition we draw the following implications concerning
both the volatility structure of the factor and the exchange rate. From proposi
tion 3.2.16 it follows directly that the volatility matrix of the factor with affine
dynamics has to have the forIn (3.52), which means that the volatility matrix will
essentially take the form

an VVI(Xt ) aI2vv2(Xt )

a2I VVI(Xd a22vv2(Xt )

anI VVI(Xt ) an2VV2(Xt )

aIdVVd(Xt )

a2dvvd(Xt )

andVVd(Xt )

(3.55)

The following result specifies the form of the exchange rate volatility matrix.
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Proposition 3.2.17. Assume that the factor volatility a(x) is n x d-dimensional
matrix, such that a(x)a*(x) is affine in x, and a(x)as(x) is affine. Then the
exchange rate volatility vector is of the form

as(x) = (3.56)

Proof. Frorl1 Proposition 3.2.16 we know that a(x) = L:V(x). Since a(x)as(:r) is
affine, we can write

a(x)as(x) = L:V(x)as(x) = 6(x), (3.57)

where 6(x) = (61 (x), 62 (x), ... ,6d(X))* is a column vector of some affine functions
6i (x). Thus, we notice that since L does not depend on x, L:V (x) as (x) is affine
for any L: iff V (x) as(x) is affine. This leads to

as(x) = V- 1(x)6(x),

for some vector of affine functions 61(x), 62 (x), ... , 6d(x). Given that

(3.58)

1

VVl(Xt)

o

o

we can rewrite (3.58) as (3.56).

o
1

VV2(Xt)

o

o
o

1

VVd(Xt)

•
The proposition shows that in fact if we choose the square root fornl for exchange
rate volatility as(x), it should have the same structure as the factor volatility,
that is

(3.59)
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(3.60)

3.2.5 Affine Term Structure Factor Model with Jumps:
Necessary Conditions

Necessary conditions I: Affine domestic term structure and affine ex
change rate

In the previous Section we derive the conditions on the factor and the exchange
rate dynan1ics which would guarantee affine domestic and foreign term structures
in the econorny. In this section we address the opposite question. Assume that
we start by rnodelling affine dornestic term structure. What are the implications
for the factor dynamics? vVe would also like to know what would be the irnpli
cations for the foreign tern1 structure if we model dornestic term structure and
the exchange rate jointly affine. We will start with simpler case when the factor
dynamics is driven by Wiener process as well as Poisson process with intensity
A(t, Xt)

dXt = a(t, Xt)dt + a(t, Xt)dWt + r(t, Xt)dNt.

We will need the following lenuna to prove some of the results.

Lemma 3.2.18. Assume that for any choice of T the following object is affine,
that is,

I(t, x, B(t, T)) = {e-B(t,T)r(t,x) - I} A(t, x) = gl(t, T)x: + g2(t, T),

for some functions gl (t, T) and gl (t,T). We assume that B(T, T)
B~(T, T) ~ o. Then r(t, x) does not depend on x and

for some functions hI (t) and h2(t) .

Proof. Differentiating (3.61) w.r.t. T, we obtain that

-B'(t, T)r(t, x)e-B(t,T)'Y(t,x) A(t, x) = g~(t, T)x + g;(t, T).

We evaluate the derivative at the point t == T and find that

I (T x) = (T x)A(T x) == g~ (T, T)x + g;(T, T)
1, r" -B'(T, T) ,

(3.61)

o and

(3.62)

(3.63)

and thus is affine. Differentiating (3.61) with respect to T second time, we obtain

-B"(t, T)r(t, x)e-B(t,T)'Y(t,x) A(t, x)+(B'(t, T))2r 2(t, X)A(t, x) == g~(t, T)x+g~(t, T).
(3.64)
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Evaluating it at the point t = T, we obtain

-B"(T, T)r(T, x)>"(T, x) + (B'(T, T))2r 2(T, x)>"(T, x) = g~(T, T)x + g~(T, T).
(3.65)

Since r(T, x)>"(T, x) is affine, we conclude that r 2(T, x)>"(T, x) is affine as well.
Continuing to differentiate w.r.t. T, we obtain that

Equations (3.66) should hold for any choice of T, and thus, we conclude that
In(t, x) is affine for all n. Then we can write

r(t, x)>"(t, x)

r 2(t, x)>..(t, x)

r 3(t, x)>..(t, x)

gll(t)X + g21(t)

g12(t)X + g22(t)

g13(t)X + g23(t)

We can find r dividing third equation by second, and second by first. Equating
those two r, we find that

from which we conclude that

which iluplies that r(t, x) does not depend on x and is a function of time only
r(t, x) = r(t). We then conclude that >..(t, x) = xh1(t) + h2(t). •

We now can derive son1e necessary conditions for the case when factor dynan1ics
has the forn1 (3.60). We start with the case when the factor dynamics is driven
by Poisson process only.

Lemma 3.2.19. Assume that

1. The factor process is driven by the jump Poisson process with intensity
>..(t, Xt)

2. The domestic term structure is affine in X and given by

F(t, Xt, T) = eA(t,T)-B(t,T)Xt,

where B~(T, T) -# o.

(3.67)

(3.68)
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Then the folowing holds

1. The intensity of the Poisson process, A(t, x), is affine.

2. The jump size, ,(t, x) does not depend on x.

129

Proof. Substituting F(x) = eA-Bx in the PDE (3.34) we obtain the following
equation

At(t, T) - Bt(t, T)x + {e-B(t,T)-y(t,x) - I} A(t, :r) = Rd(t, x).

We find that

(3.69)

I(t, x, B(t, T)) {e-B(t,T)-y(t.x) - I} A(t, x) = Rd(t, ~L') - At(t, T) + Bt(t, T)x

g(t, T, x). (3.70)

Since affine tern1 structure in1plies affine short rate, Rd
( t, x), we find that g( t, T, x)

is affine. We can now apply Lellllna 3.2.19 to obtain that 1(f, x) does not depend
on x and A(t, x) is affine. •

In the case when the factor dynarnics is more generaL \\le need to make rnore
restrictive assumptions, in particular, we assume that Q, (J, , and the intensity
of the Poisson process, A, do not depend on time explicitly, that is, the is of the
form:

(3.71 )

Proposition 3.2.20. (Necessary conditions I: Affine term structure.)

Assume that

1. The term structure is affine in X and given by

F(t, Xl, T) = eA(t,T)-B(t,T)Xt. (3.72)

2. The drift a, variance (J, jump size r and the intensity of the Poisson process,
A do not depend on time explicitly.

3. There exist maturity dates T{, T~, ... , Tlv
i

, i = 1, ... , 4, where NI =
N 3 == N 4 == nand N 2 = n2~3n, such that the following Ni x Ni matri
ces K i (T{, ... , Tlv

i
) is nonsingular.

(3.73)
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where 1 x Ni vectors ki(Ti) are defined as follows

k 1 (Ti) {B~ (1i ~ Ti) ~ B; (Ti ~ Ti)~ ... ~ B~(Ti, Ti)} ~

k2 (Ti) {(B~ (1i ~ Ti))2 ~ (B; (Ti ~ Ti)) 2
, ... , (B:

l
(Ti,1i) )2

(B~ (Ti,1i) )2 ~ B~ (Ti ~ Ti)B; (Ti ~ Ti), , B~ (Ti,1i)B~ (Ti , Ti)

~(B~(:li, Ti))2, B~(Ti, T;)B~(T;, Ti), , B~(T;, T;)B~ (T;, Ti), ....

B;'-l (T;, T;)B~ (T;, Ti), ~ (B~(T;, Ti))2 } ,

k3 (Ti) {(B~ (1i, Ti)) 3
, (B; (1i ~ Ti))

3 ~ ... , (B~ (Ti, Ti))3
} ,

{(B~ (1i ~ Ti))4, (B~ (Ti ~ 1i) )4 ~ ... , (B~ (Ti, Ti))4
} ~

where B' (t~ T) denotes derivative with respect to T and B' (T~ T) i- O.

Then the folowing holds

(3.74)

1. The factor drift vector a(x) and the covariance matrix cr(x)cr*(x) are affine.

2. The intensity of the Poisson process, "\(x) , is affine.

3. The jump size is constant, r(x) = r.

Proof. Substituting F(x) = eA-Bx in the PDE (3.34) we obtain the following
equation

At(t, T) - Bt(t, T)x - B(t, T)o:(x) + ~B(t, T)a(x)a*(x)B*(t, T)

+ {e-B(t,T),(x) - I} "\(x) = Rd(t, x). (3.75)

Rearrange the terms in the equation above (3.75) and denote

g(t~ x~ T) = Rd(t~ x) - At(t~ T) + Bt(t,T)x. (3.76)

Then g(t, x~ T) is affine by construction since as it was shown before (see Renlark
3.2.11), affine domestic terln structure implies affine domestic short rate. We
differentiate (3.75) with respect to maturity T:

1 1
- B'(t, T)a(x) + 2B'(t, T)cr(x)cr*(x)B*(t, T) + 2B(t, T)cr(x)cr*(x)(B*(t, T))'

- B'(t, T) {e-B(t,T)r(x) - I} r(x)"\(x) = g'(t, x, T), (3.77)
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where B' denotes the derivative of B(t, T) W.r.t T. We evaluate this expression
at the point T and recalling that B(T, T) = 0, we obtain

-B'(T, T)a(x) - B'(T, T),(X)A(X) = g'(T~ X~ T). (3.78)

Denote

Rearrange (3.77) to get

(3.79)

where
kl(Ti ) = {B~(Ti~Ti),B;(Ti~Ti), .... B~(Ti,Ti)} (3.80)

We choose n different maturities Ti and construct a lnatrix KI(TI ,T2,··· .Tn )

taking n vectors {k l(TJ }~I as its rows

(3.81)

By assumptions, the n lllaturities Ti can be chosen in such a way that the n x n
matrix KI(T1, ••• , Tn ) is not singular, thus the solution for HI(x) can be found
as

(3.82)

where
G(X, TI ,· .. ,Tn ) = (-g'(Tl~ X~ TI ), ... , -g'(Tn , x, Tn ))*. (3.83)

Thus, if we are given A, B and thus K I and G, we can determine a(x)+'(X)A(X).
Since G is affine from (3.76) and since K I does not depend upon x, HI will be
affine.

Differentiate (3.77) second tilne w.r.t T we obtain

1
- B"(t, T)a(x) + 2B"(t, T)O"(x)O"*(x)B*(t, T) + B'(t, T)O"(x)O"*(x)(B*(t, T))'

+ ~B(t, T)iJ(x)iJ*(x)(B*(t, T))" - B"(t, T)r(x)'\(:r)e-B(t,T)-Y(x)

+ (B'(t, T))2,2(x)A(x)e- B (t,T),(x) = g"(t, x, T). (3.84)

Evaluating (3.84) at the point t = T we obtain

- B"(T, T) {a(x) + ,(x).\(x)} + B'(T, T)O"(x)O"*(x)(B*(T, T))'
+ (B'(T, T))2,2(X).\(X) = g"(T, x, T). (3.85)
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Define
g1 (T, x) = g"(T~ x, T) - B"(t, T) {a(x) + r(X)A(X)}.

Since we already know that a(x) + r(X)A(X) is affine, g1(X, T) is affine as well.
We choose .IV2 different maturities Ti and construct a matrix K 2(T1,T2, . .. ,TN2 )
taking N2 vectors {k2(Ti)}~1~ where 1V2 = n2~3n as its rows

(3.86)

where

k2(Ti) { (B~ (1i, 1i) )2
, B~ (Ti ,Ti )B~ (1i, Ti ), , B~ (Ti ,Ti )B~ (Ti ,Ti )

~ (B;(T;, T';) )2, B;(T;, T';)B~(T;, T';), , B;(T';. Ti)B~(T';, Ti ), ... ,

B~-l (Ti , T';)B~ (Ti,T';), ~ (B~ (T';, Ti ))2,

(B~(Ti' Ti ))2, (B~(Ti' Ti))2, ... , (B~(Ti~ Ti ))2} (3.87)

Since the l11atrix K 2 (T1 , ... , TN2) is invertible, we find

where

and

H 2(x) == {Ell (x), E12(X), . .. , fnn(X), r~(X)Al (x), r~(X)A2(X), ... , r~(X)An(X)} ,

where Eij(X) = ai(x)aj(x) and i :S j. Thus, we conclude that a(x)a*(x) and
r 2(X)A(X) are affine. Differentiating (3.77) once again w.r.t T, and evaluating it
at the point t = T, we obtain:

- B'" (T, T) {a(x) + i(:r)'x'(x)} + ~B"(T, T)a-(x)a-*(x)(B* (T, T))'

+ ~B'(T, T)a(x)a*(x)(B*(T, T))" + 3B"(T, T)B'(T, T)r2(x)A(X)
2

+ (B'(T, T)3)r3(x~)A(X) = glll(T, x, T). (3.90)

We define

g2(X, T) g"'(T, x, T) + B'" (T, T) {a(x) + r(X)A(X)}

- ~B" (T, T)a-(x )a-*(x)(B*(T, T))' + ~B'(T, T)a-(x)eY*(x)(B* (T, T))"

+ 3B"(T, T)B'(T, T)r2(x)A(X).
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and rewrite (3.90) as follows

We notice that g2(X, T) is an affine function and define
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(3.91)

Rearrange (3.91) to get

where

(3.92)

(3.93)

We choose n different lnaturities ~ and construct a lnatrix K 2 (Tl , T2 , . ..• Tn )

taking n vectors {k3 (Ti ) } ~= 1 as its rows

(3.94)

We find then
(3.95)

where
(3.96)

Using the salne strategy, we find that if there exist n lnaturities Tl , ... , Tn , such
that n x n lllatrix constructed from rows

(3.97)

is invertible, then ,A(X)A(X) is affine. Using the argurnents of Lemma 3.61 we
conclude that, is constant and A(X) is affine. Since we know that a(x)+,(X)A(X)
is affine, we conclude that a(x) is affine as well and we conclude that the factor
dynamics is affine. •

We are ready now to consider a two-country econorny. The following proposition
considers a jUlllp-diffusion dynamics of the type (3.71). \Ve show that if we choose
the dOlnestic term structure and the exchange rate to be affine, this would imply
the affine foreign term structure. We can then prove the following proposition:

Proposition 3.2.21. (Necessary conditions 11: Affine domestic term struc
ture and an affine exchange rate.)

Assume that
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1. The exchange rate St is affine in X and given by

(3.98)

2. Assumptions of the proposition (3.2.20) hold.

Then

1. The domestic and foreign short rates, Rd(t, x') and Ri (t, x), are affine func
tions of the factor x.

2. The factor Qd-drift vector a(x) and the covariance matrix a(x)a*(x) are
affine.

3. The foreign term structure G(t, x, T) is affine in x.

4. The Qd-intensity of the Poisson process, A(X), is affine.

5. The Qi -intensity of the Poisson process, Ai (x), is affine.

Proof. Fronl Proposition 3.2.20 we know that in the model with the factor dy
namics of the form (3.71) affine domestic term structure implies affine factor
dynamics, that is, affine a(x), a(x)a*(x) and A(X), and constant junlp size (.
According to Remark 3.2.11 we also conclude that domestic short rate is affine.
We can then apply directly Proposition 3.2.15 with the rnark space R containing
a single point, denoted by Yo. Hence, R = {Yo}, the measure A(X, dy) is nlerely
a point mass A(X, Yo) at xo, and the jump function b a real number b(yo). •

To summarise, the Proposition 3.229 shows that if we know that the factor follows
Wiener-Poisson dynanlics, affine dornestic term structure and affine exchange rate
imply affine factor dynamics and affine foreign term structure.

Assunle now that the factor price process is driven not just by a sirnple Poisson
process, but also by a marked point process J-L(dt, dx):

(3.99)

As in the previous example we assume that a, a, { and intensity A do not depend
on time explicitly. We focus first on a one-country term structure and prove the
following proposition.
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Proposition 3.2.22. Assume that the factor dynamics is as in (3.99) and as
sumptions of Proposition 3.2.20 holdJ then a(x)J a(x)a*(x) and

are affine for all n 2: 1.

I(n, x) = L"/,(x, y)>..(x, dy) (3.100)

Proof. Substituting F(x) = eA-Hx in the PDE (3.34) we obtain the following
equation

1
Bt(t, T)x - B(t, T)a(x) + 2B(t, T)a(x)a*(x)B*(t, T)

+ L{e-B(t,Th(x,y) -l}>..(x,dY) = Rd(t,x). (3.101)

Differentiating (3.101) w.r.t T, we obtain

1 1
B'(t, T)a(x) + 2B'(t, T)a(x)a*(x)B*(t, T) + 2B(t, T)a(x)a*(x)(B*(t, T))'

B'(t, T) Le~B(t,Th(x,y),(x, y) ..(x, dy) = g'(t, x, T), (3.102)

where B' denotes the derivative of B(t, T) w.r.t T. We evaluate this expression
at the point T and recalling that B(T, T) = 0, we obtain

- B'(T, T)a(x) - B'(T, T) L,(x, y)>..(x, dy) = g'(T, x, T), (3.103)

from which we conclude that (using the reasoning from Proposition 3.2.20 )

a(x) +L,(x,y)..(x,dy) (3.104)

is affine. Using the same technique as in Proposition 3.2.20 we obtain that

are affine V n 2: 1.

a(x), (j(x)(j*(x), L,n(x, y)>..(x, dy)

•
If we allow a, a, I and intensity A to be dependent on tilne explicitly, to obtain
the following necessary conditions, we need to make more restrictive assumptions
on the form of the intensity of the marked point process.
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Proposition 3.2.23. (Necessary conditions 11. Affine domestic term struc
ture and an affine exchange rate.)

Assume that:

1. The domestic term structure is affine in X and given by

F(t, Xl, T) = eA(t,T)-B(t,T)Xt.

2. The exchange rate St is affine in X and given by

(3.105)

(3.106)

3. The jump size of the factor process r( t, y) does not depend on the factor X.

4. The conditional jump size distribution lvf(t, dy) does not depend on the fac
tor X.

5. There exist maturity dates T l , T2, ... , TN, where N = n2~5n, such that the
following N x N matrix Kd(Tl , ... , TN) is nonsingular.

(3.107)

where 1 x N vector kd(Td is defined as follows

kd(t, Ti ) = {Bl(t, Ti ), B 2(t, Ti ), ... , Bn(t, T i ), ... , (3.108)
1 22Bl (t, Ti ), B l (t, Ti )B2(t, Ti ), ... ,Bl (t, Ti)Bn(t, Ti )

1 22B2 (t, Ti ), B 2(t, Ti )B3 (t, ]i), ... , B 2(t, Ti)Bn(t, Ti ), .. ·,

Bn-1(t, Ti)Bn(t, T;), ~B~(t, Ti),L{e-B(t,T;h(t,y) - l} A1(t, dy) } .

Then the folowing holds:

1. The domestic and foreign short rates, Rd(t, x) and Ri (t, x), are affine func
tions of the factor x.

2. The factor Qd drift vector a( t, x) and the covariance matrix a( t, x )a* (t, x)
are affine.
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3. The foreign term structure G(t, x, T) is affine in X.

4. The Qd intensity of the marked point process, A(t, x, dy), is affine.

5. The Ql intensity of the marked point process, AI(t, x, dy), is affine.
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Proof. I. We first prove that an affine domestic term structure ilnplies affine
dynalnics of factors under the dOluestic martingale measure Qd.

Substituting F(x) = eA - Bx in the PDE (3.34) we obtain the following equation

At(t, T) - Bt(t, T)x - B(t. T)O'(t, x) + ~B(t, T)(J(t, x)(J*(t, x)B*(t. T)

+ L{e-B(t,Th(t,y) -l}>-(t,x,dy) = Rd(t,x). (3.109)

Using the notations of the previous section, we can rewrite (3.109) as

At(t, T) - Bt(t, T)x - B(t. T)O'(t, x) + ~B(t, T)(J(t, x)(J*(t, x)B*(t. T)

+ I(t, x, B(tT)) = Rd(x). (3.110)

Rearrange the terms in the equation above (3.110) and denote

gd(t, x, T) == Rd(t, x) - At(t, T) + Bt(t, T)x. (3.111 )

Then gd(t, x, T) is affine by construction since as it was shown before (see Relnark
3.2.11), affine dOll1estic term structure implies affine domestic short rate. Denote
also

Hd(t, x) = {0'1 (t, x), ... ,O'n(t, X), Ell (t, x), EI2(t, X), ... ,Enn(t, x), 5..(t, x) } ,

where Eij(t, x) = (Ji(t, x)(Jj(t, x) and i ::; j.

Rearrange (3.110) to get

(3.112)

where

{B1(t, Ti), B2(t,Ti), ... , Bn(t, Ti), ... ,

1 2 '2B1 (t, ~), B1(t, Ti)B2(t, Ti), ... , B1(t, Ti)Bn(t, Ti)

1 22B2 (t, Ti), B2(t, Ti)B3 (t, Ti), ... , B2(t, Ti)Bn(t, ~), ... ,

Bn- 1 (t, Ti)Bn(t, Ti), ~B~(t, T;),L{e-B(t,Tih(t,y) - I} M(t, dY)} .
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We choose N different maturities Ti and construct a matrix K(T1,T2 , . .. , TN )

(3.73) taking N vectors {kd(Ti ) }~l as its rows

(3.113)

If the N rnaturities Ti , where 1'1 = n2 !5n, can be chosen in such a way that the
N x N rnatrix Kd(T1, ... ,TN ) is not singular- the solution for Hd(x) in (3.112)
can be found as

(3.114)

where
Cd(t,x,T1, ... ,TN ) = (gd(t,x,T1), ... ,gd(i-x,TN ))*. (3.115)

Thus, if we are given A, B and thus K d and Cd, we can deterrnine Hd(t, x), that
is, the drift a(t,x), covariance E(t,X) and ~(t,x). Since Cd is affine from (3.111)
and since K d does not depend upon x, H d will be affine and thus also a, E and ~

will be affine in X. Affine ~ irnplies the affine intensity A(t, x, dy) since AI(t, dy)
does not depend on the factor.

11. Since Q, E and ~ are affine, the result of the proposition follows now directly
frorll Proposition 3.2.15. •

Frorll the sin1ple Poisson case it seems that the assurnption that r( t, y) does
not depend on x is needed. In case if r(t, x, y) depends on the factor x, there
is no hope to obtain affine factor model since the factor x will appear in the
exponential term and we will not be able to obtain equation which is linear in
factor, which rneans we will not be able to separate the terms. Thus, one way
out is to assume that r(t, x, y) = r(t, y) does not depend on factor while still
allowing the compensator A(t, x, dy) to be dependent on x through intensity A
of the counting process of the arrivals of the marked point process. Hence, we
assurne that ~(t, x) depends on x while the conditional distribution M(t, dy) does
not, and factor junlp size is not allowed to depend on the factor itself.

In fact, it is sufficient to assurlle that the Qd-intensity is separable in x and y,
that is, the intensity takes the forn1

A(t, x, dy) = M1(t, x)M2 (t, dy).

Then we can easily see that the conditional jump density M (t, dy) = ~~~tt',~? does
not depend on x and the proof holds.
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Necessary conditions Ill: affine domestic and foreign term structures

In Proposition 3.2.25 we assume that both the donlestic and foreign ternl struc
tures are affine and show that this implies affine factor dynamics under dOlnes
tic and foreign lnartingale nleasures. We investigate whether the exchange rate
process can be derived uniquely and endogenously and if not, what can we ac
tually say about the exchange rate dynanlics if the dOll1estic and foreign terlIl
structures are given and have affine functional fornl? Thus, we give restrictions
OIl the nonlinal exchange rate dynall1ics which are ill1posed by the affine terlIl
structures' functional form.

Assurne that we are given two pairs of the coefficients A(t, T), B(t, T) and C(t, T),
D(t, T). \\le also make the following assunlptions concerning the donlestic and
foreign intensities.

Assumption 3.2.24. Intensities ),/ (t, x, dy) and A(L x, dy) are equivalent 'mea
sures on B. and the Girsanov kernel

h( )
Ai (t, x, dy)

t,y = ----
A(t, x, dy)

does not depend on x. That is, there exists a function h(t, y), h(t, y) ---F 0 for any
t and y, such that )'/ (t, x, dy) and A(t, x, dy) are connected via

Ai (t, x, dy) = h(t, y)A(t, x, dy). (3.116)

Now we are ready to formulate the following proposition.

Proposition 3.2.25. (Necessary conditions Ill: domestic and foreign
affine term structures)

Assume that

1. The domestic term structure is affine in X and given by

F(t, Xt, T) = eA(t,T)-B(t,T)Xt.

2. The foreign term structure is affine in X and given by

G(t, Xt, T) = eC(t,T)-D(t,T)Xt .

(3.117)

(3.118)

3. There exist maturity dates T 1 , T2 , , TN, where N = n
2
!5n, such that

the following N x N matrix K d (T1 , , TN) defined in Proposition 3.2.20
is nonsingular.
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4. There exist maturity dates Tt, T{, ... , T!v, where N = n2~5n, such that the
N x N matrix K f (Tt, ... , T!v) defined in the foreign economy analoguosly
to K d as in Proposition 3.2.20) is nonsingular.

