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Introduction

In terms of trading volume, the futures contract is by far the most important financial
derivative. In 2003 alone, almost three billion futures contracts were executed. The futures
contract is popular for several reasons, all of which acknowledge one of its most attractive
features — it facilitates trading. For commodity and energy markets, this is especially
noticeable, since futures contracts allow market participants to trade without the obligation of
physical delivery. Instead, positions are marked-to-market on a daily basis, and hence the
party for which the futures price moves in an unfavourable direction pays the amount required
to make the position neutral again. This procedure makes entering into a futures contract
costless, and the only obligation it brings is the cash flow described above. Thus the futures
contract is an excellent tool for hedging purposes. Further, high volumes of futures trading
mean liquidity. For this reason, the futures price is often used as the underlying asset in
derivatives transactions. In fact, for some assets, the futures market is more liquid than the
spot market.

This thesis consists of four papers dealing with the futures price process.

In the first paper, we propose a two-factor futures volatility model designed for the US natural
gas market, but applicable to any futures market where volatility decreases with maturity and
varies with the seasons. A closed form analytical expression for European call options is
derived within the model and used to calibrate the model to implied market volatilities. The
result is used to price swaptions and calendar spread options on the futures curve.

In the second paper, a financial market is specified where the underlying asset is driven by a
d-dimensional Wiener process and an M dimensional Markov process. On this market, we
provide necessary and, in the time homogenous case, sufficient conditions for the futures
price to possess a semi-affine term structure. Next, the case when the Markov process is
unobservable is considered. We show that the pricing problem in this setting can be viewed as
a filtering problem, and we present explicit solutions for futures. Finally, we present explicit
solutions for options on futures both in the observable and unobservable case.

The third paper is an empirical study of the SABR model, one of the latest contributions to the
field of stochastic volatility models. By Monte Carlo simulation we test the accuracy of the
approximation the model relies on, and we investigate the stability of the parameters involved.
Further, the model is calibrated to market implied volatility, and its dynamic performance is
tested.



In the fourth paper, co-authored with Tomas Bjork and Camilla Landén, we consider HIM
type models for the term structure of futures prices, where the volatility is allowed to be an
arbitrary smooth functional of the present futures price curve. Using a Lie algebraic approach
we investigate when the infinite dimensional futures price process can be realized by a finite
dimensional Markovian state space model, and we give general necessary and sufficient
conditions, in terms of the volatility structure, for the existence of a finite dimensional
realization. We study a number of concrete applications including the model developed in the
first paper of this thesis. In particular, we provide necessary and sufficient conditions for
when the induced spot price is a Markov process. We prove that the only HIM type futures
price models with spot price dependent volatility structures, generically possessing a spot
price realization, are the affine ones. These models are thus the only generic spot price models
from a futures price term structure point of view.



Essays in Mathematical Finance
Modeling the Futures Price

Magnus Blix

Nov 2004



Contents

1 A Gas Futures Volatility Model 3
1.1 Imtroduction. .. ... ... ... .. ... ... ....... 3
1.2 The Market for Gas Derivatives . . . . . . . . .. ...... 5
1.3 TheData ... ... ... ... ... ... 8
14 TheModel ... ... ... ... . ... .. .. .. .... 9

1.4.1 Futures Options . . ... ... ... ... ...... 10

1.4.2 Swaptions . . . . . .. ... L 12

1.4.3 Calender Spread Options . . . ... ... ...... 14
1.5 Calibrating the Model to Market Data . . . . .. ... ... 14
1.6 Empirical Results . . . . .. ... ... ... ... ... ... 15
1.7 A Swap Market Model . . . ... ... ............ 17
1.8 A Finite Dimensional Realization . . . . ... ... ... .. 19
1.9 Appendix A . . ... ... ... 21
110 AppendixB . . . .. ... ... ... 23
References 25

2 Futures Pricing in a Hidden Markov Model of the Conve-

nience Yield 27
2.1 Introduction. .. ... ... .... ... ... ... ...... 27
2.2 TheModel .. ... ... . ... . ... ..., 28
2.3 The Fully Observable Case . .. ... ............ 29
2.4 The Partially Observable Case . ... ............ 35
2.5 Options on Futures Prices . . . . . .. ... ... ...... 39



Contents 1

References 43
A Note on the SABR Model 45
3.1 Imtroduction .. .. ............ . ... .. .... 45
32 TheSABR Model. . . . ... .. ... ... ......... 46
3.3 Testing the Approximation by Monte Carlo Simulation . . . 47

3.3.1 TheSimulation . . . ... ............... 47

332 Results .. ... ... .. . .. ... ... ... 48
34 TheData .. ... ... ... . . ... .. 49
3.5 Calibration and Parameter Stability Tests . . . . ... ... 49
References 53

Finite Dimensional Markovian Realizations of Futures Term

Structure Models 55
4.1 Introduction. .. .. ... ... ... ... ... ....... 99
4.2 Basics . .. ..o e e e e e o7
4.3 Conditions For the Existence of a Finite Dimensional Real-
1zation . . . . . ... e 60
4.3.1 Deterministic Volatility . ... ............ 61
4.3.2 Constant Direction Volatility . . ... ... ... .. 64
4.4 Invariant Manifolds . . . . . ... ... ... ... ...... 68
441 AnExample . ... ... ... .. ... .. .. ... 69
4.5 Construction of Finite Dimensional Realizations. . . . . . . 70
4.5.1 The Construction Algorithm . . ... ... ... .. 70
452 AnExample ... .... ... ... ..., 71
4.6 Time-Varying Systems . . . . . ... . ... ... ...... 74
4.6.1 AnExample ........... ... ... ..., 75
4.7 Spot Price Realizations . . .. .. .. ... .. ....... 81
4.7.1 Deterministic Volatility . ... ... ... ...... 84
4.7.2 Constant Direction Volatility . . ... ... ... .. 85
4.7.3 Generic Spot Price Models . ... .......... 86
4.7.4 All Generic Spot Price Models Are Affine . . .. .. 88
Some Background Facts 91

References 93






1
A Gas Futures Volatility Model

1.1 Introduction

The classical approach to derivatives pricing in the commodity literature
is to model the spot price of the commodity along with other key vari-
ables such as the convenience yield or interest rates, and from this derive
the prices of various contingent claims [17], [11], [12], [14], [16]. There are
several problems with this approach. First of all, the convenience yield is
unobservable, which makes the models hard to estimate. Secondly, the fu-
tures curve is endogenous, and may not be consistent with the one observed
in the market. This is particularly unfortunate, since most derivatives are
written on the futures price, rather than the spot price itself. These were
some of the considerations that led to the idea of using the futures curve
as the underlying object, similar to the HJM framework from interest rate
theory (see e.g. [15], [13], [10], [9]). Direct modelling of the futures price and
using the current observed futures curve as the initial condition eliminates
the problem of fitting the model to the current futures prices.

What still needs to be done, however, is to ensure that the model fits
the implied volatility curve. If the primary object is to price derivatives,
it is convenient to model the futures price directly under the risk neutral
martingale measure. Under this measure, the futures price is a martingale,
so only the volatility structure needs to be chosen. This structure varies
from commodity to commodity, but there are some common features. For
instance, if climate dependence affect either the demand side (e.g., energy
in the winter time) or production (e.g. crops being harvested in the sum-
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mer), volatility usually has a seasonality component. Further, volatility
often decreases with maturity of the futures contract, corresponding to a
mean reversion in the spot price. Finally, volatility tends to converge to a
"minimum volatility level", which is separate from zero.

To date, no model in the literature has taken all of these features into
account. Richter & Serensen [16] incorporate seasonality in their model,
but they work within a stochastic volatility framework, and so do not aim
for closed form analytical solutions for futures prices. Reisman [15], and
Cortazar and Schwartz [10] model futures prices directly, but they do not
explicitly specify the functional form of the volatility. The model proposed
by Clewlow & Strickland [9] is the model that comes closest to ours, and
we will therefore use that model as a benchmark. They incorporate the fact
that volatility is a decreasing function of the maturity of the underlying
futures contract, but they do not model the seasonality effect. The model
presented in this paper takes all of the above considerations into account,
producing a significant effect when the model is calibrated to market im-
plied volatilities - the mean squared error is reduced by between 50% and
75% compared to the benchmark model. What effect does this have on
derivative prices? Ideally, we would like to price existing derivatives using
both our model and the benchmark model to see which model comes closest
to the traded prices. Unfortunately, the only derivative traded on NYMEX
is the standard European call option, which we already use for calibration;
everything else is OTC. It is still interesting, however, to know how our
model’s prices differ from those of the benchmark model. If the difference
is substantial, we could argue that since our model uses volatilities closer
to the true ones, the prices it produces should also be closer to the true
prices. We would expect the benchmark model to underestimate the price
of derivatives maturing in the winter, when volatility peaks, and overesti-
mate the price on derivatives maturing in the summer. This is confirmed
when we implement the models and use them to price swaptions. The price
differences vary between 6.55% and -8.1%, depending on when the swaption
in question expires.

The outline of the paper is as follows: in section 2 we begin by describing
the features of the most commonly traded contracts on the gas market. In
section 3 we present the data, and in section 4 the model is presented. In
section 4.1 we derive the price of a European call option within the model,
and in section 4.2 we use Monte Carlo simulation to price a swaption.
In section 5 the calibration procedure is explained, and in section 6 the
empirical results are summarized. In section 7 we present an alternative way
of modelling swaption prices, very similar to the market models of interest
rate theory. Finally we note that the futures model can be realized by means
of a finite (six) dimensional state space process and we provide the explicit
dynamics for that process. In section 8 we conclude.
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1.2 The Market for Gas Derivatives

A forward contract is an agreement to buy or sell an asset at a certain
future date and at a certain price, the forward price. The forward price is
decided when the contract is initiated, and is set to give the contract zero
value at that time. No money changes hands until maturity of the contract,
when the party with the long position in the contract has to buy the asset
at the predetermined forward price. The cash flow she faces is thus the
difference between the current asset spot price and the forward price, an
amount that could be either positive or negative. In reality, however, most
contracts are closed out prior to expiry, and the asset is never delivered. A
more formal definition of the forward contract is as follows:

Definition 2.1 A forward contract on the asset S, contracted at time
t, with time of maturity T and with forward price f(t,T), is defined by the
following properties:

o At time t, the forward price f(t,T') is decided.

o At time T, the holder of the contract receives the stochastic (positive
or negative) amount S(T) — f(t,T).

o The value of the contract at time t is zero.

By general theory, the forward price is given by
f(t,T) = E{ [S(T)], (1.1)

where E7 denotes the forward neutral measure, i.e., the measure under
which all assets scaled by the bond price p(¢,T’) are martingales.

Since it is free to enter a forward contract, but the future financial loss
can be huge, there is an obvious risk that the party with a negative cash
flow at maturity may not honor her obligation. For this reason, it would be
convenient.to have a contract that was settled on a daily basis rather than
on the expiry date. This is exactly the idea behind the futures contract. The
futures contract is similar to the forward contract, but with the difference
that each day, profits and losses are cleared, and the traders automatically
receive a position in a new futures contract with a new futures price. An-
other difference between the futures contract and the forward contract lies
in liquidity. Future contracts are standardized instruments widely traded
on all exchanges, whereas forwards typically are OTC products. Formally:

Definition 2.2 A futures contract on the asset the S, contracted at
time t, with time of maturity T and with futures price F(t,T) is defined
by the following properties:

o At time t, the futures price F(¢,T) is decided.

e During an arbitrary time interval, (s,u] the holder of the contract re-
cetves the amount

F(u,T) — F(s,T).
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o At time T, the holder of the contract receives S(T) and pays F(T,T)
e The value of the contract at each point in time is zero.

By general theory, the futures price is given by

where E? denotes the risk neutral measure, i.e., the measure under which
all assets scaled by the bank account process B(t¢) are martingales. At
Nymex, futures contracts on natural gas exist with maturity ranging from
1 to 72 months. One futures contract is for delivery of 10,000 million
British thermal units (mmBtu) of gas, evenly spread throughout the de-
livery month. In reality, the marking to market procedure does not take
place continuously, but rather once a day. However, for tractability, futures
prices are usually modelled within a continuous framework, and thus also
in the model presented later.

Remark 2.1 Under deterministic interest rates, ET and E® coincide
exactly. For that reason, the model presented later can be regarded either
as a model for the futures price or as a model for the forward price.

There is also a liquid market for call options on the futures. The holder
of a call option with strike price K and exercise date T, on an underlying
futures contract with maturity 77 > Ty will, if the option is exercised, at
time Ty obtain

e the amount (F(Ty, T;) — K)* in cash, and

¢ a long position in the underlying futures contract.

Since the value of a futures contract is by definition zero, the last part
can be disregarded. The call option is said to be at the money at t if

K = F(t,Ty).

Another contract of interest on the natural gas market is the swap con-
tract. Generally, a swap contract is any arrangement between two parties
to exchange cash flows in the future according to a prearranged formula. In
the gas market, entering a swap is similar to entering several forward con-
tracts at the same time. The difference is that instead of one forward price
for each maturity, with a swap there is one common price for all maturities,
the swap price.

Definition 2.3 A swap contract on the asset S, contracted at time t
with reset dates T;, 1 = n,n + 1.., N, and swap price K is defined by the
following properties:

re At time t, the swap price K is decided.
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e At time T;, i = n,n+ 1,..., N, the holder of the long position in the
swap recetves the stochastic (positive or negative) amount

S(T;) - K.

In analogy with the forward price, the swap price does not change during
the life of the swap. The value of the swap itself, however, is likely to change
over time. The par swap price K(t) is the swap price that gives the swap
zero value. Let

SWy (8, K(s))

denote the value at time ¢ of a swap that was initiated at time s with par
swap price K(s). By definition of the par swap price

SWN(t, K(t)) = 0 Vt.

Further, by noting that

N N
SWH (5K () = EZ[D>_(S(T)—K(#)e " T = Y "(F(t, T:)-K(t)e "™

(1.3)

we can solve for the par swap price K(¢):

n

> F(t,Ti)e B0
K(t) =22 . (1.4)

n
Ze—r(Ti ~t)
i=1

A swaption is a call option on a swap. It gives the holder the right to
enter into a swap at a predetermined swap price. Formally:

Definition 2.4 A swaption with expiration date Ty, written on a swap
with reset dates T, Tp41,...Tn and swap price M, is defined by the follow-
ing payoff:

o At time Ty the holder of the swaption has the right, but not the oblig-
ation, to enter into the above swap at swap price M.

It is clear that the holder of the swaption will only exercise his right to
enter the swap if it gives him a positive payoff. Hence we can write the
payoff of the swaption at time Ty as

SWNN(Ty; M, Tp) = max{SW (Tp: M), 0}
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which by (1.3) is equal to
N
max{» (F(To,T;) — M)e "T:=T0) 0} (1.5)

We can view the value of a swaption in a different way by noting that the
swaption will only be exercised at Ty if the strike price is less than the
prevailing par swap price, K(Tp). This difference will then be portioned
out to the holder of the swaption at times Tp,,Tp+1, ..., Tn. The value of
the swaption is given by the present value of these payments, i.e.,

N
SWN (To; M, To) = > e~ " T~ s max { K (Tp) — M, 0} .

i=n,

Written in this form, it is clear that the payoff from a swaption is the payoff
from a call option on the swap price, with an appropriate discount factor
attached to it. It is also intuitive to say that the swaption is at the money
at ¢t if M is given by the par swap price at ¢, K(t). Further, if we assume
that the futures price is lognormally distributed (as we will later), it is
clear from (1.4) that the payoff from a swaption is distributed as the sum
of lognormal variables. This issue is dealt with in section 4.2.

1.3 The Data

The data consist of daily futures prices from the New York Mercantile Ex-
change, with maturities from 1 to 18 months observed between 5 January
2000 and 31 July 2002, and daily volatilities from the same period, implied
from futures options with maturities up to 72 months at most. One futures
contract is for delivery of 10,000 million British thermal units (mmBtu) of
gas, evenly spread throughout the delivery month.

A figure showing gas futures volatility as a function of maturity is shown
below. The behavior can be characterized by the following properties:

1) Overall, the function declines exponentially.

2) There is a "min level volatility", i.e., the volatility converges to a
constant for long contracts (in the picture 24%).

3) We observe clear seasonality effects in maturity, i.e. contracts maturing
during the colder months are more volatile than those maturing during the
suminer.

The final important feature that cannot be observed in the figure, is
the seasonality in running time. In the figure, time to maturity varies, but
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running time is fixed. Hence systematic changes in volatility related to
when the contract was initiated are lost. It is a well-known fact amongst
practitioners in the natural gas industry that the increase in volatility ex-
perienced during the colder months spills over to contracts maturing much
later in the year. In other words, there is a seasonality effect not only in
maturity, but also in running time.

