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Introduction and summary

During the last few years nonlinear models have been a very active area of
econometric research: new models have been introduced and existing ones
generalized. To a large extent, these developments have concerned models in
which the conditional moments are regime-dependent. In such models, the
different regimes are usually linear and the change between them is governed
by an observable or unobservable variable. For example, when only the con­
ditional mean is regime-dependent the model can be written as follows:

(1)

where Yt is the dependent variable, Xt is a (1 x k) vector of explanatory vari­
ables, f31 and f32 are parameter vectors and et the errors.

The main feature in (1) is the transition function g(qt) which is a function
of the transition variable qt and normally takes values in the interval [0,1].
From (1) the role of the transition function is clear: the conditional mean of
Yt equals x~f31 when g(qt) == 0 and x~f32 when g(qt) == 1. These specifications
can be useful in situations in which it is suspected that the behaviour of the
dependent variable may vary between regimes. A classical example can be
found the business cycle literature where it is argued that contractions in
the economy are not only more violent but also short-lived than expansions.
Unemployment, which tends to rise faster during recessions than decline during
booms, constitute another example.

Two of the most popular regime-dependent models are the smooth transi­
tion and the threshold model. In both models qt is observable but the specifi­
cation of g(qt) is different. Particularly, in the smooth transition model g(qt)
is a continuous function of qt whereas in the threshold model it is an indicator
function that takes value one when qt is above some level and zero otherwise.
Conceptually, the difference between these models is that while in the thresh­
old model each realization of Yt comes from a particular extreme regime, in
the smooth transition model there are infinite number of regimes within the
two extremes: g(qt) == 0 and 1.

3
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This difference between the smooth transition and the threshold model has
also consequences for the statistical theory behind them. In particular, the
discontinuity of g(qt) in the threshold model carries to the likelihood function,
which implies that the standard statistical theory is not applicable and more
elaborate methods are needed. Hansen (1996,1999) have developed appropri­
ate statistical methods for this situation. In the smooth transition model, on
the contrary, much of the statistical inference including parameter estimation
can be carried out using standard statistical methods. Perhaps this technical
advantage of the smooth transition model has allowed extensions of the model
to many directions. A survey by van Dijk, Terasvirta, and Franses (2002)
presents a summary of many of the recent developments.

One of the factors that has influenced the development of nonlinear mod­
els are improvements in computer technology. They have not only permitted
an introduction of more complex models but have also allowed the use of
computer-intensive methods in hypothesis testing. This is particularly im­
portant in nonlinear models because there these methods have proved to be
practical in testing statistical hypothesis such as linearity and parameter con­
stancy. In general, these testing situation are not trivial and their solution
often requires computer-intensive methods. In particular, bootstrapping and
Monte Carlo testing are now commonly used; see Dufour and Khalaf (2001).

Bootstrapping and Monte Carlo testing are computationally intensive
methods in which the empirical distribution function of a test statistic un­
der the null hypothesis is constructed by simulation. It has been shown that
in many cases small-sample properties of a test can be improved by using these
techniques. The main difference between bootstrapping and Monte Carlo test­
ing is that in the latter the small sample distribution of a given test statistic
is obtained by simulation. That is, in Monte Carlo testing, both the sample
size and the nuisance parameters under the null hypothesis are dealt with by
the simulations. Monte Carlo testing also allows the introduction of new test
statistics for which the small-sample distribution is unknown and probably
analytically intractable.

In this thesis the smooth transition model is used in different ways. In the
first chapter, a vector smooth transition model is used as a device for deriving
a test for parameter constancy in stationary vector autoregressive models. In
the second chapter we introduce a panel model whose parameters can change
in a smooth fashion between regimes as a function of an exogenous variable.
The method is used to investigate whether financial constraints affect firms'
investment decisions. The third chapter is concern with linearity testing in
smooth transition models. New tests are introduced and Monte Carlo testing
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techniques are shown to be useful in achieving control over the size of the test.
Finally, the last chapter is devoted to the Smooth Permanent Surge model.
This is a nonlinear moving average model in which a shock can have transitory
or permanent effects depending on its sign and magnitude. Test for linearity
and random walk hypothesis are introduced. A more detail description of the
chapters follows.

Chapter 1. Testing paraITleter constancy in station­
ary vector autoregressive models against continuous
change l

In this chapter we use a vector smooth transition model in which the transition
variable is time, as a device for deriving a test for parameter constancy in
stationary vector autoregressive models. The model under the alternative
hypothesis is a generalized version of (1) in which Yt is a vector of endogenous
variables and Xt contains lags of Yt. The transition function is specified as
in Jansen and Terasvirta (1996) and the transition variable is always time,
either qt == t or, standardized between zero and one as qt == tiT where T is
the number of observations. The test of parameter constancy is derived using
the approach proposed by Luukkonen, Saikkonen, and Terasvirta (1988). This
means that we generalize the single-equation parameter constancy test of Lin
and Terasvirta (1994) to the vector case. Such a generalization will be useful
in building vector smooth transition autoregressive models, an area where
further research is needed.

The asymptotic distribution of the test statistic is derived and its small­
sample properties are investigated by simulation. However, as is often the case
in vector autoregressive models, the asymptotic theory is not a reliable guide
in small samples. This is particularly clear when the sample size compared
to the number of parameters under the alternative is small. Monte Carlo
experime11ts also show that by using the empirical distribution of the test,
computed by bootstrapping, it is to a large extent possible to correct size
distortion that may occur in small samples. The performance of the tests is
compared to that of generalized Chow-tests and found satisfactory in terms of
both size and power.

1This is a joint work with Timo Terasvirta and Changli He.
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Chapter 2. Panel sIllooth transition regression lllodel
and an application to investment under credit con­
straints2

This chapter describes another generalization of the smooth transition model.
In this case we assume that a panel is available. The new model developed
for this situation, the panel smooth transition regression [PSTRJ model, is a
non-dynamic panel model with individual fixed effects. It can be seen as an
alternative to a linear model such that its coefficients are allowed to change
smoothly as a function of an exogenous variable. The PSTR model can be
useful in situations in which there is economic theory suggesting nonlinear
relationships or when there are changing economic structures implying that
the response parameters may vary over time and individuals according to a
transition variable.

To be able to construct PSTR models in a systematic way, we extend the
modelling strategy for smooth transition models introduced by Eitrheim and
Terasvirta (1996) and Terasvirta (1998) to the panel framework. The strategy
includes tests for parameter constancy and no remaining nonlinearity. Small­
sample properties of these tests are investigated by simulation. The results
indicate that the proposed tests perform in a satisfactory fashion in small
samples. The PSTR model is used to investigate whether financial constraints
affect firms' investment decisions. The results in this chapter support earlier
findings by Hansen (1999) who, using a panel threshold model found that
financial constrains do have an adverse effect on firms' investment behaviour.

Chapter 3. Silllulation-based finite-salllple linearity
test against SIllooth Transition lllodels

In the third chapter we apply Monte Carlo testing techniques to the problem
of testing linearity against smooth transition models. The Monte Carlo ap­
proach allows us to introduce a new test that differs from the tests existing
in the literature in two respects. First, the test is exact in the sense that the
probability of rejecting the null when it is true is always less that or equal to
the nominal size of the test. Second, the test does not rely on an auxiliary
regression obtained by replacing the model under the alternative by approx­
imations based on a Taylor expansion as the test developed in Luukkonen,
Saikkonen, and Terasvirta (1988).

2This is a joint work with Timo Tera.svirta and Dick van Dijk.
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The tests presented in this chapter can be used in situations in which the
smooth transition model includes endogenous or exogenous variables in the
explanatory variables. We also show how the Monte Carlo testing methods can
be used for size-correcting the test of Luukkonen, Saikkonen, and Terasvirta
(1988). Small-sample properties of the test are investigated by simulation.
The results indicate that our test not only has a correct size but that it also
has good power properties. Furthermore, it becomes clear that the power
loss implied by the Taylor approximation to the alternative model is not large
when compared to the SupLM test. The power loss can be more substantial,
however, when the ExpLM and AveLM are used. For definitions of these three
statistics, see Andrews and Ploberger (1994).

In case of dynamic models we show that at sample sizes of 30 or 50 ob­
servations the test proposed by Luukkonen, Saikkonen, and Terasvirta (1988)
can be oversized when the null distribution is approximated by the asymp­
totic X2-distribution. The size distortion is large when the model under the
alternative contains a large number of regressors as compared to the sample
size and the model under the null is close to being nonstationary. In this case,
Monte Carlo testing techniques can be very useful since they allow achieving
size control while preserving the power.

Chapter 4. Slllooth perInanent surge process

Traditional models in time series analysis are either models in which all shocks
are transitory and models in which they are not. For instance, in the stationary
autoregressive model all shocks are transitory, whereas in the random walk
all shocks are permanent. Recently, Engle and Smith (1999) proposed the
stochastic permanent break [STOPBREAK] process to close the gap between
transience and permanence. In the STOPBREAK model at one extreme, all
shocks are transitory and at the other, they are permanent.

The most simple form of the STOPBREAK process is,

Yt = mt + €t (2)

where €t is the innovation or shock, and mt is a time-varying conditional mean
defined by

mt == mt-l + qt-l€t-l

with qt-l ==- g(€t). Function g( €) is the logistic function

(3)

(4)
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In the STOPBREAK model, the realized process at time t is a random
walk when qt-l = 1 in (3) and when qt-l = 0, the conditional mean (3) does
not change and neither does the long-run forecast for Yt. Consequently, in the
STOPBREAK process the long-run effect of a shock depends on the value of
qt-l. Given the specification of g(€) in (4) large shocks are permanent while
small shock are only transitory. The main drawback of this specification is
that only a zero shock has transitory effects, because (4) equals zero only
when €t = O. Occurrence of a transitory shock is thus a zero probability event.

In this chapter we introduce a ne model called the smooth permanent
surge [SPS] model as an alternative to the STOPBREAK process. In the SPS
process, small shocks can be transitory while large shocks can be permanent.
The SPS model is based on the moving average representation of (2) and (3)
and has the following form:

6.Yt = Et - Wt-l Et-l

where Wt = ()1 + ()2g(Et). Furthermore, geE) is the second-order logistic

(5)

(6)

with'Y > 0 and Cl ::; C2.

The process nests the STOPBREAK process and in the limiting case 'Y ---t

00, it converges to the threshold integrated moving average [TIMA] model by
Gonzalo and Martinez (2003). The TIMA model is similar to (5) but Wt is
now an indicator function taking value ()l when IEtl ~ ~ and ()2 otherwise.

In the chapter we derive a test of SPS against the STOPBREAK process
and introduce a new test for testing the SPS process against the random
walk. Small-sample properties of these tests are investigated by Monte Carlo
experiments. An application to the stock price series closes the chapter.
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TESTING PARAMETER CONSTANCY

1.1 Introduction

15

Parameter constancy or stability is one of the key assumptions in econometric
models. The parameters of the models are estimated under this assumption,
and it is also fundamental in forecasting with the estimated model. For a gen­
eral discussion of parameter constancy in econometrics equations see Hendry
(1996). Several stability tests are available for single-equation regression mod­
els, but the need for such tests is obvious in vector models as well. Lutkepohl
(1991, pp. 159-166) discussed tests for the stationary vector autoregressive
(VAR) model that are based on out-of-sample forecasts from the estimated
VAR model. It is also possible, for example, to construct in-sample gener­
alized Chow-tests for the VAR model as discussed by Andrews (1993) and
obtain the critical values by applying the sampling techniques that Hansen
(1996) suggested. Hansen and Johansen (1999) recently considered testing
parameter constancy in cointegrated VAR models. Furthermore, Bai, Lums­
daine, and Stock (1998) derived asymptotically valid confidence intervals for
a date of a break in a multivariate time series.

The above-mentioned approaches are, at least implicitly, based on the as­
sumption that the alternative to constant parameters is a single structural
break. While this is often a very sensible assumption, there may be occasions
in which something more general could be needed. For example, model mis­
specification often shows not as a sharp break but as continuous change in
parameters. In this chapter, we consider an in-sample parameter constancy
test based on a parametric alternative to the null hypothesis. The alternative
model allows the parameters to change smoothly over time. If the null hy­
pothesis is rejected, the alternative model may be estimated. This may help to
locate the misspecification and provide clues as to how to remove the causes of
nonconstancy. Our alternative model is a special case of a vector smooth tran­
sition autoregressive (VSTAR) model that nests the linear constant-parameter
VAR model. This means that we generalize the single-equation parameter
constancy test of Lin and Terasvirta (1994), see also Terasvirta (1998), to
the vector case. It should be mentioned that Ripatti and Saikkonen (2001)
recently derived a test for testing the stability of the intercept in a cointegrat­
ing relationship within a nonstationary VAR model, using the same type of
alternative as Lin and Terasvirta (1994) did. Under the null hypothesis our
VAR model is assumed stationary, and as in the single-equation case it turns
out that standard asymptotic x2-based inference is applicable.

The plan of the chapter is as follows. In Section 1.2 we introduce the
VSTAR model and its special case, the time varying VAR model. The test
statistics are introduced in Section 1.3. The next section contains a simulation
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study and our conclusions can be found in section 1.5. Proofs are in the
appendix A.

1.2 The vector slllooth transition autoregressive
model

Consider the following pth order vector smooth transition autoregressive model

p p

Yt == JLo + EcPiYt-i + G(St)(JLl + E 8 iYt-i) + ct, t == 1, ... ,T (1.1)
i=l i=l

where Yt == (Y1t, . .. ,Ymt)' is an (m x 1) random vector, JLi, i == 0,1, are (m x 1)
constant parameter vectors, cPi al1d Eli, i == 1, ... ,p, are (m x m) parameter
matrices, and ct is an (m x 1) error vector. The (m x m) diagonal matrix of
transition functions G(t) == diag{G1(St, 1'1; Cl), ... ,Gm(St, I'm; em)} allows the
model to change smoothly from one extreme regime to the other as a function
of the transition variable St. The diagonal elements Gi(St, l'i; Ci), i == 1, ... ,m,
are transition functions such that 0:::; Gi(St,l'i;Ci) :::; 1.

More specifically, we define the transition functions as follows:

k
== (1 + exp{-l'i Il (St - Cij)} )-1

j=l
(1.2)

where l'i > 0 and Cil :::; Ci2 :::; ... :::; Cik for i == 1, ... , m. These parameters
restrictions are identifying restrictions.

Equations (1.1) and (1.2) form a logistic vector smooth transition autore­
gressive (LVSTAR) model. In the chapter, we assume St == t and call this
special case the time-varying vector autoregressive (TV-VAR) model. It is
our maintained model in testing parameter constancy of a linear vector au­
toregressive model. The TV-STAR model is parametric, al1d this allows us to
develop parametric tests against parameter instability.

Some special cases of the TV-STAR model are of interest. When k == 1
and C1 == ... == Cm == C and, furthermore, we let l'i ~ 00, i == 1, ... , m, in
G(t), the TV-STAR model becomes a VAR model with a single structural
break at ~ == c. When E>i == 0, i == 1, ... ,p, the model collapses into an
important special case in which only the intercept changes over time whereas
the dynamic structure of the model does not. Setting l'i == 0, i == 1, ... , m,
makes the model a linear VAR model. When m == 1, the TV-STAR model
becomes an LSTAR model with time as the transition variable, considered
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in Lin and Terasvirta (1994). Clearly, (1.1) and (1.2) form a very flexible
parametrization capable of characterizing many different types of parameter
nonconstancy, from slow, very smooth change in parameters to very rapid
changes, including breaks. This includes situations in which the change occurs
at either end of the observation period and ones in which the parameters are
constant in the beginning and end but there is a change somewhere in the
middle.

1.3 Testing parameter constancy in the linear VAR
model

Our preferred null hypothesis in testing parameter constancy of a linear VAR
model against TV-VAR is Ho : Ii == 0, i == 1, ... , m. Note, however, that
(1.1) may be made linear also by setting J.Ll= 0, 8i= 0, i = 1, ... ,p, in (1.1).
This is an indication of the fact that (1.1) is not identified under the null
hypothesis. When Ho holds, J.Li and 8i, i = 1, ... ,p, and Ci, i = 1, ... ,m, are
not identified and may thus obtain any value without the value of the criterion
function being affected. Conversely, if J.Ll = 0, 8i = 0, i == 1, ... ,p, then Ii
and Ci, i == 1, ... , m, are not identified. This has the consequence that the
standard asymptotic inference is not available as the asymptotic distribution
of the likelihood ratio statistic under the null hypothesis is not known. For
discussion see Davies (1977,1987) and Hansen (1996).

In this chapter, we circumvent this difficulty by an approxin1ation of the
diagonal elements (1.2) of the transition matrix G(t). For notational con­
venience, we replace G(t;/i;Ci) by G(t;/i;Ci) = G(t;/i,Ci) - G(t;O,Ci) for
i == 1, ... ,m. This results in G(t; 0, Ci) == 0, but the transformation does not
affect the generality of the argument. This approach is a generalization of
the one in Lin and Terasvirta (1994), see also Luukkonen, Saikkonen, and
Terasvirta (1988), to the vector case.

We make the following assumptions about model (1.1) under Ho :
(AI) The stochastic sequence {ct} is a martingale difference sequence with

respect to an increasing sequence of a-fields Ft with

for some a > 0 and j = 1, ... ,m, and

for some positive definite matrix ~e.
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(A2) The VAR process is stable, that is, II - E~=l ~jzjl i= O,lzl ~ 1, and
Elcitcjtcktclt I< 00 for all i, j, k, land t.

These assumptions guarantee the existence of the second moments for Yt
and the convergence of the sample moments to their true values. Assumption
(AI) implies Ectc~ == :Eg •

Consider now the first-order Taylor approximation to G(t; "Ii, Ci) about
"Ii == 0 :

-- {) --
G(t; "Ii, Ci) == "Ii-aG(t; 0, Ci) +~

"Ii
k

== Qi + (1/4)"Ii II(t - Cij) +~ i == 1, ... , m, (1.3)
j=l

where ~ is the remainder. Substituting (1.3) for G(t; "Ii, Ci), i == 1, ... ,m, in
(1.1) and rearranging terms yields

(1.4)

where Bo is an m x (mp + 1) coefficient matrix, Bi == rBi, i
1, ... ,k, are m x (mp + 1) coefficient matrices such that Bi i= 0,
i I, ... ,k, and r diag("Il' ... "m). Furthermore, Wt
(1, Yl,t-l, .. · ,Yl,t-p, · .. ,Ym,t-l, . · . ,Ym,t-p)' is an (mp + 1) x 1 vector and

p

c; == R(J-ll+ L 8iYt-i) + Ct
i=l

where the remainder matrix R ==diag(Rl, ... , Rm). Note that under Ho,
c;== ct so that the distributional properties of the error process are not af­
fected by the approximation when the null hypothesis is valid. Also note that
under Ho, Bo == [J-lO, q.l, ... , tI>p].

It is useful to rewrite (1.4) as follows:

(1.5)

where Zt == StQ9 W t with St == (1, s~)', St = (t, ... ,tk )' and B ==(Bo, Bi,···, B k)
is an (m x ((k + I)(mp + 1))) parameter matrix.

The idea of the approximation is now obvious. As B i = rBi and Bi i= 0,
i = 1, ... ,k, the original null hypothesis r = 0 is replaced by the hypothesis

H~ : Bi== O,i = 1, ... , k (1.6)
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which is a linear hypothesis within a linear vector autoregressive model. We
have traded off information about the structure of the alternative model in
order to obtain a simple testing situation.

In order to carry out the test, the parameters of (1.4) have to be estin1ated.
The quasi maximum likelihood estimator of B can be written as

.- , 1
bT==vec(BT) == «ZZ)- Z 0Im )vec(Y) (1.7)

(1.8)

where Y == (Yl,Y2,'" ,YT) and Z == (zl,Z2,'" ,ZT), see, for example, Lutke­
pohl (1991, p. 63). U11der (AI) and (A2) it can be shown that b T is asymp­
totically normal. The result is given in the following theorem:

Theorem 1 Consider the auxiliary regression (1.5) and assume that under
(1.6), assumptions (Al) and (A2) hold. Then

(YT ® 1m ) (bT-,B) ~ N(O, A-l®:Ee)

as T --7 00, where ,B == vec(B), YT == Dk 0 Imp+1 , and Dk
diag(Tl / 2 , r 3/ 2 , ... , r(2k+l)/2) such that A == plimT~oo yr1(ZZ')yrl .

Proof. See Appendix A. •
This result makes it possible to make use of standard asymptotic distribu­

tion theory in testing the null hypothesis (1.6). We can also test subhypotheses
assuming that a subset of parameters are constant under the alternative. For
example, if we want to test the hypothesis that the intercepts are constant,
equation (1.4) has the form

Yt== BoWt+blt + ... + bktk + c;

where bi, i == 1, ... ,k, are (m x 1) parameter vectors. We can use the analogue
likelihood ratio (LR) type statistic, the Wald type statistic and the Lagra11ge
multiplier type statistic for testing the null hypothesis. In the general case,
these statistics have an asymptotic X2 distribution with km(mp + 1) degrees
of freedom when the null hypothesis holds.

The performance of the tests depends on the choice of parameter k. If
the parameters (or a subset under test) are assumed to change monotonically,
k == 1 suffices, because the change can in that case ,be characterized by a simple
logistic function obtained by setting k == 1 in (1.2). Setting k == 2 is enough
when one wants to include the case where the parameters first change in one
direction and then start changing back toward their original values. In this
case, the test based on k == 1 does not usually have power. The choice k == 3
allows for more complicated, possibly nonmonotonic, change. In practice it
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T - (1 +pm) approx
FLR = k(l +pm)mTLR '" F [k(l +pm)m, T - (1 +pm)]

is advisable to carry out the test at least for k = 1,2. If the time series
are sufficiently long, choosing k = 3 may also be an option. Comparing the
strengths of the rejection (p-values) often gives preliminary information about
the type of the parameter change that has taken place. The point of defining
parameter change by equation (1.2) is that it allows defining changes that both
begin and end well within the observation period. A single break serves as an
extreme example. This is not possible if the change is fully characterized by a
polynomial of t. For this reason equation (1.4) is only an auxiliary regression
that is not assumed to generate any data. But then, the test that we propose
naturally does have power against the less likely alternative that the change
in parameters is accurately described by a polynomial of time.

In order to define these three statistics, let ER = (eI,. e • , eT)' and Eu =
(€'i, ... ,€T)' where et and ft, t = 1, ... ,T, are the restricted and unrestricted
estimated residuals, respectively, from (1.4). We define the following cross
product matrices: SR = EkER, Su = E~Eu, and furthermore, set WI =
(WI,. e., WT)' and W2 = {(SI ® WI), (S2 @ W2), ... , (ST @ WT)}'. Then the
Wald, LM and LR test statistics can be written in the following way:

W = T(trS[jlSR - m)

LM = Ttr (SltEkw2 [W~W2 - W~Wl (W~WI)-lW~W2]-lW~ER)

LR == TIn [det (SR)] e

det (Su)

In the simulations we also use the F-versions of these tests:

Fw = T -k~~: ~~~;;m)w ap~ox F [k(l +pm)m,T - (k + 1)(1 +pm)]

(1.9)

(1.10)

1 approx
FLM = k(l + pm)mLM '" F [k(l + pm)m, T] (1.11)

under HOe The reason for this is that while they are not exact F-test, their
small-sample properties can be expected to be better than their asymptotic
counterparts. The simulation study and its results will be discussed in the
next section.
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1.4 Simulation study
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(1.12)

1.4.1 Rao's test and design of the experiment

A recurring problem of tests of VAR models is that the standard test statistics
tend to be oversized in small samples. This may even be true for the F-versions
(1.9) , (1.10) and (1.11) . Rao (1973, p. 556) suggested yet another F-statistic
to remedy this problem. It is based on the likelihood ratio LR and defined as
follows: Fl _(1- LR-

l
/

S
) 88 - 2A

RAG - LR-l/s w

where w == mk (pm + 1),82 = (w2 -4) / (m2 +r2
- 5), r = k(l +pm) ,8 =

T - 0.5 (m + r + 1) and A = 0.25 (w - 2). We include it in our simulations.
Another solution to the potential size distortion is to generate empirical

distributions for the test statistic by parametric bootstrap and use them in­
stead of the X2 and F-distributions discussed above. In order to do that, we
assume that the errors in (1.4) are independent and identically distributed
under the null hypothesis. We can then apply the recursive bootstrap, see Li
and Maddala (1996), as follows:

1. Estimate the parameter~of (1.4) under the null hypothesis and compute
the matrix of residuals ER.

2. Generate N matrices ERl, ... ,ERN by sampling vectors et from ER with
replacement.

3. Given these matrices, compute N realizations of size T of
y == (yl' ... , Yr) , call them y(l), ... , y(N), recursively, using the es­
timated values of the null model (no data are generated by the auxil­
iary regression) and the first p + 1 observations of the original sample,
Y-p, ... ,Yo, as starting values.

