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Introduction and summary of
the chapters

There seen1S to be a con11uon understanding nowadays that the econOlUY is
nonlinear. Economic theory suggests models that should be able to accon1illO
date nonlinear production functions, buffer stocks and asymmetric responses
to negative and positive news (shocks), to name a few. Over the last twenty
years a solid body of empirical evidence of nonlinearities in economic time
series has also been gathered. A thorough treatment of the subject - modelling
n011linear time series in economics and finance - can be found in Granger and
Terasvirta (1993) and Franses and van Dijk (2000), for example.

Nonlinearities in stationary macroeconomic series are often modelled with
regime-switching or state-dependent luodels. In their simplest forms, these
models only have two linear regimes and the switching between them is
abrupt. The estimation of such n10dels was already considered four decades
ago. Quandt (1958, 1960) introduced a switching regression model in which
the state variable is time. He also proposed a test for a structural break at
an unknown point within that fran1ework. The univariate counterparts of
the switching regression model, the threshold autoregressive (TAR) model by
Tong (1978) and the structural break model, have gained popularity and have
often been the competing alternatives to the linear model.

Switching regression models can be generalized in such a way that the
switching between regimes becomes smooth and one can think of the resulting
model as of one with an infi11ite number of regimes. One example of these
models is the Smooth Transition Regression (STR) model by Terasvirta (1994,
1998). In STR models the transition between the regimes is characterized
by a bounded and continuous (often logistic) function of a certain transitio11
variable. Classical smooth transition autoregressive (STAR) models and their
extensions have been successfully applied to aCCOllnt for nonlh1ear features in
various n1acroeconon1ic series. See Terasvirta and Anderson (1992) and Skalin
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4 Introduction and summary of the chapters

and Terasvirta (1999) (asymmetries in business cycles), Skalin and Terasvirta
(2002) (unemployment rates), Ocal and Osborn (2000) (consumption and pro
duction), Michael, Nobay, and Peel (1997) (investigating the PPP hypothesis),
among others, for empirical exalnples. A survey of recent developments in
STAR modelling can be found in van Dijk, Terasvirta, and Franses (2002).

When the transition variable in a STAR model is a lagged value of the de
pendent variable and the transition as a function of this variable is sufficiently
rapid, tIle n'lodel can be thought of as an approximation to the Self-Exciting
TAR model. A Time-Varying Autoregression (TV-AR) model, see Lundbergh,
Terasvirta, and van Dijk (2003), can, by the same token, approxin'late a uni
variate autoregressive model with structural breaks. A clear advantage of an
STR model con'lpared to threshold and structural break Inodels is that the log
likelihood of an STR model is continuous, which makes inference and model
evaluation easier than it is in the former models.

In this thesis we use the smooth transition model as a tool for n'lodelling
and hypothesis testing. The first two chapters are concerned with model
selection issues within switching (auto)regression models. In most economic
applications of the TAR model, economic theory is not specific about the com
plete structure of the model. In particular, most often the number of regin'les
in the model cannot be assumed known a priori and it is the task of the
modeller to determine th.e number of regimes from the available time series.
In the first chapter we approximate the threshold autoregressive model by a
smooth transition 011e and use the STR modelling framework to determine
the number of regimes in a TAR model. This il'lcludes testing linearity against
TAR. In the second chapter we employ a similar idea and approximate the
structural break model with a time-varying autoregressive model. This is
again done in the STR modelling framework which is used for sequel'ltially
determining the nUlnber of breaks, including tl'le possibility of no breaks. In
the third chapter we use time-varying smooth transition autoregressive n'lodels
to model the (possible) changes in seasonal patterns and shed light on the
hypothesis that institutiol'lal and technological changes (proxied by time) may
have a stronger effect on seasonal patterns than business cycle. The applica
tion to the index o.f industrial production series in G7 and two Scandinavian
countries discussed in the chapter seems to lend support to this hypothesis.

Causality has been an importal'lt concept for philosophers. Aristotle al
ready devoted attention to causality and it has been given a central role
in the recent film The Matrix Reloaded. Causality has also practical signi
ficance in economics as different economic theories postulate causal relation
ships between economic variables. Nonlinear tin'le series analysis has become
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crucial in understanding patterns of interaction between different variables.
There exist various formal definitions of causality, of which the concept of
Granger causality, see Granger (1969), is probably most easily tested for and
therefore also most widely used. Testing has usually been carried out in a
linear framework. Geweke (1984) and Liitkepohl (1993) provide comprehensive
surveys of the literature. As discussed above, the economic laws are often
nonlil1ear and the empirical notion of linear Granger causality is probably too
sin1ple. In the last chapter of the thesis we study the possibility of testing for
Granger causality in nonlinear systems when the exact form of the nonlinear
relationship between variables is not known. The idea is to globally approx
imate the nonlinear system by one that is linear in parameters and get round
the difficulty caused by the unknown functional form of the relationship under
investigation.

A more detailed SUlllluary of each of the chapters is given below.

Chapter 1. Determining the number of regirnes in
a Threshold Autoregressive model using Smooth
Transition Autoregressions1

As already mentioned, in applications the number of regimes in a threshold
autoregressive model is typically not known in advance. In this chapter we
propose a solution to this problerrl. It consists of a sequential IIlodel selection
procedure using the smooth transition autoregressions as a tool. Tests avail
able for testing the adequacy of a smooth transition autoregressive model are
applied sequentially to determine the number of regimes. The main charac
teristic of this method is that standard statistical inference is used, as opposed
to nonstandard inference, information criteria or bootstrap-based methods.
As the smooth transition n10del is just an approximation to the threshold
autoregressive one, no asymptotic properties are claimed for the proposed
method. At first sight this may appear as a drawback: however, assuming
that the switching regression or threshold autoregressive model under con
sideration has a fixed number of thresholds, the model selection problem at
hand is a finite-sample problem. From the practical point of view it is there
fore sllfficient to require that the procedure performs in a satisfactory fashion
in small and moderate samples. A simulation study is carried out in order to

1I am grateful to Jesus Gonzalo and Jean-Yves Pitarakis who gracefully allowed me to
use their GAUSS code written for selecting the number of regimes using model selection
criteria.
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find out the finite-sample properties of the procedure and to compare it with
two other techniques of regime determination available in the literature, see
Gonzalo and Pitarakis (2002) and Hansen (1999). We find that our smooth
transition-based Inethod works reasonably well in comparison, both for single
and multiple threshold models. Overall, it may be somewhat conservative, but
its performance in selecting the TAR model with a correct number of regimes
can be deemed acceptable. The technique is computationally silnple, and it
also performs well when a true threshold lies outside the [0.1,0.9] interquantile
range of the observed series. This is important because the other techniques
are unable to locate thresholds so far out in the tails of the empirical distri
bution of the observations. Besides, as a by-product, it yields quite accurate
estimates for the threshold parameters which is a strong advantage as well.

Chapter 2. Determining the number of breaks in
a piecewise linear regression model using Multiple
Smooth Transition Regression2

A model builder who holds open the possibility of structural breaks in an other
wise linear n10del faces several problems: first (s) he has to test for structural
change in the parameters of the model and then estimate both the number
and the location of breaks. Most of the work in this area of research has been
related to the case of detecting and estimating a single break. The questions
related to multiple structural changes have received somewhat less attention.
In a seminal paper Bai and Perron (1998) derived tests for multiple structural
changes and proved consistency of the estimators of the break dates. Last,
but not least, they also proposed several methods (one of which is purely
sequential) for determining the nUIYLber of breaks and efficient algorithms for
computing the estimates. Since all the tests they considered have nonstandard
distributions, Bai and Perron (2003) also provided asymptotic critical values
for a number of possible testing situations. Naturally, if the model one is in
terested in does not agree with those specifications, it would be the task of
the investigator to obtain the necessary critical values by simulation.

In this chapter we propose a sequential method for detern1ining the number
of breaks in piecewise linear models llsing slnooth transition regression as a
tool. T11is n1ethod has similarities with the technique for determining the
number of regimes in a TAR model, which was the topic of Chapter 1. An

2r would like to thank J ushan Bai and Pierre Perron for making their original GAUSS
code available to me.
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advantage of the method is that it is based on standard statistical inference
and no restrictions regarding the number of paralneters that are allowed to
change are being made. The time-varying smooth transition model is just an
approximation to the structural break one and no asymptotic properties are
claimed for the proposed method. Analogously to Chapter 1, if the structural
break model under consideration has a fixed number of breaks and the sample
size is fixed, the model selection problem is a finite-sample probleln. The
idea is to sequentially apply tests developed for testing the adequacy of a
smooth transition regression model to the problem of determining the number
of regiInes in the structural break model. The simulations show that our
procedure is able to choose the linear model with the expected frequency when
there is no break, and works very well in comparison in small and moderate
samples, for both single and multiple break cases. The results indicate that
our STR-based method is a useful complement to the approach of Bai and
Perron, as neither of the two methods dominates the other.

Chapter 3. The effects of institutional and tech
nological change and business cycle fluctuations on
seasonal patterns in quarterly industrial production
series3

Seasonal fluctuations are an inlportant source of variation in many macro
economic time series. When monthly or quarterly series are modelled or
when tinle series are seasonally adjusted by standard techniques, it is often
assumed that the seasonal pattern of the series is constant over tinle. In that
case it may be characterized by incorporating seasonal dunlmy variables into
the model. Despite its widespread use, the dummy approach to seasonality
neglects two important facts. First, the traditional separation of seasonal and
business cycles is not an attribute of modern dynalnic business cycle theory.
Second, it has been known for a long time that seasonal patterns of many
(macroeconomic) series appear to evolve over time. A number of authors link
changes in the seasonal patterns of many macroeconomic time series to the
phase of the business cycle. Despite these findings, business cycle fluctuations
may not be the only possible reason for changes in the seasonal pattern of
macroeconomic time series such as output or enlployment series. In particular,
technological change and changes in institutions and habits may cause changes

3This chapter is based on joint work with Timo Terasvirta and Dick van Dijk. A shorter
version has appeared in Econometrics Journal, 6 79 - 98 (2003).
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in seasonality as well. Such changes are difficult to quantify directly, but when
we allow for the possibility tllat the aggregate change is smooth and continu
ous, we can simply use time as a proxy variable for it. It follows that combining
these two possible types of change is also of interest.

Our aim in this chapter is to study the seasonal patterns of industrial
production series in a number of countries and compare the effects of gradual
institutional and technological change with the effects attributable to the busi
ness cycle. There is a coherent way of incorporating these two types of changes
into a siIlgle model. This can be achieved by using the TV-STAR model of
Lundbergh et al. (2003), because it is capable of describing business cycle non
linearity (seasonal pattern is allowed to change as a function of business cycle
indicator) and structural change (seasonal pattern is allowed to change as a
smooth ftlnction of time) in a stationary time series variable simultaneously.
By imposing appropriate restrictions on the TV-STAR structure, models of
interest can be defined and the relative importance of different types of changes
studied. We examine the quarterly volume index of industrial production
series of the G7 and two Scandinavian countries, nine series in all. These
series display strong seasonal patterns and also contain the business cycle
fluctuations. The empirical results of the chapter suggest that seasonal pat
terns in these nine quarterly industrial production series have been changing
over tin1e and, furthermore, that the business cycle fluctuations do not seem
to be the main cause for this change. l-'he question of h.ow the current seasonal
adjustment methods cope with series with time-varying seasonality, and what
the consequences of such variation are on using seasonally adjusted series in
luacroeconolnic modelling, is left for future research.

Chapter 4. Testing the Granger noncausality hypo
thesis in stationary nonlinear models of unknown
functional forlll

In a seluinal paper, Granger (1969) provided an operational definition of
causality between two variables that has sh1ce formed a starting-poillt for
testing the null hypothesis of one variable (linearly) not causing the other.
In many cases, relationships between the variables may be best described by
nonlinear models. Several authors have tried to generalize the noncausality
test such that it would allow for nonlinear relationships between variables.
Examples include Baek and Brock (1992) and Hiemstra and Jones (1994).
Most of the solutions provided are nonparan1etric (based on correlation inte
grals) and rather computer intensive. Skalin and Terasvirta (1999) proposed a
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parametric test based on the snlooth transition regression model. That test is
easy to compute, but it still makes assumptions about the specific functional
form of the causality. In the empirical literature the presence of nonlinear
Granger causality has been suggested for money-output relationship in Roth
nlan, van Dijk, alld Franses (2001), for the price volatility - trading volume re
lation in Hiemstra and Jones (1994), and for relative money supply - exchange
rates in Ma and Kanas (2000), to name a few.

In this chapter we propose a general method for testing the Granger non
causality hypothesis in stationary nonlinear models of unknown functional
form. These tests are based on a Taylor expansion of the nonlinear model
around a given point in a sample space. Our framework nests both the linear
case and the test proposed in Skalin and Terasvirta (1999).

We study the small-sample performance of our tests by a Monte Carlo
experiment and compare these to the most widely used linear test. The size
simulations we have performed indicate that the theory is applicable in small
samples, Le., our tests appe~r to be well-sized. The right balance between
the number of lags, the order of the Taylor expansion and the number of
observations is important, however and needs further investigation. Our tests
have reasonably good power and are useful in investigating potential Granger
causality between variables. It becomes obvious that the more we know about
the fUllctional form, the more we gain ill terms of power. On the other hand, if
the true causal relationship is nonlinear but we apply tests designed for linear
relationships, the loss of power may be substantial.
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"Choice. The problem is choice."

- Neo, The Matrix Reloaded



TAR Selection

1.1 Introduction

17

The switching regression model (Quandt, 1958) and its univariate counterpart,
the threshold autoregressive (TAR) model (Tong, 1978) are popular nonlinear
models. The TAR model in particular has generated a wide range of papers
coveriIlg both theoretical and empirical issues. An overview can be found in
Tong (1990); see also, for example, Caner and Hansen (2001), Hansen (1996,
1999a, 2000), Kapetanios (2003), Koop and Potter (1999), Medeiros et al.
(2002), among others.

In most economic applications of the TAR model, economic theory is not
specific about tIle complete structure of the model. In particular, most of
ten the number of regimes in the model cannot be assumed known a priori.
Furthermore, the switch variable or, in the TAR case, the delay determining
the threshold variable is often unknown as well. Some work exists on how
to select the number of regimes in TAR models. Tsay (1989) suggested a
graphical approach for locating the values of thresholds. He used scatterplots
of standardized predictive residuals (in arranged autoregression) and recursive
t-ratios of an AR. coefficient versus the threshold variable to detect the num
ber and locations of the thresholds. Hansen (1996) considered inference and
testing for linearity in situations when a nuisance paranleter1 is not identified
under the null hypothesis. He provided a general framework using weighted
average and supremUIIl LM tests and gave the asymptotic theory for inferellce.
Hansen (1999a) suggested a sequential testing approach to the regime selection
problem. This meant starting with a linear model and adding thresholds until
the first acceptance of a null hypothesis. A statistical complication is that the
parameters of the TAR model are only identified under the alternative, that
is, when the larger model is true. He suggested a likelihood ratio-type test and
showed how inference can be conducted using all empirical null distribution of
the test statistic generated by the bootstrap. We shall investigate how such a
sequential procedure works in practice.

More recently, Gonzalo and Pitarakis (2002), henceforth GP, suggested
choosing the number of regimes or thresholds sequentially starting from a
linear model (a single regime) and using model selection criteria for choosing
between models with m and m + 1 thresholds. Their argument was that the
procedure is easy to use, and as opposed to statistical tests, there is no need
to choose significance levels. The work of Gonzalo and Pitarakis was inspired
by the results in Bai (1997) and Bai and Perron (1998) who showed that one
can estimate break-points in a multiple break model consistently even when

1The threshold parameters constitute the nuisance parameters in the TAR case.



18 TAR Selection

the number of breaks estimated is smaller than the actllal number of breaks.

Applying model selection criteria or sequential likelihood ratio testing to
the present problem requires estimation of lllodels with both m and m + 1
thresholds. This may not be considered desirable because the larger model
is not identified when the smaller model is true. Another potential difficulty
with the approach based on information criterion is that implied significance
level of the test of testing the model with m against one with m + 1 thresholds
(a conlparison with two nested models using a model selection criterion is
equivalent to a likelihood ratio test) nlay vary substantially with the size of
the smaller model. On the other hand, the user of sequential likelihood ratio
tests is, at least in. theory, in full control of the significance level of each test in
the sequence. A potential disadvantage of Hansen's tests compared to the GP
approach is that they require a substantial computational effort. Besides, GP
argue that it is not clear whether or not the sequential approach using these
tests can be extended to models with more than two regimes. Some sin'lulation
results in this chapter illustrate this concern.

The purpose of this chapter is to propose a sequential model selection
procedure consisting of a sequence of misspecification tests in which a model
with m thresholds is tested against one with m + 1 thresholds. Important
features of this method are that standard statistical inference is used in the
sequential selection of the number of thresholds and that the modeller has a
reasonable if not full control of the significance level of each test. If the true
model is a switching regression or a threshold autoregressive one, no claims
about asymptotic properties of our tests can be made. Nevertheless, we do
claim to have an approximate idea of what the significance levels of the tests
in finite sanlples are. Assuming that the switching regression or threshold
autoregressive model under consideration has a fixed number of thresholds,
the model selectioll problenl at hand is a finite-sanlple problem. Therefore,
it is sufficient to require that the procedure works in a satisfactory fashion
in small and moderate samples. Our simulation experin'lents suggest that
this is indeed the case. Another advantage of our procedure is that it is
computationally silllple and, as a by-product, yields accurate estimates of the
threshold parameters of the TAR model. At each stage only the smaller model
is estimated, so that tIle complication of estimating at least one model that is
too large is minimized.

The chapter is organized as follows. Section 1.2 provides the motivation
for our procedure and contains a brief overview of smooth transition regres
sion (STR) models on which our technique is based. The technique itself is
presented in Section 1.3. Section 1.4 contains a simulation study in which our
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procedure is compared both with the approach of Hansen (1999a) and the one
in GP. An enlpirical appHcation based on the sunspots numbers series can be
found in Section 1.5, and Section 1.6 contains final remarks.

1.2 Smooth transition regression model

The general idea underlying our procedure is quite old. Goldfeld and Quandt
(1972, pp. 263-264; 1973) considered the estimation of parameters in the
switching regression model and pointed out that discontinuity of the log
likelihood COlllplicates the estinlation. Their suggestion was to replace the
sudden switch or threshold by a snlooth transition. This removes the dis
continuity, and the parameters of the resulting smooth transition regression
model can be estimated by conditional maximum likelihood, using an appro
priate iterative algorithlu.

In this chapter we will apply the saIne idea - approximation of sudden
switches by smooth transitions - to the regime selection problem. That allows
us to use standard inference in deterlnhling the number of regimes in a TAR
model.

A classical logistic STR (LSTR) model for Yt is defined as follows:

t == 1, ... ,T, (1.1)

where Xt == (1, Xlb X2t, ... ,Xkt)' == (1, Xt)' is a ((k+ 1) x 1) vector of explanatory
variables, f30 and f31 are ((k+ 1) xI) paranleter vectors and {Et} is a sequence of
independent, identically distributed normal errors with zero mean and variance
(52. The transition function CIt in (1.1) is defined as follows:

CIt == G1(St; ,I, C1) == (1 + exp{ -,l(St - Cl)} )-1 , ,I > O. (1.2)

AS,l ~ 00 in (1.2) , the logistic G1t function approaches the indicator function
I[St > C1] and the LSTR model beconles a switching regression (SR) or, in
the univariate case, a TAR model with two regimes. The parameter CI is then
the switch or threshold parameter. Thus the STR model (1.1) with (1.2) is a
reasonable approximation to the SR model when ,I is sufficiently large.

Analogously, we can approximate a multiple-threshold model with a
Multiple LSTR (MLSTR) model. For example, an MLSTR model with two
transitions has the form

(1.3)

where the transition function C2t == G2(St; ,2, C2) is again defined as in (1.2).
For the purposes of this chapter we set ,I == r2 == r'
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To illustrate how MLSTR model (1.3) mimics the three-regime TAR model,
we reparameterize (1.3) as follows:

Letting r ----7 (X) we get a piecewise linear form. Figure 1.1 depicts the three
regimes created by GIt and G2t in (1.4), when r == 200, CI == 0.3, C2 == 0.6 and
St == tiT.

1
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Figure 1.1: Three regilnes

Rearranging the terms in (1.4) we obtain

or Illore generally, in case of (m + 1) regiIlles:

m+1

Yt x~f3I + I: x~ (f3 j - f3 j-l) Gj-1,t + ct
j=2

m

x~f31 (1 - GI t ) + I: x~f3j (Gj-I,t - Gjt ) + x~f3'm+1 Gmt + ct·
j=2

Suppose now that the true model is a TAR Inodel with two thresholds.
We call approximate this model by the STAR model (1.5) where r is large
and known. Suppose, however, that we estimate (1.1) with r large and known
using nlaxinlum likelihood. How does this misspecification affect our threshold
parameter estimate? Analogously to GP we argue that underspecification of
the number of reginles affects tIle estimates of slope coefficients f3i' but hardly
those of Ci. In other words, in our three-regin1e example CI can be estimated
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reasonably accurately even when the number of regimes is misspecified by
ignoring G2t in (1.5).

In the Appendix we show that the average Hessian used as an estimate of
the covariance nlatrix of the average score function, is nearly block-diagonal
when, is large. This means that location paranleters can be estimated prac
tically independently of each other, which is necessary for our procedure to
work. We also provide silnulation evidellce froln three different three-regime
TAR models, showing that when estimating only a two-regime model, the C1

estimate will be (very close to) one of the true thresholds.

1.3 Smooth transition approach

In this sectioll we follow GP and consider the univariate TAR n10del. Our
strategy is, however, applicable to switching regression models as well. The
starting-point is that the true model is either a linear n10del or a TAR model
(but possibly with just one threshold), so the first choice is between m == 0
(linearity) and m == 1 (two regimes). As a whole, the procedure works as
follows:

1. Test linearity of (1.1) (i.e ,== 0 in G1t (Yt-d;" C1)), where
Xt == (1, Xt)' == (1, Yt-1, ... ,Yt-k)'. In order to circumvent the identi
fication problenl approximate the transition function by its Taylor ex
pansion around, == O. The first-order approxirrlation call be written as
T1 == 60 + 6"l St + R 1(" c; St), where R 1 is the remainder and 60 and 61 are
constants. Substituting T1 for G1 in (1.1) and reparameterizing yields

(1.6)

where Et == Et + (x~f31)R1("C;St). The parameter vector (J1 == ,()1,

wh.ere (}1 =I- 0, and thus our null hypothesis of linearity in (1.1) implies
HG : (J1 == 0 in (1.6). Under HS : E; == Et. For further discussion of the
test, see, for example, Luukkonen, Saikkonen, and Terasvirta (1988) or
Terasvirta (1998). The resulting test has power against STAR but also
against TAR (, ~ (0) models. Under the null hypothesis and the as
sumption Ey£ < 00, the test statistic has an asymptotic X2-distribution
with k + 1 degrees of freedon1, and following the suggestions in earlier
papers an F-approximation to it is recommended. The test can be car
ried out in three stages using just linear regressions:
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(a) Regress Yt on Xt and COlllpute the residual sum of squares
T

SSRo = ~LE?
t=l

(b) Regress Et (or Yt) on Xt and XtSt, and compute the residual sum of
1 T

squares SSRl = T Lvt
t=l

(c) Compute
F == (SSRo - SSRl)/k

SSR1/(T - 2k - 1)

that is approximately Fk, T-2k-l distributed under the null of
liIlearity.

2. If the null hypothesis is rejected at a predeterlniIled significance level 0:,

estimate the parameters of (1.1) by nonlinear least squares fixing r at a
sufficiently high but finite value. Then the STAR model approximates
a TAR model with m == 1 and threshold value Cl while the transition
function still retains its smooth character (as a result the likelihood
function is well- behaved) .

3. If LSTAR model (1.1) with fixed I is accepted, test it against a Multiple
LSTAR model (1.5) with transition function G2t. This is done by making
use of the first-order Taylor expansion of the transition function G2t ,

see, for example, Eitrhein1 and Terasvirta (1996) or Terasvirta (1998).
Accept (1.5) if the null hypothesis is rejected at significance level TO:,

o < T < 1. Reducing the significance level compared to the preceding
test favours parsimonious models. Choosing T is left to the modeller: in
the simulations we set T == 1/2. Starting-values for the estimation may
be obtained by using the estimates of {31' ({32-{31) and Cl. The starting
value for C2 is obtained by a one-dinlensional grid search over a possible
set of candidates. This also yields an initial value for {33. The estimated
model is then tested for another regime. The sequential estimation and
testing is continued until the first acceptance of a null hypothesis. Tl1is
yields the specification for the final model.

4. Estimate consistently the parameters of the final TAR model by con
ditional least squares (Chan, 1993) or using a dynamic programming
algorithm, see Bai and Perron (2003), to estimate the thresholds con
sistently before estimating the remaining parameters by least squares.
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The test can also be constructed using the third-order Taylor approxi
mation of Git . That variant of the test should be 111.0re powerful in cases
where the process is returning back to its original level after the second thres
hold, for example. For our STAR-approximation procedure to work in the uni
variate case we need to assume that Et are iid, the transition variable is weakly
stationary, and the 2(n+ 1)-th moment, where n is the order of Taylor expan
sion, of Yt exist. It ll1ay also be Inentioned that the tests can be robustified
agaillst heteroskedasticity following Wooldridge (1990).

It should be noted that whell a TAR model with m tllresholds is tested
against one with m + 1 thresholds, m ~ 1, using our test, the asymptotic
significance level of the test is unknown. This is the case because the null model
is a smooth transition approxinlation to the null threshold autoregressive
model. In testing linearity, however, the asymptotic significance level is kn.own
because in that case the null model is 110t an approximation.

Lack of aSylnptotic inference may be viewed as a disadvantage, but then,
the n1.odel selection problem is always a finite-sample problem. Finite sample
properties of our technique will be investigated by simulation. The advantages
of the STAR-approach are that the tests are computationally simple and that
one obtains remarkably accurate values for the threshold parameters even
when son1e of them lie near the sn1.allest or largest observation in the sample.

1.4 Simulation study

In this section, the sn1all sample perforlnance of the three strategies will
be compared by simulation. Choosing between two nested models using an
appropriate model selection criterion is equivalent to carrying out the likeli
hood ratio test, and in some situations the significance level of the model selec
tion criterion based test can be worked out; see, for installce, Terasvirta and
l\1ellin (1986). In the present case that is not possible even asymptotically
because of the identification problem previously mentiolled. It is, however,
possible to obtain an idea of the elnpirical size of these tests by sinlulation. In
what follows we shall investigate both the size of these procedures and their
success in finding the correct number of regimes.

In all experiments the true (n1aximum) lag length of the TAR model is
assumed known. In practice one would have to determine the appropriate
lag length either simultaneously or before determining the number of regimes.
Quite often the lag length is selected prior to building a nonlinear model, using
a suitable information criterion.
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1.4.1 Estimating the empirical size

Following GP we sin1.ulate univariate autoregressive models, so the alternative
to the linear model is a TAR model. We adopt the AR(l) model considered
in GP that has the form

Yt == PYt-l + Et (1.7)

with P == (0.5,0.7,0.9,1.0), where {Et} rv nid(O, 1). In order to check the effect
of the number of lags on the en1.pirical size of the lllodel selection criteria we
also simulate a number of AR(4) models

Et (1- pL)(l - 0.2L)(1 - 0.25L)(1 - 0.34L)Yt
(1 - pL) (1 - 0.79L + 0.203L2 - 0.017L3 )Yt

(1.8)

with p == (0.5,0.7,0.9,1.0), where {Et} rv nid(O, 1) and L is the lag operator.
The idea with (1.8) is to vary the value of the dominant root and, in
particular, see what happens when it approaches unity. For p == 1, the
asymptotic distribution theory for testing (Jl == 0 in (1.6) is no longer valid.

In the following tables AIC, BIC, BIC2 and BIC3 refer, as in GP, to the
model selection criteria

[
0-2 ] ATQT(m) == max log A2 - -Km

C1 , ... ,Cm (J (c1, ... , Cm ) T
(1.9)

with penalty terms AT == 2, AT == 10g(T), AT == 2Iog(T) and AT == 3Iog(T),
respectively. In (1.9), 0-2 is the residual variance in the linear model,
0-2(Cl' ... , cm ) the residual variance of the TAR model with m thresholds,
T is the operative number of observations and K is the nUlnber of parameters
in every regime.

We use, following GP, three different sample sizes (T == 200,400,600)2,
and three different nominal sizes Q == 0.1,0.05 and 0.01, respectively. For each
DGP and for every san1.ple size, 2000 Monte Carlo replications are carried out.

The results for the AR(l) model (1.7) appear in Table 1.1. The threshold
or transition variable is assumed to be Yt-l. In (1.7) the intercept is zero,
but in practice one would nlost probably at least tentatively include an inter
cept in the model. For this reason we assun1.e the intercept to be unknown
and a parameter to be estimated from the data. BIC seems to be the only
model selection criterion that selects the linear model 4 - 10% of the time,
except when T == 200 and p == 1. Both BIC2 and BIC3 point to the correct

2For every sample size we actually generate T +200 + k observations and discard the first
200 observations from each sample to minimize the impact of starting-values, and use the k
extra observations to construct the autoregressive lags of Yt.
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(linear) model with an empirical probability very close to one and th.us have
an empirical size close to zero. AlC, as GP also stress, does not work well in
this set-up, but its performance is reported here for the sake of con1parison.