These are the features we will try to capture in the model we present in
the next section.

Implied volatility for US natural gas futures
confracts, July 2, 2002

80 —

50 T/
£ 40 l‘_
2 30 \
£ T ~———
g 20,
S 10

[

1 13 25 37 49 61 73

Maturity (months)

1.4 The Model

In this section, we present the model and explain how it incorporates all
the features of the previous section. Then we derive an expression for the
value of a European call option, which we will use to calibrate the model
to market data. Finally we show how Monte Carlo simulation can be used
to price more complicated derivatives within this framework.

Let F(t,T) denote the futures price at time ¢ of a futures contract ma-
turing at time T, and consider the following model, specified under an
equivalent martingale measure Q:

dF(t,T)
F(t.T)
(a2e P T sin(¢ + 27T) + aze=% T sin(¢ + 2mt) + v)dWa(t).

are P T0dW, (t)+ (1.6)

Here W;(t) and W(t) are independent Wiener processes, and a;, 3;, v and
¢ are real numbers V4, j. The first term

ale—al(T*t)

measures the general exponential decrease of the volatility. If we consider
only this term we obtain the model proposed by Clewlow and Strickland
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(1999). An appealing feature of their model is that it gives rise to Markovian
spot prices. However, the graph on the previous page, shows quite clearly
that it will never produce a good fit to implied market volatilities. To
manage that, we need to introduce a seasonal component,

sin(¢ + 2nT).

Since the seasonality effect dies out for long maturity contract, the compo-
nent is multiplied by another negative exponential,
a2€—ﬁz(T—t)_

With these components, and with «, the level to which the volatility con-
verges, it is possible to achieve a close to perfect fit to the volatility curve
observed in the market. However, one more important aspect needs to be
addressed. As mentioned in the description of the data, there is a seasonal-
ity effect in running time as well. That is the motivation behind the term

aze #(T= sin(¢ + 27t)).

Note that we need three different negative exponentials, since there is no
reason to believe that the speed at which the curve as a whole decays is
the same as the speed at which either of the seasonality effects dies out.
This is confirmed from the parameter estimates, where we find significantly
different values for 81, 52 and 5.

To be able to calibrate the model to market data, we need an expression
for the price of a European call option within the model. This is derived
in the next subsection. We then show how Monte Carlo simulation can
be used to price more complex contracts, letting a swaption serve as an
example.

1.4.1 Futures Options
If we expand In F'(¢,T) by the Ito formula, we get

t i
InF(t,T) = F(0,T) + / e"Bl(T‘“)dwl(u)—% / h(u, T)du
0 0

t 1
+-agsin(¢ + 27T) / e PAT=WqWy(u) + a3 / g(u, T)dWa(u) + yWa(t),
0 0

where

h(t,T) = &2 22T | (ae P T gin(¢ + 20T) + aze T~ sin(¢ + 2nt) +~)?, and
(1.7)

g(t,T) = e~ (T~ sin(¢ + 2t),
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so it is clear that

0
InF(t,T) € N(InF(0,T) — A (;’ T),A"(t, 7)),
where A%(¢,T) is given by the integral
¢
A%, T) = / h(u, T)du. (1.8)
0

Since futures prices are log-normally distributed, it is straightforward to
derive the value of a futures call option. By general theory, the value at
time ¢ of a call option with exercise date Tp and strike price K written on a
futures contract maturing at time 7Ty, is given by (assuming deterministic
interest rates)

C(t;To, Ty) = e " DER((F(Tp, Ty) — K)*],

where
ER|)=E°[| 7).
This can be written as
C(t;To, T1) = "~V EZ (F(Ty, Ty)1 {F(To, T1) > K})-Ke™ " DQu(F(Ty,Th) > K),
(1.9)

where

Q:(A) £ EC[A| 7).

By defining F(To,T)
0,41
F(t,Ty)’

the first term in (3.3) can be calculated in the following way:

Zt(To, Tl) & In

ER[F(To, )1{F(Ty,Ty) > K}| =
F(t, Tl)EtQ[eZt(TDsTl)l {Zt(To,Tl) >In ﬁ—t%f}]’

where Z'(Tp,Ty) € N (—A—t(T%TL)‘,At(To,T 1)). The expectation above is
an integral over the normal distribution, which after completing squares

becomes o
/ 1 o= 3 E—/AH T T g,
V2 ’
D, _\/Xm
where

F(¢,T; ATy, Ty)
_pfA) | AT

' ATy, Th)
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We recognize the integral as the probability that a N(A*(Tp,Th),1)-
distributed variable is greater than /A%(Ty,T1) — D1 , which is given by
N(Dy).

The second term is immediate:

i
In £{To.T1) + A’(T20,T1) In F(le) + A (1"20:41"11

3 FE.5)
QF(To,Th) > K) = Q: FT5 | VAT

= N (Do)

Proposition 4.1 The price at time t of a European call option with
ezercise date Ty written on a futures contract from the model (1.6) with
maturity T is given by

C(t; To, Th) = e~ " T~ [F(t, Ty)N(D;) — KN(D3), (1.10)

where

L 3
VA Ty, Th)
Dy =D — \/At(To,Tl),

and A*(To,T}) is the ezpression appearing in (2.9).

Proof. Follows from the above calculations. B

Since we know the distribution of the entire futures curve, we can price
derivatives that depend on the curve, such as swaptions, calender spread
options, etc. In the next subsection we illustrate the procedure for the case
of swaptions and calender spread options.

1.4.2 Swaptions

As mentioned in section 2, a swaption is a call option on a swap. Assume
that the swaption has exercise date Tp, strike price M and that the indi-
vidual futures contracts mature at times T;, ¢ = n,n +1,..N, T; > Ty Vi.
From (1.5), the payoff from the swaption is given by

N
SWNY (To; M, Ty) = max{» (F(To, T:) — M)e™"T:=T0) 0}.

i=n

With the same notation as in section 2, the price at time t of this contract
is given by

N

SWNY(t; M, Tp) = e T E2 |max | Y (F(t, Ty)e? ToT) — M)e~"T:i=T0)
n t

i=n

(1.11)

)|
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The payoff is distributed as the sum of lognormal variables, so we will
have to use a numerical routine to find the price. Clearly, the Z;s are

correlated, and to be able to simulate the payoff, we would like to make
them uncorrelated. For this, define

Zi £ Zt(TO»Ti)a

Zin,
=
ZN
Cov(Zn,Zy) . . . Cov(Zn,Zn)
COU(Zn+1, Zn) ... COU(Zn+1, ZN)
C= . . . ,
Cov(Zn, Zn) . Cov(Zn,Zn)
L _At(T[)vT'i)
7 T 2 H
and finally
Hn
N =
UN
By Cholesky factorization,
Z = Be+pu,
where
B = Chol(C},
and
€n
€= ,
EN
where

E[EiEj] == 0, ) 7'9]
With M simulations, the price is now given by

M N N
SWNY (t; M, Ty) = e"(T"‘t)% Z max (Z (F(t,Ti) exp (Z bijeg-k) +,ui) - K) e—T(Ti—To),O) ,

k=1 i=n

J=n

(1.12)
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where egk) means drawing number k of ¢;, and b;; denotes element (3, j) in

the matrix B. The matrix C is calculated in the appendix.

1.4.8 Calender Spread Options

A calender spread option is a derivative that is designed to protect the
holder from changes in the shape of the futures curve. The holder of such
a contract obtains, at the exercise date, the difference between the futures
price for two particular maturities. Formally, a calender spread option with
exercise date Ty and strike price K, written on two futures contracts with
maturities 71 and T3, gives at time Ty the payoff

CST(Ty) = max{F(Tp,T1) — F(To, T2) — K, 0}.
The value at time ¢ of the contract is given by
CST(t) = e T~ EQmax{F(Ty, T1) — F(To, Tz) — K, 0}].

It is clear that this is the same type of expression as (1.11), so the same
valuation method can be used. This time, though, the covariance matrix is
only 2 % 2, so the simulation will be quicker.

1.5 Calibrating the Model to Market Data

The standard pricing model for futures call options is the Black-76 model
[7]. The Black model gives the following price at time ¢ for a call option
with exercise date Ty and strike price K on a futures contract maturing at
time T7:
C(t;To, Ty) = e " D[F(t, T))N(d;) — KN(dy), (1.13)
where '
F@,T)) |, o*(To—t)
k-t 3
ovig—t

dy =dy —o/Tp —t.

It is clear that the structure in (1.13) is the same as that in (1.10). The
volatility o from the Black-76 model, corresponds to

In
d; =

, and

from the model (1.6). This means that if we want to calibrate our model
to the market prices of call options, calibrating

ANTy, Ty)
To —t
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to o is equivalent to calibrating (1.10) to (1.13). Since implied volatility
is what is most often quoted, this is what we choose to calibrate against.
Two of the parameters, as and 33, measure t-dependence, so they need to
be estimated separately. The procedure is as follows:

1) Use at least one year of historical data on the term structure volatility
curve, and calibrate all eight parameters simultaneously.

2) Keep the values for a3 and 3 and recalibrate the rest of the parame-
ters to the current term structure.

The reason for carrying out step 2 and for not using the values obtained
in step 1 directly, is to make sure that the prices we obtain for various
derivatives are consistent with the current volatility term structure, and not
only with the historical term structure. The method above takes advantage
of both historical and implied data.

1.6 Empirical Results

We implemented the model and calibrated it against implied volatility from
January 2000 to July 2002 simultaneously, using the first observed curve
each month. More precisely, we minimized the sum of the mean squared
errors from 32 calibrations. In so doing, the fit to each individual curve
becomes much worse, but on the other hand, the estimates for the parame-
ters that measure t-dependence, a3 and B3, now make sense. Once they are
obtained, the model can be recalibrated to any given volatility curve. We
choose to test the model on the volatility curve observed on three different
dates: October 2000, December 2001 and July 2002. The results from these
calibrations are shown on the next page. The mean squared error our model
gives rise to varies between 50% and 25% of the mean squared error pro-
duced by the benchmark model. To see what impact this has on derivative
prices, we used formula (11) to price seven different swaptions. By observing
where the benchmark model deviates the most from the data, it is possible
to anticipate where the price differences between our model and the bench-
mark model will be most pronounced. Note that the difference in price can
go in both directions, since the benchmark model sometimes overestimates
and sometimes underestimates the volatility. Take the July 2002 futures
curve as an example. Nine months ahead in the graph, in March 2003, the
benchmark model overestimates the volatility severely, so we would expect
the benchmark model to overvalue swaptions with exercise in that month.
The first table show that our hunch is confirmed; the swaption is about
8% cheaper in our model than in the benchmark model. If we now look
at the graph for October 2000, the opposite happens. Here, the volatility
increases initially, which of course is impossible for the benchmark model
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to capture. Hence, it is not surprising that the swaption maturing at the
end of that month is about 6,5% more expensive in our model than in the
benchmark model.

The final table shows the stability of the parameters over time. We cannot
expect the parameters to stay completely constant over time, but we can
at least hope that they do not vary in a predictable way, since that would
suggest there is a pattern in the data that the model fails to capture.
Luckily, no clear pattern can be seen.

e o
oo

0.4

8 g
N

Volatility (%)
o
w

i
o o

July 2002

- data
madel

1 13 25 37 49 61 73
Maturity (months)

Dec 2001
1
0.8 1\
506 k\ data
= 0 S
£ m ------- mode!
% 0.4 L S ———-benchmark
> 0.2
0
1 13 2 a7 49
Maturity (months)
Oct 2000
07
06
PSPAFAY
g05¢ X-- data
2 04
£ s -model
Z 03 = e
g 02 Bl [ bl
0,1
0
1 13 25 37 4g 61
Maturity (months)
Swap
Contract | Exercise | Reset Price
Initiated Date Dates Difference MSE Benchmark
JUTDZ | Ot02 | Oct0Z | NovoZ | Dec2 | JanuZ | repoZ — 100 0.07 0.08
- - ar0s | MarOs | Apros | Wayos | Junos | Jar03 | Augo3 8,10% T EE
Dec o1 | DecO1 | DecO2 | Jan0s | reb 02 — — = 2,00% 0,02 0.06
- Warog | War0Z | AprUZ | Way 02 = = = T50% - -
- - Dec02 | DecuZ | Jan03 | FebU3 — = = T 15% - - - -
TCto0 ] Novo0 | NovOU | DecOU | Jan 00 = = = B.55 % T.04 008
- aro2 | Warol | Aprol | Way ol = = = 5.05% T T
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Date of
calibration @ @, a3 By B, Bs [ ¥
T Jul 02 0,58 0.2 0.05 T 2,345 5,08 T.07 o7
3 Jun 02 0.8 0,23 = 1,03 1,77 = T.03 015
T Way 02 067 0,26 o 1,21 T.07 — 1,56 0,14
‘ pr 0,50 0,12 = 0,53 0,56 = 1.6 0.1
ar 02 U535 0,19 — [X:74 T.25 = T2 (K E]
T2 Feb 02 0,57 0.43 — 0.56 3 — T4 0.3
~2Jan 02 | 0,65 0,41 e 1,23 2,83 - T4 013
™3 Dec 01 0,78 0,20 = 1,26 2,58 = T3 0,09
~TNovol | 0,58 0.54 = T,18 7 p 1,57 513
"2 0ctoT | 0,60 0,15 - A7 0,73 — 1,82 0,00
3 Sep 07 0,66 0,14 = 1,26 7,82 — T.71 0.3
ug 0.73 0,20 = 71,66 2.7 o 1,50 0.1
2 Jul o1 0,63 0,29 = T2 2.3 = 1,58 0,12
[T Jun 01 063 0,28 = 097 2,35 = 1.7 B.15
T Way 01 0.56 0.25 = 0.5 1,05 = 1,08 o1
2 Apr 01 0.53 0,26 = T.00 2.1 = T.56 012
1 Wiar 01 0,51 0.2 = 0.9 1,94 - ) G.11
2 Feb 07 0.6 0,47 = 1,57 7 = T4 015
[~ZJano1 [ 0,50 0,63 - 1,6 7 = T4 0.12
1 Dec 01 0,76 0,50 — .71 2,05 = T.4 0,00
7 Nov 00 0,50 0,59 — 0.98 71,45 — T4 0,07
2 OCL 00 0,45 0,37 = 0.8 7 = T4 015
7 Sep 00 053 0,53 = 11 7 = 1,45 0.18
[T Aug 00 0.61 0,31 — T.22 q - 172 0.19
™3 Jul 00 0,76 0.37 = 1,67 .18 = 1,80 0,08
1 .Jun 00 0.7 028 = TS . = 1,94 007
Ay 0.43 0.2 - T,03 173 = T.53 0.1
[~ 3 Apr 00 0,44 0,25 p T,05 1,78 = 1,67 0,00
[T Wiar 00 0,46 0,27 = T.28 2, = 1,05 0.1
e 0,45 0, - 1.8 3 = T.Z 0,08
TR 00 0,45 0,50 = 1.8 7 - 1.3 0,00

1.7 A Swap Market Model

In this section we present an alternative way of modelling swap prices. Let
t < Tn < Tn, and let K (t) be the par swap price (1.4) from section 2, i.e.
let

N
N F(t, To)e (T
KY () = =

N
Ze—r(Ti—t)
i=n

The value at time t of a swap with swap price M is given by

N
SWY(t, M) = e T (KN (t) — M).

i=n
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By defining
N
P = Y e,
i=n

the value of the swap can be written as
SWH(t, M) = pp (8) (K (t) — M).
The option to enter the swap at time Ty is worth

SWNY (To; M, Tp) = max{SW} (Ty, M), 0}.

The object p?¥ (t) can be seen as a portfolio of zero-coupon bonds, ma-
turing at times Tp,, T,,41, ...Tn. It is clear that this portfolio has a strictly
positive value; hence, we can use it as a numeraire. Let QY be the mea-
sure associated with the numeraire pY) (t), i.e. the measure under which all
assets scaled by p¥ (¢) are martingales. Under this measure, the dynamics
for KN (t) can be written on the form

Qn K (t) = K (t)oy ()W, (1),

where W (t) is a Q}Y —Wiener process. Now we can calculate the price
for

in the following fashion:

- _ g [max{(KéV(TO) - M)p{l(Ty), 0}
Py (t) i P (To) ‘ i (To)

— E®% [max{K(Ty) — M,0}].

SWNN (M, To) _ o [SWN;V (To; M, Ty)

Since K (Tp) is lognormally distributed under QY , we arrive at a Black-
Scholes type formula.