4. Estimate the auxiliary model (1.4) under the null hypothesis and the
alternative for each data set y(i), i = 1, ... ,N and compute the value of
the test statistics for each realization.

The empirical p-value of the test is obtained as the fraction of times the value
of the bootstrap statistic exceeds the values obtained from the original sample1

1In this case, the boostrap method can be justified with asymptotic arguments since the
statistics~considered are smooth functions of sample moments, and they are also asymptoti­
cally pivotal [see Horowitz (2001)].
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The design of the experiment is the following. The sample sizes are T == 50
and 100. The VAR models have either one or two lags, and the dimension of
the model varies between two and four equations. The power of t in the
artificial VAR models, called k, see equation (1.4), equals either 1 or 2. The
definitions of the six models used in tIle simulation experiment can be found
in Appendix B. Furthermore, the number of replications in every individual
experiment is 1000 and the nominal significance level of the tests equals 0.05.
The bootstrap p-value is computed using 1000 bootstrap samples of equal size
as the original sample.

1.4.2 Size simulations

The size simulations involve the models called DGP1, DGP 2, DGP 3 and DGP
4 in Appendix B. In size simulations, the models have been simulated without
their nonlinear component, that is, assuming J-L1 == 0 and 8 1 == 82 == 0 in (1.1).
The results can be found in Table 1.1. It is seen that the size of the asymptotic
tests can be badly biased, especially when the number of parameters under
the null hypothesis is large compared to the sample size; see the worst case
T == 50, m == 4, p == 2 and k == 2. This is not unexpected because we are testing
a linear hypothesis within a linear (auxiliary) system; for comparable results
see, for instance Edgerton and Shukur (1999) and Candelon and Liitkepohl
(2001). The Wald type tests perform particularly badly, erroneously rejecting
the null hypothesis in 100% of the cases in this set-up. This happens because
it relies solely on the estimation of the alternative (larger) model. The LM
type test performs much better but not sufficiently well either. Even Rao's F­
statistic (1.12) is generally somewhat oversized when T == 50, but the situation
improves for T == 100. It is seen that the F-test represent a considerable
improvement over the x2-tests, but their likelihood ratio and Wald versions
can still be oversized for T == 50. Perhaps surprisingly, the F-LM type test
can be considerably undersized in small samples. This happens in particular
when k == 2.

Finally, the lower panel of Table 1.1 contains the empirical sizes of the
bootstrapped versions of these statistics. The X2 and the F version of the tests
are equivalent, and because of that p-values of the latter ones are omitted from
the table. This outcome is due to the fact that with the empirical distribution
of the test, the small sample correction evident in (1.9), (1.10) and (1.11)
does not playa role. Two main results emerge. First, the bootstrap improves
the empirical size and, second, the differences between the sizes of the tests
practically vanish. This suggests that the LM-type test is a natural candidate
to be bootstrapped because it requires fewer computations than the other
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tests. This is due to the fact that the auxiliary VAR equation only needs to
be estimated under the null hypothesis.

1.4.3 Power simulations

The power properties of our tests are investigated using eight different model
specifications. The DGPs are again DGP 1, DGP 2, DGP 3 and DGP4 in Ap­
pendix B but now with their nonlinear components included. Each parameter
combination serves in two different TV-VAR models, as both the first-order
(k == 1) and the second-order (k == 2) logistic model have been simulated.
In order to avoid size distortions we only apply bootstrap-based tests here.
The transition function is the same for all equations, with the slope parameter
roy == 10 or 20, the location parameter Cl = (0.5) T for k = 1, and Cl = (0.3) T
and C2 == (0.7) T for k = 2.

The results for k == 1 can be found in Table 1.2. It can be seen that
the differences in power are generally not large, which supports our previous
assertion that among the bootstrapped tests, the LM type test would be the
one to favour because its use would minimize the amount of computations.
The results indicate that the power of the test increases with the value of roy,

the slope parameter. This is what intuition might suggest, tllat is, a break or
near-break is easier to detect than a very smooth transition, ceteris paribus.
The results for k == 2 have a similar pattern, and for this reason they are not
reported here. In order to get a better idea of the relative power of our tests
we compare them to the generalized Chow-test with an unknown break-point
that Andrews (1993) considered. In addition to the supremum test of Andrews
we follow Andrews and Ploberger (1994) and also include the "average test"
statistic

and the "exponential average test" statistic

exp ST(-rr) = In(l exp{ (1/2)ST(1r) }dW(1r)).
7rETI

where the weight function W(1r) allocates equal weights on all observations
1TT such that 1r E II. Furthermore, ST(1r) is the Chow-statistic assuming a
break at 1rT . We use the LM-versions of these tests and calculate the critical
values of the test statistics following the procedure of Hansen (1996). We
use 500 draws from a normal distribution to compute the asymptotic p-values
and 500 bootstrap samples for computing the empirical p-values. We report
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Table 1.1: Empirical sizes of the parameter constancy tests based on asymp-
totic and bootstrapped p-values

Results based on asymptotic or approximate p-values
k==l

(DGP 1) (DGP 3) (DGP 2) (DGP 4)
(m==2,p==1) (m==4,p==1) (m=2,p=2) (m=4,p==2)

Statistic T==50 T==100 T=50 T=100 T=50 T==100 T=50 T==100

W 0.132 0.081 0.357 0.156 0.214 0.108 0.810 0.344
LR 0.106 0.072 0.220 0.108 0.145 0.083 0.556 0.205
LM 0.072 0.063 0.089 0.055 0.084 0.061 0.198 0.085
FRAO 0.058 0.062 0.054 0.049 0.051 0.050 0.048 0.046
Fw 0.061 0.062 0.068 0.051 0.060 0.050 0.057 0.041
FLR 0.051 0.059 0.044 0.043 0.047 0.049 0.054 0.040
FLM 0.035 0.053 0.021 0.037 0.037 0.044 0.041 0.033

k=2

W 0.229 0.118 0.766 0.307 0.488 0.206 1.000 0.801
LR 0.143 0.076 0.482 0.170 0.267 0.131 0.973 0.473
LM 0.061 0.051 0.133 0.070 0.095 0.070 0.399 0.136
FRAO 0.061 0.048 0.068 0.058 0.063 0.058 0.058 0.062
Fw 0.062 0.049 0.076 0.055 0.060 0.057 0.077 0.045
FLR 0.055 0.048 0.084 0.057 0.081 0.060 0.297 0.092
FLM 0.030 0.040 0.014 0.034 0.025 0.046 0.008 0.025

Results based on bootstrapped p-values
k==l

(DGP 1) (DGP 3) (DGP 2) (DGP 4)
(m==2,p==1) (m==4,p==1) (m=2,p==2) (m=4,p=2)

Statistic T=50 T==100 T==50 T==100 T==50 T=100 T=50 T=100

W 0.054 0.056 0.049 0.050 0.053 0.051 0.052 0.048
LR 0.053 0.056 0.046 0.046 0.052 0.053 0.052 0.045
LM 0.052 0.057 0.054 0.045 0.055 0.054 0.046 0.040
FRAO 0.053 0.056 0.046 0.046 0.052 0.053 0.052 0.045

k==2
W 0.049 0.045 0.058 0.051 0.043 0.056 0.052 0.059
LR 0.048 0.046 0.053 0.053 0.047 0.055 0.056 0.058
LM 0.048 0.044 0.056 0.053 0.048 0.054 0.064 0.052
FRAO 0.048 0.046 0.053 0.053 0.047 0.055 0.056 0.058
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Table 1.2: Power of the bootstrapped parameter constancy tests

k=l
(DGP 1) (DGP 3) (DGP 2) (DGP 4)

(m=2,p=1) (m=4,p=1) (m=2,p=2) (m=4,p=2)
Statistic T=50 T=100 T=50 T=100 T=50 T=100 T=50 T=100

, = 10 W 0.432 0.887 0.706 1.000 0.459 0.910 0.547 0.989
LR 0.431 0.887 0.693 1.000 0.449 0.905 0.543 0.987
LM 0.427 0.887 0.667 0.998 0.444 0.902 0.505 0.982
FRAO 0.431 0.887 0.693 1.000 0.449 0.905 0.543 0.987

, = 20 W 0.485 0.903 0.625 0.977 0.505 0.951 0.561 0.997
LR 0.478 0.901 0.629 0.978 0.502 0.950 0.557 0.997
LM 0.468 0.899 0.621 0.976 0.488 0.949 0.515 0.996
FRAO 0.478 0.901 0.629 0.978 0.502 0.950 0.557 0.997
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results from two different simulations. The number of replications equals 1000
as before, and the sample sizes are 50 and 100.

In the first simulation the model is DGP 1b in Appendix B, and the ob­
servations are generated assuming that k = 1 and, furthermore, that the
parameters change smoothly over time such that c = 0.5T and 'Y = 0,5,10.
The first value 'Y = a refers to the size simulation. The results of this exper­
iment are given in Table 1.3. It is seen that the generalized Chow-test with
asymptotic critical values is undersized in all three cases when T = 50, whereas
the same test based on bootstrapped critical values does not suffer from this
disadvantage. As to our test, their bootstrapped versions have similar power,
and for this reason we only report the results of the LM test. Comparing the
Chow-tests with the LM test, it is seen that at both samples sizes our tests
have better empirical power than the Chow-tests for 'Y = 5 and 'Y = 10. This
is not unexpected, because the change in parameters is smooth.

In the second experiment, tIle model, DGP 2b in Appendix B, has a single
structural break halfway through the observation period. The power function
is estimated for three different cases, consisting of the null model and two
different sets of parameter values under the alternative. The parameters under
the alternative are defined by subtracting a fixed number from all parameters
in the null model. The difference between the parameters of the null model is
called "increment" in the table.

The results can be found in Table 1.4. They show that our test also has
power against an abrupt change. However, in this case the generalized Chow­
test must have higher power than our test statistics do, because the Chow-test
is a test explicitly designed against a single structural break. In our smooth
transition-based tests, the alternative is larger and only contains the true
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Table 1.3: Size and power of the recursive Chow-test and the bootstrapped
parameter constancy test when the alternative is a smooth change

Asymptotic Bootstrap
Gamma Statistic T=50 T=100 T=50 T=100

LM 0.055 0.053
1=0 SupLM 0.029 0.050 0.060 0.043

ExpLM 0.030 0.048 0.058 0.049
AveLM 0.041 0.050 0.050 0.045
LM 0.169 0.362

1=5 SupLM 0.085 0.323 0.121 0.279
ExpLM 0.087 0.333 0.133 0.286
AveLM 0.122 0.374 0.162 0.334
LM 0.274 0.611

1 = 10 SupLM 0.159 0.584 0.198 0.488
ExpLM 0.179 0.594 0.228 0.528
AveLM 0.227 0.657 0.257 0.604

alternative as a special case. This causes a power loss when compared to the
Chow-tests where the alternative is just a single structural break. This is also
what the results in Table 1.4 indicate. The power of the Chow-tests increases
faster than that of our tests when the sample size is doubled from 50 to 100,
and the difference in power is quite clear at the larger sample size. Finally, we
investigate the power of the LM test when the alternative model is the TV­
VAR model with k = 2 in (1.2) and the value of k in the auxiliary regression
(1.4) is either k = 1 or 2. For comparison, we include the recursive Chow-test
in the experiment. The simulations are based on DGP lb. The results in
Table 1.5 indicate that when the alternative is a TV-VAR model with k = 2
in (1.2) both the recursive Chow test and the LM test using k = 1 in (1.4)
have low power. Not surprisingly, the power of the LM test when k == 2 in the
auxiliary regression is much higher than the power of the recursive Chow test.

Two conclusions emerge from this experiment. First, the recursive Chow
test is not powerful when there are two parameters changes of opposite sign and
size in the sample. Second, if one is interested in estimating the alternative
model (1.1) and (1.2) when the null hypothesis is rejected. The following
testing sequence for selecting between k = 1 and k = 2 in (1.2) may be
recommended. Test parameter constancy using (1.4) with k == 2. If the null
is rejected, test the same null hypothesis using k = 1 in (1.4). Select k == 1 if
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Table 1.4: Size and power of the recursive Chow test and the bootstrapped
parameter constancy test when the alternative is an abrupt change

Asymptotic Bootstrap
Increment Statistic T=50 T=100 T==50 T=100

LM 0.054 0.052
0.0 SupLM 0.059 0.063 0.055 0.043

ExpLM 0.048 0.057 0.054 0.050
AveLM 0.068 0.068 0.060 0.055
LM 0.145 0.330

-0.15 SupLM 0.157 0.495 0.163 0.431
ExpLM 0.146 0.471 0.139 0.406
AveLM 0.155 0.449 0.126 0.370
LM 0.290 0.655

-0.30 SupLM 0.468 0.927 0.467 0.909
ExpLM 0.435 0.922 0.432 0.905
AveLM 0.382 0.868 0.306 0.818

the latter test rejects the null hypothesis otherwise select k == 2.

Table 1.5: Power of the recursive Chow test and the bootstrapped parameter
constancy test when the alternative is a smooth change with k == 2.

Asymptotic Bootstrap
Gamma Statistic T==50 T== 100 T=50 T==100

LM(k == 1) 0.039 0.045 0.038 0.044
LM(k = 2) 0.185 0.516 0.193 0.526

, == 5 SupLM 0.031 0.108 0.079 0.174
ExpLM 0.028 0.098 0.075 0.152
AveLM 0.028 0.070 0.064 0.110
LM(k = 1) 0.042 0.051 0.040 0.049
LM(k == 2) 0.430 0.902 0.434 0.904

, == 10 SupLM 0.048 0.304 0.129 0.406
ExpLM 0.049 0.279 0.129 0.384
AveLM 0.049 0.167 0.100 0.237

Note: LM(k == 1) and LM(k == 2) denote the LM test based on auxil­
iary regression (4) with k == 1 and k == 2, respectively.

1.5 Conclusions

We have derived a test of parameter constancy for a stationary vector autore­
gressive model, when the alternative consists of smoothly changing parameters.
As previous studies have already suggested, asymptotic distribution theory
does not work well here, and the use of empirical null distributions obtained
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by a recursive bootstrap appears necessary in order to avoid size distortion.
All important advantage of our tests is that they are computationally easy
to carry out. Even when the alternative model is nonlinear, only linear VAR
nl0dels need to be estimated and simulated. Nevertheless, in some situations
where the null hypothesis is eventually rejected it may be of interest to try
and estimate the corresponding TV-VAR model. If this is successfully done,
the estimated model is likely to contain useful information about the nature of
parameter change. Such information may in turn be helpful in finding ways to
respecify the nlodel such that the new model does have constant parameters.
Our tests may thus be best viewed as easily applicable model-building tools
for users of VAR models.
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Appendix A

Proof of theorem

Consider the vector regression model

p

Yt == EAiXti + ct == BZt + ct, t == 1,··· ,T
i=l

(A.I)

where Yt == (Ylt,··· ,Ymt)' is an (m x 1) random vector, Ai, i == 1,··· ,p,
are (m x m) parameter matrices, B == (AI, ... , A p ) is an (m x mp) matrix,
Xti == (Xlt,i,··· ,Xmt,i)', i == 1, ... ,p, are random vectors, Zt == (X~I' ... 'X~p)' is
an (mp x 1) vector and ct is an (m x 1) error vector. Rewrite (A.I) as

y == (Z' 0 Im),B + c

where ,B == vec(B), y == (y~, ... , y~)' is an (mT x 1) vector, Z = (Zl, ... , ZT) is
an (mp x T) matrix and, furthermore, c = (ci, ... ,cT)' is an (mT xl) error
vector. We first prove the consistency and asymptotic normality of the least
squares estimator of ,B. The following lemma is a generalization of Theorem 3
of Lai and Wei (1982) to the vector case.

Lemma Consider the (m x 1) vector regression model (A.I) and assume
that:

(a) The stochastic sequence {ct} in (A.I) is a martingale difference se­
quence with respect to an increasing sequence of a-fields {Ft } such that

(a1)

for some a > 0 and j == 1, ... ,m, and

(a2)

where :Eg , a constant matrix, is positive definite.

33
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(b) Xti is Ft-1-measurable and that there exists a non-random positive
finite symmetric matrix BT for which

(bI)

and
(b2)

as T ~ 00. Then the least squares estimate gof f3 has an asymptotic normal
distribution in the sense that

(A.2)

Proof. Some of the arguments in this proof have been adopted from Lai
and Wei (1982) and Lai and Robbins (1981). Define

B -1XTt = T Zt

and
XTt = XTt lI( IfxTtll :::; 1) (A.3)

where ]I(.) denotes the indicator function. It follows from (b2) and (A.3) that

P(XTt =1= XTt for some t = 1, ... ,T) = P(IIXTtll > 1) ~ 0 (A.4)

as T ~ 00. Furthermore, by Assumption (a) and (A.3), both E( "iTt 0 £tll) <
00 and E(iTt 0 ct!Ft-1) = 0 a.s. It follows from (a2), (bl) and (A.4) that

T
E E[(XTt 0 ct)(XTt 0 ct)'IFt-1]
t=l

T
= EE[«BTIZtz~BTl) 0 (£tc~))lI( I/XTtl/ ~ l)IFt-l]

t=l

~ Imp 0 :Ee . (A.5)

Since ~e is positive definite, there exists a nonsingular matrix L such that
L:EeL' = 1m. It follows from (a2) that

(A.6)

Let d be an arbitrary non-random (m2p x 1) vector and any element dB (8 =
1, ... , m 2p) of d be positive such that d'd = 1. Then it follows from (A.5)-(A.6)
that

T
EE[d'(XTt0Lct)(XTt0Lct)'dIFt-l)] ~ 1.
t=l

(A.7)
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We now have to show that, for any 8 > 0, the conditional Lindeberg
condition

T

t~E[d'(XTt @ Let) (XTt @ Ledd][ (11(xTt @ Ledd l1
2 > c)) In-I)]

~ ° (A.8)

holds. Brown (1971, Lemma 2) showed that under condition (A.7), the Lin­
deberg condition,

T
t~E[d'(XTt @ Let)(XTt @ Let)'d][ (II (XTt @ Lcddll

2 > c))]

~ ° (A.9)

for any 8 > 0, and the conditional Lindeberg condition (A.8), are equivalent.
Thus we only have to show that (A.9) holds.

For any ,\ > 0, it follows from Hall and Heyde (1980, pp. 53-54) that

T
t~E[d'(XTt @ Let)(XTt @ Ledd][ (11(xTt @ Leddl12 > c))]

:::; E[t~d/(XTt @ Let)(xTt @ Ledd][ ( C~ II(XTt @ Ledd l1
2
) > ).)]

+,\P (max (1ICXTt 0 Let)/dIl2) > 8) . (A.IO)
l::;t::;T

Given anye > 0, choose A so large that for any T, the first term on the right­
hand side of (A.I0) is bounded by e/2. That this can be done follows from
(A.7). Now choose T* sufficiently large such that for all T ~ T*, the second
term on the right-hand side of (A.I0) is bounded by £/2. In other words, we
have to show that for any e* > 0,

(A.II)

Define the i-th element of XTt as Xi,Tt and the j-th element of &t = Let as €jt,

where i == 1, ... , mp and j == 1, ... , m. To show that (A.Il) holds, observe that,
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for any t,
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E[ (~Xi'Ttejtds) 2]
'l"J

= E[E ( (EXi,Tt€jtdS) 21Ft-I}

S E[E ( (EXi,Tt€jt)21Ft-I) ]

~ E[(~X;'Tt (E (0tIFt-1)))
'l"J

+ 2 ( E IXil,TtXi2,Ttl (E (l€jlt€j2tIIFt-1)))]
il=j:.i2 or jl =j:.j2

(A.12)

where i1,i2 E {l, ... ,mp} and ]l,j2 E {l, ... ,m}. Note that terms on the
right-hand of (A.12) satisfy, for any t,

,,-2 P 0L..;JXi,Tt ~
't

and

E IXil,TtXi2,Ttl
il=j:.i2

~ E (max{IXil,Ttl, IXi2,Tt!})2
il=j:.i2

p
~O,

because (b2) holds. On the other hand, it follows from (a) that for any t

and j, E (0tIFt-1) and E (l€jlt€j2tIIFt-l) are bounded. Then (A.H) holds.
Therefore, for all T ~ T*,

ttE[d'(xTt ® Lcd (XTt ® Lcddlf (II (XTt ® Lct)'dl12 > 6)] < c

which proves (A.9). Hence by (A.7) and (A.8) and Theorem 2.2 of Dvoretzky
(1972),

T
Ed'(Br1zt Q9 Let) ~ N(O, 1).
t=l
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It follows from the Cram,r-Wold theorem (see, e.g., Davidson, 1994, pp. 206)
that

T
L (BT1z t 0 Let) ~ N(O, Im 2p ).
t=1

(A.13)

Result (A.13) then yields (A.2). •
Proof of Theorem. We shall apply the above Lemma to (1.4). Therefore,

we have to show that there exists a nonrandom positive definite symmetric
matrix B r such that Br1(ZZ')1/2 ~ I(k+l)(mp+l) and maxl~t~T IIBr l zt ll ~
o.

Let Vt == (Yl,t-l,··· ,Yl,t-p,··· ,Ym,t-l,··· ,Ym,t-p)' be an (mpx 1) random
vector such that Wt == (1, vi)' and EWt = J.L and EWtwi = {l, where n is
positive definite.