On the contrary, the STAR-approach3 has reasonable size properties in
the sense that the empirical sizes are rather close to the ones determined from
the F-distribution unless the root of the lag polynomial is close to unity. The
linearity test as a whole is seen to be somewhat conservative in small samples.
The asymptotic distribution theory of the test is not valid if the AR process
is non-stationary, (p == 1), which explains the increasing size distortion when
p ----+ 1. Hansen's bootstrap-based test has good size properties already at
T == 200. Even when the AR process contains a unit root, the en1pirical size
of the test is not too far from the nominal one.

The results for the AR(4) model using Yt-l as the threshold variable4 in
Table 1.2 are very different frolll the ones in Table 1.1 when the BIC-type
model selection criteria are concerned. The increase in the penalty term due
to the increased lag length has a remarkable effect on the empirical size. It
is practically zero already at T == 200. From this we can conjecture that the
empirical size of the GP procedure for any AR model with an even longer lag
would be practically zero for these criteria at the san1ple sizes GP considered.
AIC is still heavily oversized. The linearity test based on the STAR approxi
mation tends to be slightly undersized, but at some parameter con1binations
it cOlllpetes with Hansen's bootstrap-based rnethod that is well-sized already
in small samples.

1.4.2 Simulating TAR models

In order to consider the performance of the three procedures when the true
model is a genuine TAR n10del we simulate two models also included in the
simulation study of GP. One of then1 has two regimes (m == 1) and the other
one three (m == 2). Furthermore, we complete the experiment with yet another
TAR model with m == 1. This is done to better demonstrate differences among
properties of the three regin1e-selection procedures. These experiments could
be called power simulations except for the fact that the empirical sizes of the
three procedures differ substantially frolll each other.

3Throughout Sections 1.4 and 1.5 we report the results for test sequences where the test
statistics are based on the first-order Taylor approximation. For DGP-s used in this study
the discrepancies between the first-order and third-order Taylor approximation approaches
were minor.

4The results using any other lag Yt-d, d = 2,3,4, as the threshold variable are very sin1ilar
to the ones reported here.
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The error terms in these simulations are constructed to be standard normal
variates. We use three different sample sizes (T == 200,400,800), and three
different nominal test size sequences (a, aT, aT2 , .• . ), where a == 0.1,0.05 and
0.01, respectively, and T == 1/2. Our method seems to be robust5 with respect
to the choice of T. For each DGP and for every san1ple size, 2000 Monte Carlo
replications are carried out.

We begin our STAR-based procedure by testing linearity against (1.1),
assuming the transition variable to be known6 . If linearity is rejected we
proceed to estimate an LSTAR model, fixhlg the slope parameter r == 200.
The approach is robust to the choice of r 7 , as long as the logistic function
does not deviate much from a step function and the log-likelill0od is still well
behaved.

Choosing good starting-values for the optimization algorithm is crucial. We
therefore run a grid search over the [.1,.9] interquantile range of the transition
variable. This accords with the notion that each regime should contain at
least 10% of the total number of observations (see Hansen (1996), Bai and
Perron (1998) and GP). After estimating the LSTAR model we look for the
second threshold, that is, we test (1.1) against (1.5) as discussed in Section
1.3. If the presence of only a single threshold is rejected, we run another grid
search to find a good starting-value for the second location parameter, estimate
the corresponding MLSTAR model, and proceed until the first acceptallce of
null hypothesis.

The GP procedure is applied as in the original paper. The required regime
size is 10% of the whole sample and thresholds are estimated sequentially,
using the Bai (1997) repartition technique. That means re-estimating the
threshold parameters conditionally on the initially estimated ones so that each
refined estimate is obtained without an underlying neglected regime. In two
threshold case, for instance, the first threshold r(l) is re-estimated taking the
second threshold estimate 0 2) as given and 0 2) re-estinlated takillg the refined
estimate of r(l) as given.

When using Hansen's bootstrap-based method we reduce the significance
level a as in the STAR-based procedure. Because simulating the likelihood
ratio statistics in the seqllence can be computationally rather burdensome,

5We let T change between 0.1, ... ,1.0. The power loss with respect to the highest-power
case was about 0.5 - 1 percentage points and never greater than 2.8 percentage points (two
thresholds, T = 200).

6It is also possible to define a set of potential transition variables, test against each of
then1 and choose the one giving the strongest rejection (lowest p-value) of linearity.

7We let "Y = 100, 200, ... ,1000. The largest power loss relative to the n1aximum, about
2%, occurred at T = 800, "Y = 100. On the average the loss was about 0.6%.
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we use only 199 model-based bootstrap replications in the application of
Hansen's technique. For finding out the power loss that this implies, we refer to
Davidson and MacKinnon (2000) who considered the problen1 of choosing the
number of bootstrap replications in bootstrap-based tests. For the test at the
0.10 level the in1plied power loss should be less than 1%, for a test at 0.01
level the loss should not be greater than 2.5% - 3%.

DGPl: a single threshold model

We begin by considering a TAR model with a single threshold. The data are
ge11erated fron1 the following model in GP:

{
-3 + 0.5Yt-1 - 0.9Yt-2 + Et Yt-2::; 1.5

Yt ==
2 + 0.3Yt-1 + 0.2Yt-2 + Et Yt-2 > 1.5.

(1.10)

In Table 1.3 we report the selection frequencies for DGPl using GP-procedure,
Le. adjusted numbers for Table 6 in GP (page 340). The high frequency for
choosing a three-regime model instead of a two-regime model in their original
table is due to a slight error in their computer code related to applying the
10% minimum regime size rule mentioned above. The second threshold is often
found so close to the first one that there are not sufficiently many observations
within the thresholds to make a ge11uine regime. When the 10% rule is properly
applied, the results improve, and in large samples a correct decision is made
in over 97% of the occasions.

Results for DGP1 using Hansen's bootstrap and STAR-approach are
reported in Table 1.4. The bootstrap procedure performs about as well as
the information criterion based ones. The results for STAR-approach show
that the linear model is chosen surprisingly often, about 9% of the time even
for T == 400. The reason is that the 21 obtained by numerical optimization
sometimes falls outside the [.1, .9] interquantile range a11d is ignored. Picking
a "good" starting-value inside this range does not help when the actual true
threshold value lies out in either of the tails of the empirical density of the
threshold variable.

This situation is worth a further comment. GP remarked that DGP1 gen
erates realizatio11s that on the average have approximately the same number
of observations in each regime. The true threshold value in our experime11t is
indeed close to the median of the samples (the average quantile of the thres
hold value over the replications for any of the three sample sizes is about 0.53).
At the same time, in a single sample the true threshold value 1.5 can be very
far out in tl1e tails of t11e empirical distribution, in small samples in particu
lar. Figllre 1.2 shows the frequencies with which the observed deciles of the
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empirical distribution cover the true threshold value. Decile "0" contains the
cases where 1.5 is less than the value of the smallest observation in the sample
and decile "11" the cases where the true threshold value exceeds the largest
observed value in the sample.
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Figure 1.2: The frequencies with which the observed deciles of the empiri
cal distribution of the threshold variable cover the true threshold value; for
T == 200, T == 400 an.d T == 800.

Consider first the case T == 200. In about 4.5% of the realizations the
threshold value 1.5 lies outside the range of the simulated series. Thus, at
least for these cases a linear model should be selected. In addition to that, in
22% of the cases the true value falls into the first or the last decile. Whenever
our location estimate Ci (even if it happens to be close to 1.5) falls outside
the [.1, .9] interquantile range the decisioll has been that it does not signal a
genuine threshold. The 10% regime size rule thus explains the high frequencies
for selecting iii == a with the STAR-approach. Based on this exaITIple we
can conjecture that the GP as well as Hansen's procedure might therefore be
pickin.g up the second or third best option for the threshold value (froln the
[.1, .9] range they are restricted to), given that TAR model is preferred to the
linear specification. For T == 400, the true value is contained in the first decile
or is outside the range about 3.5% and in the last one about 6% of the time.
The results are quite shnilar to the previous case, as the STAR approximation
selects the linear model in about 9% of the cases as opposed to 2% for the
n'lodel selection approach of GP.

The effect of the 10% rule is shown in Table 1.5 where we report the results
of the same experiment after relaxing the regime size restriction for the first
threshold. We thus allow its value to belong to the first or the last decile of the
observed threshold variable, but we still apply the rule to the next thresholds.
Now the linear model is chosen less freqllently and the majority of the wrong
decisions consists of erro11eously detecting a second threshold, except for the
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smallest san1ple size. The results are now as good as the ones obtained using
Hansen's procedure and signal another advantage of the STAR-approach: the
10% minimun1 regime size requiren1ent is not necessary when this technique
is applied.

We should also n1ention a difficulty encountered in generating series by
the bootstrap for Hansen's procedure. When the optimal threshold value
is selected fron1 the [.1, .9] interquantile ral1ge and it is 110t close to the true
value, the parameter estinlates of the two AR models are (soluetimes) far from
their true values as well. In that case a number of series generated fron1 the
estimated model by bootstrap are explosive. In this experin1ent, such realiza
tions were discarded and new bootstrap samples generated until the number
of valid realizations reached 199. As an example, for sample size T == 400, we
needed to generate extra bootstrap samples in 5% of the cases. The number
of explosive bootstrap series varied between 77 and 2045. We also imposed a
"maximuln 5000 explosive bootstraps allowed" rule. For DGPI this rule was
flexible enough allowing us to obtah1 199 valid bootstrap replicates for every
Monte Carlo replication at sample sizes T == 200,400. That was no longer the
case for T == 800, because it was difficult to generate lOl1g non-explosive series.
There were 9 cases for which 5000 additional bootstraps were not enollgh and
il1 the worst case only 24 valid bootstrap series were generated. For these 9
cases the empirical distribution of the F statistic was completed by imputing
the missing values with the average of existing bootstrapped statistics.

This difficulty may actually be anticipated. Hansen (1999a, pp. 571), when
discussing bootstrapping the distribution for the TAR(m == 1) vs TAR(m == 2)
test statistic, writes: "We do this with some caution, because there has not yet
been a demonstration that a bootstrap procedure can properly approximate
the sampling distribution of F23 under the SETAR(2) nullllypotllesis."s. In
practice, an exploding realization nlay be taken as a sign of something being
wrong with the null model.

DGP2: multiple threshold model

The second DGP, also fronl GP, is a TAR model with three regin1es.
the following form:

{

2.7 + 0.8Yt-l - O.2Yt-2 + Et, Yt-2 S; 5
Yt == 6 + 1.9Yt-l - 1.2Yt-2 + Et, 5 < Yt-2 S; 12

1 + 0.7Yt-l - O.3Yt-2 + Et, Yt-2 > 12,

It has

(1.11)

8In Hansen's notation SETAR(n) denotes a model with n regimes, i.e. with n - 1
thresholds. Furthermore F23 denotes the test statistic for testing a 2-regime model against
a 3-regime specification i.e. one threshold vs two thresholds.
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where {ct} ~ nid(O, 1). In Table 1.6 we report the corrected selection frequen
cies of Table 7 in GP (page 341). Main tendencies are the same as before in
that the number of incorrect decisions is small. The thresholds themselves are
estimated with reasonable accuracy; see the Appendix.

The results we obtain by applying the STAR-approach to this double
threshold case are quite similar to results from the experiment with 011e thres
hold. Power is good even in moderate samples. It does not, however, seem
to increase with the sample size. This is due to the fact that the increasing
infornlation about the DGP lllakes the STAR-approximation with a constant
r become less accurate. This disadvantage can be remedied by making the
slope parameter r an increasing function of the sample size.

In this experiment, the problem of explosive realizations when applying
the likelihood ratio test sequentially becalue very severe. WIlen T == 200,
and when two regimes were tested against three and the "maximulll 5000
extra bootstraps" rule was not applied, it took 19252 extra realizations on the
average to obtain an empirical distribution based on 199 bootstrap realiza
tions. The nlaximum nunlber was 490710. The reason for this was that even
if one of the thresholds was estimated consistently, merging the two other
regimes of the DGP into one (the null luodel in Hansen's model-based boot
strap) very often led to a highly explosive two-regime model.

The results for T == 200 can be found in Table 1.7. It appears that the
sequential likelihood ratio test procedure does not perform as well as the
STAR-approach. Simulating the procedure for T > 200 is out of the qllestion
because of the amount of computations needed to obtain sufficiently many
non-explosive realizations. As a whole, one rnay conclude that the sequential
likelihood ratio test procedure nlay run into problems when the data have
beell generated by a TAR model with more than two regimes. They can be
avoided by making use of the STAR-approxiluation to the TAR nlodel.

A complementary experinl.ent

GP conclude that overall the BIC criterion displays desirable large sample
properties and a reasonably good finite sample behavior. They rightly point
out, however, that one should interpret any experimental results with caution
since the performance of the criterion depends on the data-generating process.
In order to emphasize this feature we complement the experiments in GP by a
"real-world" one. The observatioIls are generated by the TAR(2; 10,2) model
in Tong (1990, p. 421), estimated for Wolf's sunspot numbers 1700 - 1979
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transformed as in Ghaddar and Tong (1981). The DGP is
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Yt

1.89 + O.86Yt-l + O.08Yt-2 - O.32Yt-3 + 0.16Yt-4

-O.21Yt-5 - O.0005Yt-6 + O.19Yt-7 - O.28Yt-s+

+O.20Yt-9 + O.OlYt-lO + ct if Yt-s:::; 11.93

4.53 + 1.41Yt-l - O.78Yt-2 + ct if Yt-s> 11.93,

(1.12)

where {ct} rv nid(O,3.734). The variance is a "pooled variance"; see Tong
(1990, p. 421).

In this experiment our starting-point is an AR(10) model, which implies
that the alternative model is a TAR model with ten lags in every regime.
An interesting question arises: should one after rejecting the null hypothesis
against the TAR model with two regimes determine the lag length in them
before proceeding further (see equation (1.12) where the second regime only
contains two lags), but it is not addressed here.

Results for all three procedures can be found in Table 1.8. As may be
expected froln the size sin1ulations, the BIC-type criteria BIC2 and BIC3
strongly favour the linear AR(lO) model. Even BIC does that unless the
sample size is large (T == 800). We also report the results when using AIC, for
the sake of comparison in such an extreme case. This criterion works better
than any BIC for T == 200, but a question arises: which one of these criteria
should one use and when? It ca11 be concluded that Hansen's procedure is
the best one of the three for this DGP. The STAR-approach is less powerful
than Hansen's technique for T S 400 but perforn1s better than the model
selection criteria. In this experiment it overestimates the number of regimes
less frequently than Hansen's approach.

1.5 Application

As an empirical example we consider the original tin1e series of Wolf's sunspot
numbers from 1700 - 1979, transformed as in Ghaddar and Tong (1981). The
series with 280 observations is depicted in Figure 1.3 and exhibits asymmetric
cyclical behaviour. It is a very clear-cut example of a nonlinear time series.

When building a TAR model for the series, the autoregressive lag length
k for every regime is unknown. It is selected from the linear autoregressive
model such that there is no error autocorrelation left in the residuals. We
apply the Breusch-Godfrey LM test sequentially: k is increased until the null
hypothesis of no error autocorre~tion can no longer be rejected at the 5%
significance level. This results in k == 10.
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Figure 1.3: Wolf's sunspot numbers 1700 - 1979.

Using the STAR-approximation we test linearity of the AR(10) model
against all ten lags one at a time. Linearity is rejected in eight cases out
of ten at 1% level and the lag 8 as the transition variable gives the strongest
rejection. From Table 1.9 it is seen that the sequential procedure suggested
in Section 1.3 leads to one threshold. Using Hansen's procedure with 2000
bootstrap replications we find one or two thresholds, depending on the initial
significance leve19 . To apply the information criterion-based procedure of GP
we use delay d == 8 found previously. The two information criteria with largest
penalty terllls, BIC2 and BIC3, prefer the linear model, and only BIC1 is able
to detect one threshold.

We also consider lagged first differences of Yt, ~Yt-d, d == 1, ... ,10, as
possible threshold variables. All methods choose 6.Yt-l to be the threshold
variable. The results of selecting the number of regimes can be found in Table
1.9. One threshold is found to be present, with the exception that BIC2 and
BIC3 favour a linear model. All estimation methods yield a threshold value
close to zero (21 ~ 0.8), which suggests separate regimes for years with positive
and ones with negative growth_ in sunspot intensity.

1.6 Final relIlarks

In this chapter we have developed a simple and computationally feasible
method for selecting tIle nun1ber of regimes in a switching regression or thres
hold autoregressive model.

9From Hansen (19gga) it is known that \vith a homoskedastic model-based bootstrap one
would reject the null of a two-regime model, and with a heteroskedastic bootstrap one would
not do that.
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As already pointed out th.e tests in the STAR-approach can be robustified
against heteroskedasticity and thus we only have to assume the illdependence
of errors for the procedure to work. In order to apply Hansen's technique
ct has to be assumed a uniformly square-integrable martingale difference
sequen.ce with respect to the natural filtration, the Borel sigma-field
I t- 1 == a (Yt-l , Yt- 2, Yt-3, ... ), and Ec; < 00. For the bootstrap one also
has to assume that the errors are independent. Gonzalo and Pitarakis Inake
quite general assumptions, requiring ct to be a real-valued martingale differ
ence sequellce with respect to some increasing sequence of sigma fields F t

generated by {(Xj+l,Zj+l,Cj),j:::; t}, where z is the threshold variable, and
with Elctl4r < 00 for some r > 1. To obtain the limiting distributions of
the estimators they make some additional high-level (LLN and FeLT-type)
assumptions that exclude integrated processes. GP note that T times the first
component in the right-hand side of (1.9) is the likelihood ratio statistic for
testing linearity against a model with m thresholds. Thus their method can,
in prhlciple, accomnl0date the presence of heteroskedasticity through the use
of heteroskedasticity-robust versions of this LR or Wald-type statistic. Obvi
ously the method can be generalized such that it will sinlultaneously allow for
selecting the threshold variable as well.

An obvious conclusion from our simulation experiments is that the resllits
of the sequential approach based on model selection criteria are crucially
dependent on the number of lags in the TAR model. Admittedly, the users
of this approach do not have to choose significance levels for their tests. But
then, they face an eqllivalent problem in the case of GP, which is the one of
choosing an appropriate information criterion.

Hansell's bootstrap-based LR-type test can be recommended if it is known
that the true number of regimes in the TAR or switching regression model
does not exceed two and if conlputational resources are not a problem. If the
existence of more than two regimes cannot be excluded a priori, the sequential
likelihood ratio test approach may not always work properly. Although the
threshold parameters in the model are estimated accurately even when the
number of regimes is assumed too small, the estimates of the other paranleters
in such a model may, due to this misspecification, cause difficulties when it
comes to constructing the empirical distribution of the next test statistic by
bootstrap.

The STAR-approach works well in comparison with the other two
approaches. It is somewhat conservative, but its performance in selecting
the correct TAR model can be deemed acceptable also when the sequential
likelihood ratio test procedure excels, that is, when the true model is either
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linear or has two regimes. The technique is computationally simple, and it
performs ren1arkably well even when a true threshold lies outside the [.1, .9]
interquantile range of the observed series. One can relax the minimum regime
size requirement an.d still estimate the t11reshold parameters quite accurately.

The discussion in this chapter has been restricted to the univariate TAR
model, but our technique can also be applied to switching regression models.
Besides, it appears that it can be used for determining the number of regin1es in
the panel threshold regression (PTR) model of Hansen (1999b). This would
be done by approximating Hansen's model by the panel smooth transition
regression model introduced in Gonzalez, Terasvirta, and van Dijk (2004) and
using tests described in that paper to determine the number of regimes in the
PTR model.

It also seems possible to apply the procedure to detecting the number of
breaks in a linear model. This can be in principle done by letting time be the
transition variable in the STR model instead of a random transition variable.
This possibility is considered in Chapter 2.
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Appendix A: Properties of threshold estimates

The purpose of this appendix is to give an explanation to the outcome that the
threshold parameters can be estinlated sequentially with reasonable accuracy
from smooth. transition approximations to the threshold autoregressive n1.odel.
Because the STAR model is an approximation to the data-generating process,
the argulnents are merely suggestive and not based on any asymptotic theory.
It suffices to study the block corresponding to the location parameters in the
average Hessian and show that it is approximately diagonal. Fron1 this it
follows that sequential estimation of threshold values yields quite accurate
estimates because the estimators of the thresholds are approximately inde
pendent. This will be demonstrated using the MLSTAR model (1.3) that
contains two transitions.

Assume that {Et}, t == 1, ... ,T, is a sequence of identically normally dis
tributed random variables with mean zero and variance (J"2. Then the log
likelihood of the STAR n1.odel with two transitions for observation t is

1 2 E;
It == a - - 111. a --

2 2(J"2 '

where a is a constant, and ct == Yt - x~{3~ - x~{3iGlt - x~{32C2t with
Cit == (1 + e-"Y(St-Ci)) -1 . Let

I(ISt - Cil < c"Y), i == 1,2,

where I(A)==l when A is true a11d zero otherwise. Thus

"Y (1 + e-I'(St-Ci)) -2 e-I'(St-Ci)

rGit(l - Git ).

(1.14)

(1.15)

For sufficiently large " derivative (1.15) only takes values greater than an ar
bitrarily sUlall positive constant in a SUIall neighbourhood described by the ar
gument of the indicator function (1.14). In particular, ,Git (l - Git)ISt=Ci == r/4.

Now, assume ICI - c21 > 6,.'1' where 6"Y > 0 is such that if 1 S t - cli < c"Y'
then 1St - c21 > c"Y and vice versa, where c"Y > O. Setting LT == ~;=llt, the
elements of the block of interest in the average Hessian are

1(1 ~( I *)2(8Cit )2 1~ (' *)82Git) ( )
0-2 T~ xtf3i f)Ci + T~ ct xtf3i act 1.16

~ :2 (1~~t,(X~{j;)2I(ISt-Cil<cl')) +0(1), i=1,2

35
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because I(ISt -ell < c,)I(ISt-C21 < E,) == o. As a consequence, the expression
(1.16) is of larger order of magnitude than (1.17), and the relevallt block of
the Hessian is approximately diagonal.

Simulation evidence

To verify that our estimates of c are reasonably accurate when the true number
of thresholds is greater than the number of thresholds estimated, consider the
DGP2 in our study,

_ { 2.7 + 0.8Yt-l - O.2Yt-2 + Ct, Yt-2::; 5
Yt - 6 + 1.9Yt-l - 1.2Yt-2 + Ct, 5 < Yt-2 ::; 12

1 + 0.7Yt-l - O.3Yt-2 + Ch Yt-2> 12.

(1.18)

When estimating a model with one threshold, the estimates are distributed as
follows:
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16
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32.--------_.__---.....,
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11.4 11.6 11.8 12.0 12.2 12.4

36...-------_.__------,

32

28

20

16

12

11.5 11.7 11.9 12.1

Figure 1.4: The first threshold estimate distributions for T == 200, T == 400
and T == 800.

The estimates are centered around the true value 12 and the spread of the
estimates diminishes when the sample size grows. The same seems to hold for
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a case where the outer reginles are identical:

_ { 2.7 + O.8Yt-l =O.2Yt-2 + Et, Yt-2:::; 5
Yt - 6 + 1.9Yt-l 1.2Yt-2 + Et, 5 < Yt-2 :::; 12

2.7 + 0.8Yt-l - O.2Yt-2 + Et, Yt-2> 12.
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(1.19)
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Figure 1.5: The first threshold estimate distributions for T == 200, T == 400
and T == 800.

Or alternatively:

Yt = {
2.7+ 0.8Yt-l - 0.2Yt-2 + Et, Yt-2::; 3

1 +0.7Yt-l - 0.3Yt-2 + Et, 3 < Yt-2 ::; 6
2.7 + 0.8Yt-l - O.2Yt-2 + Et, Yt-2 > 6.

(1.20)
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Figure 1.6: The first threshold estimate distributions for T == 200, T == 400
and T == 800.
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Tables

Table 1.1: GP-procedure, STAR-approach and Hansen's bootstrap: The
empirical size in per cent based on 2000 replications from model (1.7), using
2000 model-based bootstrap replications in Han.sen's procedure.

GP STAR
AIC BIC BIC2 BIC3 10% 5% 1 %

BOOTSTR,AP
10% 5% 1%

T == 200
p == 0.5 80.6 8.75 0.10 0.00 8.75 4.20 0.90 10.00 4.75 0.95
p == 0.7 81.3 9.15 0.05 0.00 7.65 3.35 0.75 10.10 5.10 1.30
p == 0.9 80.9 9.50 0.15 0.00 5.00 2.25 0.25 9.60 4.90 0.95
p == 1.0 88.8 16.35 0.45 1.05 5.65 2.20 0.30 12.30 6.65 1.60
T == 400
p == 0.5 83.1 4.70 0.00 0.00 9.35 3.85 0.70 9.25 4.20 0.75
p == 0.7 82.4 5.60 0.05 0.00 8.00 3.65 0.55 9.80 4.95 1.00
p == 0.9 81.8 6.35 0.00 0.00 6.60 3.20 0.10 10.35 5.05 1.00
p == 1.0 89.8 9.55 0.20 0.00 5.20 2.45 0.45 10.75 5.15 0.95
T == 600
p == 0.5 83.8 4.15 0.00 0.00 9.50 4.80 0.85 9.75 4.75 0.85
p == 0.7 83.3 3.80 0.00 0.00 8.90 4.00 0.70 10.35 4.35 0.75
p == 0.9 83.8 4.65 0.00 0.00 7.40 3.60 0.40 10.75 5.15 0.90
p == 1.0 89.4 8.35 0.10 0.00 5.25 2.15 0.25 12.10 5.90 1.40

41
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Table 1.2: GP-procedure, STAR-approach and Hansen's bootstrap: The
empirical size in per cent based on 2000 replications from AR(4), using 2000
Inodel-based bootstrap replications.

GP STAR
AlC BIC BIC2 BIC3 10% 5% 1 %

BOOTSTRAP
10% 5% 1%

T == 200
p == 0.5 61.3 0.15 0.00 0.00 8.55 4.25 0.75 9.60 4.30 0.80
p == 0.7 57.3 0.20 0.00 0.00 7.80 4.05 1.20 11.00 5.40 1.05
P == 0.9 59.9 0.30 0.00 0.00 6.80 3.10 0.60 10.05 4.55 1.10
p == 1.0 66.9 0.20 0.05 0.00 7.00 3.55 0.85 11.75 5.95 1.25
T == 400
P == 0.5 60.7 0.05 0.00 0.00 8.70 4.95 0.85 11.15 5.80 1.35
p == 0.7 59.9 0.00 0.00 0.00 9.10 4.50 0.90 10.80 5.10 0.85
p == 0.9 61.8 0.01 0.00 0.00 7.90 3.80 0.85 10.60 5.60 0.95
p == 1.0 67.6 0.10 0.00 0.00 7.35 3.30 0.60 12.00 6.00 1.35
T == 600
p == 0.5 62.0 0.05 0.00 0.00 10.00 4.85 0.70 10.30 5.30 1.05
p == 0.7 62.4 0.05 0.00 0.00 9.60 4.60 0.75 10.35 5.30 1.20
p == 0.9 62.8 0.00 0.00 0.00 9.25 4.30 0.95 10.85 5.45 1.00
p == 1.0 69.0 0.00 0.00 0.00 6.55 2.70 0.50 12.05 6.50 1.00
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Table 1.3: Adjusted (10% rule applied properly) Table 6 of GP: Selection
frequencies for DGP1, m == 1.

T = 200 m=O m= 1 m?-2
BIC 7.75 90.70 1.55
BIC2 9.60 90.40 0.00
BIC3 10.40 89.60 0.00
T= 400
BIC 1.30 97.95 0.75
BIC2 1.75 98.25 0.00
BIC3 2.30 97.70 0.00
T = 800
BIC 0.00 99.70 0.30
BIC2 0.05 99.95 0.00
BIC3 0.05 99.95 0.00

Table 1.4: STAR-approach and Hansen's bootstrap: Selection frequencies
for DGP1, m == 1.

STAR BOOTSTRAP
T= 200 m=O m= 1 m?- 2 m=O m= 1 m?-2
Q =0.10 21.10 76.30 2.60 6.80 86.75 6.45
Q =0.05 22.00 76.65 1.35 7.65 88.55 3.80
Q =0.01 23.50 76.05 0.45 8.55 90.10 1.35
T = 400
Q =0.10 8.65 89.25 2.10 1.00 93.90 5.10
Q =0.05 8.80 90.25 0.95 1.15 96.25 2.60
Q =0.01 9.10 90.75 0.15 1.35 98.05 0.60
T = 800
Q =0.10 1.20 97.70 1.10 0.00 95.90 4.10
Q =0.05 1.20 98.30 0.50 0.00 98.10 1.90
Q =0.01 1.20 98.75 0.05 0.05 99.75 0.20
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Table 1.5: STAR-approach: Selection frequencies for DGPI when not apply
ing the 10% regime-size rule.

T == 200 in == a m== 1 m"2 2
ex == 0.10 8.65 87.20 4.15
ex == 0.05 10.05 87.80 2.15
ex == 0.01 12.05 87.35 0.60
T== 400
0'==0.10 1.75 94.20 4.05
ex == 0.05 1.95 96.10 1.95
ex == 0.01 2.45 97.15 0.40
T = 800
ex == 0.10 0.00 96.30 3.70
0' == 0.05 0.00 98.15 1.85
ex == 0.01 I 0.05 99.45 0.50
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Table 1.6: Adjusted (10% rule applied properly) Table 7 of GP: Selection
frequencies for DGP2, m == 2.

T = 200 m'5: 1 m= 2 m~3

BIC 0.00 94.20 5.80
BIC2 0.00 100.00 0.00
BIC3 0.00 100.00 0.00
T =400
BIC 0.00 97.55 2.45
BIC2 0.00 100.00 0.00
BIC3 0.00 100.00 0.00
T = 800
BIC 0.00 98.70 1.30
BIC2 0.00 100.00 0.00
BIC3 0.00 100.00 0.00

Table 1.7: Selection frequencies for DGP2, m
Hansen's bootstrap.