5. The jump size of the factor process ,(t, y) does not depend on factor X.

6. The conditional jump size distribution A1 (t, dy) does not depend on factor
x.

7. The conditional jump size distribution ]\;1 f (t, dy) does not depend on factor
x.

Then the following holds:

1. Domestic and foreign short rates Rd(t, x) and Rf (t, x) are affine functions
of x.

2. The factors drift vector ex (t, x) and the covariance rnatrix 0"(t, x )0"* (t, x) and
0"(t, x )0"5 (t, x) are affine.

3. The Qd intensity, A(t, ~r, dy), and Qf -intensity, Af (t, x, dy), are affine.

Proof. Using the results froln Proposition 3.2.20 we conclude that a(t, x), O"(t, x)O"*(t, x)
and .\(t, x) are affine. In the same way applying the results from Proposi-
tion 3.2.20 to the foreign econorny and foreign terrn structure we also find that
;3(x), O"(t, x)O"*(t, x) and ~f (t, x)are affine. Since a(t, x) and ;3(t, x) are affine,
0"( t, x )0"5(t, x) can be found as

O"(t, x)O"s(t, x) = ;3(t, x) - a(t, x) (3.119)

and is affine as well. Since ~f (t, x) and ~(t, x) are affine, and l'vf(t, dy) and
Mf(t, dy) do not depend on x, we find that intensities A(t, x, dy) = ~(x)M(t, dy)
and Af(t, x, dy) = 5./(x)A1f (t, dy) are also affine. •

As follows from Proposition 3.2.20 if we are given an affine term structure (a
pair of coefficients A (t, T) and B (t, T) ), we conclude that the underlying factor
dynamics are affine. ASSU111e that the factor price process does not exhibit jumps
(6s( t, y) i- 0). Even then, however, we cannot deterlnine the dynamics exactly
(except for the simple case when the factor is one-din1ensional), since we can
only determine the drift and covariance matrix 0"( t, x )0"* (t, x) (but not volatility
O"(t, x) itself). The distribution of factor Xt, however, will be unique.

Assume that the factor process has jump-diffusion dynamics and the term struc
tures are affine. To be able to conclude whether the underlying factor dynamics
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are affine~ we need to know the factor jump size ,( t~ y) and the conditional jump
size distribution M(t, dy), since they enter matrix K(T1 , ... ,TN ) as parameters.
If matrix K (T1~ ... ~ TN) is invertible~ we can determine the drift~ intensity and
covariance rnatrix of the factor process.

Necessary conditions 11 and III shows that if we are given the two pairs of coef
ficients deternlining the domestic and foreign terlll structures, we can draw the
following illlplications concerning the exchange rate dynarnics.

• Assunle that the factor price process does not exhibit jumps. Then if we
are given the two pairs of coefficients deterlnining the dOll1estic and foreign
ternl structures~ we can determine drifts, o(t~ x) and ;3(t, x)~ of the factor
price process under the dOlllestic and foreign rllartingale measures as well
as covariance a(t~ x)a*(t~ x).

• Since we know that the difference between the drifts is equal to a( t~ x )as( t~ x) ~

we can always determine the term a(t~ x)as(t, x). However~ we cannot
deterrnine as(t~ x) since a(t~ x) is not necessarily invertible. Thus, frolll
Proposition 3.2.25 it is clear that given that the dornestic and foreign ternl
structures are affine we cannot derive the exchange rate dynamics uniquely.
In fact~ there are several possible solutions for the exchange rate volatil
ity consistent with (3.119) and thus several exchange rate processes are
consistent with the dornestic and affine foreign term structures specified.
In case rnatrix a(t, x) is n x n and invertible~ we know that the exchange
rate volatility could be determined uniquely if a(x) is known. HoweveL in
general~ given A and B~ we can only deterrnine a(t~ x)a*(t, x).

• Assume now that the factor price process exhibits jumps and the junlp size
is stochastic. In this case if K (T1 ~ ... , TN ) is invertible~ we can conclude
that the drifts, covariances a(t, x)a*(t~ x) and a(t, x)as(t, x) and intensities
under domestic and foreign martingale llleasures are affine.

3.2.6 Affine exchange rate dynamics

Does the fact that the domestic and foreign term structures are affine imply that
the exchange rate is affine as well? In particular~ if we are modeling affine term
structures in both the domestic and foreign markets can we assume that the
exchange rate is also affine as an immediate consequence of the assunlptions?

Necessary conditions I and 11 show that if the domestic and foreign term struc
tures are given (A(t~ T) and B(t~ T)~ C(t~ T) and D(t~ T) are given) we cannot
derive the exchange rate process uniquely. The following proposition specifies un-
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der what conditions the exchange rate appears to be exponentially affine. How
ever, even under those assulnptions we cannot conclude that the exchange rate
is unique. The following proposition 3.2.26 shows that the fact that the don1estic
and foreign term structures are both affine does not necessarily imply the affine
exchange rate.

Proposition 3.2.26. (Affine exchange rate dynamics: Wiener process
case)

If under the assumptions of Proposition 3.2.25 the pairs of coefficients [A(t. TL
B(t, T)} and [C(t, T), D(t T)} are such that

1. there exists a deterministic vector function, P (t), satisfying4

a(t, x)a*(t, x)P*(t) = ;3(t, x) - a(t. x) and

2. vector P(t) satisfies the following Riccati equation componentwise

(3.120)

1
P'(t) + o?(t)P(t) + 2P(t)d%(t)P*(t) = (BT)(t, t) + (DT)(t, t) (3.121)

then an affine exchange rate, S( t, x), exists.

Proof. Define P(t) as a solution to matrix equation

a(t, x)a*(t, x)P*(t) = ;3(t, x) - a(t, x). (3.122)

By assumption P(t) does not depend on factor x. Define the volatility of the
exchange rate process as(t, x) by

as(t, x) = P(t)a(t, x), (3.123)

where a(x) is one of the adlnissible volatility matrices and P(t) is one of the
solutions to (3.120). Then a(t, x)as(t, x) = (3(t, x) - a(t, x) is satisfied. Define
function Q(t) as follows:

Q'(t) -AT(t, t) + BT(t, t)x + CT(t, t) - DT(t, t)x - P'(t)x - P(t)a(x)
1
2P*(t)a(x)a*(x)P(t) (3.124)

4 According to Proposition 3.2.20 both 0"(t, x )0"* (t, x) and drifts (3(t, x) and a( t, x) can be
determined given the domestic and foreign term structures.
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By assurnption (3.124) does not depend on factor x since (3.121) is satisfied. De
fine the drift of the exchange rate process under the domestic martingale rneasure
as the difference between the dornestic and foreign short rates

Using (3.124) we rewrite the exchange rate drift as

as(t) = Rd(t, x)-Ri (t, x) = Q' (t)+ p' (t)x+ P(t)a(t, x)+~P*(t)a(t, x)a* (t, x )P(t).
2

(3.126)
Finally, ",re can write the exchange rate dynamics as follows:

dSt St(Rd(t,x) - Ri(tx))dt + Stas(t,x)dWt

St(Q'(t) + PI(t)x + P(t)a(t, x) + ~P*(t)a(t, x)a*(t, x:)P(t))dt
2

+ StP(t)a(t, x)d~rt.

(3.127)

The solution to (3.127) exists and is given by

S(t) = eP(t)Xt+Q(t), (3.128)

and we conclude that an affine exchange rate exists. However, since there exists
a whole set of functions Q(t) satisfying (3.124), the affine exchange rate is not
un~~. •

As an example, consider the following one-factor model where the dornestic and
foreign terrn structures are driven by only one factor - the domestic short rate.
The exan1ple shows that the affine domestic and foreign term structures do not
necessarily irnply an affine exchange rate. However, if the assumptions of Propo
sition 3.2.26 are satisfied an affine exchange rate exists.

Example 3.2.27. Assume that we only have a one-dimensional factor process
and we use the domestic short rate as a factor. The domestic term structure is
of the form

F(t, Rd,T) = exp{A(t, T) - B(t, T)Rd
},

where

B(t, T) = ~ {I - e-a(T-t)}
a

A( )
= {B(t,T) -T+t}{ab- ~a2} _ a2B 2(t,T)

t, T 2 .
a 4a
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The foreign term structure is also dependent on the domestic short rate as a
factor, and assume that it takes the form

G(t, Rd
, T) = exp{C(t, T) - D(t, T)Rd

},

where
1- 0'1D(t, T) = --{I - e-a(T-t)} , 0'1 E R,

a

C(t, T)

From the form of the domestic and foreign term structures we find that the do
mestic short rate dynamics 'under the domestic martingale measure satisfies

The domestic short rate dynamics under the foreign martingale measure can then
be written as

The foreign short rate is equal to

which implies that under the Qd martingale measure the drift of the exchange rate
process equals

O's(Rd) = O'lRd + 0'2 (3.129)

and we can define volatility of the exchange rate as as(t) = P(t)a, where P(t) is
given by

(3.130)

Thus the dynamics of the exchange rate are given as follows:
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(3.131)

Proposition 3.2.26 then says that for the affine exchange rate to exist (3.121)
should be satisfied. In our case (3.121) reads

01 = -<Sa.

Once this condition is satisfied, we find Q' (t) as

Q'( ) -b 1 2-2t = +n2 - () - -a () .
2

Then 'we see that there exists a set of affine exchange rates of the form

S(Rd
) = exp{PRd + Q(t)},

where the exchange rate dynamics are

(3.132)

In the previous section, we asslulled directly that the domestic and foreign ternl
structures are affine and showed that, in general, many exchange rate processes
are con1patible with those term structures. We showed that it is not possible to
derive endogenously the dynarnics of the exchange rates knowing only the pairs of
the coefficients determining the terrll structures. We also showed that under sorne
particular conditions an affine exchange rate consistent with the affine domestic
and foreign bond prices exists.

3.3 Inflation-Protected Securities

Inflation-protected securities are one of the new developments in the US capital
rnarkets. On Wednesday 29 January 1997 the United States Treasury issued its
first inflation-linked bonds. In the absence of default risk, inflation risk is one
of the major risks for the non1inal bondholder since the purchasing power of
the fixed payn1ents is reduced by inflation. The inflation-protected bond pays a
specified face value at maturity just as a conventional bond does. Its face value,
however, is adjusted by the inflation rate. To make the discussion more precise
we introduce the following definitions.

Definition 3.3.1. Consumer Price Index (CPI) is a base-year quantity weighted
average of the prices of a basket of goods and services consumed within a country



(3.133)
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- a Laspeyres price index. We will call the fixed basket of goods and services a
CPI unit.

CPlt = Lr\;jPjt ,
j

where Pjt is the price paid for the good or service j by consumers at date t and
r\;j is a base period expenditure weight on good j.

Definition 3.3.2. Given a fixed numeraire, a country's time t price leveL I(t),
is defined as the domestic purchase price at time t, in terms of the numeraire, of
a well-defined basket of comrnodities (GPf unit). (Usually the domestic currency
is used as a numeraire.)

Inflation is defined as the increase in the level of prices. The inflation rate. j (t),
is usually measured by the changes in Consumer Price Index (CPI)

1_( ) = dI(t)
t I(t) . (3.134)

\\le can now give a formal definition of inflation-linked securities5
. Inflation-linked

securities allow future cash flows to be expressed in terms of their purchasing
power. For inflation-indexed securities future cash flows are certain in terrns of
their future purchasing power.

Denote the prices of domestic and foreign real T-bonds for every rnaturity T as
Pr(t, T) and pt (t, T). Inflation-protected securities are indexed by adjusting the
principal. The adjustment is carried out by lllultiplying by the ratio of the CPI
value at a given date to the CPI value at the security issuance date. The fixed
coupon rate is also adjusted by multiplying by the relevant CPI ratio. In son1e
sense, investors get an option since at maturity they can get either the inflation
adjusted principal or, in case of deflation, the initial par amount. However, if
deflation is unlikely, the securities prices are calculated without taking the option
into account. To calculate the coupon and principal payments the CPI is used
with a two-month delay.

Definition 3.3.3. A Treasury Inflation-Protected Security (TIPS) with
maturity T is a security indexed to inflation, that is, security with its principal
adjusted by inflation at T.

In particular, using the risk-neutral valuation, the price of the inflation-protected
bond (without an issue date adjustment) can be found as follows:

(3.135)

5For the description of inflation derivatives see e.g. Hughston (1998)
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where I (t) is a time t CPI inflation index, that is, currency per CPI unit.

Definition 3.3.4. The real bond with maturity T is the bond that gives its
holder one GPI unit at maturity T. Denote the price of the real bond with maturity
T as Pr(t, T). The price of the real bond is expressed in GPI units.

The price of the real bond can be found as:

]EQ [e- f,T R(s)ds I(T)lCPfI Ft]
Pr(t, T) = I(t)

We are now ready to define norninal and real forward and short rates.

Definition 3.3.5. We define

• the instantaneous norninal forward rate with nlaturity T as

(3.136)

alogp(t, T)
aT (3.137)

• the instantaneous real forward rate with maturity T as

j(t, T) = (3.138)

• the instantaneous norninal short rate with Inaturity T as

R(t) = j(t,t),and

• the instantaneous real short rate with maturity T as

(3.139)

(3.140)

We can construct a hypothetical real risk free account Br (t) by "rolling over"
just-lnaturing real bonds. In other words, we consider a self-financing portfolio
consisting at each moment t of the real bonds that mature in a mOlllent t + x 6

,

which will evolve according to the following dynarnics

(3.141)

Assullle that the price level process I (t) has the following dynamics under Q

dI(t) = I(t)1f(t)dt + I(t)oj(t)dWt + It - LJ1(t, y)ji(dt, dy),

6For details see Bjork (2004).

(3.142)
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where 'if (t), a I (t) are adapted processes and 61 (t, y) is a predictable process,
ii(dt, dy) is a compensated J\1PP.

The following two possibilities are equivalent:

• investing 1 CPI unit in the real riskless account, and

• investing in a nominal asset with price process Br (t), where

The dynarnics of Br (t) are given by

Since we assurne that the possibility to invest in real riskless account should not
introduce arbitrage in the market, then we conclude that under the dornestic
rnartingale measure Qd the dynamics of Br (t) are given by

which means that the following holds:

Rr (t) = R(t) - 7r(t) = R(t) -]EQ [ d~~~) IFt] . (3.143)

Following Jarrow and Yildirim (2003) (see also l\lercurio (2005)) in order to price
Treasury Inflation-Protected Securities (TIPS) we use the methodology of pricing
currency/ exchange rate derivatives in the two-country economy, where we asso
ciate nominal nloney with domestic currency, real rnoney with foreign currency
and inflation with the spot exchange rate. Using the analogy, we define the new
real nlartingale measure Qr on :FT as follows

dQr Br(T)I(T)
dQ = B(T)I(O) = LT· (3.144)

We note that frolll the definition of the real interest rate (3.143) it follows that
LT is a rnartingale since

dL(t) = L(t) {7r(t) + R'(t) - R(t)} dt + (}J(t)L(t)dWt + L(t-)LoJ(t, y)p,(dt, dy)

(}J(t)L(t)dWt + L(t-)LoJ(t, y)p,(dt, dy) (3.145)
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and thus determines the process

149

L = JEQ [Br(T)I(T) I~1
t B(T)I(O) tJ

Br(t)I(t)
B(t)I(O)

o::; t ::; T.

We note now that under the 1neasure Qr all the assets expressed in CPI units are
1nartingales when discounted by the real risk free account and the price of the
real bond can be found as

JEQT [ lcp! 1:Ft 1= JEQ'" [Pr(T~ T) 1:Ft 1= JEQ [Pr(T, T) Br(T)I(T) I~1
Br(T) 0J Br(T) 0J Br(T) B(T)I(O) 0J

= _l_JEQ [Pr(T, T)I(T) 1:Ft 1= Pr(O, T)I(O) = . (0 TX3.l46)
1(0) B(T) 0J 1(0) Pr' ~

since PT(~Ti~(T) is a martingale under the domestic martingale measure.

Changing the measure fro111 Q to Qr according to (3.144), we see that

PT! ps(O, T) = JEQ [I(T) lcp! 1:Ft 1= JEQ [L(T)I(O) lcp! 1:Ft 1
B(T) 0J Br(T) 0J

I(O)lE
Qr [~~(;JFol = I(O)Pr(O,T), (3.147)

where the conditional expectation is calculated under the real martingale mea
sure Qr.

The 1110del suggested by Jarrow and Yildirirn (2003) for pricing the inflation
protected securities has the sinlplicity and also the power to obtain closed-form
solutions for inflation-protected ter1n structures and options on the inflation in
dex. The e111pirical fit of this kind of model, however, can be quite poor since it is
important to take into account the macroecon0111ic conditions or surprise events
when pricing inflation-protected securities. The 1110del is thus unsatisfactory for
the following reasons:

• It is ilnportant to take into account extrenle (e.g. policy-related) changes in
inflation, resulting, for exanlple, from changes in the target inflation rate,
and interest rates. We extend the model of Jarrow and Yildirinl (2003) by
introducing a marked point process.

• It is also important to take into account the effect of the exchange rate
on inflation and interest rates. For exalnple, a weakening of the domestic
currency means that the price of foreign goods rises in the domestic currency
contributing to higher inflation (which also raises interest rates). To account
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for this we include in the model the market for foreign nominal and real
bonds as well as the exchange rate between the countries7 .

• We might also want to take into account the correlation with the real ex
change rate while pricing TIPS, since the changes in the real exchange rate
rnight influence the countries' price levels.

3.4 Two-country economy: real exchange rates

The study of real exchange rates is one of the rnost intensively researched areas
in international rnacroeconolllics. In this paper we do not aim to create a general
equilibriulll macroeconolnic Inodel that would be able to replicate the observed
behaviour of real exchange rates. Instead we intend to exploit the arbitrage-free
approach to derivatives pricing in order to construct a fralnework that would
allow us to take into account the effects of macroeconornic shocks and policies
when pricing inflation-protected and exchange rate derivatives. Thus, we need to
enlarge the two-country norllinal frarnework to 1110del the joint dynalllics of IlOln
inal exchange rates, (dolllestic and foreign) inflation~ (dolnestic and foreign) term
structures and real exchange rate. We believe that the shortcoming of the parsi
monious framework is that the prices of the nOlllinal exchange rate derivatives and
inflation-protected securities are found irrespective of the general macroeconornic
situation in the two-country world and do not take into account correlations with
macroeconomic variables. The risk resulting frolll the correlation between the
nOlllinal exchange rate and other rnacroeconomic variables must also be priced.

Sorne attempts have been 11lade to create a pricing 1110del in an international
econOlllY. Dillen (1997) includes the real exchange rate in the arbitrage-free bond
pricing models describing the three-factor model where the state variables are the
world real interest rate, the real exchange rate and the inflation rate following a
three-dirnensional Ornstein-Uhlenbeck process. Dillen (1997) captures the effects
on the term structure originating from exchange rate fluctuations and actions by
a central bank. He also considers the influence of regime shifts such as changes
in the target inflation rate and devaluations. See also Brennan and Xia (2004),
who explore the forward prerniulll anomaly in an international Gaussian 11lodel.
Dewachter, Lyrio, and I\/Iaes (2001) estimate a joint model for the ternl structure
of interest rates and the lnacroeconomy.

We create a general international framework by enlarging the Duffie-Kan class
affine multifactor models incorporating the dynamics of domestic and foreign

7To introduce this extension in the Jarrow and Yildirim framework we could include foreign
nominal and real forward rate dynamics.
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price levels and thus real exchange rate dynanlics. In this case, as indicated
earlier, we do not specify the dynamics of the observable factors explicitly but
rather assume that the object dynamics are driven by a set of unobservable latent
factors. We assume that all the objects in the econonlY are driven by the sanle
multidinlensional factor process. We can, however, divide the whole set of factors
into local and common factors influencing bond prices in both countries. One
nlight want to specify the local factors influencing the price level process or the
real exchange rate process only. We will concentrate on the class of affine ternl
structure rnodels since they will allow us to obtain the closed-form solutions for
the norninal and real term structures, real exchange rate and related derivatives.

The ernpirically docunlented fact is that real exchange rates are highly volatile
as conlpared to other econornic variables and rnany researchers have struggled
to corne up with a rnacroeconornic theory that produces excess volatility of real
exchange rates. Some econornists believe that real shocks to technology and
preferences could account for this excess volatility of exchange rates. Thus, to
obtain the model that would better fit the true dynamics of real exchange rates
we include jumps in the driving factor dynarnics. We consider affine nlodels
consistent with the factor dynarnics.

The affine theory of the nominal exchange rate and inflation-protected securities
can be extended so as to nl0del the joint affine dynanlics of the real exchange rate,
the exchange rate and inflation dynamics in addition to the nominal exchange
rate and the domestic and foreign term structures.

The real exchange rate is defined as the nonlinal exchange rate that takes into
account inflation differentials between the two countries.

Definition 3.4.1. The real exchange rate, r, is defined as the nominal exchange
rate adjusted by the ratio of the foreign and domestic price levels:

If (t)
r(t) = S(t) I(t) . (3.148)

The real exchange rate is important in that it can be used as an indicator of the
competitiveness of the countries' foreign trade. A rise in the real exchange rate, or
real depreciation, would rnean that the prices of foreign goods expressed in domes
tic currency increase as conlpared to the prices of dornestic goods. Thus, domestic
goods would be relatively cheaper than foreign goods and consumers would prob
ably prefer to switch to domestic goods. Conversely, if the real exchange rate
appreciated, this would make domestic goods relatively more expensive and they
would lose their competitiveness.
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3.4.1 Enlarged two-country factor economy

To study the joint dynarnics of the nominal exchange rate, the domestic and
foreign ternl structures and the real exchange rate we first need to construct a
pricing model for the inflation-protected securities specifying domestic and foreign
price level dynamics so that we can adjust the norninal exchange rate for the
inflation differentials between the countries.

All the dynamics specified in the nOlllinal exchange rate section will be called
nominal dynamics and the 1110del described in the first section will be called
the nominal model. Thus~ for the nominal variables we will be using the sarne
notations as in the first section. The martingale rneasures Qd and Qf are said to be
the nominal martingale measures. We enlarge this norninal framework by adding
both countries' price level dynarnics. The rneasures under which the dynalllics of
the real domestic and foreign variables discounted by the real bank account are
martingales will be called dornestic and foreign real rnartingale measures and are
denoted by Q~ and Q~.

Assurne that the whole econonlY is driven by the rnultifactor price process X.
The factor dynamics, nominal exchange rate dynarnics and the functional forrn
of the dornestic and foreign nominal bonds are assurned to be as in ASSUlllption
3.2.8. In addition we make the following assurnptions:

Assumption 3.4.2.

1. Assume that for every maturity T, the prices of the domestic and foreign
real T -bonds have the form

Pr(t, T)
pr (t, T)

Fr(t~ X b T)

er(t, Xl, T),

(3.149)

(3.150)

where Fr and er are two smooth functions of the entries t, T and Xi.

2. Assume that the dynamics of the domestic GPI inflation index is

dIt = ItO'I(t, Xt)dt + It(JI(t, Xt)dWt + It- i 6I(t, y, Xt-)/L(dt, dy), (3.151)

where DI(t, Xt) is a scalar-adapted process, O"I(t, Xt) is an 1 x d adapted row
vector process, 6I(t, Xt, y) is a scalar-predicted process.

3. Assume that the dynamics of the foreign C P If inflation index is

dIf = IfO'Ij(t, Xt)dt + If(Jlj(t, Xt)dWt + If- i 6Ij (t, y, Xt-)/L(dt, dy),

(3.152)
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where alj(t, Xt) is a scalar adapted process, alj(t, Xt) is an 1 x d adapted
row vector process, and 6Ij(t, Xt, y) is a scalar predicted process.

Assurllption 3.4.2 and definition (3.4.1) tell us that the real exchange rate can be
expressed as the function of factor X as well:

(3.153)

We can thus derive the Qd dynanlics of the real exchange rate using the Ito
forrllula.

3.4.2 Affine real exchange rate and TIPS dynamics: suf
ficient conditions

Jarrow and Yildirim (2003) show that norninal prices can be associated with
domestic prices, real prices can be associated with foreign prices and the CPI
index can be associated with the spot exchange rate. As much as the lllethodology
for the currency/exchange rate derivatives can be used for the pricing of the
inflation-protected securities, all the results (necessary and sufficient conditions)
derived for the joint interest rates and exchange rate dynamics can be applied
for the inflation-protected securities as well. We thus immediately obtain the
following sufficient conditions on the factor dynamics, covariances and short rates
for the norllinal and real terrll structures to be jointly affine.

Proposition 3.4.3. (Sufficient conditions I: affine nominal and real term
structures)

Assume that

1. The drift of the factor process, a(t, x), under the Qd measure, covariance
matrices

a(t, x)a*(t, x), a(t, x)a~(t, x), a(t, x)a7(t, x), a(t, x)a?j(t, x),

the domestic and foreign short rates, R d (t, x) and Rj (t, x), the domestic
and foreign real short rates, RT (t, x) and Rrj (t, x), and the intensity of the
marked point process under the domestic martingale measure, -\( t, x, dy),
are affine in x.