Under Ho assume that conditions (A1)-(A2) hold. Under those conditions
{Yt} in (1.4) is ergodic for the first and second moments. Then, for i,j ==
0,1, ... , k,

and

r
T-(i+j+l) L ti+iWt ~ (i + j + 1)-1 J.L

t=l

r
T-(i+j+l) Lti+iWtW~~ (i + j + I)-In

t=l

(A.14)

(A.15)

as T -+ 00. Let U ==[(i+ j + 1)-1], i,j == 0,1, ... , k, be a (k+ 1) x (k+ 1) matrix
and set

[
U U 0 J.L' ]

A= U®j.£ U®O ·

It follows from (A.14) and (A.15) that

Matrix A is positive definite because ZZ' is positive definite. Let B r ==
(TrAYr)I/2. Then

BT1(ZZ')1/2 ~ ICk+l)(mp+l)

as T -+ 00. Furthermore,

IIB-l 11·,2 - '~-IA-l~-1 - 0 (T-1)T Zt I - Zt ~ T ~ r Zt - p ,

because

(A.16)

(A.17)
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where St == (1, t/T,· .. ,(t/T)k)'. Under Ho it follows from (A.I6) and (A.I7)
that

max IIBr1Ztli ~ o.
l:::;t:::;T

The error process {ct} satisfies the assumptions of Lemma. Application of
that lemma yields the result (1.8). •



Appendix B

Models used in the simulation
study

The data-generating TV-VAR model is

p p

Yt == /-La + l:~iYt-i + G(t)(J-l1 + l:E>iYt-i) + ct, t == 1,··· ,T (B.1)
i==1 i=1

To investigate the size and power properties of the our test four different DGPs
were used. The first DGP is a bivariate system (B.1) with p == 1, where

J-l~ == (0.2 0.2), J-l~ == (0.23 0.23)

q, (0.55 0.65) e (0.2 0.08)
1 == -0.038 0.3 ' ... 1 == -0.03 -0.2

(DGP 1)

The second DGP from van Dijk (1999) is an TV-VAR(2) with m == 2 where

J-l~ == (0.2 0.1), J-l~ == (0.22 0.11),

-PI == (0.8 0.2), ~2 == (-0.4 -0.2)
0.2 0.8 -0.2 0.4

81 == (-0.4 0.2 ) ,82 == (0.0 0.0)
0.2 -0.4 0.0 0.0

(DGP 2)

Finally, the last two DGPs considered are a TV-VAR(l) and TV-VAR(2)
models with m == 4:

39
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q,1==

and

J1~ == (0.2 0.2 0.2 0.2)

J1~ == (0.202 0.202 0.202 0.202)

0.03 -0.01 0.01 -0.01
0.03 0.00 0.00 -0.01
0.00 0.01 0.03 -0.01

-0.01 0.00 0.03 0.00

0.80 0.00 0.05 0.00
81 = 0.70 0.30 0.20 0.00

0.20 0.00 0.70 0.00
0.00 0.30 0.70 0.30

J1~ == (0.2 0.2 0.2 0.2)

J1~ == (0.21 0.21 0.21 0.21)

0.80 0.00 0.05 0.00
~1 = 0.70 0.30 0.20 0.00

0.20 0.00 0.70 0.00
0.00 0.30 0.70 0.30

0.330 -0.015 -0.012 -0.015
0.270 0.003 -0.003 -0.015

q,2 == -0.003 -0.015 0.027 -0.015
-0.015 0.003 0.027 0.003

-0.9680 0.000 -0.0605 0.000
-0.847 -0.3630 -0.2420 0.000

81 = -0.2420 0.000 -0, 8470 0.000
0.000 -0.3630 -0.8470 -0,3630

-0.0330 0.0150 0.012 0.015
-0, 0270 -0.003 0.003 0.015

82 = 0.0030 0.0150 -0, 027 0.015
0.0150 -0.0030 -0.027 -0.003

(DGP 3)

(DGP 4)

To assess the power properties of the tests, we assume that the transition
function (1.2) is equal for all the equations, with I == 0, 10 or 20, C == (0.5) T
for k == 1 and c == ((0.3) T, (0.7) T) for k == 2. Additionally, the sample size
was either T == 50 or T == 100.
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In power comparisons with the generalized Chow-test the model is a bi­
variate system with p == 1. The model under the alternative hypothesis is
(B.1) with the following parameter values for, > 0:

jj~ == (0.2 0.2), jj~ == (0.23 0.23)

-PI == ( 0.7 0.2), 8 1 == (-0.4 0.2 )
-0.2 0.7 0.2 -0.4

When, == 0 , (B.1) is linear with parameters

(jjo)' ==jj~+O.5jj~ == (0.315 0.315)

~i=~1+0.581= (~O~l ~::). (DGP 2b)

This parameterization is used for obtaining the size results in Table 3.
Finally, to investigate the power of the tests, two different alternative mod­

els are used. When the model under the alternative is DGP Ib, we assume
that the transition function (1.2) is the same for all the equations, with k == 1,
, == 5, 10 and c == 0.5. This model is used for obtaining the power results in
Table 3. On the other hand, when the alternative is a structural break, we
consider two additional parameter generated form DGP 2b as follows:

(
0.2 ) ( 1.0 )

J-t1 = 0.2 - a 1.0

8 1 == (0.5 0.3) _ a (1.0 1.0)
0.4 0.5 1.0 1.0

where a == 0.15,0.30.
In all cases, ct are independent normally distributed with mean zero and

covariance matrix E == [aij] with aii == 0.3 and aij == 0.2 for i =I- j.





Chapter 2

Panel smooth transition
regression model and an
application to investment
under credit constraints
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PANEL SMOOTH TRANSITION REGRESSION

2.1 Introduction

45

A standard assumption in panel models is that regression functions are iden­
tical across all observations in a sample. In some applications this assumption
may be violated. Hansen (1999a) suggested an alternative in which the individ­
ual observations are divided into classes according to an observable variable.
If the regression functions are the same for all observations in a class and
this holds for all classes, this assumption leads to a panel threshold regression
(PTR) model. Hansen (1999a) derives econometric techniques for the PTR
model. These include maximum likelihood estimation, asymptotic confidence
intervals for the parameters as well as specification tests for determining the
number of classes. The last problem leads to nonstandard inference because
of an identification problem present in the tests. The PTR approach is moti­
vated by an empirical example, in which there exists theory suggesting that
the regression functions may not be identical across samples. In particular,
the economic theory suggests that in the case of imperfect information, ex­
ternal finance may be limited, and already heavily indebted firms may have
to use their cash flow to finance their investments. This separates them from
other firms whose access to external sources of financing is not restricted. A
leading article making use of this classification of firms is Fazzari, Hubbard,
and Petersen (1988).

At the end of his article, Hansen (1999a) points out that one could also ap­
ply models with a smooth transition to this problem. In that case, instead of
a small finite number of classes there would be a smooth transition controlled
by an observable variable from one extreme regime to another. In the applica­
tion to investment financing, that would mean that the degree of indebtedness
would have a more subtle effect on the availability of external financing than
a PTR model would allow. In this chapter we introduce a nondynamic fixed
effect panel model in which the regression coefficients are allowed to change
smoothly as a function of an exogenous variable. In this sense, the chapter
offers an alternative methodology to Hansen (1999a).

This chapter is organized as follows: The next section introduces the panel
smooth transition model. The third section discusses estimation and model
building. Section 4 contains small-sample properties of the specification pro­
cedure. Section 5 contains an illustration of the proposed methodology where
it is applied to the economic problem analyzed by Hansen (1999a). Section 6
concludes.
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2.2 Panel smooth transition regression lllodel

The Panel Smooth Transition Regression (PSTR) model is a fixed effect model
with exogenous regressors. The basic PSTR model with a single transition is
defined as follows:

Yit == J1;i + {3~ Xit + {3~Xitg (qit; 'Y, c) + Uit (2.1)

for i == 1, ... ,N and t == 1, ... ,T. The dependent variable, Yit, is a scalar, J-li
is an unobservable time-invariant regressor, Xit is a k-dimensional vector of
time-varying exogenous variables1 , qit is an observable transitioll variable and
Uit are the errors.

The main feature of this model is the transition function 9 (qit; 'Y, c) . It is
a continuous and bounded function of qit that allows the parameter in (2.1)
to change smoothly as a function of qit. In this work we follow Granger and
Terasvirta (1993), Terasvirta (1994) and Jansen and Terasvirta (1996) and
define

where c == (Cl, ... , cm)' is an m-dimensional vector of location parameters,
and 'Y 2 0 and Cl ~ ... :::; Cm are identification restrictions. Parameter 'Y
determines the slope of the transition function. When m == 1 and 'Y ~ 00,

(2.1) and (2.2) define the two-regime PTR model in Hansen (1999a). When
m > 1 and 'Y ~ 00, the number of identi~al regimes remains two, but the
function switches between zero and one at Cl, .•• ,Cm . Finally, when 'Y ~ 0,
the transition function (2.2) becomes constant and the model is the standard
linear model with fixed effects.

The transition function (2.2) with m == 1 or m == 2 is already a very flexible
parametrization since it allows different types of changes in the parameters.
For example, if m == 2, Cl == C2 == c, (2.2) implies that only the Euclidean
distance between qit and C has an effect on Yit. Moreover, if 'Y ~ 00, transition
function (2.2) defines a three-regime nlodel whose outer regimes are identical
and different from the mid-regime. Finally, when m == 1, the model allows a
single monotonic smooth transition whose location is controlled by Cl.

1Lagged values of the dependent variable are not allowed because the presence of the
fixed effect would invalidate the use of the within transformation to handle the nuisance
parameters; see Chamberlain (1984, p 1256).
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A possible generalization of the PSTR model is the general additive PSTR
model

r

Yit = J.Li + 13bxit + I:,13j X itgj(qj{)j Ij, Cj) + Uit (2.3)
j=l

where the transition functions are of type (2.2). If m == 1 for gj, j == 1, ... ,r,
qj{) == qit and 'Yj ~ 00, j == 1, ... ,r, (2.3) collapses into an (r+1)-regime PTR
model of Hansen (1999a). Consequently, the general additive PSTR model
can be used as an alternative to multiple-regime PTR model. Additionally,
when the larger model the investigator is willing to consider is a PSTR model
(2.1) with r == 1 and m == 1 or m == 2, model (2.3) can serve as an alternative
in the evaluation of the estimated PSTR model (2.1). This possibility will be
discussed in Section 2.3.4

2.3 Building panel smooth transition regression
models

2.3.1 Modelling cycle

The PSTR model is a nonlinear model, and its use requires a systematic mod­
elling strategy. Hansen (1999a) outlines a modelling cycle for the PTR model
that consists of testing linearity and selecting the number of regimes using
statistical tests. The latter stage also implies maximum likelihood estima­
tion of the parameters of at least two PTR models. Hansen assumes that the
threshold variable is given, but if it were not, his procedure could probably
be extended to include the possibility of choosing it from a set of candidate
variables as in Hansen (1999b).

In this chapter, we consider a modelling cycle for PSTR models consist­
ing of specification, estimation and evaluation stages. Specification includes
testing linearity and, if it is rejected, determining the form of the transition
function (2.2), that is, choosing between m == 1 and m == 2. At the evalua­
tion stage the estimated model is subjected to misspecification tests to check
whether or not it can be considered an adequate description of the data. The
null hypotheses to be tested include parameter constancy, no remaining non­
linearity and no autocorrelation in the errors.

A similar cycle has been previously suggested for smooth transition au­
toregressive (STAR) and smooth transition regression (STR) models; see, for
example, Terasvirta (1998) or van Dijk, Terasvirta, and Franses (2002) for
description and discussion. It has inspired the techniques developed in the
present work.
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2.3.2 Testing linearity against PSTR model

The first step of the specification stage is to test linearity against PSTR. This
is important for both statistical and economic reasons. Statistically, the PSTR
model is not identified if the data-generating process is linear, and a linearity
test is necessary to avoid the estimation of unidentified models. The PTR
model has the same property. From the economics point of view, a linearity
test may account for testing some economic theory suggestions. For instance,
in the example on the access of firms to external financing, established theory
suggests a linear model, whereas a nonlinear model is required if there are
credit restrictions that depend on the degree of indebtedness of the firm.

Testing linearity in the PSTR model (2.1) can be carried out in two ways
either by testing Hb : (32 = 0 or H5 : , = O. In both cases the test will be
nonstandard because under either null hypothesis, the PSTR model contains
unidentified nuisance parameters. In particular, (" c') are not identified under
H6 and ({3~, c') under H5. The testing problem when unidentified nuisance pa­
rameters are presented under the null was first studied by Davies (1977, 1987).
Luukkonen, Saikkonen, and Terasvirta (1988), Andrews and Ploberger (1994)
and Hansen (1996) proposed alternative solutions to the problem. Recently,
Hansen (1999a, 2000) applied his testing procedure in the PTR framework.
We follow Luukkonen, Saikkonen, and Terasvirta (1988) and test the linear­
ity hypothesis as Ho : , = O. To circumvent the identification problem, we
replace 9 (qit;" c) by its first-order Taylor expansion around, == 0 and test
an equivalent hypothesis in an auxiliary regression. After replacing g(qit;" c)
in (2.1) by its Taylor expansion and merging terms we obtain the following
auxiliary regression,

{3'* {3'* + a'* m *Yit == J.li + 1 Xit + 2 Xitqit · · . + fJmXitqit + Uit (2.4)

where the parameter vectors {32, ... ,{3:n are multiples of , and Tit == Uit +
o (,m) {3~Xit. Testing Ho : , == 0 in (2.1) is equivalent to testing Ho: {32 ==

... == {3:n == 0 in (2.4). Note that under the null hypothesis {uit} == {Uit},
so the Taylor series approximation does not affect the asymptotic distribution
theory.

We make the following assumptions about model (2.1) under the null hy­
pothesis:

Assumption Ll: For each t, {Yit, Xit, qit} are independently distributed (Ld.)
across i.

Assumption L2: For each i, Uit is i.i.d over t and independent of
{(Xit, qit)T=l}'
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and E(Uit) == O.

Assumption L3: Elxitsqifl1+8 ~ ~l < 00, for i == 1, ... , N, t == 1, ... ,T,
s == 1, ... , k, where 6 > 1.

Assumption L4: Elxitsqifuitl2+8 :::; ~2 < 00 for i == 1, ... , N, t == 1, ... , T,
s == 1, ... ,k, where 6 > 1.

Theorem 1 If assumptions L1 to L4 are satisfied, then the least squared es­
timator /3 of f3 == (f3i, · . · ,f3:n)' is consistent and asymptotically normal under
the null hypothesis when N ~ 00 with T fixed.

Proof. See Appendix A.l •
Even though the null hypothesis Hocan be tested using any of the three

classical tests, we restrict ourselves to the LM test because it only requires the
estimation of (2.4) under the null. The computation of the LM statistic in­
volves two steps. First, eliminate the fixed effect from (2.4). Second, compute
the LM statistic for the transformed model. The LM test and its F-version
can be computed in three stages as follows:

1. Regress Yit == Yit - ~t Yit/T on Xit == Xit - ~t Xit/T and compute the
sum of squared residuals SSRo.

2. Regress Yit on Xit and (X~tqit - ~t X~tqit/T, · . · ,X~tqif - ~t X~tqirIT) and
compute the sum of squared residuals SSR1 .

3. Compute,

LM == TN(SSRo - SSR1)/SSRo (2.5)
LMF == {(SSRo - SSR1)/mk} I {SSR1/(TN - N - mk)} (2.6)

Under the null hypothesis, statistic (2.5) is asymptotically distributed as
X~k and the F-statistic (2.6) has an approximate F [mk, TN - N - mk]
distribution.

Suppose that the larger model tIle investigator is willing to consider is
the PSTR model (2.1) with m == 1 or 2 in (2.2). The linearity test can
then be used to choose between m == 1 and m == 2. Granger and Tera.svirta
(1993) and Terasvirta (1994) proposed the use of a sequence of linearity tests
for determining m. The testing sequence applied to the present situation is
the following: Using the auxiliary regression (2.4) with m == 3, test the null
hypothesis Ho : f33 == f32 == f31 == O. If it is rejected, test H04 : {33 == 0,
H03 : f32 == 01f33 == 0 and H02 : f31 == 01f33 == {32 == o. Select m == 2 if the
rejection of H03 is the strongest one, and otherwise select m == 1. For the
reasoning behind this rule, see Terasvirta (1994).
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2.3.3 Estimation of parameters

Estimation of parameters of the PSTR model (2.1) is a relatively straight­
forward application of the fixed effect estimator and nonlinear least squares
[NLS). One has to eliminate the individual effects J-Li by removing individual­
specific means and to apply NLS to the transformed model to estimate the
remaining parameters. This estimating procedure can be seen as maximum
likelihood where first the likelihood function is concentrated with respect to
the fixed effects.

In order to discuss the asymptotic properties of the ML estimator we write
(2.1) for individual i as,

(2.1')

where ~ is a (T xl) vector of ones, Xli == (X~l , ... , x~T)' and Wi ((33) ==
(g(X2i{33) o Xli) with X2i == (~',q~, ... ,q~m)' and (33 == 1'(l,ci, ... ,c~)'. The
dimensions of X l i,X2i are (T x k), (T x (m+ 1)), respectively.

We make the following assumptions for the PSTR model (2.1) or (2.1'):

Assumption El: {}Ii, Xli, qi} is an independently identically distributed se­
quence of random variables and Ui == }Ii - E[YiIJ-Li, Xli, qi]'

Assumption E2: g(X~it{33){32 - g(x~it{3£){3g # 0 when {32 # {3g and/or {33 ~
{3£.

Assumption E3: The parameter space E> is a compact subset of ]RK and
(30 E 8.

Assumption E4: E[luTtI 2
] ::; ~l < 00 for i == 1, ... , n, t == 1, ... , T.

Assumption E5: E[lx2it,jX2is,hXis,rXit,l\2) ~ ~ < 00, for j, h == 1, ... , m,
r, l == 1, . . . , k and i == 1, . . . , N, t == 1, . . . , T.

Assumption E6: E[lxjit,hI 2
] ::; ~ < 00, for j == 1,2, i

1, ... ,k and t == 1, ... ,T.
1, ... ,N, h

Assumption E7: V == E [[Xli :Wi(,Bg)]'Qr[Xli :Wi(,Bg)]] is positive definite.

QT == IT - ~~~' is the within transformation matrix.

Theorem 2 If assumptions (Ei) to (E7) are satisfied, the maximum likeli­
hood estimator is consistent and asymptotically normal when N ~ 00 and T
is fixed.
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Proof. See Appendix A.2 •
The only assumption that is not standard is (E2) which is an identification

assumption, assumptions (E1), (E3) to (E7) are standard in linear panel mod­
els with strictly exogenous regressor. Even though we have assumed that the
observations across individuals are Li.d it could be relaxed in order to allow for
heterogeneity. Such a generalization would imply the existence of higher-order
moments. [see White (1980) and White (2000) for details].

As mentioned before, the estimation of the parameters in (2.1) is carried
out in two steps. First, we eliminate the fixed effects and then apply NLS
to the transformed modeL Even though the first step is standard in linear
models, equation (2.1) calls for a more careful treatment. Specifically, note
that the individual means in (2.1) have the form

(2.7)

where Vi, Xi, Wi and Ui are individual means. Subtracting equation (2.7) from
equation (2.1) yields

(2.8)

(2.10)

where Yit == Yit - Yi, Uit == Uit - Ui, (3 == ((3~ , (3~)' , itt (1, c) ==
(x~t - x~, X~tg (qit; 1, c) - w~(1, c) )'. Consequently, the transformed vector
Xit(1, c) in (2.8) depends on (1, c')' through both the levels and the individual
means. For this reason, itt (1, c) has to be recomputed at each iteration.

The iterations have the following form. First, given (1(j) , c(j)')' estimate
(3(j) by ordinary least squares, which yields

~U) = (~~ X;t ( 'YU), cU») x;: ('YU), c(j)) ) -1~~ X;t ( 'YU), c(j)) yit

(2.9)
Then, conditionally on (3(j), estimate (1(j+l) , c'(j+l))' by NLS. This amounts
to solving

('YUH), eUH»)' = arg minL L (Yit - (3'(i)j;;t (-Y, c)r
("c) i==l t=l

Leybourne, Newbold, and Vougas (1998) proposed a similar procedure
for STAR models; see also Terasvirta (1998) and van Dijk, Terasvirta, and
Franses (2002) for discussion. Small-sample properties of this procedure are
investigated by simulation in Section 2.4.1.

An issue that deserves special attention in the estimation of the PSTR
model is the selectio11 of starting-values. Good starting values may con­
siderably facilitate the numerical optimization or, conversely, inappropriate
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starting-values may cause problems. A feasible method for smooth transition
models is a grid search. It is seen that (2.8) is linear in parameters when
parameters ("(, c')' are fixed. This suggest the following algorithm. First, de­
fine an array of values for ("(,c')' such that "( > 0, and Cjmax < max{qit}
and Cjmin > min {qit}, j == 1, ... , m. Calculate (2.9) for all these values in
turn and select the vector ("(*, c'*)' minimizing the sum of squared residuals
as starting-values of the estimation algorithm. Hansen (1999a) also applied a
form of grid search in the estimation of the parameters of PTR model.

2.3.4 Evaluation of the estimated model

After estimating the parameters, the estimated PSTR model has to be eval­
uated. In this section we consider a number of misspecification tests for this
purpose. One of them, the test of no remaining nonlinearity, may also be
viewed as a specification test. In this test, the alternative hypothesis is a
multiple PSTR model, and the test is thus a smooth transition counterpart to
the test in Hansen (1999a) for determining the number of regimes in the PTR
model.

The tests to be considered in this section resemble the ones that Eitrheim
and Terasvirta (1996) derived for STAR models. It turns out that they can be
modified to fit the present framework. The new tests are the test of parameter
constancy and that of no remaining nonlinearity. Error autocorrelation is also
an indicator of misspecification. Its presence can, however, already be tested
by applying the test by Baltagi and Li (1995).

Testing parameter constancy

Testing parameter constancy in panel data models has not received as much
attention as in the time series literature. A possible explanation is that in
many applications T is relatively small, which makes the assumption of pa­
rameter constancy difficult to test. However, with an increasing number of
panels witll relatively large T the test for parameter constancy in fixed effects
models becomes feasible and important. Even though our test is developed
for PSTR models, after minor modifications it can be applied to linear fixed
effects models.

Our alternative to parameter constancy is that the parameters in (2.1)
change smoothly from one regime to another. The model under the alternative
may be called the Time Varying Panel Smooth Transition regression [TV-
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PSTR] modeL It can be written as follows:

Yit == JLi + [,6~1Xit + ,6~2Xitg (qit; 11, C1)]

+1 (tiT; 12, C2) [,6~lXit + ,6~2Xitg (qit; II, C1)] + Uit

53

(2.11)

(2.12)

where 9 (qit; 1'1, C1) and 1 (tiT; 12, C2) are transition functions as defined in
(2.2) and (1'l,C~)' and ('2,c~)' are the parameter vectors. Equation (2.11) has
a structure similar to the time-varying STAR model discussed in Lundbergh,
Terasvirta, and van Dijk (2003). One may also write (2.11) as follows:

Yit == JLi -1- [,611 + (3121 (tiT; 12, C2)]' Xit

+ [,621 + {3221 (tiT; 1'2, C2)]' Xitg (qit; II, C1) + Uit·

Equation (2.12) shows how the parameters of the model vary between {311 and
,611 + (312 and {321 and (321 + ,622, respectively, smoothly and deterministically
over time.

The alternative model (2.11) allows multiple alternatives to parameter con­
stancy depending on the specification of 1 (tiT; 12, C2) . The general specifica­
tion of 1 (tiT; 1'2, C2) is

where C2 == (C21,' .. ' C2h)' is an h-dimensional vector of location parameters.
As before, the value of h determines the alternative hypothesis. In particular,
it controls the form of switches in parameters. When h = 1, the TV-PSTR
model allows monotonic change in parameters. Equivalently, when h == 2, the
parameters change symmetrically around (C21 + C22)/2. Finally, 12 measures
the smoothness of the change: when 12 ~ 00 in (2.13), 1 (tiT; 12, C2) becomes
a step function, so structural breaks are included in the alternative as special
cases. On the other hand, when 1'2 == 0 in (2.13), model (2.11) has constant
parameters.

Note that it is assumed that the parameters in the transition function
g(qit; 1', Cl) are constant over time. This assumption is a practical one: such
"second-order" nonconstancy is considerably harder to detect than noncon­
staney in the regression coefficients, in particular as T may not be large in
applications. We also assume a common transition function 1(tiT; 12, C2) for
all individuals.