2, STAR-approach and

STAR BOOTSTRAP
T = 200 m~ 1 m=2 m~3 m:::; 1 m=2 Fh 2 3
0:=0.10 0.40 97.80 1.80 0.00 63.80 36.20
0: = 0.05 0.90 98.05 1.05 0.00 73.80 26.20
0: = 0.01 4.90 94.95 0.15 0.00 88.95 11.05
T = 400
0: = 0.10 0.00 97.55 2.45
0: = 0.05 0.00 99.00 1.00
0: = 0.01 0.00 99.75 0.25
T = 800
0: = 0.10 0.00 97.40 2.60
0: = 0.05 0.00 98.45 1.55
0: = 0.01 0.00 99.75 0.25
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Table 1.8: Selection frequencies for model (1.12), m == 1, for four informa
tion criterion-based methods, for the STAR-based approach alld for the ho
Inoskedastic model-based bootstrap (denoted by subscript H), using starting
significance levels ex == 0.10, ex == 0.05, ex == 0.01.

T == 200 iTt == 0 m== 1 iTt? 2
AIC 0.60 63.00 36.40
BIC 71.10 28.90 0.00
BIC2 100.00 0.00 0.00
BIC3 100.00 0.00 0.00
Q == 0.10 26.90 70.00 3.10
Q == 0.05 34.30 64.75 0.95
Q == 0.01 51.75 48.05 0.20
QH == 0.10 14.35 80.90 4.75
QH == 0.05 17.45 80.25 2.30
QH == 0.01 26.50 73.05 0.45
T = 400
AlC 0.05 64.55 35.40
BTC 18.80 81.20 0.00
BIC2 95.80 4.20 0.00
BIC3 100.00 0.00 0.00
Q == 0.10 9.15 87.05 3.80
Q == 0.05 10.35 87.55 2.55
Q == 0.01 14.20 85.30 0.50
QH = 0.10 1.85 93.05 5.10
QH == 0.05 2.65 95.00 2.35
QH == 0.01 4.45 94.95 0.60
T == 800
AlC 0.00 65.80 34.20
BIC 1.60 98.40 0.00
BIC2 21.05 78.95 0.00
BIC3 91.45 8.55 0.00
Q == 0.10 5.00 90.70 4.30
Q == 0.05 5.05 92.45 2.50
Q == 0.01 5.20 94.30 0.50
QH == 0.10 0.00 94.70 5.30
QH == 0.05 0.00 97.45 2.55
QH == 0.01 0.00 99.35 0.65
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Table 1.9: Results of sequential model selection procedures. Here d denotes
the estimated delay defining the threshold variable and iii is the estin1ated
number of thresholds. Asterisk (*) indicates the cases where the threshold
variable was assumed known in advance.

yt-d t:i.Yt-d

d iii d in
BICI 8* 1 1* 1
BIC2 8* 0 1* 0
BIC3 8* 0 1* 0
0.==0.10 8 1 1 1
0.==0.05 8 1 1 1
0.==0.01 8 1 1 1
aH == 0.10 8 2 1 1
aH == 0.05 8 2 1 1
O'.H == 0.01 8 1 1 1
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Determining the number of structural breaks

2.1 Introduction

51

Models with structlIral breaks (SB) have been of interest to many researchers
for at least the last fOlIr decades. The model builder faces several problems:
first one has to test for a structural change in the parameters of the model
and then estimate both the number and the location of breaks.

Most of the work in this area of research has been related to the case of
detecting and estinlating a single break. See Chow (1960), Andrews (1993),
and Bai, Lumsdaine, and Stock (1998), among others. The questions related
to multiple structural changes have received somewhat less attention. Early
works include Yao (1988) and Liu, Wu, and Zidek (1997) who advocated the
use of the (modified) Bayesian Information Criterion and showed that the llUlll
ber of breaks call be estinlated consistently (at least for a normal sequence of
random variables with shifts in mean). In Bai (1997) it was shown that one
can consistently estimate break-points, one-by-one, in a multiple break 11lodel
even when the number of breaks estimated is smaller than the actual number
of breaks. He also proposed a simple sequelltial procedure for consistently esti
mating the nunlber of breaks. In a selninal paper Bai and Perron (1998) proved
consistency of the estimators of the break dates, provided tests for multiple
structural changes and constructed confidellce intervals for the break dates.
Last, but not least, they also proposed several methods (one of which is purely
sequential) for deternlining the number of breaks and efficient algorithms for
computing the estimates. In two companion papers, see Bai and Perron (2001,
2003a), the authors considered practical lllatters related to the ITlethods pro
posed in Bai and Perron (1998): such as the behaviour of estimators and tests
in finite samples, and comparisons between different methods for determining
the 11umber of breaks. Since all the tests considered have nOl1.standard dis
tributions, Bai and Perron (2003b) also provided asymptotic critical values
for a set of possible specifications (nolninallevel 0: == {0.10, 0.05, 0.025, 0.01},
the mininlum relative regime size ER == {0.05, 0.10, 0.15, 0.20, 0.25} and the
number of regressors whose parameters are allowed to vary across regimes
q == 1, ... ,10). In coming sections, we refer to papers by Bai and Perron
providing the theory and simulations results, and to the methodology in
general, as BP.

More recently, Prodan (2003) proposed a new procedure, including a
restricted version designed to detect trend reversions, for choosing the number
of breaks. This method is based on a sequence of likelihood ratio-type tests
of Bai (1999) for which the critical values have to be bootstrapped.

The main limitation of the current implementation of Bai and Perron
sequential procedure is that critical values exist for a restricted number of
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combinations only (four significance levels, five regime sizes, up to ten
regressors). If one wants to test for breaks, say, in 11 monthly dunlJuies,
then one would have to simulate the critical values. Furthermore, as docu
luented in Prodan (2003), the asymptotic critical values obtained under the
null of independent and identically distributed errors might be inadequate for
relatively short (in her simulations T == 125) but persistent series, which in
turn can cause severe size distortions. The main liluitatioll of the procedure
proposed by Prodan is that it is rather time-consuming since the critical values
have to be bootstrapped for every test in tIle sequence.

In this chapter we propose an alternative sequelltial procedure for deter
mining the number of breaks in a structural break model. The technique itself
is based on a sequence of misspecification tests of (multiple) Smooth Transition
Regression (STR) models where a model with m breaks (transitions) is tested
against one with m + 1 breaks. Its advantages include the fact that standard
statistical inference applies and the modeller has approximate control over
the significance level of each test. No claims about the asymptotic properties
of our procedure can be made, however, because in the present context the
STR model is merely an approximation to the true switching regression data
generating process. Nevertheless, in practice the illodel (or break) selection
problem is a finite-sample problem. Therefore it will be sufficient to show that
the procedure works in a satisfactory fashioll in small and n10derate samples.
Furthermore, our technique is easy to implement, it imposes no restrictions
on the nUluber of regressors, (approximate) significance levels of iIldividual
tests or minimum regime size. It can be applied to situations where all para
Hleters are assunled to change over tinle (pure structural change Hlodel) and
to the ones in which just a subset of parameters is subject to change (partial
structural change model). The procedure is analogous to tl1e one suggested
in Chapter 1 for finding the number of regimes in a threshold autoregressive
luodel.

The plan of the chapter is as follows. Section 2.2 gives a short overview
of STR models. Section 2.3 describes our method step-by-step. Section 2.4
contains the results of a simulation study. The size and power properties of
our method are discussed and con1pared to results in Bai and Perron (2001).
Section 2.5 concludes.

2.2 Smooth transition regression model

The general idea underlying our procedure is quite old. Goldfeld and Quandt
(1972, pp. 263-264) considered the estimation of paranleters in the switching



2.2. Sl1100th transition regression model 53

regression model and pointed out that discontinuity of the log-likelihood
complicates the estin1ation. Their suggestion was to replace the sudden switch
by a sn100th transition. This removes the discontinuity, and the parameters
of the resulting smooth transition regression model can be estimated by con
ditional maximum likelihood, using an appropriate iterative algorithm.

In this chapter we will apply the idea of approximating sudden changes
with smooth transitions to the regime selection problem. That, in turn,
allows us to use standard iI1ference in determining the number of regimes
in a (n1ultiple) structural break model.

A classical logistic STR (LSTR) model for a univariate time series Yt is
given by

t == 1, ... , T, (2.1 )

where Xt == (1,X1t,X2t, ... ,Xkt)' == (l,Yt-l, ... ,Yt-p,Wlt, ... ,Wnt)' (l,Xt)'
with k == p + n is a ((k + 1) xl) vector of explanatory variables, {3o and {31
are ((k + 1) x 1) paran1eter vectors and {Et} is a sequence of independent,
normally distributed errors with zero Inean and variance (J2. The transition
function G lt in (2.1) is defined as follows:

As 11 ~ 00 in (2.2) , the logistic function G1t approaches the indicator function
[[St > Cl] and the LSTR model becomes a switching regressioIl (SR) n10del.
The paralneter Cl is then the switch or breakpoint parameter. Thus the STR
model (2.1) with (2.2) is a reasonable approximation to the SR model when
rl is sufficiently large. Letting the variable St == t (or, rescaling time to be
between 0 and 1, St == t* == tiT) and 1 ~ 00, we obtain a single structural
break model.

Analogously, we can approxiInate a multiple structural change model with
a Multiple LSTR (MLSTR) model. For example, an MLSTR model with two
transitions has the form

'{3* '(3*G ' a*GYt == x t 0 + X t 1 1t + X t fJ2 2t + Et, (2.3)

where the transition function G2t == G2 (t*; 12, C2) is defined as in (2.2). For
the purposes of this chapter we set 11 == 12 == 1.
To illustrate how MLSTR model (2.3) mimics a structural break model with
three regimes, we reparameterize (2.3) as follows:
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Figure 2.1: Three regiIlles

Letting r --* 00, we get a piecewise linear form. Figure 2.1 depicts the approxi
n'lation to the three regimes created by G It and G 2t in (2.4), when r == 200,
Cl == 0.3, C2 == 0.6 and St == tiT.

Rearranging the terms in (2.4) , we obtain

or more generally, in case of (m + 1) regin'les:

m+l

Yt x~(31 + L x~ ((3j - (3j-l) Gj-I,t + Et
j=2

m

x~(31 (1- G lt ) + Lx~(3j (Gj-I,t - G jt ) +X~(3m+lGmt +Et·
j=2

Suppose now that the true model is a structural change n10del with two
breaks. We can approxin1ate this model by the STR model (2.5) where r is
large and known. Suppose, however, that we estimate (2.1) wit11 r large and
known using maxin1um likelihood. How does this ll1isspecification affect our
break date estimates? Analogously to BP, we argue that underspecification of
the number of regimes hardly affects the estill1ates of Ci, Le. our breakpoint
parameter estimates. In other words, in our three-regime example, Cl can be
estimated reasonably accurately even when the number of regimes is misspe
cified by ignoring G2t in (2.5). As already mentioned, no asymptotic properties
are claimed for this method because equation (2.5) is just an approximation
to the three-regime structural break model.

Bai (1997) proved that consistent estimation of breaks is possible even
when the breakpoints are estimated sequentially. In the appendix of Chapter 1
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it was shown that block corresponding to the location parameters of the
1\1LSTR model in the average Hessian used as an estimate of the covariance
matrix of the average score function is approximately diagonal when 1 is large.
The same result holds when St == t*, which is the case here. This means that
even in this situation the location parameters can be estimated practically
independently of each other, which is necessary for our sequential procedure
to work.

2.3 Smooth transition-based break detection

In this section we describe our procedure for detern'liniIlg the number of break
points in the piecewise linear structural break model. Let m denote the num
ber of breaks. The starting-point of our procedure is that the true model is a
linear model, so that the first choice is between m == 0 (linearity) and m == 1
(two regimes). As a whole, the procedure works as follows:

1. Test linearity of (2.1) (i.e 1 == 0 in G1t (t*;" C1))' In order to circum
vent tIle identification problem, approximate the transition function by
its Taylor expansion around 1 == O. The third-order approximation can
be written as T3 == 60 + 61 t* + 62 t*2 + 63 t*3 + R3 (r, c; t*) where R3 is the
remainder and 60,61,62 and 63 are constants. Substituting T3 for G1 in
(2.1) and reparameterizing we obtain

where q = Et + (X~{31) R3 (r, c; t* ). The parameter vectors ()j = ''',/1)j ,

where OJ =I 0, and thus our null hypothesis of linearity (parameter
constancy) in (2.1) implies H~ : OJ == 0, j == 1,2,3, in (2.6). Since
the auxiliary regression (2.6) is linear in parameters and E; == Et under
H~, one can test this null hypothesis by a straightforward Lagrange Mul
tiplier (LlVI)-type test

X'iM == (j-2 (t UtWt ),eMu - MlOMoOlMOl)-l (tWtUt) , (2.7)
t~l t~l

-- T -- -- T -- Twhere Moo == 2:t~l ZtZ~, MOl == M~o == 2:t~l ZtW~, M ll == 2:t~l WtW~,

82 == liT 2:i=l ur· Here Ut is the residual estimated under the null
hypothesis, Zt == Xt and Wt == (Xtt*, x t t*2, x tt*3). Under the null hypo
thesis, the test statistic has an asymptotic X2-distribution with 3(k + 1)
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degrees of freedom. This result requires the existence of all the 1110ments
implied by (2.7).

The test can also be based on the first-order Taylor approximation of Glt .

In that case T1 == 60 + 61t* + RICy, c; t*), where R1 is the remainder and
60 and 61 are constants, and one substitutes T1 for for G1 in (2.1). The
null of linearity is now (}1 == 0 in (2.6) whereas (}2 == (}3 == 0 by definition.
This variant of the test is less powerful than the test of HS in (2.6) in cases
where the process is returning back to its original level after the seco11d
break. It has only trivial power when the only breaking parameter of the
model is the intercept. We return to these issues in Sectioll 2.4 where
we conlpare the performance of different tests by simulation. For further
discussion of the LM-type test, see, for exanlple, Luukkonen, Saikkonen,
and Terasvirta (1988) or Terasvirta (1998).

Following the recommendation in n1any papers, we use an F-approxi
mation to the XIM statistic. The test can be carried out in three stages
using just linear regressions:

(a) Regress Yt on Xt and cOlnpute the residual sum of squares
T

1 ,",--2
SSRo == T L...J U t .

t=l

(b) Regress Ut (or Yt) on x(, xtt*, x t t*2 and x t t*3, and compute the
1 T

residual sum of squares SSR1 = T L:vt
t=l

(c) Compute
F == (SSRo - SSR1)/(3(k + 1))

SSRl/(T - 4k - 4) .

This statistic is approximately F3(k+I),T-4k-4 distributed under the null
of linearity.

2. If the null hypothesis is rejected at a predetermined (approxin1ate)
sigllificance level 0:, estimate the parameters of (2.1) by nonlinear least
squares fixing! at a sufficiently high .but finite value. Then the STR
model approximates an SR model with one break (m == 1) at the time
fraction t* == CI, while the transition function still retains its smooth
character (as a result, the likelihood function is well-behaved).

3. If LSTAR model (2.1) with fixed! is accepted, test it against a Multiple
LSTAR model (2.5) with transition fllnctions Glt and G2t. This is done
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by making use of the Taylor expansion of the transition function G2t ,

see, for example, Eitrheim and Terasvirta (1996) or Terasvirta (1998).
Accept (2.5) if the null hypothesis is rejected at significance level TCX,

o < T < 1. Reducing the significance level compared to the preceding
test favours parsimonious models. Choosing T is left to the modeller: in
the simulations we set T == 1/2. Starting-values for the estimation may
be obtained by using the estimates of (31' (/32 - (31) and Cl. The starting
value for C2 is obtained by a one-dimensional grid search over a possible
set of candidates. This also yields an initial value for (33. The estimated
model is then tested for another regime. The sequential estimation and
testing is continued until the first acceptance of a 11Ull hypothesis. This
deternlines the nUITlber of breaks in the SR model.

4. Estimate consistently the paralueters of the final structural break model
by the dynamic progranlming algorithm, see Bai and Perron (2003a),
using the global minimization procedure with the given number of breaks.

It is easy to incorporate testing for partial structural breaks into this frame
work. The parameter constancy tests can be carried out for any subset of
parameters. This is done by setting some elements (the ones we assunle to be
constant) (31i == 0 in (2.1) a priori. This in turn means that the same elements
in auxiliary regressions are assumed to be equal to zero as well.

For our STR approximation procedure to work in the multivariate case,
we need to aSSUlue that Et are iid and that Xli? ... ,Xkt are jointly stationary.
In addition we require that all the cross-mOlllents EWitWjt and EYt-i'wjt, exist
(given that the coefficients of all explanatory variables among Xt are changing).
Finally, the errors are assumed uncorrelated with Xt.

It should be noted that when an SB model with m breaks is tested against
one with m + 1 breaks, m ~ 1, the asymptotic significance level of the test is
unknown. This is the case because the null luodel is then a smooth transition
approximation to the smaller structural change model. The critical value of
the F -statistic is determined by assuming that the unknown null distribution
is the F-distribution in question. In testing linearity or the no-break llYPo
thesis, however, the asymptotic significance level is known because then the
null model is not an approximation.

The lack of asymptotic inference may be viewed as a disadvantage from the
purely theoretical point of view, but the model selectioll problem is a finite
sanlple one and the test is computationally simple. Another advantage is that
our modelling strategy yields rather accurate values for the break dates (time
fractions) even when some of them lie at either end of the sample.
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2.4 Simulation study

In this section we investigate the small-sample behaviour of our model selec
tion procedure by simulation. This also allows us to compare the proposed
technique with the one Bai and Perron developed.

Several versions of the Bai and Perron testing sequence can be constructed
(and are supported in their GAUSS code) depending on the assumptions on
the distribution of the covariates and the errors across segluents: the errors
can be serially correlated or uncorrelated, regressors are either identically dis
tributed or are allowed to have heterogenous distributions across segments,
and finally also heteroskedasticity of residuals can be permitted. When serial
correlation and/or heteroskedasticity is present, BP use a heteroskedasticity
and serial correlation consistent (HAC) estimator of the parameter covariance
matrix and allow for prewhitening. The authors do not, however, give clear
guidelines for when prewhitening should be applied. For the simulation study,
they use prewhitening only when the data generating process involves serially
correlated errors. They do not discuss the size/power properties of their pro
cedure wIlen prewhitelling is applied to uncorrelated series or not applied
to serially correlated series. Our results suggest that this issue should be
addressed, because the power of the BP procedure can vary by 15 percentage
points when prewhitening is erroneollsly applied to uncorrelated series, see the
simulation study below. Bai and Perron also note that the correction for pos
sible serial correlation can be nlade, allowhlg the distribution of the regressors
and errors to differ across regimes. In the construction of the tests, tlley do
110t consider imposing tIle restriction that the distribution of the regressors Zt

be the same across segments even if they are. This means that they explicitly
allow the regressors to llave heterogenous distributions. Some illformation
about the size distortion implied by robustification, when the corresponding
features are not present in the data, can be found in Bai and Perron (2001).

We, on the other hand, do not make use of these above-mentioned nonpara
metric techniques. To make our procedure comparable with the Olle Bai and
Perron suggest, we use "parametric correction" for possible serial correlation.
This amounts to first determining the AR order of the linear model using BIC
(maximum lag l~ngth considered is p == 5) and setting up the testing sequence
as we do when testing for a partial structural change and letting only the para
meters of interest to change (the non-AR parameters in this study, if not noted
otherwise). This is how most practitioners would cope with serial correlation.
To be fair to both procedures, we report the results for both uncorrected and
corrected versions (even if the data generated COlltain no features that have to
be corrected for). The columns in Tables 2.1 - 2.7 labelled "Ll\;11" and "LM3"
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correspond to the STR-based procedure, making use of the first-order and
third-order Taylor expansion, respectively. "Corrected" test sequences involve
the nonparametric correction technique of BP and "parametric correction" in
STR-based tests. The subscript "pw" denotes that prewhitening has been
used in BP's sequence.

2.4.1 Estimating the empirical size

Following Bai and Perron (2001) we simll1ate a number of univariate models
with no structural changes and study how often the methods actually select
the alternative of no breaks. The models are as follows:

Generate data from

(a) Yt == et
(b) Yt == et + Wt

(c) Yt == 0.5Yt-1 + et
(d) Yt == 0.5Yt-1 + et
(e) Yt == 0. 5et-1 + et
(f) Yt == -0.3et-1 + et

Estimate Yt == z~l5j + Ut, j == 1, ... ,m + 1
Zt == {1}
Zt == {1, Wt}
Zt == {1, Yt-1}
Zt == {1}
Zt == {1}
Zt == {1}

where {et} f'.) nid(0,1), {Wt} f'.) nid(1,1) and tlncorrelated with {et}, and
Zt denotes the vector of covariates whose coefficients are allowed to change.
For each DGP, we generate 2000 Monte Carlo replications with T == 1201 .

Because the size of the BP sequential procedure is somewhat affected by the
size of the trilllllling ER (lllinilllulll relative regillle size), we report, following
their recommendations, the results using ER == 0.05 for cases with no serial
correlation correction, and ER == 0.20 for cases witll serially correlated errors
(if not otherwise noted). The nominal test size is 0: == 0.05. For the STR
based procedure, we choose T == 0.5, that is we halve the level of the test at
each consecutive step. This has no effect on size sinlulations, because the first
linearity test still has the correct nominal size. If we choose not to reduce the
level of the test at every step, that is T == 1, the only differences would appear
in probabilities P(m == a), a -=I- 0, where m denotes the number of breaks.

Table 2.1 contains the results for the six DGPs listed above. The size dis
tortion when correcting for non-existing serial correlation for our procedure
is minor, see panels (a) and (b). The size of the BP sequential procedure
depends heavily on whether prewhitening is used or not. Applying the pre
whitening for the DGP in panel (b) can cause a size distortion as large as

1We first generate 200 initial observations that will be removed, to minimize the possible
effect of the starting-values.
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10 percelltage points. In the presence of serial correlation, one should try to
correct for it, because ignoring its presence may lead to serious size distor
tions, see the results for the uncorrected versions of the tests in panels (d) and
(e). Both procedures are well sized when the serial correlation in the errors
is accounted for, although the BP procedure appears more oversized than our
technique when the nonzero autocorrelations are positive. Prewhitening does
affect the size of the BP sequential procedure even here, and not applying it
when it would be necessary to do so can cause noticeable size distortion, see
panel (d), for example.

A thorough discussion of size distortion in the Bai and Perron sequential
procedure can be fOllnd in Prodan (2003). Simple simulations with an AR(I)
model show that the size distortion becomes severe the closer we get to the
unit root. Our sinlulations support her results. Our "corrected" procedure
displays somewhat less size distortion than the BP sequential procedure, but is
still oversized when the autoregressive coefficient approaches one. On nominal
5% level with p == 0.9 we reject LM1 test in about 11% and the LM3 test in
about 21% of the cases (colupared to about 22% for BP).

2.4.2 Simulating structural break models

To study the power of the procedures, we again replicate the experiments in
Bai and Perron (2001). Even here, {Wt} rv nid(l, 1) and {et} ~ nid(O, 1), and
these sequences are nlutually uncorrelated. The n1inimum relative regime size
for cases with no error autocorrelation is ER == 0.05, and for cases with serial
correlation ER == 0.2, that is 20% of the length of the series.

A single break

First we look at a battery of data generating processes with a single break in
the middle of the series. The model has a general form

Yt == f-L I + VI Wt + et,

Yt == f-L2 + V2 Wt + et,

if

if

t ~ [0.5T]
t > [0.5T],

(2.8)

and we are testing for the break in both paran1eters, Le. Zt == {I, Wt}. The
results appear in Table 2.2. In the case of a single break, the power of our
procedure (either LlVI I or LM3 ) is generally somewhat higher than that of
the Bai-Perron sequential procedure. The test based on the first-order Taylor
approximation performs a bit better than the one based on the third-order
approxin1ation because in the case of a single break, the higher-order auxiliary
terms do not carry helpful extra information. Correcting for non-existing serial
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correlation does not seem to have a large effect on the power of our procedure.
The BP procedure, on the other hand, can lose as 11luch as 15 percentage
points of its power when prewhitening is applied. When prewhitening is not
applied, the results are similar to the ones of our Ll\11 test, see pallels (c), (f),
(g) and columns labelled "BP" and "BPpw" in Table 2.2.

Second, we consider two different DGPs (and two sample sizes) with one
break and serially correlated errors. The model has the following general form:

Yt == /-11 + Vt,

Yt == /-l2 + Vt,

if

if

t :S [O.5T]
t > [O.5T],

(2.9)

where Vt == O.5Vt-l + et and we are testing for the break in th.e intercept, Le.
Zt == {I}. TIle results appear in Table 2.3. Again, our LM 1 test does about as
well as the BP sequential procedure. It is easier to detect sn1.all breaks with
procedures without serial correlation correction than with procedures with
correction. A problen1 arises because the correction tends to partially absorb
the break. This seems to be true for both methods. If the jUlnp (the break is
in the intercept) is large enough, then accounting for serial correlation pays off
(panel (k)), otherwise the effect is rather the opposite. In three cases out of
four, the sequential n1ethod of BP has an advantage of a few percentage points
in power, but the differences are not large. Differences become somewhat
larger if one did (erroneously) not apply the prewhitening technique when
using BP's procedure, especially for smaller breaks alld sample sizes.

Two breaks

To see how the procedures compare to each other in the presence of multiple
structural breaks, we simulate data from the following model:

Yt

Yt

Yt

/-ll + V1 Wt + et,

/-l2 + V2 Wt + et,

/-l3 + V3 Wt + et,

if

if

if

1 < t :S [1/3T]
[1/3T] < t :S [2/3T]
[2/3T] < t < T.

(2.10)

In model (2.10) there are two equally-spaced breaks and all parameters of the
model are potentially subject to change (Zt == {I, Wt}), and the errors are
serially uncorrelated and homoskedastic. The results are presented in Table
2.4. If there are only breaks in th.e intercept, however large, the power loss for
our procedure is substantial whell correcting for non-existing serial correlation.
As an example, the power n1ay drop from 68% to 8%, see panel (g) in Table
2.4. This suggests that a break in the intercept can be "explained" by adding
dynamic structure to the n1odel. This, however is common practice in cases
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where tIlere is no prior inforlnation about the dynamic behaviour of Yt. The
loss in power is only a few percentage points when the other parameters change
as well. BP for some reason often gain from correcting for non-existing serial
correlation (and often even 111.0re so when prewhitening the data) and their
sequential procedure with (erroneous) correction is working better than ours.

In tIle presence of multiple breaks of opposite direction, the test based
on the third-order Taylor expansion (Ll\13 ) works better than the one based
on first-order approxinlation (Ll\11 ). Differences in the performance can be
large, see panels (g) and (i), for example. This can be explained by the added
flexibility in the third-order approximation that allows for nonmOllotonic and
asymmetric parameter 11onconstancy. The sequence based on LM1 still works
better than the one based on LM3 when the change in tIle parameters is
gradual, see panels (j) - (1). In that case the first break is often estimated
in the middle of the salnple and the second break becomes difficult to detect,
even with all the extra terms in the auxiliary regression.

To further study the properties of the tests, we simulate data with intercept
sllifts and serially correlated errors. That is,

Yt

Yt

Yt

!J;1 + Vt,

!J;2 + Vt,

!J;3 + Vt,

if

if

if

1 < t :S [1/3T]
[1/3T] < t :::; [2/3T]
[2/3T] < t < T,

(2.11 )

where Vt == 0.5Vt-l + et with {et} r--.; nid(O,l). We focus on cases where the
nlean returns to its old value at the second break, i.e !J;l == !J;3 == O. The results
can be found in Table 2.5. WIlen no correction is carried out for the serial
correlation present in the data, our procedure clearly dominates and the pro
cedure of BP selects nlodels with m ~ 3 more often than parsimonious models.
Our procedure also donlinates when the autocorrelation is accounted for,
except when shifts are sn1.all and samples short. As one would expect, the test
sequence based on the first-order Taylor approximation has no power at all,
but the one based on the third-order approximation perfornls very well. In
BP case, prewhitening improves the power when breaks are large and samples
long.

We replicate two more experiments from Bai and Perron (2001). The data
is generated from equation (2.10) bllt allowing the distribution of errors and
variables to change across segments. That is, we use:

w*t
w*t
w*t

nid(<;'1, 1),

nid(<;'2, 1),

11id(<;'3, 1),

if

if

if

1 < t :S [1/3T]
[1/3T] < t :S [2/3T]
[2/3T] < t < T

(2.12)
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and

nid(O, ar),
nid(O, a~),

nid(O, a~),

if

if

if

1 < t :::; [1/3T]

[1/3T] < t ~ [2/3T]
[2/3T] < t < T
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(2.13)

in (2.10).
In Table 2.6 we report the results of one of the experiments where the

fixed parameters (regression coefficients) are set as follows: VI == 1, V2 == 1.5,
V3 == 0.5 an.d Ml == 0, M2 == 0.5, M3 == -0.5. The nlininlunl relative regime
size is set to ER == 0.15. The changes in error variance and in the mean of w7
are of the same type: starting from value 1, jumping to a higller level, and
then returning to vallie 1 again. That is, for every DCP in this experinlent
at == a~ == 1 and <;1 == <;3 == 1.

The first few columns in Table 2.6 concern the case where no correction
for serial correlation and/or heteroskedasticity is made. Columns 6-9 refer
to the case most likely to be encountered in practice, which is correcting for
serial correlation but not accounting for changes in error variance. The last
column covers the results for the correct variallt of BP's test sequence. The test
statistics used there account for heteroskedasticity and do not allow for serial
correlation correction. That test performs exceptionally well and requires no
further comment. Currently there does not exist an STR counterpart to it.