2. The jump sizes of the factor process, r, the exchange rate, 6s, domestic and
foreign inflation, 61 and <51 j, do not depend on factor X t .
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Then

1. Domestic and foreign term structures F(t, Xt~ T) and G(t, Xt, T) are affine
in Xt.

2. Domestic and foreign real term structures FT(t, Xt, T) and GT(t, Xl, T) are
affine in X t .

Proof. The proof is analogous to the proof of Proposition 3.2.14 for the nOlninal
foreign and real domestic prices. ~1easure transfornlation from Qd to QT!, for
exalllple, will change the drift to

(3.154)

The QT! intensity can then be found as

(3.155)

Thus under the assumptions of Proposition 3.4.3 the drift J(t, x), covariance
CJ(t. x)CJ*(t, x) and QT! intensity, AT! (t, x, dy), of the factor process are affine. We
then use Proposition 3.2.14 to conclude that CT(t, Xt, T) is affine. •

Proposition 3.4.4. (Sufficient conditions 11: affine TIPS term structure
and affine real exchange rate dynamics)

Assume that

1. The drift, a(t, x), of the factor process under the Qd measure, the covari
ance matrices CJ(t, x)CJ*(t, x), the domestic short rate, Rd(t, x), the intensity
A(t, x, dy) are affine in x.

2. The nominal exchange rate price process is affine in the factors and takes
the form

S(t, Xt) = eP(t)Xt+Q(t). (3.156)

3. The domestic GPI process is affine in the factors and takes the form

(3.157)

4. The foreign GPI process is affine in the factors and takes the form

(3.158)
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Then

1. The domestic and foreign nominal and real term structures, F( t, Xt, T),
G(t,Xt,T), FT(t,Xt,T) andCT(t,Xt,T) are affine.

2. The foreign short rate, Rf (t, x), the domestic and foreign real short rates,
RT(t, x) and RTf(t, x) are affine. The Qf intensity >J(x, dy), QT -intensity
AT(X,dy) and QTf intensity ATf(X,dy) are affine.

3. The domestic and foreign TIPS, pTIPS(t, Xt) and PJ1PS(t, Xt), and the
term structures are affine.

4. The real exchange rate, r(t, Xt), is affine.

Proof. Follows frolll Proposition 3.2.15, (3.146) and the real exchange rate defin
ition. •

Thus, in case S(t, Xt), I(t, Xt) and If (t, Xt) are exponentially affine, and the real
exchange rate and is also affine and takes the forlll

Purchasing Power Parity

Purchasing power parity (PPP) is a theory stating that exchange rates between
currencies are in equilibrium when their purchasing power is the sallle in each
of the two countries. The PPP theory is a result of the extension of the Law of
One Price (LOP) to international economy. The LOP says that in two separate
markets - if there are no transportation costs or taxes - the prices of the same
goods should be equal since otherwise an arbitrage opportunity exists. The PPP
theory is Silllply the LOP applied in aggregate. Instead of comparing the prices
of separate goods across the countries we COlllpare aggregate price levels I and
If, calculated as the prices of the CPI baskets. Thus, PPP can be stated as

I(t) = S(t)If(t).

According to the PPP definition, the real exchange rate should be equal to 1 in
equilibriulll assullling that there is an adjustment mechanism on the international
11larket that brings the real exchange rate to its equilibrium level 1. For 11lore
detailed discussion of real exchange rate and PPP see e.g. Obstfeld and Rogoff
(1996). In practice, however, we cannot expect the PPP to hold if the countries
have different CPI baskets. Thus, the argulllent that the equilibrium real ex
change rate is 1 is not always correct but 11lay be equal to some other constant
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K. Thus, it is accepted that one major implication of the PPP theory is that the
real exchange rate is mean stationary (or even stationary) (see e.g. Baillie and
rvlclVlahon (1989)).

Definition 3.4.5. Stochastic process y(t) is mean stationary if Ey(t) = ~L \:j t.

Although n1any empirical studies test the mean stationarity hypothesis, see e.g.
Holn1es (2001), it seems there is still no agreement on whether the evidence is in
line with the mean stationarity of the real exchange rate. It is clear that there is
very little hope to obtain stationary real exchange rate in our frarnework (except
for perhaps the most simple cases), thus, in this section we focus on the property
of assymptotic mean stationarity. Given that we can not reject the PPP, the
airn of the following section is to understand under what conditions our rnodel is
consistent with the (less strong) PPP hypotheses. Thus, the question we address
here is:

Question: How shall we model the exchange rate process S (t), domestic and
foreign price levels, I (t) and If (t) in the jointly affine factor economy so that the
real exchange rate process r (t) is asymptotically mean stationary, that is,

lin1 IEP [r(t)] = lim K(t) = K,
t-----+oo t-----+oo

(3.160)

where K is constant, and P is the domestic objective probability measure.

If the real exchange rate is an exponentially affine function of the factors, it is
possible to derive the necessary conditions for the real exchange rate to be as
ynlptotically mean stationary using the machinery of the characteristic functions.

Real exchange rate mean stationarity in GaussianjCompound Poisson
models.

In this section we assume for simplicity that the driving factor is one din1ensional
and consider the simplified factor dynamics. We will focus on the Gaussian/Compound
Poisson Qd factor dynamics of the forIll

dXt = a(t, Xt)dt + o-(t)dWt +Lyp,(dt, dy),

where a is an adapted affine function of factors,

(3.161)

volatility a(t) and intensity ~(t, dy) do not depend on the factor and are deter
ministic functions.
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According to Proposition 3.4.4, the factor dynamics (3.161) together with affine
dOlnestic short rate and intensity guarantee affine domestic ternl structure. lVlore
over, an affine nOlninal exchange rate, and dOlnestic and foreign CPI ensure that
foreign terlll structure, dOlnestic and foreign real term structures, and the real
exchange rate are affine. Assulne that the nominal exchange rate, dornestic and
foreign CPI indexes are as in (3.156), (3.157) and (3.158), then, according to
Proposition 3.4.4, the real exchange rate is also affine and takes the fornl

(3.162)

where

h(t) P(t) + P1j(t) - P1(t),

g(t) Q(t) + Qlj(t) - QI(t).

To provide necessary conditions for the mean stationarity of the real exchange rate
we will need to calculate the expected value of the real exchange rate process un
der the objective probability measure P. However, since the Gaussian/Cornpound
Poisson factor dynamics is given under the dOlnestic nlartingale 11leasure Qd, to
cOlnpute the expectation, we need to find the factor dynamics under P. To see
the connections between the drifts and intensities under the different Ineasures
we recall the appropriate Girsanov theorem 8. We recall that if we define the
process L (t) by

{

dL(t)
L(t- )

L(O)

((t)dW(t) + fR 1J(t) {~l(dt, dy) - 5.(t, dY)dt} ,

1.

and define the probability llleasure P as follows

d
dQP = L(t) T \-Ion .rt vt > O.

Then:

1. We can write
dW(t) = dWp(t) + ((t)dt,

where Wp is a P-Wiener process.

2. The predictable cOlnpensator under P is as follows

8See, for example, Bjork (2004) or Schonbucher (2003).

(3.163)

(3.164)
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cjJt(Y) and ((t) in (4.19) and (3.164) are the market prices of risk and~ in principle~

depend on the factor and thus~ are stochastic.

To COlupute the mean of the real exchange rate~ we need to make SOlne assump
tions concerning the market prices of risks.

Assumption 3.4.6. Assume that:

• Market price of jump risk, cjJ( t ~ y), is a deterministic function of time

cjJ(t~ y) = cjJ(t).

• Market price of risk, (( t), is affine, that is,

(3.165)

\\le can write down the factor dynamics under the objective probability nleasure
P:

where

(3.166)

a(t, Xt)

b(t~ Xd
A( t~ dy)

a(t) - (2(t)a(t)~

b(t) + (1 (t)a(t)~

~(t~ dy)(l + cjJ(t)).

(3.167)

(3.168)

(3.169)

In the rest of the section we will focus on the special class of jump processes - Levy
processes. The reason is that in this case the characteristic function is available
in closed form and we will therefore be able to COlupute the real exchange rate
expectation. We will need the following results:

Lemma 3.4.7. Let (Xt)t~O have the following dynamics

dXt = ry(t)dt + IT(t)dWt +LYJl(dt, dy),

then the characteristic function of X t is given by

'l/Js(u) = ~~U2lT2(S) + iub(s) + r (eiuy
- 1) >..(s, dy),

2 JR
where A( t~ dy) is an intensity of the process J-LP (dt, dy).

(3.170)

(3.171)
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Proof. See Cont and Tankov (2004). •

Lemma 3.4.8. Let f : [0, T] ---+ R be left-continuous and (Zt)t'20 be a Levy
process. Then

lE [exp (i it f(S)dZs )] = exp {[l/)s(J(S))dS} ,

where i.p(u) is the characteristic exponent of Z as in (3.170).

Proof. Define a Ilew variable yt as

yt = it f(s)dZs .

Using Ita forlTIula we can find the dynamics of yt:

(3.172)

(3.173)

dyt f(t)dX t = f(t)r(t)dt + f(t)(7(t)dWt +Lyf(t)f1(dt, dy)

i(t)dt + o-(t)dWt +Lg(Y)f1(dt, dy), (3.174)

where
i(t) = f(t),(t), a(t) = f(t)a(t), g(t,y) = yf(t).

We find that the characteristic function of Y't, 9s(u), as

'Ps(l) _~o-2(S) + ib(s) +L(eig(s) - l).\(s, dy)

-~ f2(S)(72(S) + if(s)b(s) + r (ei!(slY - 1) .\(s, dy) =l/Js (J((£J.)L75)
2 JR

We find then that

•
With the help of the above two lemn1as we will be able to prove the following
proposition.

Proposition 3.4.9. (Necessary conditions.) Assume that

1. Assumptions of Proposition 3.4.4 hold.
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2. The factor dynamics are Gaussian/Compound Poisson as in (3.161), and
Xo is deterministic.

3. The real exchange rate r(t, Xt) is asymptotically mean stationary.

Then the following condition must be satisfied:

linl ()(t) linl exp {g(t) + h(O)XoE(t, 0) + ~ t E 2 (t, s)h2 (s)rY2 (s)ds
t---?oo t---?oo 2 } 0

+ 1t
h(s)b(s)E(t, s)ds +1t l >.(s, dy) {eYh(t)E(t,s) - I} ds } = K,

(3.176)

where K is a constant,
E( t, s) = eJ: q(u)du,

h'(t)
q(t) = -a(t) + h(t)'

Proof. \\le notice first that

et = le [r( t, X t)1= lEP [eh(t)X, +g(t)] = lEP [eiUh(t)X'] eg(t),

(3.177)

(3.178)

where i is an imaginary unit, u E Rand h(t) = hi~)' Denote the new process

~ = h(t)Xt ; then we see that

is a characteristic function of yt. We can easily find the dynamics of yt

dYt (1L(t)(b(t) - a(t)Xt) + XJL'(t)) dt + h(t)rY(t)dWr +Lh(t)YIIP(dt, dy)

( -a(t)h(t) + h'(t)) Xtdt + h(t)b(t)dt + h(t)rY(t)dWr +Lh(t)YltP(dt, dy)

q(t)Ytdt + h(t)b(t)dt + h(t)rY(t)dWr + Lh(t)Y/LP(dt, dy),

where
h' (t)

q(t) = -a(t) + -~-' .
h(t)

We can solve for ~ to find

Yt = YoeJ~ q(u)du +1t
eJ: q(u)du h( s)dZs, (3.179)
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where

dZt = b(t)dt + (j(t)dWt + fa ytLP(dt, dy).

Using Lernrna 3.4.8 we find that

where 'l/Js(u) can be found using Lenuna 3.4.7

(3.180)

(3.181)

(3.182)

Substituting (3.182) in (3.181) and recalling (3.178) we obtain that the nlean of
the real exchange rate is equal to

(}(t) = exp { h(O)XoeJ~ q(uldu + g(t) +1t

h(s)b(s)eJ: q(u)du

+ ~1t

e2J: q(u)
du h2(s)(j2(S)ds +1t i .\(5, dy) {eYh(t leJl q(u)du - 1} dS} .

(3.183)

We obtain the result by denoting

Thus since the real exchange rate process is asymptotically mean stationary, et
tends to sorTIe constant K as t ~ 00, which is exactly (3.176). •

vVe are now going to give a sirTIple example of a factor dynarnics that is consistent
with the asymptotic mean stationarity of the real exchange rate assumption.

Example 3.4.10. VasicekjCompound Poisson model Consider the follow
ing factor dynamics

(3.184)

and the real exchange rate of the affine form

where
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does not depend on t. We also assume that intensity A(dy) does not depend on t
and there exists the limit

lim g(t) = g.
t---+oo

In this case we obtain that

{
a2h2 hb

exp hXoe-at + - (1 - e-2at
) + - (1 - e-at

) + g(t)
4a a

+ itl J..(dy) {eYhe-a(t-S) - I} ds } . (3.185)

Denote

z = yhea(t-s),
e(t-s)a

~=-h-· (3.186)

We can then rewrite the double integral in (3.185) as

Then (see Cont and Tankov (2004)) if the following condition is satisfied

1 In lyIA(dy) < 00,

IYI2*

then the following limit exists \jB

((B) = {'XO J..(~B)dd~
i* a~

and thus ( is a measure. It is easy to see now that

tends to the limit

which exists \jB .

(3.187)

(3.188)
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Example 3.4.11. It is easy to find examples when the real exchange rate in
the jointly affine economy is not mean stationary. For example, let us consider
extended Vasicek model (without jumps), with a(t) = a < 0 constant, but where
b(t) is a function of time. Then, in any model such that

it hb(s)e-a(t-S)ds --> 00, t --> 00,

the real exchange rate is not mean stationary. The function b(t)
k > 0 is one possible example. Indeed,

kt, where

{
kt k at }exp -, - -, (1 - e- ) -7 00,
a a2

t -7 00. (3.189)

Exalnples above show that if we 1110del the Gaussian factor dynalnics arbitrary,
so that the condition (3.176) does not hold, we will never be able to find a good fit
for the jointly affine factor model in case if PPP holds in this econOlllY. The reason
for that is that we create a n10del which is already at the modeling stage violates
the PPP hypothesis, and thus, initially specifies the factor dynamics which would
never allow the real exchange rate in the economy to be mean stationary.

Thus, we are naturally interested in the following question: how to IIlodel the
factor dynall1ics, exchange rate and domestic and foreign price levels for the real
exchange rate to be assymptotically mean stationary?

The exalIlples above encourage us to give some sufficient conditions which ensure
that the affine model will produce the real exchange rate which is assYIIlptotically
n1ean stationary. Now we can forlllulate the following proposition.

Proposition 3.4.12. (Sufficient conditions.)Assume that

1. Assumptions of Proposition 3.4.4 hold.

2. The factor dynamics is Gaussian/Compound Poisson as in (3.161), Xo is
deterministic.

3. The function h(t) is exponential

h(t) = P(t) + P1f(t) - P1(t) = CleCt
, C ~ 0, Cl > O.

4. Functions a(t) and b(t) are of the form

L e!3jtpj (t),
j

(3.190)

where for each j Pj (t) is the polynomial, and (3j < 0,. and a (t) = a < 0 is a
constant.
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5. There exists the limit

liHl 9 (t) = lim Q(t) + QIf ( t) - Q I (t) = g.
t~oo t--oo

6. The intensity A(dy) does not depend on t and the following condition is
satisfied:

r In lyjA(dy) < 00.

J1y12*
Then the real exchange rate is asymptotically mean stationary.

(3.191 )

Proof. Since the assurnptions of Proposition 3.4.4 hold~ the real exchange rate is
affine and takes the forrH

T(t~ Xt) = eh(t)Xt+g(t)

for some functions h(t) and g(t). We can find the expected value of the real
exchange rate according to (3.183)

8(t) exp {h(O)XoeJ; q(u)du + ~ it e2J: q(U)dU h2(s)(J2(S) ds

+ it h(s)b(s)eJ: q(ulduds + g(t) + itl .\(s, dy) {eYh(t)eJ;q(U)dU - l} dS}

(3.192)

Using the assumptions of the Proposition we find that

h'(t)
q(t) = -a(t) + - = -(a - C).

h(t)

It follows then that

e2J:Q(u)duh2(s)(J2(s) = C~e-2(a-CHt-s)e2Cs(J2(s) = C~e-2a(t-s)+2Ct(J2(s) (3.193)

and also that
h(s)b(s)eJ:q(u)du = Clb(s)e-(a-CHt-s)+Ct.

Integrating (3.194) ~ we obtain that

it h(s)b(s)eJ: q(U)dUds = GleCt P(t),

where P(t) is a function of type (3.190). We notice that

eleCt P(t) ----t o~ t ----t 00

(3.194)

(3.195)

(3.196)
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since C < 0 and P(t) ~ 0 as t ~ 00. The same holds for (3.193). We can rewrite
the double integral in (3.192) as

e(a-C)titl A(dy) {eYhe-(a-c)(t-s) - 1} ds = L(e Z
- 1)l-h

- A(~dz) (a ~~)(
h

(3.197)
If the following condition is satisfied

r ln lyIA(dy) < 00,

J1y12*
then there exists the limit VB

(3.198)

((B) = roo

A(~B)i~
J* ~

and thus ( is a measure. Renlenlbering that there exists the limit linlt~oog( t) = g,
we can easily see that as t ~ 00 there also exists a finite limit for the whole
expression (3.192), which means that the real exchange rate is asyrnptotically
rnean stationary. •

Mean stationarity of the real exchange rate CIR models.

Assulne now that the factor dynamics follow the square root, eIR process

(3.199)

We assunle that a, band () are positive constants. We also assume that (}2 ::s; 2a,
since this condition guarantees the positivity of the factor and thus of the volatility
of the factor process. Assume as before that the exchange rate is of affine form

(3.200)

where
h = P(t) + P1f(t) - P1(t)

does not depend on t. Using characteristic functions it is possible to prove the
following proposition.

Proposition 3.4.13. Assume that the factor price process has dynamics (3.199)
and the real exchange rate is affine and of the form (3.200). Then the necessary
condition for asymptotic mean stationarity of the real exchange rate is that

(3.201 )
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Proof. As in the previous example we note that

(3.202)

We find that the expectation ~t (h) == IEP [ehXtJ. We start by computing

Applying Ita formula to f(t, h, Xt) we obtain

of of 1 2 2 02 f- + (a - bXt)h- + -h a - == O.
ot ox 2 ox2

We note that f(x, u, T) == ehx and guess the solution in the form

f(x, u, t) == exp C(T - t) + hD(T - t) + iux.

(3.203)

(3.204)

(3.205)

Substituting this solution to (3.204) we find C(8) and D(8) as solutions to the
following differential equations

{
D' (8 ) == !h2a 2D2

( 8) + (h2a 2
- hb) D (8) + !h2a 2

- hb

D(O) == 0,

{

C'(8)

C(O)
D(8)ah + ah

o.

We compute the characteristic function as

f(t, h, x)

We recall now that b > o. Then if h > 0 we have that e-hbt -+ 0 if t -+ 00 and
thus ~t(h) -+ C, where C is a constant. If, however, h < 0, then e-hbt -+ 00 if
t -+ 00 and ~t(h) converges to some constant limit only if a < 0, which contradicts
our assumptions. Thus the following condition

P(t) + P1/(t) - PI(t) == h > 0

is the necessary condition for the real exchange rate to be mean stationary. •
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Pricing real exchange derivatives

As an application of the framework described earlier, we suggest a method to
price real exchange derivatives in the jointly affine factor economy that would
allow us to hedge both inflation and exchange rate risks simultaneously. Consider
the following situation: Domestic company XX produces and exports toy pigs.
The production of toy pigs requires domestic materials that are costly to import
due to high transportation costs. Assume now that due to a macroeconomic
shock the real exchange rate appreciates and our goods become less competitive
than the foreign goods. It also becomes more expensive to manufacture toy
pigs due to increased input costs, and thus foreign toy pig producers become
more competitive and demand switches to the foreign country. Thus, there is a
possibility that the domestic firms will not make sufficient profits to enable them
to continue operations. The evidence shows that it can take up to five years for the
real exchange rate to return to its equilibrium level. This means that to become
more competitive on the market, domestic producers might want to reduce their
manufacturing costs. If foreign imports are expensive and domestic producers
are forced to continue using domestic inputs, they cannot reduce manufacturing
costs and consumer prices. This means that it might be a good idea to hedge this
type of risk (real appreciation risk), which basically includes two types of risk 
inflation and nominal exchange rate risk. To do this we would like to introduce
the following derivative - European real exchange option. Similar derivatives
have previously been considered in the international finance literature, but to the
best of our knowledge, no pricing models based on an arbitrage argument have
been developed.

Since we are considering the prices of inputs needed for production we will con
sider the producer-based price index Production Price Index instead of the
consumer-based price indices while using the technique employed in the previous
section. To convert the option payoff into domestic currency we assume that each
option is written on one PPI unit. Thus, at maturity time T the holder of the
real exchange option gives us the maximum of the two amounts: the difference
between the cost of the K P P I units at home and the cost of the P P I f unit
abroad and zero (due to PPP we could essentially take K == 1). Thus, the payoff
of the option is

ip(S(T), If(T), I(T)) == max[KI(T) - S(T)If(T),O]. (3.207)

Note, that since the option is written on PPI units, both K I(T) and S(T)If (T)
are expressed in the domestic currency. To hedge its" competitiveness risk" the
firm can buy the European real exchange option. Assume that the toy pig pro
ducer estimated the cost of production inputs as M domestic PPI units. In the
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equilibrium (according to the PPP theory) this will be exactly equal to the price
of M foreign P P I units. If the domestic goods appreciate, the price of one do
mestic PP I unit will be higher than the price of one foreign P P I f unit and thus
domestic production becomes more expensive in real terms by the approximate
difference M(I(T) -S(T)If(T)). Thus, if the domestic firm had bought the "real
exchange" option, although its production becomes more expensive than that of
foreign firms by this amount, it can now decrease the final consumer price of
its goods (to be more competitive on the market) since the option payoff will
compensate for the profit loss due to the price decrease.

Thus, according to the risk neutral valuation, the price of the derivative can be
written as

(3.208)

To price this derivative we will first solve the more general problem. Assume that
we have two traded assets in the economy, and we need to price the exchange
option with the payoff

(3.209)

Proposition 3.4.14. Assume that SI and S2 are traded assets. The price of the
exchange option with payoff (3.209) is given by

11(0, X) == SI(O)QSl (SI(T) ~ S2(T)) - S2(0)QS2 (SI(T) ~ S2(T)) , (3.210)

where QSl denotes the martingale measure for the numeraire process SI (t) and
QS2 denotes the martingale measure for the numeraire process S2 (t) .

Proof. We write the payoff of the option (3.209) as

(3.211)

where I is the indicator function

if SI (T) ~ S2(T),

if SI(T) < S2(T).

According to the risk neurtal valuation we can find the price of the exchange
option as (Q is the martingale measure, taking the bank account as numeraire)

11(0, X) lEf [e- It R(s)ds[SI (T) - S2(T)]I{SI (T) 2:: S2(T)}]

lEf [e-ItR(S)dSSl(T)I{SI(T) 2:: S2(T)}]

lEf [e- It R(s)dsS2(T)I{SI (T) 2:: S2(T)}] . (3.212)
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We rewrite (3.212) using the change of measure technique (see, for example, Ge
man, Karoui, and Rochet (1995), Schroder (1999) for details). We use the mea
sure QS1 taking 8 1 as numeraire in the first term, and use the measure QS2 taking
8 2 as numeraire in the second term to rewrite (3.212) as the general exchange
option pricing formula (3.210). •

Using Proposition 3.4.14 we can easily find the price of the real exchange rate
option (3.207).

Proposition 3.4.15. Assume that I and If are domestic and foreign price in
dices, and 8 is the exchange rate. The price of the real exchange option with
payoff (3.207) is given by

II(t,~) == KPT1PS(t, T)QTIPS{r(T) ::; K} - 8(t)PfIPS(t, T)QTIPS{r(T) ::; K},
(3.213)

where QTIPS denotes the martingale measure for the numeraire process PT1PS(t, T)
and QTIPS denotes the martingale measure for the numeraire process

and r(T) is the real exchange rate at maturity date T.

Proof. We can rewrite payoff (3.207) as follows:

~(8(T), If (T), I(T)) max[KI(T) - 8(T)If(T),0]

max[KI(T)Pr(T, T) - 8(T)If(T)P/(T, T), 0].
(3.214)

We can now use the domestic PT1PS(t, T) == I(t)Pr(t, T) bond as a numeraire.
Denote by QTIPS the martingale measure for the numeraire process PT1PS(t, T).
Transform the foreign traded asset PfIPS(t, T) into domestic terms

(3.215)

We can now interpret PfIPS(t, T) as the price of the domestically traded asset;
thus, we can take this asset as a numeraire. Denote by QTIPS the martingale
measure resulting from this change of numeraire. We can now apply the results
from Proposition 3.4.14 to obtain the pricing formula (3.213). •

To obtain a formula that can be used in practice, we need to compute the prob
abilities above. Using the standard results, we guess that we will be able to
compute the price in the closed form if the factor price process does not exhibit
jumps and the volatility is deterministic. Thus we make the following assumption.