The null hypothesis of constant parameters in model (2.11) can be stated as
Ho : 1'2 == O. However, under this hypothesis (,6~2' f3~2' C~)' are not identified.
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To circumvent this problem we follow Eitrheim and Terasvirta (1996) and
replace (2.13) in (2.11) by its first-order Taylor expansion around "12 == o.
After merging terms we get the following auxiliary regression

Yit Pi + X~tfJi1 + X~t(t/T)fJi + · .. + X~t(t/T)hfJh (2.14)

+ {X~t,821 + X~t(t/T),8h+l + ... + X~t(t/T)h,82h} 9 (qit; 'Yl, Cl) + Uit

where Uit == Uit + R (t/T, "12, C2) and R (t/T, "12, C2) is the approximation error
in the Taylor expansion. In (2.14), f3j == "I2f3j for j == 1, 2, ... ,h, h + 1, h +
2, ... ,2h. Then the original null hypothesis, Ho : "12 == 0 can be tested in the
auxiliary regression (2.14) as H~ : f3; == 0 for j == 1,2, ... ,h, h+ 1, h+2, ... ,2h.
Finally, note that under H~ Uit == Uit, i == 1, ... , N, so the Taylor series
approximation does not affect the distribution assumptions. Therefore, under
the null hypothesis and standard regularity conditions, the NLS estimator
of b == (f3i~, f3i', · · . ,f32~' f3h~l' ... ,f32h, "I, c')' is consistent and asymptotically
normal for fixed T and N ---t 00.

In this context it is convenient to use the LM test because it only requires
the estimation of (2.14) under the null hypothesis. In order to compute the
LM statistic and its F-version we need to define the following vectors:

Vit = ( W~t, Z~t, (8zit/lhd {-J12, (8zit/8cn)' (-J12,' • ., (8zit/8c1m)' (-J12)'

tit ==(x~t, {f~t, (o{fit/0"11)', (o{fit/OC11)', · · . , (o{fit/8Clm)')'
T

{fit ==Xitg (qit, "11, C1) - l/T L Xitg(qit, "11, C1)
t=1

T

Wit ==Xit(t/T)i -l/TLXit(t/T)j,j == 1, ... ,h
t=l

and

T

Z~t == Xitg (qit; "11, Cl) (t/T)i - l/T L Xitg (qit; "11, Cl) (t/T)i, j == 1, ... ,h
t=l

The X2 and F version of the test can be computed in three stages as
follows2 :

2See Appendix B for the mathematical derivation of the test.
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1. Estimate the PSTR model and compute the residual sum of squares
SSRo.

2. Regress Yit on Vit and tit and compute the residual sum of squares SSRI.

3. Compute the X2 and F-versions of the tests as follows;

LM = TN(SSRo - SSRl)/SSRo

LMF = {(SSRo - SSRl)/2hk} / {SSR1/(TN - N - 2hk)} (2.15)

(2.16)

Under the null hypothesis LM is asymptotically distributed as X~2hk) and
LMF is approximately distributed as F(2hk, TN - N - 2hk).

Small-sample properties of LMF will be investigated by simulation in Section
2.4.2.

Testing the hypothesis of no remaining nonlinearity

The purpose of this test is twofold. First, if the basic PSTR model (2.1) with
(2.2) is the largest model that one wants to consider, the test is a misspecifi­
cation test. A rejection indicates that the specification is not satisfactory. If
the investigator is willing to consider a multiple PSTR model, the test serves
as a test for the number of transition functions in the model. When the test
is carried out, it is not necessary to assume that the new transition function
in the alternative has the same transition variable as the one in the estimated
model. As already mentioned, the test bears resemblance to the test of a
similar hypothesis in Eitrheim and Terasvirta (1996).

The model we consider in this subsection is the general additive PSTR
n1.odel

r

Yit = J.Li + x~tl30 + L gj (qU) ;"Ij, Cj )x~tfJj + Uit

j==l

where r is the number of regimes. This model can be written in a way that
resembles the Multiple Regime Threshold model presented by Hansen (1999a).
In fact, after adding and subtracting the appropriate elements, (2.16) becomes
an (r + I)-regime STR panel model,

Yit = J.Li + (1 -t. 9 ( qU); "Ij, Cj) ) x~tf30+t. X~t (/30 + /3j) 9 ( qU); "Ij, Cj ) +Uit

where 9 ( qU); "Ij, Cj) are transition functions as defined in (2.2) with m = 1.
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Consider the case in which r == 2 and qU) == qit for j == 1,2. Equation
(2.16) then becomes three regime STR panel model of the form:

Two regimes in (2.17) are associated with 91 = 92 = 0 and 91 = 92 == 1,
respectively, and there is an intermediate regime associated with 91 == 0 and
92 == 1 or 91 == 1 and 92 == O. When '"'Ij ~ 00, j = 1,2, model (2.17) collapses
into a three-regime PTR model of Hansen (1999a).

The test of no remaining nonlinearity can also be used as a test for deter­
mining the number of transition functions in the PSTR model. In applications
a linear panel model is often applied by estimating several models into which
the observations are allocated by a classifier qit. In general, the number of
models or regimes and the values of qit that define the different models are
selected on an ad hoc basis. Here we show how one can select the number of
regimes sequentially.

In order to demonstrate the procedure, we assunle that a PSTR model
(2.16) with r == 1 has been estimated and adding another transition function
is considered. The extended model can be written as follows:

(2.18)

and the null hypothesis of no additional transition in (2.18) is Ho : '"'12 == o.
Under Ho, the parameters in (2.18) cannot be estimated consistently because
the model is not identified. As before, the identification problem can be cir­
cumvented by replacing 92 (qit; '"'12, C2) in (2.18) by a Taylor expansion around
'"'12 == O. Choosing a first-order Taylor approximation leads to testing the
hypothesis H~ : f322 == ... == f32m == 0 in the following auxiliary regression:

Yit = J-Li + X~tf3o + 91 (qit; 1'1 ,c1 ) X~tf31

+ (Xitqit)' f322 + ···+ (xitqif)' 132m + eit (2.19)

where ('"'II, C~)' is the parameter vector estimated under the null hypothesis.
In order to compute the X2 and F-versions of the test we set 2it ==

(xit, Wit (,1, Cl))' and Vit..:J~'... '~)' where '!Vit(.) = Xitg(qit, I, c) -
. . T .

Et Xit9(qit, '"'I, c)/T and Xitqft == Xitqlt - Et=l Xitq!u/T , j = 1, ... ,m. The test
can be computed in three stages as follows:

1. Estimate the PSTR model (2.1) and compute the residual sum of squares
SSRo·
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2. Regress Yit on 2it and Vit, and compute the residual sum of squares SSRI.

3. Compute the X2 and F-versions of the test as follows:

LM == TN(SSRo - SSRl)/SSRo

LMF == {(SSRo - SSRl)/mk} / {SSRI/(TN - N - mk)}

Statistic LM has an asymptotic X~k distribution under Ho, whereas LMF
is approximately F[mk, TN - N - 2mk], when Hoholds.

This testing procedure can be used to determine the number of regimes
in the general additive PSTR model. The selection can be done by using
the following sequence of hypothesis: Given an estimated PSTR model with
r == r*, test the null hypothesis Ho : r == r* against HI : r == r* + 1. If Ho
is not rejected, the testing procedure ends. Otherwise, the null hypothesis
Ho : r == r* + 1 is tested against the model with r == r* + 2. The testing
procedure continues until the first acceptance of Ho.

The sequence of tests for specifying a general additive PSTR model can
be carried out as follows:

1. Estimate the linear model and test linearity at significance level a.

2. If linearity is rejected, estimate a single transition PSTR model.

3. Test the hypothesis of no remaining nonlinearity for this model. If the
hypothesis of no remaining nonlinearity is rejected at significance level
ra, 0 < r < 1, estimate a double-transition model. The significance
level is reduced by a factor T in order to favour parsimony. Estimation
of this model can be carried out in two stages. First, use a grid search
of (/'2,C2) to find the initial values and then estimate the model by NLS.
The grid search is conditional on the estimated values (iI, c~)' from the
previous stage of the process.

4. Continue until the first acceptance of the hypothesis of no remaining
nonlinearity.

Eitrheim and Tera.svirta (1996) pointed out potential numerical problems
in the computation of the misspecification tests. In particular, wIlen the es­
timates of /,j are relatively large, such that the transition between regimes
is rapid, the partial derivatives of the transition functions 9j (qit; ij, Cj),

j = 1, ... , r, with respect to ("Yj, cj)' obtain about the same value with few
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(2.20)

exceptions. As a result, the moment matrix of the auxiliary regression be­
comes near-singular. However, the contribution of the terms involving these
partial derivatives to the test statistic is ,negligible at large values of 'j. They
can simply be omitted from the auxiliary regression without influencing the
empirical size (and power) of the test statistic.

2.4 Simulation study

In this section we investigate small-sample properties of the specification strat­
egy for the PSTR model by simulation. The section is divided in three subsec­
tions. The first subsection deals with small sample properties of the NLS esti­
mators. In the second subsection we investigate the size and power properties
of the tests of linearity, parameter constancy and no remaining nonlinearity.
The final subsection contains results on sequential PSTR model selection.

The design of the Monte Carlo experiment is the following. The num­
ber of replications equals 1000. Every experiment is carried out for the fol­
lowing sample sizes: T = {5, 10,20, 40}, whereas the number of individuals
N == {10, 20,40,80, 160, 320}. The vector of exogenous variables (x~t, qit)' is
generated independently for each individual following the VAR(l) model

[ Xit ] == [8 0] [Xit-l ] + [ E~ ]
qit 0 P qit-l Eit

where Xit is a (2 x 1) vector, 8 is a (2x2) matrix, p is a scalar, and (Eit, fit)' is a
multinormally distributed (3 x 1) vector with mean zero and positive definite
covariance matrix ~. The first 100 observations for each generated sample are
discarded to avoid initialization effects. The endogenous variable is gel1erated
from

r

Yit = {ti + X~tf3o + L 9 (qit; ,j, Cj) X~tf3i + eit
j=l

where 9 (qit; ,j, Cj) is defined as in (2.2), {ti == O'J-tUi where Ui is uniform
(0,1), UJ-t is a scalar, and eit is a standard normal variable. The values of
r, (f3b, ... ,f3~)', m, and (,j,cj)' vary from one design to another. Values of
the parameters defining the different designs can be found in Appendix C.

2.4.1 Estimation of the PSTR model

In order to investigate small-sample properties of our estimation algorithm we
carry out two experiments. In the first one, we simulate model (2.20) with
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r == 1 and m == 1. We set tIle value of location vector equal c ==E(qi) == 3.5
where E(qi) is the unconditional mean of the transition variable. In the second
experiment we generate the data from model (2.20) with r == 1 and m == 2,
with location vector c == (3,4)'. Finally, to find out the effect of , on the
estimation we consider values, == 4, 50. In all cases the estimation is carried
out as described in Section 2.3.3. The results for the experiments where, == 4

Table 2.1: Mean squared error in the estimation of PSTR models, (, == 4)
r = I,m = 1 r = I,m = 2

Mean squared error Statistics for l' Mean squared error Statistics for i
N T {3 l' c Mean Std l' i c Mean Std
10 5 12.572 0.063 0.090 4.009 0.252 95.980 0.340 4.778 4.008 0.584

10 4.493 0.029 0.037 4.010 0.170 36.695 0.143 1.420 4.021 0.378
20 1.994 0.013 0.011 3.994 0.115 14.992 0.063 0.547 3.988 0.251
40 0.819 0.007 0.007 4.007 0.083 6.963 0.031 0.237 4.005 0.175

20 5 5.489 0.036 0.036 4.025 0.187 46.867 0.162 2.066 3.997 0.403
10 1.810 0.013 0.014 4.009 0.115 14.033 0.059 0.494 4.005 0.244
20 0.922 0.005 0.007 4.007 0.074 7.218 0.030 0.255 3.991 0.173
40 0.370 0.003 0.004 4.002 0.053 3.133 0.014 0.108 3.995 0.116

40 5 2.268 0.014 0.017 4.009 0.117 21.095 0.090 0.778 3.999 0.301
10 0.919 0.007 0.009 4.003 0.082 8.376 0.037 0.302 4.019 0.191
20 0.457 0.003 0.003 4.004 0.052 3.332 0.014 0.114 4.004 0.120
40 0.180 0.001 0.002 3.999 0.039 1.622 0.007 0.055 4.001 0.084

80 5 1.003 0.007 0.009 4.007 0.084 8.932 0.039 0.307 4.003 0.197
10 0.477 0.003 0.004 4.004 0.059 3.755 0.016 0.126 4.006 0.126
20 0.250 0.002 0.002 4.000 0.042 1.590 0.007 0.050 4.003 0.085
40 0.103 0.001 0.001 4.000 0.028 0.789 0.004 0.026 4.002 0.061

1605 0.576 0.003 0.004 3.997 0.058 4.320 0.018 0.145 3.997 0.135
10 0.208 0.002 0.002 4.000 0.039 1.977 0.008 0.068 3.995 0.090
20 0.099 0.001 0.001 4.000 0.026 0.733 0.003 0.025 4.002 0.057
40 0.049 0.000 0.000 3.998 0.019 0.449 0.002 0.016 4.001 0.045

3205 0.290 0.002 0.002 4.001 0.046 1.745 0.007 0.056 4.005 0.083
10 0.116 0.001 0.001 4.001 0.030 0.918 0.004 0.030 4.002 0.066
20 0.052 0.000 0.000 3.998 0.018 0.395 0.002 2.018 4.003 0.042
40 0.022 0.000 0.000 3.999 0.014 0.208 0.001 0.007 3.999 0.030

are in Table 2.1 and the ones where, == 50 in Table 2.2. The reported
statistics are the mean squared error (MSE) in estimating (f3h, f3i)', , and c
and the Monte Carlo mean and standard deviation of...y. The tables are divided
in two panels whose left-hand sides contain the results for m == 1, whereas the
results of the second experiment with m == 2 can be found in the right-hand
pane,I. The results indicate that the parameter estimates (f3h, f3i)' and c of
the PSTR model can be estimated with reasonable accuracy. However, by
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comparing the MSEs of (/36, ,Bi)', and c between Table 2.1 and Table 2.2, it
is seen that the accuracy is higher when 'Y is large than when it is small. In
particular, for 'Y == 4 and m == 1 the average MSE in estimating ,B and c equals
1.481 and 0.011, respectively, whereas for 'Y == 50 the average MSE for the
same parameters are 0.896 and 0.003. This may be due to the fact that for
f == 00 the elements of c are estimated superconsistently. Consequently, when
f is finite but sufficiently large, c is estimated more accurately than is the
case when 'Y is small. This result contrasts with the fact that small values of
f can be estimated with greater accuracy than large values. For example, for
N == 10 and T == 5, the MSE for f == 4 equals 0.063 while the MSE for 'Y == 50
is 13000. But then, when 'Y is large the magnitude of the MSE does not playa
role because as long as the estimate is also large the estimation error does not
matter very much. At the other end, if 'Y is close to zero estimation may be
difficult because then the model is close to being unidentified and the sequence
of estimates may not converge.

Finally, by comparing the MSE across values of N for given T, one can
notice the gains from the panel in estimating 'Y. For instance, when m == 1,
T == 10 and 'Y == 4 the MSE for N == 10,40,320 equal 4.493, 0.919 and 0.052,
respectively. This is not an unexpected outcome because the accuracy of the
estimate should increase with the number of observed transitions.

2.4.2 Small-sample properties of the misspecification tests

In this section we investigate the small-sample properties of our misspecifica­
tion tests. In particular, we investigate the size and power of these tests for
different values of Nand T. The section is divided in three subsections and
each subsection contains the results for a particular test.

Linearity test

Previous studies have documented that the F-version of the test has better
size properties in small samples than the asymptotic x2-based statistic. For
this reason, we only report the results for the F-version. [See Eitrheim and
Terasvirta (1996) and van Dijk, Terasvirta, and Franses (2002) for details].
Additionally, since the auxiliary regression (2.4) with m == 3 has power against
the alternative model (2.1) with m == 1 and 2 in (2.2), we compute the test
statistic using m == 1, 2,3 in (2.4)3. We denote by m* the maximum power of

3The test based on the auxiliary regression (2.4) assuming m* = 3 has power against
the alternative models with m = 1 and m = 2 because it can be interpreted as having been
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qit in the auxiliary regression (2.4). The order m* of the auxiliary regression
(2.4) may affects both the size and power of the test. For instance, approx­
imations to the alternative model based on large values of m* imply a loss
of degrees of freedom which may cause problems, but they may add power
to the test because the approximation to the nonlinear component improves
with increasing m*. In order to investigate the empirical size of our linearity
test we generate 1000 samples of a linear panel with fixed effects. The results
are based on the nominal significance level 0.05 and can be found in Table
2.3. Each column contains results for the test statistic based on one auxiliary
regression with m* =1, 2, 3. It is seen that the empirical size of the test is
close to the nominal size at all sample sizes. The loss of degrees of freedom
associated with large values of m* compared to small ones does not seem to
affect the size of the test.

To investigate the power of the test we generate samples from the PSTR
model (2.20) with r = 1 and for m = 1, 2. The model under the alternative is
thus a standard PSTR model with either a monotonically increasing (m = 1)
or symmetric (m = 2) transition function. To find out the extent to which
the value of 'Y affects the power we set 'Y = 2 and, = 5. The values of the
remaining parameters can be found is in Appendix C. Table 2.4 contains the
estimated powers of the test. The left-hand panel shows the power for the
PSTR model with m = 1. The results for m = 2 appear in the right-hand
panel. In all cases, we report the power of the test based on three auxiliary
regressions (2.4) with m* = 1,2,3. It is seen that the test based on the
auxiliary regression with m* = m has best power for both alternative models
m = 1 and m = 2. Moreover, from the right-hand panel it appears that when
m = 2 the test based on m* = 1 does not have power, while th~ test based
on m* = 3 has only little less power than the test based on m* = 2. The
results from this section indicate, not unexpectedly, that the test based on
the auxiliary regression with m* = 2 is preferable to the others, especially in
situations where the transition is symmetric around (Cl + c2)/2 (m = 2).

Parameter constancy test

Next we investigate the size and power properties of a parameter constancy
test. To estimate the size of test we generate the replications with the PSTR

derived by replacing the transition (2.2) in (2.1) by its second order Taylor expansion. When
m = 1 in (2.2) the second order Taylor expansion yields an auxiliary regression with m* = 2,
and when m = 2 the second order Taylor expansion of transition function yields an auxiliary
regression with m* = 4. Consequently, the test based on m* = 3 has power against both
alternative models, m = 1 and m = 2.
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model (2.20) with constant parameters, setting r = 1, m = 1, 1'1 = 3 and
C1 = 3.5. The values of the remaining parameters are reported in Appendix
C. For easy of presentation we denote by h* the maximum power of (tiT)
in the auxiliary regression (2.14). As before, the auxiliary regression (2.14)
with h* = 3 has power against alternative models with h = 1 and h = 2
because it nests the ones based on h* = 1 and h* = 2. The power of the
test is computed by simulating the model under the alternative hypothesis
(2.11). We consider two alternative models. In the first one, we allow one
transition in the parameters in the middle of the sample: h = 1 and C2 = 0.5.
In the second one, the transition is symmetric around (C21 +c22)/2 = 0.5 with
C21 = 0.3 and C22 = 0.7. In both cases 1'2 = 2 in (2.13). The values of the
remaining parameters can again be found in Appendix C. We assume that the
transition occurs at the same time for all N individuals and that the change
in the parameters is the same for all of them.

Table 2.5, with three panels, contains the estimated size and power of the
test. The leftmost panel contains the empirical size of the test, the other two
have the power results. All three panels are divided in three columns, one for
each value of h*. The results indicate that the F-version of the test has the
correct size for all sample sizes and values of h*. Furthermore, the test based
on h* = 3 has good power against the alternative models with h = 1 and
h = 2. This suggests that in terms of power, one is bound to gain more by
using a closer approximation to the model under the alternative than what one
loses by giving up degrees of freedom compared to cases h* = 1 and h* = 2.

Test of no remaining nonlinearity and properties of the procedure
for determining the number of regimes in a multiple regime PSTR
panel

The size simulations of the test of no remaining nonlinearity are carried out
using (2.20) and setting r = 1, m = 1, 1'1 = 3 and C1 = 3.5. In order to
estimate the power of the test we generate the samples from the same model
with r = 2. The parameters in the first transition function are the same as
in the size simulations. The second transition function is of type (2.2) with
m = 1 and C = 2. To find out the effect of 1'2 in the power of the test we
simulate the test for 1'2 = 2, 5. The remaining parameters are reported in the
Appendix C. As before, we consider only the F-version of the test and use
three different auxiliary regressions (2.19) with m* = 1,2,3. The estimated
size and power at the 5% nominal level are shown in Table 2.6. The results
indicate that the test based on the auxiliary regression with m* = 2 has the
best properties. First, its size is close to the nominal size and second, it has
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better power than the other alternatives.
Finally, we consider the performance of our procedure for determining the

number of regimes discussed in Section 2.3.4. The simulations are carried out
using model (2.20) with two and three transitions, that is, r = 2 and r = 3.
The transition functions are defined as in (2.2) with m = 1. The remaining
parameters in the transition functions are: The first transition function: 1'1 =
5, Cl = 2.869; the second transition function 1'2 = 10, C2 == 4.35, and the
third transition function 1'3 = 20, C3 == 3.47. The remaining parameters can
be found in Appendix C. We set T = 0.5, which means that we reduce the
significance level of the test by one half at each step of the sequence. We
use the F-version of the test of no remaining nonlinearity that is based on the
auxiliary regression (2.19) with m* = 2. The frequency at which the procedure
selects a particular value of r from r = 1 to 4 appears in Table 2.7. The right­
hand panel in Table 2.7 contains results for r == 2 and the left-hand one those
for r == 3. They show that, for a given number of observations, it is easier
to identify a double-transition PSTR model that a three-regime PSTR model,
which might be not surprising. In fact, correct identification of a three-regime
model requires relatively large sample sizes. The procedure seems to work
relatively well for sample panels with T == 5, 10, when N 2:: 40. An interesting
detail is that "crossing" to three transitions through two is difficult in small
samples.