When no correction is undertaken for heteroskedasticity or serial corre
lation, the BP procedure excels. That is to be expected, as their test accommo
dates the possibility of heterogenous regressors and, allowing for tllat possibil
ity, is highly recommended by BP. Although the best of the STR-based tests
is somewhat less powerful than tIle sequential procedure of BP, it is able to
choose m == 2 frequently enough, except for cases when the sanlple size is
small and either <;2 == 4 or a~ == 4 or both. In situations like that, a model
with a single break is selected more often than a model with two breaks. If
one corrects for the serial correlation, then results are mixed: no test clearly
dOlninates the other and the power of both methods decreases. BP can lose
even as mucll as 76 percentage points (see panel (d)) when prewllitening is
used, and even more when data are not prewhitened. At least in half of the
cases, the correction (partly) absorbs the changes, and models that are too
parsimonious are selected most frequently.

Table 2.7 reports the results of the other experinlent. The DGPs are SUCll
that the intercept and slope parameters increase at breakpoints gradually,
Le. VI == 1, V2 == 1.5, V3 == 2 and Ml == 0, M2 == 0.5, M3 == 1. Even here
at == a~ == 1 and <;1 == <;3 == 1 in all cases, whereas the second segment mean
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and variance differ from the values above. Minimum regin1e size is set to
tR == 0.20 to ensure tests with adequate sizes for BP procedure. Again, the
test wit11 exactly correct setup has the best performance, see the last column in
Table 2.7. The uncorrected version of BP performs somewhat better than ours,
because it has the advantage of explicitly allowing for heterogenous regressors.
For larger samples, our procedure is able to select m == 2 reasonably frequently.
In this case the serial correlation correction has a rather devastating effect on
t11e procedure of BP. Our procedure loses son1e power as well but not nearly
as much as BP and has superior power in five cases out of eight and about
equal power in two more.

The results of our technique depend somewhat on the choice of the discount
coefficient T. It is clear that increasing T luakes the strategy less parsimonious.
When T == 1, we retain tI1e same nominal level for each test in the sequence
and are more likely to choose less parsimonious models than if we choose
T < 1. When setting T == 1, our STR-based procedure can lose up to 5
percentage points in power for the current DCPs with one break compared to
the case T == 0.5. The hypothesis of only one break is rejected sOluewhat more
frequently and some probability mass is shifting from P(fii == 1) to P(m == 2).
On the other hand, for models with two breaks we can gain up to 15 percentage
points in power. Thjs is true for configurations where it was previollsly difficult
to detect the second break. We may also lose a little in the cases where the
number of breaks was estimated precisely, since now models with n10re than
two breaks have a chance to be selected. Setting T < 0.5 has the opposite
effect - parsimony is strongly preferred and findil1g the second break becomes
more difficult.

We can also conclude that it is not necessary to set the miI1in1um regime
size equal to 15-20% for the "corrected" cases when the STR-based procedure
is applied. One could easily set the mil1in1um regime length to be 5% of the
total sample size, without much affecting the power of our test. Depending
on the DGP, the average change would be less than one percentage point and
luaximum gains and losses about three percentage points.

Dynamic models and breaks

It is not completely clear, however, how one would in practice handle the
problem of detecting breaks in the presence of autocorrelation. The design
of the simulations just discussed implicitly suggests that the model builder is
primarily prepared for finding a break in the intercept. The conditional mean
of the simulated models has a very simple structure, and the error process is
assumed to be autocorrelated. An interesting question is what would happen if
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the breaks were of more gen.eral character. In order to illuminate this situation,
we simulated data from an AR(2) luodel with two structural breaks in the
dynamic behaviour of the process:

{

2.7 + O.8Yt-l - O.2Yt-2 + ct if 1 < t ~ [1/3T]
Yt == 0.3 - O.2Yt-l + O.5Yt-2 + Et if [1/3T] < t ~ [2/3T]

1 + O.7Yt-l - O.3Yt-2 + Et if [2/3T] < t < T.
(2.14 )

In (2.14) each segment is covariance stationary and an exan1ple of a generated
series can be found in Figure 2.2.

s:=.----~-~-----.--_,__----___r----__.___----.....__---.----___,

, 0

Figure 2.2

We consider the following three strategies for proceeding that are also suppor
ted in the GAUSS code of BP:

• Strategy (1): One makes the assumption that there are breaks in the
overall unconditional mean of the process but that the dynamics are not
changing over time. In that case, when USillg BP's sequential method,
one would only test for breaks in the intercept and correct for possible
serial correlation in the errors using nonparametric methods.

• Strategy (2): One aSSUlues that both the mean and the dynanlics of the
process are changing over time, but that the distribution of regressors
should be the same in every segn1ent. This would mean that the AR or
der of the model is first selected by an appropriate information criterion
and the n10del is then tested for structural breaks using the homoge11ous
version of BPs sequential procedure.

• Strategy (3): One proceeds as in Strategy (2) but follows the recon1
mendations of BP and relaxes the homogeneity assunlption.
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III Table 2.8 we report the model selection frequencies of the sequential pro
cedure of BP for those three strategies and the model selection frequencies
of the "practitioner's strategy" (similar to the second strategy above) when
using our STR-based n~etllod. It is clear from the table that just prewhitening
and using the HAC estimator is not sufficient. The frequency of choosing the
correct number of breaks in the column corresponding to the first strategy is
relatively low. Conlparing the resll1ts in columns (2) and (3), it is obvious
why Bai and Perron strongly recommend one allows for different variallces of
regressors across segmellts, or in this case, a different variance for y in each
regime. It appears that this assumption has a large positive effect on power.
It is rather striking how much the results in columns (2) alld (3) can differ
fronl each other. STR-based procedures perform as expected, LM3 is more
powerful than LMI because there are two breaks in the simulated model. This
small experiment indicates that model uncertainty is a serious issue and that
results depend on the modelling approach used in the study.

2.5 Conclusions

In this chapter we show how a smooth transition regression approximation to
a piecewise lillear structural break model is useful in determining the number
of breaks in the latter model when it is not known in advance. The approach
proposed and simulated in the chapter is based on sequential hypothesis testing
and is simple to apply in practice. The whole procedure is based on standard
inference and the user can (approximately) control tIle overall significance level
of the tests in the sequence. In addition, no restrictions are imposed on the
number of changing parameters. The simulations show that our procedure is
well-sized and works very well in comparison with the sequential procedure
suggested by Bai and Perron. Neither of the alternatives dominates the other
in snlall and moderate samples.

The examples discussed above show that the results of both our and Bai
alld Perron's approaclles depend on the way the error autocorrelatioll is being
taken care of. Adding lags to the model is a common practice, but sonletimes
small breaks can get absorbed by tIle extra dynamics. Then again, in practice
a firm knowledge of the presence of a break is rather an exception than rule
and a casual n~odeller would add lags to the model. One has to be careful
when applying Bai and Perron's technique as well. The results can depend
heavily on the assun~ptions one is or is not willing to nlake about the error
term aIld series at hand. Allowing for different distributions of covariates in
different segments helps a great deal, but an unnecessary prewhitelling can
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considerably weaken the procedure's ability to detect breaks.
Overall, our STR-based method can be considered a complement to the

classical approach of Bai and Perron. Our procedure may be extended to
accoll1illodate heteroskedasticity by making the error variance change over
time at the same points as the mean. This extension is, however, left for
further research.
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Tables

Table 2.1: Selection frequencies of Bai and Perron sequential
procedure (BP) and STR-based procedures (LM1 and LM3 ). Data
are gellerated with no breaks, i.e. m == O.

Uncorrected Corrected
Model Choice BP LM 1 LlV13 BP pw BP LM1 LM3

m=O 95.15 94.15 95.55 93.60 94.35 94.25 95.55
(a) m= 1 4.70 5.85 4.10 6.15 5.55 5.75 4.00

m=2 0.15 0.00 0.35 0.25 0.10 0.00 0.45

m=O 95.95 94.45 95.55 84.40 94.00 94.55 95.50
(b) m = 1 3.90 5.55 4.25 13.50 5.80 5.45 4.15

'm= 2 0.15 0.00 0.20 1.95 0.20 0.00 0.35

m=O 95.15 95.35 94.40
(c) m= 1 4.50 4.60 4.90

m=2 0.30 0.05 0.55

'm=O 46.90 73.30 53.90 91.90 86.20 93.75 93.15
(d) m= 1 28.15 25.00 30.80 7.45 12.70 6.25 6.10

m==2 16.85 1.70 13.10 0.65 1.05 0.00 0.75

m=O 73.75 84.35 77.15 97.70 90.55 94.60 93.95
(e) m= 1 20.70 15.50 18.30 2.20 9.15 5.40 5.30

m= 2 4.95 0.15 4.05 0.10 0.30 0.00 0.75

m == 0 99.85 99.70 99.90 97.35 97.40 97.20 97.70
(f) m=1 0.15 0.30 0.10 2.55 2.45 2.80 2.25

m=2 0.00 0.00 0.00 0.10 0.15 0.00 0.05

Notes: The table contains selection frequencies in per cent based on 2000
1.1onte Carlo replications. Columns labelled "Uncorrected" contain the re-
sults when not correcting for serial correlation, and columns labelled "Cor-
rected" correspond to tests that correct for serial correlation either non-
parametrically or parametrically. The column labelled "BPpw" contains
the results of the BP sequential test when prewhitening is applied before
estimating the long-run covariance matrix. The columns labelled "L1\I1 1 "

and "LM3 " correspond to the STR-based tests that make use of the first-
order and third-order Taylor expansions, respectively.
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Table 2.2: Model selection frequencies of the uncorrected and corrected
versions of the BP and STR-based procedures. Data are generated fron1
equation (2.8), i.e. errors are uncorrelated and m == 1.

Uncorrected Corrected
l\1odel Choice SP Ll\1 1 LM3 SPpw SP LM 1 LM3

Change in the intercept only: VI == V2 == 1

/-11 == 0 m==O 55.75 46.50 58.80 36.75 44.25 47.00 59.65
(a) /-12 == 0.5 'm == 1 42.60 52.50 39.85 54.65 53.95 52.60 39.35

T == 120 m== 2 1.60 0.95 1.20 8.00 1.80 0.40 1.00

/-11 == 0 m == 0 20.20 14.90 25.25 14.25 13.60 15.35 25.75
(b) /-12 == 0.5 m == 1 77.85 83.60 73.35 78.00 84.60 83.45 73.30

T == 240 m==2 1.95 1.35 1.35 7.70 1.75 1.15 0.90

/-11 == 0 m == 0 0.90 0.85 2.95 1.35 0.45 2.25 5.25
(c) /-12 == 1 m == 1 95.00 96.25 94.60 80.90 95.20 96.25 93.60

T == 120 m==2 4.10 2.85 2.30 16.95 4.30 1.50 1.15

Change in the slope only: /-11 = /-12 = 0

VI == 1 m== 0 21.85 15.40 26.75 11.55 14.75 15.85 27.10
(d) V2 == 1.5 m== 1 75.45 83.25 70.90 73.50 82.30 83.20 71.15

T = 120 m==2 2.65 1.35 2.30 14.35 2.95 0.90 1.75

VI == 1 m=O 0.30 0.30 1.10 0.10 0.15 0.45 1.55
(e) V2 == 1.5 m == 1 95.75 96.50 95.85 82.15 95.20 97.85 96.95

T == 240 m= 2 3.90 3.05 2.70 17.00 4.60 1.65 1.45

Change in all parameters: VI == 1, /-11 == a
V2 == 1.5 m=O 0.05 0.05 0.05 0.10 0.05 0.05 0.05

(f) /-12 = 0.5 m== 1 96.20 96.55 95.70 81.85 95.20 97.85 98.00
T == 120 m == 2 3.65 3.25 3.85 17.25 4.75 2.05 1.90

1/2 == 2 m==O 0.00 0.00 0.00 0.00 0.00 0.00 0.00
(g) /-12 == 1 m== 1 95.40 96.30 95.25 81.65 95.20 99.10 98.35

T == 120 m == 2 4.55 3.55 4.30 17.55 4.75 0.90 1.65

Notes: The table contains selection frequencies in per cent based on 2000 l\1onte
Carlo replications. Columns labelled "Uncorrected" contain the results when not
correcting for serial correlation, and columns labelled "Corrected" correspond to
tests that correct for serial correlation either nonparametrically or parametrically.
The column labelled "BPpw" contains the results of the BP sequential test when pre-
whitening is applied before estimating the long-run covariance matrix. The columns
labelled "LM1 " and "LM3" correspond to the STR-based tests that make use of the
first-order and third-order Taylor expansions, respectively.
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Table 2.3: Model selection frequencies of the uncorrected and corrected
versions of the BP and STR-based procedures. Data are generated from
equation (2.9), i.e. errors are serially correlated and m == 1.

Uncorrected Corrected
Model Choice BP LM 1 Ll\!13 BP pw BP Ll\1 1 LM3

f-Ll = 0 m=O 27.15 46.55 34.35 75.35 64.80 78.35 82.25
(h) f-L2 = 0.5 m = 1 38.20 48.35 46.05 24.10 33.55 21.55 17.00

T = 120 m=2 24.15 5.05 16.20 0.55 1.65 0.10 0.75

f-Ll = 0 m=O 14.85 30.00 23.05 62.30 52.05 62.60 71.60
(i) f-L2 = 0.5 m = 1 41.25 61.00 52.95 36.60 46.05 37.20 27.55

T = 240 m=2 26.60 8.40 20.00 1.05 0.85 0.20 0.85

f-Ll = 0 m=O 4.95 10.80 7.80 32.85 23.60 41.00 52.30
(j) f-L2 = 1 m= 1 49.35 75.80 65.75 64.20 70.80 58.70 46.65

T = 120 m=2 30.90 12.60 21.75 2.85 5.40 0.30 1.00

f-Ll = 0 m=O 0.40 1.40 0.75 8.15 5.00 11.15 19.10
(k ) f-L2 = 1 m= 1 43.85 80.50 67.95 89.05 89.80 87.60 79.95

T = 240 m=2 32.75 16.85 25.45 2.75 5.15 1.25 0.95

Nates: The table contains selection frequencies in per cent based on 2000 Monte Carlo
replications. Columns labelled "Uncorrected" contain the results when not correcting
for serial correlation, and columns labelled "Corrected" correspond to tests that cor
rect for serial correlation either nonparametrically or parametrically. The column
labelled "BP pw " contains the results of the BP sequential test when prewhitening
is applied before estimating the long-run covariance matrix. The columns labelled
"LM 1" and "LM3 " correspond to the STR-based tests that make use of the first-order
and third-order Taylor expansions, respectively.
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Table 2.4: Model selection frequencies of the uncorrected and corrected
versions of the BP and STR-based procedures. Data are generated from
equation (2.10), m == 2.

Uncorrected Corrected
l\1odel Choice BP L1\11 1 LM3 BPP1V BP LM l LM3

Change in the intercept only: VI == V2 == 1./3 == 1

J-LI == 0 m == 0 88.90 95.10 79.90 70.10 82.70 95.30 80.70
(a) J-L2 == 0.5 m == 1 9.60 4.60 16.05 17.65 13.45 4.50 14.25

J-L3 == 0 m == 2 1.50 0.30 3.75 11.55 3.85 0.20 5.00
m == 3 0.00 0.00 0.30 0.70 0.00 0.00 0.05

fl'l == 0 m==O 57.60 97.15 29.60 52.00 57.25 97.55 39.25
(b) J-L2 = 1 m == 1 8.90 1.70 23.95 6.45 6.55 1.60 20.95

J-L3 == a m == 2 31.30 1.15 45.35 40.10 36.10 0.85 39.80
m == 3 2.15 0.00 1.10 1.45 0.10 0.00 0.00

J-Ll = a m=O 0.00 0.00 0.00 0.00 0.00 0.00 0.40
(c) J-L2 == 1 m == 1 41.50 42.90 62.00 25.05 31.40 65.55 79.85

J-L3 == 2 m == 2 55.10 55.95 37.20 72.85 68.15 34.45 19.75
m == 3 3.20 1.15 0.80 2.10 0.45 0.00 0.00

J-Ll == 0 m=O 0.00 10.40 0.05 0.45 0.00 57.50 17.45
(d) J-L2 = 1 m == 1 12.45 23.65 33.75 10.45 9.25 22.10 39.00

J-L3 == -1 m == 2 83.45 64.90 65.10 88.55 90.70 20.40 43.55
m=3 4.00 1.05 1.10 0.55 0.05 0.00 0.00

J-Ll = a m== a 0.00 0.00 0.00 0.00 0.00 35.50 15.65
(e) J-L2 ==-1 m== 1 14.80 31.00 38.05 11.50 10.90 31.45 45.90

J-L3 == 2 'm == 2 81.80 65.15 58.80 87.90 88.95 33.05 38.45
m=3 3.30 3.85 3.15 0.60 0.15 0.00 0.00

J-Ll == a m==O 0.00 0.00 0.00 0.00 0.00 0.05 0.45
(f) J-L2 == 1 rn == 1 14.25 17.60 30.45 11.05 9.65 48.85 66.25

J-L3 = 3 m==2 80.95 80.10 67.65 88.40 90.20 51.10 33.25
m==3 4.60 2.30 1.90 0.55 0.15 0.00 0.05

J-Ll == 0 m==O 0.00 29.25 0.00 0.55 0.55 88.90 37.95
(g) J-L2 == 2 m== 1 0.00 1.55 0.95 0.00 0.00 3.00 7.75

J-L3 ==-1 m==2 93.95 67.50 95.65 99.35 99.35 8.10 54.30
m==3 5.85 1.70 3.40 0.10 0.10 0.00 0.00

Notes: See the Notes of Table 2.3.
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Table 2.4: Model selection frequencies of the uncorrected and corrected
versions of the BP and STR-based procedures. Data are generated from
equation (2.10), m == 2, (cant.).

Uncorrected Corrected
Model Choice BP LIVI I L1VI3 BPpw BP LM I LM3

Change in the slope only: f-LI == f-L2 == f-L3 = a

VI == 1 m==O 78.05 95.30 60.65 58.60 74.45 95.35 61.35
(h) V2 == 1.5 m= 1 14.35 3.85 24.40 13.90 14.00 3.75 22.15

V3 == 1 m=2 7.25 0.85 14.70 26.15 11.45 0.90 16.45
m==3 0.35 0.00 0.25 1.35 0.10 0.00 0.05

VI == 1 m==O 20.05 96.20 6.55 31.40 53.60 96.30 7.60
(i) V2 == 2 m== 1 1.25 0.90 7.90 1.25 1.10 1.05 8.15

V3 == 1 m==2 72.20 2.90 83.00 65.40 44.95 2.65 84.20
1TI == 3 6.35 0.00 2.55 1.95 0.35 0.00 0.05

VI == 1 m==O 0.25 0.10 0.50 0.30 0.50 0.10 0.55
(j) V2 == 1.5 m= 1 86.70 81.65 89.45 56.30 75.85 83.60 90.75

V3 == 2 m==2 12.55 18.00 9.65 42.15 23.55 16.30 8.70
m=3 0.50 0.25 0.40 1.25 0.10 0.00 0.00

VI == 1 m==O 0.00 0.00 0.00 0.00 0.00 0.00 0.00
(k) V2 == 2 m= 1 2.35 5.05 10.15 2.05 3.40 10.10 16.75

V3 == 3 m==2 89.50 91.10 86.40 94.10 95.45 89.85 83.20
m=3 7.75 3.85 3.45 3.85 1.15 0.05 0.05

VI == 1 m=O 0.00 0.00 0.00 0.00 0.00 0.00 0.00
(1) V2 == 0.5 m == 1 60.95 57.55 71.70 35.70 50.15 65.05 78.95

V3 == -0.5 m==2 37.50 41.55 27.75 62.50 49.55 34.95 21.05
'm== 3 1.55 0.90 0.55 1.80 0.30 0.00 0.00

Change in all parameters

f-Ll == 0, VI == 1 m==O 87.85 94.40 79.40 76.20 82.05 94.60 79.55
(m) f-L2 == 0.5, V2 = 0.5 m== 1 10.55 5.30 16.80 15.85 14.70 5.10 15.70

f-L3 = 0, V3 = 1 m=2 1.55 0.30 3.65 7.60 3.20 0.30 4.65
m=3 0.05 0.00 0.15 0.35 0.05 0.00 0.10

f-LI = 0, VI = 1 m=O 0.00 0.00 0.00 0.00 0.00 0.00 0.00
(n) f-L2 == 1, V2 = 1.5 m= 1 13.75 18.80 28.30 13.50 9.65 22.20 32.60

f-L3 == 2, V3 == 2 m == 2 83.70 78.55 69.15 86.15 90.35 77.80 67.40
m == 3 2.55 2.65 2.55 0.35 0.00 0.00 0.00

f-LI == 0, VI == 1 m=O 0.00 0.00 0.00 00.00 0.00 3.75 0.30
(0) f-L2 = 1, V2 == 2 m= 1 16.20 27.45 32.40 20.15 12.20 31.30 37.55

fJ3 = 2, V3 = 1 m=2 80.10 70.80 65.85 78.90 87.70 64.95 62.15
m=3 3.55 1.75 1.75 00.95 0.10 0.00 0.00

Notes: See the Notes of Table 2.3.



76 Determining the nU1TIber of structural breaks

Table 2.5: Model selection frequencies of the uncorrected and corrected
versions of the BP and STR-based procedures. Data are generated from
equation (2.11), i.e. errors are serially correlated and m == 2.

Uncorrected Corrected
Model Choice BP LM 1 LM3 BPpw BP LM 1 LM3

m == 0 37.65 74.30 43.10 89.50 82.50 95.60 87.55
(a) f.-l2 == 0.5 m == 1 25.20 23.25 30.35 9.30 14.30 4.35 9.35

T == 120 m==2 22.45 2.45 21.90 1.20 3.20 0.05 3.10
m == 3 10.75 0.00 4.65 0.00 0.00 0.00 0.00

m==O 27.45 75.05 35.05 87.00 82.10 95.70 84.25
(b) f.-l2 == 0.5 m= 1 22.25 20.10 28.55 10.80 12.55 4.30 11.30

T == 240 m=2 27.00 4.60 30.25 2.15 5.35 0.00 4.45
m == 3 16.45 0.25 6.15 0.05 0.00 0.00 0.00

m==O 18.75 77.15 22.05 83.50 74.75 97.75 77.85
(c) f.-l2 == 1 m == 1 14.15 14.80 23.30 10.40 14.85 2.20 13.50

T == 120 m=2 32.80 7.65 46.00 6.00 10.30 0.05 8.65
m == 3 24.45 0.40 8.65 0.10 0.10 0.00 0.00

m=O 4.20 77.95 7.40 68.20 64.90 97.90 56.50
(d) f.-l2 == 1 m == 1 5.20 8.10 11.45 12.10 11.35 2.05 18.75

T == 240 m=2 39.55 13.05 67.40 19.50 23.40 0.05 24.75
m==3 33.10 0.90 13.75 0.20 0.35 0.00 0.00

m=O 0.35 85.35 1.30 78.05 78.05 99.75 61.50
(e) f.-l2 == 2 m == 1 0.65 2.20 2.75 1.85 2.15 0.20 8.30

T == 120 m == 2 39.05 11.00 75.10 19.85 19.55 0.05 30.20
m=3 38.50 1.45 20.85 0.25 0.25 0.00 0.00

m==O 0.00 85.55 0.00 32.30 59.80 99.95 20.15
(f) j.L2 == 2 m == 1 0.00 0.10 0.00 0.15 0.00 0.00 3.85

T == 240 m == 2 35.60 11.90 75.40 66.90 39.95 0.05 76.00
m == 3 37.65 2.45 24.60 0.65 0.25 0.00 0.00

m == a 0.00 96.95 0.00 94.20 99.25 100.00 72.20
(g) f.-l2 == 4 m == 1 0.00 0.00 0.00 0.00 0.00 0.00 1.55

T == 120 m == 2 37.50 2.40 81.90 5.75 0.75 0.00 26.25
m == 3 38.90 0.65 18.10 0.05 0.00 0.00 0.00

m == 0 0.00 96.80 0.00 48.30 98.10 100.00 45.35
(h) f.-l2 == 4 m == 1 0.00 0.00 0.00 0.00 0.00 0.00 0.35

T= 240 m=2 36.35 2.80 85.20 51.70 1.90 0.00 54.30
m == 3 37.55 0.40 14.80 0.00 0.00 0.00 0.00

Notes: See the Notes of Table 2.3.
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Table 2.6: Model selection frequencies of the uncorrected and corrected ver-
sions of the BP and STR-based procedures. Uncorrelated but heterogenous
data and errors across segments, m == 2, ER == 0.15.

Uncorrected AC-Correct O'i (u)
Model Choice BP LM 1 LM3 BPpw SP LM1 LM3 SP

O"~ == 2 m == 0 0.00 20.85 0.00 0.70 1.00 42.90 5.35 0.00
(a) <;"2 = 2 m=l 8.40 26.00 31.60 23.75 30.70 39.50 59.70 6.20

T = 120 m = 2 90.10 52.85 67.50 56.80 65.65 17.50 34.75 91.95

o'~ == 2 m == 0 0.00 1.10 0.00 0.00 0.00 10.05 0.10 0.00
(b) <:;2 = 2 m= 1 0.05 4.70 2.35 3.45 3.55 31.85 31.80 0.05

T = 240 m= 2 98.80 93.85 97.05 72.95 94.35 57.90 67.80 98.95

o'~ = 2 m=O 0.00 24.30 0.00 12.60 7.90 30.20 1.65 0.00
(c) <;"2 = 4 m= 1 19.55 48.75 41.90 63.60 87.20 58.10 72.90 9.45

T = 120 m=2 78.80 26.10 54.15 19.45 4.85 11.50 25.30 88.75

O"~ == 2 m= 0 0.00 2.20 0.00 0.15 0.15 4.55 0.00 0.00
(d) <:;2 = 4 m = 1 0.35 26.40 8.05 73.50 94.80 58.20 50.05 0.10

T = 240 m=2 98.30 69.75 87.80 21.70 5.00 37.05 49.30 98.55

o'~ = 4 m=O 0.00 34.70 0.30 1.95 3.10 57.15 14.80 0.00
(e) <:;"2 = 2 m = 1 27.55 35.05 50.55 35.45 50.30 34.05 62.55 19.80

T = 120 m=2 71.35 30.10 48.55 47.70 45.10 8.80 22.40 78.80

o'~ = 4 m=O 0.00 3.40 0.00 0.00 0.00 19.15 0.65 0.00
(f) <:;"2 = 2 m = 1 2.85 13.95 11.40 17.90 23.05 40.20 48.10 1.75

T = 240 m=2 95.95 82.50 87.95 63.45 75.15 40.50 50.95 97.35

O"~ = 4 m=O 0.00 36.05 0.15 31.00 19.05 46.95 7.60 0.00
(g) <;"2 = 4 m= 1 44.35 50.85 60.65 47.35 76.70 48.15 77.45 17.80

T = 120 m=2 54.25 12.85 36.90 18.25 4.25 4.90 14.80 79.80

o'~ = 4 m=O 0.00 4.80 0.00 4.00 0.45 12.10 0.35 0.00
(h) <:;2 == 4 m= 1 6.50 42.25 23.40 70.90 96.15 66.80 67.35 1.05

T = 240 m=2 91.80 51.25 72.65 21.35 3.40 21.05 32.00 96.75

Notes: The table contains selection frequencies in per cent based on 2000 Monte Carlo
replications. Columns labelled "Uncorrected" contain the results when not correcting
for serial correlation, and columns labelled "AC-Correct" correspond to tests that cor-
rect for serial correlation either nonparan1etrically or parametrically. The column la-
belled "BPpw" contains the results of the BP sequential test when prewhitening is
applied before estimating the long-run covariance n1atrix. The column labelled "a; (u)"
contains the results of the BP sequence when the correct specification of the test is
applied. The colun1ns labelled "LM 1 " and "LM3 " correspond to the STR-based tests
that make use of the first-order and third-order Taylor expansions, respectively.
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Table 2.7: lVIodel selection frequencies of the uncorrected and corrected ver-
sions of the BP and STR-based procedures. Uncorrelated but heterogenous
data and errors across segments, m == 2, ER == 0.20.