Proposition 7.1 The value at time t of a swaption with exercise date
To and strike price M, written on futures contracts maturing at times T;,
i=n,n+1,..,N is given by

SWN T (t; M, To) = p} (t) (KN (£)N(d1) — MN(dz))
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where

N

ph(t) =) e,

N UN 2
_ In(%5) + = (1 — 1)

zn”z(_t)\/m
do =di — J,,J.LV(t)\/To —t.

KXN(t) is the current swap price and oY (t) is the swap price volatility that

dy

, and

can be backed out from other swaptions.

1.8 A Finite Dimensional Realization

The futures model (1.6) is infinite dimensional in the sense that, for each
value of the continuous variable T, it gives the dynamics of the futures
price F'(t,T). It would be interesting to know if it is possible to write (1.6)
as a finite dimensional state space model. The question is interesting from
a theoretical as well as practical perspective. Simulating (1.6), would mean
simulating an infinite dimensional system. If instead, we could express the
model in terms of a finite dimensional Markovian system, we would be
relieved of that task. It turns out that it is in fact possible to construct
such a representation. The complete derivation is rather complicated, and
is given in full detail in [6]. (For an introduction to the corresponding theory
in a fixed income setting, see [2], and for more papers on the subject see
e.g. 1], (3], [4], 31

Before we can state the result, we need to transform the model into a
more convenient form. Let

ri(z) £ F(t, t + z),

and
A

ye(z) = Inr(z).

The dynamics for y;(z) are given by

dy:(z) = <é%yt(x) - ’};(t, x)) dt + ore™Pr2dWy (t) (1.14)

+ (aze™P2%sin(¢ + 27(t + x)) + aze P*® sin(¢p + 27t) + v)dWa(t),
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with initial term structure at t*
e (z) = ™.
The function h(t,z) is given by
h(t,z) = h(t,t +z)

where
h('a )

is the function defined by (1.7). Now we can state the result.

Proposition 8.1  Given the model (1.14)-(1.15), there exists a 6-

dimensional stochastic process

2
22
z3
24

[ 2 |

and a function G(Z,x) such that
ye(z) = G(ze,z);t > t° Q — a.s.,

where

1
G(Z,.’E) = y*(zO +-’13) - iH(Z(),t*,.’I:) + vz + e—ﬂ1$z2

+ e P2 sin(¢ + 2n(t* 4 20 + )23

+ e A% sin(¢ + 21(t* + 20))24 + € P cos(¢ + 2n(t* + 20)) 25,

and

t
H(z,t",z) = /ﬁ(t* +s8,z+t—s)ds.
0

Further, the dynamics of the state space variables z; are given by
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dzg = dt

dzy = dWs

dzg = —f129dt + a1dWy

dzz = —f2z3dt + azdWs

dzq = (2m25 — B324)dt + a3dWo
dzgs = —(,3325 + 272y )dE.

Proof. See [6] =

1.9 Appendix A

We begin by calculating the distribution of the futures price F'(t,T). From
section 5, the integral we need to derive is

t
Ao(t,T):/ h(u, T)du,
0
where

h(t,T) = a2e” 1 (T~ 4 (ape P2 (T8 gin(¢p4-27T) +-aze T sin(p+27t) +)2.
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After some tedious calculations, the result reads

AYT, S)
2
_ o ( —26,(S-T) _ —26:(5~0)) 4 2001 ( ~BL(S=T) _ —Bi(S—t)
=—e —e + e —e +
25 ) B )
2 i 2
V(T — ) + s sin” (¢ + 2mS) (e—zﬂz(S—T) _ e—Zﬂz(S—t)) +
2032

2
92 (e—Zﬂs(S—T) _ e—2ﬂ3(5~t)) _
453
_agL (6—263(S—T) COS(2¢ + 47TT) _ e—2ﬂ3(5—-—t) COS(2¢ + 47Tt)) _
4(82 + 4r2)
—ag_ﬂ- (e_zﬂ'“"(s_T) sin(2¢ + 47T) — e~ 2Bs(5-1) sin(2¢ + 47rt)) +
2(82 + 4r?)

20003(B2 + B3) sin(¢ + 2mS)
dn% + (B2 + B3)?

(e—(ﬂz+ﬂ3)(S—T) sin(¢ + 2rT) — e~ P2+ gin(¢ + 27Tt)) -

dogo sin{g + 275)
4 + (B2 + B3)?

(e_(ﬂz‘Lﬂa)(S_T) cos(¢p + 27T) — e~ (BaF8) (=) co5( 4 27Tt)) .
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1.10 Appendix B

Element (7, j) in the covariance matrix C, is given by

Cov(In(F(T, S;),InF(T, S;)) =

ftT e~ S dW, (u) + agsin(¢p + 278;) ftT e~ Pa{Si—w) W, (u)

+as [ g(u, Si)AWa(w) + 7 f) dWa(u),
Cov
ftT e~ S~ gW, (u) + agsin(g + 27S;) ftT eB2(5i =) Wy (u)

+az [, g(u, S;)dWa(u) + v [T dWa(u))

2
_ % (e_gl(si+sj—2T) _ e—ﬂ1(Si+Sj—2t)) +¥%(T —t)
1

n ajsin(@ + 2”;‘;2’3) sin(¢ + 2m.5;) (e_gz(siJrsj-zT) _ ewﬁg(si+sj—2t))
2

tagas (sin(qS + 27rSi)e~(ﬂzSi+ﬂ35j) + sin(¢ + 27r5j)e—(,5'25'j+ﬂ35i)) *

B2+ B3

[47r2 + (B2 + f3)

> <e(ﬂ2+ﬂ3)Tsin(¢ + 27['T) _ e(ﬂz-ﬁ-ﬁa)t sin(¢ + 27rt))

B 2
4n? + (B2 + B3)?

(e<ﬂz+ﬂs>Tcos(¢ +27T) — elP2+5)t cos(¢ + 27rt))]

+ %J—Q(eﬂ‘zT - eﬂ"t) (sin(q& 4+ 27r.S’i)e_5ZSi + sin(¢ + 27r.5'j)e_ﬂ2sj)
2
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+ yag(e™P5 4 eFs5)x

[4 25+ 7 (e?T sin(¢ + 27T) — €”** sin(¢ + 2nt))
._._—2 B3T
2 1 B (e cos(¢ + 2nT) — P 3t cos(¢ + 27rt))]
4+ 3 az ( —Ba(Si+8;—2T) _ ,—Pa(S:i+S; —2t)>
4B3
adeFe(Si+85)
———*
[———471_27:_ 32 (ezﬂaT sin(2¢ + 47T) — e?Pstsin(2¢ + 4nt))
3

+ 872%_2—6—? ((e2P5T cos(2¢ + 4nT) — €% cos(2¢ + 4mt))]



References

[1]

[4]

[5]

[6]

[7]

8]

Bjork, T., Landén, C. On the construction of finite dimensional real-

izations for nonlinear forward rate models. Chapter in Doctoral Thesis
(2001), Dept. of Mathematics, KTH, Sweden.

Bjork, T. A geometric view of interest rate theory. Handbook of Math-
ematical Finance, Cambridge University Press, 2001.

Bjork, T., Svensson, L. On the existence of finite dimensional realiza-
tions for nonlinear forward rate models. Mathematical Finance Vol.
11, No. 2 (April 2001) 205-243.

Bjork, T., Christensen, B. J. Interest rate dynamics and consistent
forward rate curves. Mathematical Finance Vol. 9, No. 4 (October
1999) 323-348.

Bjork, T., Gombani, A. Minimal Realizations of forward rate curves.
Finance & Stochastics 3(4), 413-432.

Bjork, T., Blix, M., Landén, C. Finite dimensional Markovian realiza-
tions of futures term structure models. Work in progress.

Black, F. The pricing of commodity contracts. Journal of Financial
Economics, Vol 3 (1976), 167-179.

Clewlow, L., Strickland, C. A multi-factor model for energy risk man-
agement. Working paper, University of Technology, 1999, Sydney.



26

[9]

[10]
[11]

[12]

[16]

7]

References

Clewlow, L., Strickland, C. Valuing energy options in a one-factor
model fitted to forward prices. Working paper, University of Technol-
ogy, 1999, Sydney.

Cortazar, G., Schartz, E.S. The valuation of commodity contingent
claims. Journal of Derivatives, Vol 1 (1994), 27-39.

Gibson, R., Schartz, E. Stochastic convenience yield and the pricing
of oil contingent claims. Journal of Finance Vol 45: 959-977, 1990.

Hillard, J.E., Reis, J. Valuation of commodity futures and options
under stochastic convenience yield, interest rates and jump diffusions
in the spot. Journal of Financial and Quantitative Analysis, 33, p.
61-86 1998.

Jamshidian, F. Commodity option valuation in the Gaussian futures
term structure model. Review of Futures Markets, Vol 10(2), p. 324-
346 1991.

Miltersen, K.R. Schartz, E.S. Pricing of options on commodity futures
with stochastic term structures of convenience yields and interest rates.
Journal of Financial and Quantitative Analysis, Vol. 33, p. 33-59 1998.

Reismann, H. Movements of the term structure of commodity futures
and pricing of commodity claims. Working paper, Faculty of LE. and
Management, Technion-Israel Institute of Technology, Haifa 32000,
Israel (1991).

Richter, M., Sérensen, C. Stochastic volatility and seasonality in com-
modity futures and options: The case of soybeans. Working paper,
Copenhagen Business School (June 2002).

Schartz, E.S. The stochastic behaviour of commeodity prices: Implica-
tions for valuation and hedging. Journal of Finance. Vol. 52, No. 3,
pp- 923 -973 (1997).



2

Futures Pricing in a Hidden Markov
Model of the Convenience Yield

2.1 Introduction

In interest rate theory, the concept of affine term structures was introduced
in the mid-1990s (Brown and Schaefer [2], Duffie and Kan [3]), when it was
discovered that short rate models admitting bond prices that are expo-
nentially affine in the state variables are much more tractable and easier
to handle computationally than other models. The same concept carries
over to the futures market (Bjork and Landén [1]). Recently, the concept
of semi-affine term structures was introduced in the interest rate theory
literature (Landén [5]). In this paper, we show how that concept, too, has
a natural analog in the futures market. The set-up is very general: the as-
set on which the futures contract is based, is assumed to be driven by a
d—dimensional Wiener process, and the drift and diffusion parameters are
functions of an M-dimensional Markov process. The Markov process itself
is driven by the same Wiener process as the underlying asset, as well as a
marked point process. We provide sufficient and (in the time-homogenous
case) necessary conditions on the drift and diffusion coefficients of the un-
derlying asset for a semi-affine term structure to exist. For illustration, we
carry out explicit calculations in two situations: the Gibson-Schwartz [4]
model, and when X is a Markov chain on {1,2, ..., N} with intensity matrix
H = hy;. Next, we consider the case when the Markov process X is assumed
to be unobservable. If X contains, e.g., a process for the convenience yield,
this is a natural assumption. We analyze the two situations above, in this
new unobservable framework. Finally, we compute the price of a European
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call option in the Gibson-Schwartz model, both when X is observable and
when it is not.

2.2 The Model

The financial market is modelled by a filtered probability space (Q, F,F, @),
F = {Fi},~0, where Q is the risk neutral martingale measure. On this
space, the following adapted processes are defined:

¢ A d-dimensional Wiener process W
¢ A 1-dimensional stochastic process S
¢ A K-dimensional Markov process X

Here, S denotes the price of an underlying asset, and X denotes a vector
of state variables. X could, e.g., contain a process for the convenience yield,
the inflation rate, etc. Note that we do not assume that the market on
which § is traded is idealized and frictionless. An example could be a
commodity market or a market for a natural resource. We assume the
following dynamics for S and X (under Q)

dSt = St,us(St, Xt)dt + StO'S(St, Xt)th (21)
4X, = px (Xe)dt + ox (X,)dW, + / 6t Xe )t dy).  (22)
FE

Here, 1 is a marked point process on a measurable Lusin mark space (E, ¢).
We will assume that the compensator v of u can be written as v(w; dt, dy) =
At, Xi—(w), dy)dt.

The main objective of this paper is to compute futures prices on the
market (2.1)-(2.2), with S as the underlying asset. This will be done in
two situations: when we have full information, i.e., when we can observe
both X and S, and when we can only observe S. If X represents, e.g.,
the convenience yield, it seems reasonable to treat it as unobservable. To
formalize the two cases, we introduce an observation og-algebra, G;. In the
first situation, when we have full information, G, is equal to F;, and in the
second situation, the partially observable case, G; is equal to fts . Before
we continue we recall the following well-known facts.

Proposition 2.1  Let F(t,T) denote the futures price at time t, for
delivery at time T of a futures contract written on S. Then F(t,T) is given
by

F(t,T) = E?[Sr | Gi] (2.3)
F(t,t) = S;. (2.4)

Proof. See e.g. Bjork [2]. m
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2.3 The Fully Observable Case

In this section, we consider the pricing of futures in the model (2.1)-(2.2)
in the fully observable case, i.e., when G; = F;. It turns out that from a
modelling point of view, the natural object to consider is not the spot price
itself S, but rather the logarithm of the spot price, In S [1]. We therefore
introduce the variable

Z: =1InS;
and write (2.1) and (2.2) on the form
dZt = ,lLZ(Zt, Xt)dt +o0z (Zt, Xt)th (25)
AX, = e (Xt + 0x(C)aWe+ [8(8 Xem yhulat ), (26)

where pz = pg— 30%, 0z = 0g. Since (2.5)-(2.6) is a Markovian system,
it follows from (2.3)-(2.4) that the futures price is of the form

F(t,T)=H(t, Z, X;,T) (2.7)
and in particular that
Sy = H(t, Zs, X4, ).
Now we are ready to present the fundamental PDE in this context.
Proposition 3.1 The futures price function (2.7) satisfies the following
partial differential equation

%—f(t, 2,2, T) + AH(t, 2,7, T) = 0 (2.8)

H(T7z7$7T) = eZ;
where A is given by

K .
1 0°H 1 . O2H
AH(t, z,2,T) = +Z Xa Z(UXUX)ZJa e +35 20232
=1

+ Z O'ZO'X 62H + / (H(ta z, T+ 5(t,:1:, y)) - H(ta 2, .’L‘)) )‘(t’ T, dy)
? (2.9)

Proof. Expand (2.7) by the Ito formula and use its martingale property.
]

It would be much easier to solve (2.8) if we had more information about
the structure of H. The case when H is affine is treated in Bjérk and
Landén [1]; we will now consider the case when H is semi-affine.
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Definition 3.1 A model is said to admit a semi-affine term struc-
ture of futures prices if fulures prices can be written on the form

F(t,T) = eAtXeD+BUT) 2 (2.10)
where A(t,z,T) and B(t,T) are deterministic functions.

We note that we can write (2.10) as
F(t,T) = SPEDeAGXT),

B is required to depend only on time, whereas A is allowed to depend on
the state variables in a non-linear fashion. If we required A to be an affine
function of the state variables, we would have an affine model. Below we
show that a semi-affine term structure is guaranteed if we choose pz and
0707 semi-affine. Since a semi-affine term structure is restrictive enough to
obtain tractable futures prices, the added flexibility it gives when choosing
the coefficients in the factor model comes at a low cost.

The next proposition characterizes the class of semi-affine term struc-
tures.

Proposition 3.2 Consider the model (2.5)-(2.6) and assume that the
coefficients uz and oz are of the form

pz(z,z) = a1(t, z) + as(t)z (2.11)
oz05(z,z) = b1(t, z) + ba(t)z.

Assume also that ozo% does not depend on Z. Then H from (2.7) can be
written on the form

H(t,z,z,T) = Atz T)+BET)z (2.12)

where A and B satisfy

% + as(t)B(t,T) + %bg(t)B(t, T)2=0 (2.13)
B(T,T)=1
aA(th Xk: + " (tTHlii( o) (LA 0404,
p— o :13 ’ 2 i=1 j=1 IXOIX)i] ail,‘ial‘j 61‘, 6.'1,‘j
(2.14)

k
1 2 * 0A AA(t,z,T) —
+5B(LT) i (t,2) + Z(UZUX)ZB(t,T)a—zi +/ (e - 1) Aty z,dy) =0
E

i=1
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A(T,z,T) =0,

and where
AA(t, z,T) = Alt,z + 6(¢,z,y),T) — A(t,z,T).

For the case when p and o are time-homogenous, and B(t,T) is strictly
monotone in ¢, the reverse implication holds, i.e., H is semi-affine only if
u and o are semi-affine.