Table 2.2: Mean squared error in the estimation of PSTR models, ('Y == 50)

r = I,m == 1 r == I,m = 2
Mean squared error Statistics for l' Mean squared error Statistics for l'

N T (3 l' c Mean Std (3 l' c Mean Std
10 5 7.388 1.32 x 104 5.52 x 10-~ 92.401 360.9 7.564 8.40 x 102 2.30 x 10-u 66.599 90.29

10 2.661 5.14 x 102 7.83 X 10-3 58.113 71.37 2.938 35.505 9.35 x 10-3 51.326 5.821
20 1.090 13.535 7.37 x 10-4 50.031 3.686 1.229 7.506 3.69 x 10-3 50.523 2.695
40 0.491 5.690 2.99 x 10-4 50.293 2.372 0.532 3.206 6.68 x 10-4 49.891 1.791

20 5 3.174 1.70 x 103 1.55 X 10-2 66.703 129.4 3.039 8.94 x 101 1.73 X 10-2 52.905 29.81
10 1.247 14.125 7.51 x 10-4 50.173 3.762 1.321 8.998 1.76 x 10-3 50.344 2.986
20 0.540 4.941 2.60 x 10-4 50.113 2.224 0.600 2.943 6.67 x 10-4 50.170 1.711
40 0.299 2.568 1.38 x 10-4 50.052 1.605 0.320 1.331 3.37 x 10-4 49.964 1.156

40 5 1.545 13.545 1.00 x 10-~ 50.092 3.687 1.505 8.296 2.02 x 10-~ 50.165 2.881
10 0.575 6.194 2.88 x 10-4 50.384 2.464 0.625 3.848 6.86 x 10-4 49.988 1.966
20 0.248 2.693 1.26 x 10-4 50.068 1.643 0.309 1.215 2.89 x 10-4 50.025 1.104
40 0.118 1.067 5.85 x 10-5 50.032 1.035 0.123 0.660 1.41 x 10-4 50.061 0.811

80 5 0.757 6.143 3.24 x 10-4 50.096 2.482 0.786 3.053 6.74 x 10-4 50.035 1.750
10 0.286 2.518 1.33 x 10-4 50.136 1.584 0.292 1.571 3.04 x 10-4 50.031 1.255
20 0.133 1.253 6.48 x 10-5 50.077 1.119 0.136 0.801 1.32 x 10-4 49.976 0.896
40 0.066 0.577 2.78 x 10-5 49.990 0.761 0.065 0.334 7.37 x 10-5 49.988 0.579

1605 0.358 3.235 1.26 x 10-4 50.311 1.775 0.340 1.628 4.07 x 10-4 50.062 1.277
10 0.141 1.209 6.80 x 10-5 50.026 1.101 0.128 0.788 1.41 x 10-4 49.984 0.890
20 0.058 0.528 3.15 x 10-5 50.042 0.727 0.071 0.355 6.99 x 10-5 50.016 0.596
40 0.033 0.295 1.46 x 10-5 49.956 0.543 0.035 0.165 3.76 x 10-5 49.999 0.407

3205 0.164 1.483 6.28 x 10-5 50.060 1.219 0.172 0.799 1.70 x 10-4 50.019 0.895
10 0.077 0.682 3.46 x 10-5 49.967 0.827 0.077 0.352 7.61 x 10-5 49.987 0.594
20 0.033 0.279 1.53 x 10-5 49.977 0.529 0.035 0.158 3.53 x 10-5 50.007 0.398
40 0.013 0.154 7.48 x 10-6 50.026 0.393 0.018 0.098 1.51 x 10-5 50.010 0.314
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Table 2.3: Empirical size of the linearity test at 0.05 nominal level
N T m* = 1 m* =2 m* =3
10 5 0.049 0.047 0.049

10 0.050 0.048 0.046
20 0.048 0.052 0.046
40 0.057 0.051 0.047

20 5 0.049 0.052 0.049
10 0.051 0.043 0.043
20 0.044 0.047 0.048
40 0.049 0.059 0.050

40 5 0.043 0.045 0.042
10 0.040 0.043 0.044
20 0.051 0.046 0.043
40 0.056 0.044 0.042

80 5 0.053 0.053 0.052
10 0.052 0.049 0.049
20 0.052 0.049 0.047
40 0.051 0.045 0.047

160 5 0.050 0.059 0.051
10 0.056 0.059 0.055
20 0.056 0.059 0.051
40 0.052 0.045 0.037

320 5 0.048 0.046 0.043
10 0.053 0.049 0.048
20 0.044 0.048 0.050
40 0.046 0.053 0.047

The m* in the name of the columns indicates the
maximum value of m in the auxiliary
regression. The nominal size is 0.05

65



Table 2.4: Empirical power of the linearity test at the 0.05 level of significance: m as in
(2.2), m* equals the value of m in the auxiliary regression

m=l m=2
/'=2 /'=5 /'=2 /'=5

N T m* = 1 m* =2 m* =3 m* = 1 m* =2 m* =3 m* = 1 m* =2 m* =3 m* = 1 m* =2 m* =3
10 5 0.098 0.069 0.064 0.085 0.075 0.066 0.055 0.045 0.055 0.059 0.086 0.065

10 0.141 0.117 0.097 0.190 0.168 0.139 0.054 0.083 0.073 0.046 0.115 0.096
20 0.244 0.192 0.157 0.396 0.359 0.302 0.049 0.122 0.108 0.053 0.261 0.231
40 0.459 0.370 0.332 0.709 0.699 0.649 0.058 0.218 0.180 0.049 0.518 0.464

20 5 0.105 0.090 0.079 0.167 0.154 0.138 0.046 0.067 0.055 0.054 0.120 0.111
10 0.224 0.188 0.146 0.370 0.338 0.285 0.053 0.120 0.088 0.058 0.228 0.203
20 0.496 0.409 0.349 0.712 0.708 0.644 0.051 0.210 0.176 0.068 0.482 0.440
40 0.802 0.724 0.648 0.956 0.956 0.940 0.046 0.442 0.393 0.063 0.850 0.815

40 5 0.200 0.164 0.122 0.305 0.262 0.230 0.054 0.112 0.096 0.046 0.210 0.173
10 0.418 0.334 0.285 0.647 0.620 0.543 0.052 0.214 0.183 0.053 0.450 0.417
20 0.746 0.661 0.600 0.951 0.950 0.930 0.061 0.430 0.376 0.059 0.822 0.784
40 0.980 0.962 0.942 1.000 0.999 1.000 0.052 0.764 0.704 0.056 0.991 0.985

80 5 0.368 0.292 0.237 0.591 0.576 0.493 0.050 0.177 0.142 0.046 0.382 0.343
10 0.714 0.617 0.561 0.925 0.928 0.888 0.046 0.388 0.336 0.052 0.778 0.741
20 0.975 0.965 0.941 0.999 1.000 0.998 0.048 0.767 0.721 0.061 0.993 0.984
40 1.000 1.000 0.999 1.000 1.000 1.000 0.054 0.972 0.957 0.056 1.000 1.000

160 5 0.642 0.566 0.491 0.875 0.882 0.818 0.048 0.362 0.314 0.064 0.717 0.665
10 0.962 0.929 0.904 0.998 0.999 0.999 0.053 0.713 0.667 0.067 0.984 0.974
20 1.000 1.000 1.000 1.000 1.000 1.000 0.053 0.979 0.965 0.067 1.000 1.000
40 1.000 1.000 1.000 1.000 1.000 1.000 0.056 1.000 1.000 0.077 1.000 1.000

320 5 0.938 0.889 0.845 0.995 0.999 0.999 0.071 0.663 0.607 0.069 0.968 0.956
10 1.000 1.000 0.999 1.000 1.000 1.000 0.047 0.967 0.954 0.059 1.000 1.000
20 1.000 1.000 1.000 1.000 1.000 1.000 0.051 1.000 1.000 0.059 1.000 1.000
40 1.000 1.000 1.000 1.000 1.000 1.000 0.063 1.000 1.000 0.096 1.000 1.000
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Table 2.5: Empirical size and power of the parameter constancy test at the
0.05 level of significance

Size Power
h=1 h=2

N T h* = 1 =2 =3 =1 =2 =3 =1 =2 =3
10 5 0.046 0.043 0.046 0.091 0.073 0.056 0.051 0.088 0.079

10 0.056 0.041 0.036 0.208 0.162 0.146 0.048 0.094 0.084
20 0.052 0.051 0.046 0.472 0.329 0.328 0.068 0.156 0.208
40 0.047 0.049 0.043 0.828 0.713 0.714 0.099 0.334 0.530

20 5 0.042 0.Oq4 0.049 0.162 0.119 0.107 0.053 0.193 0.188
10 0.046 0.048 0.049 0.444 0.343 0.308 0.067 0.175 0.219
20 0.041 0.048 0.043 0.811 0.711 0.682 0.076 0.267 0.418
40 0.052 0.045 0.044 0.996 0.983 0.984 0.199 0.625 0.868

40 5 0.056 0.049 0.046 0.338 0.254 0.211 0.060 0.430 0.425
10 0.046 0.048 0.045 0.793 0.675 0.610 0.086 0.365 0.473
20 0.051 0.046 0.043 0.984 0.963 0.970 0.181 0.636 0.832
40 0.052 0.046 0.041 1.000 1.000 1.000 0.426 0.954 0.998

80 5 0.049 0.045 0.047 0.675 0.568 0.487 0.084 0.801 0.793
10 0.055 0.048 0.054 0.986 0.970 0.956 0.127 0.749 0.873
20 0.049 0.050 0.052 1.000 1.000 1.000 0.300 0.926 0.994
40 0.050 0.052 0.054 1.000 1.000 1.000 0.750 0.999 1.000

160 5 0.042 0.056 0.051 0.940 0.895 0.852 0.102 0.992 0.995
10 0.049 0.055 0.051 1.000 1.000 1.000 0.256 0.981 0.998
20 0.052 0.051 0.053 1.000 1.000 1.000 0.629 1.000 1.000
40 0.051 0.049 0.052 1.000 1.000 1.000 0.980 1.000 1.000

320 5 0.050 0.049 0.049 1.000 0.998 0.992 0.198 1.000 1.000
10 0.050 0.049 0.056 1.000 1.000 1.000 0.485 1.000 1.000
20 0.039 0.043 0.044 1.000 1.000 1.000 0.910 1.000 1.000
40 0.049 0.049 0.048 1.000 1.000 1.000 1.000 1.000 1.000

The left-hand panel contains the estimated size while power results are presented in the
two right hand side panels. The panel with the power results is divided in two three­
column panels. The first panel shows the estimated power of the test when the alternative
model is (2.11) with h = 1 in (2.13). The other power panel displays the estimated power
of the test when the alternative model is (2.11) with h = 2 in (2.13). The size and power
calculation are based on the 5% critical values of the F distribution. The h* in the column
names indicates the maximum value of h in the auxiliary regression (2.14).
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Table 2.6: Empirical size and power of the test for no remaining nonlinearity
at the 0.05 level of significance

Size Power
m=l m=2

N T m* = 1 =2 =3 =1 =2 =3 =1 =2 =3
10 5 0.044 0.037 0.038 0.042 0.051 0.053 0.042 0.052 0.057

10 0.056 0.045 0.050 0.053 0.054 0.041 0.075 0.070 0.058
20 0.035 0.048 0.046 0.056 0.065 0.063 0.094 0.130 0.107
40 0.042 0.038 0.034 0.086 0.098 0.072 0.140 0.229 0.216

20 5 0.045 0.052 0.041 0.053 0.053 0.038 0.058 0.062 0.058
10 0.042 0.053 0.046 0.063 0.052 0.048 0.081 0.105 0.096
20 0.054 0.040 0.049 0.062 0.104 0.082 0.141 0.239 0.195
40 0.042 0.046 0.038 0.095 0.170 0.155 0.189 0.432 0.376

40 5 0.041 0.040 0.031 0.064 0.064 0.060 0.082 0.123 0.111
10 0.049 0.047 0.045 0.076 0.097 0.086 0.129 0.219 0.191
20 0.051 0.044 0.040 0.082 0.143 0.126 0.194 0.444 0.390
40 0.054 0.052 0.040 0.141 0.294 0.237 0.377 0.784 0.745

80 5 0.055 0.038 0.035 0.057 0.082 0.086 0.122 0.185 0.162
10 0.049 0.047 0.043 0.088 0.135 0.126 0.201 0.401 0.350
20 0.051 0.035 0.037 0.123 0.269 0.221 0.354 0.754 0.712
40 0.042 0.044 0.044 0.244 0.575 0.503 0.644 0.981 0.966

160 5 0.049 0.044 0.042 0.083 0.132 0.112 0.174 0.367 0.316
10 0.049 0.051 0.052 0.137 0.266 0.222 0.327 0.705 0.668
20 0.048 0.053 0.046 0.249 0.544 0.464 0.640 0.979 0.968
40 0.049 0.061 0.051 0.438 0.885 0.848 0.922 1.000 1.000

320 5 0.051 0.059 0.058 0.111 0.228 0.180 0.320 0.662 0.626
10 0.048 0.054 0.047 0.209 0.517 0.455 0.632 0.962 0.952
20 0.053 0.055 0.057 0.408 0.847 0.801 0.914 1.000 1.000
40 0.046 0.052 0.055 0.735 0.996 0.993 1.000 1.000 1.000

The m* in the name of the columns indicates the maximum value of m in the auxiliary
regression (2.19).
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Table 2.7: Small sample behaviour of the algorithm for determining the num­
ber of regimes in a Multiple PSTR model

True r == 2 True r == 3
N T r==l r==2 r>2 r=l r==2 r==3 r>3
10 5 0.015 0.961 0.024 0.792 0.086 0.110 0.012

10 0.000 0.978 0.022 0.690 0.004 0.290 0.016
20 0.000 0.972 0.028 0.436 0.000 0.556 0.008
40 0.000 0.971 0.029 0.116 0.000 0.880 0.004

20 5 0.000 0.985 0.015 0.716 0.020 0.252 0.012
10 0.000 0.978 0.022 0.500 0.000 0.492 0.008
20 0.000 0.980 0.020 0.138 0.000 0.850 0.012
40 0.000 0.984 0.016 0.000 0.000 0.980 0.020

40 5 0.000 0.977 0.023 0.586 0.000 0.404 0.010
10 0.000 0.985 0.015 0.164 0.000 0.828 0.008
20 0.000 0.981 0.019 0.002 0.000 0.986 0.012
40 0.000 0.979 0.021 0.000 0.000 0.980 0.020

80 5 0.000 0.983 0.017 0.260 0.000 0.722 0.018
10 0.000 0.976 0.024 10.004 0.000 0.988 0.008
20 0.000 0.980 0.020 0.000 0.000 1.000 0.000
40 0.000 0.973 0.027 0.000 0.000 0.994 0.006

160 5 0.000 0.977 0.023 0.014 0.000 0.978 0.008
10 0.000 0.975 0.025 0.000 0.000 0.986 0.014
20 0.000 0.983 0.017 0.000 0.000 0.984 0.016
40 0.000 0.984 0.016 0.000 0.000 0.990 0.010

320 5 0.000 0.976 0.024 0.000 0.000 0.988 0.012
10 0.000 0.969 0.031 0.000 0.000 0.988 0.012
20 0.000 0.972 0.028 0.000 0.000 0.988 0.012
40 0.000 0.983 0.017 0.000 0.000 0.988 0.012

Each column contains the proportion of times the algorithm selects a given r.
The left-hand panel contains results for the two-regime model while the right­
hand panel the results for r = 3. The nominal level of the test is 0.05. We half
the nominal level of the test at each step of the algorithm; T = 0.5.



70 PANEL SMOOTH TRANSITION REGRESSION

2.5 An application: InvestIllent and financial con­
straints

In this section we present an application of the modelling cycle for PSTR mod­
els. We choose the same economic problem and data set as Hansen (1999a)4
and compare our results to the ones in that article. The economic question
under investigation is whether firms that are financially constrained behave
differently from financially unconstrained firms when it comes to financing
investment. Fazzari, Hubbard, and Petersen (1988) argued that when the
capital market is imperfect, the firm's financial structure is not irrelevant to
its investment decisions because internal and external funds are not perfect
substitutes. In their view, when a firm is facing credit constraints, investment
may depend upon the availability of internal funds, such as the firm's cash
flow. For instance, in presence of asymmetric information between the firm
and the provider of external finance, the cost of external funding is higher than
the cost of internal funding, which favours the use of internal resources to fi­
nance investment. Furthermore, when the debt level is high the firm is likely
to be financially constrained and consequently, its cash flow will be positively
correlated with the investment rate.

This situation calls for a PSTR model such that the transition variable
measures the financial position of each firm and period. A natural candidate,
and the one Hansen (1999a) used, is the debt-to-asset ratio. It measures the
existing debt level and can be treated as a proxy for availability of external
funds to the firm. This is because external providers of financing may be re­
luctant to lend capital to strongly indebted firms. The data set is extracted
from the one used by Hall and Hall (1993) and consists of 565 firms observed
from 1973 to 1987. The variables include the ratio of investment to capital
lit, the ratio of total market value to assets Qit, the ratio of long-term debt to
assets Dit and the ratio of cash flow to assets CFit. We delete two firms from
the original sample because they have atypical investment-cash flow relation­
ship. Figure 2.1 shows the scatter plot of investment versus cash flow. The
observations for the deleted firms are represented by solid circles. As is seen,
these firms have either extremely large levels of cash flow with low levels of
investment or extremely large levels of investment with very low levels of cash
flow.

4The data set is available in Bruce Hansen web page http://www . sse. wise. edu/
-bhansen/
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Figure 2.1: Scatter plot of the cash flow and investment pairs for the complete
sample
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An application of the PSTR modelling strategy Our starting point
is that investment can be characterized by a Multiple Regime PSTR model
(2.16). Our maintained model for investment thus has the form

r

+05Qit-lDit-1 + (30CFit-l +L {3jCFit-19 (Dit-1; OJ) + eit
j=l

(2.21)

where the transition functions 9 (Dit - 1; OJ) j == 1, ... ,r are of type (2.2) with
m == 1. Following Hansen (1999a) we include the terms Q1t-l for j == 2,3,
Dit- 1 and Qit-1Dit-l to account for possible omitted variables.

The multiple-regime PSTR model is specified as suggested in Section 2.3.4.
The results of the linearity test are presented in Table 2.8. Since linearity
is rejected at 5% significance level we estimate a Multiple PSTR model with
r == 1 and m == 1 and test whether another transition is required. The next null
hypothesis of r == 1 is not rejected, so our final model has a single transition.

Table 2.9 contains the parameter estimates of the single transition model.
It is seen from the table and Figure 2.2 that the transition is quite sharp and
the model thus is close to a two-regime PTR model. The first regime contains
the firms with low debt levels, Dit-1 < 0.0154 and the second regime the mor~

strongly indebted firms, D it - 1 ~ 0.0154.
The combined "parameter" of the cash flow as a function of the debt level
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Table 2.8: Determining the number of regimes using the test for no remaining
nonlinearity

==========================

F2 8.58
F3 6.00

F2 2.31
F3 2.27

Ho : r = 0 vs Ho : r == 1
Actual Significance level: a == 0.05

2 X 10-10

4 X 10-11

Ho : r == 1 vs Ho : r == 2
Actual Significance level: a == 0.025

0.10
0.08

We use 0.05 as significance level and assume that T = 0.5.

Table 2.9: Parameter estimates for the final PSTR model

equals

Regressor Coefficient estimate
Qit-l 0.0118
Qrt_l/103 -0.2602
Qrt_l/106 1.4500
Dit- 1 -0.0218
Qit-lDit-l 0.0017
CFit- 1 0.0539
CFit- 19 (Dit- 1 ; /1, Cl) 0.0355

Transition FUnctions
Parameter Coefficient estimate
/1 0.508 X 105

Cl 0.01554

0.0010
0.0365
0.2700
0.0026
0.0016
0.0054
0.0047

Standard error
139.28
0.0055

/3CF (Dit- 1) == /31 + (329 (Dit- 1;1'1, C1)

where (31 and /32, are the coefficients of the cash flow variable CFit-1 in Table
2.9. Figure 2.2 shows the estimated parameter of the cash flow as a function
of the debt level. Our results suggest a positive relationship between cash flow
and investment which conforms to the prediction of Fazzari, Hubbard, and
Petersen (1988).

In order to compare the results of our methodology with those obtained
following Hansen's approach we estimate (2.21) as a multiple PTR model. To
determine the number of thresholds we apply Hansen's sequential procedure
which is similar to ours. The difference is that the candidate models are
PTR models. The procedure works as follows. First, estimate a linear model
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and test it against a model with one threshold (two regimes). If the null
hypothesis is rejected, estimate a single-threshold model and test it against
a double-threshold one. The procedure is continued until the hypothesis no
additional threshold is not rejected.

Table 2.10 contains the results of the linearity test. They 'indicate that a
two-regime model is enough to characterize the nonlinearity in the data. The
final estimated PTR model is reported in Table 2.11. The threshold value
Cl = 0.0157, which is very close to the estimated one in the PSTR model.
This is expected since the estimate of l' in the PSTR model is large. Figure
2.2 contains the coefficient of the cash flow as a function of the debt level in
the estimated PTR modeL The resulting graph is similar to the one obtained
with the PSTR modeL

Table 2.10: Test for threshold effects using Hansen (1999a)

Test a for single threshold
Fl 44.3
P-value 0.0000
(10%,5%,1% critical values) (13.9,18.4,25.8)
Test a for double threshold
F2 9.1
P-value 0.26
(10%,5%,1% critical values) (12.4 ,15.5 ,19.7)

Figure 2.2 also contains the coefficient of the cash flow as a function of the
debt level in the original PTR model of Hansen (1999a). Hansen used the com­
plete data set and concludes that a three-regime threshold model characterized
the data. His results indicated that the relationship between investment and
cash flow is nonmonotonic in the sense that the connection between tl1ese
variables is weaker for very highly indebted firms. He argued that there is
considerable uncertainty in the estimate of the cash flow coefficient in the last
regime. From our results it becomes clear that this uncertainty is due to the
presence of the two outliers in the original sample. When they are removed,
our results agree with the ones obtained using the PTR approach.
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Table 2.11: Parameter estimates for the two-reginle model of Hansen (1999a)
Regressor Coefficient estimate Standard errors
Qit-l 0.0117 0.0009
Q;t/103 -0.2540 0.0285
Q~t/106 1.4028 0.2151
D it- 1 -0.0268 0.0046
Qit-IDit-l 0.0022 0.0014
CFit-II (Dit - I :::; Cl) 0.0582 0.008
CFit-lI (Dit - 1 ~ Cl) 0.0938 0.007
Threshold Values
Parameter Coefficient estimate

0.0157

Figure 2.2: Estimates of the cash flow parameter as a function of the lagged
debt level, Dit-l

..------------...--------------
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Dotted line: PSTR.
Dashed line: Panel threshold estimates with restricted sample.
Solid line: Panel threshold estimates with complete sample.
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2.6 Conclusions
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We introduce a panel model in which the parameters can change as a func­
tion of an exogenous variable. The model is thus an alternative to the Panel
Threshold model by Hansen (1999a). In the present context however, stan­
dard asynlptotic theory can be used as the likelihood function in the PSTR
model is a continuous function of the parameters. We present tests for linear­
ity, parameter constancy and remaining non linearity. These tests, serve as
both specification and misspecification tests. The small sample properties of
the proposed statistics was investigated by simulation and the results indicate
that they behave well even in panels with small Nand T.
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Appendix A

Asymptotic properties

This Appendix contains the proof of Theorem 1. The following Lemma is
a standard result but it is stated to clarify the notation in this section and
Appendix B.

Lemma 1 Let Wi == (W~l' ... , w~T)' be a (T x k) matrix of random variables
and let QT == (Cl, ... , CT) == IT - t tt' be the within transformation matrix

where t is a (T x 1) vector of ones. Then WIQ'rQTWi == E;=l E'f=l CstWitW~s
where Cst == C~Ct is finite non random function of T.

A.I Linearity test: Consistency and asyrnptotic
normality of the auxiliary regression

As explained in Section 2.3.2, the linearity test is based on the auxiliary re­
gression (2.4) which for observation i can be written as

(A.I)

where Yi == (Yil' · .. ,YiT )' , Xi is a (T x km) matrix with Xi ==
(Xi, (Xi 8 qit) , ... , (Xi 8 qi» and ~ is the error vector. After eliminating
the fixed effects, the least squares estimator of {3 has the form

N N

~ == (LX;'QrX;)-l LX;'QTYi
i=l i=l

N N

== f30 + (LX;'QTX;)-l LX;'QrRi
i=l i=l

79

(A.2)
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Under the null hypothesis, Ri = Ui for i = 1, ... , N. Moreover, some
elements of (30 equal zero under Ho, but the idea behind the linearity test is
that these elements can be estimated consistently. Thus, under Ho,

(A.3)

The second equality follows from Lemma 1. Formula (A.3) provides a
convenient form for analyzing the asymptotic properties of /3 when N -+ 00 and
T is fixed. In fact, consistency and asymptotic normality can be established in
the usual way by applying the Markov law of large numbers and the Lyapunov
central limit theorem; See Theorems 3.15 and 5.13 in White (2000).

A.2 Consistency and aSYlIlptotic norlllality of the
rnaxirnulll likelihood estimator in the Panel
Smooth Transition model

In this appendix we sketch the proof of Theorem 2 in the chapter.