Uncorrected AC-Correct ai (u)
Model Choice BP LM 1 LM3 BPpw BP L.lVI 1 LM3 BP

a~ = 2 m=O 0.00 0.00 0.00 0.05 0.00 0.00 0.00 0.00
(a) <;"2 == 2 m== 1 26.75 36.95 55.95 41.15 59.25 47.60 66.15 21.80

T == 120 m==2 73.05 62.90 44.00 56.70 40.65 52.40 33.85 78.00

a~ == 2 m==O 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
(b) <;"2 == 2 m== 1 0.35 3.95 5.50 6.80 8.65 9.75 16.00 0.35

T == 240 m==2 97.70 95.95 94.40 90.90 90.45 90.15 83.90 97.70

a~ == 2 m==O 0.00 0.00 0.00 5.00 0.00 0.00 0.00 0.00
(c) <;"2 == 4 m == 1 36.90 60.25 60.60 81.00 98.75 65.95 68.50 20.40

T == 120 m== 2 62.65 39.70 39.25 13.65 1.25 34.05 31.40 78.75

a~ == 2 m==O 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
(d) <;2 == 4 m == 1 0.90 19.25 10.35 83.25 99.00 38.60 27.55 0.15

T == 240 m == 2 98.55 80.65 89.55 16.60 1.00 61.40 72.45 99.20

a~ == 4 m == a 0.00 0.00 0.10 0.85 0.20 0.00 0.25 0.00
(e) <;2 == 2 m== 1 71.30 70.25 85.05 61.05 86.80 74.25 86.55 58.90

T == 120 m == 2 28.65 29.70 14.85 37.00 12.95 25.70 13.20 41.10

a~ == 4 m==O 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
(f) <;"2 == 2 m == 1 12.75 20.55 34.50 35.95 51.40 27.35 45.25 08.75

T == 240 m == 2 86.65 79.45 65.50 62.30 48.55 72.60 54.70 90.50

a~ == 4 m==O 0.00 0.05 0.00 15.60 0.00 0.05 0.00 0.00
(g) <;"2 == 4 m== 1 73.90 79.50 81.85 71.95 99.35 81.80 85.40 36.10

T == 120 m == 2 26.00 20.45 18.10 12.20 0.65 18.15 14.55 63.15

a~ == 4 m==O 0.00 0.00 0.00 1.75 0.00 0.00 0.00 0.00
(h) <;"2 == 4 m == 1 15.30 43.15 35.80 81.05 99.55 53.20 49.25 2.00

T == 240 m == 2 83.95 56.80 64.05 16.85 0.45 46.80 50.75 95.70

Notes: See the Notes of Table 2.6.
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Table 2.8: Model selection frequencies at 5%
nominal level, data generated froln (2.14).
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Choice
m == 0
m == 1
m == 2
m == 3

(1) (2) (3) Ll\11 Ll\13

0.00 0.00 0.10 29.80 1.10
24.40 2.60 4.70 10.20 22.30
42.20 26.00 88.30 58.60 75.60
33.40 27.50 6.20 1.40 1.00

Notes: The columns labelled "(i)", i == 1,2,3, refer
to the Strategy (i) on page 65. The columns la
belled "LM1 " and "L~I3" correspond to the STR
based tests that make use of the first-order and
third-order Taylor expansions, respectively.
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Changes in seasonality

3.1 Introduction
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Seasonal fluctuations are an important source of variation in many macro
economic time series. When monthly or quarterly series are modelled, it is
often assulned that the seasonal pattern of the series is constant over time, in
which case it may be characterized by seasonal dummy variables, see Miron
(1996) and Miron and Beaulieu (1996), among others. On the other hand, it
has been known for a long time that seasonality in a series n1ay change. As
Kuznets (1932) renlarked:

"For a number of years statisticians have been concerned with the prob

lem of measuring changes in the seasonal behaviour of time series."

The possible causes for such changes have also been a longstanding object
of interest. After examining a number of employment series from various
countries and regions, Gjermoe (1931) wrote (in Norwegian):

"The strength of seasonal fluctuations has to do with the level of business

activity. A month in a year of low employment is more affected by sea

sonality than the same month in a year of high employment." (emphasis

in original)

In fact, Gjern10e (1926) already n1ade a similar point.
The possibility that seasonality is affected by the business cycle has been

reconsidered in the more recent literature. For example, Canova and Ghysels
(1994) investigated this isslle using quarterly US output. Their autoregressive
n1.odel with seasonal dummies for the first difference of the logarithmic series
contained a set of extra seasonal dummies that obtained nonzero values only
if the NBER business cycle dating defined the corresponding quarter to be
a recession quarter. Whether the business cycle influences the seasonal cycle
was examined by testing the 11Ull hypothesis that the coefficients of the extra
dummies were zero. Franses (1996, pp. 86-87) later argued that a more
appropriate null hypothesis to test was that these coefficients were equal but
possibly non-zero. In that case, the autoregressive n10del contains a business
cycle influe11ced intercept under the null hypothesis. The empirical results
of these authors suggest that the seasonal pattern in the quarterly US output
series is indeed affected by the business cycle. In particular, it is found that the
summer slowdown is less pronounced around business cycle peaks. A shnilar
conclusion is reached by Cecchetti and Kashyap (1996) and Matas-Mir and
Osborn (2004), using al1 international data set of monthly production series
at the industry-level. Cecchetti, Kashyap, and Wilcox (1997) and Krane and
Wascher (1999) document the same effect of the business cycle on seasonal
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patterns in US production, inventories and enlployment, which is attributed
to the fact that during a boom the presence of capacity constraints forces firms
to produce a larger fraction of output in off-peak seasons.

Business cycle fluctuations are not the only possible reason for changes
in the seasonal pattern of output or elllployment series. In particular, tech
nological change and changes in institutions and habits illay cause changes
in seasonality as well. As an example of the former, in the construction
industry it has become possible to keep a construction site going year-round
in countries where, for a few decades ago, work was interrupted for the winter
lllonths. As to the latter type of change, the increase in paid leisure over the
last few decades has gradually changed people's vacation habits. At least in
sonle Scandinavian countries it has become customary to spend a week of the
annual holiday in the winter. Yet another example may be the increasingly
efficient use of capital and just-in-time production techniques. Many factories
in Europe no longer close down for the summer vacation but keep the pro
duction process running without interruption. In all these examples, the result
may have been that the seasonal pattern of, for example, output and consump
tion series has changed over time.

Our aim is to compare the effects on seasonality of gradual institutional
and technological change with the effects attributable to the business cycle.
As for the former, there do not seem to exist reliable aggregate illeasures for
these changes. We allow for the possibility that the aggregate change is steady
and continuous and simply use time as a proxy variable for it. This means
that we in fact contrast "Kuznets-type" unspecified changes in seasonality
with "Gjermoe-type" changes caused by fluctuations in economic activity. The
lllain question we ask is: which of the two types is nlore prominent in practice,
if any? We shall investigate the problenl using quarterly industrial production
series of the world's leading market economies, the G7 countries, and of two
Scandinavian countries.

In this work, the logarithlllic time series are differenced once in order to
achieve stationarity, and the differenced series are used for nlodelling. For most
countries, these first differences, or quarterly growth rates, are dominated by
seasonal variation that almost completely inundates the other features of the
series, see Figures 3.1-3.9. The models we are going to build are construc
ted strictly to investigate the main research question formulated above about
reasons for time-variation in seasonal patterns of industrial production series.
Because most of the variation captured by the parameters will be seasonal vari
ation, models based on first differences are not likely to be appropriate tools in
forecasting industrial production several quarters ahead. A typical forecaster
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would rather begin his analysis by transforming the original quarterly series
into annual differences which eluphasize the low-frequency variation he is most
likely interested in, build a linear or nonlinear model for them and use that
for forecasting.

The plan of the chapter is as follows. In Section 3.2, we describe the
output series, focusing on the properties of their seasonal cycles. In Section
3.3, we present our main statistical tool, the time-varying smooth transition
autoregressive (TV-STAR) model. In Section 3.4, we use Lagrange Multiplier
(LM) tests derived fronl the TV-STAR franlework for addressing the question
of whether the chaIlges in the seasonal patterns in the output series are due to
the effects of business cycle fluctuations or to technological and institutional
change or both. For all series except the US, we find convincing evidence that
~'Kuznets-type" unspecified chan.ge is much more in.1portant than "Gjermoe
type" business cycle-induced change. In contrast to previous research, our
analysis suggests that for the US seasonality does not vary over the business
cycle nor has it changed over time. In Section 3.5, we specify and estimate
TV-STAR models to gain further insight into whe11 and how seaso11ality in the
quarterly output series has changed. Section 3.6 contains final remarks.

3.2 Prelilllinaries

3.2.1 Data

Our data set consists of quarterly seasonally unadjusted industrial production
volume indexes for the G7 countries and for two Scandinavian countries, Fin
land and Sweden, taken from the OEeD Main Economic Indicators. The
san1ple period rUllS from 1960:1 Ulltil 2001:3, except for Canada for which
the series is -available only from 1961:1 and for the Scandinaviall countries for
which the sample runs until 2001:4. Obviolls outliers in 1963:1 and 1968:2 for
France and in 1969:4 for Italy are replaced by the average of the index values
in the same quarter of the previous and the following year.

The importance of seasonal variation in the industrial production series
may be illustrated by regressing the first differences of the logarithmic series
on a set of four seasonal dummy variables. The coefficient of determination
from this regression lies between 0.79 and 0.97 for the six European series
and is equal to 0.68 for Canada, while it is appreciably lower only for Japan
(0.21) and the Ullited States (0.06). Incidentally, the correlation between the
seven standard deviations of the fitted values (the "seasonal cycle") and the
corresponding residual standard deviations (the "business cycle" plus noise)
equals 0.88. This accords well with the finding of Beaulieu, MacKie-Mason,
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and Miron (1992) that countries with large seasonal cycles tend to have large
business cycles as well.

We Illay also inspect the seasonal patterns in tIle series visually. Figures
3.1-3.9 show graphs of the level, the first difference per quarter, and the sea
sonal difference of the log industrial production series. The differenced and
seasonally differenced series are multiplied by 100 to express the changes in
percentage points.

A common feature for Canada and five European countries, France,
Germany, Finland, Sweden and the UK, is that the seasonal variation in the
industrial output series appears to have dampened over time, see panels (b). In
particular, the drop in output in the third quarter and the fourth-quarter peak
have beconle less pronounced. This is not true, however, for the renlaining
European country, Italy, where rather the opposite has occurred. This cor
responds with results in Canova and Hansen (1995), who test for structural
change in the seasonal patterns of the four European series (over the period
1960 - 1989) and find that rejectiollS of the null hypothesis of constancy are
concentrated in the third and fourth quarters. The Japanese and the US series
do not show a third-quarter summer holiday slack in production. In the US,
the quarterly growth in the 19908 is actually highest in the third quarter and
lowest in the fourth quarter. There is no visible tendency ill the amplitude of
seasonal fluctuations in these countries.

3.2.2 Deterministic and stochastic seasonality

In the case of nonstationary time series, time-varyillg seasonal patterns may of
ten be convelliently cllaracterized by seasonal unit roots, see Hylleberg (1994).
Autoregressive models of seasonally differenced data are capable of generating
series in which the seasonal pattern evolves over tilne. For example, in realiza
tions from such models "summer may become winter" or, in general, seasons
may "trade places". Structural tilne series models offer another way of Inod
elling stochastically time-varying seasonality; see Harvey (1989, Chapter 6).
In this approach, the time series is divided into components, of which the
seasonal one is represented by a linear combinatioll of trigollometric functions
witll stochastic coefficients. If these coefficients have zero variance, seasonality
is deterministic.

Neither one of these alternatives, seasonal differencing or decomposing
the time series, is directly applicable to our situation. The reason is that
we intelld to consider two types of tinle-varying seasonality, variation due to
technological and institutional change ("unspecified change" Le. "Kuznets
type" cllanges) and variation induced by cyclical fluctuations in the economic



3.3. The TV-STAR lTIodel 87

activity ("Gjermoe- type" changes), simultaneously. This requires a model
within which we can distinguish these two different sources of variation on the
seasonal pattern fron1 each other and thus compare their relative importance.
The Time-Varyillg Slnooth Transition AutoRegressive (TV-STAR) model
introduced by Lundbergh, Terasvirta, and van Dijk (2003) seems ideally suited
for this purpose. In the next section we discuss this model and some of its
properties. The paper that con1es closest to this study as far as the n10del
ling approach is concerned is Matas-Mir and Osborn (2004). These allthors
use a threshold autoregressive n10del in which the seasonal pattern, charac
terized by seasonal dUlumy variables, switches according to a business cycle
indicator. Structural changes in seasonality are also accounted for by allowing
linear trends in the coefficients of the seasonal dummy variables. An ilnportant
aspect in which our approach differs from the one in Matas-lVlir and Osborn
(2004) is that the TV-STAR model allows for more flexible nonlinear trends
in seasonality, as will become clear below.

3.3 The TV-STAR model

We use the TV-STAR model to investigate the source of changes in seasonal
patterns of the output series, because it is capable of describing business
cycle nOl1Jinearity and structural change in the characteristics of a time series
variable simultaneously. 10 suit our purposes, we augment the model by
seasonal dUlllnlies, such that for our quarterly tinle series it has the following
form:

~Yt == [(¢~Xt + c5'lDt )(l- G 1(Wt)) + (¢~Xt + c5~Dt)Gl(Wt)][l - G2(t*)]

+ [(¢~Xt + c5~Dt)(l - G1 (Wt)) + (¢~Xt + c5~Dt)Gl(Wt)]G2(t*) + ct, (3.1)

where Yt is the log-level of the industrial production index, Wt a stochastic
transition variable, ~ denotes the first differencing operator, defined by
~kYt Yt - Yt-k for all k =1= 0 and ~ ~1, Xt (1, x~)',
Xt == (~Yt-l," ., ~Yt-p)', D t == (Di,t, D2,t, D3,t)', Di,t == Di,t-D4,t, i == 1,2,3,
Ds,t, S == 1, ... ,4 are seasonal dummy variables, with Ds,t == 1 when time t cor
responds with season sand Ds,t == 0 otherwise, and t* == tiT with T denoting
the san1ple size. The transition functions Gj(St) == Gj(St;rj,Cj), j == 1,2, are
assumed to be given by the logistic function

rj > 0, (3.2)

where the transition variable St == Wt (j == 1) or St == t* (j == 2), and
O"St == [var(st)]1/2 makes Ij scale-free. As St increases, the logistic function
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changes monoton.ically from 0 to 1, witll the change being syllln1etric around
the location parameter Cj, as Gj (Cj - z; ;j, Cj) == 1 - Gj (Cj + z; ;j, Cj) for all
z. The slope paran1eter Ij determines the smoothness of the change in the
value of the logistic function. As Ij ----+ 00, the logistic function Gj(St;,j,Cj)

approaches the indicator function [[St > Cj] and, consequently, the change of
Gj(St;,j,Cj) from 0 to 1 becomes instantaneous at St == Cj' When Ij --t 0,
Gj(St; Ij, Cj) --t 0.5 for all values of St.

The TV-STAR model distinguishes four regimes corresponding with com
binations of G1 (Wt) and G2 (t*) being equal to 0 or 1. The transition variable
Wt in (3.1) is assumed to be a lagged seasonal difference, Wt == ~4Yt-d, for
certain d > O. As this variable tracks the business cycle quite closely for our
quarterly industrial production series (see panels (c) of Figures 3.1-3.9), and
because the logistic function Gj (St) is a monotonic transformation of St, the
regimes associated with G1(~4Yt-d) == 0 and 1 will roughly correspond with
recessions and expa11sions, respectively. Thus, using ~4Yt-d as transition vari
able ensures that the TV-STAR model allows for "Gjermoe-type" change in
the seasonal pattern of Yt 1. On the other hand, the function G 2(t*) enables
the model to describe "Kuznets-type" ul1specified change as well.

The reason for defining the elements of D t as D;,t == Ds,t - D4 ,t, S == 1,2,3,
is that it effectively separates the deterministic seasonal fluctuatiolls from the
overall intercept. For exan1ple, the coefficients in () 1 == (611,612,613)' measure
tl1e difference between the intercept in the first three quarters of the year
and the overall intercept, given by the first element of cPl' in the regime
Gl(~4Yt-d) == 0 and G2 (t*) == O. The difference for the fourth quarter 614
is obtained as 614 == - L~=l 61s. This parameterization makes it easy, for
exalllple, to test constant seasonality while allowing for a business cycle influ
enced intercept under the null hypothesis, cf. Franses (1996, pp. 86-87).

The general TV-STAR model in (3.1) allows both the dynamics and the
seasonal properties of the growth rate of industrial production to vary both
over the business cycle and over time. By imposing appropriate restrictions on
eitller the autoregressive parameters or the seasonal dummy paran1eters or on
both, more restrictive 11lodels can be obtained. Of particular interest here are
models in which seasonality only varies either over time or over the business
cycle. A model in which seasonality is co~stant over time is obtained if ()1 == ()3

and ()2 == ()4 in (3.1). Similarly, a model in which seasonality is constant

lIt may be argued, however, that GNP is a more representative and more commonly used
indicator of the business cycle than the industrial production. In fact, we repeated our tests
described in Section 4 using lagged seasonal differences of GNP instead of /),.4Yt-d as the
transition variable. The results were very similar to the ones obtained by using /),.4Yt-d and
therefore are omitted.
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over the business cycle is obtained by setting 61 == 62 and 63 == 64 . When
81 == 62 == 63 == 64 , seasonality is linear and constant over time. Imposing
analogous restrictions on <Pi' i == 1, ... ,4 results in models with constant
but nonlinear, linear but time-varying, and linear and constant autoregressive
dynamics, respectively. If both the seasonal patterns and the autoregressive
dynamic structure are constant either over time or over the business cycle,
the TV-STAR model reduces to a STAR or TV-AR luodel, respectively. All
these restrictions are testable, as will be discussed in the next section. Often
a useful restricted TV-STAR model is an additive one, containing a nonlinear
and a tinle-varying component. For example, a n10del in which the seasonal
dummy coefficients vary over time and the autoregressive parameters enter
nonlinearly can be written as

In Section 3.5 we will use this form for the models for the industrial production
series.

On the other hand, the TV-STAR nlodel (3.1) is restrictive in the sense
that it requires any nonlinearity or structural change to be common across
the autoregressive dynamics and seasonal dummies. For example, if the coeffi
cients of both the lagged growth rates and the seasonal dummies are time
varying, the structural cha11ge is centered at the same point in time, t* == C2,

and occurs at the same speed, as determined by 12. It is straightforward to
exte11d or modify tIle model to allow for different timing and/or speed of the
structural change of the two sets of coefficients. But then, models of type (3.3)
do not contain that restriction because G1 only controls the lag structure and
G2 the seasonal con1ponent.

Finally, a potential limitation of the Inodels in (3.1) and (3.3) is that they
only allow for a single pattern change in seasonality over time. The model can
be generalized in a straightforward fashion to accommodate multiple changes
by including additional tilne-varying conlponents. For example, an additive
model in which the autoregressive parameters enter nonlinearly and the sea
sonal dumnly coefficients change over time following a luixture of two patterns
is given by
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3.4 Changes in the seasonal pattern and their causes

3.4.1 Testing linearity and parameter constancy in the TV
STAR framework

The question posed in the introduction of this chapter about the causes of
fluctuations in the seasonal pattern is addressed within the framework of the
TV-STAR model (3.1), in particular by testing hypotheses about the coeffi
cients of the nl0del. In the previous section, it was emphasized that linearity
or parameter constancy in tIle TV-STAR model (3.1) nlay be achieved by inl
posing equality restrictions on certahl coefficient vectors 8i and/or cPi. Note
however that linearity or parameter constancy of both the seasonal pattern
and the dynamic autoregressive structure also results if the smoothness para
Ineter ,j in the corresponding transition function. Gj is set equal to zero.
This is an indication of an identification problem present in the model: the
TV-STAR model is only idelltified under the alternative, not under the null
hypothesis. For a general discussion, see Hansen (1996). We follow the
approach of Lundbergll et al. (2003) and circumvent the identification problem
by approximating the transition functions by their first-order Taylor expall
sions, see also Luukkonen, Saikkonen, and Terasvirta (1988).

Let the null hypothesis of interest be Ho : ,1 == ,2 == 0, which is to be tested
against the alternative hypothesis HI : ,1 > 0 and/or,2 > o. Under Ho, model
(3.1) reduces to a seasonality-augmented linear autoregressive model, whicll
we aSSUllle to be stationary and ergodic. Furthermore, we assume that the
moment condition E((~Yt)2(~4Yt)2)< CX) is satisfied, wllich is necessary for
the asymptotic inference to be valid. In testing Ho, we only assume that
d E {1, ... , r} in (3.1), that is, the true delay is unkllown but assumed to
be not greater than r. A convenient way to parameterize this assumption is
by setting Wt == L:;==1 ai~4Yt-i, with ad == 1 and ai == 0 for all i i= d; see
Luukkonen et al. (1988) for further details. In this case, after rearranging
ternlS the first-order Taylor expansion of (3.1) around Ho beconles

r

~Yt == cPi'Xt + 8i'Dt + (cP;'Xt + 8~/Dt)t* + L(¢3~iXt + 83~iDt)~4Yt-i
i==1

r

+ L(cP4~iXt + 84~iDt)t* ~4Yt-i + R(,1, '2) + ct, (3.5)
i==1

wllere R(,I, ,2) is a remainder from the two Taylor expansions. Under the
null hypothesis of linearity and paranleter constancy, R(,1, ,2) == 0, such that
this remainder does not affect the distribution theory.
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Equation (3.5) is linear in paran1eters. Furthermore, and this is crucial, the

parameter vectors ¢; == r2'(p; (8) and 8; == r2~; (8), ¢; == (¢;'l'···' ¢;'r)' ==
"II ¢; (0) and 15; = (15;:1"'" c5;:r)' = "IIJ; (0), and c/J: = (c/J:~I"'" c/J:~r)' =

........-* ( ) * (*' *, )' "'"'* ( ) ........-* ( -----* ( .r1 r2¢4 8 and 84 == 84,1' ... ' 84,r == r1 r284 8 , where ¢j (J), 8j 8), J ==
2, 3, 4, are non-zero functions of the parameters 8 == (¢~, ... , ¢~, 8~ , ... , 8~)'.
In view of this, the original null hypothesis beconles

H~ : ¢; ~ ¢;,i == ¢~,i == 0, 8; == 8;,i == 8~,i == 0, i == 1, ... , r

in the transformed equation (3.5). The standard Lagrange Multiplier statistic
for testing H~ has an asymptotic X2 distribution with (p + 4)(1 + 2r) degrees
of freedom under the null hypothesis. In practice, an F-version of the test is
recommended because its size properties in small and moderate samples are
much better than those of the x2-based test statistic, especially when the num
ber of parameters tested becomes large relative to the sample size. It should
be noted that, depending on the values of p and r, certain terms c/J3,i,O~4Yt-i

and ¢;,i,jt3..Yt-j~4Yt-i should be excluded from (3.5) to avoid perfect multi
collinearity.

In order to keep the notation simple, we so far have discussed the case of
the standard logistic function (3.2) being the transition function. It is useful
to geI1eralize this slightly as follows. Let

I > 0, Cj1 ~ ... ~ Cjk·

(3.6)
This function allows more flexibility in the transition. WIlen we test linearity
agail1st the TV-STAR model (3.1) with (3.6), a first-order Taylor expansion of
(3.6) leads to terms with higher powers of ~4Yt-j and t* in equation (3.5); see,
for example, Luukkonen et al. (1988), Granger and Terasvirta (1993, Chapter
6) or Lundbergh et al. (2003). The dimension of the null hypothesis increases
linearly in k, which implies that for snlall sample sizes such as the aIle available
here, the tests for k > 1 can only be con1puted for fairly small values of P and
r. Below we report results for k == 1 and, whenever possible, for k == 3. TIle
corresponding statistics are denoted as LMk.

Finally, it should be pointed out tllat the lag length p in (3.1) is un
known. It is selected froIll the linear seasonality-augmented autoregressive
model using BIC with the nlaxinlum order set equal to Pmax == 12. As re
maining residual autocorrelation may be mistaken for nonlinearity, we ap
ply the Breusch-Godfrey LM test to exanline the joint significance of tIle
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first 12 residual autocorrelations in the model that is preferred by the BIC. If
necessary, the lag length p is increased until the null hypothesis of no error
autocorrelation can no longer be rejected at the 5% significance level. Testing
is carried out conditionally on the selected lag length ji.

3.4.2 Testing hypotheses of interest

The test just described is a general linearity test within our maintained
TV-STAR model (3.1). The main interest in this work, however, lies in testing
subhypotheses that place restrictions on the seasonal dummy variables. We
may also set certain parameter vectors to zero (null vectors) a priori. This
leads to a maintained model that is a submodel of (3.1). In particular, we
are interested in testing constant seasonality against the alternative that the
seasonal patterll changes smoothly over time, conditional on the assumption
that seasonality is not affected by the business cycle and that the auto
regressive structure does not change. In terms of the paran1eters in (3.5),
the corresponding null hypothesis is

H TV-AR,Ds t A* 0 .,A,.*,A,.*,A,.* ~* ~* .o ' : U2 == assumIng 'f/2 = 'f/3,i = 'f/4,i = 0, u3,i = u4,i = 0, ~ = 1, ... , T.

Another hypothesis of interest is testing COI1stant seasoI1ality against the
alternative that the seasonal pattern is affected by the business cycle only:

HSTAR,Ds t d* 0 .,A,.*,A,.*,A,.* 8* 8* .o ': 3,i == assumIng 'f/2 = 'f/3,i = 'f/4,i = 0, 2 = 4,i == 0, Z = 1, ... ,r.

A test against the joint alternative of snlooth change and fluctuations ascribed
to the business cycle may be formed accordingly. The corresponding null
I h ·· d d HTV-STAR D s tlypot eSIs IS enote as 0 " .

These tests are based on the assumption of linearity of the dynan1ic struc
ture of the time series ~Yt. But then, the first difference of the volume of
industrial production may be a nonlinear or tin1e-varying process. One way of
accounting for this possibility is to relax the zero restrictions on ¢;, ¢3 i and

<P'4,i in the above tests. This variant of H~V-AR,Ds,t becomes '

H TV-AR*,Ds t A* 0 . A* A* O' 1
O ' : U2 == assumIng U3 i == u4 i == ,z == , ... ,T., ,

Sinlilarly, we have

H
STAR*,Ds,t. A* A* A*o . u3,i == 0 assuming U2 == u4,i == 0, i == 1, ... ,T.

While testing the resulting 11ypotheses is not difficult in practice, this may
not be an optimal way to proceed. Instead it may be better to test our two
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con1petil1.g hypotheses concerning seasonality within a model which explicitly
models the changes in the autoregressive structure, either as a function of
time (TV-AR) or as a function of the business cycle (STAR). In that case, we
may begin by testing linearity against STAR and TV-AR. The relevant null
hypotlleses (assuming constaI1t seasonality and unknown delay d) are

HSTAR,~Yt-j . rh.* - 0 . A.* - A.* _ i:'* _.i:'* _.i:'* _ . -o . 0/3,i - assumIng ~2 - ~4,i - 0, u2 - u3,i - u4,i - 0, ~ - 1, ... ,r,

and

HTV-AR,~Yt-j . rh.* - 0 . A.* - A.* _ .i:'* _.i:'* _.i:'* - . _o ·0/2 - assuilling ~3,i - ~4,i - 0, u2 - u3,i - u4,i - 0, l - 1, ... , r,

respectively. Assume for a moment that H~TAR,~Yt-j is rejected and

H~V-AR,~Yt-j is not. This implies that the dynanlic behaviour of the process,
excluding seasonality, may be adequately characterized by a STAR n1odel. We
subsequently specify, estimate and evaluate a STAR model for ~Yt. The issue
is now the constancy of the coefficients of the seasonal dummy variables in the
STAR lllodel. The maintained nlodel n1ay be written as follows:

~Yt == ¢~Xt + ¢;XtGl(St) + {<5 1 + <52G2(~4Yt-l) + <53G3(t*)

+ <54G2(~4Yt-l)G3(t*) }'Dt + ct, (3.7)

where the transition functions G2 (~4Yt-z), l > 0, and G3 (t*) are logistic func
tions as in (3.6). Note that in principle we can choose either St == ~4Yt-d

or St == t* in (3.7) given the type of previous rejections. The relevant para
meter constancy hypotheses can now be formulated within equation (3.7) in
terms of the slope paranleters in the transition functions G2 (~4Yt-l), l > 0,
and G3 (t*) or in terms of the coefficient vectors <5 2 , <53 and <54 . Asymptotic
theory for inference requires the assumption that the null model, (3.7) with
82 == <53 == <5 4 == 0, is stationary and ergodic. Testing is based on the first-order
Taylor approximation of G2(~4Yt-l) and G3 (t*) as described in Section 3.4.1;
for a general account of STAR model misspecification tests, see, for example,
Terasvirta (1998).

3.4.3 Results

T bl 3 1 I f 1 F ".c • HTV-AR . HSTAR . da e . reports p-va ues 0 t le -statIstIcs lor testIng 0 " 0 ' an
HJV-STAR,. based on a linear null model. The column headings LMI and LM3

correspond to tests based on the first-order Taylor expallsion of the transition
function (3.6) with k == 1 and 3, respectively. The row headings Ds,t and ~Yt-j

correspond to tests involving the seasonal pattern only and the autoregressive



94 Changes in seasonality

coefficients only, respectively. All tests are computed with the maxin1um value
of the unknown delay r set equal to 4. A broad classification of the results by
the magnitude of the p-values appears in the upper panel of Table 3.2.

Plenty of evidence is found to support the argun1ent that seasonality
is changing for unspecified reasons, including institutional and technological
cha11ge a11d actions by the statistics producer, proxied by the time variable.
TIle results for the LM1 statistic are mixed, but LM3 rejects the null hypothesis
H~V-AR,Dslt at the 0.01 level for all series except the US. On the other hand,
there is much less evidence to support the notion that seasonality varies with
the business cycle, as the p-values for the tests corresponding to H~TAR,Ds,t

are considerably larger for all nine countries. The only occasion in which a
p-value lies below 0.01 is LM3 for Japan. For Japan, there is in fact substan
tial evidence of both nonlinearity and parameter nonconstancy in the series.
For the other eight countries, it seen1S that business cycle fluctuations are
not a major cause for changes in the seasonal pattern. Finally, another fact
obvious from Table 3.1 and the upper panel of Table 3.2 worth mentioning is
that testing against both types of changes in seasonality joi11tly has an adverse
effect on power. 1\;lore information is gained by looking at the two alternatives
separately.