170CHAPTER 3. TWO-COUNTRY AFFINE TERM STRUCTURE MODELS

Assumption 3.4.16. Assume that the volatility of the factor process X t is de
terministic, that is, a(t, Xt) == a(t) and the process does not exhibit j umps9.

Consider the new process Z (t) defined as

Z(t) = S(t)I! (t)?! (t, T)
I(t)Pr(t, T) .

(3.216)

The process Z(t) is a martingale under the QTIPS measure; thus, its price process
has zero drift. Under the assumptions of Proposition 3.4.4 we infer that the ex
change rate, domestic and foreign P P I f indices and domestic and foreign real
bonds and real exchange rate r(t, Xt) are affine in the factors. Assuming that
the domestic and foreign P P I indices are of the form (3.157) and (3.158) corre
spondingly, we can write the Z (t) price process as

dZ(t) Z(t) {P(t) + P1f(t) - P1(t) - D(t, T) + B(t, T)} a(t)dWT1PS (t)

Z(t)aZ (t, T)dWT1PS(t). (3.217)

In this case, the solution to (3.217) can be found as

Z(t) = S(t)?f.IPS(t, T) exp {_~ iT II(jZII 2 (s)ds + iT (jZ(S)dWT1PS(S)}.
PT1PS(t, T) 2 t t

(3.218)

Using the fact that the stochastic integral has a Gaussian distribution with zero
mean and variance

I;2(T) = iT II(jZIl2(s)ds

we obtain that the probability can be found as

(3.219)

where

(3.220)

9It is also possible to obtain the closed-form solution in case the factor price process follows
eIR square root dynamics of the type

dx = (a - (3x)dt + O"yXdW.
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Consider a new process Z(t) defined as

Z t == I(t)Pr(t, T)
() S(t)If (t)P! (t, T) .

Thus, our task would be to find the probability
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(3.221)

(3.222)

The process Z(t) is a martingale under the (jTIPS measure and thus its price
process has zero drift. Under the assumptions of Proposition 3.4.4 we infer that
the exchange rate, domestic and foreign P P I indices and domestic and foreign
real bonds and real exchange rate r(t, X t ) are affine in factors. Assuming that
the domestic and foreign PPI indices are of the form (3.157) and (3.158) corre
spondingly, we can write the Z (t) price process as

dZ(t) -Z(t) {P(t) + P1f(t) - P1(t) - D(t, T) + B(t, T)} o-(t)dWT1PS (t)

-Z(t)o-Z (t, T)dWT1PS (t).

Now we can calculate the probability analogously to the first part and finally we
obtain that

(jTIPS(r(T) ::; K) == N(d2 ), (3.223)

where d2 == d1 - J~2(T). Thus, we obtain the following explicit formula for the
real exchange option

(3.224)

where d1 and d2 are determined as above.

3.5 Estilllation.

3.5.1 Methodology.

A great deal of work has been done concerning the estimation of latent factors
driving a single country nominal term structure. Little, however, has been done
regarding the estimation of two-country ATSMs.

If we would be able to observe yields of some maturities exactly (without mea
surement errors), then we would be able to infer the factor dynamics by inverting
the yield curve. The result will of course depend on the choice of maturities made.
Other studies assume that the yields cannot be measured exactly, thus, we cannot
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infer the factor dynamics by inverting the yield curve any longer. Instead, we
estimate the factors from the model which now can be seen as a combination of
a term structure model and the model for the measurement errors.

To estimate the real-nominal two-country term structure model we use Kalman
filter methodology used for the estimation of unobservable state variable dynamics
in one-country models. The Kalman filter recursively computes the expectation
of the unobservable state vector given the noisy observations of the state variable.
Based on the assumed factor dynamics and the term structures observed in the
past, we predict the value of the state vector in the next period, and update
it given the observable new term structure on the market. The Kalman filter
gives the linear prediction based on both sources of information. It creates the
predicted estimate by weighting the information about the term structure and
the linear prediction so that the source with the higher covariance matrix gets
lower weight. As a by-product, the filter provides the fitting errors and their
covariance matrices allowing us to construct the quasi-maximum likelihood. The
values of the parameters are estimated by maximizing the likelihood function.

More formally, in a one-country case, affine models are viewed as state space
systems with an observation equation which links observables (yields with time
to maturity T == T - t) to the state vector X t

(3.225)

(where the error Et comes from the fact that the yields are assumed to be imper
fectly observed due to, for example, measurement errors and interpolation), and
state equations (dynamics of the state variables)

(3.226)

The linear function A(T) + B(T)Xt gives the theoretical value of the yield of
maturity T given the vector Xt. The standard Ricatti equations provide cross
equation restrictions.

Unfortunately, the exact filtering of non-linear state space models is computation
ally infeasible (see Lund (1997)), so we exploit approximate filtering techniques
as described, for example, in Lund (1997). Instead, most of the studies em
ploy Kalman filter combined with quasi maximum likelihood estimation (QMLE).
To estimate the model we will use Iterative Extended Kalman Filter algorithm
(IEKF), which allows us to estimate the models of the following type:

Z(Xk , B) + Vk,

FkO(B) + F k1 (B)Xk + Uk,

(3.227)

(3.228)
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where () is a vector of parameters, Vk is allowed to have an arbitrary zero mean
distribution D(O, Sk(B)), and Uk is allowed to have the same zero mean distribu
tion D(O, Qk(B)), but with a different covariance matrix, k == 1, ... , N. As usual,
the recursions of the IEKF method consist of prediction and update steps.

Although it is impossible to find the exact distribution of X (t + h) conditional
on X (t) (except for special cases) as is shown by Duan and Simonato (1999), it
is possible to compute the conditional mean and variance of the unobserved state
variables over a discrete time interval of length h, m(Xt , B, h) == IE [X(t + h)1 X(t)]
and Q(Xt , B, h) == Var [X(t + h)1 X(t)], as affine functions of the factors. In this
case the Kalman filter can still be applied to obtain approximations for the first
and second moments of the model. See Appendix 3.8.1 for the description of the
exact Kalman filter procedure.

Among other attempts to estimate diffusion processes are Brandt and Santa-Clara
(2002) where they apply simulated likelihood estimation technique to estimation
of exchange rate dynamics in incomplete markets and a nonparametric approach
by Gallant and Tauchen (1992).

3.5.2 The model specification

Most of the studies (see, for example, Han and Hammond (2003), Dewachter and
Maes (2001)), employ three-factor models for estimating the unobservable factor
dynamics. Usually, three-factor models fit domestic and foreign yields quite well,
whereas four-factor models exhibit too many spikes. Dewachter and Maes (2001)
give strong evidence that the three factor international model possesses high
explanatory power and do fairly good job in describing the joint market dynamics
through time and maturity. The three-factor models are usually constructed
with two local factors separately influencing domestic and foreign term structures
(domestic and foreign factors), and one common factor influencing both term
structures at the same time. We will also use three-factor specification for the
international bond market modeling.

In the more general model, where we include domestic and foreign inflation
protected bonds in the international market, we will clearly need more factors.
We assume that as in the nominal two-country model the domestic term structure
is influenced by the domestic local factor Xl and common factor X 2 , and the
foreign term structure is influenced by the foreign local factor X 3 and common
factor X 2. Moreover, it is natural to assume that there exists a "real" domestic
factor, X 4 , influencing the domestic real term structure only, and "real" foreign
factor, Xs, influencing the real foreign term structure only. We also assume that
the domestic real term structure is influenced by the domestic local factor Xl,
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and the foreign real term structure is influenced by the common factor X 2 and
the foreign local factor X 3 . We consider two different five-factor models. First
of all, we consider a five-factor term structure model with the factors following
simplified C1R dynamics (Model I).

dXl(t)

dX2 (t)

dX3 (t)

dX4 (t)

dXs(t)

al(bl - Xl(t))dt + all VX1(t)dWl ,

a2(b2 - X 2(t))dt + a22vX 2(t)dW2 ,

a3(b3 - X3(t))dt + a33vX 3(t)dW3,

a4(b4 - X4(t))dt + a44vX4(t)dW4,

as(bs - Xs(t))dt + assvXs(t)dWs, (3.229)

where Wi are the independent Wiener processes. Following the assumptions above
we model that

1. the US short rate depends on US local factor Xl and common factor X 2

2. the UK short rate depends on UK local factor X 3 and common factor X 2

3. the US real short rate depends on US local factor X 3 and US real factor X 4

4. the UK real short rate depends on UK local factor X 3 , common factor X 2

and UK real factor Xs

Moreover, we need to estimate an additional ten parameters: Al' A2 - domestic
market prices of risk, A{, A~, A~ - foreign market prices of risk, AI, A4- domestic
real market prices of risk, A;f, A;f and A~f - foreign real market prices of risk.
All the remaining parameters for market prices of risk are restricted to zero.

The shortcoming of this model is that all the factors are uncorrelated. Since
the data show that some of the US real yields are negatively correlated with the
nominal US and UK yields, we might expect the US real yields to be governed by
factors, that are negatively correlated with the set of all other factors. We thus
introduce and estimate Model 11, where four factors follow C1R dynamics and
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one factor can become negative and is allowed to be negatively (or positively)
correlated with the other factors.

dX l (t)

dX2(t)

dX3 (t)

dX4 (t)

dXs(t)

al(bl - Xl(t))dt + (}ll VXl (t)dWl ,

a2(b2 - X 2(t))dt + (}22VX2(t)dW2,

a3(b3 - X 3(t) )dt + (}33 VX 3(t)dW3,

-a4X4(t)dt + P4l VXl(t)dWl + P43 VX3 (t)dW3

+ VI + Xl(t) + X 3(t)dW4,

as(bs - Xs(t))dt + (}SSVXs(t)dWs, (3.230)

where Wi are the independent Wiener processes. We note that factors Xl(t)
and X4(t) as well as X 3(t) and X 4(t) can be positively or negatively correlated
depending on the sign of P4l and P43. If P4l, P43 < 0 then Xl (t) and X3 (t) are
negatively correlated with X 4 (t). Moreover, we note that, as compared to the
previous model, factor X 4(t) can take negative values. Following the assumptions
above we model that

1. the US short rate depends on US local factor Xl and common factor X2

Rd(X) == Rfxl + RgX2,

2. the UK short rate depends on UK local factor X 3 and common factor X 2

Rf (X) == R{X 2 + R~X3'

3. the US real short rate depends on US local factor Xl and UK local factor
X 3 as well US real factor X 4 .

RdT(X) == RfTXl + RgTX3 + RgTX 4.

Since we modeled the US real factor depending on the factor X 4 , we note
that the UK real short rate can be negatively correlated with the US nom
inal short rate and the UK nominal short rate.

4. the foreign short rate depends on foreign local factor X 3 , common factor
X 2 and foreign real factor Xs

RfT(X) == R{TX2 + R~TX3 + R~TXs.

As in Model I, we estimate an additional ten parameters: AI, A2 - domestic market
prices of risk, .x{, .x~, .x; - foreign market prices of risk, Xl, Xi - domestic real
market prices of risk, A; , A~f and A~f - foreign real market prices of risk. All the
remaining parameters for market prices of risk are restricted to zero.
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3.5.3 Data

We use UK-US data to estimate the model, and for estimation we need data
consisting of zero-coupon bond yields. Most studies use zero-coupon bond yields
estimated from government coupon paying bonds. Recently, some studies started
using yields as implied by LIBOR and swap rates. We use UK nominal yields
extracted from UK government bonds for the set of maturities 0.5, 1, 2, 4, 5 and
6 years and US nominal yields extracted from US government bonds for the set
of maturities 0.5, 1, 2, 3, 4 and 5 years10 . The inflation-linked UK and US bond
markets allow us to estimate the real rates which would imply the observed bond
prices. We include in our sample three UK real yields with maturities 2, 3 and
4 years and three US real yields with maturities 5, 7 and 10 years. In total we
construct 17 series of nominal and real bond yields, where we use thirty monthly
observations for the period 25 November 2002 to 25 January 2006. Since we were
looking for a period with observations for all the 17 yields we had to restrict
ourselves to quite a short panel.

Figure 3.1 shows the time-series evolution of one- and five-year US and UK nomi
nal yields. In the US, both yields rose between 1998 and 2000, and then decreased
until the end of 2003. From 2003 they increased slowly again to their 2000 lev
els. Nominal UK yields decrease more rapidly over the entire interval from 1998
to 2006, except for 1998, when they dropped significantly and then rose to the
previous level.

Figure 3.2 shows the time-series evolution of five- and seven-year US real yields
and three- and four-year UK real yields. The five-year US real yield increases
slightly from 2003 to 2004 from the level of approximately 1.5% to 2%. The
seven-year US real yield decreases slightly during the same period and is more
volatile. The real three- and four-year UK yields increasing between 1998 and
2001 and drop significantly from 2.5% to 1.5% with the lowest yield value being
even less than 1%.

From the observed yields we can derive the average term structures for both
countries (Figure 3.3). The average UK and US term structures are both upward
sloping in the period of interest.

Besides the time-series observations of the real and nominal yields, we observe the
time-series evolution of the exchange rate between US and UK (Figure 3.4). The
US dollar appreciates during the period from 1998 to 2001, when the exchange

lOWe use the data on the nominal and real UK yields provided on the webpage of Bank
of England http: j jwww.bankofengland.co.ukjstatisticsjyieldcurvejindex.htm. US nominal
and real yields data is taken from the United States Department of the Treasury webpage
http:j jwww.treasury.govj
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Figure 3.1: Time-series graphs of the one- and five-year US and UK nominal yields,
July 1998 - February 2006.

rate is approximately 1.4 dollars per UK pound. In 2001 the US dollar begins
depreciating and the exchange rate reaches the level of 1.9 dollars per UK pound.

The TIPS are indexed to the non-seasonally adjusted US City Average All Items
Consumer Price Index for All Urban Consumers (CPI-U). We have monthly ob
servations for CPI-U from January 1950 to February 2006. The CPI index is
reported with a two- month lag, which allows us to calculate an approximate,
but not exact real return. The time-series observations of the CPI-U index are
indicated in Figure 3.4. It is easy to see that the price level increased steadily
from November 2002 to July 2005. The base year for the CPI-U series is 1950.

We also report correlations between different yields: correlations between do
mestic yields, correlations between domestic and foreign yields, and correlations
between foreign yields. The correlation table (see Table 3.1) shows that domestic
nominal yields are highly positively correlated, as are foreign nominal yields, with
an average correlation coefficient of 0.85. The within-country real yield correla
tions in both countries are even higher, up to 0.98. The cross-country correlations
between the nominal domestic and the nominal foreign yields are also significantly
high and positive (although the correlation coefficients at around 0.6 are lower
than on separate markets). The cross-country correlations between the real yields
are also positive, although the correlation coefficients are not high (around 0.2
on average). We also note that although UK real yields are highly positively
correlated with UK nominal yields, some of the US real yields are negatively
correlated with the US nominal yields (looking at yields of different maturities,
however). US nominal and UK real yields are positively correlated while some
of the UK nominal yields are negatively correlated with US real yields. We also
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Figure 3.2: Time-series graphs of the five- and seven- year US real yields, February
2003-November 2004, and 3 and 4 year UK real yields, July 1998 - February 2006.

observe negative correlation coefficients of US real yields with US CPI index and
the exchange rate.

3.5.4 Estimation results

Nominal two-country model

Parameters of the three-factor model consisting of the first three factors of (3.229)
have been estimated using an approximate Kalman filter and quasi-maximum
likelihood. The results of the estimation are shown in the Table 3.2.

The estimation shows that the foreign factor is slowly mean reverting while the
common and domestic local factors revert more quickly to the mean. We can also
see that local factors are more volatile than the common factor. Parameters bi

can be seen as proxies for the instantaneous interest rates, and our estimates seem
to be of reasonable magnitude. In the brackets we have the standard deviations,
which are quite low and imply that our estimates are significant. The actual and
fitted two- and four-year US and UK yields are plotted in Figure 3.6. We note
that the three-factor model demonstrates quite a good fit, but it appears that
the fit for the UK bond market is not as good as for the US bond market.

In this section we estimate the factor dynamics only on the basis of the 0 bserva
tions of UK and US nominal yields, without taking into account the exchange rate
between the two countries. However, once we have fitted the yields, and with the
model in mind, we can draw some implications concerning the volatilities of the
exchange rate process (3.26), since we know that UK and US drifts are connected
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Figure 3.3: UK and US average term structures

via (3.40). Thus, the exchange rate volatility vector can be estimated as

as == (0,3603; 0,4186; 2,193). (3.231 )

We will compare the implied volatilities with the estimates for the case when
the exchange rate is included in the estimation. We note also that we restricted
domestic market price A3 to be equal to zero to reduce the number of parameters
to estimate.

Including the exchange rate in the estimation procedure.

In this section we include the exchange rate dynamics in the estimation. Un
fortunately, we cannot directly include it in the set of observables since the ex
change rate is not a specified function of factors. To overcome this complication,
Dewachter and Maes (2001) derive the discrete time implications of the contin
uous time dynamics. They show that the exchange rate return over a discrete
time interval and the conditional variance are affine functions of the factors. This
allows us to add the observed exchange rate changes to the set of the observed
yields. Han and Hammond (2003) suggest incorporating the exchange rate dy
namics in the estimation procedure considering it as another state variable since
although the exchange rate is observable it differs from observables in the model
in that it is not a specified function of state variables. Another attempt has
been made by Mosburger and Schneider (2005), who study the performance of
the ATSM driven by a set of state, local and common variables. They estimate
international ATSMs on the UK-US data taking into account the joint transition
density of yields and exchange rate without assuming normality.
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Figure 3.4: Exchange rate expressed in USD per UK Pound and Monthly CPI-U Index
Levels, November 2002 to July 2005.

In contrast to the studies mentioned above, we assume that the exchange rate
has an affine functional form as in (3.30). The affine exchange rate (and real
exchange rate) would allow us to simplify the estimation procedure since, as
compared to Han and Hammond (2003), we can include the exchange rate as
one of the observable variables (the exact functional form is known). Thus, we
can include nominal (and real) exchange rates directly in the set of observables.
According to Proposition 3.2.15, if we specify affine factor dynamics under the
domestic martingale measure and an affine domestic short rate exogenously, and
then model the affine exchange rate dynamics freely, this will ensure affine factor
dynamics under the foreign martingale measure as well as an affine foreign short
rate. Thus, in this case

(3.232)

where we parameterize the exchange rate by PI, P2 , P3 and Q. Given the para
meters of the factor dynamics under Qd and exchange rate parameters, we find
foreign short rate as in (3.50) and the foreign market price of risk from (3.122).
Thus, we estimate a slightly different set of parameters, which includes PI, P2 , P3

and Q and the domestic market price of risk parameters, but excludes the foreign
market price of risk and foreign short rate parameter since they will be auto
matically determined by the estimated set. Further, we assume that the nominal
exchange rate is observed imperfectly, so in addition to the previous section we
estimate SeX, the error in the nominal exchange rate observation.

Parameters of the three-factor model consisting of the first three factors of (3.229)
have been estimated using an approximate Kalman filter and quasi-maximum
likelihood. The results of the estimation are presented in Table 3.3. Including
the US-UK exchange rate does not change the coefficients of the model very much,
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Figure 3.5: Fitted and actual log exchange rate dynamics, November 2002 to July
2005.

except that the common factor has an even higher mean reverting speed and both
US local and common factors become much more volatile. The estimated errors
are of the same order, and we are also able to estimate the measurement error
for the exchange rate, which at around 0,000652 is higher than for yields. Given
the vector

P == (0,527; 0,705; 1,051) (3.233)

we can find the volatilities of the exchange rate according to as == Pa, hence,

as == (0,1648; 0,1197; 0,2417). (3.234)

We note that these estimates are quite different from those that do not include
the exchange rate; we observe much smaller volatilities than in (3.231).

Including the monthly log change of the exchange rate in the dynamics and
imposing bond factors to fit predictions of exchange rate changes and/or volatility,
Dewachter and Maes (2001) find that the three-factor model is unable to fit the
volatile exchange rate series. This is quite a common finding in the literature
and can be explained by the fact the exchange rate dynamics are influenced by
other factors than those influencing term structures in both countries. Han and
Hammond (2003) were able to fit the exchange rate by adding one additional
factor influencing the exchange rate but not the term structures. It would appear
that the model with the affine exchange rate provides a better fit for the exchange
rates, as shown in Figure 3.5.

It is also clear that the actual log exchange rate is in fact more volatile then the
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predicted log exchange rate dynamics. Since by estimating the parameters of the
exchange rate we also determine some parameters for the UK term structures,
we can observe that the model does not fit the UK yields as well as the previous
model.

It also seems that all other studies lose some information about the unobserv
able factors not included in the set of observables (and thus not included in the
estimation), inflation-protected domestic and foreign bonds, and real exchange
rates as this would allow us to take into account possible correlations with real
exchange rates and inflation.

General two-country five-factor model

To fit the market consisting of the UK and US nominal and real yields we include
two additional factors in the model, X 4 and Xs, which we call UK and US real
factors. Parameters of the five-factor model consisting of all the factors in (3.229)
have been estimated using an approximate Kalman filter and quasi-maximum
likelihood. To do this, we need to express m(Xt , B, h) and Q(Xt , B, h) as affine
functions of the factors. This is done in the Appendix 3.8.1.

The results of the estimation are presented in Table 3.4 and Table 3.5. The
estimation shows that the UK real factor is relatively more mean reverting than
the US real factors, and its level of mean reversion is approximately that of the
common factor. The US and UK local factors are significantly more slowly mean
reverting than the common factor. We can also note that real factors are much
more volatile than the common and local nominal factors. Parameters bi can be
seen as proxies for the instantaneous interest rates, but our estimates seem to
be of reasonable magnitude: the coefficients for the real factors are around 0.02.
The UK and US nominal short rate coefficients are lower than in the previous
estimations and are around 0.5. The real short rate coefficients are around 0.05.

The actual and fitted two- and four-year US and UK yields are plotted in Figure
3.8 and Figure 3.9. We can see that the five-factor model demonstrates, in general,
quite a good fit; however, the fit for the US real market appears to be quite poor.
We observe that the predicted US real yields are less volatile than the US actual
real yields. Neither could we obtain a good fit for the UK nominal term structure.
Thus, we do not seem to have chosen the best specification for the nominal-real
two-country market. This may perhaps be explained by the correlation structure.
The model specification in fact restricts the correlation structure significantly
since in CIR models all the factors are positively correlated, and there seem to
be some negative correlation coefficients in the correlation table. Thus, we could
try to improve the model's fit by replacing one of the real CIR factor dynamics
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with Gaussian dynamics; for this reason we estimate Model 11. The results of the
estimation are presented in Table 3.6 and Table 3.7.

We estimate the factor dynamics (Model 11) based only on the observations of UK
and US nominal and real yields and without taking into account the exchange
rate and CPI index between the two countries. However, once we have fitted the
yields, and with the model in mind, we can draw some implications concerning
the volatilities of the exchange rate and CPI index processes, (3.26) and (3.151),
since we know that UK and US drifts are connected via (3.40) and (3.154). Thus,
the exchange rate volatility vector can be estimated as

as == (3, 95; 0,276; 2, 36; o·, 0). (3.235)

The US CPI index volatility vector can be estimated as

af == (4,04; 3,431; o·, 1,99; 0) (3.236)

and the UK CPI index volatility vector can be estimated as

afj == (1,92; 2,96; 0,247; o·, 1,58). (3.237)

We will compare the two models and the implied volatilities of the exchange rate,
and UK and US CPI indices. We see that as compared to Model I, Model 11 shows
that the UK real factor estimate is much slower mean reverting, and the US local
factor is faster mean reverting. The volatilities of the domestic local factor and
UK real factors are significantly lower than in the first model, while the volatility
of the common factor is higher. The coefficients for the US nominal and the UK
real short rates are higher but we see that the coefficients of the US real short
rate are lower than in the first model. In addition, we estimate the correlations
between the domestic real factor and the US and UK local nominal factors to
be around -0.4. Comparing the actual and fitted yields for both models, we see
a much better fit for the US real yields, providing higher volatility to the fitted
yields, but the fit for the UK real yields are not as good.

We will also compare the implied volatilities with the estimates for the case when
the exchange rate is included in the estimation.