A.2.1 Logarithmic likelihood, score and Hessian

As described in Section 3.3 the estimation of PSTR models is carried out in
two steps. First, the fixed effects are eliminated by multiplying (2.1') with the
within transformation matrix QT. In the second step, the log-likelihood, after
eliminating the fixed effects, is maximized with respect to (3 == ((3i,(3~,(3~)/.

The concentrated log-likelihood can be written as follows:

1 N
LN({3) = c- 2N 2:(Yi -Xi{31 - Wi ({33){32)'QT(Yi -Xi{31 - Wi({33)!32). (AA)

i

The elements in score vector SN((3) for (A.4), evaluated at the true value
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(3 == (30, are,

aL((3) 1 N I

~ 11J=lJo = N L XiQTUi
,vI i=1

aL((3) I 1 ~ 0 ,
~ 1J=lJo = N L..J W(,8a) QTUi

,v2 i=1

aL((3) I - ~~ (.IO,oWi (,8R) 'Q U'oa. 1J=lJo - N L..JfJ2 0/3. T ~ j = 1,_ - _,m
,v3) i=1 3)

The elements of the Hessian matrix have the form

81

j, h == 1, ... ,m.

A.2.2 Consistency

In order to proof consistency of the maximum likelihood estimator /3 we ap­
ply Theorem 4.1.1 in Amemiya (1985). The maximum likelihood estimator is
consistent if (i) the parameter space n is compact, (ii) the objective function
is continuous in (3 E nand (iii) the objective function converges to a non­
stochastic function uniformly in probability in (3 E n as N ~ 00. Conditions
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(i) and (ii) are satisfied given assumptions (El) to (E7). In what follows we
verify that (iii) is also satisfied.

Using Assumption (El) and the equality

one can write the likelihood function (A.4) in deviations from the mean as,

N

LN = ~ LUh - (3r)'X:QTXi({31 - (3r)
i=l

N

- ~ L({31 - (3r)'X:QTWi({33)({32 - (3~)
i=l

N

- ~ L({31 - (3r)'X:QT(Wi ((33) - Wi({3g)) {32
i=l

N
2 ~( 0)"- N ~ (31 - (31 Xi QrUi

i=l

N

+ ~ L({32 - {3~)'Wi({33)'QTWi({33)({32 - (3~)
i=l

N

- ~ L({32 - {3~)'Wi({33)'QT(Wi ((33) - Wi({3g)) {32
i=l

N

- ~ L({32 - {3~)'Wi({33)'QTUi
i=l

N

+ ~ L (3~ (Wi({33) - Wi ({3g))' QT (Wi({33) - Wi ({3g) )
i=l

N

- ~ L{3~ (Wi({33) - ~({3g))' QTUi
i=l

1 N

+ NLU:QTUi
i=l

In a compact parameter space uniform convergence of the likelihood func-
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tion follows from uniform convergence of the following moment matrices:

83

-k L~l X:QTXi ~ E [X:QTXi]

-k L~l X:QTWi(,83) ~ E [X:QTWi(,83)]

-k L~l Wi(,83)'QTWi(,83) ~ E [Wi (,83)'QTWi(,83)] .

(A.II)

(A.I2)

(A.13)

Convergence in probability as N ~ 00 of (A.II) follows from Assumption
(E6) and the law of large numbers for LLd random variables. In order to
proof convergence in probability of the moment matrices (A.I2) and (A.I3)
we use the uniform law of large number for i.i.d processes (Theorem 4.5.2 in
Amemiya). We have to show that there exists a dominant function h(X1 , X2)
such that the absolute value of the elements of the moment matrices (A.12)
and (A.I3) are less than h(X1, X2) for all ,8 E n and that E [h(X1 , X2)] < 00.

In order to find the dominant function it is convenient to write explicitly
the typical (j, h)-element of (A.12) and (A.I3). Using Lemma 1, it is seen that
the (j,h)-element, j, h = 1, ... ,k in (A.I2) can be written as,

where
T T

z~j,h) ((33) = L L Cst9(X;t(33)Xis,hXit,j.
t==l s=l

(A.I4)

(A.I5)

One dominant function h(X1,X2) for z~j,h)((33) is SUP,8EO IzIj,h) ((33) I· In
fact, given that g(X~tf33) < 'TJ, 'TJ E [0,1]. We have that, for any T < To < 00,

T

E[sup IZi(,83) I] ::; 'TJ L ICstIIXis,hXit,j I
~En s=l

T T

::;'TJ L L ICstIE[lxis,hXit,jl]
s=lt=l
T T

::;'TJ L L ICstl (E[lxis,hI2])1/2(E[IXit,j 1

2]])1/2
s=lt=1

T T

::;'TJ~ L L ICstl < 00.

s=1 t=1
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(A.16)

(A.I8)

(A.17)

where ~ < 00. A similar argument can be used to show that the sample
moment (A.13) converges uniformly to its population moment.

Consequently, conditions (i),(ii) and (iii) of the Theorem 4.1.1 in Amemiya
(1985) are satisfied and the maximum likelihood estimator is consistent for
N ~ 00 and fixed T.

A.2.3 Asymptotic normality

To prove asymptotic normality we apply Theorem 4.1.3 in Amemiya (1985).
It states that if (i) fj is consistent, (ii) the score vector evaluated at the true
value of the parameters is asymptotically normal (iii) the Hessian matrix is
continuous and (iv) the average Hessian converges in probability to a nonsin-

gular matrix for any estimator {3* ~ (30 then VN(fj - (30) ~ N[O, (J"2V- 1].

Normality of the score evaluated at (30 follows from the central limit the­
orem for i.i.d random variables and assumptions (El) - (E7). The continuity
condition (iii) is satisfied given the specification for the panel smooth transi­
tion model. To prove the convergence in probability of the average Hessian
we apply Theorem 4.2.1 in Amemiya (1985). That is, convergence of the Hes­
sian follows from uniform convergence of its elements and the fact that fj is
consistent.

The proof of uniform convergence of the elements (A.5) -(A.8) of Hessian
is the same as the proof of uniform convergence of the likelihood function. In
order to prove uniform convergence of (A.9) and (A.I0), use Lemma 1 and
write (A.9) extensively for each element as,

~~ [(3*' 8Wi ((33)'Q ltV- ({3*) _ (3*, 8Wi ((33)'Q U~]
N L...J 2 8(3 _ T ~ 3 2 8f-l _ T ~

i=l 3J fJ3J

N

= ~L [zH,h) ({3*) - z~{,h) ({3*)]
i=l

where
T T

zH,h)({3*) = L L CstAis({3i)g(x;t{33){32kX2is,jXis,kXit,h
t=18=1

T T

z~{,h) ({3*) = L L CstAis({33){32kX2is,jXis,kUit
t=l 8=1

for j == 1, ... ,m; h, k == 1, ... , K. The term Ait((33) denotes the first derivative
of g(v) with respect to v == X~t(33, where X2t == (1, qit, q~, · · · , qir)'. Ait ((33) ==
(1 - g(X~t(33) )g(X~t{33).
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The uniform convergence of (A.16) requires the existence of a dominant
function for (A.17) and (A.18). For (A.17) one such dominant functions is
sUP,BEn IZ1i(,8*)1 which is well defined because the parameter space is com­
pact and the function Ait(,83) takes values in the interval [0,1]. Moreover,

E[suP,BEll IzH,h) (,8*) IJ is finite. In fact,

T T

E[sup IzH,h) (,8*) IJ :::; L L IcstlE[lAis(,83)g(X~t,83)11,82kIIX2is,jXis,kXit,hIJ
,BEn t=ls=l

T T

~~1 L L ICstl (E[l x2is,j X is,kxit,hl2])1/2 (E[IAis(,83)g(X~t,83) 1

2)1/2
t=l s=l

T T

~~1~2~3 LL ICstl < 00

t=l s=1

where 1,82k/ ~ ~1 and E[lAis(,83)g(X~t,83)12] ~ ~2 and E[l x2is,jXis,kXit,hl2] ~
~3. !:::t.i,i == 1, 2, 3 are finite constants. Uniform convergence of Z2i(f3*) in
(A.16) follows from similar arguments.

The proof of uniform convergence of (A.I0) is the same but one needs
additional moments and notation. In fact, writing the second partial derivative
of Wi(,83) as

8
2
Wi (,83) [ (')] ( )8/3,8 = 1 - 2g X2t,83 Ait,83 X2it,jX2it,h
3j 3h

(A.I9)

one can see that the dominant function for (A.IO) exist because the sum­
mands of (A.IO) are bounded by the sUP,BEn. Moreover, the supreme is
well defined because, the parameter space is compact and the function
1[1 - 2g(X~t,83)]Ait(,83)1 only takes values in the interval [0,0.1]. For uni­
form convergence then one needs that E[lx2it,jX2ist,hXis,rXit,ZI2] ~ ~ < 00 for
j, h == 1, ... ,m, T, l == 1, ... ,k and t, S == 1, ... ,T.

Given that conditions (i) to (iv) of the Theorem 4.1.3 in Amemiya (1985)
are satisfied then we have that

(A.20)





Appendix B

Derivation of the LM test for
parameter constancy in
PSTR models

We derived the LM statistic by using the local approximatiol1 of the concen­
trated pseudo-likelihood function. That is, we first eliminated the fixed effect
from (2.14) and then test the constancy of the remaining parameters. The
concentrated pseudo-log likelihood function for observation i is,

(B.l)

where ei = (Yi - ~JL - Xi(311 - Xi(,l, Ci)(32i - Zi(,l, C1)(3*), Xi ('1, C1) = Xi 8

g(qi"l,C1) , Zi(,l,C1) = [Wi:Wi 8 g(qi"l,C)], Wi = Xi 0 Si, Si =
(1 IT, ... ,TIT)' and Xi = (x~l' ... ' x~T)'. As before, QT denotes the within
transformation matrix. The null hypothesis of parameter constancy is Ho :
(3* = O.

The average score evaluated at the null can be written as,

(B.2)
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Using the OP estimator for the covariance matrix the LM test is,

N

LM = A12 Le~QrZi(i'l,cI)t-1zieh,C1)Qrei (B.3)
a i=l

where

N

t = }r L [Zi (1'1, C1)'QrZi (1'1, C1) - Zi (1'1, cdQrVi (Vi'QrVi) -1Vi'QrZi (1'1, C1)]
i=l

(B.4)



Appendix C

Models used in the simulation
study

This Appendix contains the different data generating processes used in the
Monte Carlo experiments presented in Section 2.4.

The samples for studying the properties of the estimation procedure (Sec­
tion 2.3.3), the linearity test (Section 2.3.2), the test for no remaining nonlin­
earity (Section 2.3.4) and the algorithm for determining the number of regimes
in the Multiple PSTR model are generated using equation (2.4) while the sam­
ples for studying the properties of the parameter constancy test (Section 2.3.4)
are generated following equation (2.3.4).

The vector of exogenous variables (x~t, qit)' is generated independently for
each individual using the following the VAR(l) model,

[
Xit ] = [e 0] [Xit-l ] + [ E~ ]
qit 0 P qit-l Eit

where Xit is a (2 x 1) vector, e is a (2 x 2) matrix, p is a scalar and (Eit, E~)'

is a normally distributed vector (3 x 1) with mean zero and positive definite
covariance matrix ~.

The value of the parameters are p = 0.3

e = [0.55 0]o 0.4

and

[

0.03 0.005 0.005]
~ = 0.005 0.03 0.005

to C.5 0.005 0.005 0.3

The value of the parameters for each experiment are presented in Tables C.1
89
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Table C.1: Design used for investigating the properties of the estimation
method

First experiment
(r == I,m == 1)

f30 == (1.05,3.05)
f31 == (2.3, 1.4)'
')'1 == 4
C1 == 3.5

Second experiment
(r == I,m == 2)

f30 == (1.05,3.05)
f31 == (2.3, 1.4)'
')'1 == 4
C1 == (3,4)'

Table C.2: Design used for investigating the size and power of the linearity
test

Size
(r == I,m == 1)

f30 == (1.05,3.05)'
f3j == 0 for j == 1, ... , r

Power
First experiment Second experiment

(r == I,m == 1) (r == I,m == 2)
f30 == (1.05,3.05) f30 == (1.05,3.05)
f31 == (0.021,0.061)' f31 == (0.021,0.061)'
')'1 == 2 and 5 ')'1 == 2 and 5
C1 == 3.5 C1 == (3,4)'
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Table C.3: Design used for investigating the size and power of the test of
parameter constancy

===================
Size

(h == 1)
(31 == (1.05,3.05)'
f32 == (0.021,0.061)'
"Y1 == 2
C1 == 0.5

Power
First experiment

(h == 1)
(31 == (1.05,3.05)
f32 == (0.021,0.061)'
{33 == (0.0105, 0.0305)'
f34 == (0.023, 0.014)'
"Y1 == 2
C1 == 0.5

Second experiment
(h == 2)

f30 == (1.05,3.05)
{31 == (0.021, 0.061)'
/33 == (0.0315,0.0915)'
/34 == (0.069, 0.042)'
"Y1 == 2
C1 == (0.6, 0.7)'

Table C.4: Design used for investigating the size and power of the test of no
remaining nonlinearity

==========::;:==========
Size

r == I,m == 1
/31 == (1.05,3.05)'
/32 == (2.3, 1.4)'
"Y1 == 3
C1 == 3.5

Power
r == I,m == 1

(31 == (1.05,3.05)'
/32 == (2.3, 1.4)'
/33 == (0.0315,0.0915)'
/34 == (0.069, 0.042)'
"Yl == 2 and 5
C2 == 2
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Table C.5: Design used for investigating the properties of the algorithm for
determining the number of regimes in a Multiple regime PSTR model

First Experiment Second Experiment
(r == 2,m == 1) (r == 3,m == 1)

131 == (3.5,3.5) 131 == (3.5,3.5)
132 == (1.9, 1.9)' 132 == (1.9, 1.9)'
133 == (2.5,3.5)' 133 == (2.5,3.5)'
1'1 == 5, C1 == 2.869 134 == (3.5, 3.5)'
1'2 == 10, C2 == 4.354 1'1 = 2, C1 = 2.869

1'2 == 9, C2 == 3.479
1'3 == 5, C3 == 4.354



Chapter 3

Simulation-based
finite-sample linearity test
against smooth transition
models
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SIMULATION-BASED LINEARITY TEST

3.1 Introduction

95

Monte Carlo (MC) testing technique for testing statistical hypothesis was in­
troduced by Dwass (1957) in statistics and by Dufour (1995) and Dufour and
Kiviet (1996) in econometrics. It has been successfully applied in various test­
ing situations in econometrics. For instance, Dufour and Kiviet (1996) apply
it to test for structural change in first-order dynamic model, Dufour, Khalaf,
and Bernard (in press) use the same technique in testing for heteroskedas­
ticity in linear regression models, and Khalaf, Saphores, and Bilodeau (2003)
test the null hypothesis of no jumps in a jump process with GARCH errors.
Overall, it has been found that the MC testing technique is not only a solution
to intractable analytical problems but that it also improves the small sample
behaviour of existing asymptotic tests.

In this chapter the MC testing technique is applied to testing linearity
against smooth transition regression. Perhaps the most commonly used test for
this purpose is the LM-type test that Luukkonen, Saikkonen, and Terasvirta
(1988) introduced. This test is not applicable if the number

o
of regressors

in the model is large and the number of observations at the same time very
small. To give an example, this may be the situation in panels when the
time series are short and the number of individuals small. Indeed, the test
developed and discussed in this work is suitable for testing linearity within
the panel smooth transition regression model presented in Chapter 2. Testing
the random walk hypothesis against the smooth permanent surge model as in
Chapter 4, constitutes another application.

Investigating the small-sample size and power properties of the test and
comparing them with the corresponding properties of the LM-type test of
Luukkonen, Saikkonen, and Terasvirta (1988) fornls an essential part of this
study. The results indicate that the MC-based test is practically free from
size distortion in small samples and has power against the smooth transition
alternative.

The chapter is divided in five sections. The next section describe the dif­
ferent linearity tests considered in the chapter. Section 3 explains the Monte
Carlo testing techniques and also contains a discussion of computational de­
tails. The results of the Monte Carlo experiments can be found in section 4.
Section 5 concludes.
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3.2 Linearity tests

The linearity tests that we present in the chapter are tests derived against the
Logistic Smooth Thansition regression [LSTR] model

(3.1)

where G(.) is the logistic function,

G(X3t;~, c) = (1 + exp(-~(X3t - c)) )-1 , "Y > O. (3.2)

When X1t == X2t the Logistic Smooth Transition regression model (3.1) may
be viewed as a linear model whose parameters change smoothly from (31 to
(31 + (32 as a function of an exogenous variable X3t. The smoothness of the
change is governed by parameter ~ in the transition function (3.2). The larger
the value of ~ the steeper the transition is. In fact, when "y ~ 00, G() becomes
a step function and model (3.1) with (3.2) is a switching regression model with
two regimes. Parameter c is the location parameter and indicates the centre
of the transition. See Terasvirta (1998) and van Dijk, Terasvirta, and Franses
(2002) for further details on the model.

Linearity hypothesis of (3.1) may be formulated in two ways. Either Ho :
~ = 0 which means that under the null, the transition function G() becomes
constant and the LSTR model is thus linear. This testing problem is non­
standard because under the null hypothesis ((3~, c)' are unidentified nuisance
parameters. Luukkonen, Saikkonen, and Terasvirta (1988) derived a linearity
test based on Taylor expansions that circumvent this identification problem.
The second option is to choose Ho : /32 = 0 as the null hypothesis, in which
case (~, c) are not identified when the null hypothesis is valid.

3.2.1 Taylor expansion-based linearity test

Luukkonen, Saikkonen, and Terasvirta (1988) test linearity in the Logistic
Smooth transition model (3.1) as Ho : "y = o. Assuming X1t == X2t in (3.1),
the authors circumvent the identification problem by replacing the transition
function (3.2) with its third order Taylor expansion evaluated at ~ = 0 and
test the equivalent hypothesis Ho : (32 = (33 = (34 = 0 in the following auxiliary
regression

, (3- ( )'(3- ( 2 )' 7:l ( 3 )' 7:l *Yt = X1t 1 + X1t X 3t 2 + X1t X 3t fJ3 + X1t X 3t fJ4 + et (3.3)

Assuming the existence of the relevant moments, the standard asymp­
totic theory is applicable because under the null e; = ft. Moreover, /3 =
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(,8~, ,8~, ,8~, ,8~)' can be estimated consistently and the maximum likelihood es­
timator is asymptotically normal. The LM type statistic for testing linearity
can be written as,

(3.4)

h X- (-' -')' 'th - ( I , 2 , 3)' Xwere 2 X21' . · · 'X2T ,WI X2t == Xl t X3t, Xl t X3t' Xl t X3t, 1 ==
(X~l' ... ,x~T)' and MXl == I - Xl (X~X1)-1X~' u is the vector of residuals
under the null hypothesis, U = Mx1Y with Y = (Yl, .. ' ,YT)'.

The LM type statistic (3.4) can be seen as a rather general nonlinearity
test just because the same auxiliary regression (3.3) can be obtained from
many additive nonlinear models. In fact, in deriving the test Luukkonen,
Saikkonen, and Terasvirta (1988) assume a rather general functional form for
the alternative.

Statistic (3.4) has been found to have good size and power in many relevant
testing situations. The main drawback of the test is that its size may be
distorted when the number of parameters under the alternative is large relative
to the sample size. Besides, the test based on the third-order Taylor expansion
is not even available for sample sizes smaller than kl + 3k2.

3.2.2 Davies type test

In this section, we follow Davies (1977, 1987) and Hansen (1996, 2000) and
derive the LM test for Ho : f32 == 0 in (3.1) assuming that (')', c)' are known
values. The LM statistic has the form

where X2("C) = G(X3,',C) 8 X2 , X2 == (X~l,,·.,x~T)' and X3 =
(X31,' .. ' X3T)'. Furthermore, u is the vector of residuals under the null hy­
pothesis.

The LM test (3.5) is similar to the test proposed by Hansen (1996, 2000)
for testing linearity in threshold autoregressive models. The main difference is
that in these models the only unidentified parameter under the null hypothesis
is the location parameter, c, usually called the threshold value. Hansen (1996,
2000) derived the asymptotic distribution of the test statistic and proposed a
method to draw from it in order to obtain critical values for the test.

Andrews and Ploberger (1994) solve the identification problem by using
the SupLM, ExpLM or AveLM test statistics computed over a given parameter
space. We also consider the weighed LM test, wLM, which is computed as a
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weighted average of the LM test (3.5). The weights are calculated proportional
to the magnitude of the LM test: low values of LM(/' c) have lower weight
than the high values. This weighting scheme prevents the test from being
heavily influenced by redundant values of (I' c) that may have a negative
effect on the power of the other statistics.

3.3 Monte Carlo testing

Now we briefly introduce the Monte Carlo testing technique. For a general
treatment and proofs, see Dufour (1995,2002). Let S be any of the tests
statistics presented above. These test statistics have critical regions of the
form:

8?c

where c is the critical value.
Let 8 0 be a subset of the parameter space consistent with the null hypoth­

esis. It is said that a test statistic has level a if

and is of size a if,

sup Po[8 ? c) ~ a
BE8 0

(3.6)

(3.7)

sup Po[S 2:: c] == a
BE8 0

In small samples, to solve for c in (3.6) it is necessary to know the finite
sample null distribution of 8 which is typically a complicated function of the
observations and usually not available. Monte Carlo testing allows us to con­
struct exact inference in small samples by simulating the distribution of 8
under the null hypothesis. In fact, when the statistic under the null distribu­
tion is free of nuisance parameters it is enough to generate by simulation N
i.i.d replications of 8 under Ho, 81, ... , 8N, independently of 80 and compute
the empirical p-value as

P(S) = NGN(SO) + 1
o Me N + 1

where GN(8o) == -k E.f==1 I[0,oo)(8j - 80) and IA(Z) is the indicator function
that takes value 1 if Z E A and zero otherwise. If N is chosen so that a(N + 1)
is an integer, Dwass (1957) and Dufour (1995) have shown that, under Ho,

P[P(80)MC ::; a] == a.
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(3.8)

When Xt = (xl t ' X~t)' in (3.1) contains only exogenous regressors the statis­
tics (3.4) and (3.5) are free of nuisance parameters under Ho. In fact, condi­
tionally on X, the null distribution of (3.4) depends only on the distribution
of w = u/o' because, U = Mx1u and 0-2 = u'MX1u/(T - k1 ). Thus,

A/'" _ ( _ )1/2 Mx1u _ Mx1w
U (J - T kl (uIMx1u)l/2 - (wIMx1w)l/2

so no knowledge of /31 is needed for simulating (3.4) under the null. Similarly,
under Ho, (3.5) is independent of (,B~",c)'. Conditionally on X, the null
distribution of (3.5) only depends on the distribution of w = u/a.

Also note that for given ("c) the LM(" c) statistic (3.5) is equivalent
to an LM test for variable addition in the standard linear regression model.
It then follows from Proposition 1 and Corollary 2 in Dufour, Khalaf, and
Bernard (in press) that for any (" c), the statistic (3.5) is a scale-invariant
function of OLS residuals and as such a pivotal quantity. Since this holds for
any value of (,, c) it is clear that the null distribution of the SupLM, ExpLM,
AveLM and wLM tests is also free of nuisance parameters and that it only
depends on the data and the distribution of the standardized residuals.

Following Dufour (1995) the small-sample distribution of these statistics
can be obtained by simulation as follows:

1. Compute the value of the statistic, So, from the original sample.

2. Generate N LLd realizations of the LM test (3.4) or (3.5) by replacing
u/fJ with Us = MXl Us where Us is a draw from the assumed distribution
of u/a. Compute the value of statistic 8j from the simulated sample.