Proof. We begin by proving that assumption (2.11) leads to a semi-affine
term structure. This is done by noting that

H(t, z,z,T) = exp(A(t,z,T) + B(t,T)z),

where A(t,z,T) and B(¢,T) solves (2.14) and (2.13) respectively, solves
(2.8), which uniquely determines futures prices in this setting. Next, assume
that H is of the form (2.12), and that puz and o707, are time-homogenous.
Then we can take two points in time, ¢; and tg, insert (2.12) into (2.8), and
after some manipulations, obtain the following structure for pz and oz0%:

/‘LZ(zaz) g1 1
|2 | KD e g K K Ko, (209

where
K= B(tl,T) le(thT)
e B(t27T) fBz(tZaT)

. E‘L_l /‘LB{ 68:;41 (t )
Ez—l ‘LL7X gfz (t )

1(‘7X‘7X)z](az
8%

—1(0x0%)ij (5550, + 55 52,

X
Il
1 11

9°A_ | oA 0A
3:1): ami azj
5 )

" (020%)iB(t,T) 84 (4 )}
2)

k
1=
b (020 )iBtT) 2 (¢

(eAAtL=T) _ 1) M(ty, z, dy)

(eA4t22.T) _ 1) X(ty, 7, dy)
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Expression (2.15) is affine in z, and the proof is complete. Note that the
requirement that B(t,T) is strictly monotone in t is exactly what is needed
for K7 to be invertible. m

The requirement that ozo% does not depend on Z means that if 0%
depends on Z, then X cannot be driven by W*, i.e. o%(t, 2z,z) = 0.

Example 3.1 One model that falls within this framework is the fol-
lowing (Gibson and Schwartz [5]):

dS; = Sy(r — X)dt + S;55dW} (2.16)
dX: = alp — X,)dt + GxdW?2 (2.17)

dWdW2 = pdt.

Note that we diverge from the set up in (2.1) - (2.2) in this example, since
we chose to work with correlated Wiener processes. To express the model
in terms of the notation (2.5) - (2.6), we can write

dSt = S’t(r - Xt)dt + StO'SdW
dX: = a(p — Xi)dt + oxdW,

where
og= (o5 o%)
ox :( ol o% )
Wl
w=w )
| os l|l=73s
llox [I=5x
and

750k =| o5 ||l ox || p-

If we use the notation Z; = In S;, equation (2.16) becomes

2
dZ, = (r - X; — %S—)dt +ogdW}.
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Now it is clear that assumption (2.11) is fulfilled, and thus Proposition 3.1
applies. This means that the futures price is of the form (2.12). Further,
we see that B(t,T) = 1, so the futures price can be written as

F(T, X3, S;) = SpeATX) (2.18)
where A(¢,z,T) solves
BA(t, z,T) 8A(t,z,T) 1, [(0%A(t,z,T) OA@z,T).,
R Gl e R U - e ~a
(2.19)
P 0A(t,z,T)
pPos X_az = U

Since X; is also an affine function, we know that A(¢,z,T") can be written
on the form (Bjork, Landén (2001))

Alt,z,T) = A1 (3, T) + A2 (¢, T)z.

Inserting this into (2.19) yields the following system of equations:

% —1-—adst,T)=0
A(T,T) =0
%T—) +r+ap(t,T) + %03143(1@ T) + 0,0,pA2(t,T) =0
A(T,T)=0.
This can easily be solved, and the solution is given by
Apt )= o0 -1 .

o

1 osox 0% T
A6 1) = % (4 ZZEE - ) (o)

2 2
O  POsSOX Tx —2a(T—1)
X POSIX N (p gy TX (- .
+(’r Bt ocs " )( )+4a3( e )

Example 3.2 Consider the model

dZ; = pz(Zs, Xi)dt + 0z(Zs, X3)dWr,
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where X; is a Markov chain on {1,2,...N}, with intensity matrix H =
hi;j. By proposition 2.2, the futures price H(t,z,z,T) satisfies (2.8). To
determine the corresponding equation in this case, we need the infinitesimal
generator for the Markov chain X;. The calculation goes as follows:

AtI?OZEE[f(Xt—!-At) — f(Xe) | Xe =1

Zil't [ DP(Xppar =1 X; =1) +;f(JP(Xt+At—J(Xt—Z - f(9)
1

= lim ~ FG) [ 1= ALY hij |+ F) (hiy At + o(At)) — £(i)
i i

N
= hig (F() = £@) = D _his ()

J#Fi

From this we conclude that
N
Bldf(Xy) | Xp =4 =Y hi; f(j)dt
i=1

With this in mind, it is clear that equation (2.8) now reads

N . . i o .
Ej:l hiJ'H(t’ Z?J) + BH(;;Z,’L) t bz ang,Z, ) + %J%% =0
i=1,..N.

Next, assume that uz and O'ZZ are semi-affine, i.e., that they can be written
on the form (2.11). Then the futures price is given by

F(t, T) — eA(t,Xg,T)-l—B(t,T)Zt,
where B(¢,T') satisfies (2.13), and A(t,z,T) satisfies, for i =1,..N

24(0AT) | Sy hiseAITI=ACET) 4 g, (t,0)B(t, T) + 4ba(t,i)B(¢,T) = 0

A(T,i,T)=0.
(2.21)
The equation for B,
B(t,T
% +as(t)B(t,T) + %bz(t)B(t, T)2=0 (2:22)

B(T,T) =1,

is a Riccati equation, but the equation for A is more complicated and can
only be solved numerically.
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2.4 The Partially Observable Case

When X is unobservable, the futures price process is given by
F(t,T) = E9[Sr | F{].

In order to use the results of the previous section, we note the following
consequence of the law of iterated expectations:

F(t,T)= E?[Sr | 7] = ER[E®(Sr | 7] | 7] = EQ[H(t, Zs, X, T) | F{,

(2.23)
where H(t,Z;, X:,T) is the function appearing in (2.8). Here H can be
thought of as the arbitrage free futures price in a fictitious completely
observable market. Because of (2.23), the partially observable case can be
dealt with in two steps: first compute H using the results of the previous
section, then take the result and run it through a filter. The structure of
the particular filter we use is, of course, dependent on how we model the
state variables. We will once again look at the examples from the previous
section, but in the case when X is unobservable.

Example 4.1 Consider again the Gibson-Schwarts [5] model:

dSt = St(’l' - Xt)dt + StO'Sthl (224)
dXy = a(p — Xi)dt + ox dW?
dWEdW?2 = pdt.

From (2.18) and (2.23), we know that the futures price in the partially
observable case is given by

F(t,T) = E9[S, exp(A1(t,T) + A2(t, T) Xy) | 7], (2.25)

where A;(t,T) and Ag(t,T) are given by (2.20). Further, since S; € F7
and £(X; | ) = N(-,-) (which is not a trivial result, see Lipster and
Shiryaev (1977)), we are led to the following proposition.

Proposition 4.1 Consider the model (2.24) and define the processes
Wt[X] and Gt[X] by

m[X] = E9[X | 7]
Gi{X] = Var?[X | F7).
The futures price in the partially observable case is then given by

F(t,T) = SteAl(t,T)-}-Ag(t,T)m[X]—%—%Ag(t,T)Gc[X], (2.26)
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where A1(¢,T) and Aa(t,T) are given by (2.20). Furthermore, the dynamics
of m[X] and G¢|X] are given by the Kalman-Bucy filter

dme[X] = o — me| X])dt + (f—z = &fg (dZt - (r - 923 - m[X]) dt)

Og 0%
0G| X Ge[X]\?
_..ati_}:ag{—QaGt[X]_ (pO'X_ ';Es ]) .

Remark 4.1 The equation for G[X] is a Riccati equation, and can be
solved explicitly. The solution is given by

Gt[X] = —dl tan <d1t+c> + dz

o2
2 dp — d
C= 2—:arctan ( 2d1 3)
d; = \/—ag{ag — 20} + 200 pox
dy = —aa?g + poxas
2
o
ds = ==,
57 2,

Proof. For X ~ N(-,-), E[eX] = eBXI+3VIX], 50 since
L(X, | F7) = N(m[X],G:[X])

al’ldStE]:fg,

EQ[SteAl(t,T)+A2(t,T)Xt |]_—ts] _ SteAl(t,T)EQ[eAg(t,T)Xt |]_-ts]
= S,eA1 (D) A (6T me [X]+ F AZ(4,T) G X],

For details on the Kalman-Bucy filter, see e.g. Lipster and Shiryaev [7].
n



2.4 The Partially Observable Case 37
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The spot price S, the futures price F' and the process X in the fully
observable case. The total number of simulations is 250, p = 0.1, ox = 0.02,
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Here X is unobservable, so the futures price is now given by (26).
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Example 4.2 Consider the following model:
dSt = St(’l' - C(Xt))dt + StO'th, (227)

where X; is a Markov chain on {1, 2, ..., N} with intensity matrix H = (h;;),
and C; = C(¢). We want to compute

m|F] = EQ[F(t, Se, Xo) | FE.

Since X; can only assume the values 1,2, ..., N, we can write F' as

N
F(t,8, X)) = Y F(t,S,,0)8i(2),
1=1
where 6;(t) is defined by
6i(t) = Lyx,=}-

Further, since F'(t, Sy, 1) is F°-measurable, we get the expression
N
m[Fl = F(t, S0, 1)m[6]. (2.28)
i=1

To derive F(t,S:, ), we begin by noting that the set up here is the same
as in example 3.3. In this case, uz and a% are given by

o2

pzz'r'—i-—?
2

2 _
Oy =0,

Hence F(t, S, 1) satisfies (2.21) - (2.22) with

2
al(t,i) =T — C;L - %
az(t) =0
bi(t, i) = o?
bg(t) =0
We immediately get that
B, T) =1,
so F'(¢,5t,1) is given by
F(t,8,,7) = S,eAt5T) (2.29)

where A(t, 4, T) satisfies
8A(;;i,T2 +r—C;+ Zé\le hijeA(t,j,T)—A(t,i,T) =0
A(T,i,T)=0
i=1,..N.

(2.30)
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Finally, to be able to use (2.28), we need the dynamics of the filter
estimate 7¢|d;]. These, together with the conclusions above, are given in
the following proposition.

Proposition 4.2 The futures price in the model (2.27), in the partially
observable case, is given by (2.28), where F'(t,S;,1) is given by (2.29), A
satisfies (2.30), and the filter estimate m|d;] satisfies the Wonham filter
equation

N
dme[6; Zhﬂﬂ't 1dt + < Se(r — i)me[6; Z (r — J)me[0]me[6;) p diy

N
dvy = dS; — Z St('r - j)Trt [5]]dt

=1

Proof. In Lipster and Shiryaev [7], the Wonham filter is treated in detail.
|

2.5 Options on Futures Prices

In this section we compute the value of a call option on a futures contract
in the models (2.17) and (2.24).
First consider the model (2.17)

dSt = St(’l" - Xt)dt + StO'Sthl
dX; = a(p— Xi)dt + aXthz
dW}EdW? = pdt.

In this fully observable framework, the price at time t = T3 of a futures
contract written on S, and with maturity 7', is given by

F(T),T) = E°[Sr | Fr,].

The aim of this section is to calculate the value of a European call option
written on this futures contract. From standard theory, the general formula
for the price at time ¢ of a call option with strike price K and maturity T}
on the above contract is given by

et, T, T, K, 8;) = e ") EQmax(F (T, T) — K,0) | /). (2.31)
Now we can use the result from section 3

F(Ty,T) = Sp,e MDA DX
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where A; and Ay in the fully observable case are given by (2.20). Inserting
this into (2.31), we obtain

c(t, Ty, T, K, S;) = e ™11 EQmax (S, eA1(TH DH42(TuDXn _ K 0) | F).
(2.32)
Next, we want to know what S, and X7, look like at time ¢ :

2
Sy, = Suer=FNTi=8)= [T Xuduto, [ dW]
1

T]_ Tl
XT1 = Xt +0.’,U,(T1 —t) — Xudu+a$/ dW,lf
t t

If we insert this into (2.32), we can read off the distribution of F(T},T) |
Fi as
L(F(Ty,T) | Fe) = L(See¥ &TD) | 1),

where
LY (t,T1,T) | F:) = N(uy, 0%)
and

py = (r— o2 —op)(Ty = T) + Ay(Th, T) (2.33)
+ Ag(T1, T)( Xy + ap(Ty — t) — &P p(Ty — t))

0 =V(u) +0(Th —t) + A2(T1, T)(®V (u) + 02(T) —t))  (2.34)

o eale _ eazt
V(u) = (Ew,)z (T —(Ty - t)) .

The problem now looks very similar to the standard Black & Sholes
case, the only difference being the mean and variance of the log-normally
distributed asset on which the call option is written. Hence, we are not
surprised by the shape of the following formula.

Proposition 5.1 The price at time t of a European call option with
strike price K and maturity date T1, on a futures contract with delivery
date T, on the underlying asset S from (2.17), is in the fully observable
case given by

o2
e(t, Ty, T,xz,8) = e (M=t (se"“""_‘l};N(dl) — KN(dz)) ,
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where

_In% + 0% + py
= =
d2:d1—-0y

dy

and py and o2 are given by (2.33) and (2.34).

Proof. We want to solve
E@ [max(S,g(:Y('S’T1 1) _ K, 0) | A},

where Y (¢,T1,T) ~ N(uy,0%). If we use a trick with indicator functions
and the fact that S; is F;-measurable, we get

E9[max(S;e" W11 — K,0) | Fy] = StEQ[ey(t’Tl’T)I{Y(t,Tl,T)>1n%} | 7l
~-KPRY(,T.,T) > 1n§ | F.
t

The second term is immediate:

In& 4+
PRIY (LT3, T) > In s | A = N~ Y
St oy
For the first term, we have that
QY (T, T _ [~
ER[e" )1{Y(t7T1,T)>1nSLt} | 7] = /ln% e’ fr (y)dy,

where fy(y) is the density function for a N(uy, 0% )-distributed variable.
The integral is straightforward to solve. m

Next, we want to find the price of a call option in the partially observable
case, l.e., in the model (2.24), when we cannot observe X. Since we have
already calculated the price in the fully observable case, this turns out to
be quite simple.

Proposition 5.2 The price at time t of a European call option with
strike price K and maturity date Ty, on a futures contract with delivery
date T, on the underlying asset S from (2.24), is in the partially observable
case given by

c*(t, m[z], Gylz], Sp) = e (T2 7D (se‘ijx /Ooo e" N(d%) fx (z)dz — K/OO N(dg)fx(:c)dx) ,

(2.35)
where py and o2 are given by (2.33) and (2.84); fx(x) is the density
function of a N(m[z], Gi[z])— distributed variable, where m[z] and Gy|z]
are the conditional mean and variance of X, defined in proposition 4.2.
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Proof. It follows from the property (2.23) of iterated expectations that
c*(t,T1,T, S:) is given by

c*(t,T1,T,S;) = E9[c(t, Ty, T, X1, St) | 2. (2.36)

Since we have already calculated the conditional distribution of X | F7,
we can use this result to write (2.36) as

ECle(t, T1, T, Xy, Sh) | 77 :/ e 7Y (Ste““:}N(dT) - KN(dﬁ)) fx(z)dz,
0

where fx(z) is the conditional density function of X | 77, which we found
in section 4 to be N(m[z], G¢[z]). Since S; is observable at time ¢, and oy
does not depend on z, we can move them outside the integral. To stress
that p1y, di and dp depend on z, we write u3,, df and d7. m
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3
A Note on the SABR Model

3.1 Introduction

One of the most heavily exploited shortcomings of the Black-Scholes model
is the assumption of a constant volatility. Since there is a one-to-one cor-
respondence between the price and volatility of a European call option, a
way to test this assumption would be to plot the volatilities implied by
the Black-Scholes model against strike prices of the underlying options. If
the assumption of a constant volatility were correct, the result would be
a straight line graph. However, prior to the 1987 stock market crash, the
resulting pattern was a symmetric "smile," with the lowest volatility corre-
sponding to the at-the-money strike price. After the crash, the heavy right
tail became far less pronounced, turning the smile into a "smirk". This
phenomenon is often attributed to "crashophobia", which sees investors
assigning a higher probability to very low equity prices than to very high.
Several attempts have been made to deal with the fact that volatility seems
to vary systematically with strike price and the price of the underlying as-
set. In the early 1990s, local volatility models (LV models) pioneered by
Derman [4] and Dupire [6] appeared. Instead of using a constant volatil-
ity, these models introduced a volatility function with a general Markovian
structure, which made it possible to fit the volatility pattern observed in
the market. However, out-of-sample tests were never done, and thus it was
not clear what sort of dynamics these models implied for the volatility.
In fact, it was shown in later studies [5] that although LV models can be
made to fit data perfectly in sample, they can perform worse than a simple
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constant BS model out of sample. Perhaps a more appealing framework is
that of the stochastic volatility models (SV models); see e.g., [1], (8], [9].
In these models, the volatility is itself a stochastic process, often normally
or log-normally distributed. One drawback of this approach is that it in-
troduces an additional source of randomness, and hence this framework no
longer makes it possible to hedge a typical derivative using only the under-
lying asset and the risk free-asset. In other words, the market is no longer
complete. In spite of this, these models have become very popular, and new
models appear frequently. One of the latest contributions to the field of SV
models is the stochastic a8p model - also known as the SABR model [7]
- a widely used model in the financial industry. The main purpose of this
paper is to test the model empirically to see what implications it may have.