Two objections may be Inade at this point. First, seasonality may not be
fully explained by the seasonal dun1my variables. A part of the seasonal vari
ation Inay be absorbed in (or explained through) the autoregressive dynamic
structure of model (3.1). Pierce (1978) discussed this possibility iTl connection
with seasonal adjustment of economic tinle series. This variation may be re
lated to the business cycle. Second, results on testing linearity against STAR
in Table 3.1 (cells (~Yt-j, STAR)), suggest that the dynamic behaviour of
some of the industrial productioll series n1ay be nonlinear. For other series a
case can be made for a TV-AR process, that is, the dynamic behaviour may
be time-varying because of phenon1ena proxied by time. It may therefore be
argued that the results just presented are affected by misspecification of the
null n10del and that in order to avoid this, it should already accolnn1odate
non-seasonal nonlinearity. 2

This possibility can be considered by first n1odelliI1g nonseasonal non
linearity and carrying out the tests of constancy of the seasonal parameters
within the 110nlinear model, as discussed in Section 3.4.2. We proceed as

2 An obvious modification of the tests presented in Table 3.1 would be to allow the overall
intercept to be affected by the business cycle when testing for "Gjermoe" -type changes in
seasonality, and to allow for the intercept to be time-varying when testing for "Kuznets"
type changes in seasonality, cf. Franses (1996, pp. 86-87). Results from these tests are very
similar to the ones shown in Table 3.1 and are therefore omitted.
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follows. Consider the row of linearity tests (D..Yt-j) in Table 3.1. We choose the
type of transition variable, either a lag of D..4Yt or t*, for each series by COlll

paring the p-values of the tests against STAR and against TV-AR. If the
p-value of the test against S1.'AR is smaller than the one for TV-AR, we
choose a STAR model, otherwise we proceed with a TV-AR model. In this
case, both LMk statistics yield the same result for France, Japall, Sweden,
the UK (TV-AR), Germany and the US (STAR). For Canada, Finland and
Italy, we obtain conflicting results but, considering the two statistics jointly, it
appears that the evidence for STAR is somewhat stronger than the evidence
for TV-AR for Canada, while the reverse holds for Italy. Next, we specify and
estimate a STAR or TV-AR model for D..Yt with the seasonal dummies only
entering linearly as given in (3.7), following the modelling strategy described
in, for example, van Dijk, Terasvirta, and Franses (2002). We then test
the constancy of tIle coefficients of tIle seasonal dummy variables within this
model. The p-values of the appropriate test statistics can be found in Table
3.3, where the first colunln of the table gives the transition variable used in
the null model. The lower panel of Table 3.2 gives a summary of the results.

It is seen that the basic message is still the same, although the p-values
are somewhat higher than before. Obviously, some of the seasonal variation
has been absorbed by the re-specified dynamic structure of the model. Never
theless it seems that the seasonal parameters are still changing over tinle for
unspecified reasons rather than as a function of the cyclical fluctuations in
the economy. At the 5% level, H~TAR1Ds,t can only be rejected for one of the
tests for Japan and the UK. Rejections against TV-AR are still the rule, in
particular when tIle LM3 test is considered. Allowing for time-varying or
nonlinear autoregressive dynamics eliminates the evidence for "Kuznets-type"
change in tIle seasollal patterIl Ollly for the UK and the US. In those cases,
the null model thus influences our view of the situatioll.

Putting all this together, our gelleral conclusion is that the institutional,
technological and other changes proxied by time are the main cause for changes
in seasonal pattern in the output series of Sweden, Finland and G7 countries.
The results of this section also illustrate the fact that our conclusions to some
extent depend on the nlodel used for carrying out the relevant tests. This nlay
not be surprising, and mentioning this fact nlay even sound trivial. But then
again, we may also argue that our general conclusion seenlS remarkably robust
to the choice of the null model.
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3.5 Modelling changing seasonal patterns by TV
STAR models

Our test results in the previous section clearly show that seasonal patterns
in the output series are not constant over time. In this section, our aim is
to characterize this change with a parametric model, instead of just demon
strating its existence through a number of hypothesis tests. We will atten1pt
to build an adequate TV-STAR model for each of the series and focus on the
components related to seasonal variation.

As the TV-STAR model is a rather flexible nonlinear model, we need a
coherent modelling strategy or ll10delling cycle in order to arrive at an
acceptable parameterization. We choose the "specific-to-general" strategy of
Lundbergh et al. (2003). The main features of this modelling cycle are the
following. First, starting with a seasonality-augmented linear autoregressive
model, test linearity against STAR (~4Yt-d being the transition variable,
where the value of d is varied to determine the appropriate value of the delay
parameter) and TV-AR (t* being the transition variable). Choose the sub
model against which the rejection is strongest (if it is strong enough, otherwise
accept the linear lllodel). Estinlate the chosen model; this involves repeated
estimation while reducing the size of the model through imposing exclusion
and equality restrictions on parameters. Evaluate the estin1ated model by
subjecting it to a nun1ber of misspecification tests. The results may either
indicate that the estimated model is adequate or they n1ay point at the
necessity of extending the lnodel further, for example towards a full TV-STAR
lllodel. A detailed account of the modelling strategy can be found in
Lundbergh et al. (2003). Below, we first illustrate the various steps in the
modelling cycle for the UK industrial production and then provide a brief
summary of the results obtained for the other countries.

3.5.1 A TV-STAR model for UK industrial production

The test results for the UK in Table 3.1 indicate that both linearity and
constancy can be rejected for both the seasonal dummy parameters and the
lagged autoregressive terms at conventional significance levels. See also the
upper panel of Table 3.4, which reports results from linearity tests against
STAR with ~4Yt-d for d == 1, ... ,4 as transition variable. As the p-value of
the paran1eter constancy test applied to the seasonal dummies is the smallest,
we start with specifying a TV-AR model where only the seasonal pattern is
allowed to change over time. The second panel of Table 3.4 contains
results from misspecification tests of parameter constancy and no remailling
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nonlinearity in this model. It can be seen that linearity of the autoregressive
parameters is rejected, where the tests indicate that 6.4Yt-l is the appropriate
transition variable. In the resulting il10del, we find evidence for additional
time-variation in the seasonal pattern, see the misspecification tests in the
third panel of Table 3.4. Hence, we specify a model which includes two
TV-compol1.ents operating on the seasonal dUlumy coefficients and a single
STAR-component (with LJ,.4Yt-l as transition variable) operating on the coeffi
cients of the lagged first differences. After deleting insignificant lagged first
differences and intercepts, the final specification is:

6..Yt = 1.12 + 1.65 D~,t - 2.68 D;,t - 10.2 D;,t + 0.37 ~Yt-2 + 0.20 ~Yt-4

(0.35) (0.95) (0.84) (1.37) (0.080) (0.10)

+ (- 6.57 D~,t + 2.68 D;,t + 10.2 Di,d x G 1 (t*;Y'1,Cl) + (- 0.69 - 0.37 D,.Yt-2
(1.38) (0.84) (1.37) (0.40) (0.080)

+ 0.13 D,.Yt-3 - 0.27 ~Yt-4 - 0.13 ~Yt-5 - 0.15 ~Yt-7) X G2(~4Yt-l;r2,C2)

(0.069) (0.087) (0.063) (0.061)

+ (4.95 D;,t - 5.68 D;,t - 2.37 Di,t) x G3(t*; r3, C3) + Et, (3.8)
(0.94) (0.55) (0.70)

G 1 (t*;rl,Cl) == (1 +exp{-2.02(t* - 0.44 )/at* })-1, (3.9)
(-) (0.048)

G2(~4Yt-l; '"'(2,C2) == (1 + exp{ -19.5(~4Yt-l+ 0.37 )/a~4Yt-l })-l, (3.10)
(-) (0.33)

G3 ( t * ; '"'(3, C3) = (1 + exp{ -500 (t* - 0.31) / at * } ) - 1 , (3.11 )
(-) (0.44)

as == 1.65, aTv-sTAR/AR == 0.76, SK == 0.34 (0.042), EK = 1.29 (5.5E - 4),
JB = 13.7 (1.0E - 3), LMsc(l) = 0.24 (0.62), LMsc(4) == 0.59 (0.67),
Ll\1sc(12) = 0.69 (0.76), ARCH(l) = 0.19 (0.66), ARCH(4) = 16.4 (2.5E - 3),
AICTv-sTAR/AR = -0.39, AICTv-sTAR/AR == -0.15,

where OLS standard errors are given in parentheses below the parameter
estimates, Et denotes the regression residual at time t, Cis is the residual
standard deviation, CiTV-STAR/AR is the ratio of the residual standard devi
ations in the estiluated TV-STAR model (3.8) and the best fitting subset AR
n10del, SK is skewness, EK excess kurtosis, JB the Jarque-Bera test of nor
mality of the residuals, LMsc (j) is the LM test for no residual autocorrelation
up to and including lag j, ARCH(q) is the LJ\1 test of no ARCH effects up

to order q, and AICTv-sTAR/AR and BICTv-STAR/AR are differences between
the Akaike and Schwarz Information Criteria, respectively, of the estimated
TV-STAR and the AR models. The numbers in parentheses following the test
statistics are p-values. The misspecification tests in the bottom panel of Table
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3.4 indicate that the model is adequate, at least in the sense that parameter
constancy and no re1naining nonlinearity are not rejected.

The two structural changes in the seasonal pattern have quite different
characteristics. On the one hand, an almost instantaneous change has occurred
in 1975, which involves a strengthening of the seasonal pattern mainly in the
first and second quarters: whereas initially the average growth rate for the
first (second) quarter was larger (sn1aller) than the overall mean by only 1.65%
(2.68%), after the change in 1975 this equals 6.59% (8.36%). On the other
l1and, the model indicates the presence of a very smooth structural change,
which takes the entire 40-year sample period to be completed. This change
effectively elimh1ates the seaso11al effect in the first quarter in the sense that
when G1 == G3 == 1 the coefficient for Di,t is very close to zero. It also
involves a strong reduction in the amplitude of the seasonal pattern for the
third and fourth quarters. The (in1plied) deviation of the mean during the
third (fourth) quarter changes from -10.23 (11.27) when G1 == G3 == 0 via
-12.60 (14.38) when G1 == 0 and G3 == 1 to -2.37 (8.02) when G 1 == G3 == 1.
Finally, the STAR component in the model effectively captures the business
cycle nonlinearity in the series. Fron1 panel (d) in Figure 3.17, it can be seen
that periods when G2 == 0 roughly coincide with recessionary periods in the
UK. Apart from a lower mean growth rate, the dynamic properties of the
series also are different during recessions. Note that a ± restriction is imposed
on the coefficients of ~Yt-2 such that it equals zero when G2 == 1, while the
effective coefficient on ~Yt-4 is close to zero in this case as well.

Table 3.5 contains S0111e summary statistics for the estin1ated AR, TV-AR
and TV-STAR models. These illustrate that adding tin1e-varying and non
linear con1ponents do not improve the properties of the residuals, in the sense
that residuals in the TV-AR model and TV-STAR models suffer from signi
ficant skewness and excess kurtosis, such that normality is strongly rejected.
Both the Akaike and the Schwarz Information Criteria prefer the elaborate
TV-STAR n10del.
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3.5.2 Other countries

99

In this section we present the estimated models for the remaining countries in
full detail together with a brief account of the most important modelling events
or decisions made during the modelling cycle. All models reported her are
estimated over th.e san1.ple period 1963:2 - 2001:3 (154 observations), except
for Canada for which the estimation period is 1964:2 2001:3 and two
Scandinavian countries that have also the observation for 2001:4 available.
Misspecification tests are given in Table 3.6. To illustrate the main hnpli
cations of the lllodels for the seasonal patterns in industrial production in
these countries, panel (b) of Figures 3.10-3.18 shows the seasonal component
in the estimated TV-STAR model and the deterministic components of the
seasonality-augmented linear AR models. A strikhlg feature apparent in all
figures is that the latter have a much smaller amplitude than the correspollding
components in the nonlinear models. Obviously, in a linear model, the para
meters of the dynamic structure have to explain a greater part of the season
ality as the deterministic structure is assumed constant over time. Also, in
linear models a part of seasonal variation may reluain unexplained. In this
respect, we note that the residual standard deviation of the nonlinear model
is in all cases about 70 - 80% of that of the correspollding linear AR il1.ode!'
Other panels of Figures 3.10-3.18 depict the series itself, the residuals frolll
the TV-STAR model and the best fitting subset AR n10del, and the transition
functions.

Canada

In the seasonality-augmented linear AR model for Canada, linearity of the
seasonal dumlny coefficients is rejected n10st strongly against "Kuznets" -type
unspecified change; see Table 3.1. However, a TV-AR model with the standard
logistic transition function (3.2) does not satisfactorily describe the variation
in the seasonal pattern. This is not surprising given the way the seasonal
pattern evolves, as shown in panel (b) of Figure 3.1. A TV-AR model with
a generalized logistic function (3.6) with k == 2 also is inadequate, because
the decline in the an1plitude of seasonal fluctuatiolls after 1978 is different
(both in terms of magnitude and speed) from the increase during the first
part of the sample, as shown in panel (c) of Figure 3.1. We therefore use an
additive TV-AR model with two standard logistic functions. After sequel1.tially
deleting insignificant coefficients and increasing the Inaximum lag order to 11
to capture remaining autocorrelation in the residuals, we obtaill the model
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~Yt == 1.50 - 1.44 D;,t - 1.44 D~,t + 0.29 ~Yt-l

(0.38) (0.58) (0.79) (0.076)

+ 0.37 ~Yt-2 - 0.15 ~Yt-3 - 0.24 ~Yt-5 - 0.18 ~Yt-ll

(0.070) (0.086) (0.076) (0.066)

+ (-1.01 + 5.59 D;,t - 7.37 D;,t - 3.83 Di,t) x G1(t*;)'1,Cl)
(0.40) (1.21 ) (1.14) (1.34)

+ (- 1.40 D~,t + 3.43 D;,t + 1.48 Di,t) x G2 (t*; r2, C2) + St, (3.12)
(0.74) (0.71) (0.70)

G 1 (t*;r1 ,Cl) == (1 + exp{- 3.38 (t* - 0.24 )/at* })-l, (3.13)
(0.79) (0.024)

G2(t*;)'2,C2) == (1 +exp{- 30.2 (t* - 0.68 )/at* })-l, (3.14)
(30.2) (0.011)

ae; == 1.38, (TTV-STAR/AR == 0.84, SK == -0.33(0.051), EK == 0.43(0.14),
JB == 3.84 (0.14), LMsc(l) == 0.14 (0.71), LMsc(4) == 1.00 (0.41),
LlV1sc(12) == 0.86 (0.58), ARCH(I) == 0.86 (0.35), ARCH(4) == 5.28 (0.26),
AICTv-sTAR/AR == -0.25, BICTv-sTAR/AR == -0.085,

The deterministic component obtained from the model for Calladian output
accords with the visual information in Figure 3.1: the amplitude of the sea
sonal pattern first slowly increases until a rapid decrease takes place in the
late 1980s. The parameter estimates in (3.12) and the graphs in Figure 3.10
show that the model captures the observed changes in the seasonal pattern.
The misspecification tests of no remaining nonlinearity and parameter con
stancy reported in Table 3.6 do not lead to rejections of their respective null
hypotheses.

Finland

The strongest rejection of linearity in the linear model for Finland is obtained
when the alternative is that the coefficients of the seasonal dummy variables
are time-varyillg. A TV-AR model of this type is estimated. The tests of
no additive nonlinearity indicate that both the parameters of autoregressive
terms and seasonal components are varying with the business cycle indicator
and thus this model should be augmented by a STAR component. Fitting
the corresponding TV-STAR model to the data results in a model which is
still inadequate: it appears that the specification of the dummy variables
is not satisfactory (the p-value of the parameter constancy test LM l equals
0.022). Adding arlother time-varying component for the seasonal dummies
finally results in the following model:
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~Yt == 0.96 + 2.21 D~,t - 0.11 ~Yt-l + 0.14 ~Yt-2 + 0.44 ~Yt-4 - 0.17 ~Yt-6

(0.21) (1.27) (0.065) (0.075) (0.071) (0.074)

+ ( -7.41 D~,t + 6.43 Di,t + 0.55 ~Yt-l - 0.38 ~Yt-2 - 0.34 ~Yt-5+

(1.87) (1.805) (0.17) (0.19) (0.16)

+ 0.52 ~Yt-6 - 0.28 ~Yt-7) x G1 (~4Yt-2; ')'1, Cl) - 12.8 Di,t x G3(t*; ')'3, C3)+
(0.22) (0.107) (3.59)

+ (- 6.57 D~,t + 3.71 D~,t + 11.2 Di,t) x G2(t*; ')'2, C2) + Et, (3.15)
(2.64) (1.76) (6.14)

G1(~4Yt-2; /1, Cl) == (1 + exp{ -17.97 (~4Yt-2 - 7.85) / aLl4Yt-2})-\ (3.16)
(18.3) (0.37)

G2(t*;')'2,C2) == (1 +exp{-1.65 (t* - 0.69 )/at* })-\ (3.17)
(1.12) (0.11)

G3(t*; ')'3, C3) == (1 + exp{ - 2.63 (t* + 0.024)/at*})-\ (3.18)
(1.29) (0.047)

as 2.04, aTv-sTAR/AR == 0.81, SK == -0.03 (0.44), EK == -0.28 (0.24),
JB == 0.53 (0.77), L~lsc(l) == 1.01 (0.32), Ll\!lsc (4) == 1.02 (0.40),
Ll\1sc(12) == 0.90 (0.55), ARCH(l) == 3.29 (0.07), ARCH(4) == 5.85 (0.21),
AICTv-sTAR/AR == -0.24, BICTv-sTAR/AR == 0.04.

The estin1ate of the location parameter in the tra11sition function G1 is high:
ci == 7.85. This means that the corresponding nonlinear component only
contributes to ~Yt when the industrial production is growing very strongly.
High growth causes a shift in the seasonal pattern: during those periods the
typical slack in the third quarter is less pronounced t11an it norn1ally is. This
effect is clearly visible from Figure 3.11(b): see, for example, the periods
around 1965, 1970 and 1980, and the year 1973. Clearly, during the
expansion, the existing production capacity has been utilized more fully
during the holiday season when the delnand has been high. This corresponds
to the findings of Cecchetti and Kashyap and Matas-Mir and Osborn. On the
other hand, it appears that the production of the second quarter has been
less strong than normal; see the negative coefficient (-6.57) of D 2,t. This,
however, is n10st likely due to the fact that the production capacity has
been in full use. Owing to high growth on the second half of the 1990s, the
seasonal component has been rather irregular during that period. The
estimates of the transition function G2 show that the "holiday slack" has
been reduced over time, obviously due to the tendency of the firms to reduce
inventories and produce to order. The estimated transition function is very
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smooth and the amplitude of the seasonal pattern has steadily decreased since
the end of the 1970s. The remaining nonlinear component with trallsition
function G3 characterizes the early increase in the amplitude of seasonality
related to the third quarter. That is most likely due to an institutional change
in the forlll of increased amount of paid leisure for the workers.

France

In the linear model for France, parameter constancy is rejected for both
the seasonal dummies and the lagged first differences, although rejection is
stronger for the deternlinistic terms. In a TV-AR model in which only the
seasonal pattern is allowed to change, the misspecification tests still reject
parameter constancy for the seasonal dUlnnlY coefficients rather strongly, while
linearity of the autoregressive parameters also seems untenable. Sequentially
including a second time-varying cOlnponent for the dumn1.ies and a STAR
component for the lagged depeIldent variables, we arrive at the following spe
cification after recllrsively deleting insignificant coefficients:

~Yt == - 4.81 D~,t + 3.66 D;,t - 21.8 D~,t + 0.92 ~Yt-l - 1.83 ~Yt-4 - 0.69 fi.Yt-5
(1.13) (1.12) (0.51) (0.27) (0.44) (0.20)

+ 1.86 fi.Yt-S + (- 1.02 + 5.79 D~,t - 3.32 D;,t) x G1(t*; ,1, Cl)
(0.43) (0.29) (1.06) (0.61)

+ (- 5.98 D~,t + 11.4 D~,t) x G2(t*; ,2, C2) + (1.50 - 0.92 ~Yt-l + 1.83 fi.Yt-4
(1.07) (1.04) (0.24) (0.27) (0.44)

+ 0.69 ~Yt-5 - 0.15 fi.Yt-6 - 1.86 fi.Yt-s) x G3(fi.4Yt-l; ,3, C3) + Et, (3.19)
(0.20) (0.046) (0.43)

G1 (t*;'I, Cl) == (1 + exp{- 5.55 (t* - 0.30) /O"t* })-r, (3.20)
(2.46) (0.027)

G2(t*;'2,C2) = (1 +exp{- 2.57 (t* - 0.58 )/O"t* })-1, (3.21)
(1.21) (0.026)

G3 (fi.4Yt-l; ,3, C3) = (1 + exp{-500 (fi.4Yt-1 + 2.53) /0"D.4Yt-l }) -1, (3.22)
(-) (0.024)

Cic; == 1.43, CiTV-STAR/AR == 0.74, SK == -0.10 (0.31), EK == 1.09 (2.9E - 3),
JB = 7.88 (0.019), LMsc(l) = 0.72 (0.40), L1,fsc(4) = 0.40 (0.81),
Ll'vlsc(12) = 1.37 (0.19), ARCH(I) = 0.25 (0.61), ARCH(4) = 3.21 (0.52),
AICTv-sTAR/AR = -0.46, BICTv-sTAR/AR == -0.24.

The model is made more parsimonious by imposing ± restrictions on the coeffi
cients of ~Yt-l, ~Yt-4, DaYt-S, and ~Yt-8, which are supported by the data.
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Because of these restrictions, the model does not contain any autoregressive
dynanlics when G3 == 1, except for ~Yt-6 which enters with a small coeffi
cient. This means that the industrial production growth rate alnl0st behaves
like a white noise series during most of the time - note from panel (d) in
Figure 3.12 that G3 only becomes zero during the most severe recessions that
hit France during the sample period. As shown by the estimated intercepts
and the coefficients on the seasonal dummies in (3.19), the first structural
change involves a decline of the mean growth rate by 1.0% and affects the
seasonal pattern only in the first and second quarter. By contrast, the second
time-varying component captures changes in the first and third quarters which
imply a large reductioll of the anlplitude of the seasonal cycle. See also Figure
3.12, that shows a slowly changing seasonal pattern with decreasing amplitude.

Germany

For Gerlnany, the results from the LM-type misspecification tests in the
linear n1.odel indicate that the seasonal dummy coefficients may be varying
for unspecified reasons and the autoregressive dynamics may be varying with
the busil1.ess cycle. The evidence for the latter disappears, however, once we
allow the seasonal dummies to vary over time. To capture the variation in the
seasonal pattern, we find that three TV cOlnponents witl1. standard logistic
functions are required. The final specification is:

~Yt = 1.67 - 8.95 D;,t + 7.02 D;,t - 8.25 D;,t
(0.40) (1.13) (1.04) (1.11)

+ 0.16 ~Yt-1 + 0.12 ~Yt-2 - 0.13 ~Yt-7 - 0.18 ~Yt-8

(0.063) (0.055) (0.062) (0.064)

+ (- 1.32 + 1.97 D;,t - 2.56 D;,t - 6.26 D;,t) x G1 (t*; r1, C1)
(0.43) (0.87) (1.14) (1.69)

+ (- 6.24 D;,t + 12.0 D;,t) x G2(t*;r2,C2)
(0.94) (1.24)

+ ( 4.52 D;,t + 1.98 D;,t) x G3(t*; r3, C3) + St, (3.23)
(1.28) (0.94)

G1 (t*;r1,C1) = (l+exp{- 5.89 (t* - 0.20 )/at*})-I, (3.24)
(2.94) (0.025)

G2(t*;r2,C2) = (1+exp{-500 (t* - 0.40)/at*})-I, (3.25)
(-) (-)

G3(t*; "13, C3) = (1 + exp{ - 5.58 (t* - 0.83 )/at*})-1, (3.26)
(-) (0.035)
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Cic = 1.60, CiTV-STAR/AR = 0.70, SK = -0.43 (0.015), EK = 0.77 (0.026),
JB = 8.55 (0.014), LMsc (l) = 0.38 (0.54), Ll\1sc(4) = 0.37 (0.83),
L1tlsc(12) = 1.17 (0.31), ARCH(l) = 8.04 (4.5E - 3), ARCH(4) = 8.66 (0.070),
AICTV-STAR/AR = -0.51, BICTV-STAR/AR = -0.22.

The amplitude of the seasonal pattern is also ultimately decreasing for
Germany. The first change, which is centered around 1970:1, implies a sub
stantial decline of the overall nlean growth rate by 1.3%. In addition, the
seasonal effects during the third and fourth quarters are amplified, as can
be -seen fronl panel (b) in Figure 3.13. This is partially reversed during the
instantaneous change in the seasonal pattern that occurred in 1978, which also
captures a change in the seasonal effect ill the second quarter from positive
(7.02 - 2.56 == 4.46) to negative (4.46 - 6.24 == -1.78). The latter is reversed
again during the last change, the German unification in 1989, which appears to
llave initiated a Illore gradual decline in the amplitude of the seasonal pattern.

For Italy, the strongest rejectioll occurs when constancy of the seasonal dumnly
parameters is tested against unspecified change, see Table 3.1. Misspecifica
tion tests of a TV-AR nlodel in wllich OIlly the seasonal dummy coefficients are
time-varying still reject constancy of the dummy coefficients. Adding a second
TV-AR component, we find strong evidence against parameter constancy of
the coefficients of the lagged first differellces. Allowing these to be time-varying
as well, we cannot reject the hypothesis that the change in the autoregressive
dynamics and the first change in the seasonal pattern occur simultaneously.
Furthermore, we find that exclusion restrictions on the autoregressive para
meters implying that the combined parameter equals zero when G1 == 1 cannot
be rejected. rThis nleallS that the industrial production growth rate is a white
noise series with seasonal nleans after the first smooth transition has been
completed. The estimated model has the fornl

~Yt = 2.01 + 1.99 D~,t + 4.75 D;,t - 13.1 D;,t + 0.18 ~Yt-2 - 0.48 ~Yt-5

(0.36) (0.46) (1.05) (0.59) (0.083) (0.093)

- 0.~5 ~Yt-6 + (- 1.59 - 3.49 D;,t - 8.77 D;,t - 0.18 ~Yt-2 + 0.48 ~Yt-5

(0.094) (0.43) (1.08) (0.81) (0.083) (0.093)

+ 0.35 ~Yt-6) x GI (t*; II, CI) + (- 2.04 D~,t + 3.90 D;,t) x G2(t*; r2, C2) + Et,
(0.094) (0.77) (0.80)

(3.27)
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G1(t*;'l,Cl) = (1 +exp{- 9.43 (t* - 0.39 )/O"t* })-1, (3.28)
(3.73) (0.014)

G2(t*;12,C2) = (1 +exp{-101(t* - 0.81 )/O"t* })-1, (3.29)
(-) (0.023)

Cis = 2.05, CiTV-STARjAR = 0.80, SK = 0.14 (0.24), EK = 0.38 (0.17),
JB = 1.41 (0.49), LlVIsc(l) = 0.30 (0.58), Ll\!Isc(4) = 0.55 (0.70),
L~1sc(12) = 0.83 (0.61), ARCH(l) = 13.9 (1.9E-4), ARCH(4) = 16.9 (2.0E-3),
AICTv-sTARjAR = -0.35, BICTv-sTARjAR = -0.21.

The estimates of the seasonal dummy coefficients in (3.27) and the graphs in
Figure 3.14 clearly show that the deviations from the mean growth rate in tIle
first and second quarters have declined during the second half of the 1970s,
whereas the seasonal pattern in the third and fourth quarters has been alupli
fied. Overall, the seasonality became more pronoun_ced during the second half
of the 1970s, followed by a swift (but relatively small) decline in the amplitude
in 1994.

Japan

In the linear model for the Japanese industrial production series, both para
lueter constancy and linearity are forcefully rejected for both the lagged auto
regressive parameters and the seasonal dummy coefficients. As parameter
constancy of the seasonal dummy coefficients is rejected most convincingly,
we start with a TV-AR ITlodel with time-varying seasollal dummy coefficients
only. III the resulting TV-AR model, linearity and parameter constancy of the
seasonal dumluies still are strongly rejected by the diagnostic tests. Account
ing for this by sequentially including a nonlinear component with ~4Yt-l as
transition variable and a second TV-AR, con1ponent and recursively deleting
insignificant coefficients, we finally obtain the specification:

!J.Yt = 2.29 - 1.77 D;,t + 5.72 D;,t + 0.51 !J.Yt-l + 0.17 !J.Yt-2
(0.51) (0.54) (2.11) (0.063) (0.054)

- 0.36 !J.Yt-5 - 0.17 !J.Yt-l0 + 0.29 !J.Yt-11 - 0.18 !J.Yt-12
(0.059) (0.062) (0.070) (0.066)

+ (- 1.61 - 4.41 D;,t + 3.34 D;,t) x G 1 (t*; 11, Cl)
(0.44) (0.91) (0.82)

+ (- 1.04 + 7.91 D;,t - 11.3 D;,t + 5.85 D;,t) x G2(t*; 12 , C2)
(0.45) (1.55) (1.86) (1.12)

+ (- 5.66 D;,t - 1.27 D;,t) x G3(!J.4Yt-l; 13, C3) + Et, (3.30)
(2.08) (0.41)
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G1(t*;rl,Cl) = (1 +exp{- 8.92 (f' - 0.23 )/at'" })-l, (3.31)
(1.82) (0.019)

G2 (t*; 12, C2) = (1 + exp{ - 3.47 (t* - 0.79 )/at*} )-1, (3.32)
(0.86) (0.027)

G3(6.4 Yt-1; r3, C3) = (1 + exp{ - 1.60 (6.4Yt-1 + 8.56 )/ a~4Yt-l })- t, (3.33)
(0.79) (3.31)

(ye: = 1.30, (YTV-STAR/AR = 0.72, SK = -0.41 (0.020), EK 0.48(0.11),
JB = 5.70 (0.058), LMsc(I) = 0.32 (0.57), Ll\1sc(4) = 0.46 (0.76),
L~lsc(12) = 1.13(0.34), ARCH(I) = 1.48(0.22), ARCH(4) 5.30(0.26),
AICTv-sTARjAR = -0.46, BICTv-sTAR/AR = -0.17.