The number of replications N is typically small but for a given nominal
size a, a(N+1) has to be an integer. For example, for a = 0.05, N = 19
is enough for correcting the size. Greater values of N increase the power
of the test.

3. Compute the Monte Carlo p-value (PMC) as

NGN(X) + 1
PMC = N +1

where GN(So) is defined above.

When Xt = (xlt ' X~t)' contains lagged values of the dependent variable,
(3.4) and (3.5) are not free of nuisance parameters under the null hypothesis.
Dufour (1995) extended the Monte Carlo testing approach to this case. The



100 SIMULATION-BASED LINEARITY TEST

method involves maximizing a simulated p-value function over the nuisance
parameter space. That is, for each () E 80 generate N Li.d replications of S,
81 (()), ... , 8N((}) and compute the corresponding p-value,

P (8 If)) = NGN(SoIO) + 1
MC 0 N + 1

Finally, compute the maximized Monte Carlo p-value as PMMC

SUPBE8o[PMC(SolO)]. Dufour (1995), shows that this procedure has level a.
This means that P[SUPBEeo[PMC(SO!f))] ~ oJ ~ o.

Following Dufour (1995,2002) the maximized Monte Carlo test can be com­
puted as follows:

1. Choose the restricted subset of the parameter space 80 over which one
is to maximize the p-value function. 8 0 might be the whole parameter
space consistent with the null hypothesis such that the model under the
null is not explosive. In case of an autoregressive null model, the largest
modulus of the roots of the characteristic polynomial is less than unity.

2. Compute So on the observed sample.

3. Generate N i.i.d error vectors E == [El, •.• ,ETY and standardize them.

4. Compute the maximized p-value

PMMC == sup [PMc(Sol())]
BEeo

In computing PMMC it is important to note that for each value of f) E 80

one has to compute PMC(SO!()) by simulating the model under the null. The
initial values for the simulated samples are the same as the ones for the original
sample. In that sense, one can say that the maximized Monte Carlo test to
be computed is conditional on the initial observations. Note that So and the
generated standardized residuals in step 3 are treated as fixed, which means
that the standardized errors are generated only once.

Finally, since PMc(8oI0) is not a continuous function of () standard gradi­
ent based methods cannot be used to maximize it. Instead, heuristic search
methods such as Simulated Annealing can be used. [See Goffe, Ferrier, and
Rogers (1994) and Brooks and Morgan (1995) for details]. We use the follow­
ing set-up for the simulating annealing: Start the algorithm at the value of
the parameter vector estimated under the null hypothesis and let the initial
temperature To == 2. The number of function evaluations before temperature
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reduction is N€ = 200 and the stopping € is 0.01. This large value of € is
due to the fact that the value of N in computing the Monte Carlo p-value is
either 19 or 99 which produce p-values with at most three digits of accuracy.
The effect of the low initial temperature and this large value € is compensated
by the large number of function evaluations before temperature reduction.
As a result, for each value of () the neighbouring parameter space is densely
sampled.

3.4 A Monte Carlo experilllent

In this section we report results from a Monte Carlo experiment 'ror studying
small sample properties of the proposed MC statistic. The section is divided
into two subsections. The first subsection presents results of the linearity test
when Xt in (3.1) are exogenous regressors. The second one contains size and
power results for the LM-type test when Xt = (x~t, X~t)' in (3.1) contains lags
of the dependent variable.

3.4.1 Linearity test with exogenous regressors

When Xt == (x~t, X~t)' in (3.1) are exogenous, the different LM tests statistics
are pivotal under the null hypothesis, and exact inference is therefore available.
This opens up the possibility of comparing the power of the exact test based
on (3.5) and the one based on (3.3). The latter test should be less powerful
than the former one, and the interesting question is how large the power loss
will be.

In order to investigate the size properties of the test we ge11erated 5000
indepe11dent samples from model (3.1) with (32 = Ot. We assume that X2t == Xlt

and generate the (kl x 1) vectors Xlt and the scalars X3t from the uniform
distribution U(-10,10). The first element in Xlt is always unity. The empirical
size is computed for the nominal significance level 0.05. To find out the effect
the number of regressors on the size of the test, we choose k1 =2,5 and 9. The
PMe is computed using 19 replications from the normal distribution. A larger
number of replications could be used, but this small number is enough for
obtaining a size-corrected test. We include both the test based on (3.5) and
the test based on the auxiliary regression (3.3) (LM-type) in our experiment.

In computing the SupLM it is important to notice that LM(" c) in (3.5)
is a highly erratic function of its arguments (" c) which cause problems for
conventional optimization procedures. For this reason, we use Simulated an­
nealing (SA) discussed in Section 3.3 in the simulation study. The situation
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here is different from the one in computing the maximized Monte carlo p­
value, and a conservative setup for the SA algorithm will bring good results.
An initial temperature of 105 together with a large temperature reduction fac­
tor (0.85) will normally work. However, it is possible to use a less conservative
set-up, if the SA algorithm is started with good initial values for, and c.
They in turn can be found by carrying out a grid search over the (" c)-space.
Finally, the optimization procedure has to be penalized for negative values of
, and values of c outside the range of the observed transition variable. This
last restriction is due to the fact that the covariance matrix of the score used
in the LM test (3.5) is not invertible when the transition function only obtains
values that are either zero or unity.

Table 3.1 contains the estimated size of the different LM-type tests. The
upper panel of the table contains the empirical size of tIle SupLM, ExpLM,
AveLM and wLM test statistics for T == 25 and different values of kl. As
can be seen, the estimated size of the test is close to the nominal size and
unaffected by the number of regressors.

Table 3.1: Empirical size of the three linearity tests based on 5000 Monte
Carlo replications

MC test (T == 25)
Test kl == 2 kI == 5 kI == 9
ExpLM 0.050 0.050 0.053
AveLM 0.049 0.054 0.051
wLM 0.048 0.048 0.054
SupLM 0.053 0.034 0.041

Asymp

MC

LM-type
T kI == 2 kI = 5 kl == 9
25 0.044 NaN NaN
50 0.052 0.050 0.079
100 0.051 0.057 0.069
T kI == 2 kl == 5 kl == 9
25 0.050 NaN NaN
50 0.052 0.048 0.048

The number of Monte Carlo replications used to estimate the PMC is 19. NaN indicates
that the results are not available because the sample size is too small compared to the
number of regressors in (3.3).
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The estimated size of the linearity test based on the auxiliary regression
(3.3) is shown in the lower panel of Table 3.1. We evaluate the empirical size of
the test using both the asymptotic distribution of the test and the exact small
sample distribution. Not surprisingly, the estimated size of the LM-type test
when the asymptotic distribution is used is close to its nonlinal size when the
number of regressors remains less than or equal to five but becomes distorted
when the number of regressors is large. For example, when the auxiliary
regression (3.3) contains 36 regressors and T == 50, the empirical size of the
LM-type test equals 0.079. This outcome differs from the results based on the
exact small sample distribution. The LM-type test with the Me procedure
always has an empirical size close to the nominal size independently of the
number of regressors. For instance, when k1 == 9 and T == 50, the empirical
size of the LM-type test equals 0.048.

In order to investigate the power properties of the test we generate 5000
replications of model (3.1) with two different values of (32 and for each (32 two
different values of~. The elements of (31 are ones, and (32 is a vector with
all its elements equal to 0.01 and 0.6, respectively. The location parameter c
equals the mean of the transition variable X3t. We only consider k = 5 and
T == 50. In order to determine the effect of the number of replications on the
power of the Me test we compute the power using two different number of
replications, N = 19 and 59.

The results can be found in Table 3.2. It can be seen that the ExpLM,
AveLM and wLM tests have higher power than the SupLM test, and the
differences can be substantial. For example, for N = 59, ~ == 10 and (3 = 0.6t,
the power of the SupLM test equals 0.52, whereas it equals 0.82 for the other
two. Note that differences in power between the ExpLM, AveLM and wLM
tests are negligible. These results thus clearly suggest the use of anyone of
these three tests instead of the SupLM test. Not only do they have better
power than the SupLM test, but they also require far fewer computations and
are thus easier to use than the latter.

As already mentioned, the exact Me tests offer an excellent possibility
to investigate how much power one loses by approximating the alternative
hypothesis by a Taylor expansion instead of testing linearity directly within
the relevant STR model. Results shedding light on this question can also
be found in Table 3.2. As may be expected, the exact test ("LM-type" in
Table 3.2) based on the auxiliary regression (3.3) is less powerful than the
corresponding ExpLM, AveLM or wLM tests. Note, however, that it does
have about the same power as the SupLM test. The power of the test based
on (3.3) is somewhat sensitive to the value of "I, which is not the case for the
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Table 3.2: Empirical power of the linearity tests at 5% nominal level.
SupLM

(32 = 0.06 (32 = 0.1

'"Y N= 19 N=59 N= 19 N=59
2 0.153 0.176 0.462 0.519
10 0.161 0.169 0.473 0.523

ExpLM
(32' = 0.06 (32 = 0.1

'"Y N= 19 N=59 N= 19 N=59
2 0.297 0.333 0.751 0.803
10 0.302 0.337 0.757 0.811

AveLM
(32 = 0.06 {32 = 0.1

'"Y N= 19 N=59 N= 19 N=59
2 0.327 0.360 0.769 0.823
10 0.326 0.361 0.767 0.819

wLM
(32 = 0.06 {32 = 0.1

'"Y N= 19 N=59 N= 19 N=59
2 0.315 0.349 0.775 0.825
10 0.320 0.354 0.779 0.829

LM-type (Monte Carlo Based)
{32 = 0.06 (32 = 0.1

'"Y N= 19 N=59 N= 19 N=59
2 0.157 0.125 0.464 0.506
10 0.170 0.194 0.457 0.504

The table contains the empirical power of the linearity test at 5% nominal level. The
sample size is 50 and k l = k2 = 5. N denotes the nurnber of Monte Carlo replications
used in computing the P MG.

other tests. These results accord with the ones reported in Hansen (1996). In
that paper, the alternative hypothesis was the threshold autoregressive model,
and the tests were based on asymptotic distribution theory.

3.4.2 Linearity test in dynamic smooth transition n'lodels

In this subsection we present the results of the Monte Carlo experiment for
the LM-type test when Xt = (x~,x~)' in (3.1) contains only lags of the de­
pendent variable. As already mentioned, in this set-up (3.4) and (3.5) are
not free of nuisance parameters under the null hypothesis. In fact, when the
null hypothesis holds the parameters of the linear autoregressive model are
nuisance parameters. We do not consider the SupLM, ExpLM, AveLM and
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wLM tests because of the large number of computations involved in obtaining
the maximized Monte Carlo p-values. However, this does not nlean that these
tests are not available.

In order to evaluate the empirical size of the MC tests we generate 5000
samples of size 30 and 50 from AR(p) models. Since the size of the linearity test
(3.4) may be affected by both the number of parameters under the alternative
and the magnitude of modulus of the roots of the characteristic polynomial,
we consider three different AR(p) processes. The first two are AR(l) models
in which the autoregressive parameter equals 0.5 or 0.99. The third one is an
AR(6) model in which the largest modulus of the root of the characteristic
polynomial is 0.981. This is a extreme configuration for the model under the
null, because the DGP is close to be non stationary. It is therefore very likely,
that in small samples, the data exhibits a non stationary behaviour.

In order to compare the results of the Monte Carlo testing with other fre­
quently used methods we compute the rejection frequencies of the test using
four different estimators for the null distribution. These are the X2 and F
distributions, valid when T ~ 00, the Monte Carlo distribution and the em­
pirical distribution obtained by the bootstrap. The bootstrap distribution is
estimated in a way similar to the Monte Carlo distribution, the main differ­
ence being that instead of maximizing the p-value function over the nuisance
parameter space, we set 131 in (3.3) to 0, where 0 is the LS estimator of 131
under the null 2.

Table 3.3a: Size of linearity test in dynamic models
Null model AR(l)

Sample Size T=30 T=50
N N= 19 N=99 N= 19 N=99
p= 0.5 0.99 0.5 0.99 0.5 0.99 0.5 0.99
MMC 0.006 0.016 0.014 0.027 0.011 0.015 0.019 0.027
Boot 0.049 0.057 0.048 0.056 0.050 0.057 0.049 0.060

Table 3.3 contains the rejection frequencies of the test. As can be seen,
the rejection frequencies under the null hypothesis of the Monte Carlo test are

1P = (3.476, -4.942,3.68, -1.52,0.33, -0.032)'. The modulus of the roots of the charac­
teristic polynomial are (0.98157,0.63977,0.28486).

2This is not exactly parametric bootstrapping. The approach is usually called local Monte
Carlo. It is exact only when the sample size tends to infinity. Consequently, in finite samples
there is no guarantee that the test actually has the appropriate size. See Dufour (2002)
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Table 3.3b: Size of linearity test in dynamic models
Sample Size T == 30 T==50
p== 0.5 0.99 0.5 0.99

X
2 0.042 0.055 0.032 0.064

F 0.040 0.052 0.033 0.062

Table 3.3c: Size of linearity test in dynamic models
Null model AR(6)
T==30 T=50

X~ 0.303 0.284
F 0.479 0.232

N == 19 N == 99 N= 19 N==99
MMC 0.002 0.014 0.002 0.014
Boot 0.063 0.053 0.052 0.054

all well below 0.05, which is the llominallevel of the test. This shows that the
maximized Monte Carlo p-value actually achieves effective size control. It is
also clear that the size the of the test wIlen the asymptotic distributions are
used is affected by the number of regressors under the alternative and the value
of the roots of the characteristic polynomial. In fact, for AR(6) with T == 50,
the empirical size of the test when the X2 and the F distribution are used
is 0.28 and 0.23, respectively. This result is the combination of two factors:
First, the number of regressors under the alternative is large relatively to the
sample size and second, the largest root of the characteristic polynomial is 0.98
which is very close to 1. This does not mean that the asymptotic distribution
cannot be used. On the contrary, when the number of regressors is small the
results are very good as can be seen from the AR(I) model with p == 0.5, in
which the size with the X2 distribution is 0.042.

The above results suggest that the following testing strategy is applicable
in our case. First, compute the test from the original sample and test the null
hypothesis using the asymptotic distribution. If linearity is rejected use the
local Monte Carlo p-value. If the null is rejected then use the maximized Monte
Carlo approach. This strategy is computationally attractive and achieves size
control for the test. A similar strategy is proposed by Dufour (1995).

To investigate the power of the maximized Monte Carlo p-value test-



3.5. CONCLUSIONS 107

Table 3.4: Power Monte Carlo test in dynamic models

I T=30 T= 50
MMC 0.085 0.155

The table contains the empirical power of the linearity test at 5% nominal level. The data
is generated from the following Smooth Transition autoregressive model: Yt == O.5Yt-l +
(1 + exp(10Yt_l))-1( -O.7Yt-l) + €t, where €t is distributed as N(O,l)

ing procedure, we generate 5000 samples from Yt == 0.5Yt-l + (1 +
exp(10Yt-l))-1(-0.7Yt-l)+ft, where ft is distributed as N(O,l). The rejection
frequencies are presented in Table 3.4. As can be seen, the power of the MMC
test is good. Overall, we can say that the MMC test not only achieves size
control but that the power loss associated with this approach is not large.

3.5 Conclusions

In this chapter we apply Monte Carlo testing techniques to test linearity in
the Smooth Transition Models. The techniques presented in this chapter can
be applied both to static and to dynamic STR models. The methods are
computationally intensive and the computations involved can be unfeasible
in large samples. For these cases, it would be more appropriate to base the
inference on the asymptotic distribution theory.

The simulation results for the case of exogenous regressors encourage prac­
tical application: the panel STR model is a good case in point. Additionally,
the pivotal property of the LM statistics when the STR model only includes
exogenous regressors allows us to investigate the feasibility of the idea of ap­
proximating the alternative STR model using a Taylor expansion of the tran­
sition function around the null hypothesis. Our simulation results show that
the power loss emanating from this approach compared to testing linearity
directly against the appropriate STR model is not large. This supports the
commonly held view that the test based on the approximate alternative is a
useful tool in practice.

In the case of dynamic STR models, the results of the chapter show that the
use of asymptotic distribution theory can yield misleading outcomes in small
samples. It is also clear that the maximize Monte Carlo p-value is a useful
testing strategy for small samples and when the asymptotic distribution of the
test is not well known.
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4.1 Introduction
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Recently the literature of time series analysis has been developing models in
which stochastic shocks can have transitory as well as permanent effects. These
models close the gap between stationary autoregressive models, in which all
shoc~s are transitory, and models like the random walk in which all shocks
are permanent. Example of these models are: the stochastic unit root process
by Granger and Swanson (1997), which is an AR(l) process with the au­
toregressive parameter varying stochastically around one; the autoregressive
conditional root by Rahbek and Shephard (2002), in which the autoregres­
sive parameter changes between one and stationarity following a deterministic
function of the past observations; the stochastic permanent break model by
Engle and Smith (1999) in which the permanence of a given shock is stochas­
tic and depends on its magnitude, and finally, Gonzalo and Martinez (2003)
introduce a threshold integrated moving average model in which large shocks
are permanent whereas small ones are transitory.

In the present chapter we introduce the Smooth Permanent Surge [SPS]
model. The model is a generalization of the stochastic permanent break model
by Engle and Smith (1999). The permanent effect of an innovation is stochastic
and depends on a deterministic function of past shocks. In the SPS model,
small shocks have transitory effects and large shocks may have permanent
effects. The model can be seen as an alternative both to the stochastic break
model and to the threshold integrated moving average n1odel.

We present three tests in the smooth permanent surge framework. The first
is a test for linearity in moving average models. This test follows Branna.s,
De Gooijer, and Terasvirta (1998). The second test is a test of SPS against a
random walk and the third is a test against the stochastic permanent break
model by Engle and Smith (1999). The performance of these tests in small
samples is evaluated by Monte Carlo experiments. Finally, in other to compare
our model with the stochastic permanent break model, we apply our method
to the same data set and economic problem as the one used in Engle and
Smith (1999). That is, we investigate whether stock prices of two companies
that belong to the same market move together or not.

The outline of the chapter is the following. In the second section the
smooth permanent surge model is introduced and conditions for invertibility
of the model are given. The third section describes the proposed tests and
explains their implementation. Section 4.4 presents the results of the Monte
Carlo investigation. The application to the stock prices is presented in section
4.5. Section 4.6 concludes.
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4.2 Slllooth Perlllanent Surge lllodel

The Stochastic Permanent Break [STOPBREAK] process of Engle and Smith
(1999) is defined through the following equations:

Yt == mt + Et, t == 0,1, ... ,T (4.1)

where Et is a stationary martingale difference sequence with respect to Ft-l

where {Ft } denotes an increasing a-algebra adapted to Yt. Furthermore, mt

is a time-varying conditional mean given by

mt == mt-l + qt-lEt-l (4.2)

(4.3)

where qt-l is a function of E bounded by zero and one.
In order to characterize the dynamic properties of the STOPBREAK pro­

cess it is useful to measure the effect that a given innovation will have on
future values of Yt. One such measure is the permanent effect of an innovation
defined by Engle and Smith (1999) as follows:

At 1::= lim 0 f(Yt, k)
k-+oo OE

where f(Yt, k) == E(Yt+kIFt), Et == Yt - E(YtIFt-l). The permanent effect of an
innovation in the STOPBREAK model is,

8q
At =qt + OE If

==qt(l + 'TJq,t) (4.4)

where 'T]q,t == (8q/OE I€ )(Et/qt).
From (4.4) it is seen that in the STOPBREAK model the long-run effect

of an innovation is random and varies over time. The sign and magnitude of
the effect depend on the specific functional form of qt. For instance, if qt is
positive and has positive first derivatives with respect to lEI, At > 0 for all t,
and consequently all shocks have permanent effects.

Further understanding of the role of qt in STOPBREAK models can be
gained by writing (4.1) and (4.2) as an integrated nonlinear moving average
model:

t.1Yt == Et - Wt-l Et-l (4.5)

where Wt-l == 1 - qt-l. When qt-l == 1 for all t, it follows that Wt-l == 0,
which implies that all shocks have permanent effects. On the contrary, when
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qt-I = 0 for all t, Wt-l = 1 and all innovations will have a transitory effect on

Yt·
Different specifications for Wt-I have been proposed in the literature. En-

gle and Smith (1999) define Wt-I = 1 - qt-I with

(4.6)

In this specification, large positive and negative shocks have large (in ab­
solute value) permanent effects while small shocks have small effects. The
main drawback of this specification is that only zero shocks (ft-I = 0) have
transitory effects. To eliminate this drawback, Gonzalo and Martinez (2003)
proposed the Shock-Exciting Threshold Integrated Moving Average [STIMA]
model in which Wt-I is an indicator function such that Wt-I = (}2 for lEt-II:::; K

and Wt-I = (}l otherwise. Hence, if (}2 :::; 1 small shocks have only transitory
effects. The main disadvantage of this model is that due to the discontinuity
of the likelihood function, statistical inference is nonstandard, and conducting
inference is computationally expensive. Moreover, the STIMA model implies
that shocks of either sign greater that I~I will have large permanent effects.

In this chapter, Wt-l is defined as

(4.7)

where g(Et, "Y, c) is the following logistic fUllctio11 [see Jansen and Terasvirta
(1996)] :

g(Et; "Y, c) = (1 + exp(-"Y(Et - CI)(Et - C2)))-1 (4.8)

with"Y > 0 and Cl :::; C2. The model defined by (4.5), (4.7) and (4.8) is called
Smooth Permanent Surge [SPS] model .

The definition of Wt-I in the SPS model has similarities with both the
STOPBREAK and the TIMA models. Figure 4.1 plots the transition function
(4.8) for different values of "Y. For comparison we also include (4.6). As can be
seen, the transition function (4.8) has a U-shape form similar to the Logistic
function (4.6). However, transition function (4.8) has a broader base. In fact,
for relatively large values of "Y, the transition function (4.8) practically takes
value zero for all Et-l > Cl and Et-l < C2, Cl < C2.

Under some parameter restrictions the behaviour of Wt-l in the SPS model
approximates the functional form of Wt-I in the STOPBREAK one. For in­
stance, when Cl = C2 = 0, in (4.8), the SPS model approximates the STOP­
BREAK model quite well. Figure 4.2 shows the transition function (4.8) with
Cl = C2 = 0 together with the function used by Engle and Smith (1999). As
can be seen, both transition functions are rather similar for lEI> 0 and attain
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Figure 4.1: Transition functions for different ~ values
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The graph shows different transition functions as a function of €t-l. The thick line
is the graph of the transition function (4.6) used by Engle and Smith (1999) with
, = 0.1. The other lines are the plots of the transition function (4.8) for different
value of ,. Cl = -0.5 and C2 = 0.5.

their minimum at € == o. A difference between them is that the minimum value
in the Logistic function (4.6) equals zero whereas it equals 1/2 in the transition
function (4.8). Consequently, if in addition to having Cl == C2 == 0 in (4.8) we
have that ()2 = -1 and ()2 == 2 in (4.7) the SPS model is an approximation to
the STOPBREAK model.

The SPS model can also approximate the STIMA model. In fact, the
STIMA specification can be seen as a limiting case of an unrestricted SPS
model. For instance, when ~ -+ 00 and Cl == -C2 and C2 = K, > 0 in
(4.8), the SPS model is identical to a STIMA model. This feature of the
SPS nl0del makes it possible to describe nonlinearities that the STIMA model
also captures. An advantage of the present model over STIMA is that the case
Cl =1= -C2 is included. This feature allows asymmetries between the effects of
large positive and negative innovations.