3.2 The SABR Model

The SABR model is expressed in terms of the futures price of an underlying
asset. Normally, the futures price is denoted by F(t,T), where the first
argument, ¢, refers to the current time, and the second argument, T, refers
to the maturity of the contract. In the SABR model, however, the maturity
of the contract is fixed, so the second argument is dropped. The model is
specified as follows:

dF(t) = a(t)F(t)PdW, ()

da(t) = va(t)dWa(t) (3.1)
dWl (t)sz(t) = pdt

a{0) = aqg

F{0)=f.

Here
Olo,,@,l/ € R+7 pe [_1,1]7
and f is the futures price quoted today.

It is clear from the specification that we could never obtain, even for 3
equal to 0 or 1, a closed-form analytical solution for European call option
prices within the model. Therefore a substantial contribution is made in
[7], where the authors provide an approximation formula for that price. By
using singular pertubation techniques, they manage to express the value of a

European call option with exercise price K, exercise date Ty and settlement
date T3 in terms of the Black-76 formula [3]

c=e (1Y) (fN(d1) — KN(d2)),

where
() £ 0B (T — 1)

d
12 oIy —t
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and the implied volatility is given by

o) 2
op = -
(FE) =272 {1+ S50 (L) + OBl () + ..} 2(2)

(3.2)

.{1_{_ [(1~ﬂ)2 a? N 1 pBrag +2—3p21/2] T0+--~}-

24 (FK)1-P T 4 (FK)1-P/2 24

Here f
Y (1-8)/2 1y (L
2= (FK)0 P In( ),

and z(z) is defined by

— 2 —
x(z):ln{ 1—2pz+2%+2 p}.

1-p

The above expansion can be carried out up to arbitrary order, but the
authors of (7] claim that this is unnecessary, since the next error terms in
the expansion would be too small to make a difference to accurate pricing.
One of the objectives of this paper is to test this claim.

When estimating the parameters, 8 needs to be treated separately since it
affects the smile curve in a way similar to p (see [7]). Typically, 8 is therefore
chosen from a priori views of the futures price distribution, with 8 = 0
corresponding to a normal distribution, § = 1 a lognormal distribution,
and 8 = % corresponding to a non-central x2-distribution. In this analysis,
we consider the case 8 = 1.

3.3 Testing the Approximation by Monte Carlo
Simulation

3.3.1 The Simulation

Before analyzing the model any further, we need to check if the expansion
presented above provides a good approximation of the correct price of the
option in question. Such a test was never performed in (3.2). We use Monte
Carlo simulation to calculate the "correct” price of a European call option
within the SABR model. By standard arbitrage arguments, the value at
time ¢t of a European call option with exercise price K, exercise date Tj
and settlement date 77 is given by

c=e "D EQ[(F(Ty) — K)" | 7). (3.3)
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By (3.1),
(6120 )= (8- ("7 wito ) (&0l ) 9

where
(Bl )=((5)-(5 7))

For simulation purposes, it is easier to work with uncorrelated Wiener
processes, so we decompose the Wiener increments as

(2%28):(1 10_92>(2>a (3.5)
D:(; 12&)
1

p
1

normally distributed variables according to

(5)((2)(s 7))

Now we can compute the expectation (3.3) by simulating two vectors ¢;
and ey of independent N(0,1)-distributed variables, plugging them into
(3.5) and inserting the result into (3.4). This gives us a vector of simulated
values for F'(t+ At). Repeating the procedure %ﬂi times gives an estimation
of F(Tp). The expectation (3.3) can now be calculated simply by taking
the arithmetic average of the payoff. This is our candidate for the correct
value of a European call option within the SABR model. To reduce the
variance in the simulation procedure, we use the sample paths for ¢; and
€2 in four different versions; [e1, €3], [—€1,€2], [€1, —€2] ,and [—€1,—€q]. In
each simulation we draw 2.5 million random numbers, corresponding to 10
million different sample paths, and we carry out the simulation 25 times to
obtain a reliable value of the standard deviation. We take r = 0.05, ¢t = 0,
To=T =1, f=100, K =100, 8=1,v = 0.7, p= —0.3, and «(0) = 0.25.

where

is the Cholevski factorization of ) and €; and e are independent

3.3.2 Results

The result of the simulation was an average option price of 10.0721, with
a standard deviation of 0.0238.The price suggested by the expansion was
10.1673, i.e., a difference of 0.9%. It is clear that the expansion indeed over-
estimates the price, since it is four standard deviations away from the sim-
ulated price. Whether or not a 0.9% overestimation is acceptable, depends
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entirely on the application at hand. For exotic products where margins
are high, it would probably not pose a problem, but for standard instru-
ments where fractions of a basis point can matter, the conclusion might be
different.

3.4 The Data

The exchange we consider for the analysis is the Spanish Mercado Espanol
de Futuros Financieros sobre Renta Variable (MEFF-RV), which is one of
the most important forward and options exchanges in Europe. The market
is very liquid; in fact the IBEX-35 Plus futures contract on which we base
this analysis was the most actively traded futures contract in the world
during 1994-1995 [10]. The data consists of minute-by-minute bid and ask
prices of European call options written on the IBEX-35 Plus futures con-
tract, as well as the futures price of the index. We consider two periods:
one "normal" period extending from February 24 to March 21, and one
very convulsive period from October 22 to October 30. All derivatives in
the first period expire on March 21 1997; in the second period they expire
on November 21, 1997. For the calibration, we use the arithmetical average
of the bid and ask price of the options. Each day consists of about 700
observations of the futures price; for each futures price, call and put option
prices are quoted for at most 25 different strike prices.

3.5 Calibration and Parameter Stability Tests

Given the price, c, of a European call option, the implied Black’s volatility is
the volatility that inserted into the Black-76 formula [3] gives back the price,
c. If we compute the implied volatility for a set of different strike prices,
holding everything else fixed, the result is referred to as the implied volatility
curve, or the smile curve. In the SABR model, the implied volatility is given
by the expression (3.2). If we decide on values for the parameters, ag, v,
and p, in (3.2), we can compare the implied volatility curve given by the
SABR model, to the curve backed out from market data on traded call
options. Calibrating the SABR model to market data means choosing ay,
v, and p, in such a way that the two curves lie as close to each other as
possible (e.g., by minimizing the sum of the mean squared errors (MSEs)).
The number of available strike prices for each option varied between 6 and
12 in the data set, and so with only 3 parameters to adjust, we cannot hope
for a perfect fit.

The first issue we address, is the stability of the parameter estimates
over time. For this procedure, two methods were applied. First, the model
was calibrated at the time when the market opened on February. 24 and
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October. 22, respectively, and then the resulting MSE was computed. Next,
we saw how the MSE changed over time when the model was not recal-
ibrated (see Figures 2 and 3). For comparison, a constant Black-Scholes
model was also calibrated. At the time of the first calibration, the MSE for
the BS model was 48 times larger than the MSE for the SABR model, but
letting time run without recalibrating, and computing the average MSE
for the whole period (19 days), the quotient was down to 1.6. Even more
remarkable, when applying the same procedure for the second period, the
BS model started out with an MSE that was 183 times that of the SABR
model, but ended up (after 7 days) with an average fit that was nearly 10
percent better. We conclude from this observation that, during periods of
high and changing volatility, striving for a perfect fit to the current volatil-
ity curve requires very frequent recalibration to be worthwhile. In another
stability test, we recalibrated the model three times a day to see how the pa-
rameter estimates changed over time (see Figure 1 and Figures.4-7). Again,
a constant BS model was also calibrated to see how the average volatility
changed. As expected, the estimates of cp in the SABR model followed very
closely those of ¢ in the constant volatility model (see Figure 1). Perhaps
somewhat surprisingly, the parameters p and v are more stable during the
convulsive period than they are during the normal period (see Figure 4 -
Figure 7). One reason for this could be that longer price series were available
during the convulsive period (on average 9.2 compared to 6.5), and thus
changes in slope and correlation were less sensitive to changes in the level
of volatility. This can be seen in Figure 8, where two curves are depicted;
the solid line is the implied volatility on the morning of February 24, and
the dashed line shows the curve a few hours later. With seven observations,
the slope parameter (Vega), in particular, becomes very sensitive even to
relatively small changes in volatility. Implied volatility has changed by less
than one percent for the first four strike prices, changing the parameter es-
timate of Vega from 0.75 to 1.84. Figure 9 also shows how Vega is the least
stable parameter in the SABR model. Here, the average volatility changes
by less than half a percent from noon to evening, changing the parameter
estimate of Vega from 2.23 to 2.90.
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4

Finite Dimensional Markovian
Realizations of Futures Term
Structure Models

4.1 Introduction

When studying the term structure of futures prices, there has traditionally
been two main approaches in the literature; the state space approach and
the Heath-Jarrow-Morton type approach. They can roughly be described
as follows.

1. In the state space approach we start by modeling the dynamics of

a finite dimensional Markovian state vector process Z. This is typi-
cally done in the form of a system of stochastic differential equations
(henceforth SDEs) under a risk neutral martingale measure Q. The
underlying asset price S is then specified as S; = h(Z;) for some de-
terministic function h, and very often S is one of the components of
Z in which case h is just a coordinate function. The futures price at
t for delivery at T is then given by standard theory as

F(t,T) = E9[Sr| . (4.1)

From the Markovian structure it follows that we can write F(¢,T) =
H(t, Z;,T) for some deterministic function A, and H can finally be
determined as the solution of a parabolic partial differential equation.
Examples of this approach can be found in [1], [5], [16], and [24].

. In the HJM type approach, we do not have an exogenously given fi-

nite dimensional state vector process, Z. Instead, we view the entire
term structure of futures prices (or equivalently the entire futures

! This paper is co-authored with Tomas Bj6rk and Camilla Landén.
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price curve) as the primitive object, and model all futures prices si-
multaneously. Observing that, because of (4.1), all futures prices are
@ martingales and restricting ourselves to nonnegative underlying
claims, we can model futures prices as

dF(t,T) = F(t, T)or(t, T)dW,, (4.2)

where, for each fixed maturity T, the volatility o (¢,7T) is some ex-
ogenously given vector valued adapted process, W is @-Wiener, and
we use the observed term structure of today as the initial condition.
This approach was introduced in [11] (referring to the unpublished
paper [23]), and has also been used (with some variations) in [5] and
[21].

These approaches have obvious counterparts in interest rate theory;
the first corresponds to multifactor models (including short rate mod-
els), whereas the second corresponds to the HJM framework for mod-
elling forward rates. As is the case in interest rate theory, a multifactor
state space model will, in a trivial way, generate an HJM type model.
In the other direction, however, there is, in general, no implication.
The reason for this is that an HJM model of the form (4.2) is an
infinite dimensional system of SDEs (one equation for each T'), and
it is obviously only for very particular choices of the volatility struc-
ture or(t,T) that such an infinite system can be represented by a
state space model. The purpose of the present paper is precisely to
investigate under what conditions on the volatility structure op(t, T
the inherently infinite dimensional model (4.2) can be represented
in terms of a finite dimensional state space model. In such a case
we say that the model (4.2) admits a Finite Dimensional Realization
(henceforth FDR). The corresponding FDR problem for interest rate
models was more or less completely solved by geometric arguments in
a series of papers [4], [6], [7], [14], and the main technical tool is the
Lie algebra theory developed in [6]. For an overview of the theory see
[3]. In the present paper we adapt the geometric theory developed in
the papers above to solve the FDR problem for futures prices. The
structure and results of the paper are as follows:

e In Section 2 we present the probabilistic setup and formulate
the precise problem under study.

o In Section 3 we give a very general necessary and sufficient con-
dition for the existence of an FDR. By specializing to the cases of
deterministic volatility structures and “deterministic direction”
volatility structures we obtain more concrete results.

e Section 4 is devoted to a brief discussion on so called invariant
manifolds, which provide a detailed description of the possible
shapes of the futures price curve, that can be produced by a
given model.
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e In Section 5 we provide an algorithm which, given the ezistence
of an FDR, will actually construct a concrete state space real-
ization.

e Time varying models (which thus allow for seasonality effects)
are treated in Section 6. As an illustration of the theory we
study, in some detail, a concrete model for gas futures.

e We finish the main part of the paper in Section 7 by clarifying
exactly under what conditions a given HJM-type model admits
a realization where the spot price acts as the single underlying
factor.

e In Appendix A, we have collected, for the convenience of the
reader, the basic definitions and results from differential geom-
etry that are needed for the present paper.

4.2 Basics

We consider a financial market living on a given filtered probability space
{Q,F,Q,{Fi}t>0} carrying an m-dimensional Wiener process, W. The
main assets to be considered are futures contracts written on a given un-
derlying asset. Let F(¢,T) denote the futures price at time ¢ of a futures
contract with delivery date T. A simple arbitrage argument then yields
the following relationship between the futures prices and the induced spot
price, S,

S(t) = F(t,1). (4.3)

We assume that the market is arbitrage free in the sense that the probability
measure @ is a risk-neutral martingale measure. From standard theory (see
e.g. [2]) we have the following well-known result:

F(t,T) = ER[S(T)|F4. (4.4)

From equation (4.4) it is clear that for every fixed T the futures price
process is a QQ-martingale. Thus, considering only nonnegative claims, we
may assume that the futures prices to have dynamics of the following form
under Q

dF(t,T) = F(t,T)op(t,T)dWs, (4.5)

where for each T, the volatility op(¢,T) is an exogenously given adapted
m-dimensional row vector process. The main purpose of this paper is to
characterize the volatilities o for which the solution of the infinite di-
mensional SDE (4.5), i.e. the SDE for the futures prices, possesses a finite
dimeunsional realization (FDR). However, before giving the precise defini-
tion of an FDR of the futures prices model (4.5), it is necessary to rewrite
(4.5) on a form which is more convenient for our purposes, and we start by
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reparameterizing it. We thus choose to parameterize the futures prices in
terms of ¢ and z, where = denotes time to maturity in contrast to T, which
denotes time of maturity (compare with the Musiela parameterization of
the forward rates, [9] and [22]). Therefore, let Fy(¢, z) be defined by

Folt,z) = F(t,t +1). (4.6)

It is then relatively easy to see that the process Fy will have the following
induced dynamics

dFy(t, z) = %Fo(t, z)dt + Fo(t, x)oo(t, z)dWy, (4.7
where
oo(t, ) = op(t,t+x). (4.8)

It turns out that the analysis is considerably simplified if, instead of working
with the process Fy defined in (4.6), we work with the process ¢ where ¢ is
defined by

q(t, ) = In F{y(t, x). (4.9)

Using the It6 formula on (4.5) or (4.7), we obtain the SDE for ¢ as

7] 1
dq(t,z) = {%q(t, z) — §||00(t, $)||2} dt + oo(t, z)dW;. (4.10)
There are two ways in which we can view the system 4.10:

e We can view (4.10) as a coupled system of infinitely many scalar
SDEs (one for each fixed ).

e Alternatively we can view (4.10) as a single SDE, describing the dy-
namics of an infinite dimensional object. The infinite dimensional
object is of course the futures price curve z — ¢ (z).

The second interpretation turns out to much more fruitful for our pur-
poses, so from now on we will denote the entire futures price curve at time
t, i.e. the curve x — ¢;(z), by the symbol ¢;, and we can thus view ¢; as a
point or vector in an infinite dimensional function space H. It then remains
to specify a suitable function space H, and it turns out that it can in fact
be chosen as a Hilbert space. See [6] or [14] for details. In order to have
a Markovian structure (albeit infinite dimensional) we make the following
assumption.

Assumption 2.1 We assume that the futures price volatility process
is of the form
O'O(t,.'ll) = U(Qth'), (411)

where 0 : H x By — R™ 1is an exogenously given mapping.



4,2 Basics 59

Under this assumption, each component o; (for i = 1,...,m) is a map-
ping 0; : H x Ry — R, i.e. a point ¢ € ‘H and a nonnegative real number
z € R4 will be mapped into the real number ;(q, ). We may however
also, and more profitably, view o; as a mapping between function spaces.
More precisely: a point ¢ € H is mapped to the function z — a;(g, z). We
will in fact assume that this function is a member of H.