The model contains two relatively smooth changes in the seasonal pattern, see
also Figure 3.15. The first, which occurred during the first half of the 1970s,
considerably anlplified the seasonal pattern, especially during the first and
second quarter. The seasonal pattern is changed conl-pletely during the second
transition, which started around 1985 and was almost completed at the end of
the sample period: the deviations of the mean during the first, second and third
quarters change from -6.18,3.40 and -1.27, respectively, when G 1 == G3 == 1
and G2 == 0 to 1.73, -7.94, and 4.58 when G1 == G2 == G3 == 1. Note that the
structural changes also involve a substantial reduction of the average growth
rate, from 2.29% via 0.68% to -0.37%.

Sweden

Parameter constancy of the seasonality-augmented linear AR nl-odel is strongly
rejected. Estimating a TV-AR rnodel for ~Yt takes care of most of the non
constarlcy, bllt LM1 statistic applied to the coefficients of the seasonal dummy
variables still indicates model inadequacy. A TV-AR model with two non
linear components is almost adequate. The only p-values less than 0.05 ll-ave
to do with testing the hypothesis of no additive nonlinearity. Including an
additive STAR conl-ponent and reducing the size of the model, results in the
following final specification:

6.Yt = 0.68 - 20.58 D~,t + 0.22 6.Yt-2 + 0.22 6.Yt-4 + 0.11 6.Yt-5
(0.22) (2.03) (0.025) (0.080) (0.028)

+ (- 1.42 + 0.095 6.Yt-7) X G1(6.4Yt-4; 11, C1)
(0.49) (0.026)

+ ( 2.38 D;,t + 5.18 D~,t) x G2(t*; 12, C2) - 3.25 D~,t x G3(t*; 13, C3) + St, (3.34)
(0.71) (0.83) (0.70)
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0 1(~4Yt-4; 11, Cl) = (1 + exp{ - 16.0 (~4Yt-4 - 6.28) / 0"~4Yt-4}) -1, (3.35)
(23.2) (0.32)

02(t*;12,C2) = (1 +exp{- 23.4 (t* - 0.73 )/O"t*})-l, (3.36)
(17.26) (0.011)

G3(t*;13,C3) == (1 +exp{- 7.51 (t* + 0.38 )/O"t*})-l, (3.37)
(22.65) (0.043)

(ie: == 2.17, aTV-STAR/AR == 0.84, SK == -0.056 (0.39), EK == -0.07 (0.43),
JB == 0.11 (0.95), L~lsc(l) == 2.01 (0.16), LlVlsc(4) == 0.74 (0.57),
L~1sc(12) = 0.50 (0.91), ARCH(I) == 1.58 (0.21), ARCH(4) = 16.5 (2.4E - 3),
AICTv-sTAR/AR = -0.25, BICTv-sTAR/AR = -0.11.

Model (3.34) passes most of the misspecification tests; see Table 3.6, but
the hypothesis of no autoregressive conditional heteroskedasticity is rejected.
This is most likely due to a couple of outliers in the residuals. The ones in
1989:4 and 1990:4; see Figure 3.16(c), are the likely culprits (note that the
null hypothesis is only rejected against ARCH(4), not against ARCH(l)).

The interpretation of the estimated model is rather straightforward. The
most dominant feature in seasonality is the decrease in the amplitude in the
first half of the 1990s. The decrease is obviously forced by the recession visible
in Figure 3.7(a). It is parameterized through transition function G2 and the
related seasonal dun1111y variables. Transition function G 1 describes a din1h1
ishing relative contribution from the first quarter to the industrial production
in the 1970s (23 == 0.38; see also Figure 3.16(d)). It represents an institutional
change as it can be attributed to an increase in paid leisure allowing a winter
vacation. As to business-cycle induced change, there is no evidence of it in
the quarterly Swedish series.

United States

For the US, constancy of the seasonal dummy coefficients and linearity of the
autoregressive parameters are rejected. Starting with a STAR model allowing
for nonlinearity in the coefficients of the lagged first differences only and using
t6.4Yt-2 as transition variable (rejection of linearity is strongest in this case),
the hypothesis of constancy of the dummy coefficients is no longer rejected at
conventional significance levels. Hence, we arrive at the STAR model
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~Yt = 0.44 D;,t + 0.37 ~Yt-l - 0.41 ~Yt-2 - 0.46 ~Yt-5 - 0.68 flYt-7
(0.16) (0.066) (0.095) (0.068) (0.14)

+ (0.49 + 0.41 flYt-2 + 0.41 flYt-4 + 0.25 flYt-6
(0.26) (0.095) (0.095) (0.071)

+ 0.54 flYt-7) x G 1 (fl 4Yt-2;,l,Cl) +Et, (3.38)
(0.16)

G1 (fl 4Yt-2; 11, Cl) = (1 + exp{ - 59.0 (fl 4 Yt-2 - 0.95) / 0"~4Yt-2}) -1, (3.39)
(-) (0.23)

af; = 1.34, aTV-STARjAR = 0.89, SK = -0.48 (8.0E - 3), EK = 1.80 (2.6E - 6),
JB = 26.6 (1.7E - 6), LMsc(l) = 3.99 (0.048), LMsc(4) = 1.31 (0.27),
LlVfsc (12) = 1.07 (0.39), ARCH(I) = 0.18 (0.67), ARCH(4) = 10.0 (0.040),
AICTv-sTARjAR = -0.20, BICTv-sTARjAR = -0.16.

Note that a ± restriction on the coefficients of ~Yt-2 is imposed. A similar
restriction on the coefficients of ~Yt-7 is rejected. The skew11ess and excess
kurtosis of the residuals are caused entirely by the observations for 1975:1 and
1980:2, where large negative residuals occur.

3.6 Final remarks

The results of this chapter suggest that seasonal patterns in quarterly indus
trial production series for the G7 and two Scandinavian countries have been
changing over time. On the other hand, business cycle fluctuations do not
seem to be the main cause for this change. Our findings are in contrast with
Canova and Ghysels (1994) and Franses (1996), who considered US output
and concluded that the business cycle influences the seasonal cycle. Similarly,
Cecchetti et al. (1997) found that in the US seasonal fluctuations in production
and inventories vary with the state of the business cycle. There are at least two
reasons for differences between our results and the ones of the above authors.
First, they only considered US series and include the GNP and inventories.
The second, and perhaps the more important, reason is that those authors
did not consider other causes than business cycle fluctuations. Less restrictive
cOl1.siderations appear to lead to rather different conclusions.

It seems possible to reconcile our results with the findings of Matas-Mil"
and Osborn (2004). An important detail is that they used monthly series,
whereas our data are quarterly. As the authors explain, a business-cycle
induced change in SUlun1er months, which is visible in monthly series, can



3.6. Final remarks 109

be substantially masked at a quarterly frequency. Another reason for the
differences in results is that Matas-Mir and Osborn (2004) implicitly give a
preference to business-cycle induced pattern shifts, because other types of
change are only described by linear trends in seasonal dummy coefficients.
This may be too rigid a solution, see, for example, Figures 3.10 - 3.18, and a
more flexible parameterization, offered by the TV-STAR model, is needed to
fully assess the role and sigllificance of institutional and technological change
in seasonal patterns of the series considered here. Thus the differences in
results betweell Matas-l\!Iir and Osborn (2004) and our work nlay to a large
extent be ascribed to differences in the emphasis, reflected both in the fre
quency of the series and the choice of model.

As the "Kuznets-type" unspecified change in seasonal patterns is in our
work proxied by time, we cannot give a definite answer to the question of what
kind of cllange, technological, institutional, or "other", has been ilnportant
in the industrial output series we have investigated. The inlportance of our
results lies in the fact that they make us aware of changes such as the gradual
decrease in amplitude many series are showing. Nevertheless, some speculation
about the reasons for this may be allowed. There is evidence for changes
in inventory management affecting the seasonal pattern of industrial output.
Carpenter and Levy (1998) showed that inventory investment and output are
highly correlated not only at business cycle frequencies but also at seasonal
frequencies. Given the importance of inventories for (changes in) fluctuations
in output (see Sichel (1994), and McConnell and Perez-Quiros (2000), among
others), it nlay well be that changes in inventory rIlanagenlent such as the use
of "just-in-time" techniques have dampened the seasonal cycle in inventory
iIlvestlnent and thereby changed the seasonal cycle in production. This would
seem a plausible explanation or a part of it in cases where the amplitude
of the seasonal pattern has decreased over time. On the other hand, very
abrupt changes, such as the one in the German industrial output series in
1978, may perhaps best be ascribed to the agency producing the data, unless
other infornlation about the nature of the change is available. In general, it
may sometimes be relatively easy to suggest individual causes for shifts in the
seasonal pattern at the industry level. Because of aggregation this becomes
more difficult when the volume of the total industrial output is concerned.

The models estimated for seasonally unadjusted first differences in this
work cannot be expected to be useful in forecasting the volume of industrial
production. IVlodels that enhance and explain the low-frequency fluctuations
in the series are better suited for that purpose. Our results give rise to the
question of how the current seasonal adjustment methods cope with series with
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time-varying seasol1.ality, and what the cOllsequences of such variation are on
using seasonally adjusted series in macroeconomic modelling. Investigating
this question in the present context, llowever, n'lust be left for future work.
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Figure 3.1: Industrial production Canada
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Figure 3.2: Industrial production Finland
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Figure 3.3: Industrial production France
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Figure 3.4: Industrial production Germany
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FigLlre 3.5: Industrial production Italy
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Figure 3.6: Industrial production Japan
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Figure 3.7: Industrial production Sweden
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Figure 3.8: Illdustrial production United Kingdom
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Figure 3.9: Il1_dustrial production United States
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Figure 3.10: Characteristics of TV-STAR n~odel for quarterly industrial
production growth rates in Canada in (3.12)

(a) First difference

(b) Seasonal intercepts AR (dashed line) and TV-STAR model (solid line)

(c) Residuals from AR (dashed line) and TV-STAR model" (solid line)
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Figure 3.11: Characteristics of TV-STAR model for quarterly industrial
production growth rates in Finland in (3.15)
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Figure 3.12: Characteristics of TV-STAR model for quarterly industrial
production growth rates in France in (3.19)

~r-----'------""-------'-----""--------;--""'---'---------""-""""'--'---'--""---",,,,------,

=
I

(a) First difference

=...

7 L.........o------.....&...---------------'--"'-----'------------------"'-----2-0....0-0------'

(b) Seasonal intercepts AR (dashed line) and TV-STAR model (solid line)

(c) Residuals from AR (dashed line) and TV-STAR model (solid line)

1- o~c:~-;?"~.o~) I- - _. C:::zCt.-:?,,::.t.Ca)
.- ., 03C:A"'>'~_1;""~'C=3)

1965 1970 1975 1 9BO 1963 1990

j,
i
i
i
j

( !
cr!

\I
t·
i!
~

1995 .2000

(d) Transition functions in TV-STAR model



Figures 125

Figure 3.13: Characteristics of TV-STAR model for quarterly industrial
production growth rates in Gernlany in (3.23)

(a) First difference

~
I

~L..-.o.__---.J""'---__---' ---' """"-' --"' --"' --'-__""---'- --'

(b) Seasonal intercepts AR (dashed line) and TV-STAR model (solid line)

(c) Residuals from AR (dashed line) and TV-STAR model (solid line)
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Figure 3.14: Characteristics of TV-STAR model for quarterly industrial
production growth rates in Italy in (3.27)
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Figure 3.15: Characteristics of TV-STAR model for quarterly industrial
production growth rates in Japan in (3.30)
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(c) Residuals from AR (dashed line) and TV-STAR model (solid line)
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Figure 3.16: Characteristics of TV-STAR model for quarterly industrial
production growth rates in Sweden in (3.34)
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Figure 3.17: Characteristics of TV-STAR model for quarterly industrial
production growth rates in United Kingdonl in (3.8)

(a) First difference
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(c) Residuals from AR (dashed line) and TV-STAR model (solid line)
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Figure 3.18: Characteristics of TV-STAR model for quarterly industrial
production growth rates in United States in (3.38)

(a) First difference
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Table 3.1: Testing linearity and parameter constancy

Parameters STAR TV-AR TV-STAR
tested LM1 LM3 LM1 LM3 LM1 LM3
Canada (p == 8)

Ds,t 0.21 0.72 0.28 5.9E-5 0.20 0.049
~Yt-j 0.068 0.35 0.37 0.11 0.13

Finland (p == 7)

Ds,t 0.15 0.11 8.8E-3 2.4E-5 5.0E-3 0.032
~Yt-j 0.097 0.17 0.17 2.6E-3 0.22

France (j) == 8)

Ds,t 0.34 0.035 1.0E-5 3.6E-S 3.8E-3 0.012
~Yt-j 0.062 0.12 4.9E-5 5.7E-5 0.033

Germany (j) == 5)

Ds,t 0.11 0.51 0.012 2.4E-4 0.16 0.10
~Yt-j 3.8E-3 8.3E-3 0.015 0.086 0.028 0.070

Italy (p == 6)

Ds,t 0.17 0.21 0.061 9.7E-6 0.29 0.11
~Yt-j 0.094 0.12 0.11 S.9E-5 0.24 0.26

Japan (f == 5)
Ds,t 0.066 8.2E-4 0.019 2.5E-5 2.2E-4 5.1E-3
tJ..Yt-j 0.024 8.1E-3 3.7E-3 1.2E-3 1.1E-3 0.039

Sweden (f == 7)

Ds,t 0.10 0.21 9.1E-4 1.7E-3 0.039 0.20
l::i.Yt-j 0.16 0.086 0.014 5.3E-3 0.14

United Kingdom (p== 9)
Ds,t 0.030 0.071 2.1E-3 2.1E-3 0.016 2.1E-4
6.Yt-j 0.039 0.075 5.1E-3 0.016 0.058

United States (p == 7)

Ds,t 0.034 0.11 0.020 0.016 0.OS9 0.38
tlYt-j 6.4E-3 0.014 0.49 0.73 0.33

Notes: The table contains p-values of F-variants of the LMk , k == 1,3, tests
of linearity and parameter constancy within the TV-STAR model (3.1). The
null hypotheses of the different tests are linearity conditional on parameter
constancy [STAR], constancy conditional on linearity [TV-AR], and linearity
and constancy [TV-STAR]. Rows labelled Ds,t and 6.Yt-j contain results for
testing the seasonal dummies and the lagged growth rates, respectively. All
tests are performed conditional on assuming that the remaining parameters
enter linearly and with constant parameters. A dash indicates that the test
could not be computed due to a shortage in degrees of freedom.
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Parameters
tested

Ds,t

D..Yt-j

Changes in seasonality

Table 3.2: Summary of test results

STAR TV-AR TV-STAR
p-value LM1 LM3 LM1 LM3 LM1 LM3

Linear null model
> 0.05 7 7 2 a 4 4

0.01-0.05 2 1 3 1 2 3
< 0.01 a 1 4 8 3 2

> 0.05 5 6 4 3 6 2
0.01-0.05 2 1 2 1 2 1

< 0.01 2 2 3 2 1 0

Nonlinear null model
> 0.05 8 8 5 3 7 9

0.01-0.05 1 1 2 1 2 0
< 0.01 0 0 2 5 a 0

Notes: The table reports the nunlber of series for which the p-values of
the tests of linearity and parameter constancy, shown in Tables 3.1 and
3.3, fall within the indicated category. The null hypotheses of the different
tests are linearity conditional on parameter constancy [STAR], constancy
conditional on linearity [TV-AR], and linearity and constancy [TV-STAR].



Tables

Table 3.3: Testing linearity and parameter constancy In
STAR/TV-AR models

133

Transition
variable
Canada
St = ~4Yt-3

Finland
St = ~4Yt-2

France
St = t*

Gern1any
St = ~4Yt-l

STAR

0.13 0.62

0.20 0.19

0.46 0.20

0.51 0.61

TV-AR

0.23 1.4E-4

2.0E-3 1.0E-5

0.38 0.015

7.6E-3 9.4E-4

0.34 0.40

0.022 0.085

0.48 0.073

0.42 0.27

Italy
St = t*

Japan

St = !:l4Yt-l

Sweden
St = t*

0.47 0.58

0.17 0.046

0.36 0.44

0.26

0.024

0.019

8.8E-3

2.4E-6

0.095

0.64 0.26

0.033 0.11

0.35 0.72

United Kingdom
St = t* 0.041 0.063

United States
St = !:l4Yt-2 0.064 0.10

0.21

0.11

0.32

0.32

0.081 0.056

0.057 0.51

Notes: The table contains p-values of F-variants of the LMk, k =

1,3, tests of linearity of the seasonal pattern within the STAR, model
(3.7) for quarterly industrial production growth rates, where the delay
parameter e is assumed unknovvn but restricted to be less than or
equal to 4. The null hypotheses of the different tests are linearity
conditional on paran1eter constancy [STAR], constancy conditional
on linearity [TV-AR], and linearity and constancy [TV-STAR].
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Table 3.4: Diagnostic tests of parameter constancy and no re-
nlaining nonlinearity in TV-STAR models for quarterly growth rates
in UK industrial production

Transition Ds,t ~Yt-j a:
variable LMI LMa LMI LM3 LM1 LM3

AR model
t 2.1E-3 2.1E-3 5.1E-3 0.016 0.25 8.6E-3
1:::i.4Yt-l 0.20 0.092 0.22 0.15 0.24 0.14
tl4Yt-2 0.55 0.28 0.65 0.49 0.55 0.82
1:::i.4 Yt-3 0.12 0.060 0.064 0.52 0.45 0.77
1:::i.4Yt-4 0.27 0.30 0.34 0.62 0.62 0.56

TV-AR model with n:,t time-varying

t 0.034 0.12 0.43 0.16 0.32 0.019
1:::i.4Yt-l 0.49 0.62 0.013 0.012 0.24 0.49
tl4Yt-2 0.95 0.88 0.81 0.47 0.83 0.92
tl4Yt-3 0.82 0.99 0.20 0.29 0.96 0.94
1:::i.4 Yt-4 0.63 0.12 0.12 0.013 0.15 1.9E-4

TV-STAR model with D:,t time-varying and I:::i.Yt-j nonlinear (St == 1:::i.4Yt-l)

t 0.041 0.030 0.51 0.20 0.44 0.092
1:::i.4 Yt-l 0.40 0.54 0.096 0.20 0.83 0.96
1:::i.4 Yt-2 0.56 0.34 0.61 0.042 0.85 0.99
1:::i.4 Yt-3 0.62 0.71 0.78 0.86 0.54 0.93
1:::i.4Yt-4 0.15 0.12 0.30 0.47 0.14 1.9E-6

TV-STAR model with 2 time-varying components for V;,t and with

tlYt-j nonlinear (St == tl4Yt-l)
t 0.21 0.087 0.65 0.36 0.47 0.13
ti.4Yt-l 0.46 0.54 0.89 0.22 0.57 0.51
ti.4Yt-2 0.92 0.35 0.50 0.89 0.81 0.96
ti.4Yt-3 0.69 0.44 0.21 0.26 0.40 0.87
ti.4Yt-4 0.62 0.29 0.45 0.61 0.58 0.34

Notes: The table contains p-values of F -variants of LM diagnostic tests of
parameter constancy (rows labelled t) and no remaining nonlinearity (rows
labelled ~Yt-l, with 1 == 1, ... ,4) of seasonal dummy coefficients (columns
headed Ds,t), autoregressive parameters (columns headed tlYt-j), and resi
dual variance (columns headed a;) in estimated AR, TV-AR and TV-STAR
models for UK quarterly industrial production.
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Table 3.5: Summary statistics of estimated models for for
quarterly growth rates in UK industrial production

AR TV-AR TV-STAR TV-STAR

11 9.99 214 2.03

C1 0.43 0.43 0.44

12 30.5 19.5

C2 -1.91 -0.37

13 500

C3 0.31

---2 2.15 2.04 1.82 1.65O'g

AlC 1.66 1.55 1.40 1.28
BIC 1.84 1.72 1.72 1.69

SK -0.12 -0.32 -0.48 0.34
(0.27) (0.050) (7.8E - 3) (0.096)

EK 0.63 1.89 1.15 1.29
(0.056) (S.9E-7) (1.8E-3) (5.5E-4)

JB 2.89 25.5 14.4 13.7
(0.24) (2.9E-6) (7.6E-4) (1.1E-3)

ARCH(I) 1.13 6.05 0.44 0.19
(0.29) (0.014) (0.51) (0.66)

ARCH(4) 10.2 10.6 7.85 16.4
(0.037) (0.032) (0.097) (2.5E - 3)

LMsc (l) 0.88 0.094 0.63 0.24
(0.35) (0.76) (0.43) (0.62)

LMsc (4) 1.34 0.62 0.78 0.59
(0.26) (0.65) (0.54) (0.67)

LMsc (12) 1.44 1.04 1.06 0.69
(0.16) (0.42) (0.40) (0.76)

Notes: The table presents selected parameter estimates and misspe-
cification tests for the estimated AR, TV-AR and TV-STAR models
for quarterly growth rates in UI{ industrial production. 0=; denotes
the residual variance, SK is skewness, EK excess kurtosis, JB the
Jarque-Bera test of normality of the residuals, ARCH(r) is the LM
test of no Autoregressive Conditional Heteroscedasticity (ARCH)
up to order r, and LMsc (q) denotes the (F variant of the) LM test
of no serial correlation in the residuals up to and including order
q. The numbers in parentheses below parameter estimates and test
statistics are standard errors and p-values, respectively.
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Table 3.6: Diagnostic tests of parameter constancy and no
remaining nonlinearity in TV-STAR models

n~ansition Ds,t ~Yt-j 0-2c
variable LJV11 LJV13 L1\;11 LM3 L1\11 LlV13

Canada
t 0.47 0.34 0.58 0.87 0.70 0.27
~4Yt-1 0.39 0.88 0.60 0.34 0.14 0.36
~4Yt-2 0.61 0.96 0.43 0.87 0.20 0.54
~4Yt-3 0.88 0.93 0.76 0.74 0.35 0.71
~4Yt-4 0.83 0.90 0.53 0.64 0.47 0.46

Finland
t 0.35 0.70 0.66 0.41 0.73 0.83
~4Yt-1 0.11 0.11 0.40 0.24 0.060 0.056
~4Yt-2 0.14 0.16 0.65 0.57 0.27 0.63
~4Yt-3 0.75 0.19 0.79 0.57 0.25 0.43
~4Yt-4 0.46 0.13 0.53 0.83 0.14 0.32

France
t 0.67 0.18 0.23 0.45 0.79 0.83
~4Yt-1 0.69 0.77 0.47 0.23 0.92 0.43
~4Yt-2 0.74 0.72 0.83 0.40 0.57 0.75
~4Yt-3 0.91 0.75 0.65 0.39 0.71 0.88
~4Yt-4 0.80 0.48 0.93 0.63 0.99 0.85

Germany
t 0.91 0.83 0.61 0.49 0.61 0.52
~4Yt-1 0.54 0.24 0.22 0.16 0.091 0.40
~4Yt-2 0.29 0.11 0.89 0.63 0.28 0.75
~4Yt-3 0.70 0.90 0.83 0.62 0.37 0.62
~4Yt-4 0.41 0.60 0.40 0.51 0.14 0.44

Italy
t 0.71 0.90 0.39 0.92 0.20 0.019
~4Yt-1 0.85 0.88 0.17 0.51 0.35 0.46
~4Yt-2 0.86 0.89 0.39 0.72 0.13 0.30
~4Yt-3 0.51 0.93 0.27 0.84 0.097 0.35
~4Yt-4 0.55 0.89 0.50 0.53 0.37 0.84

Notes: The table contains p-values of F-variants of LM diagnostic
tests of parameter constancy (rows labelled t) and no remaining
nonlinearity (rows labelled ~Yt-l, with l = 1, ... ,4) of seasonal
dummy coefficients (columns headed Ds,t), autoregressive para-
meters (columns headed ~Yt-j), and residual variance (columns
headed (J";) in estin1ated TV-STAR models for quarterly industrial
production growth rates.
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Table 3.6: Diagnostic tests of parameter constancy and no
remaining nonlinearity in TV-STAR models, (cont.)

Transition Ds,t ~Yt-j 0-2
c

variable LM l LM3 LM l LM3 LM l L1\;13

Japan
t 0.34 0.047 0.87 0.35 0.68 0.65
~4Yt-l 0.21 0.025 0.49 0.21 0.28 0.41
~4Yt-2 0.35 0.58 0.73 0.31 0.89 0.99
~4Yt-3 0.59 0.44 0.87 0.95 0.41 0.83
~4Yt-4 0.56 0.78 0.70 0.95 0.14 0.52

Sweden
t 0.76 0.20 0.58 0.42 0.57 0.33
~4Yt-l 0.99 0.20 0.76 0.89 0.24 0.49
~4Yt-2 0.90 0.94 0.85 0.44 0.38 0.51
~4Yt-3 0.36 0.46 0.31 0.72 0.56 0.69
~4Yt-4 0.48 0.57 0.34 0.57 0.31 0.43

United States
t 0.43 0.62 0.52 0.81 0.27 0.038
~4Yt-l 0.83 0.25 0.60 0.91 0.11 0.26
~4Yt-2 0.70 0.84 0.75 0.60 0.34 0.75
~4Yt-3 0.98 0.18 0.78 0.58 0.41 0.75
~4Yt-4 0.64 0.038 0.80 0.60 0.55 0.84

Notes: The table contains p-values of F-variants of LM diagnostic
tests of parameter constancy (rows labelled t) and no remaining
nonlinearity (rows labelled b,.Yt-l, with l = 1, ... ,4) of seasonal
dummy coefficients (columns headed Ds,t), autoregressive para-
meters (columns headed b,.Yt-j) , and residual variance (columns
headed CT;) in estimated TV-STAR rllodels for quarterly industrial
production growth rates.
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Testing the Granger
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Stationary Nonlinear Models
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"You see, there is only one constant, one universal, it is the only real truth:
causality. Action. Reaction. Cause and effect."

- M erovingian, The Matrix Reloaded



Granger Causality

4.1 Introduction

141

In a sen1.inal paper, Granger (1969) introduced an operational definition of
causality between two variables. In particular, if the variance of the prediction
error of the first variable is reduced by including n1easurements froln the second
variable, then the second variable is said to have a causal influence on the first
variable. This definition has since formed the starting-point for testing the
null hypothesis of one variable not causing the other. Note, however, that
prediction in the original definition has in practice come to mean in-sample,
not necessarily out-of-san1ple, prediction. The testing has most often been
carried out in the linear franlework. Geweke (1984) and Liitkepohl (1993)
provide comprehensive surveys of the literature. For an example of a genuine
out-of-sample application, see Ashley, Granger, and Schmalensee (1980).

During the last decade there has been growing interest in generalizing
the test to allow for nonlinear relationships between variables. Baek and
Brock (1992) suggested a generalization based on the BDS test described in
Brock, Dechert, Scheinkman, and LeBaron (1996); Hien1.stra and Jones (1994)
proposed another version of this test, relaxing the iid assumption. In 1996
Bell, Kay, and Malley proposed a procedure for causality testing between two
univariate tin1.e series using non-parametric regression ("generalized" additive
models). The above-mentioned tests are all nonparametric and rather com
puterintensive. Skalin and Terasvirta (1999) proposed a parametric test based
on the slnooth transition regression model and applied that to a set of long
Swedish n1.acroeconon1ic series. That test is easy to compute, but it relies
on assuInptions about the specific functional form of the causal relationship.
Chen, Rangarjan, Feng, and Ding (2004) extended Granger's idea to nonlinear
situations by proposing a procedure based on local linear approximation of the
nonlinear function. Apparently, no asymptotic distribution theory is available
for inference in this frarrlework alld the results are only descriptive.

In this chapter, we suggest two new tests that require little knowledge
of the functional relationship between the two variables. The idea is to
globally approxilnate the potential causal relationship between the variables by
a Taylor series expansion, which can be seen as a way of linearizing the testing
problem. In that sense, noncausality tests based on a single linear regression
form a special case in which the Taylor series expansion approximating the
actual reiatiollship is of order one. In other words, our framework nests the
linear case. Compared to nonparametric procedures, the tests introduced in
this chapter are very easy to compute. They are also available in large samples
where the computational burden of nonparametric techniques becomes pro
hibitive. Rech, Terasvirta, and Tschernig (2001) recel1.tly applied this idea to
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nonlinear variable selection.
The chapter is organized as follows. Section 4.2 contains a description

of our noncausality tests. Section 4.3 reports results of a simulation study:
both the size and the power of these tests are investigated by Monte Carlo
experiments. Section 4.4 concludes.

4.2 Tests of the Granger noncausality hypothesis

4.2.1 Standard linear Granger noncausality test

Before turning out to Taylor expansion-based causality testing, we first recall
the standard way for testing the linear Granger noncausality hypothesis. In
that framework, a series Xt is defined not to (linearly) Granger cause another
series Yt (x NGC y) if the null hypothesis

holds in

Ho : /31 == ... == (3q == 0 (4.1)

Yt == (}o + (}lYt-1 + ... + (}PYt-p + P1 X t-1 + ... + (3q X t-q + Et· (4.2)

We make the following assumptions:

Al. {Et} is a sequence of normal, independent (0, (}2) errors.

A2. {Yt} is stationary and ergodic under (4.1), that is, the roots of the lag
polynomial 1 - I:3=1 (}j Lj lie outside the unit circle.

AS. {Xt} is a weakly stationary and ergodic sequence.

If {Xt} is a linear autoregressive-moving average process, then the process
is stationary if alld only if the roots of the autoregressive lag polynomial lie
outside the unit circle. In the nonlinear case, probabilistic properties, such as
stationarity and ergodicity, do not seem to be available except in a few special
cases, see Stensholt and Tj¢stheim (l987), for example.