General two-country 5-factor model, including exchange rate and US
CPI index

According to Proposition 3.2.15 we specify affine factor dynamics under the do
mestic martingale measure and an affine domestic short rate exogenously. We
also model affine exchange rate and affine CPI US index, which will ensure that
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the factor dynamics is affine also under the foreign and domestic real martingale
measures as well as affine foreign and domestic real short rates. Thus, we assume
that the exchange rate takes the form

(3.238)

and that the CPI US price index takes the form

(3.239)

Given the parameters of the factor dynamics, exchange rate and the CPI price
index, we find foreign and domestic real short rates, and foreign and and domestic
real market prices of risk as in (3.154). We assume also that nominal exchange
rate and CPI US index are observable with an error, thus, in addition to the
previous section we also estimate Sex and Sin!, the volatilities of the measurement
errors. The results of the estimation are presented in Table 3.8.

Given the vector

p == (0 7039', , 0,5998; 0,7998; 0', 0) (3.240)

we can find vector of volatilities of the exchange rate as (J"s == P(J", hence,

(J"S == (0,311; 0,048; 0,080; 0', 0). (3.241 )

We notice that those estimates are quite different from the ones implied by the
estimation where the exchange rate is not included in the estimation, that is, we
observe much smaller volatilities as compared to (3.231). Also, given the vector

pI == (0,8003; 0', 0,8001; 0,8514; 0) (3.242)

we can find vector of volatilities of the CPI US price index as (J"I == pI (J", hence,

(J"I == (0,3537; o·, 0,0639; 0,0851; 0), (3.243)

which is also much lower than the previously estimated parameters. From the
pictures we can see that unfortunately the model is unable to fit well the jointly
affine real and nominal yields when both the affine exchange rate and CPI US
price index are included in the estimation procedure. Thus, we can conclude that
other factors than the factors influencing the real and nominal term structures
are influencing the nominal exchange rate and the CPI price index. It seems that
including in the estimation procedure the US CPI index does not really improve
the fit of the model.
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3.6 Future research
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A number of questions remain for future research. It would be interesting to
see how the failure of the model to fit the real exchange rate dynamics even
on the modelling stage, affects the model's fit to the nominal and real domestic
and foreign yields. We can pick two diffrent models above (one which does not
produce mean stationary real exchange rates and one being able to produce mean
stationary real exchange rate) and consider a counrty where the real exchange
rate is mean stationary. We can compare those two model's performance on the
data consisting of the nominal and real domestic and foreign yields.

We leave for the future research the task of estimating the model in case the
factor dynamics exhibit jumps. Even though by just inspecting the US and
UK yields' dynamics we can not reject the hypothesis that the factor dynamics
exhibits jumps, modeling the jump-diffusion dynamics would be of course more
important for the developing countries. For example, it would be interesting to
compare the fit of the jump-diffusion model to the Russian-US bond market, since
the RUR/US exchange rate exhibit jums.

3.7 Conclusion

The paper suggests a jointly affine model of domestic and foreign nominal and real
yields, nominal exchange rate, domestic and foreign price levels. The model pro
duces closed form affine solutions for nominal and also inflation protected bonds
on the international market, which allows to simplify the pricing and estimation
procedures.

Another contribution of the paper is that we allow the factor dynamics to be
driven by Wiener process as well as marked point process. This specification
is most important for developing countries where the economic crisis can cause
jumps of different size in the dynamics of the exchange rate and price level. We
give necessary and sufficient conditions for the nominal and the inflation-linked
bonds to be affine in the international market.

We also give some necessary and sufficient conditions for the real exchange rate
to be asymptotically mean stationary in the jointly affine framework, that is, we
try to rule out those models which are inconsistent with the empirical evidence
supporting the Purchasing Power Parity (PPP) hypothesis.

As a practical application of the presented general international model we con
struct a European type "real exchange" call option, and show how to price it.
This derivative can be introduced and used by investors to hedge not just their
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exchange rate risk or just inflation risk, but the joint exchange rate and inflation
risks.

Finally, we estimate the factor dynamics for several two-country models: 1) nom
inal three-factor affine model including the domestic and foreign nominal yields
in the set of observables, 2) nominal three-factor affine model including yields as
well as the exchange rate, 3) five-factor nominal/real model including the domes
tic and foreign nominal yields in the set of observables and 4) five-factor model
including the exchange rate and the price level in addition to the yields. We show
that models 1) and 3) produce quite a good fit to the observed term structure.
We also show that in the model 2) we obtain a satisfactory fit to the term struc
tures as well the nominal exchange rate without introducing additional factors
(influencing only the exchange rate dynamics).

3.8 Appendix

3.8.1 Kalman filter algorithm

Let the Ft be the a-algebra generated by the observations up to and including
time t.

Denote

1. The conditional mean and variance of the unobserved state variables over
a discrete time interval h (an a priori state estimate at step t + h given the
knowledge of the process prior to time t)

m(Xt , (), h)
Q(Xt , (), h)

IE [X(t + h)1 X(t)]
Var [X(t + h)1 X(t)]

(3.244)

(3.245)

2. The state estimate at step t, given Ft by Xt == IE [X (t) IFt]

3. The estimate error covariance at step t + h, Pt+hlt == Var [X (t + h) IFt]

4. The estimate error covariance, Pt == Var [X(t)l Ft].

We specify the measurement and the transition equations as follows:

A + B'Xt + Vt,

Fa + FIXt + Ut+h,

(3.246)

(3.247)

where Vt - N(O, D) and Ut+h -N(O, Q). Assume that NI is the number of nominal
US yields, N 2 is the number of nominal UK yields, Cl is the number of real US
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yields and C 2 is the number of real UK yields. The N x 1 data vector yt is
obtained by combining together N = NI + N2 + Cl + C2 yields, exchange rate
and US CPI index observations. We take the measurements one a month, that
is, assume approximately that h = 0, 08. A is N x 1 and constructed by stacking
together coefficients

A == {A(T) C(7) Af(T) Cf(T) Q Q }
, , , "I,T T T T

and B is N x d and constructed by stacking together

- == {B(T) D(T) Bf(T) Df(T) pp}
B " , "I,T T T T

where d is the number of factors. We also assume that the covariance matrix of the
measurement error matrix is diagonal, N x N, with parameters Wi, i = 1, ... , N.
The exact filtering procedure is specified as follows. As initial conditions for
factor expectation and variance we take

At the prediction step we obtain

Xt+hl t

Ft+h1t

where

Fa + FIXt

FIFtF{ + Qt,

(3.248)

(3.249)

(3.250)

(3.251 )

e-a1h 0 0 0 0 bl (1 - e-a1h )

0 e-a2h 0 0 0 b2 (1 - e-a2h )

FI = 0 0 e-a3h 0 0 Fa = b3 (1 - e-a3h ) (3.252)
0 0 0 e-a4h 0 b4 (1 - e-a4 h)

0 0 0 0 e-a5h bs(1 - e-a5h )

The updation step takes the form

X t+h Xt+hl t + Kt+hllt+h (3.253)

Ft+h LtFt+hlt, (3.254)

where

K t+h
A - I

(3.255)Pt+hltB~+h

L t+h I sxs - Kt+hB', (3.256)
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and the likelihood contributors are

~t+h

vt+h

and

~+h - Fo - F1Xt+hl t

E' Ft+h1tE + D.

(3.257)

(3.258)

-2InLt == InlViI +~~~-l~t.
We can express Q(Xt , (), h) as follows

(3.259)

Q(Xt , i, i, t)

Q(4,4,t)

Q(3, 4, t)

Q(l, 4, t)

Q(4, 3, t)

Q(l, 3, t)

(1 - e-a(i)h)2 a 2(i)b(i) (e-a(i)h - e-2a(i)h)Xlt )a2(i)

2a(i) + a(i)
(1 - e-a(4)h) b(l) (1 + P~l) (1 - e-2a(4)h)

2a(4) + 4a(4)
b(1) (1 + P~l) (e-a(l)h - e- 2a(4)h)

(2(a(1) - 2a(4)))
+ Xlt)(l + p~l)(e-a(l)h - e-2a(4)h) + b(3)(1 + p~3)(1 - e-2a(4)h)

2(a(1) - 2a(4)) 4a(4)
_ b(5) (1 + P~3)(e-a(3)h - e(-2a(4)h)) + X 3t (1 + P~3)(e-a(3)h - C 2a(4)h)

2(a(3) - 2a(4)) 2(a(3) - 2a(4))
(e-a(3)h - e-(a(3)+a(4))h )a(3)p43X t3 a(3)p43 b(3) ((1 - e-(b(3)+b(4))h)

2a(4) + 2(a(3) + a(4))
(e-b(3)h _ e-(b(3)+b(4)) h)

a(4)
(e-a(l)h _ e-(a(1)+a(4))h)a(1)p13X lt a(1)P13b(1)((1 _ e-(a(1)+a(4))h

2a(4) + 2(a(1) + a(4))
e-a(l)h _ e-(a(1)+a(4))h

a(4)
Q(3, 4, t)

Q(3, 1, t)

3.8.2 Estimation results: graphs and tables
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Implied versus actual yields: estimation results.
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Figure 3.6: Actual versus fitted yields, two- and four-year US and UK yields, November
2002- July 2005.
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Implied versus actual yields: estimation results
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Figure 3.7: Actual versus fitted yields, two- and four-year US and UK yields, November
2002-July 2005, exchange rate included in the estimation.
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Implied versus actual nominal yields: estimation results for the five
factor model
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Figure 3.8: Actual versus fitted yields, two- and four-year US and UK nominal yields,
November 2002-July 2005.

Implied versus actual real yields: estimation results for the five
factor model
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Figure 3.9: Actual versus fitted yields, two- and four-year US and UK real yields,
November 2002-July 2005.
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Implied versus actual nominal yields: estimation results for
five-factor, Model 11.
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Figure 3.10: Actual versus fitted yields, two- and four-year US and UK nominal yields,
November 2002-July 2005.

Implied versus actual real yields: estimation results for five-factor
Model 11.
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Figure 3.11: Actual versus fitted yields, two and four-year US and UK real yields,
November 2002-July 2005.
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Correlations between the yields

yd(0.5) yd(l) yd(2) yd(4) yd(5) yd(6) yfr (2) yfr (3) yfr (4) ydr(5)

y (0.5) 1.0000 0.9753 0.8092 0.6622 0.9903 0.5027 0.6376 0.5246 0.3455 -0.0484
yd(l) 0.9753 1.0000 0.9141 0.8010 0.9379 0.6662 0.7051 0.6441 0.4889 0.0739
yd(2) 0.8092 0.9141 1.0000 0.9744 0.7298 0.9099 0.7511 0.7570 0.6555 0.3648
yd(4) 0.6622 0.8010 0.9744 1.0000 0.5674 0.9797 0.7252 0.7567 0.6886 0.5091
yd(5) 0.9903 0.9379 0.7298 0.5674 1.0000 0.3973 0.5768 0.4304 0.2396 -0.1082
yd(6) 0.5027 0.6662 0.9099 0.9797 0.3973 1.0000 0.6755 0.7323 0.6981 0.6102
yfr (2) 0.6376 0.7051 0.7511 0.7252 0.5768 0.6755 1.0000 0.8639 0.7752 0.3071
yfr (3) 0.5246 0.6441 0.7570 0.7567 0.4304 0.7323 0.8639 1.0000 0.9751 0.2568
yfr (4) 0.3455 0.4889 0.6555 0.6886 0.2396 0.6981 0.7752 0.9751 1.0000 0.2696
ydr(5) -0.0484 0.0739 0.3648 0.5091 -0.1082 0.6102 0.3071 0.2568 0.2696 1.0000
ydr(7) -0.3033 -0.1781 0.1518 0.3338 -0.3610 0.4779 0.1508 0.1259 0.1846 0.9534

ydr(10) -0.4296 -0.3072 0.0326 0.2292 -0.4837 0.3915 0.0613 0.0519 0.1330 0.8861
yf (1) 0.6755 0.7518 0.7309 0.6515 0.5998 0.5616 0.6473 0.8104 0.7737 -0.1338
yf(2) 0.4442 0.5715 0.6662 0.6521 0.3443 0.6206 0.6253 0.8592 0.8828 0.0247
yf(3) 0.2880 0.4365 0.5889 0.6114 0.1799 0.6140 0.5819 0.8445 0.9018 0.1113
yf(4) 0.1744 0.3335 0.5205 0.5668 0.0632 0.5925 0.5384 0.8149 0.8949 0.1648
yf(5) 0.0862 0.2513 0.4622 0.5260 -0.0262 0.5688 0.4987 0.7834 0.8799 0.2031

Ex.rate 0.6813 0.6650 0.4708 0.3178 0.6631 0.1712 0.3040 0.3706 0.2813 -0.5145
Infi 0.9114 0.8993 0.7398 0.5967 0.8882 0.4497 0.6195 0.5924 0.4582 -0.2271

Ex.rate Infl

y (0.5) -0.3033 -0.4296 0.6755 0.4442 0.2880 0.1744 0.0862 0.6813 0.9114
yd(l) -0.1781 -0.3072 0.7518 0.5715 0.4365 0.3335 0.2513 0.6650 0.8993
yd(2) 0.1518 0.0326 0.7309 0.6662 0.5889 0.5205 0.4622 0.4708 0.7398
yd(4) 0.3338 0.2292 0.6515 0.6521 0.6114 0.5668 0.5260 0.3178 0.5967
yd(5) -0.3610 -0.4837 0.5998 0.3443 0.1799 0.0632 -0.0262 0.6631 0.8882
yd(6) 0.4779 0.3915 0.5616 0.6206 0.6140 0.5925 0.5688 0.1712 0.4497
yfr (2) 0.1508 0.0613 0.6473 0.6253 0.5819 0.5384 0.4987 0.3040 0.6195
yfr (3) 0.1259 0.0519 0.8104 0.8592 0.8445 0.8149 0.7834 0.3706 0.5924
yfr (4) 0.1846 0.1330 0.7737 0.8828 0.9018 0.8949 0.8799 0.2813 0.4582
ydr(5) 0.9534 0.8861 -0.1338 0.0247 0.1113 0.1648 0.2031 -0.5145 -0.2271
ydr(7) 1.0000 0.9811 -0.2924 -0.0851 0.0347 0.1127 0.1706 -0.6739 -0.4218
ydr(10) 0.9811 1.0000 -0.3649 -0.1370 -0.0036 0.0845 0.1503 -0.7151 -0.5111
yf (1) -0.2924 -0.3649 1.0000 0.9406 0.8598 0.7887 0.7264 0.7304 0.8233
yf(2) -0.0851 -0.1370 0.9406 1.0000 0.9815 0.9485 0.9122 0.5418 0.6067
yf(3) 0.0347 -0.0036 0.8598 0.9815 1.0000 0.9913 0.9729 0.4061 0.4533
yf(4) 0.1127 0.0845 0.7887 0.9485 0.9913 1.0000 0.9947 0.3069 0.3421
yf(5) 0.1706 0.1503 0.7264 0.9122 0.9729 0.9947 1.0000 0.2282 0.2557

Ex.rate -0.6739 -0.7151 0.7304 0.5418 0.4061 0.3069 0.2282 1.0000 0.7532
Infi -0.4218 -0.5111 0.8233 0.6067 0.4533 0.3421 0.2557 0.7532 1.0000

Table 3.1: The correlation coefficients between the domestic and foreign nominal and
real yields, exchange rate and price level, based on the observations from November
2002-July 2005. Almost all the coefficients are significant.
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QML parameter estimates for the UK-US joint bond market

I
Parameters I Domestic factor XI Common factor X 2 Foreign factor X 3

ai 0,21812 0,51861 0,06213
(10- 3 . 0.0467) (10-3 ·0,0720) (10-3 ·0,0249)

bi 0,06064 0,04868 0,04906
(10-3 . 0,0246) (10-3 ·0,0220) (10-3 . 0,0222)

O"i 0,12744 0,07002 0,22998
(10-3 . 0,0357) (10-3 ·0,0265) (10-3 ·0,0479)

R d 1,1501 0,2000
(10-3 ·0,1072) (10-3 . 0,0447)

Ri 0,48469 1,5000
(10-3 . 0,0696) (10-3 . 0, 1225)

Ad -0,48110 -0,48630
(10-3 . 0,0693) (10-3 . 0,06973)

Ai -0,52705 -0,51560 -0,50435
(10-3 . 0,07259) (10-3 ·0,07180) (10-3 ·0,0710)

81 0,00000230 0,0000016
(10-3 ·0,0001519) (10-3 . 0,000126)

82 0,00000133 0,00000077
(10-3 . 0,0001156) (10-3 . 0,000088)

83 0,00000104 0,00000077
(10-3 . 0,0001021) (10-3 . 0,000088)

84 0,00000324 0,00000435
(10-3 . 0,000179) (10- 3 . 0,000208)

85 0,00000280 0,0000031
(10-3 . 0,000167) (10-3 . 0,000176)

86 0,00000218 0,000000078
(10-3 ·0,000147) (10-3 . 0,000027)

Table 3.2: In the table we present the parameter estimates for the three-factor model,
based on 30 monthly data observations for 12 yield time series observations- 0.5, 1, 2,
4, 5, 6 years US yields and 0.5, 1, 2, 3, 4, 5 years UK yields, from November 2002-July
2005. Standard errors are in brackets.)
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QML parameter estimates for the UK-US joint bond market with an affine
exchange rate.

I
Parameters I Domestic factor Xl Common factor X 2 Foreign factor X 3

ai 0.20804 0.61865 0.06160
(10- 3 ·0.045679) (10- 3 . 0.078645) (10- 3 . 0.024875)

bi 0.06042 0.04877 0.04936
(10-3 ·0.024756) (10-3 . 0.022156) (10-3 . 0.022185)

(Ji 0.31283 0.16984 0.23095
(10-3 ·0.055934) (10-3 ·0.041235) (10-3 ·0.04801)

Rd 1.01484 0.20023
(10-3 . 0.100782) (10-3 ·0.044778)

Ad -0.480971 -0.48616
(10-3 . 0.069368) (10-3 . 0.069735)

P 0.52719 0.705062 1.05117
(10-3 . 0.072602) (10-3 . 0.083971) (10- 3 ·0.102508)

Q 0.01266
(10-3 . 0.011251)

SI 0.0000042 0.0000051
(10-3 . 0.00002) (10-3 . 0.0000228)

S2 0.0000045 0.0000046
(10-3 ·0.0000214) (10-3 . 0.0000216)

83 0.000005 0.0000046
(10-3 ·0.0000224) (10-3 . 0.0000216)

S4 0,0000051 0.0000048
(10-3 . 0.0000226) (10-3 . 0.0000221)

85 0.0000044 0.00000515
(10-3 . 0.0000210) (10-3 . 0.0000227)

S6 0.0000051 0.00000515
(10-3 . 0.0000227) (10-3 . 0.0000236)

Sex 0.000652
(10-3 . 0.0002551

Table 3.3: The parameter estimates for the three-factor model with affine exchange
rate, based on the same 30 monthly data observations for 12 yields, from November
2002-July 2005. Standard errors are in brackets. Pi are Q are the parameters for the
affine exchange rate, Sex -error volatility. )
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QML parameter estimates for the UK-US general bond market, 5 factor, I.

I
Param I US factor Xl Common X 2 UK factor X 3 US real factor UK real factor

ai 0.0510 0.2616 0.0262 0.1205 0.3000
(10-4 ·0.0710) (10-4 ·0.1617) (10-4 . 0.0512) (10-4 . 0.1097) (10-4 ·0.1732)

bi 0.060 0.0483 0.0399 0.0199 0.0200
(10-4 . 0.0775) (10- 4 . 0.0696) (10-4 ·0.0632) (10-4 ·0.0447) (10-4 . 0.0447)

(ji 0.3744 0.2699 0.0230 0.4999 0.5999
(10-4 . 0.1934) (10- 4 ·0.1643) (10-4 ·0.0480) (10-4 . 0.2236) (10-4 ·0.2449)

R d 0.5999 0.500
(10-4 . 0.2449) (10-4 . 0.2236)

Rf 0.4699 0.6000
(10-4 . 0.2168) (10-4 ·0.2449)

Rdr 0.0500 0.0500
(10-4 . 0.0707) (10-4 . 0.0709)

Rfr 0.100 0.0900 0.0498
(10-4 ·0.100) (10-4 ·0.100) (10-4 . 0.0707)

)J -0.527 -0.8515 0.0543
(10-4 . 0.2295) (10-4 . 0.2918) (10-4 ·0.0710)

)...d -1.610 -0.9262
(10-4 . 0.4013) (10-4 . 0.3043)

)...dr -0.5014 0.999
(10-4 ·0.2239) (10-4 . 0.3163)

)...fr -0.050 0.0620 0.950
(10-4 . 0.0707) (10-4 . 0.3082) (10-4 ·0.0710)

81 0.00000217 0.00000147
(10-4 ·0.000480) (10-4 ·0.000399)

82 0.00000102 0.000000231
(10-4 . 0.000368) (10-3 . 0.000288)

83 0.00000078 0.00000022
(10-4 . 0.000324) (10-3 . 0.0000286)

Table 3.4: The parameter estimates for the five-factor model based on the same 30
monthly data observations for 17 yields, from November 2002-July 2005. Standard
errors are in brackets. Si are the estimates for the volatility of the measurement errors
for UK and US nominal yields.
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QML parameter estimates for the UK-US general bond market (continued).

197

I
Param I US factor Xl

84 0,00000211
(10-4 ·0.000589)

85 0.00000316
(10-4 . 0.000526)

86 0.0000324
(10-4 ·0.00409)

Wl

W2

W3

Wl

W2

W3

Common X 2 UK factor X 3

0.00000325
(10-4 . 0.0000667)

0.0000029
(10-4 ·0.0000560)

US real factor

0.00000417
(10-4 . 0.0000715)

0.0000039
(10-4 . 0.0000720)

0.0000041
(10-4 . 0.0000716)

UK real factor

0.000004
(10-4 ·0.0000720)

0.000004
(10-4 . 0.0000718)

0.0000043
(10-4 . 0.0000712)

Table 3.5: The parameter estimates for the five-factor model based on the same 30
monthly data observations for 17 yields, from November 2002-July 2005. Standard
errors are in brackets. Wi are the estimates for the volatility of the measurement errors
for UK and US real yields.
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QML parameter estimates for the UK-US general bond market, 5 factor, 11.

I
Param I US factor Xl Common X 2 UK factor X 3 US real factor UK real factor

ai 0.1811 0.2616 0.0262 0.1205 0.05
(10-4 ·0.1351) (10-4 ·0.1677) (10-4 ·0.0512) (10-4 ·0.1195) (10-4 . 0.0707)

bi 0.0601 0.0484 0.040 0.020
(10-4 . 0.0776) (10-4 ·0.0695) (10-4 . 0.06391) (10-4 ·0.04479)

(Ji 0.2744 0.3613 0.0230 0.200
(10-4 . 0.1665) (10-4 ·0.1910) (10- 4 . 0.2236) (10-4 . 0.0543)

R d 0.6 0.6001
(10-4 ·0.2465) (10-4 ·0.2651)

Rf 0.5700 0.6001
(10-4 . 0.2408) (10-4 . 0.32429)

Rdr 0.03000 0.0401
(10-4 . 0.0548) (10-4 ·0.1409)

Rfr 0.2000 0.4000 0.8
(10-4 . 0.1421) (10-4 . 0.2004) (10-4 . 0.3685)

)J -0.3271 -1.4916 0.0504
(10-4 ·0.1808) (10-4 ·0.3869) (10-4 ·0.0710)

Ad -1.9110 -0.9263
(10- 4 ·0.4390) (10-4 . 0.4432)

Adr -0.5014 0.999
(10-4 ·0.2239) (10-4 . 0.3162)

Afr -0.5015 -1 -0.05
(10-4 . 0.0707) (10-4 . 0.3082) (10-4 . 0.2862)

81 0.00000346 0.00000158
(10-4 . 0.00233) (10-4 . 0.0000128)

82 0.00000257 0.000000775
(10-4 . 0.00249) (10-3 . 0.0000088)

83 0.000000844 0.000000775
(10-4 . 0.000507) (10-3 . 0.00000886)

Table 3.6: The parameter estimates for the five-factor Model 11, based on the same
30 monthly data observations for 17 yields, from November 2002-July 2005. Standard
errors are in brackets. Si are the estimates for the volatility of the measurement errors
for UK and US nominal yields.
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QML parameter estimates for the UK-US general bond market (continued).

I
Param I US factor Xl

84 0.00000258
(10-4 ·0.00141)

85 0.00000239
(10-4 . 0.0000534)

86 0.00000313
(10-4 . 0.00193)

Wl

W2

W3

Wl

W2

W3

P -0.04
(10-4 ·0.2)

Common X 2 UK factor X 3

0.00000435
(10-4 ·0.000020)

0.00000312
(10-4 . 0.000017)

US real factor

0.000005
(10-4 . 0.0000223)

0.000005
(10-4 . 0.000022)

0.000005
(10-4 . 0.0000223)

UK real factor

0.0000048
(10-4 . 0.0000223)

0.0000049
(10-4 ·0.0000224)

0.000005
(10-4 . 0.0000223)

-0.04
(10-4 ·0.2)

Table 3.7: The parameter estimates for the five-factor model based on the same 30
monthly data observations for 17 yields, from November 2002-July 2005. Standard
errors are in brackets. Wi are the estimates for the volatility of the measurement errors
for UK and US real yields.
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QML parameter estimates for the General UK-US bond market, 5 factor affine
model.