Assumption 2.2... We assume that the futures price volatility mapping

is of the form o : H — H™, where each component a; is a smooth vector
field on H.

We can now write the futures price equation (4.10) more compactly as

where the vector fields A and d are given by

)
A=, (4.13)
D(q) = lo(9)l%m = Zaf(q)- (4.14)

Finally, because of the geometrical ideas behind the results we will use, we
need the Stratonovich form of the SDE (4.12). This is given by

dg; = {Aqt ~5D(a) - éa;m)o—(q)} dt +olg)odW,  (415)

where o7 (g)o(q) denotes the Frechet derivative o7 (g) operating on o(g).We
can now specify exactly what we mean by a finite dimensional realization of
(the logarithm of) the futures prices generated by a volatility . To this end

fix a volatility o : H x R — R™. We then have the following definition.

Definition 2.1 We say that the SDE (4.15) has a generic (local) d-
dimensional realization at a given point ¢° € H if, for each initial point qg
near q°, there exists a point zy € R%, smooth vector fields a,by,. .., bm on
some open subset Z of R® and a smooth (submanifold) map G : Z — H,
such that q has the local representation

¢ = G(Zy), a.s. (4.16)

where Z is the strong solution of the d-dimensional Stratonovich SDE

dZ;
A

a(Zy)dt + b(Z:) o dW,

20.

(4.17)
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and where the driving Wiener process W in (4.17) is the same as in (4.15).
The term “local” above means that the representation is assumed to hold
for all t with 0 <t < 7(q°), a.s. where, for each ¢° € H, 7(¢°) is a strictly
positive stopping time.

In slightly more pedestrian terms we can view the “output map” G above
as a mapping G : H X Ry — R, so (4.16) can also be written as

qt(ﬂi) = G(Zt,il,')
Our main problems are now as follows.

e What are the necessary and sufficient conditions on the volatility
structure o for the existence of a generic finite dimensional realiza-
tions?

e Suppose you know, from abstract theory, that an FDR exists, how
do you construct a concrete realization?

These problems will be solved in the next sections.

Remark 2.1 We have, for convenience, chosen to model the futures
prices in terms of the log price q¢ and the corresponding volatility o(q, ).
We could of course also have chosen to model Fy(t,z) and a corresponding
volatility oo(Fo,x). The volatilities correspond as follows

UO(FOv"E) = a(eq, *’E)v (418)
It is important to note that it may well happen that the SDE generated by

{u, 0} has a finite dimensional realization for a particular choice of initial
point ¢°, whereas no finite dimensional realization exists for points close
to ¢°. We say that such a system has a non-generic or “accidental” finite
dimensional realization at ¢°. If, on the other hand, the system has a finite
dimensional realization for all points in a neighborhood of ¢° we say that
the system has a generic finite dimensional realization at 7°. The existence
of a non-generic realization is of course of very limited value, since the
situation is structurally unstable. We note that our Lie algebraic result
above guarantees the existence of a generic finite dimensional realization.
In the sequel we will thus suppress the adjective “generic”.

4.3 Conditions For the Existence of a Finite
Dimensional Realization

In this section we give necessary and sufficient conditions for the term
structure of futures prices to possess a finite dimensional realization. As it
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turns out, our present problem falls perfectly within the abstract framework
developed in [6]. We need a simple nondegeneracy condition.

Assumption 3.1 Define the futures price drift vector field u by

1 1
u(a) = Ags — 5D(@) ~ 50520 (a), (£19)
with A and D as above. We assume that the dimension of the Lie algebra
{t4,01,...,0m} L4 is constant near the initial curve q°.

We now have the following fundamental result.

Theorem 3.1 Take as given the volatility mapping o = (61,...,0m)
as well as an initial curve ¢° € H. Then the futures price model generated
by o generically admits a finite dimensional realization at ¢°, if and only
if

dim{y,01,...,0m}La < o0

in a neighborhood of ¥, where y is given by equation (4.19).
Proof. Follows directly from Theorem 3.2. in [6]. B

This result solves completely, but in very abstract terms, the existence
problem for finite dimensional realizations. It is, however, not at all clear
what the Lie algebra conditions mean in concrete terms for the structure
of o. To obtain more concrete results we will therefore, in the next two
sections, apply the abstract theorem to the special cases when the volatility
is deterministic and when it has a constant direction. The arguments and
results in these sections are very similar to those in [6].

4.3.1 Deterministic Volatility

We start by considering the simplest case possible, i.e. when the volatility
o is deterministic and we can write

o(g, z) = o(x). (4.20)

In geometric terms this means that each vector field o; is a constant vector
field. As mentioned above, the realization problems that we study for fu-
tures price models have earlier been studied for forward interest rate models
in [6]. In the present paper, the basic equation under study is the forward
price equation (4.15) study, whereas the focus in [6] is on the HIM forward
rate equation (with Musiela parameterization and on Stratonovich form).
The main difference between the two settings lies in the drift ¢. In the HIM
forward rate framework the drift is given by

u(r) = o+ oV Ho () — 5oLl ()]
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Here r denotes a generic forward rate curve z — r(z), o(r, z) denotes the
forward rate volatility, * denotes transpose, and Ho is defined by

Ho(r,z) = /0z o(r,s)ds.

Thus the main difference between the forward rate equation and the for-
ward price equation is that the drift term o(r)Ho(r)*, which is related to
the HJM drift condition for forward rates, is replaced by the term D(g) in
the futures price equation. As a consequence, the arguments in the present
paper are often more or less parallel to the corresponding arguments in [6].
In order to make the present paper self contained, we will however often
give full arguments rather than referring the reader to parallel arguments
in [6].

We may now state the main result for deterministic futures price volatil-
ities.

Proposition 3.1  Assume that the volatility structure is of the form
(4.20). Then the model possesses a finite dimensional realization if and
only if the function space

Ky,
span{%iz;:i:1,...,m;:k:0,1,...}

T

is finite dimensional.

Proof. For simplicity of notation we start by considering only the case
with a scalar Wiener process so, referring to Theorem 3.1, we compute the
Lie algebra £(p,0). Since the vector field o is constant we have ¢/ = 0.
Thus there is now Stratonovich correction term, so from (15) we have

1
wr) =Ag-3D,

where, as before, A = -(%.and the vector field D is defined by D(g,z) =

o%(x) is a constant vector field. The Frechet derivatives are trivial in this
case. Since A is linear and D is constant, we obtain

p=A
o =0.
Thus the Lie bracket [u, o] is given by
0] = Ao,

and in the same way, we have

[, [, 0] = Ao,
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Continuing in the same way, it is easily seen that the relevant Lie algebra
L is given by

L ={p,0}ra = span{u,o, Ao, A%, ...}

It is thus clear that £ is finite dimensional (at each point g) if, and only if,
the function space

L={p,0}ra = span{A"o;n=0,1,2,...}

is finite dimensional. Recalling that A = 8—‘1 finishes the proof, and the
argument easily carries over to the case of several driving Wiener processes.

This result is stated in somewhat abstract terms, but we can easily obtain
a much more concrete formulation. To do this we need the concept of a quasi
exponential function.

Definition 3.1 A scalar real valued function of a real variable x is
called quasi exponential if it has the form

fl@) =) e+ ™™ [p;(e) cos(wjz) + ¢;(x) sin(w;e)],  (421)
i i

where \;, a5, w; are real numbers, whereas p; and q; are real polynomials.

We recall the following well known facts about quasi exponential func-
tions.

Lemma 3.1 The following hold for the quasi-exponential functions.

o A function is QF if and only if it is a component of the solution
of a vector valued linear ODE (ordinary differential equation) with
constant coefficients.

A function is QF if and only if it can be written as f(z) = ce”®b.

If fis QF, then f’ is QE.

If fis QF, then its primitive function is QF.

If f and g are QF, then fg is QE. In particular, if f is QE, then
s0 is f2.
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‘We now have the following very explicit formulation of Proposition 3.1.

Corollary 3.1 In the case of deterministic volatilities, the futures
price equation possesses an FDR if and only if each component o;(x) for
1=1,...,m is a quasi exponential function.

Proof. From Proposition3.1 we know that the existence of an FDR is
equivalent to the condition that

k.
span{%m%;:izl,...,m;:k:O,l,...}

is finite dimensional. This condition, on the other hand, is equivalent to
to existence of linear relations between the various components of o and
their derivatives. This, in turn, is equivalent to saying that each o; is a
component of the solution of a vector valued linear ODE with constant
coeflicients, and thus o; is quasi exponential. §

Remark 3.1. Since the volatility o(q,x) does not depend upon ¢, we
have from remark 2.1 that o(z) = oo(x), and thus the conditions on o in
Proposition 3.1 apply also to oy.

4.3.2  Constant Direction Volatility

The next simplest volatility structure you can consider is a volatility, where
each component is of the form of the form

0i(g,7) = pi(g)Ai(z)- (4.22)

Here J; is a constant vector field (it does not depend on g) whereas ¢; is
a smooth scalar field, i.e. a mapping ¢ : H — R. As a vector field we thus
see that o; has “constant direction” (namely the direction of A;) but that
the length of o; is modulated by the scalar field ;.

For the case when there is only a scalar driving Wiener process we obtain
the following proposition, where we use the notation

®(q) = ¢*(q), (4.23)

and where ®”(g)[A; A] denotes the second order Frechet derivative of &
evaluated at the point ¢, operating on the pair (A, A) € M. Notice the
difference between the pair [A; A] with a semicolon), and the Lie bracket
[A, A] with a comma.

Proposition 3.2 Assume that the Wiener process is scalar, that o(q) #
0 for all g € H, and that ®"(q)[\;A] # 0 for all g € H. Then the futures
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price model has a finite dimensional realization if and only if A is a quasi-
exponential function, whereas @ is allowed to be any smooth field.

Proof. In this case the drift vector field y is given by

ul@) = Fr — 267(0)L — 5¢/(0) Mlola), (4.24)

where ¢’(g)[A] denotes the Frechet derivative of ¢ evaluated at ¢ and acting
on the vector A. The constant vector field L € H is given by

L(z) = \%(z).
We now want to prove that the Lie algebra generated by

1

u(a) = Fg — 5020~ 50 @Np(

o(q) = p(g)A,

is finite dimensional. Under the assumption that p(g) # 0 for all ¢, we
can use Lemma A.1, to see that the Lie algebra is in fact generated by the
simpler system of vector fields

1
folg) =Fq— §<I>(q)L,
fl (q) = )‘7
where we have used the notation
®(q) = ¢*(q).

Since the field f; is constant, it has zero Frechet derivative, so the first Lie
bracket is easily computed as

[fo, f1] (9) = FA+ &' (q)[\] L.
The bracket [[fo, f1], f1] is easily obtained as

[[fo; f1]; f1] (@) = ®"(q) [N L.

We may again use Lemma A.l to see that the Lie algebra is generated by
the following vector fields

folg) =Fq,
fi(g) = A,
f3(g) =FA,
fa(q) = L.
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Of these vector fields, all but fy are constant, so all brackets are easy. After
elementary calculations we see that in fact

{p,0} 4 = span{F,F"\, F"D; n=0,1,...}.

From this expression it follows immediately that a necessary condition for
the Lie algebra to be finite dimensional is that the vector space spanned
by {F"\; n > 0} is finite dimensional. This occurs if and only if A is quasi-
exponential If, on the other hand, A is quasi-exponential, then we know
from Lemma 3.1, that also L = )A? is quasi-exponential. Thus the space
{F"L; n=0,1,...} is also finite dimensional, and we are finished. |

We may also restate this result in terms of Fy(¢,z) and a volatility struc-
ture of the form oo (Fy, z) = wo(Fo)A(z) where A is the same constant field
as in (4.22), and

@o(Fo) = ¢(In Fp).

Proposition 3.2 can now be rewritten in these new terms. If we let

®o(Fo) = w5 (Fo),

we have the following proposition.

Proposition 3.3 Assume that @o(Fy) # 0 for all Fy € H, and that
the condition ®f(Fy)[A; Al # 0 is satisfied for all Fy € H. Then the futures
price model has o finite dimensional realization if and only if X is a quasi-
ezponential function, whereas g is allowed to be any smooth field.

All this was done for the special case of a scalar Wiener process. For the
general case when there are m driving Wiener process, and each volatility
is a constant direction volatility, i.e.

Ui(‘]? .T) = (Pz(Q)/\z(x), 17 R U (425)

we are unable to obtain necessary and sufficient conditions (apart, of course,
from the abstract one in Theorem 3.1. We can however easily obtain the
following sufficient conditions for the existence of a finite dimensional re-
alization.

Proposition 3.4 Under the assumption that @;(q) #0 for all g € H
and i =1,...,m, a sufficient condition for the volatility structure (4.25) to
have a finite dimensional realization is that all the functions ;i =1,...,m
are quasi-ezponential functions. The vector fields @1, ..., pm are allowed to
be any smooth fields.

Proof. In this case the drift vector field is given by

plq) = Ar — % ; ©(q)L; — % ;%(q) [Ailei(@)Ai,
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where
Li(z) = M(z),..i=1,..,m.

We thus have to study the Lie algebra generated by the vector fields

Ar——Z(pZ L——Zgoz Aili(m) A,

Ul(T)ZC/’z’(T)Ala

om(r) = ‘Pm(r))‘m

Under the assumptions of the proposition, we can perform Gaussian elimi-
nation to see that the Lie algebra is in fact generated by the much simpler
system of vector fields

fola) = Ag— 5 3 @la) i,
=1

f1(g) =X\

fm (q ) = Am
where we have used the notation
®;(q) = ©7(q)-

This clearly shows that the Lie algebra {y, 0}, 4 is in fact included in the
algebra {Aq, Ly, ..., Ly, A1, -..Am } La. For this Lie algebra, we have (see the
proof of Proposition 3.1) the trivial relation

{Aq, L1, ..c; Ly A1y o A} oa = span{Aq, A" L;, A”);i=1,...,m; n 2= 0}

Finally, we may argue as in the proof of Proposition 3.2 to see that

span{Aq,A"L;, A"\;;i=1,..,m; n >0}

is finite dimensional if Ay, ...\, are quasi exponential. fi

Remark 3.2 In terms of modelling Fy and o this means that if we
consider a volatility structure of the form

o0i(Fo, ) = poi(Fo)i(z), 1,...,m,
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Then, under the nondegeneracy condition ®f(Fp)[A;A] # 0, we see that
a sufficient condition for the existence of an FDR is that A\y,..., Ay are
quast exponential.

4.4 Invariant Manifolds

Consider a general SDE

dg: = p(ge)dt + o(ge) o dWy,
(4.26)
0 = ¢
on the space H.
A key concept when dealing with FDRs is the idea of an invariant man-

ifold.

Definition 4.1 A submanifold G in H is said to be (locally) invariant
under the action of the SDE (4.26), if for every choice of ¢° € G we have
q: € G for 0 <t < 7(q°), where T is a strictly positive stopping time.

To understand this concept, suppose for example that the SDE under
study is the futures price equation (4.15) with an initial point ¢°, and
suppose for simplicity that we can (which is often the case) disregard the
prefix “local” in the definition. Then, in more pedestrian terms, the invari-
ant manifold G is a finite dimensional family of (potential) futures price
curves, and in fact all futures price curves that will ever be produced by
your model will in fact belong to G.

From a more theoretical perspective, the importance of the invariant
manifolds stems from the following central result which was proved in [4].

Theorem 4.1 (Bjork and Christensen) Consider the SDE (4.26).
There will exist an FDR for this equation if and only if, for each fized ini-
tial point ¢°, there exists a finite dimensional invariant manifold (typically
depending upon the choice of ¢°) which contains the point q°.

For any given model admitting an FDR, and for a given initial point ¢°,
it is of great importance to understand what the invariant manifold looks
like.

In [6] a very concrete parameterization of the invariant manifold of an
SDE is given, and we need the following definition to describe the parame-
terization.

Definition 4.2 Let f be a smooth vector field on H, and let y be a
fized point in H. Consider the ODE

d
{ '% = f(yt)7
Yo = ¥
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We denote the solution y; as y, = efty.

The invariant manifold can now be computed using the following con-
struction from [6].

Theorem 4.2 (Bjérk and Svensson) Assume that the Lie algebra
{p,0} L4 is spanned by the smooth vector fields fi,..., fs. Then, for the
indtial point ¢°, all curves produced by the model will belong to the induced
tangential manifold G, which can be parameterized as G = Im|G|, where

G(Zl, . ,Zd) = efdzd . eflzlqo’

and where the operator efi% is given in Definition 4.2.