Assumption Al is made to allow maxilnum likelihood-based inference.
Robustifying the inference against non-normal errors is possible, however, but
is not considered here. Assumptions A2 and A3 guarantee the existence of
the second moments needed for the standard distribution theory to be valid.

Under these assumptions one can test the noncausality hypothesis in the
single equation setllp (4.2) using an LM-type test statistic (denoted by the
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subscript SE). Following the recommendation in many earlier papers, we use
an F-approximation to the asyn1ptotically X2-distributed statistic:

. (SSRo - SSRl)/q approx
LznearsE = SSR /( ) '" Fq,T~p~q~l, (4.3)

1 T - p - q -1 Ho

where SSRo and SSRI are sums of squared residuals from regressions under
the null and the alter11ative hypotheses, respectively, and T is the number
of observations. The test for testing the null of Yt not Granger causing Xt

(y NGC x) can be defi11ed analogously.
Testing the noncausality hypothesis within (4.2) contains the implicit as

sumption that Yt does not Granger cause Xt- If this assumption is not valid,
testing has to, in principle, be carried out within a bivariate system. Testing
the hypothesis of Xt not causing Yt amounts to testing

Ho : (311 == ... == (3lql == 0 (4.4)

in the system:

Yt == (110 + (1llYt-l + ... + (1lPl Yt-Pl + ;JllXt-l + ... + (3lql Xt-ql + CIt
(4.5)

Xt == (120 + (12lYt-l + ... + (12P2Yt-P2 + ;J2l Xt-1 + ... + (32Q2 Xt -Q2 + C2t,

where cit are assumed white noise with a variance-covariance n1atrix

~ == ((T~1 (T~2) under Ho.
0"21 0"22

The F-version of the LM-test, see Bewley (1986), for testing (4.4) within.
the equation system with feedback (4.5), denoted by the subscript F B, can
then be computed as

(4.6)

where mis the number of equations in the system. Matrices no == Eo I Eo
and 01 == El' El are the cross-product matrices of the residuals fron1
estimating the model under the null and under the alternative, respectively_
More specifically, Eo == (81,".' 8T)' and El == (8'1,. - . , 8'T)' where €t and
8't, t == 1, . __ , T are the (m x 1) vectors of restricted and unrestricted estimated
residuals, respectively. Analogously, the hypothesis y NGC x corresponds to
Ho : (121 == .. - == (12P2 == 0 in (4.5).

4.2.2 Framework for the general test

Suppose now that we have two weakly stationary a11d ergodic time series {Xt}

and {Yt}. The functional form of the relationship betwee11 the two is unknown
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but it is assumed that the possible causal relationship between Y and x is
adequately represented by the following equation:

(4.7)

where (J is a parameter vector and cIt rv nid(O, at). In this framework, x does
not Granger cause Y if

fy(Yt-I' ... , Yt-p, Xt-l, ... , Xt-q; (}) == f* (Yt-l, ... , Yt-p; (}*). (4.8)

This means that the conditional mean of Yt given the past values of Xt an.d Yt

is not a function of the past values of Xt.

If the possibility of causality from Y to x cannot be excluded a priori, one
lIas to assume that there exists a reduced form of the relationship between the
two variables. Its precise form is unkllown but we assume that it is represented
by the following bivariate systenl:

Yt == fy(Yt-I' ,Yt-Pl' Xt-l, , Xt-Ql; (}l) + cIt

Xt == fx (Yt-l, , Yt-P2' Xt-l, , Xt-q2; ()2) + c2t,
(4.9)

where (Ji, i == 1,2, are parameter vectors and cit rv nid(O, a;) al1.d ECitCjs == °
for all t, s. In this framework, x NGC y if

(4.10)

in (4.9). Analogously, Y NGC x if

(4.11 )

in (4.9). The question is how to test noncausality hypothesis within (4.9).

4.2.3 Noncausality tests based on a Taylor series approximation

III order to test either (4.10) or (4.11) in (4.9) when fy and fx are unknown,
we assume that Assumption Ai is valid for {cIt, c2t}. Furthermore, to make
our test operational we make the following assumption:

A4. Functions fy and fx have convergent Taylor expansions at any arbitrary
point of the sample space for every () E 8 (the parameter space).
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The test will be based on a finite-order Taylor expansion. Assumption A4 is
required to ensure that the remainder of the Taylor expansion converges to
zero when the order of the Taylor expansion increases. If this is not the case,
our test cannot be expected to work well.

The null hypothesis of no Granger causality can be tested as follows.
First, lillearize fy and fx by approximating them with general polynomials of
sufficiently high order (this can be done arbitrarily accurately by the Stone
Weierstrass theorenl). After merging terlllS and reparameterizing, the kth
order Taylor approximation of fy has the following form:

PI ql

Yt == f30 +L (3jYt-j +L rjXt-j +
j=l j=l

PI PI PI ql

+ L L (3jlj2Yt-jlYt-j2 + L L 6jlj2Yt-jl Xt-j2 +
jl =1 j2=jl jl =1 j2=1

ql ql

+ L L rjlj2 Xt-jl Xt-j2 + ... +
jl =1 j2=jl

PI PI PI

+ L L··· L f3jl ... j kYt-jl··· Yt-jk + ... +
jl =lj2=jl Jk=jk-l

ql ql ql

+ L L··· L rjl ... jk Xt-jl··· Xt-jk + Et,

jl =lj2=jl jk=jk-l

T;(y,X)+Et, (4.12)

where the error term Et includes the approximation error R~k) = fy -Tj(y, x),
and ql :s; k and Pl :s; k for notational convenience. Expansion (4.12) contains
all possible combinations of lagged values of Yt and lagged values of Xt up to
order k. A sinlilar expression can be defined for Xt, and the testing is carried
out within the systelll

General test

{

Yt == T;(y, x) + Elt

Xt == T!:(x, y) + E2t·
(4.13)

Owing to the approximation (4.12), the testing problem is straightforward as
it has been returned to the problem of testing a linear hypothesis in a bivariate
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system that is linear in parameters. The assumption that Xt does not Granger
cause Yt means that all terms involving functions of lagged values of Xt in (4.12)
must have zero coefficients. In the ll10St general easel, the null hypothesis of
Xt not Granger causing Yt can be written as

rj == 0,

6]1]2 == 0,

H02 : rjlj2 == 0,

j == 1, , ql

j1 == 1, ,PI, j2 == 1, ... , ql

jl==1, ,ql, j2==jl, .. ·,ql

In practice, this test can be carried out in ordinary fashion by using an
F-version of the L1\I1 test. TIlus,

where the nl-atrix 0 0 == Eo'Eois obtained froin regression (4.13) under the
null hypothesis and fi 1 == E1' EI from the full auxiliary regression (4.13).
Furthermore, T is the number of observations and NI the number of para
meters in (4.12) to be tested under the null hypothesis. The latter quantity is
defined as follows:

where N is the total number of parameters and N 2 the number of parameters
110t under test.

As already nl-entioned, this testing problem is straightforward in the sense
that one tests a linear hypothesis in a linearized system. Note, however, that

the error ternl also contains the remainder term, Rik
). To avoid size distortion,

R~k) has to be small, that is, k has to be sufficiently large. ASYlnptotically,
however, the test does not have its assullled nominal size for any fixed k unless
the kth-order Taylor expansion of function fy is an exact characterization of
this function. On the other hand, the approxinl-ation error nl-ay be made
arbitrarily small by increasing k and thus the nUlnber of parameters N, say,
in (4.12) as T ~ 00. Showing that standard asymptotic theory works when

1We are only going to present here the example related to the bivariate case. Extensions
to higher-dimensional systems are straightforward.
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the approximation error converges to zero (N ~ 00), such that NIT ---t a
as T ---t 00, may be difficult. At any rate, the present testing problem is
essentially a small-sample problenl, and the finite-sample behaviour of the
standard distribution theory will be investigated by simulation.

There are two practical difficulties related to equation (4.13). One is
numerical whereas the other one has to do with the amount of information.
Numerical problems may arise because the regressors in (4.13) tend to be
highly collinear if k, PI and ql (and also P2, q2) are large. The other difficulty
is that the number of regressors increases rapidly with k, so the dhnension
of the null hypothesis may become rather large. For instance, when PI == 2
and q1 == 3 then N l == 46 for k == 3, and N 1 == 231 when k == 5. A practical
solutioll to both probleills is to replace some Illatrices by their largest prin
cipal components as follows. First, divide the regressors in the auxiliary test
equatioll equatioll, say, (4.12), into two groups: those being functions of lags
of Yt only and the relnaining ones. Replace the second group of regressors
by their first p* principal components. The null hypothesis now is that the
principal components have zero coefficients. This yields the following test
statistic:

* T ( -"" ...--...- _1 ) approx
GeneralpB = p* m-tr(OlOo) if'o Fp*,T. (4.14)

The "remainder" now also includes the approximation error due to the omitted
principal components related to the smallest eigenvalues.

Semi-additive test

In some cases it may be reasonable to assume that the general model is "senli
additive". That means that the model has the following form:

Yt == 9y(Yt-1, ,Yt-Pl; 011) + fy(Xt-l' ,Xt-ql; ( 12 ) + cIt

Xt == 9x (Yt-1, , Yt-P2; ( 21 ) + fx (Xt-l' , Xt-q2; ()22) + c2t
(4.15)

Here we assume again that {Xt} and {Yt} are weakly stationary and ergodic,
and that functions fy, fx, 9y and 9x satisfy the saIne assumptions as before.

We state again that Xt does not cause Yt if the past values of Xt contaiIl
no information about Yt that is not already contained in the past values of
Yt. When this is the case fy(Xt-l' ... ,Xt-Ql; lJ12 ) == constant. The function.s
gy, gx, fy and fx are now separately expanded into kth-order Taylor series. For
example, linearizing gy and fy in (4.15) by expanding both functions into a
kth-order Taylor series around arbitrary points in the sample space, merging
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H03 :

terms and reparameteriziIlg, yields
PI ql PI PI

Yt == (30 + L(3jYt-j + L rjXt-j + L L (3jlj2Yt-jlYt-j2 +
j=1 j=1 jl=lj2=j1

ql ql PI PI PI

+ L L rjlj2 Xt -]1 Xt-]2 + ... + L L L (3]I"']kYt-]I···Yt-]k +
]1 =1 j2=]1 ]1 =1 ]2=]1 jk=jk-l

ql ql ql

+ L L ... L rjl"·]k Xt -jl··· Xt -jk + Et, (4.16)
]1=1 j2=jl ]k=]k-l

where ql :S k and PI :S k for notational conveniellce. Expansion (4.16) contains
all possible cOIllbinations of Yt-j and Xt-i up to order k, but no cross-terlllS.
Therefore, the hypothesis x NGC y becomes:

r] == 0, ] == 1, , ql

rjlj2 == 0,]1 == 1, ,ql,]2 ==]I,.·.,ql

rjl ... jk == 0, ]1 == 1, ... , Ql, ]2 == ]1, ... , Ql, ... , jk == ]k-l, ... , Ql·

The number of paraIlleters to be tested under the null hypothesis is

k

Nu = ?; ( ql +; - 1 ).

Although the number of parameters for any fixed k is smaller than in the
unrestricted nonadditive case, the problems of collinearity and the large
dinlension of the null hypothesis may still be present. The previous solution
still applies: the regressors are replaced by p* principal components of
corresponding observation nlatrix. Again an LM-type test can be used, and
the resulting test statistic is called Additive*pB. Under the null hypothesis,
AdditivepB has approximately an F-distribution with p* and T degrees of
freedolu. Note that approximatiIlg fy through principal cOlllponents may only
affect the power of the test, not its size.

If eqllation (4.15) is valid, then the corresponding test can be expected to
be ITIOre powerful than the ones based on equation (4.9). Conversely, applying
AdditivepB when the relatiollship is not selui-additive as in (4.15) may result
in a substantial loss of power conlpared to the power of GeneralpB.

4.2.4 Discussion

As discussed in all earlier section, our approach is based on global approxi
Illation of the unknown nonlinear function. The starting-point for the local
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linear approximation of Chen et al. (2004) is the standard delay coordinate
en1bedding reconstruction of the phase space attractors, see Boccaletti, Val
ladares, Pecora, Geffert, and Carroll (2002). A full description of a given
attractor requires a nonlinear set of equations, but it is possible to locally
approximate the dynamics linearly by a vector autoregressive model. Chen
et al. then test for Granger causality at each local neighbourhood, average
the resulting statistical quantities over the entire attractor and cOlnpute the
so-called Extended Granger Causality Index. There are a number of decisions
one has to make when using their method: one has to determine the em
bedding dimension and time delay. Detern1ining the optimal neighbourhood
size is also a nontrivial issue. It appears that no asymptotic distribution
theory is available for infere11ce in this framework, so the results are obviously
bound to be rather descriptive. It may be guessed that an application of this
procedure requires rather long tiIne series unless the nonlinear relationship is
nearly linear.

4.3 Monte Carlo experiments

4.3.1 Simulation design

In this section we shall investigate the small-sample performance of the
proposed noncausality tests. We compare the tests with the standard liI1ear
testing procedure because that is what practitioners generally use in their
work. Moreover, it is often the case that the researcher chooses to ig110re
the possible presence of feedback (causality in the other direction) and con
ducts the analysis within a single equation. One may then ask: does it matter
whether the presence of feedback is explicitly acknowledged or not?

We report the results for all tests based both on the bivariate equation
systen1 (denoted with subscript FB) and on the single equation only (denoted
with subscript SE), and compare the results. The tests included in our com
parison are:

• LinearsE and LinearFB defined in section (4.2.1), formulas (4.3), (4.6)

• GeneralSE and GeneralpB defi11ed in section (4.2.3), formula (4.14)

• AdditiveSE and AdditivepB defined in section (4.2.3).

We present our size and power results for all tests graphically as Davidson
and MacKinnon (1998) have recommended. Their graphs are easier to in
terpret than the conventional tables typically used for reporting such results.
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TIle basis of these graphs is the empirical distribution function (EDF) of the
p-values of the simulated realizations Tj, j == 1, ... , N, of SOlne test statistic
T. Let Pj be the p-value associated to Tj, i.e., Pj == p(Tj) == P(T > Tj), the
probability of observing a value of T greater than Tj of the statistic. The EDF
of the Pj'S is defilled by:

(4.17)

where I is an indicator function. given by :

if Pj ::; ~i

otherwise

and ~i is a point in tIle [0, 1] interval. Follo\ving Davidson and MacKinnon
(1998), a parsimonious set of values ~i, i == 1, ... , m, is

~i == 0.002,0.004, ... ,0.01,0.02, ... ,0.99,0.992, ... ,0.998 (m == 107). (4.18)

Concerning the size of the tests, we present the simple plot of F(~i) - ~i
against ~i for each test. We know that if the distribution of T is tIle one assumed
under the null hypothesis, the Pj' s should be a sample from a uniform [0,1]
distribution. In that case, tIle plot of F\~i) against ~i should be close to the
45° line, whereas F(~i) - ~i should fluctuate around zero as a function of ~i.

The results of the power comparisons are reported using silnple power
curves, instead of the size-corrected size-power curves advocated by Davidson
and MacKinnon. The reason for this is that in practice we would 11.0t know
how to size-correct the results, and our aim is to study the tests from the prac
titiollers point of view. Therefore, we graph the locii of points ((~i), F*(~i))
where the values of the ~i'S are given by (4.18), and F*(~i) is the EDF gener
ated by a process belonging to the alternative hypothesis. In other words, we
record the p-values for every Monte Carlo replication and just plot the curves
corresponding to rejection rates at given nOlnil1.al levels.

4.3.2 Simulation results

For all the experiments, the number of replications N R == 1000 and the num
ber of observations2 T == 150. The innovations Cit r"V nid(O, 1), i == 1,2,

2We let the data-generating process run for a while to get rid of the possible initial effects,
i.e. we discard first 500 observations and use only the last 150.
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t == 1, ... ,T, and sequences {cIt} and {c2t} are mutually independent in
all experiments. We make use of the second-order Taylor approximation of
fy, 9y, fx alld 9x where PI == 3; ql == 3; q2 == 3; P2 == 3. The nun'lber of
principal components is determined separately for each case. Only the largest
principal components that together explain at least 90% of the variation in the
matrix of observations are used. The system consists of unrelated equations
and is estinlated equation by equation by least squares.

For every DGP we present two graphs: panel (a) contains the results of
the test of x NGC Y, and panel (b) the results of the test of Y NGC x. In
every panel the performance of the three causality tests Linear, General*
and Additive*, is reported, both for the sillgle equation (SE) and the system
(FE) framework. The corresponding lines on graphs are labelled Linear_SE,
General*_SE, Additive*_SE, Linear_FB, General*_FB and Additive*_FB,
respectively.

Empirical size of the tests

To illustrate the behaviour of the tests under the null hypothesis, we simulated
six different systems. The data-generating processes are presellted together
with the p-values of tIle linearity test of Harvill and Ray (1999), denoted by
H Rp. These p-values are reported in order to give the reader an indication of
how nonlinear the systenls are.

The first system is a first-order vector autoregressive model (HRp == 0.59):

Yt == 1 + 0.3Yt-l + O. lclt

Xt == 0.4 - 0.63xt-l + O.2C2t.
(4.19)

(4.21)

The second experinlent involves a nonlhlear systenl where Yt is generated by
a logistic smooth transition autoregressive (STAR) model and Xt follows a
bilhlear 1110del (HRp == 8 x 10-1°):

Yt (0.02 - 0.9Yt-l + 0.795Yt-2)/(1 + exp( -25(Yt-l - 0.02))) + O. lclt

Xt 0.8 - 0.6Xt-l + 0.lc2,t-lXt-l + 0.3c2t. (4.20)

In the third system Yt is ratio-polynomial and Xt is generated by an exponential
STAR model (HRp == 0.054):

Yt == -0.8 + 0.9/(1 + Y;-l + Y;-2) + O. lclt

Xt == (0.2 - 0.6Xt-l + 0.45xt-2)(1 - exp(-10(Xt_l)2)) + 0.lc2t.
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The fourth system consists of two self-exciting threshold autoregressive (SETAR)
models as follows (HRp == 2 x 10-30):

O.lYt-l + CIt Yt-l S 0
-0.5Yt-l + CIt Yt-l > 0

(4.22)
-0.5 + 0. 5Xt-l - 0.7Xt-2 + c2t Xt-l S 0
0.5 - 0.3Xt-l + 0. 2Xt-2 + C2t Xt-l > 0 .

The fifth system is linear with fifth-order autoregression such that causality is
only running in one direction, from Y to x (HRp == 0.55):

Yt 1.41Yt-l - 1.38Yt-2 + 1.0813Yt-3 - 0.23015Yt-4 + O.0182Yt-5 + CIt

Xt 1 - 0.55Xt-l + O.16xt-2 - 0.4Yt-4 - 0.3Yt-5 + c2t. (4.23)

The final system is a bivariate nonlinear MA model (HRp == 2 x 10-12):

Yt == CIt - 0.4cl,t-l + 0.3cl,t-2 + 0.4cI,t-l

Xt == c2t + 0.55c2,t-l - 0.3c2,t-2 - O.2E~,t-l·
(4.24)

The results appear in Figures 4.1 - 4.6. They show the p-value discrepancy
plots, i.e. the graphs of F(~i) - ~i against ~i. These figures are reproduced for
small nOluinal sizes that are of practical interest.

The size distortions seem minor at low levels of significance. The single
equation-based tests seen1 somewhat less size distorted than the systenl-based
ones. Also the Linear test seems better-sized than the General or Additive
tests, unless there is feedback, as in Equation (4.23) is which case the Linear
test is grossly oversized. Size distortions seen in Figure 4.5 occur partly be
cause of the misspecified lag length under the null hypothesis: only three lags
are used ill Taylor expansions. But, there is feedback from Y to x through
fourth and fifth lag, and when lags of x enter the auxiliary test-equation, they
are found to be helpful in explaining y. The same explanation - too few lags
used in the approxin1ation - is valid when explaining tl1e size distortions for
the nonlinear moving average model. These size distortions can partly be re
luoved by using more lags when approxinlating the possibly nonlinear causal
relationship. The size distortions of test statistics General and Additive are
much smaller for simple linear systems when the order of Taylor expansions
is lowered, i.e. the approximation becomes closer to the true DGP and there
are fewer 11uisance auxiliary terms in the test equations. Naturally, tIle size
distortiolls dinlinish when the error variance is reduced and when the true lag
length is used in the Taylor approximation. We recommend first testing the
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(4.25)

(4.29)

linearity of the systenl as in Harvill and Ray (1999), and if linearity is not
rejected, using the Linear test should suffice.

Empirical power of the tests

In this subsection we consider a number of cases where (nonlinear) Granger
causality is present between the variables. More precisely, the power-curve
figures correspond to the following systems:

• Figure 4.7 (x -----7 Y bilinear; Y -----7 x linear, HRp == 7 X 10-7):

Yt == 0.5 + O.lYt-1 + 0.5EI,t-I Xt-1 + Elt

Xt == 0.22 - 0.39xt-1 +0.46Yt-2 + E2t

• Figure 4.8 (x -----7 Y (long)linear3 ; Y -----7 X linear, H Rp == 0.847):

Yt == 1.1Yt-1 - 0.56Yt-2 + 0.1591Yt-3 - O.0119Yt-4 + 0. 55xt-4 + O. lElt

Xt == 0.5 - 0.1566xt-1 + 0.2083xt-2 - 0.4Yt-2 + 0.3E2t (4.26)

• Figure 4.9 (y -----7 x (long) linear, H Rp == 0.575):

Yt == 1.41Yt-1 - 1.38Yt-2 + 1.08Yt-3 - 0.23Yt-4 + 0.02Yt-5 + 0. 5E lt

Xt == 1 - 0.55xt-1 + 0.16xt-2 - 0.4Yt-4 - 0.3Yt-5 + 0.5E2t (4.27)

• Figure 4.10 (x -----7 y semi-additive, HRp == 0.243):

Yt == 0.1 + 0.4Yt-2 + (0.5 - 0.8Xt-I)/(1 + exp( -5(Xt-3 - 0.2))) + 0. 5E lt

Xt == 0.22 + 0.39xt-1 - 0.55xt-2 + 0.3E2t (4.28)

• Figure 4.11 (x -----7 y semi-additive; y -----7 x (long) linear, HRp == 6x 10-3°):

Yt == 0.5Yt-l - O.6X;_I/(1 + X;-2) + Elt

Xt == 1 + O. 4Xt-l - O. 3Xt-2 + 0.4Yt-4 - 0.3Yt-5 + O.2Yt-6 + E2t

• Figure 4.12 (x -----7 y general, HRp == 8 X 10-23 ):

{
-I + 0.5Yt-l - 0.9Yt-2 + Elt Xt-l ~ -0.2

Yt ==
2 + 0.3Yt-1 + 0.2Yt-2 + Elt Xt-l > -0.2

Xt == 0.2 - 0.56xt-1 + E2t

(4.30)

3By "(long)" we denote the situation where the lag length in the actual DGP is longer
than the one used in approximations.
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• Figure 4.13 (x -----+ Y general, HRp == 0.00883):

Yt == 0.1 + 0.4Yt-2 + (1 - 0.8Yt-2)/(1 + exp( -9X;_I)) + 0.15clt
(4.31 )

Xt == 0.22 + 0.39xt-1 - 0. 55xt-2 + 0.3C2t

• Figure 4.14 (x -----+ Y general; Y -----+ x linear, H Rp == 1 X 10-5 ):

Yt == 1- 0.2Yt-1 + (-1 + 0.5Yt-2)(I- exp(-10X;_I)) + 0.3clt
(4.32)

Xt == O. 5Xt-1 + 0.3Yt-1 + 0.5c2t

• Figure 4.15 (x -----+ Y bilinear; Y -----+ x general, HRp == 9 X 10-24
):

Yt == O.IYt-1 - 0.5Yt-2 + 0.4Xt-Icl,t-l + 0.5Xt-2c l,t-2 + 0.3clt

Xt == 1 + 0.3Xt-1 - 0.5Xt-2 + (2 + 0.4Xt-1 - 0.3Xt-2 - 0.15xt-3) (4.33)

(1 - exp( -10Y;_2)) + O.lc2t

• Figure 4.16 (x -----+ Y general; y -----+ x semi-additive, H Rp == 8 X 10-5):

_ { O.IYt-1 + 0.9xT_I + 0.4Clt Yt-l S 0
Yt -

-0.5Yt-1 + 0.4Clt Yt-l > 0
0.9 0.5

Xt == 0. 3Xt-1 + ( 2 2) ( ( )) + 0.25c2t1 + x t- l + x t- 2 1 + exp -2Yt-1

• Figure 4.17 (x -----+ Y general; Y -----+ x general, HRp == 8 X 10-8):

_ { O.IYt-1 + 0.3XZ_I - 0.5XZ_2 + 0.2clt Yt-l S 0
Yt - -0.3Yt-1 - 0.5X;_1 + 0.7X;_2 + 0.2clt Yt-l > 0

0.9 (-0.5Xt-1 + 0.3Xt-2)
Xt == O. 3Xt-1 + ( 2 2) + (1 (30)) + 0.24c2t1 + x t- l + x t- 2 + exp - Yt-l

• Figure 4.18 (x -----+ Y general; Y -----+ x general, HRp == 3 X 10-28 ):

(2 - 0.45xt-l)
O.lYt-l + ( ( )) + O.4Elt Yt-l ::; 01 + exp -5Xt-1

(4.36)

O5 (1 - 0.3Xt-1 + 0.45xt-2) 0 4 Yt-l > 0
- . Yt-l + (1 (5 )) +. CIt+ exp - Xt-l

Xt == 1 + O. 3Xt-IYt-2 - 0. 15xt-2Yt-3 + c2t.
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The results of the Linear causality test do not offer any great surprises. It
is clear that the test works best when the true causal relatiollship is linear
(Figures 4.7(b), 4.8(b), 4.14(b)) but it may only have weak power when this
is no longer the case. The Additive test as well as the General one both
suffer somewhat from overparameterization when applied to linear systems.
The Linear test also seems to perform well when it comes to detecting slowly
evolvhlg logistic STAR-type causal relationships, see Figures 4.10(a), 4.16(b).
It also works surprisingly well for a case when the causing variable is the
threshold variable in a two-regime TAR model, 4.12(a). Linear test also seems
to be able to detect a (linear) causal relationship when the lags cOlltributing to
the explanation of the other variable are outside the range of the lags included
in Taylor expansion (and thus used in the test), see Figure 4.11(b), 4.9(b).

At small nominal sizes, the Additive test is the best perforluer of these
three tests in Figure 4.16(a), where the corresponding model actually is senli
additive. It is often more powerful than the General test even when the true
model is no longer semi-additive, see Figures 4.13(a), 4.14(a), for example.
Figures 4.14(a) and 4.15(b) illustrate the behaviour of the tests in the case
where the causality is represented by an exponential smooth transition re
gressioll function and the causing variable is the transition variable. The
nonlinearity in those luodels is of General-type, but the semi-additive approxi
mation seenlS to capture most of the relationship. Consequently the Additive
test is the most powerful one. From the low power of the Linear test it can be
inferred that in this case excluding the higher order terms from the auxiliary
regression is not a good idea.

Figures 4.7(a) and 4.15(a) correspond to systems with a bilinear equa
tion and in those cases the General test strongly dominates the other test
procedures. This may be expected as the relationship is no longer senli
additive, and making that assumption implies a loss of power. From Figures
4.17(a) and 4.18(a), it is seen that the General test also seems to perform well
in a case where the causing variable enters through a regime or the regimes of
a SETAR model.

When interpreting the results, one should be aware of the fact that the
power of the tests depends all the variance of the error term CEt which controls
the signal-to-noise ratio. Even some of the performance rankings indicated
above may be changed by varying c. Also, for the ESTR-type models, the
ability of tIle tests to detect causality depends quite heavily on the presence
of the intercept in the nonlinear part. When there is only change in the
amplitude of the fluctuations and no clear shift in the mean, the power of all
tests is extremely low.
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There seems to be no big difference between the single equation. and system
based tests. This indicates that not much power is lost by ignoring the possible
feedback. This is obviously due to the fact that the restrictions in1.posed by
the null hypothesis are not cross-equation restrictions, so little is gained by
h1.cluding the unrestricted equation in the considerations.

4.4 Conclusions

The noncausality tests introduced in this chapter are based on standard statis
tical distribution theory. The size simulations indicate that the idea of poly
nomial approximation of unknown nonlinear functions is applicable in small
samples. The right balance between the number of lags, the order of the
Taylor expansion, the degree of nonlinearity and the number of observations
is important, however, and has yet to be studied carefully. rrhe power simula
tions suggest that the tests are indeed useful in discovering potential Granger
causality between variables. They also demonstrate the obvious fact that the
more we know about the functional form, the more we gain in terms of power.
If the true causal relationship is nonlinear whereas testing is carried out under
the assumption of linearity, the ensuing loss of power may be substantial. It
is therefore advisable to test the Granger noncausality hypothesis both in the
linear and the nonlinear framework to ensure that existing causal relation
ships between the variables are found as efficiently as possible. Because our
tests are based on the idea of linearizing the unknown relationship, they are
not computationally more difficult to carry out than traditional linear tests.
However, the length of the time series Inay restrict the applicability of our
techniqlle. Given a sufficient amount of data, our tests should be a useful
addition to the toolbox of both applied econon1ists interested in investigating
Granger causality and time series econometricians.
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Figure 4.1: Size discrepancy plots, data generated from systen1. (4019).
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Figure 4.9: Power-curves, data generated from system (4.27).
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Figure 4.10: Power-curves, data generated from system (4.28).
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