I
Param I US factor Xl Common X 2 UK factor X 3 Real US factor Real UK factor

ai 0.2989 0.0511 0.0119 0.1501 0.049
(10-3 . 0.0421) (10-3 . 0.0038) (10-3 . 0.0013) (10-4 . 0.0056) (10-4 . 0.0007)

bi 0.0605 0.0484 0.060 1.0011 0.020
(10-3 . 0.0173) (10-3 . 0.0033) (10-3 . 0.0008) (10-3 . 0.0464) (10-3 ·0.0004)

(Ji 0.4422 0.0799 0.1000 0.2002 0.5000
(10-3 ·0.0811) (10-3 . 0.0030) (10-3 ·0.0011) (10-3 ·0.0112) (10-3 . 0.0022)

R d 0.1304 0.1502 0.001
(10-3 ·0.0164) (10-3 . 0.0083) (10-3 . 0.00011)

RIr 0.0499 0.0199 0.0500
(10-3 . 0.0007) (10-3 ·0.0004) (10-3 . 0.0007)

P 0.7039 0.5998 0.7998
(10-4 . 0.0163) (10-4 . 0.0049) (10-4 . 0.0062)

PI 0.8003 0.8001 0.8514
(10-3 ·0.0124) (10-3 . 0.0072) (10-3 . 0.0565)

Q 4.45
(10-3 . 0.2491)

QI 0.448
(10-3 ·0.0805)

Ad -0.9110 -1.4999 -0.3999 -0.2997 -0.3000
(10- 3 . 0.0882) (10-3 . 0.0043) (10-3 . 0.002) (10-3 . 0.0103) (10-3 . 0.00173)

AIr -0.2000 -0.5000 -0.5000
(10-3 ·0.0014) (10-3 . 0.0022) (10-3 . 0.0022)

81 0.0000458 0.0000089
(10-3 . 0.00207) (10-3 . 0.000198)

82 0.0000245 0.0000007
(10-3 . 0.00162) (10-3 ·0.00130)

83 0.0000132 0.0000059
(10-3 . 0.000927) (10-3 . 0.000533)

Table 3.8: The parameter estimates for the five-factor model with affine exchange rate,
US CPI index, based on the same 30 monthly data observations for 17 yields, from
November 2002 to July 2005. Standard errors are in brackets. Si are the estimates for
the volatility of the measurement errors for nominal UK and US yields.
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QML parameter estimates for the General UK-US bond market, 5 factor affine
model.

Param I US factor Xl
0.0000159

(10-4 . 0.000701)

0.0000534
(10- 4 . 0.002316)

Common X 2 UK factor X 3

0.00000214
(10-3 . 0.000625)

0.00000664
(10-3 . 0.00039)

Real US factor Real UK factor

S6 0.0000257
(10-4 . 0.000991)

WI 0.000006
(10-3 . 0.000123)

W2 0.0000117
(10-3 . 0.000277)

W3 0.0000229
(10-3 . 0.000723)

WI 0.0000119
(10-3 . 0.000683)

W2 0.00000599
(10-3 ·0.000350)

W3 0.0000095
(10-3 ·0.000473)

Sex 0.00023
(10-3 ·0.0090)

Sin! 0.0067
(10-3 ·0.2649)

Table 3.9: The parameter estimates for the five-factor model with affine exchange
rate, US CPI index, based on the same 30 monthly data observations for 17 yields,
from November 2002 to July 2005. Standard errors are in brackets. Pi are Q are the
parameters for the affine exchange rate, PI are QI are the parameters for the affine
US CPI index, Sex - exchange rate estimation error volatility, Sin! - US CPI index
estimation error volatility.)
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Chapter 4

Correlation between intensity
and recovery in credit risk
models

We start by presenting a reduced-form multiple default type of model and derive abstract results

on the influence of a state variable X on credit spreads, when both the intensity and the loss

quota distribution are driven by X. The aim is to apply the results to a concrete real life

situation, namely, to the influence of macroeconomic risks on credit spreads term structures.

There has been increasing support in the empirical literature that both the probability of default

(PD) and the loss given default (LGD) are correlated and driven by macroeconomic variables.

Paradoxically, there has been very little effort from the theoretical literature to develop credit

risk models that would include this possibility. A possible justification has to do with the

increase in complexity this leads to, even for the "tractable" default intensity models. The

goal of this paper is to develop the theoretical framework needed to handle this situation and,

through numerical simulation, understand the impact on credit risk term structures of the

macroeconomic risks. In the proposed model the state of the economy is modeled trough the

dynamics of a market index, that enters directly on the functional form of both the intensity of

default A and the distribution of the loss quota q given default. Given this setup, we are able

to characterize periods of economic depression by higher default intensity and low recovery,

producing thus a business cycle effect. Furthermore, we allow for the possibility of an index

volatility that depends negatively on the index level and show that, when we include this

realistic feature, the impacts on the credit spread term structure are emphasized.1

IThe paper is coauthored with Raquel Gaspar, ISEG, Universidade Techica de Lisboa. We
are indebted to Tomas Bjork for fruitful discussions and constant motivation. We gratefully ac
knowledge helpful comments and suggestions from Phillip Schonbucher and Thorsten Schmidt.
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4.1 Introduction

Recent empirical studies show that there is a significant systematic risk compo
nent in defaultable credit spreads. See Frye (2000a), Frye (2000b), Frye (2003),
Altman, Resti, and Sironi (2004), Diillmann and Trapp (2000) or Elton and
Gruber (2004). The model underlying the Basel 11 internal ratings-based cap
ital calculation (see Basel Committee (2003) and Wilde (2001) measures credit
portfolio losses only, that is, portfolio losses that are due to external influences
and hence cannot be diversified away. This gives us an indication of what the
main concerns are in practice and highlights the need for a realistic model of
systematic risk. The purpose of this study is to present a reduced-form multiple
default model2

, which analyzes the influence of macroeconomic risks on the term
structure of credit spreads at the firm level.

The current theoretical literature considers models where only the default in
tensity, or equivalently, the probability of default (PD) is dependent on a state
variable assuming that the loss given default (LGD) is either fixed or at least in
dependent of default intensities. See Wilson (1997), Saunders (1999), JP Morgan
(1997), Gordy (2000), or Schonbucher (2001). We take that analysis one step
further and consider the situation in which the same state variable influences
both PD and LGD, making these two quantities dependent on one another.

Both PD and LGD are key in accessing expected capital losses and measuring the
exposure of portfolios of defaultable instruments to credit risk. In accessing cap
ital at risk, it is extremely important not to ignore the interdependence between
PD and LGD, since this would lead to underestimation of the true risk borne by
portfolio holders.

Eventually, we are interested in the case where our state variable represents
macroeconomic risks. As a proxy for macroeconomic conditions we consider a
market index. It is well known that market uncertainty and its level are nega
tively correlated. See, for instance, Gaspar (2001) and a recent study by Giese
(2005). That is, periods of recession (low index level) also tend to be periods
of high uncertainty (high index volatility) reflecting some sort of market panic,
while periods of economic boom are perceived as safe periods and with low un
certainty. In setting up the dynamics of the market index, we incorporate this
realistic feature by allowing the local volatility of the index to depend negatively
on its level.

In terms of the PD and LGD, we concretely take the default intensity and the
recovery (given default) to depend on the market situation (the index level). With
the PD dependence we try to account for the fact that during bad economic times

2For the description of reduced-form models see e.g. Duffie and Singleton (1999).
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it is reasonable to expect more defaults, while with the LGD dependence we try
to account for the fact that if the entire market is down, the market value of any
firm's assets should be lower, and debt holders should recover less if a default
occurs.

The main contributions of this study can be summarized as follows.

• We derive abstract results for a multiple default reduced-form model when
the default events are modeled by a doubly stochastic marked point process
(DSMPP), where both intensity and the mark's density depend on a state
variable X.

• We propose a model for the influence of macroeconomic risks on credit
spreads.

• Using a concrete model, we are able to simulate realistic behaviors of the
term structure of credit spreads.

The rest of the paper is organized as follows.

• In Section 2 we concretize our reduced-form multiple default model and
justify the modeling choices, which involve modeling all the variables un
der the risk-neutral measure Q. We start by describing the setup for the
default-free and defaultable bond market and we continue by deriving the
abstract results. Finally, we discuss the relation between the risk-neutral
assumptions and the objective JID-assumptions.

• In Section 3 we introduce the macroeconomic model, presenting the index
dynamics and justifying the assumptions about the influence of such risks
on the intensity and recovery processes using empirical facts. We derive
qualitative results on the influence of the market index on credit spreads.

• In Section 4 we present a concrete model for the intensity and recovery
dependence and simulate their impacts on credit spread term structures.

• Section 5 concludes, summarizing the main results and suggesting directions
for future research.

4.2 The Setup and Abstract Results

We consider a financial market living on a filtered probability space (0, F, Q, (Ft)O<t<T)
where Q is the risk-neutral probability measure. - -
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The probability space carries a multidimensional Wiener process Wand, in ad
dition, a doubly stochastic marked point process (DSMPP), J-l(dt, dq), on a mea
surable mark space (E, E) to model the default events.

The filtration (:Ft)O~t~T is generated by Wand J-l, i.e. :Ft = :Ft
W V:Fr.

4.2.1 Default-free bond market

We assume the existence of a liquid market for default-free zero-coupon bonds,
for every possible maturity T. We denote the price at time t of a default-free
zero-coupon bond with maturity T by p(t, T).

In order to describe the default-free bonds market we use Heath-Jarrow-Morton
(HJM) framework, modeling directly, under the martingale measure (Q, the dy
namics of the instantaneous forward rates, f(t, T). There is a one-to-one corre
spondence between zero-coupon bond prices and forward rates, so by assuming
existence of zero-coupon bond prices for all maturities we also guarantee existence
of forward rates for all maturities. We recall the fundamental relation:

f(t, T) =
8lnp(t, T)

aT p(t, T) = exp { -iT f(t, s)ds} . (4.1)

Assumption 4.2.1. (Default-free forward rates)

The dynamics of default free forward rates, under the martingale measure (Q, are
given by

with

df(t, T) = a(t, T)dt + a(t, T)dWt , (4.2)

(4.3)a(t, T) = (J(t, T) iT (J* (t, s)ds.

where aC, T) is a row vector of regular enough adapted processes, W is a (Q
Wiener process.

The default free short-rate is r(t) = f(t, t) and the default free zero-coupon bond
prices are denoted by p(t, T). No arbitrage and the fundamental relation in (4.1)
give use the bond prices dynamics as

dp(t, T)
p(t, T) = r(t)dt + 7)(t, T)dW(t),

where 7)(t, T) = -iT (J(t, s)ds.
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4.2.2 Defaultable bonds market
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In addition to the risk-free bond market mentioned above, we consider a de
faultable bond market. We assume that each company on the market issues a
continuum of bonds with maturities T.

Assumptions 4.2.6 below characterize the default events and the dependence of
both the default intensity and the recovery rate distribution on an abstract sto
chastic state variable X.

Assumption 4.2.2. There exist an underlying stochastic state variable X, whose
dynamics under the risk neutral measure Q are given by

(4.4)

where W, is the same as in (4.2).3

Concepts and Assumptions

In Assumption 4.2.6 we will define the basic multiple default setup. A multiple
default setup is based on the observation that whenever the obligor defaults,
the company is not liquidated but instead reorganized. The firm and its claims
continue to live and operate. However, the face value of the claims is reduced by
a fraction q. Behind this model is the intuition that, given a distress situation for
the obligator's business, the debt holders are willing to accept the renegotiation
of their claims (accepting to lose some fraction q of the face value of the claims)
in order to avoid a process of bankruptcy, which is typically costly, and allowing
the firm to continue operating. 4 It is possible that a whole sequence of defaults
is taking place, every time the company reducing the face value of the debt and
the bondholder accepting the conditions of the deal.

Definition 4.2.3. The loss quota is the fraction by which the promised final
payoff of the defaultable claim is reduced at each time of default. We denote the
loss quota by q.

Definition 4.2.4. The remaining value, after all reductions in the face value
of the defaultable claim due to defaults in the time interval [0, t], is denoted V(t).

3This way we allow for the possibility that one of our factors may be related to the risk-free
side of the economy. In that case, some consistency relation must hold between (4.2) and (4.4).

4This model mimics the effect of a rescue plan as it is described in many bankruptcy codes.
The old claimants have to give up some of their claims in order to allow for rescue capital to be
invested in the defaulted firm. They are not paid out in cash (this would drain the defaulted
firm of valuable liquidity) but in new defaultable bonds of the same maturity. [Schonbucher
(2003)]
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Definition 4.2.5. p(t, T) is, at time t, the price of a defaultable zero-coupon
bond with maturity T. The payoff at time T of the bond is, thus, V(T) the
remaining part of the face value of the bond after all reductions due to defaults in
the time interval [0, T], i. e.,

p(T, T) = V(T).

Assumption 4.2.6.

1. We assume that default happens at the following sequence of the stopping
times Tl < T2 < ... , where Ti is the time of the i-th jump of our point
process.

2. At each default time Ti the jump size, qi mark or loss quota, is drawn from
the mark space E = (0, 1).

3. We assume that there is no total loss at default, i. e., the loss quota qi < 1
foralli=1,2,···.

4. We assume that both

(i) the arrivals of default times (Ti)i~l

(ii) the distribution of the loss quotas given default (qi)i~l

depend upon our stochastic state process X.

Given that at each default time Ti the final claim amount is reduced by a loss
quota qi to (1 - qi) times what it was before, we obtain

(4.5)

where qi is the stochastic marker to the default time Ti.

According to risk-neutral valuation, the price at time t, of the defaultable bond
with maturity T equals to

or, equivalently,
p(t, T) = p(t, T)lET [V(T) IFt] , (4.6)

where lET [·1 Ft] denote conditional expectation under the T-forward measure.
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Definition 4.2.7. We define the instantaneous defaultable forward rate,
! (t, T), similarly to its risk-free equivalent

- a
f(t, T) = - aT lnp(t, T).

The defaultable short rate is defined as r(t) = !(t, t).

Using the above definition we also have

p(t, T) = V(t) exp { -iT J(t, s)ds },

(4.7)

(4.8)

where recall that p(t, t) = V(t) and V(t) is given in (4.5).

Definition 4.2.8. The short credit spread s(t) is defined as the difference
between the defaultable and non-defaultable short rates

s(t) = r(t) - r(t).

Definition 4.2.9. The forward credit spread s(t, T) is defined as the differ
ence between the defaultable short rate and non-defaultable forward rates

s(t, T) = !(t, T) - f(t, T).

Existence of intensity

We start by giving the abstract definitions of a Marked Poisson Point Process,
a Cox Process and a Doubly Stochastic Marked Poisson Process (DSMPP). To
introduce the definitions we need first to define the following filtrations.

Notation 1. (Filtrations)

• We call the filtration generated by W(t) the background filtration (FtW)t>o'
and -

gW = VF t
W

,

t2°

is the information set containing all future and past background informa
tion.

In our setup it will be assumed that all the default-free processes are adapted

to (Ft
W

)t20.
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• The full filtration is reached by combining (FtW)t>o and the filtration (Ft)t~o

which is generated by MPP J-L -

Ft == Ft
WV Ft.

• We define the filtration generated by all the information concerning the
background process X, and our only past information on our MPP J-L

gt ==9WVFt·

Definition 4.2.10. (DSMPP)

• We call the Marked Point Process (L an Ft - Marked Poisson Process if there
exists a deterministic measure f) on JR+ x E such that

JP' (p,( (s, t] x B) = kiF';) = (v( (s, tlt B) )k e-D((s,tjXB), a.s., BEE.

• We call a counting process N == (Tn ) adapted to right-continuous filtration a
gtW - Cox Process if there is an gW -measurable random measure v satisfying

JP'(N(s,t] = kI9:') = (v((~!t]))k e-v((s,t]), a.s kEN.

• We call the Marked Point Process J-L an gr - DSMPP if there exists a gW_
measurable random measure v on JR+ x E such that

JP' (p,((s, t] x B) = k 19:') = (v((s, tl,x B))k e-v«s,tjXB) , a.s., BEE.

Our goal is to construct a Marked Point Process such that its compensator is
allowed to depend on our stochastic state variable X (which in general means
that its conditional default distribution as well as intensity are both allowed to
depend on X t ), and conditional on the realization of the state variable it is gr
DSMPP. In other words, we want to prove the existence of MPP such that its
compensator v is allowed to depended on our stochastic state variable X, so we
can write

v(dt, dq, w) == v(t, dq, Xt), Q-a.s. (4.9)

We define the compensated point process fj( dt, dq) as

fj(dt, dq) == J-L(dt, dq) - v(t, dq, Xt).

The following Theorem shows that the DSMPP with compensator of the form
(4.9) exists.



4.2. THE SETUP AND ABSTRACT RESULTS 213

Theorem 4.2.11.

Assume that v admits intensity and define v(dt, dq, Xt) = Mt(dq, Xt)dt, CQ - a.s
where Mt(dq, x) is a deterministic measure on E for any fixed x and t.

Let v(dt, dq) = mt(dq)dt be a deterministic compensator for some Marked Poisson
Process p. Assume that:

(i) M(t, dq, x) is measurable w.r.t. QW

(ii) M(t,dq,x) is absolutely continuous w.r.t. m(t,dq) on £, that is,

Then, there exists a g[V -DSMPP J-l, such that its compensator is of the form
(4·9).

Proof. We fix (0, F, JP, (Ft)O~t~T) and a Marked Point Process J-l with the com
pensator

v(dt,dq) = mt(dq)dt

and, as before, QtW = gw V Ft.
Since Mt(x, dq) is absolutely continuous w.r.t mt(dq) on £, then according to the
Radon-Nikodym Theorem for every t there exists a £ x QW-measurable nonneg
ative function CPt(q, x), cP : E x R+ ~ R+, such that

M(t,x,A) = 1cp(t, q, x)m(t, dq), forall AEE

or
M(t i Xi dq) = 4?(t i qi x)m(ti dq).

We define the process Lt as

{

dLt = Lt-JE {cp(t,q,Xt)-l}{P(dt,dq)-mt(dq)dt}

Lo = 1.

We notice that cp(t,q,Xt) E Ql[. Define the new measure on g[V, 0 ~ t ~ T as

According to the Girsanov transformation the CQ-coffipensator of the new process
is exactly
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First, we would like to show that the Q-distribution of v is the same as the
lP-distribution. We note that 9(; = 9w and that

dQ I"w = Lo = 1dlP ~o '

thus, JP = Q on 9(;.

Second, we would like to show that

JP' ({L( (s, t] x E) = k 19;V) = (1/((s, tkt E) )k e~v((s,t]XB), a.s., E E E. (4.10)

We prove (4.10) using characteristic functions. Define the stochastic process

yt = it i qp,(dt, dq).

Changing the measure we obtain that

IEQ [eiuyt Ig:] = IEJID
[ Lteiuyt I9:] .

Define Zt = Lteiuyt
, then the dynamics of Zt is

dZt = Lt i {eiU(Yt-+q) - eiuYt- } {L(dt, dq)

+Lt_eiuYt i ('P(t, q, X t ) - l){p,(dt, dq) - mt(dq)dt}

+ i Lt-('P(t, q, X t) - 1) {eiU(Yt-+q) - eiuYt-} P,(dt, dq)

i Zt-'P(t, q, Xt)mt(dq) (eiuq - l)dt +i Zt_(eiuq - l)'P(t, q, Xt)P,(dt, dq)

+ i Zt-('P(t, q, X t) - l)P,(dt, dq)

where jj(dt, dq) = (L(dt, dq) - mt(dq).

We notice also that Zo = 1, then

Zt 1 + it i Zs-'P(S, q, Xs)mt(dq) (eiuq - l)ds + it ... p,(ds, dq)

1 + it i Zs_(eiuq - l)Ms(dq, Xs)ds + it ... P,(ds, dq).

Denote ~t = IEJID
[ Zt I9(;], then

~t = 1 + it i ~s(eiuq -l)Ms(dq,Xs)ds.
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thus since ~t does not depend on q and Ms (dq, X s) is gJV-measurable
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Note that v(dt, dq, Xt) = Mt(dq, Xt)dt is gW measurable.

The result follows from the fact that the characteristic function of the process

ft = itl qjl(dt, dq)

where Jl is a Market Poisson Process with compensator iJ(t, dq) is given by

•
In our application we would like to model separately the dependence of the in
tensity process and of the loss quota distribution on our state variable X. This
allows us, not only to include empirically observed facts in both quantities but it
also makes the interpretation of the results more straightforward. To model the
loss quota distribution, in the context of our DSMPP, we need the notion of a
stochastic kernel.

Definition 4.2.12. K is a stochastic kernel from IR+ to E, i.e. from (IR+, B+)
to (E, E), if it is a mapping from R+ x E into R+ such that:

• K (-, A) is measurable for all A E E

• K(t,') is a measure on E 'Vt

If K(t, E) = 1, then the kernel is called a probability distribution.

In our case K will be stochastic only to the extent that X is stochastic. That
is, conditional on the state variable realization we will have a deterministic loss
quota distribution.

The ideal construction procedure can then be described as follows.

Remark 4.2.13. Construction procedure We construct our DSMPP J-L as
follows.

1. We specify our Wiener driven stochastic state variable X.
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2. We specify the intensity A(t, Xt) as a function of our state variable.

3. We specify the instantaneous conditional loss quota distribution as a func
tion of the state variable K(t, dq, X t ).

4. Finally) we construct the stochastic compensator v

(4.11 )

A compensator representation as in (4.11) has the additional advantage of sat
isfying a needed consistency requirement. Indeed, it allows us to value credit
derivatives that do not depend on recovery in a consistent way with those that
do depend upon recovery. Without the separation result we would have to model
at once the whole compensator Mt(dq, Xt), which is not very intuitive and we
would not know how to derive in a consistent way key ingredients that depend
exclusively upon A(t, X t ), like the implied survival probability, the price default
digital payoffs or the price defaultable bonds with zero recovery.

Before we go on to the abstract results, we note that Theorem 4.2.11 suffices to
guarantee the existence of a DSMPP J-l with a compensator of the form (4.11),
as we can simply set

and notice that M t (dq, x) is a measure for fixed t and x.

4.2.3 Abstract results

In this section we derive the main results concerning the short and forward credit
spreads given the setup above.

Proposition 4.2.14. Consider a T -defaultable claim X. For the purpose of
computing expectations) and in particular its price at time t ::; T

it is equivalent to use the following two dynamics for the remaining value process

(i)

dV(t)

V(t-)

V(t) v,

(4.12)
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(ii)
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dV(t)
V(t-)

V(t) v.

(4.13)

where J-l is a DSMPP with compensator v(t, Xt) = >..(t, Xt)K(t, dq, Xt)dt, N is a
Cox process with intensity >..(t, Xt) and we define

qe(t, X t ) = 11

K(t, dq, Xt ) .

Proof. Using the V dynamics in (i) we get,

]EQ [e- ItTSdSV(T)XI Ft] =

= V(t) ~Q [e- It Tsds Xl Ftl ~]EQ [e- It Tsds iT11

qVs-fL(dq, ds)XI Ft]
v

1r(t,X)

= V(t)7f(t, X) -lEQ []EQ [e- I,T Tsds iT11

qV,-fL(dq, dS)X! 9;V] IFt]

= V(t)7f(t, X) -]EQ [e- It T,ds]EQ [iT11

qV,-fL(dq, dS)X! g;V] IFt]

= V(t)7f(t, X) - ]EQ [e- It Tsds iT v,- {11

qK(s, dq, X s)} )(s, Xs)dsXI Ft]

= V(t)7f(t, X) - lEQ
[ e- It T,ds iT v,-t(s, X s)(s, Xs)dsX IFt]

Using the V dynamics in (ii) we get,

]EQ [e- It TsdSV(T)XI Ft] =

= V(t) ~Q [e- It Tsdsxl Ftl-]EQ [e- It Tsds iT v,_qe(s, Xs)dN(S)XI Ft]
v

1r(t,X)

= V(t)7f(t, X) -]EQ [ ]EQ [e- It Tsds iT v,_qe(s, Xs)dN(S)X! 9;V] IFt]

= V(t)7f(t, X) -]EQ [e- It TsdslEQ [iT v,_qe(s, Xs)dN(S)XI g;V] I Ft]

= V(t)7f(t, X) -lEQ [e- It T,ds iT v,_qe(s, Xs)(s, Xs)dsXI Ft]
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The results follows from comparing the final expressions on both cases. •

Proposition 4.2.15. Given Assumption 4.2.6, and under the martingale mea
sure (Q.

1. The short credit spreads, s(t), have the following functional form

(4.14)

where

qe(t, X t ) = 11

qK(t, dq, X t )

can be interpreted as the locally expected loss quota (which is positive for
q> 0).