4.4.1 An FEzample

As a simple example of an invariant manifold let us find the invariant
manifold of the SDE (4.15) with deterministic volatility given by

o(z) = oge™ %, (4.27)

where ¢ and gy are scalar constants There is thus only one driving Wiener
process. This volatility is obviously quasi exponential so the condition in
Corollary 3.1 is therefore satisfied. Thus there exists an FDR and from
Theorem 4.1 we see that there exists an invariant manifold. We now go on
to compute the invariant manifold, and to this end we note that if we let
A denote the constant vector field defined by A(z) = e, we easily obtain

{u, 0} a = span{u, A}.

Next we have to compute the operators exp{ut} and exp{At}. Since for
this model the Frechet derivative with respect to ¢ of the volatility is zero,
i.e. o,(q,x) = 0, we obtain the following expression for y from (4.19)

wa2) = 2L(a) - 50°()

Define the constant field h by h(z) = 0(z). Then exp{ut} is obtained as
the solution to p )
q
Y _Ag_ =
i =M

where A = %. The solution to this linear equation is

t
g = ePlgo — l/ eA(t“S)hds,
2 Jo
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where the operator eAt is left translation (see e.g. [3]), i.e. for any contin-
uous real valued function f we have

eAf(z) = flz +1).

Thus we have that
1
(e"*q0)(z) = go(z + t) — 7H(¢2),

where

¢ ¢
H(t,z) = / A= h(z)ds = 0(2)/ Az +t—s)ds
0 0

2 ,—2cz

t
— 0_8/ e—20(z+t—s)ds — 0-062 (1 _ e—ZCt).
0 C

Since the vector field X is constant, the corresponding ODE is trivial, and
we have
(€*q0) = g0 + Xt.

The parameterization of the invariant manifold generated by the initial
curve qo is therefore given as

O.Ze—ZCw

(1 —e%%) 4 ey (4.28)

G(20,21)(7) = qo(T + 20) — 4c

4.5 Construction of Finite Dimensional
Realizations

In this section we describe a method for how to construct a concrete finite
dimensional realization of the futures prices, when such a realization exists.
As before we will actually be looking at the logarithm of the futures prices,
but the results can of course be translated to the futures prices themselves.
We basically follow the methodology in [7].

4.5.1 The Construction Algorithm

Consider a volatility o : H x Ry — R™ for which {u,c}r4 < o0, that is
consider a volatility such that the futures prices generated by this volatility
can generically be realized by means of a finite dimensional SDE. Then a
finite dimensional realization can be constructed in the following way:

¢ Choose a finite number of vector fields fi, ..., f; which span {u, 0} 4.

o Compute the invariant manifold G(zy, ..., 2z4) using Theorem 4.2.
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e We now have that ¢ = G(Z). Make the following Ansatz for the
dynamics of the state space variables Z

dZ = a(Z)dt + b(Z) o dW;.
It must then (see Appendix A) hold that
G.a =y, G.b=o. (4.29)

Use the equations in (4.29) to solve for the vector fields a and b.

4.5.2  An Ezample

As a simple example of how to construct a realization consider again the
deterministic volatility given by

o(z) = oge™ ", (4.30)

where og and ¢ are scalar constants. In Section 4.1 we showed that the Lie
algebra is spanned by p and A where A\(z) = exp(—cz), and we also com-
puted invariant manifold. The first two steps in the algorithm given in the
previous section have thus been completed. To obtain a finite dimensional
realization it remains to find the dynamics of the state space variables. This
means solving the equations (4.29) and since, in this case the Lie algebra
is two dimensional, we look for a two dimensional realization of the form

dzp = ag(z)dt + bo(z) o dW;
le = a3 (Z)dt + bl (Z) o] th,
where z = (29, 21). We therefore need the Frechet derivative G’ of G. Since

G is just a function of the two real variables zp and z;, the Frechet derivative
G'(z) is in this case given by the standard Jacobian

0G(20,21) 0G(z0,21)
BZO ! le

G'(z0,21) = [

Thus, using the expression (4.28) for G, we see that for any (ag, ;) € R?
we have

0 1
G (2, 21) ( 2(1) ) (z) = b—gqo(w + z0)ap — —2—h(z + z0)ap + Mi(2) s,

where h is the constant field given by
h(z) = o%(z).

Recall that for this model y is given by

1
plg) = Ag —h.



72 4. Finite Dimensional Markovian Realizations of Futures Term Structure Models

If we use that ¢ = G(z) we can obtain an expression for Agq, and the
equation G,a = u then reads

1
Aqo(z + zp)ap — Eh(z + zp)ap + Alz)ay
1
= Aqo(z +20) — -2'h($ + 20) + AX(z)z1.

Since this equality is to hold for all x, and a is not allowed to depend on z
it is possible to identify a. Using that AX = —cA we obtain

apg = 1,
a = —Cz,

From G.b(z)(z) = o(z) we obtain the equation

1
Ago(x + 2)bo — ih(x + 29)bo + A(z)b1
B 0'0/\(:17),
Therefore we have that
b = 0,
bl = 09.
The dynamics of the state variables are thus given by
dZy(t)
dZ1 (t) = —CZ1 (t)dt +o0p© th

dt,

Since oy is a constant, the It6-dynamics will look the same, and we have
thus proved the following proposition.

Proposition 5.1 Giwen the initial forward rate curve qy the system
generated by the volatility of equation (4.30) has a finite dimensional real-
ization given by

gt = G(Zt),
where G is given by
2,—2cz
G(ZO» Zl)(-'E) = q0(-’1? + Zo) _ % Zc (1 — e-—2czo) +e Ty,

and the dynamics of the state space variables Z are given by
dZo(t) = dt,
dZ1 (t) = —CZ1 (t)dt + U'th.

The interpretation of the state variable Z; in the parameterization in
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Proposition 5.1 is not clear. There is however considerable freedom in choos-
ing the state variables. Suppose we would like the spot price log return
R = ¢(0) to be the state variable instead. We have that

P 2
R = ¢(0) = G(Zo, Z1)(0) = qo(Zo) — 4—06(1 — e 2% 4 7,

and thus )
O
Zi = R~ qo(Zo) + (1 — e72).

The parameterization of the invariant manifold in terms of R is then given
by

9(z) = G(Zo,R)(z)

B g 26—26:1:
= go(z+ Zo) — e qo(Zo) + —

B (1 — e B (1 - ™) + R,

Using It6’s formula the dynamics of R can be found to be
dR(t) = {a[Zo(t)] — cR(t) } dt + godWr,

where
2

o(2) = gb(2) + eao(z) — T-(1 +7%7).

We may now want to change state variables to the spot price S. This is
easily done since the parameterization of the invariant manifold with the
spot price as state variable is

4(2) = G(Zo, S)(z) = G(Zo, In 5)(a).

The dynamics of the spot price are given by
2
ds(t) = (a[ZO(t)] + % - clnS(t)) S(t)dt + oS (t)dW,.

We thus see that we have obtained a well known model for the spot price.
It is basically a standard Black-Scholes model with two modifications.

e Instead of having a Wiener process with constant drift as the log
return, we now have a mean reverting log return.

o The drift term «[Zy(¢)] allows us to fit the model to the given initial
term structure of futures prices.

As far as the log return dynamics are concerned, we thus have a close
resemblance to the Hull-White extension of the Vasicek short rate model.
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4.6 Time-Varying Systems

So far we have only considered homogeneous systems. In this section we
introduce the adjustments needed for the theory to be applicable to time
varying systems. Consider the following system of equations for the loga-
rithm of the futures prices

{dgt _ Mt oletodh, (4.31)

The volatility is now of the form ¢ : H x R x Ry — R™. The drift 4 is still
given by the expression in (4.19), except that there is now an explicit time
dependence. The definition of a realization for this SDE is given below.

Definition 6.1 We say that the SDE (4.31) has a (local) d-dimensional
realization at (s,qC), if there exists a point z, € R%, smooth vector fields
a,bi1,...,by on some open subset Z of R%, and a smooth (submanifold)
map G : Z — H, such that g has the local representation

gt = G(Zt)a t 2> s,
where Z is the solution of the d-dimensional Stratonovich SDE

dZt = G,(Zt)dt + b(Zt) o th,
2, = Z.

The way to handle the explicit time dependence is to enlarge the state

space to include running time as a state variable.

Definition 6.2 Define the following extended objects.
H = MxR,

-
i = [49],

s - | 7]

We have the following theorem from [6].

Theorem 6.1 (Bjérk and Svensson) The time varying system (4.81)
has a finite dimensional realization if and only if

dim{fi,6}pa < oc0.
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4.6.1 An FEzxample

In this section we study a real life model for gas futures from the point of
view of existence and construction of a finite dimensional realization. The
model, introduced in [8] and developed for the US natural gas market, is
defined as

dF(t,T)

— =B{T-t)
F,T) e dWi (t) (4.32)

+ [aze_'BZ(T_t) sin(¢ + 27T + aze T sin(¢ + 2t) + | dWa(t).
For ease of exposition, we carry out the calculations for a slightly more

general model, after which we apply the results to our particular case.
Consider therefor the model

‘if((t T) zn:az(t T)dWi(t) (4.33)

or, using the Musiela parametrization

re(z) = F(t,t+ 1)

dri(z) = (,%rt( dt + r(z Zaz(t x)dW;(t) (4.34)

As above we consider log prices, i.e.

¢:(z) £ Inry(x)

The dynamics of this process are

dg:(z) = (66 gz Zaz(t z ) dt + Zaz(t z)dW;(t) (4.35)

The dynamics on Stratonovich form are

dgi(z) = (Ea—qt Za (t,z ) dt + Zal(t z)odW;(t)  (4.36)

‘We use the notation
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Further, define

[I>

)

1>

=)

Q)
>

where
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F Agq— %Zn:ff? (t)

i=1

1

[ o(t)

o(t) = [o1(t) ... on()]-

By theorem 6.1, (4.33) admits a finite dimensional realization, if and only

if

dim {71, 5}, , < oo.

To see when this condition holds, we compute the Lie-brackets

[, 53] =

[03,05] =

[ﬁa [ﬁa a1,]] =

From the above calculations,

Proposition 6.1

{#,0}, 4 = span

1

(A_I{-)I)ai(t) ] vi=1..n
8 ] hj=1.m

[ (A —H)%04(t)

n
‘a%th(x) - %Zaf(t,x)
=1

} ,i=1,..n

the following proposition follows.

0

The Lie-algebra generated by [ and @ is given by

(2 - 2)* it z)
s ;1=0,...
0



4.6 Time-Varying Systems 77

To see if the model (1.6) admits a finite dimensional realization, we must

hence calculate
o  8\"
<a—$ — a) O'i(t, (17)

for the two components (now written on Musiela form)

oi(t,z) = aePe

oo(t, ) = age P2 sin(¢ + 27(t + z)) + aze P sin(¢ + 2nt) + v

and hope that there is a k < oo (hopefully not too large), such that the

vectors
k
{(% — (%) oi(t,z),i=1,2k = 1,2...}

are linearly dependent. Starting with the first component
o1(t,z) = aje B

and introducing the notation
g 0
2 =
¢= (81: 82&)

Gaie ™ = —B1a1e™ P = —B101(t, 7)

we see that

so it is clear that with k = 1, we already obtain linearly dependent terms.
Continuing with the second volatility factor we get

G0y(t, ) = age P2®sin(p 4 27(t + ) + aze ™3 sin(p + 27t) + v
Glog(t, ) = —agfee P2 sin(¢p + 21 (t + x)) — azBze " sin(¢ + 2nt) — 2me™ 2% cos(p + 2t)

G?0y(t, ) = aafle ™% sin(d + 2m(t + z)) + (35 — 47?)e™P5% sin(¢ + 2nt) + drage % cos(¢ + 27t)

Taking higher order derivatives of G will only result in linear combina-
tions of the terms represented in the three equations above. We conclude
that the four terms needed to generate G*gy for all k are

v, e P2 sin(¢ + 27 (t + z), e P*®sin(p + 2nt), and e 72T cos( + 2nt).

By Lemma 3.1 in [6], we can choose the vector fields simply as
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Ag(z) — & ( 2e7251% 4 (ape P27 sin(¢ 4 2 (t + 7)) + aze % sin(¢ + 2nt) + 7)2>

fo=
1
A=l3]
~ e~ Pz
e[
fie [ _ﬁ”sm ¢+27r(t+z) }
+ |e ﬁ3zs1n(¢+27rt)
e[

—Paz T
f= [ e cos()(¢+2 t) ] .

The differential equations we need to solve are the following (with starting
values ¢(0) = ¢* and ¢(0) = u* throughout):

dg _ 1
,;TZ = Ag - 3h(u,7) —, ) =q(t+z)- Lh(u* +t,2)
=1 u(t) =u* +1t
dg _
g~ 7 q(t) =q* +t
%% =0 = u(t) = u*
% = B_Blm — q(t) = q* =+ e_ﬁl:nt
d—‘:' =0 ’U,(t) = u*
-di; =e % gin(¢ + 27 (u + ) q(t) = ¢* + e % sin(¢ + 2m(u* + )t
gu => — *
% =0 u(t) =u
24 = e=Fs7 sin(¢ + 2mu) — q(t) = ¢* + e P sin(¢ + 2mu*)t
%—;‘ =0 u(t) = u*
i’tl = P37 cos(¢ + 2mu*) . q(t) = q* + e 53 cos(¢ + 2mu*)t
%E -0 u(t) = u*
t
where

h(u,z) = ale 2" (age P2 sin(¢ + 27 (u + z)) + aze™P*® sin(¢ + 2mu) + 7)2 ,



4.6 Time-Varying Systems 79

@ = G(z),
and
[ a ] = G(z) = [ g?gii ]

The interesting part is, of course, Gy which we can now write down as

Go(zi,2;i=0,...,5) = ¢* (20 + ) — h{z0 + u*, ) + y21 + e P12+
e P22 sin(¢ + 2m(u* + 2 + )23

+ e P sin(¢ + 2m(u* + 20))24 + €% cos(¢ + 2m(u* + 20)) 25

We need to impose some dynamics for the z;s :

dzi(t) = ai(2)dt + b;y(z)dW1(t) + ¢;i(2)dWa(t);i = 0, ..., 5,

where

20
21
22
23
24
25

>

By 1to’s formula

5

dq = Zag dZi,

pardec

so we need the partial derivatives of Gy with respect to z; for ¢ =0, ..., 5.
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%% =Aq" (20 +x) — ih(zo + u*, x) 4 2me P cos(¢ + 2m(u* + 20 + z))23
Oz Oz
+ 2meP3% cos(¢p + 2m(u* + 2p))z4 — 2me P sin(¢ + 2m(u* + 20)) 25
00 _
le =7
9% — Bz
622 =¢
9% = e P2%sin(¢ 4 2m(u* + z + 29))
62}3
9% = e % sin(¢p + 27 (u* + 2p))
62}4
9% = e P37 cos(¢ + 2m(u* + 2p))-
62}5

After some reshuffling, the dynamics of ¢ now take the form:

Ag*(z0 + ) — alz()h(zo + u*, z) + 2me~ P27 cos(¢ + 2w (u* + 20 + T)) 23 ]

ap
+2me 05T cos( + 2m(u* + 29))24 — 2me % sin(¢p + 2m(u* + 20)) 25
> dt
+a17v + aze™#? + aze P2 sin(¢p + 2w(u* + T + 20))

+a4e™ 3% sin(¢ + 2m(u* + 20)) + ase P47 cos(d + 2m(u* + 29)) )

Ag*(zo + z) — B—‘ZO-h(zo + u*, z) + 2me™P2% cos(¢p + 2m(u* + 20 + 7))z \ )

bo
+2me=P2% cos(d + 2m(u* + 2q)) 24 — 2me P37 sin(¢ + 2m(u* + 29))zs
dw,
+b1y + bee P1% + bze=P2% sin(¢ + 2m(u* + T + 2))

L +bse™P2% sin(¢ + 2m(u* + 20)) + bse 3% cos(¢ + 2m(u* + z))

Ag (20 + 1) — aiz()h(z() +u*, x) + 2me~P2% cos(¢p + 2m(u* + 2o + )23
Co
+2me=P3% cos(¢p + 2m(u* + 20))za — 2me P sin(¢ + 2m(u* + 29))25
> sz.
+e1v + coe 1% + cze P2 sin(¢p + 2m(u* + z + 20))

L +cqe A3 sin(p + 2m(u* + 20)) + cse 73 cos(d + 2m(u* + 2p))
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This must be equal to the dynamics we started out with, namely

Ag*(zo+1z) — a%h(zg +u*,x) — fre P%25 — Bae™P2% sin(¢ + 2m(u* + z + 29) )23

+2meP2% cos(¢p + 2m(u* +x + 20))23

dt
—~Bse A3 sin(¢p + 2m(u* + 2p))24 — PB3e™P3% cos(p + 2m(u* + 29))2s

-3 (a%e—wlz + (2eP2% sin(¢ + 2m(u* + = + 20) + aze 3@ sin(¢ + 2m(u* + 20) + 7)2) )

+ e P dW, + (aze‘ﬁzz sin(¢ + 2m(t + ) + aze P37 sin(¢ + 2mt) 4 ) dWs

We want to find coefficients a;(2), b;(z), ci(2);4 = 0,...5 that solves this
equation. We know that at least one solution exists, and that any solution
will do. By mere inspection, it is clear that the following is a solution:

1 0 0

0 0 1

_ —Prz2 _ | a |10
“= —B223 b=l | em ag |’

27TZ5 - ,332:4 0 (6%}

—B3Z5 hd 271'24 0 | L 0

so the dynamics for the state space process become

dzg = dt

dz; = dWs

dzg = — 1 22dt + a1dW,

dzz = —[az3dt + agdW>

dZ4 = (271‘25 - ;8324)(# + O:3dW2
dzs = -—-(,8325 + 2724 )dt.