2. Then the forward credit spread s(t, T) takes the form

JE~ [{r(T) + >.(T, X T W(T, X T )} e- 1/{r(s)+>.(s,Xs)qe(s,Xs)}dS]

s(t, T) = T f(t, T)
JE~ [e- It {r(s)+>.(s,Xs)qe(S,Xs)}dS]

(4.15)

Proof. The time t price of the defaultable zero-coupon bond with maturity T is
equal to

(4.16)

where V (T) is the residual of the face value after multiple defaults up to time T.

Making use of Proposition 4.2.14, instead of ~~~)) = - f01qJ-l(dt, dq) with our

DSMPP JL (these dynamics follow directly from (4.5)), we use

dV(t) e
-(-) = -q (t-,Xt-)dNtV t-

where N is the Cox process with intensity A(t, X t ).

For every fixed t, define Z (u) as follows

We note that then the dynamics of Z (u) take the form

u 2 t, t-fixed
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and Z(u) is a Q-martingale conditional on the filtration F t
w . Thus,

The price of a defaultable bond is then can be found as
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p(t, T) lEiQJ [e- It rsdsV(T) IFt] = lEiQJ [ e- I,T rsdse-It qe(s,Xs}),(s,Xs}ds Z(T) IFt]
lEiQJ [ lE iQJ [e- It rsdse-It qe(s,Xs}),(s,Xs}ds Z(T) Igf] IFt]
lEiQJ [e- It rsdse-I,T qe(s,Xs}),(s,Xs}dslEiQJ [Z(T) Igf] I Ft]
lE iQJ [ e- It rsdse- It qe(s,Xs}),(s,Xs}dsZ(t) IFt]
V(t)lE iQJ [e- It r(s}dse-I,T qe(s,Xs}),(S,Xs}dSI Ft]
V (t)lEiQJ [e- It {r(s}+qe(s,Xs}),(s,Xs}}ds IFt] .

Using the basic relations between defaultable bond prices and defaultable forward
rates in (4.7) we can, thus, write

_ lE~ [{r(T) + .\(T, XT )qe(T, XT )} c It {r(s}+),(s,Xs}qe(s,Xs}}dS]

f(t, T) = (4.17)
lE~ [e- It {r(s)+),(s,Xs}qe(S,Xs}}dS]

Finally using that J(t, t) = r(t) in the above expression we obtain

r(t, rt, Xt) = r(t) + qe(t, Xt)A(t, Xt).

The result follow from s(t) = r(t) - r(t) and s(t, T) = J(t, T) - f(t, T). •

From the proof of the previous Proposition results also a nice formulation for the
defaultable bond prices.

Corollary 4.2.16. Under the conditions of Proposition 4.2.15 we have

(4.18)

It is obvious from (4.15) that the expression of the forward credit spread looks
quite messy. This happens because we choose to present it under the martingale
measure Q. The next lemma give us two simpler representations at the cost of
using forward measures.

Lemma 4.2.17. The forward credit spread, s(t, T), has the following represen
tation, equivalent to (4.15)
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(i)
a

s(t, T) = - aT In (lEr [V(T)])

where lEr [.] stands for expectation under the T -forward measure.

(ii)
s(t, T) = JEr [r(T)] - lEt [r(T)] .

where JEr· stands for expectation under the measure QT where we have

T dQT V(O)e- Ig' rs+>.(s,Xs)qe(s,Xs)ds
L = dQ = p(O, T) on FT .

Proof. To prove (i) we note that

p(t, T) lE~ [e- It r(u)duv(T)]

p(t, T)lEt [V(T)] .

p(t, T)

From the definition of the forward defaultable rate and the forward credit spread
we also have

V(t)e- It f(t,u)du

V(t)e- It !(t,u)due- It s(t,u)du = V(t)p(t, T)e- It s(t,u)du.

Comparing we realize V(t)e- It
T

s(t,u)du = lEr [V(T)], differentiating w.r.t. T and
solving for s(t, T) we get

a ( V(t) ) a a T
s(t, T) = aT In lEr [V(T)] =.EfT In~V(t))" - aT In (lEt [V(T)]).

o

To prove (ii) we start by noting that it is a well known fact that for the risk-free
rates f(t, T) = lEr [r(T)].5

Thus, it remains to show that

f(t, T) = JEr [r(T)]

Using r(t) = r(t) + qe(t, Xt)A(t, Xt), equation (4.17) becomes

_ lE~ [r(T)e- It {r(s)+.\(s,Xs)qe(s,Xs)}ds ]

f(t, T) = T

lE~ [e- It {r(s)+.\(s,Xs)qe(S,Xs)}dS]

5See Bjork (2004) for further details.
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For the r .h.s the following holds

221

lE? [r(T)e- I,r {1'(S)+.\(s,Xs )qe(S,Xs)}dS] =

_ Q [_ V(O)e- JoT {r(S)+A(s,xs)qe(S,XS)}dS] eJ~{r(s)+A(s,Xs)qe(s,Xs)}dsp(O,T)
- lEt r(T) p(O, T) V(O)

" ./v
LT

-T Q T eJ~{r(s)+A(s,Xs)qe(s,Xs)}dsp(O, T)
= lEt r(T)lEt [L ] V (0)

= JE;r(T)IE? [e- I,r {r(s)+.\(s,Xs)qe(S,Xs)}dS]

= p(t, T) JET [ (T)]
V(t) t r

T V(O)e- J6 {r(s)+>-(s,Xs)qe(s,Xs)}ds
Where we define L = p(O,T) on FT·

Comparing with the l.h.s we get J(t, T) = fE[r(T).

4.2.4 On the market price of jump risk

•

We now note that the setup has been defined under the martingale measure Q.
Now we specify the implicit assumption on the market price of jump risk that will
allows us to extrapolate from our objective intuitions (JF-intuitions) when setting
up a concrete model later on.

In order to see the connections between the intensities under the different mea
sures we recall the appropriate Girsanov theorem 6.

Theorem 4.2.18. (Girsanov for DSMPP)
Let (0, F, F, Q) be a filtered probability space which supports Q-Brownian motion
W(t) and a marked point process J-l(dt, dq), where the marker q is drawn from
the mark space X = [0, 1]. The Q-compensator is assumed to take the form
v(dt, dq) = K(t, dq)A(t)dt under Q. Here A is the Q-intensity of the arrivals of
the point process and K(t, dq) is the Q-conditional distribution of the marker. Let

6See, for example, Bjork (2004) or Schonbucher (2003).
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h be a predictable process and cPt (q), cPt (q) > -1 a predictable function with the
properties

it IIhl1 2ds < 00, it Ix lrf:>t(q)IK(s,dq),\(s)ds < 00.

Define the process L(t) by

{
1t~) = h(t)dW(t) + Ix rf:>(t){J-L(dt, dq) - v(dt, dq)}

L(O) = 1

Define the probability measure lID as follows

dlID
d([J = L(t) on :Ft Vt > o.

Then:

1. We can write
dW(t) == dWp(t) + ((t)dt,

where W p is a P -Wiener process.

2. The predictable compensator under lID is as follows

vP
(dt, dq) == (1 + cPt (q))v (dt, dq) .

(4.19)

(4.20)

cPt(q) in (4.20) is the market price of jump risk and, in principle, is stochastic
cPt(q, w, X).

The following Lemma shows that in the case when Girsanov kernels are determin
istic the measure transformation does not affect K and gives us the relationship
between the intensities of default under lID and under Q.

Lemma 4.2.19. Assume that the market price of jump risk, cP in (4.20) is a
deterministic function of time. That is

cPt (q,w) = cP(t ) .

Then,

1. The Q-default intensity, A, relates to the lID-default intensity AP , by

AP(t, X) == A(t, X)(l + cP(t))

(4.21 )

(4.22)
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2. The Q-loss quota distribution, conditional on default, K t (dq), equals to the
conditional on default loss quota distribution under JED, Kt (dq) .

Proof. The predictable compensator takes the form

v(dt, dq) = Mt(dq)dt = A(t)K(t, dq)dt,

where

>.(t) = Mt(E), K(t dq) = Mt(dq)
, Mt(E)

From the Girsanov theorem we obtain that under JED

M; (dq) = Mt(dq) (1 + cjJ(t))

>,P(t) = l (1 + cjJ(t))Mt(dq)

Thus is case if cjJ(t) is deterministic and does not depend on q we see that

Af (1 + cjJ(t))Mt(E) = (1 + cjJ(t))A(t )

Ki(dq) (1 + cjJ(t))Mt(dq) Mt(dq) = Kt(dq)
JE(l + cjJ(t))Mt(dq) JE Mt(dq) .

(4.23)

(4.24)

•
We see that, in this case, the conditional distribution of the loss quota remains
unchanged while intensity changes according to (4.23), i.e. multiplied by a de
terministic function of time. This also means that once we have specified the
influence of the state variable X under Q we have also specified its influence
under the objective measure (up to some deterministic factor in the case of the
intensity process A).

Obviously it is discussable if assuming (4.22) is a very strong restriction or not.
For this study we assume it is not so we can use our objective intuitions in setting
up the applied model for macroeconomic risks. Nonetheless, the unhappy reader,
can also interpret all our results as only Q-results.

4.3 The Macroeconomic Risks

4.3.1 Setup

We model systematic risk of an economy by considering what we call a market
index, and consider this market index both when it is the price of an important
traded asset in the economy and when it is not the price of any traded asset.
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An example of an index that is the price of a traded asset is, say, oil price. Indices,
for instance, stock market indices or any other type of indices, on the other hand,
are examples of indices that are not prices of traded assets. We consider the two
possibilities at all times.

It is rather well known that market index volatility (for example S&P500) tends
to increase when the market as a whole is depressed (low values of the index) and,
conversely, volatility decreases when the market index is high (see Gaspar (2001)).
In order to account for this fact, we make market index volatility dependent on
the index level.

Assumption 4.3.1. (Market Index)
Under the martingale measure Q) the market index I) satisfies the following sto
chastic differential equation (SDE)

• When I is the price of a traded asset

• When I is not the price of a traded asset

where r is the short rate) r is a row-vector) W is a Q- Wiener process.

Furthermore) for each entry ri) the following holds

(i)

(4.25)

The property (i) in (4.25) represents the empirically observed fact that periods
when the market as a whole is depressed are periods of higher volatility, while
booms are associated with low volatilities.

Since it would be wrong in our setup to consider I to be independent of the
risk-free short rate r (at least under the risk-neutral measure Q), and we cannot
ignore its influence, we can also consider r as one of the factors.

We will now present explicitly the dependence between the default intensities and
the loss quota distribution on the factors. The results from the abstract section
can be used immediately with
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Finally, it is also reasonable to assume that firms that are less sensitive to sys
tematic risks will suffer less in terms of an increase in their default intensities
than firms that are more sensitive. Hence, we introduce a measure of sensitivity
to systematic risk, E, E E [0,1].

Assumption 4.3.2. (The default Intensity)
The intensity is a deterministic function of (t, r, I, E). Furthermore, we have

(ii)

(iii)

(iv)

(v)

A(t, r, I, 0) = ~ ~ E IR+

8A(t, r, I, E)
8E > 0 ,

8A(t,r,1,E) 0
81 <,

8A(t,r,1,E) 0
8r >.

(4.26)

(4.27)

(4.28)

(4.29)

Assumption 4.3.2 is based on the intuition that if a firm's financial situation is
strong enough, it should not really matter if the economy is booming or if it is in
recession. That is, firms that are financially solid should be much less sensitive
to the business cycle than those in a less solid financial position. One can also
regard the parameter E as a measure of a firm's creditworthiness. Firms with high
creditworthiness typically tend to be less sensitive to the business cycle influence
than less creditworthy firms.

If this is so, then it makes sense to include properties (ii) and (iii) in (4.26) and
(4.27), respectively.

Properties (iv) and (v) (eq (4.28), (4.29)) tell us that if the default intensity de
pends on macroeconomic variables, then the PD is higher during recessions or
periods of high risk-free interest rates, and lower in booms or periods of low risk
free interest rates. The influence of the index value is related to the increase in
uncertainty during periods of recession, while the influence of the short rate is
related to the increase in the difficulty of refinancing existing debt when the cost
of borrowing money is higher (if a firm can only borrow money at high costs the
PD is higher).
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Assumption 4.3.3. (Loss Quota)
The conditional distribution of loss quota is a deterministic function of (t, r, I).
K is a stochastic kernel from R+ x R+ x R+ -t [0,1] for any realization of (t, r, I)

We denote the cumulative distribution function of loss quota conditional on de
fault as K

K(t, r,I, x) = 1x

K(t, r,I, dq),

with the following properties

11

K(t, r,I, dq) = 1, 'tit, r,I

K(t, r, 11, x) ~ K(t, r, 12, x),

K(t,r1,I,x) ~ K(t,r2,I,x),

That is

(vi)

if

if

11 ~ 12, \:Ix ER,

r1 ~ r2, \:Ix ER.

ak(t, r, I, x)
aI > 0,

(vii)
ak(t, r, I, x)

ar ~ O.

(4.30)

(4.31)

For fixed (t, r), k(t, r, I, x) stochastically dominates all the conditional distri
butions with parameter I, such that I ~ I and, for fixed (t, I) k (t, r, I, x) sto
chastically dominates all the conditional distributions with parameter T, such that
T ~ r.

Property (vi) in (4.30) can be justified by the following argument. Given that
default has occurred and the debt holders are negotiating their loss quota so that
the firm is able to continue operating (assumption underlying any multi-default
model), it seems reasonable that if the firm's assets are worth less they are willing
to give in more (higher loss quota) since they would not get that much in the
event of bankruptcy. Moreover, bankruptcy costs tend to be higher in periods of
recession, emphasizing this effect.

As to the risk-free interest rate, the argument for property (vii) in (4.31) is more

difficult to support. Thus in our view, it is reasonable to assume ak(~~,I,x) ~ 0,
which includes the possibility of no influence. However, if we assume the existence
of an impact, then we argue that it should be in the direction of higher interest
rates leading to a decrease in the probability of lower loss quotas. In periods of
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high interest rates, debt holders have better options to invest their money and
are less willing to give in.

From the stochastic dominance assumption above we can now infer the impacts
on the expected loss quota.

Lemma 4.3.4. Given Assumption 4.3.3, the following relations hold for the ex
pected value

qe(r, 1) = 11

qK(r, I, dq),

(viii)

(ix)

oqe(r, f) 0
of < , (4.32)

(4.33)

Proof. The proof is similar to both properties and is a consequence of (vi)=::.?-(viii)
and (vii)=::.?- (ix). We show it for the index value case.

qe(r, I) = 11

qK(r, I, dq) = 11

qdK(t, r, I, q).

Integrating by parts we get

11

qdK(t, r, I, q) = qK(t, r,I, q) I~ -11

K(t, r,I, q)dq

qK(t, r, f, 1) -q K(t, r, f, 0) -11

K(t, r,I, q)dq
'-v-'" '-v-'" °

1 0

q - 11

K(t, r,I, q)dq .

The results follows from differentiating this last expression w.r. t f and using the
property (vi)

oqe(r, f) = -11
8K(t, r,I, q) d 0

of of q < .
° "-v--"

>O,Vq

The same argument will work for the interest rate r. •
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Remark 4.3.5. (Tractability)
We note that besides the above mentioned properties K, conditional on the state
variable information, must be the distribution of a random variable taking values
in (0,1), and the intensity A must be always positive. It is, thus, extremely hard
to find a treatable model where these two facts together with properties (i)-(ix) are
satisfied.

In particular, we have found that no model of affine or quadratic spreads7 will
verify all the above properties.

Given these tractability difficulties we go on with the analysis and draw qualitative
results of the influence of the market index on credit spreads.

4.3.2 Short credit spreads

Using the abstract result on Proposition 4.2.15 and Assumptions 4.3.2 and 4.3.3

we can study the impacts of our macroeconomic variables X = [n on the short

spread s(t).

Remark 4.3.6. Given the results in Proposition 4.2.15, Assumption 4.3.2 and
Lemma 4.3.4, the short credit spread can be rewritten as a function of (t, r, I, E)
and

Furthermore we have

s(t,r,1,E) = A(t,r, I, E)qe(t,r, I) . (4.34)

s(t, r, I, 0)

8s(t,r,I,E)

81

8s(t,r,1,E)

8r

8s(t, r, I, E) _ 8A(t, r, I, E) e( I) 0
8E - 8E q t, r, > ,

"--v-"
>0

8A(t, r, I, E) e( I) A( I) 8qe(t, r, I) 0
81 q t, r, + t, r, ,E 81 <,

"--v-" '--v--'"
<0 <0

8A(t, r, I, E) e( I) A( I) 8 qe(t, r, I)
8r q t, r, + t, r, ,E 8r > 0 .

"--v-" '--v--'"
>0 ~o

We note that given a concrete functional form for the intensity A, and the loss
quota distribution and, thus, qe the above effects on the short spread can actually
be quantified. Unfortunately, this is not going to be the situation when dealing
with forward credit spreads.

7 Outside the class of affine or quadratic spread models it is basically impossible to find
closed-form solutions.
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Before, however, we move on to forward credit spreads, we derive the dynamics
by of the short credit spread under CQ.

Proposition 4.3.7. The dynamics of the short credit spread under CQ is, in short
hand notation, as follows

(
8S 8S 8S 1 82

S 2 1 82
S 2 2 82

S )
ds = 8t + 8r a(t) + 81,(lt)lt + 28r2b (t) + 2812' (It)lt + 818r b(t),(lt)lt dt

+as(t)dWt

where

a(t)

b(t)

8f(t, T)
8T IT=t + a(t, t)

a(t, t)

(4.35)

where a(t, T) and a(t, T) are the drift and the volatility of the forward risk-free
interest rates in (4.2) and the usual HJM drift condition in (4.3) holds.

Proof. We apply Ita formula to equation (4.34).

In addition to the Ita formula we just need to deduce the dynamics of the risk-free
short rate r, from the dynamics of the forward interest rate in (4.2). We recall
r(t) = f(t, t) and it is easy to show that 8

(
8f (t, T) )

dr(t) = 8T IT=t + a(t, t) dt + a(t, t)dWt .

•
Without a concrete functional form of the intensity and loss quota distribution,
there is not much one can say about the dynamics of the short spread. Except,
perhaps that since ~ < 0 and ~ 2 0 (recall Remark 4.3.6) we see that increases
in the volatility of the index lead to decreases in the volatility of the short spread,
while increases in the volatility of the short rate r lead to increases in its volatility.
Consequences to the drift cannot be drawn from Assumptions 4.3.2 and 4.3.3
alone.

8For a proof of this result see Bjork (2004).
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Remark 4.3.8. (JP considerations)
The same qualitative relations would still hold under the objective probability mea
sure JP as long as the market price of jump risk is positive, which seems reasonable.

As to forward spreads s(t, T), given that we could only obtain expressions in
terms of expectations that have to be numerically evaluated, there little one can
say.

In the next section we propose a way to model all the needed functions and show
the simulation results.

4.4 A concrete IIlodel

In this section we illustrate the theoretical results previously derived using a "toy
model" .

We aim to highlight the importance of considering the dependence between recov
ery and intensity of default by showing the applicability of our results and that
the impacts obtained are substantial, rather than to be as realistic as possible.

For that reason, when setting up our model, we do so as simply as possible with
the advantage of obtaining more tractable formulas and a better understanding
of what drives the simulation results.

The theoretical results apply, of course, to the general case outlined above and
many more examples could have been considered.

In order to have a concrete model we need to:

• establish the dependence of the volatility of the index" on the index level;

• provide the intensity functional form for A, in terms of (t, r, I, E);

• decide on a distribution for the loss quota q for all possible (t, r, I).

In our toy model we take the risk-free rate, r, as constant and abstain from
considerations about the term structure of risk-free interest rates. Although this
is unrealistic, it is not harmful to our goal of understanding the impact on spreads.

I is assumed to be the price of a traded asset. To consider a non-traded asset,
we would need further considerations on the market price of index risk.

For simplicity we also take all functions to be time homogenous; the extension to
non-time homogeneous functions is straightforward.
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Given these simplifications, to have a completely specified model to simulate we
need to define a function ,(1) for the index volatility, a function )"(1, E) for the
intensity, and a distribution function K(dq, 1) for the loss quota.

4.4.1 Choosing the market index volatility r

We start by defining a concrete volatility for the index ,(1). As stated in As
sumption 4.3.1 we would like to the index volatility inversely related to the index
level.

We start by defining a ratio which relates the current value of the index to its
long-run trend value. Let us define

I
m(1) = I'

where I is a priori given and can be interpreted as the long-run trend value of
the market index.

The above ratio measures how close or far away from the long-run trend value
parameter, 1, the current value of the index 1 is. Intuitively, it seems reasonable
to make the volatility dependent on some relative value of the index, instead on
its absolute value. I will be assumed to grow at the risk-free rate over time.

Reasonable levels for m(1) typically range from 0.7 and 1.3. We note that the
higher the current level of the index the lower is m(1), i.e.

am 1
-=--<0.
a1 12

That is, a value of, say, m = 0.7 refers to a bull market while m = 1.3 refers to a
bear market.

Based on the above ratio we now define the volatility of index as a function of
our moneyness level m in the following way

1

,(1) = 1 (m(1)) 2 V1, 1 E JR+ . (4.36)

In accordance with Assumption 4.3.1, the higher the current value of the index
the lower is the index volatility"

8"((I) = i! [m(I)r~ 8m(I) < 0 VI > 0 .
a1 2 '-v--" a1
~ >0 ~

>0 <0

Figure 4.1 shows us two possible paths for the index process, one assuming, to
be just a constant and the other where the index volatility depends on the index
level as in (4.36).
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432

Volatility paths
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Figure 4.1: Two paths for the index level and volatility. The same noise was used for
both cases, and we took J = 10000 and 10 = 10000. Case 1: constant volatility ry = 0.2,
the index process is the full line. Case 2: stochastic volatility as in (4.36), the index
process is the dotted line.

4.4.2 Choosing default intensities and the loss quota dis
tribution

Default intensity

Having defined the index volatility we now define the intensity function

>"(1, E) = 5. [m(IW = ~ [m(IW-! ry(I) for 5. E lR + and EE [0,1]
r

We note that with this modelization we can interpret the intensity function as a
function of the index level or, if we prefer, as a function of the index volatility.
One can argue that the intensity should not be affected by index level, but instead
by its volatility since it is the volatility that represents the "risk". The above
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definition includes the two possibilities.

8>"
81 ~~a~;I) <0

>0 >0 '-v--"
<0

~ 1

-=- [m(1)r- 2 > o.
r '-v-"
~ >0

>0

Figure 4.2 show the functions >"(1) and r(1) for different values of m(1).
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Figure 4.2: (a) : 1(1) for different levels of m(1) vs naive constant volatility 1 == 0.2.
(b):A(1), for different levels of m(1) and different E == 0,1/16,1/4, 1/2, ~ == 0.05.

Loss quota q

Finally, we need to decide on our loss quota distribution.

As before we will make use of our m ratio in setting up the distribution of the loss
process which we will consider to belong to the Beta class. We start by recalling
some basic properties of the beta distribution.

Remark 4.4.1. The beta density function is given by

1
f(x) = B(a, b) x

a
-

1(1 - x)b-11(o,1)(X)

where a > 0) b > 0 and B (a, b) is the beta function:

B(a, b)11

xa
-

1 (1 - X)b-
1ds .
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Furthermore, we have

a
E[X]=-=/-L

a+b
ab

Var X = -------
(a+b+1)(a+b)2

lE [(X _ fLY] = B(r + a, b)
B(a, b)

In our concrete application, for any fixed value of I, we choose

q rv Beta (2m(I), 2) i.e. a = 2m(I) and b = 2 , (4.37)

which is consistent with the desired properties referred in Assumption 4.3.3.

Thus,

K~ ( I) - 1 rq

2m(I)-1 (1 - )d
q, - B(2m(I), 2) la x x x.

Figure 4.3 shows us the loss quota density and its cumulative distribution function
for three different values of m(I): m = 0.7 representing a bull market, m = 1 for
the case where the market is at its long run level, and m = 1.3 representing a
bear market.

0.6
I

Figure 4.3: Density and Cumulative distribution functions of loss quota for m =
1.3,m = I,m = 0.7

The next properties, follow from the properties of the Beta distribution:

• The expected loss is given by

qe(I) = lE [q(I)] = m(I)
1 + m(I)
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8m(I)

ar <0
(1 + m(I))2

Furthermore

- if default occurs exactly at the long-run level the loss expected quota
is exactly 1/2;

- if default occurs when the index level is "high" (m < 1) one expects
to recover more, expected loss quota decreases;

- if default occurs when the index level is "low" (m > 1) one expects to
recover less, expected loss quota increases.

Figure 4.4 bellow shows both possible realizations of the loss quota (drawn from
the beta density with the appropriate mean for each m) (stars), the expected
loss quota levels for different values of m (full line) in contrast with the naive
approach of taking q = ~ (dotted line).

Before we go on we illustrate as well a possible relation between the intensity and
the recovery process (1- q) and the intensity A. Figure 4.5 shows the scatter plot
A versus one possible recovery realization for different levels of the index.

4.4.3 Simulation Results

In our simulations we use the Monte Carlo method where the step size is equiv
alent to one trading day (we do 250 steps per year) and all simulations concern
5,000 paths. The same noise matrix is used for all scenarios and cases so that the
values obtained can actually be compared (discretization errors would be in the
same direction for all scenarios).

The spreads with zero maturity correspond to the short spread; all other matu
rities correspond to the forward spread.

Table 4.1 tells us the reference parameters, while Table 4.2 characterizes all pos
sible scenarios.

Credit spreads

We start by looking into short spread dynamics.

Figure 4.6 presents three possible paths for the short spread under each scenario.
Obviously, three paths are not representative in any sense; still we believe the
intuition is good and we choose paths with different characteristics. In (a) the
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Figure 4.4: Loss quota possible realizations and expected value for different values of
the "moneyness" m. Dotted line is the naive q = ~.
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REFERENCE PARAMETERS

Maturities (T)
Risk-free interest rate

m(I)

Long-run index value
Fixed index volatility ey)
Fixed intensity value (,\)
Fixed recovery value ( q == ~)

From days up to 5 years
5%

{

Case A: bull market 0.7

Case B: normal market 1.0

Case C: bear market 1.3
10.000eo.5*T

20%
5%

50%

Table 4.1: Reference values for the parameters in the model.

DIFFERENT SCENARIOS

Scenario Index Volatility Intensity Recovery
(1) F F F
(2) S F F
(3) F F S
(4) S F S
(5) F S F
(6) S S F
(7) F S S
(8) S S S

Table 4.2: Basic reference scenarios for simulations. F= Fixed, S= Stochastic.

market index decreases over time, leading to an increase in the short spreads. In
(b) we have a mixed path, and in (c) the index value increases in the end leading
to a reduction in the short spreads. An analysis of this figure shows that allowing
for some stochasticity either in the intensity process or in the expected loss quota
leads to similar short spread dynamics and that it is the combined effect that
really makes the difference.

In any of the three paths, if only one of the effects is considered, the short spreads
do not oscillate more than 1% below or above the naive 2.5%, while for the
combined effect the variation can be as large as 4% (in the case of path (a)) and
quite often above 2%.
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SHORT SPREAD DYNAMICS

(a)
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2.5 3.5 4.5

(c)
I 4.5% l
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Figure 4.6: Three possible paths for the short spread, s(t), dynamics.



240CHAPTER 4. CORRELATION BETWEEN INTENSITY AND RECOVERY

Figure 4.7 gives us the term structure of credit spreads for three possible market
situations: a bull market (where we took m = 0.7 for the initial point), a normal
market (initially m = 1) and a bear market (at the beginning m = 1.3).

As expected, as long as the market index is allowed to have an influence either on
the PDs or on the LGD, the forward spread TS is not flat. It naturally increases
with maturity and its level is lower than 2.5% in bull markets and higher in bear
markets. As in Figure 4.6 the effect of the index on the intensity alone or on
recovery alone is of the same order of magnitude. Still, the intensity seems to
have a more pronounced effect on the slope over time. Nonetheless, the sizable
difference results from the combined effect, especially when to that we associate
the impact of the negative relation between the index level and its volatility.
Note that scenario (8) gives us the highest or the lowest term structure in all
circumstances.

Table 4.3 presents figures for these spreads for different maturities.

Prices of credit securities

The pricing of many credit derivatives can be made by computing what is know
as key building blocks. See for instance Schonbucher (2003).

Those building blocks are:

• The price of a zero-coupon defaultable bond with maturity t, under zero
recovery,

Po (t, T) = lE~ [e-I,r r(u)+>'(U)dU] .

• The price at time t of a zero-coupon defaultable bonds with maturity T
under non-zero recovery, in our case,

p(t, T) = lE~ [e-I,r r(u)+>.(u)qe(u)du] .

• The implied survival probabilities during the interval [t, T]

prob(t, T) = lE~ [e- I,r r(u)+>.(u)qe(U)du] .

• The price of a default digital payoff of 1 at default time, if default occurs
in the interval [t, T]

digital = iT e(t, s )ds

where
e(t, T) = lE~ [A(T)e- I,r r(u)+>'(U)dU]
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FORWARD SPREADS
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Figure 4.7: Forward spreads for all scenarios, under three possible market conditions.



Case A : Bull Market

(a) SPREADS

(3) (4) (5) (6)

2.174% 2.174% 2.192% 2.192%

2.177% 2.176% 2.196% 2.195%

2.188% 2.185% 2.209% 2.206%
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2.5000% 2.5000% 2.5000% 2.5000%
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2.5124% 2.5126% 2.5189% 2.5193%
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(8)

0.9914

0.9580

0.9176

0.8785

0.8407

0.7692

0.6400

(8)

0.9930

0.9659

0.9329

0.9009

0.8698

0.8104

0.7021

(8)

0.9924

0.9630

0.9272

0.8926

0.8590

0.7950

0.6792

(7)

0.9930

0.9659

0.9328

0.9007

0.8696

0.8100

0.7013

(7)

0.9924

0.9630

0.9272

0.8926

0.8591

0.7953

0.6800

(6)

0.9928

0.9646

0.9304

0.8974

0.8655

0.8048

0.6953

(5)

0.9928

0.9646

0.9304

0.8973

0.8654

0.8046

0.6949

(4)

0.9928

0.9647

0.9306

0.8977

0.8659

0.8055

0.6966

Case A : Bull Market

Case B : Normal Market

Case C: Bear Market

(3)

0.9928

0.9647

0.9306

0.8976

0.8658

0.8053

0.6963

(3) (4) (5) (6)

0.9924 0.9924 0.9924 0.9924

0.9631 0.9631 0.9631 0.9631

0.9275 0.9275 0.9275 0.9275

0.8933 0.8933 0.8931 0.8931

0.8602 0.8602 0.8600 0.8599

0.7976 0.7975 0.7971 0.7970

0.6852 0.6852 0.6840 0.6836

(1)(2)

0.9924

0.9631

0.9277

0.8935

0.8606

0.7984

0.6872

(1)(2) ~.-(3) >' (4) , (5) i (6) (7) >

0.9924 0.9920 0.9920 0.9919 0.9919 0.9914

0.9631 0.9609 0.9609 0.9607 0.9606 0.9581

0.9276 0.9234 0.9234 0.9229 0.9228 0.9178

0.8935 0.8874 0.8873 0.8865 0.8863 0.8789

0.8606 0.8527 0.8526 0.8515 0.8511 0.8416

0.7984 0.7872 0.7870 0.7853 0.7844 0.7710

0.6872 0.6706 0.6700 0.6670 0.6644 0.6452

(1)(2)

0.9925

0.9631

0.9277

0.8935

0.8606

0.7985

0.6872

(b) ZERO-COUPON DEFAULTABLE BONDS WI RECOVERY
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(8)

3.5155%

3.5296%

3.5897%

3.6666%

3.7458%

3.8084%

3.9857%

4.4276%

(8)

1.906%

1.912%

1.937%

1.968%

2.006%

2.040%

2.112%

2.217%

(8)

2.5000%

2.5088%

2.5450%

2.5894%

2.6416%

2.6875%

2.7953%

2.9769%

(7)

3.5157%

3.5258%

3.5672%

3.6182%

3.6686%

3.7121%

3.8114%

4.0014%

(7)

1.906%

1.914%

1.945%

1.983%

2.025%

2.063%

2.140%

2.264%

(7)

2.5000%

2.5088%

2.5440%
2.5869%

2.6327%

2.6736%

2.7606%

2.9082%

2.220%

2.236%

2.251%

2.284%

2.334%

3.1985%

3.4289%

2.6300%

2.7178%

2.226%

2.245%

2.262%

2.296%

2.355%

3.1189%

3.2088%

2.6142%

2.6836%

2.196%

2.208%

2.219%

2.241%

2.275%

3.0201%

3.0688%

2.5736%

2.6145%

Case C: Bear Market

Case B : Normal Market

2.201%

2.215%

2.228%

2.253%

2.299%

(3) >. (4) (5) (6)

2.9413% 2.9411% 2.9881% 2.9880%
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2.6121%

(1)(2)
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Tables 4.3 (b) and 4.4 (a),(b),(c) show the values of all these key quantities for
various scenarios and different possible maturities.

Concerning Table 4.3 (b), the first point that should be highlighted is that even
for low maturities there is a difference in the prices produced by naive scenarios
((1) and (2)), scenarios where either the PD or the LGD is dependent on the index
level ((3) and (4) for the LGD and .(5) and (6) for the PD), and scenarios where
we consider the combined effect. We note that for the bull and bear markets the
difference in pricing is already evident for bonds with approximately one month
to maturity (T = 0.1), and that with a maturity of 5 years the underpricing of
the naive model can be of up to 5% in a bull market, and up to 10% in a bear
market. In normal market situations, the difference between the scenarios are
slope differences with an overall tendency of the naive model to overprice if in
reality the market index affects the PD, the LGD or both.

In Table 4.4 the quantities presented do not depend on recovery (recall the build
ing blocks equations), and therefore our scenarios are reduced to three possibil
ities: constant intensity (scenarios (1) (2) (3) (4)); intensity dependent on the
index with constant volatility (scenarios (5) (7)); or intensity dependent on the
index with stochastic volatility (scenarios (6) (8)). In Table 4.4 (a), we see that
the naive model can also lead to underpricing in bull markets when we consider
defaultable zero recovery bonds, and overpricing in bear markets. The dimension
of these mispricings is similar to the mispricing in the previous table.

When looking into survival probabilities (Table4.4 (b)) the scenarios considering
the index influence show less probability of surviving in bear markets than in
bull markets, with a difference of up to 7% already the 5-year maturity. This
indicates that using the naive model could lead to a possible overestimation of the
true survival probabilities in bear markets, and underestimation in bull markets.
As in most of the previous tables, the size of the errors tends to be considerably
larger in bear markets than in bull markets. In the case of survival probability,
overestimation can reach 5% in bear markets in contrast with up to 2% in bull
markets. Finally, in Table 4.4 (c), we have the price of a digital payoff of 1 at
default time. As before, the differences to the naive model are more drastic in
bear markets particularly considering that a horizon of 5 years is quite short and
that all the impacts are likely to increase for higher maturities, as we will see in
the next section.

In Section 4.4.4 we run some maturity related robustness checks and draw the
reader's attention to what we consider to be interesting aspects related to the
sensitivity parameter E (assumed fixed up to now) and to the possible tracking of
term structures of credit spreads by market volatilities.
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(a) ZERO-COUPON DEFAULTABLE BOND PRICES W/O RECOVERY
Case A : Bull Market 11 Case B : Normal Market 11 Case C : Bear Market

T (1)(2)(3)(4) (5)(7) (6)(8) T (1)(2)(3)(4) (5)(7) (6)(8) T (1)(2)(3)(4) (5)(7) (6)(8)

0.1 0.9899 0.9905 0.9905 0.1 0.9899 0.9899 0.9899 0.1 0.9899 0.9888 0.9888

0.5 0.9510 0.9539 0.9539 0.5 0.9510 0.9510 0.9510 0.5 0.9510 0.9463 0.9462
1 0.9047 0.9100 0.9100 1 0.9047 0.9043 0.9043 1 0.9047 0.8954 0.8953

1.5 0.8605 0.8679 0.8680 1.5 0.8605 0.8598 0.8598 1.5 0.8605 0.8472 0.8468

2 0.8186 0.8276 0.8278 2 0.8186 0.8173 0.8173 2 0.8186 0.8013 0.8006

3 0.7407 0.7522 0.7525 3 0.7407 0.7382 0.7380 3 0.7407 0.7165 0.7151

5 0.6064 0.6203 0.6209 5 0.6064 0.6010 0.6003 5 0.6064 0.5714 0.5674

(b) IMPLIED SURVIVAL PROBABILITIES
Case A : Bull Market 11 Case B : Normal Market 11 Case C : Bear Market

T (1)(2)(3)(4) (5)(7) (6)(8) T (1)(2)(3)(4) (5)(7) (6)(8) T (1)(2)(3)(4) (5)(7) (6)(8)

0.1 99.481% 99.545% 99.545% 0.1 99.481% 99.481% 99.481% 0.1 99.481% 99.380% 99.380%

0.5 97.511% 97.806% 97.808% 0.5 97.511% 97.502% 97.502% 0.5 97.511% 97.022% 97.018%

1 95.104% 95.660% 95.667% 1 95.104% 95.068% 95.067% 1 95.104% 94.135% 94.116%

1.5 92.756% 93.546% 93.559% 1.5 92.756% 92.677% 92.673% 1.5 92.756% 91.313% 91.270%

2 90.466% 91.463% 91.484% 2 90.466% 90.329% 90.321% 2 90.466% 88.559% 88.484%

3 86.054% 87.392% 87.432% 3 86.054% 85.765% 85.740% 3 86.054% 83.245% 83.078%

5 77.865% 79.641% 79.729% 5 77.865% 77.164% 77.080% 5 77.865% 73.372% 72.850%

(c) DEFAULT DIGITAL PAYOFFS
Case A : Bull Market 11 Case B : Normal Market 11 Case C : Bear Market

T (1)(2)(3)(4) (5)(7) (6)(8) T (1)(2)(3)(4) (5)(7) (6)(8) T (1)(2)(3)(4) (5)(7) (6)(8)

0.1 0.00495 0.00435 0.00435 0.1 0.00495 0.00496 0.00496 0.1 0.00495 0.00592 0.00592

0.5 0.02426 0.02141 0.02139 0.5 0.02426 0.02437 0.02437 0.5 0.02426 0.02904 0.02909

1 0.04733 0.04199 0.04193 1 0.04733 0.04771 0.04772 1 0.04733 0.05672 0.05691

1.5 0.06928 0.06178 0.06165 1.5 0.06928 0.07008 0.07012 1.5 0.06928 0.08309 0.08352

2 0.09016 0.08079 0.08059 2 0.09016 0.09150 0.09157 2 0.09016 0.10821 0.10893

3 0.12892 0.11658 0.11621 3 0.12892 0.13161 0.13184 3 0.12892 0.15489 0.15645

5 0.19572 0.17983 0.17908 5 0.19572 0.20179 0.20250 5 0.19571 0.23542 0.23993
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4.4.4 Additional Considerations

Higher maturities

245

In this section we extend the maturity horizon and analyze to what extent our
results hold. Table 4.5 presents forward spreads and defaultable bonds for several
maturities, while Table 4.6 presents zero recovery bond prices, implied survival
probabilities, and the price of default digital payoff of 1. First, we can clearly
see that for all the three scenarios survival probabilities decrease significantly for
longer horizons T. If we extend the horizon from 5 to 15 years, in the stochastic
volatility scenario the survival probability decreases by almost 40% for the bull
market and up to 50% for the bear market. In our opinion, this is a realistic fea
ture of our model since at the longer horizons when the market is in recession and
firms are known to be sensitive to the fluctuations of the market, the probability
of default is quite high.

Moreover, it is also interesting to note that in a bull market, although a stochastic
volatility scenario yields higher survival probabilities at all the maturities, the
difference in survival probabilities is much smaller at the higher maturities. In a
bear market, on the other hand, survival probabilities are lower for the stochastic
volatility case, and the difference in survival probabilities between the stochastic
volatility and naive scenarios is more pronounced. In contrast to the bull market,
the difference increases by approximately 5% when the investment horizon is
extended from 5 to 15 years.

Overall, the results are essentially the same with one interesting additional result
for the long end of the forward spreads term structure.

From Figure 4.8 we see that when we consider the dependence of both PD and
LGD and the negative relation the index level and volatility (scenario (8)), the TS
seems to converge faster to its long-run level. In fact, for maturities higher than
15 years the TS of this scenario are is relatively flat. Thus, the forward credit
spreads are most sensitive to the influence of the market index at the relatively
shorter maturities, and around the 15 years maturity, the credit spreads become
relatively flatter and less sensitive to the market index, moving in fact closer to
each other.

Ratings and different sensitivities

We now look into the parameter c in

A(I, c) = ~ [m(I)r ,

which is a measure of the sensitivity of a firms PD to the market situation.
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FORWARD SPREADS - Higher Maturities
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Figure 4.8: Forward spreads for all scenarios, under three possible market conditions
and higher maturity values T = 5,6,7,8,10,12,15,10.
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(b) ZERO-COUPON DEFAULTABLE BONDS WI RECOVERY
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(a) ZERO-COUPON DEFAULTABLE BOND PRICES W/O RECOVERY
Case A : Bull Market 11 Case B : Normal Market 11 Case C : Bear Market

T (1)(2)(3)(4) (5)(7) (6)(8) T (1)(2)(3)(4) (5)(7) (6)(8) T (1)(2)(3)(4) (5)(7) (6)(8)

5 0.6064 0.6203 0.6209 5 0.6064 0.6010 0.6003 5 0.6064 0.5714 0.5674

6 0.5483 0.5624 0.5633 6 0.5483 0.5411 0.5400 6 0.5483 0.5090 0.5030

7 0.4962 0.5099 0.5109 7 0.4961 0.4874 0.4856 7 0.4961 0.4537 0.4461

8 0.4489 0.4621 0.4630 8 0.4489 0.4387 0.4363 8 0.4489 0.4041 0.3950

10 0.3676 0.3788 0.3795 10 0.3675 0.3549 0.3514 10 0.3675 0.3199 0.3090

12 0.3009 0.3100 0.3105 12 0.3009 0.2865 0.2823 12 0.3009 0.2528 0.2414

15 0.2229 0.2287 0.2287 15 0.2229 0.2071 0.2024 15 0.2229 0.1770 0.1663

20 0.1352 0.1370 0.1373 20 0.1352 0.1199 0.1165 20 0.1352 0.0973 0.0897

(b) IMPLIED SURVIVAL PROBABILITIES
Case A : Bull Market 11 Case B : Normal Market 11 Case C : Bear Market

T (1)(2)(3)(4) (5)(7) (6)(8) T (1)(2)(3)(4) (5)(7) (6)(8) T (1)(2)(3)(4) (5)(7) (6)(8)

5 77.865% 79.641% 79.729% 5 77.865% 77.164% 77.080% 5 77.865% 73.372% 72.850%

6 74.008% 75.912% 76.037% 6 74.008% 73.043% 72.885% 6 74.008% 68.712% 67.903%

7 70.398% 72.357% 72.493% 7 70.398% 69.161% 68.912% 7 70.398% 64.379% 63.300%

8 66.965% 68.931% 69.070% 8 66.965% 65.447% 65.094% 8 66.965% 60.280% 58.932%

10 60.592% 62.458% 62.572% 10 60.592% 58.505% 57.931% 10 60.592% 52.750% 50.953%

12 54.826% 56.491% 56.577% 12 54.826% 52.201% 51.430% 12 54.826% 46.071% 43.988%

15 47.189% 48.424% 48.412% 15 47.189% 43.839% 42.847% 15 47.189% 37.473% 35.204%

20 36.751% 37.242% 37.313% 20 36.751% 32.598% 31.660% 20 36.751% 26.447% 24.388%

(c) DEFAULT DIGITAL PAYOFFS
Case A : Bull Market \\ Case B : Normal Market 11 Case C : Bear Market

T (1)(2)(3)(4) (5)(7) (6)(8) T (1)(2)(3)(4) (5)(7) (6)(8) T (1)(2)(3)(4) (5)(7) (6)(8)

5 0.19572 0.17983 0.17908 5 0.19572 0.20179 0.20250 5 0.19572 0.23542 0.23993

6 0.21978 0.20407 0.20299 6 0.21978 0.22820 0.22960 6 0.21978 0.26456 0.27158

7 0.24522 0.22920 0.22805 7 0.24522 0.25560 0.25765 7 0.24522 0.29506 0.30397

8 0.26824 0.25224 0.25108 8 0.26824 0.28054 0.28331 8 0.26824 0.32250 0.33321

10 0.30792 0.29263 0.29166 10 0.30792 0.32378 0.32791 10 0.30792 0.36927 0.38268

12 0.34040 0.32631 0.32551 12 0.34040 0.35930 0.36456 12 0.34040 0.40680 0.42174

15 0.37843 0.36654 0.36624 15 0.37843 0.40093 0.40729 15 0.37843 0.44949 0.46528

20 0.42119 0.41237 0.41169 20 0.42119 0.44694 0.45306 20 0.42119 0.49454 0.50944
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4.4. A CONCRETE MODEL

FORWARD SPREADS - Different market Sensitivities
---------·-----------~------------------------------,I
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Figure 4.9: Forward spreads for all scenarios, under normal market conditions. For
three different values of E: high E = !' medium E = ! and low E = -ft.
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The intuition comes from the fact the PD of firms with high creditworthiness
should depend much less on market oscillation than that of less creditworthy firms
that are more sensitive to business cycles. In this sense, different E parameters
could represent the term structure of firms with different credit ratings.

In the following we consider three different values for epsilon: high E = 1/2,
medium E = 1/4 and low E = 1/16.9

Figure 4.9 and Tables 4.7 and 4.8 show the simulation results for the different
E values under normal market conditions. The key feature that results from
considering different sensitivities is that the TS of less sensitive firms has a smaller
TS slope. This is particularly obvious for scenarios (7) and (8) when the index
influences both PD and LGD, and less obvious when it affects only one of them.

Thus, from a practical point of view, it is more important to take into account
the correlation with the market index when considering a portfolio of securities
with low credit ratings. We believe that the value of the portfolio will fluctuate
significantly with the business cycle. The effect will be even more pronounced for
firms with low credit ratings and especially in the case when we have stochastic
index volatility dependent of the index level.

Using implied ATM volatilities as credit spread trackers

An interesting side effect of our model, when we take the index volatility to be
stochastic and negatively related to the index level, is that short spread dynamics
can be tracked quite well by observing the index volatility. See Figure 4.10 with
three possible volatility paths and compare with the short spread evolution for
the same paths in Figure 4.6.

If the (spot) volatility seems to be a good tracker of the short spread, then implied
volatilities of options with longer maturities may be good trackers of the forward
spread TS. This is all due to the negative correlation between the index level and
its volatility.

Furthermore, it provides a fundamental reason for using implied volatilities of
options on indices as predictors of the forward spread term structure and is in
line with what seems to be common practice among traders who typically use at
the-money (ATM) volatility term structures in predicting forward credit spreads.
For example, Collin-Dufresne, Goldstein, and Martin (2001) investigated the de
terminants of credit spread changes. They showed that credit spreads are mostly
driven by a single common factor and that implied volatilities of index options

9The case of total insensitivity, or E = 0, is always considered since in scenarios (1)(2)(3)(4)
),,(1, E) =~.
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VOLATILITY TRACKERS
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Figure 4.10: Volatility paths corresponding to the spot spread paths in Figure 4.6.

contain important information for credit spreads10 .

4.5 Conclusions and future research

We propose a concrete reduced-form model where both the PD and LGD are
dependent on a macroeconomic index. Furthermore, during recessions both the
PD and the LGD increase (the reverse happens during economic booms). Finally,
recessions are periods of higher market volatility, while booms are characterized
by low volatility.

Through simulation we show that many of the realistic features of our model
depend on:

(i) the fact that both PD and LGD are driven by the same factors, and

lORecent papers (see e.g. Cremers, Dreissen, and Weinbaum (2004)) start using measures
of volatility and skewness based also on individual stock options to explain credit spreads on
corporate bonds. Implied volatilities of individual options are shown to contain important
information for credit spreads. They showed that those implied volatilities improve on both
implied volatilities of index options. However, in our framework we cannot model this feature
since the reduced models do not allow us to model stock and corporate bonds together.
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(ii) the negative relation of the index level and its volatility.

Unfortunately, these two aspects together make the model untractable from an
analytical point of view. However, this may be the right price to pay given all
the behaviors it captures. The main realistic features captured by our model can
be summarized as follows:

• The difference between short spreads in bull versus bear markets can be up
to three times more than the difference produced by models that consider
the market influence in the PD or LGD only [mainly property (i)].

• Convergence to long-run levels is faster, originating flat TS for maturities
higher than 15 years [properties (i) and (ii)].

• Market volatility tracks the short credit spread dynamics quite well, sug
gesting that the TS of ATM implied volatilities of index options may do
the same for forward credit spreads [mainly property (ii)].

It seems clear that a model with both characteristic (i) and (ii) will not allow for
closed-form solutions. We would, nonetheless, like to conclude the chapter on a
positive note related to future research.

Given the tractability drawback, and since one must rely on numerical simula
tions, the ideal situation would be to model the intensity and the distribution
of the loss quota as realistically as possible (this may involve different functional
forms and a different market price of jump risk assumption). A study of the
credit TS shapes observed in the market can help to define such functional forms.
Calibration of our "toy model", or other more complex models, to market data
seems to be another obvious next step. In addition to the single firm, this frame
work could also be extended to several firms and help deal with portfolio credit
risk issues. For portfolio credit risk the interdependence between PD and LGD
is likely to have a much more relevant impact than at the individual firm level.
Indeed, portfolio losses depend upon both quantities, and the fact that periods
when default is more likely may also be periods when recovery is lower suggests
caution in using naive models to establish bank reserves and related precautionary
measures. Finally, our last comment on volatility trackers may help to construct
a bridge between equity and credit markets, and deserves further investigation.
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