4.7 Spot Price Realizations

n factor models of the term structure of futures prices a considerable
amount of attention has been given to models where, apart from running
time ¢, the spot price S(t) = F(t,t) = %) is the only state variable. See
[5] for references. In the framework of the HJM type futures price mod-
els that we are studying, this raises an interesting inverse question, namely
what the volatility structure (g, ) must look like in order to guarantee the
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existence of a realization with the spot price as the only nontrivial factor
or, equivalently, to guarantee that the induced spot price is Markovian. In
interest rate theory this problem corresponds to the question about which
HJM models can be realized as short rate models, and the problem was
solved in [19]. See also [6] and [10]. In the present study we follow the ideas
in [6].

As before it is easier to work in terms of ¢ defined in (4.9) than with
the futures prices themselves. The problem is thus to determine when the
SDE (4.15) has a two-dimensional realization in terms of time and ¢;(0).
To simplify the notation we define R as

R(t) = 4:(0). (4.37)
In order to avoid degenerate cases we need a basic assumption.

Assumption 7.1 We assume that we have only one scalar driving
Wiener process, i.e. that m = 1.

Theorem 7.1 Assume that the model is not deterministic, and consider

a given time invariant volatility o(q,x). Then there exists a realization of

(4.15) with time and q as state variables if and only if the Lie bracket

vector field |u, o) is parallel to the vector field o, i.e. if and only if there

exists a scalar field a(q) such that the following relation holds (locally) for
all q.

1, 01(q) = alg)o(q). (4.38)

where u is the drift of q, i.e.

— 9 L 2 L,
wt,z) = z-a(t 2) — 50%(4,2) — 50,(a,2)[0(9)]- (4.39)
If the volatility is time varying of the form o(q,t,x), then (4.38) is replaced
with
1g(a,t)[o(g,8)] — og(a, 1) [u(a, )] — 01(g, t)a(g, t)o (g, t).

Proof. The proof is identical to the corresponding proof in [6]. To give
the reader an idea of the technique, we provide the necessity part of the
proof. Assume thus that there exists a two dimensional realization where
running time is one of the state variables. Then it must have the following
form (where 2, is time and 25 = q)

dzy =1-dt+00odW,
dzg = a(z)dt + b(z) o dW,
qs = G(Zt).

In vector notation this reads

dz = A(z)dt + B(z) o dW,
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where the vector fields A and B are given by

o[y mo-[d]

The Frechet derivatives (Jacobians) are easily obtained as follows, where
subscript denotes partial derivatives.

Alz) = [ al(()z) az[z.z) :I » Bl= [ bl(()z) b2(()z) ] .

Thus the Lie bracket is given by
ATm A 0
[A,B]=AB BA_[a,gb—bga—bl]'

It is now clear by inspection that we have [A, B]//B, where // denotes
parallel. On the other hand, because of the relation ¢ = G(z), we also have
¢ =G, A and 0 = G, B. Using the fact that the bracket is preserved under
smooth mappings (see Appendix A) we obtain

[, 0] = [GA, G Bl = G, [A, B].

Since [A, B] //B we thus have G, [4, B] //G.B, but G,B = o and we are
finished. The sufficiency part is slightly trickier, but can be done. See [6].

|
Remark 7.1 We will write the condition (4.38) as

w0l o,
i.e. we will use || to denote that two fields are parallel.
Remark 7.2 Note that our aim is to have a spot price realization of
the futures price model, i.e. a realization in terms of time and S;. However

if the SDE for q can be realized in terms of time and R we will indeed also
have a spot price realization, since the futures prices are given by

F(t,T) = Fy(t, T —t) = 2T
and the spot price is related to R in the following way
S(t) = e® ) = efte,

Also note that all results concerning the log futures price volatility o(q,x)
can easily be transformed into a corresponding futures price volatility oo(Fy, x)
by using the relation in Remark 2.1.

In the following two sections we apply Theorem 7.1 to the special cases
studied previously: deterministic and constant direction volatility.



84 4. Finite Dimensional Markovian Realizations of Futures Term Structure Models

4.7.1 Deterministic Volatility

In this section we consider a deterministic, but time varying volatility
o(q,t,z) = o(t, ). (4.40)

Using (4.19) we obtain

19, 1
,u(q,t,:z:) = %q(t7 :L‘) - §Uz(t,$)'

From the above we see that u = 8/0x and o}, = 0. The condition for time

varying volatilities in Theorem 7.1 now reads
alz(ta :E) - U;(tv :L‘) = a(q7t)a(t7 :L')
Therefore we must have that a(gq,t) = «(t). Let g(¢,z) = lno(¢,z). The
equation can then be written as
9=(t, ) — gi(t,7) = o2).

Finally, letting h(¢,z) = g,(t,z) and taking derivatives with respect to =
we can write
hl(t,z) — hi(t,z) = 0.

The solution to this equation is h(¢,z) = A(¢ + z), where A is an arbitrary
function. Going back to ¢ we have

o(t,z) = cft)els " Mwdu,
where A and ¢ are functions, with ¢ > 0.
Proposition 7.1  Assume that the volatility is deterministic. i.e. 0 =

o(t,z). Then there exists a realization in terms of R if and only if o is of
the form

o'(t, :1;) o c(t)eftH-I A(u)du’
where \ and ¢ are some functions, with ¢ > 0.

Again we have that ¢ = gy when they are deterministic and the above
proposition can be rewritten as

Proposition 7.2 Assume that the futures price volatilities are deter-
ministic. i.e. cg = 0o(t, ). Then there exists a spot price realization if and
only if og is of the form

O'O(t, 517) = c(t)ef:-h: X(’u.)du,
where A and ¢ are some functions, with ¢ > 0.

Remark 7.3 The reader will recognize this result from the correspond-
ing result for short rate realizations in [10] (where completely different tech-
niques were used).
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4.7.2  Constant Direction Volatility

Now we go on to consider a time invariant constant direction volatility, i.e.
a volatility of the form
o(q,z) = p(g)A(z).

For this model we obtain from equation (4.19)

u(g, ) = %q {<p ) + ¢g (@) Nl A=) } .

Assume that ¢(q) # 0 for all ¢ € H. Then [p, o] || o if and only if [fo, f1] || A
where

{ﬁ@@>=:§g> 1 @V()
filg,z) = Mz,
We have that )\

[fo, £1)(a) = 7= — ¥ (@ Np(9)¥?,

and therefore there exists a reallzatlon in terms of R if and only if there
exists a scalar field ¢(g) such that

%(w) — 9o (@N(@N(@) + (A=) =0, (4.41)
for all g. Now specialize to the case that ¢ only depends on ¢:(0) = Ry, i.e.
(g, ) = p(R)A(z). (442)
Equation (4.41) then becomes
X , 9
95 @) — PrR)AM0)p(R)X(2) +v(R)A(z) = 0.
Assume that A\(0) = 1 and set £ = 0 to obtain that
1(R) = Cr(R)g(R) — 22(0).

Insert this to obtain the equation

Since the left hand side only depends on R and the right hand side only
depends on z both sides must equal a constant. If we denote the constant
by a/2 we have the following proposition.

Proposition 7.3 Assume that the volatility is of the form
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a(q,z) = o(R)Mx), and that AN(0) = 1. Then there exists a realization
in terms of R if and only if ¢? is affine in R i.e. of the form

©*(R) = aR+b,

where a and b are constants, and X\ is the solution to the Riccati equation

a

2y2 4 (,\’(0) :

: )A—X:O.

Since for this case we have that

70(S,z) = wo(5)A(z),

where A is the same constant field as in (4.42), and

vo(5) = ¢(In ).

we can rewrite Proposition 7.3 as follows:

Proposition 7.4  Assume that the volatility is of the form o(q,z) =
o(R)A(z), and that A(0) = 1. Then there exists a realization in terms of
R if and only if ©? is affine in R i.e. of the form

?*(S) = alnS +b,

where a and b are constants, and X\ is the solution to the Riccati equation

S+ (N -F)A-X=0.

4.7.8 Generic Spot Price Models

We will now consider the case when the volatility o(g) only depends on R,
i.e. when we with a slight abuse of notation can write

o(q,z) = o(R, 1), (4.43)

where ¢ on the right hand side is a smooth function of the two real variables
R and z.

It turns out that the condition [y, o] || o is rather restrictive for this case,
and we have the following result.

Proposition 7.5 Assume that the volatility only depends on R as in
(4.43), then there exists a realization in terms of R (and time) if and only
if o factors as

o(R,z) = p(R)\(z). (4.44)
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Proof. For this model, we can compute the drift to be

4 ) = 5-a(e) = 30°(R,3) — 50'(R, 2)g(R),
where g(R) = 0(R,0) and o’(R) = 9%. We now compute the Lie Bracket
1,0] = lo(@)] = oy (g)]. We have
tolo(@l(z) = 03 (R, 7)—0 (R, z)ox(R, w)g(R)—%{U}'z(R, z)g(R)+ox(R, )¢ (R)}g(R),

and

o4 [u(@)](x) = (B, 7) 5-0(0) — 50k (R, 2)g? (R) — 20k(R,2)g' (R)g(R),

and thus
[1,01(2) = 0R(R, ) = 7(R, 2)0 (R, 2)g(R) ~ 510m(R, ) ~ 0l B, )} g*(R)~

OB, 2) 5-a(0).

Applying Theorem 7.1, we know that a necessary and sufficient condition
for a realization in terms of R (and time) to exist is that [y, o] || o. If we

let z = %mgl, we find that there must exist a function a(z, R) such that
On(R,7) ~ o(R,2)0k(R, 2)g(R) ~ 5 {0 4(R, ) — (R, 2)}g(R)
—0x(R,z)z = oz, R)o(R, x)
is satisfied for all z and R. Take the derivative with respect to z to obtain
—0x(R,z) = o, (2,R)o(R, z).
From this it follows that (2, R) = f(R) and we must have
om(R,z) + f(R)o(R,z) = 0.
This is an ODE for o(R, z) with the solution

R
(R, z) = exp {/0 f(u)du} (0, z),

and we see the volatility factors as in (4.44). 1

Since we for this case have that o¢(S,z) = o(In.S,z) we can rewrite the
proposition in the following way.

Proposition 7.6 Assume that the futures price volatility only depends
on S, i.e. oo(Fp,x) = 0¢(S,x), then there exists a spot price realization if
and only if og factors as

o0(S, z) = p(S)A(z). (4.45)




88 4. Finite Dimensional Markovian Realizations of Futures Term Structure Models

4.7.4 All Generic Spot Price Models Are Affine

The following three spot price models are well known from the literature.

dS; = a(t)Stdt + 0S5 dWe, (446)
dSt = (a(t) —In St)Stdt + O'Stth, (447)
dS; = la1(t) + az(t) In S4]S;dt 4 Sev/ko + k1 In Sy dW. (4.48)

Since all these models (and in fact only these, see [5]) will generate ex-
ponentially affine futures prices, the models will be referred as the affine
spot price models. In interest rate theory they correspond to the Ho-Lee
model, the Hull-White extension of the Vasicek model, and the Hull-White
extension of the CIR model respectively. Because of the affine structure
one can easily (by solving a simple system of ODEs, see [5]) compute the
induced futures price volatilities. The structural result is as follows.

Lemma 7.1 The futures price volatilities generated by the affine models
(4.46)-(4.48) all have the structure

wa(S) = alnS +b,
where a and b are constants, and ) is the solution to the Riccati equation
a a
SN+ (N(0) - 5) A= X =0.
2 + (VO 2
More precisely, the following hold.

o For the model (4.46) it holds that a = 0 and thus A(z) = A(0) for all
x, i.e. A is constant.

o For the model (4.47) it holds that a/2 = A(0) so X is an exponential
Sfunction.

o For the model (4.48) it holds that a/2 # A(0), so A solves a Riccati
equation.

We recognize the structure above from Proposition 7.4, and we are now
ready to state and prove the main theorem of this section.
Theorem 7.2 Assume that the futures price volatilities are of the form

oo(Fo, ) = 00(S, 7).
Then the model has a generic spot price realization if and only if it is affine.

Proof. This follows from proposition 7.4, Proposition 7.6, and Lemma,
7.1. 1

The word “generic” is very important in the statement above (see Re-
mark 2.2 for more details). To understand the geometric picture one can
think of the following program.
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1. Choose an arbitrary spot price model, say of the form
dSt = a(t, St)dt + b(St)th
with a fixed initial point Sp.

2. Solve the associated PDE in order to compute futures prices. This
will also produce:
e An initial futures price curve §°(z).
e Time invariant futures price volatilities of the form oo (S, z).

3. Now forget about the underlying spot price model, and take the fu-
tures price volatility structure og(S,z) as exogenously given in the
futures price equation (4.7).

4. Initiate the futures price equation (4.7) with an arbitrary initial
forward rate curve ¢°(z).

The question is now whether the thus constructed futures price model
will have a spot price realization. Obviously, if you choose the initial futures
price curve ¢° as ¢° = ¢°, then you are back where you started, and every-
thing is OK. If, however, you choose another initial forward rate curve ¢°,
then it is no longer clear that the price will be Markovian (or rather, satisfy
a scalar SDE). What the theorem above says, is that only the models listed
above will be generated by a spot price model for all initial points in a
neighborhood of ¢°. If you take another model then a generic choice of the
initial futures price curve will produce a futures price process which is not
generated by a scalar (time dependent) SDE for the spot price.






Appendix A
Some Background Facts

In this Appendix we recall from basic concepts and results from differential
geometry. For more details see [6].

Consider a real Hilbert space H. By an n-dimensional distribution we
mean a mapping F' which, to every r in an open subset V of H, associates an
n-dimensional subspace F(r) C H. A collection fy,..., f, of vector fields
on ‘H generates (or spans) F if it holds that span{fi(r),..., fn(r)} =
F(r) for every r, where span denotes the linear hull over the real field.
The distribution is smooth if there exists smooth (i.e. C*°) vector fields
fi,-++, fn spanning F. If F and G are distributions and G(r) C F(r) for
all r we say that F' contains G, and we write G C F. The dimension of
a distribution F is defined pointwise as dimF(r).

Let f and g be smooth vector fields on U. Their Lie bracket is the
vector field

[£,9)(r) = f'(r)g(r) — g'(r) f(r),

where f'(r) denotes the Frechet derivative of f at r, and correspondingly
for g. We will sometimes write f'(r)[g(r)] instead of f'(r)g(r) to emphasize
that the Frechet derivative is operating on g. A distribution F is called
involutive if for all smooth vector fields f and g in F, their lie bracket
also lies in F, i.e.

[f,9)(r) € F(r) V.

We are now ready to define the concept of a Lie algebra which will play a
central role in what follows.
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Definition A.1 Let F be a smooth distribution on H. The Lie alge-
bra generated by F, denoted by {F}pa, is defined as the minimal (under
inclusion) involutive distribution containing F'.

When trying to determine a concrete Lie algebra the following observa-
tions often come in handy.

Lemma A.1 Consider the vector fields f1,..., fx as given. Then the
Lie algebra {f1,..., fx}ra remains unchanged under the following opera-
tions.

e The vector field f; may be replaced by of;, where « is any smooth
nonzero scalar field.

e The vector field f; may be replaced by
fit Y ot
J#

where oy, ...,ar are any smooth scalar fields.

Let F be a distribution on ‘H and let ¢ : H — K be a diffeomorphism
between the two Hilbert spaces H and K. Then we can define a new distri-
bution ¢, F on K by

(s F)(p(r)) = ¢'(r)F (r).

Similarly, for any smooth vector field f € C* (U, X), we define the field
©uf by ouf = (¢’ 09™) (fop™). By a straightforward calculation one
verifies easily that

@ [f, 9l = [+ ], 049 -
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