4.2.1 Invertibility

Since the SPS process is a moving average model, the estimation of parameters
has to be carried out recursively. In fact, in order to estimate the model one has
to be able to estimate the innovation process given the observed data and the
generating formula. This is only possible if the model is invertible. Following
the definition of invertibility by Granger and Andersen (1978), Engle and
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Figure 4.2: Transition function used in the SPS together with the Logistic
function used by Engle and Smith (1999)
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The graph shows the logistic function used by Engle and Smith (1999) together
with the transition function (4.8) when 1 = 10, Cl = C2 = o. The dashed line is
the graph of the transition function used by Engle and Smith (1999) when 1 = 0.1.
The thick back line represents the transition function (4.8)

Smith (1999) established the invertibility conditions of STOPBREAK models
in the following theorem:

Theorem 1 The nonlinear moving average process in equation (4.5) is in­
vertible if E(II - qt(l + 1]qt) 1Ft-I) S Zt < 1, where 'TJqt == (Et/qt) (oq/OE) I€t and

{Zt} is a deterministic sequence defined such that limT-tOO nf=1 Zt == 0

Proof. See Engle and Smith (1999). •
Thus, for invertibility it is required that the average total effect of innova­

tion has to be less than one. Applying Theorem 1 to the SPS model implies
that the model is invertible if

E [/wt- 1 + ~:~ll Et-lIIFt-l] < 1.

The invertibility condition has the form,

[I OWt-1 I ]E Wt-l + 8Et-l Et-l IFt-l :::; Et-11(h + 82g(.)1

+Et-II(}2~(1 - g(.))g(.)Et-I[(Et-1 - CI) + (Et-I - C2)]!

(4.9)

(4.10)
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The first term on the right-hand side of (4.10) is less than one if I(Jl + (J2! < 1.
The second term is not necessarily zero since its value depends on 'Y and
consequently large values of , might affect invertibility. Fortunately, when,
is large g(.) tends to a step function taking values zero and one. Hence, for
large 'Y the second term on the right-hand side of (4.10) is practically zero and
equals zeros for , ~ 00.

4.3 Inference in Slllooth Permanent Surge lllodels

This section presents the statistical properties of the SPS model defined by
(4.5), (4.7) and (4.8). The random variable of interest is t1Yt and not Yt, which
means that the inference is based on the stationary variable t1Yt.

4.3.1 Hypothesis testing

In this subsection we present three tests in the SPS framework. The first test is
a test of linearity in (4.5). It is based on Brannas, De Gooijer, and Terasvirta
(1998). The second test is a test of the random walk hypothesis. The final
test is a test of the SPS model against the STOPBREAK alternative.

Testing linearity in the SPS model

Testing linearity in (4.5) is equivalent to testing the hypothesis Wt-l = ()*

for all t. Given that transition function (4.8) is constant when, = 0, the
linearity test can be carried out by the null hypothesis Ho : 'Y = O. How­
ever, the standard testing procedures are not valid because ()2, Cl and C2 are
not identified parameters under the null hypothesis. Brannas, De Gooijer, and
Terasvirta (1998) circun1vent this identification problem following Luukkonen,
Saikkonen, and Terasvirta (1988) and Granger and Terasvirta (1993). They
replace the transition function (4.8) in (4.7) with its first-order Taylor expan­
sion around , = o. After doing that and merging terms it turns out that the
null hypothesis Ho : , = 0 in (4.5) is equivalent to Hij : 82 = 83 = 0 in the
following auxiliary regression:

(4.11)

where e; = €t + €t-lR(" c; €t-l). R is the remainder in the Taylor expansion.
Note that under Ho e; = €t so the asymptotic theory is not affected by this
approximation.
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The LM test statistic is a convenient statistic for testing Hb since it only
requires the estimation of a MA(I) process. The resulting LM-type test can
be carried out in three steps as follows:

1. Estimate the MA(I) model

and compute the residuals it, t = 1, ... , T, and the sum of squared
residuals SSRo.

2. Regress ft on (~' ~' ~) IHJ and compute the sum of squares residuals
SSR1. From (4.11) it is seen that the first derivatives of the residuals €t

with respect to OJ, j = 1,2,3, under the null hypothesis are of the form

O€t-1 _ A ()~ O€t-1
---- - €t-1 + 1----
O()j oOj

and thus have to be computed recursively.

3. The test statistic is,

(4.12)

and has an asymptotic X2 distribution with two degrees of freedom under
the linearity hypothesis and the assumption E€r < 00.

Testing SPS against random walk

The random walk hypothesis is an interesting one to test, because the be­
haviour of Yt in the SPS model resembles the behaviour of realizations of the
random walk process, and distinguishing between the two is important in ap­
plications. In fact, the SPS model can be defined as in (4.5) which is a unit
root process with a specific moving average component.

The random walk hypothesis in (4.5) implies Hg : tvt-l = 0 for all t.
This null hypothesis is then equivalent to testing H6 : ()1 = ()2 = 0 in (4.7).
The testing problem is again a nonstandard one, because the parameters 'Y, c
are not identified under the null hypothesis. To circumvent the identification
problen1 we follow Davies (1977,1987) and first derive the LM test of ()1 =
()2 == 0 in (4.5) assuming 'Y and c known. Based in the results in Andrews and
Ploberger (1994), the identification problem is solved by applying ExpLM or
AveLM tests.
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The LM statistic for any given (" c) has the form:

LM('y,c) = ;\U'Xl('y,C)(Xl (1', c)'Xlb, c)r
1

X1('y,c)'u
a

(4.13)

where X 1(/" c) == [U-1 : G(u-1,/"c)0u-1] ,u are the vector of residuals under
the null and and U-1 its first lag, respectively.

The computation of ExpLM and AveLM tests can be based on a dense
grid over, and c. The grid should include possibly large positive values of /'
and values of c defined within the range of U.

In this chapter we do not derive the asymptotic distribution of the test
because it is possible to use the small sample distribution. We follow Du­
four (1995) and Dufour and Khalaf (2001) and approximate the small sample
distribution using Monte Carlo testing techniques. The advantage of this ap­
proach is that the test is exact in the sense that it has size-corrected critical
regions. The main requirement of the Me test is that the statistic can be
simulated under the null hypothesis. Moreover, the test is provably exact
when the null distribution is free from nuisance parameters. Statistic (4.13)
has this property because when Ho : ()1 == ()2 == 0 is valid, we have ~Yt == €t,

and consequently all that is needed for simulating b,.Yt is the distribution of
ft. Hence, the null distribution of the ExpLM and AveLM tests only depends
on the distribution of the errors.

Following Dufour (1995) the small sample distribution of ExpLM and
AveLM test can be obtained by simulation as follows:

1. Compute ExpLM or AveLM test from the original sample and call the
statistic So.

2. Generate the LM test (4.13) by replacing ula in (4.13) with Us == Us

where Us is a draw from the assumed error distribution. Compute the
test statistic Sj from the simulated sample. Notice that for simulat­
ing the LM-test statistic under Ho, no knowledge of any parameters is
needed.

The number of replications N is typically small but it has to be such
that a(N + 1) is an integer for a given nominal size a. For example, for
a == 0.05, N == 19 is enough for correcting the size. Greater values of N
increase the power of the test.

3. Compute the Monte Carlo p-value (PMC) as

p _ NGN(x)+l
Me - N + 1 (4.14)
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" 1 Nwhere GN(SO) == N Ej=1 I[o,oo)(Sj - So) and IA(z) == 1 for z E A and 0
otherwise.

The random walk hypothesis can also be tested with the SupLM test. The
computation of the SupLM test is difficult because (4.13) is a highly erratic
function of (/" c). Despite this feature of the objective function it can be
computed using a suitable global optimization procedure such as simulated
annealing [See Brooks and Morgan (1995) and Goffe, Ferrier, and Rogers
(1994) for details]. The advantage of this algorithm compared to numerical
optimization algorithms based on derivatives of the objective function, is that
it escapes local optima. The results in Chapter 3 indicate, however, that the
ExpLM and AveLM tests have higher power than the SupLM and that they
require fewer computations.

Testing STOPBREAK hypothesis within SPS

Even though the STOPBREAK model is not nested in the SPS process, there
is a parametrization within the SPS that resembles the characterization of
permanent effects in the STOPBREAK process. In the latter model the per­
manent effect of an innovation At is a random variable defined within [0,2).
However, the authors point out the following: the intuition suggests that the
majority of the probability mass for At would lie in the [0,1j interval. This
suggest that even though the STOPBREAK model is invertible for At < 2 in
practice unity serves as upper bound for At.

Using the fact that At is defined on the [0,1] interval and the fact that
transition function (4.8) approximates the Logistic function by (4.6) when
C1 == C2 = 0 one can write an approximate STOPBREAK process as follows:

LlYt ==Et-l - Wt-1 Et-l

Wt-1 == -1 + 2g(Et-1,/')

g(Et-l' /,) == (1 + exp(-/,E;-l)) -1 .

In (4.15), the permanent effect of an innovation At equals

(4.15)

(4.16)

The permanent effect of an innovation in (4.15) lies in the interval [0,1]. In
fact, when E== 0, At == °and when lEI ~ 00 we 11ave that g(.) == 1 and At == 1.
This means tOhat zero shocks have transitory effects whereas large shocks have
permanent effects.
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The second term on the right-hand side of (4.16) depends on "I. This might
imply that for any E, large values of "I are associated with a large permanent
effect. However, when "I ---1' 00, this second term is always zero because the
transition function then becomes a step fUl1ction taking only values zero and
one.

This characterization of the STOPBREAK process within the SPS model
allows us to formulate the STOPBREAK null hypothesis as Ho : Cl == C2 ==
0; ()l == -1; (}2 == 2 in (4.5) with (4.7). This hypothesis is not testable because
the elements of the score for Cl and C2 under the null are the same. However,
reformulating the transition function (4.8) as in (4.15) yields

(4.17)

Using this formulation it is possible to test the equivalent null hypothesis
Ho: C == O,(}l == -1,82 == 2.

Since only "I has to be estimated under the null hypothesis, the LM test
is computationally convenient. The test can be obtained in three steps as
follows:

1. Estimate (4.5) under the null hypothesis, compute the residuals u and
the sum of square residuals SSRo.

2. Estimate the auxiliary regression

Ut == x~b + error

and con1pute the sum of squared residuals SSR1. Where, Xt

(~ ~ !ki. tlli)'
881 ' 8(}2' 8e' 8"{ .

3. Compute the value of the LM statistic

LM == T(SSRo - SSRl)
SSRo

Since the parameter estimates in the SPS model are asymptotically nor­
mally distributed, the LM test statistic has an asymptotic X2 distribution
with three degrees of freedom under the null hypothesis.

The first step in this procedure requires nonlinear estimation of 'Y. Con­
sequently, the estimated residuals and 8Et/8'Y are not necessarily orthogonal,
which can affect the size of test. To circumvent this problem Eitrheim and
Terasvirta (1996) ortogonalized the estimated residuals under Ho with respect
to 8Et/O'Y before computing SSRI in step two. The second step in the above
algorithm can thus be replaced by the following two steps:



(4.18)
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2a. Regress Ut on ~ and compute the residuals ut and SSRo.

2b. Estimate the auxiliary regression

uf == x~b + error

and compute the sum of squared residuals SSR1.

4.3.2 Estimating SPS models

Invertibility is required for the estimation of the SPS model, and the parame­
ter vector f{J == (01 , O2 , 1', C1, C2, (12)' can be estimated by maximum likelihood.
The invertibility condition ensures that the likelihood function is well-defined
since Et can be obtained recursively from any initial condition. For practical
purposes, we assume that EO == o.

The log likelihood function for an SPS model (4.5) is,

T
2 T 2 1" 2L(y, 'PI, (T ) = -"2 log(27f(T ) - 2(T2 ~ tt

~=1

where Et == ~Yt + 'Wt-1 Et-1 and 'Wt-1 is defined in (4.7) and (4.8).
The score vector is given by

oL 1 T

8/3 = - (T2 L ttWt
t=l

T
oL 1 L 2 2- ==- (Et -a)
8(12 (13

t=l

where {3 == (01 , O2 ,1', c)' and

(
8gt-l(1',C) )

Wt == bt-1Et-1 + 02 OE Et-1 + 'Wt-1 Wt-1

and b == (1 9 (;y c) 0 8gt -l("'/,C) 0 89t -l("'/,C) 0 89t - 1(",/,C))'
t-1 , t-1 " ,2 8"'/ ,2 8C l ,2 8C2 •

Furthermore, 9t-1(1', c) == g(Et-1; 1', c) and

8gt -1----a:y = [1- 9t-I(-r, c)] 9t-I(-r, C)(tt-I - CI)(tt-I - C2)

8gt - 1
-8- == - [1- g(Et-l)] gt-1(1', C)1'(Et-1 - C2)

Cl
8gt - 1
-8- == - [1- gt-1(1', c)] 9t-1(1', C)1'(Et-1 - C1)

C2

8gt - 1
~ = [1- 9t-I(--Y, c)] 9t-I(-r, ch [(tt-I - cd + (tt-I - C2)] ·
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The recursion for computing the likelihood and the score can be started
from zero. This starting-value should not have any effect on the results.

The following theorem establishes the consistency and asymptotic normal­
ity of the maximum likelihood estimator of <po

Theorem 2 Suppose that Yt is generated by an invertible SPS model, where
{Et, Ft } is a strictly stationary a-mixing martingale sequence. Then the max­
imum likelihood estimator e.p == argmaxwLT(yT, <p) is consistent under the fol­
lowing assumptions: (i) EIEtl2p :::; M < 00 for some p > 1, (ii) the parameter
space \If is a compact subset of ]R5, and (iii) <PO == argmax'IfELT(yT,<p) is
unique. Moreover, if in addition of (ii) and (iii) the a-mixing coefficients on
Et are of size p/(l - p) and EIEtl4p :S M < 00, then

(4.19)

Proof. The proof of the theorem closely follows Engle and Smith (1999) and
can be found in the Appendix A.•

Even though the parameter estimates are asymptotically normal this result
must be applied with caution. In particular, one must be aware of the identi­
fication problem involved in testing several null hypotheses. For instance, the
standard t-test for O2 and 1 creates a situation in which the model contains
nuisance parameters not identified under the null hypothesis. Consequently,
the standard asymptotic distribution of this test is not applicable. For this
reason, we recommend that the final estimated model be considered together
with the results of the linearity tests.

The second factor that might affect the usefulness of the asymptotic dis­
tribution theory is that for very large values of 'Y the final estimated Hessian
may be ill-conditioned. In this situation it is only possible to obtain standard
errors for (}1 and (}2 by using the corresponding block of the final estimated
Hessian.

4.4 Small-sample properties of tests

In this section we investigate the empirical size and power of our tests by
simulation. The section is divided in three subsections. The first one is devoted
to the linearity test, the second subsection contains results on the small-sample
properties of the test of the random walk hypothesis. The final subsection is
concerned with the test of the SPS process against the STOPBREAK model.
All results are based on 5000 Monte Carlo replications. The data for each
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experiment is generated using the following SPS model:

ti.Yt ==tt + Wt-l tt-l

Wt-l ==(}l + (}2g(tt-l,~,C)

g(tt-1, /" c) = ( 1 + exp(-/,(tt-1 - C1)(tt-1 _ c2))) -1,

4.4.1 Small-sample properties of the linearity test

125

(4.20)

In order to investigate the size.of the linearity test the data is generated using
equation (4.20) with (}2 == 'Y == Cl == C2 == O. Since only (}l is likely to affect the
size of the test we consider the test for (}1 == 0.1,0.2, ... ,0.9. The sample size
is 100. The errors tt are independently normally distributed with mean zero
and variance one. The results for the nominal size 0.05 are presented in Table
4.1.

It is seen that the size properties of the test are generally very good in the
sense that the empirical size is close to the nominal size. The size deteriorates
somewhat for values of (}l close to one. A likely explanation is that for (}l near
one the null model is close to being noninvertible.

Table 4.1: Empirical size of the linearity test
()1 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Size 0.048 0.049 0.049 0.056 0.050 0.054 0.060 0.060 0.085

The table contains the empirical size of the linearity test at 5% nominal level. The sample
size is n = 100.

In order to investigate the power of the test we generate data from equation
(4.20) with (}l == 0.5 and different values for ()2 and 'Y. We set (}1 == 0.5
because the empirical size was very close to its nominal size at this value of
(}l. Additionally, we use 10 different values for ()2 and for each value of (}2 we
compute the power of the test for: 'Y, ~ == 2,10 and 100. Figure 4.3 shows
the empirical power of the test as a function of ()2. Each curve in the graph
corresponds to one value of~. As can be seen, the power increases with (}2.

Moreover, for each (}2 the power is higher for larger values of 'Y. By comparing
the estimated powers for 'Y == 10 and 'Y == 100 in Figure 4.3, it is seen that
both curves are close to each other for all (}2. This might suggest that the
increment in power associated with ~ decreases with the value of~.
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Figure 4.3: Empirical power of the linearity test at nominal significance level
0.05 as a function of ()2 and 1.
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The graph contains the empirical power of the linearity test for different values of
/ and (}2. Each line corresponds to one value of /. The sample size equals 100 and
(}1 = 0.5.

4.4.2 Small sample properties of the test of SPS against ran­
dom walk

In order to obtain the empirical size of the test we simulate data from (4.20)
with ()l = ()2 = O. Et are again drawn from a standard normal distribution.
We set the nominal size to equal 0.05 and consequently only use 19 Monte
Carlo replications for computing the Monte Carlo p-value. The sample size is
50. In order to compute ExpLM and AveLM test we conduct a grid search
on 1 and c. The grid for 1 includes 100 evenly space values within 2 and
1000 and the grid for c includes 50 different values for Cl and C2. Since Cl and
C2 are exchangeable in the likelihood, we only consider values of C2 such that
C2 2 Cl· Thus, in computing the ExpLM and AveLM test we evaluate the LM
statistic (4.13) (100 x (50 + 1) x 50)/2 times for both the original sample and
the simulated samples. The result is that the empirical size of both tests, the
ExpLM and AveLM, equals 0.0466 wl1ich is very close to the nominal size.

For computing the power of the test we simulate data from 18 different
variants of model (4.20). In particular, we let (}l and (}2 take values 0.1 and
0.3. Additionally, we also consider two values for ")'; ")' = 2 and 10. Since
the power of the Monte Carlo tests depends on the number of Monte Carlo
samples, N, we use N = 19 and N = 59 in computing the MC-p-value. The
results are summarized in Table 4.2. They indicate that both the ExpLM and
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Table 4.2: Empirical power of the test of random walk hypothesis against SPS
at the significance level 0.05

N=19, (}1 ()2 ExpLM AveLM , (}1 (}2 ExpLM AveLM
0.1 0.126 0.126 0.1 0.128 0.128

2 0.1 0.3 0.301 0.301 10 0.1 0.3 0.322 0.322
0.5 0.542 0.542 0.5 0.575 0.575
0.1 0.429 0.429 0.1 0.432 0.432

2 0.3 0.3 0.626 0.626 10 0.3 0.3 0.636 0.636
0.5 0.774 0.774 0.5 0.786 0.786
0.1 0.729 0.729 0.1 0.730 0.730

2 0.5 0.3 0.817 0.817 10 0.5 0.3 0.819 0.819
0.5 0.877 0.877 0.5 0.881 0.881

N=59, ()1 ()2 ExpLM AveLM , ()1 (}2 ExpLM AveLM
0.1 0.137 0.137 0.1 0.141 0.141

2 0.1 0.3 0.325 0.325 10 0.1 0.3 0.343 0.343
0.5 0.597 0.597 0.5 0.627 0.627
0.1 0.475 0.475 0.1 0.478 0.478

2 0.3 0.3 0.678 0.678 10 0.3 0.3 0.689 0.689
0.5 0.833 0.833 0.5 0.844 0.844
0.1 0.789 0.789 0.1 0.788 0.788

2 0.5 0.3 0.873 0.873 10 0.5 0.3 0.875 0.875
0.5 0.921 0.921 0.5 0.924 0.924

The table contains the empirical power of the test of SPS against random walk. The power
is computed for the 5% nominal level. The sample size is n = 50. Two different number
of Monte Carlo samples were used in computing the Monte Carlo p-values, N = 19 and
N=59.

the AveLM tests have equal power in small samples. As expected, the power
of the test increases with the number of Monte Carlo samples used to compute
PMC. The power differences when N is varied are not large. For instance,
when'Y == 2, f)1 == 0.1 and (}2 == 0.3 the power of the test with N == 19 equals
0.30 whereas for N == 59 it is 0.32. The power seems to be independent of
'Y and positively related with (}1 and (}2. Finally, considering (}1 and (}2 the
results indicate that the power of the test depends more on (}1 than on (}2. For
instance, with 'Y == 2, (}2 == 0.1 an increment of f)1 from 0.1 to 0.3 increases the
power in 2.46%, whereas the same exercise for 01 == 0.1 with f)2 changing from
0.1 to 0.3 only increases the power in 1.37%.

These results indicate that when the null hypothesis is rejected it is useful
to test whether ()2 equals zero. This null hypothesis can be tested using the
linearity test proposed in section 4.3.1 or as suggested in Chapter 3.



128 SMOOTH PERMANENT SURGE PROCESS

4.4.3 Small sample properties of the test of SPS against the
STOPBREAK model

To compute the size of the test against the STOPBREAK we generate data
from (4.20) with (Jl = -1 and (J2 = 2, Cl = C2 = O. Since the only free
parameter under Ho is 'Y we use three different values for it: 'Y = 2,10 and
30. We also consider two sample sizes n = 100 and n = 200. Table 4.3 with
four columns contains the results for the Monte Carlo experiment. The first

Table 4.3: Empirical size of the test STOPBREAK against SPS at significance
level 0.05

Sample Size , Empirical size Failures
2 0.0454 5

100 5 0.0918 238
30 >1000

Sample Size , Empirical size Failures
2 0.0528 0

200 5 0.0814 59
30 >1000

and second columns of the table indicate the sample size and the value of "
respectively. The third column contains the estimated size of the test and
the last column indicates the number of discarded draws in the Monte Carlo
experiment. These draws are samples for which the test was not available
because the covariance matrix of tIle score was not invertible. The size of the
test is good for small values of'Y but deteriorates when 'Y increases. Moreover,
the empirical size of the test cannot be computed for 'Y = 30. There are
two explanations for this outcome. First, when 'Y ~ 00 the Hessian becomes
noninvertible because the transition function under the null equals one for
all Et different from zero. Second, large values of 'Y in (4.15) push the model
under the null hypothesis towards the boundary of the invertibility condition,
because the transition function in (4.9) always equals one.

In summary, the results of the Monte Carlo experiment suggest that the
test is only available for small values of 'Y because the model is not identi­
fied under the null hypothesis and because it may not be invertible at large
values of 'Y. The identification problem is not only present in the STOP­
BREAK approximation to SPS. It is also present in the original version of the
STOPBREAK model. In fact, when 'Y in the (4.6) is close to zero, the logistic
function takes value one for practically all Et =1= 0 and the STOPBREAK model
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collapses to a random walk. The results of this Monte Carlo experiment sup­
port "second-order logistic" function (4.8) as an alternative parametrization
to the simple logistic transition function used by Engle and Smith (1999).

Given the size results we only consider the power of the test for I == 2
and we generate data from equation (4.20) with the following other parameter
values: Cl == -0.1, C2 == 0.1, ()l == -0.8 and (}2 == 1.8. We estimate the
power of the test for two sample sizes T == 100 and T == 200. The results
in Table 4.4. show that the test has good power against the alternative and

Table 4.4: Empirical power of the test of SPS against STOPBREAK at sig­
nificance level 0 05

Sample Size Empirical Power Sample Size Empirical Power
100 0.226 200 0.404

The table contains the empirical power of the SPS against STOPBREAK. The power is
computed for a 0.05 nominal level

that the power increases with the sample size. However, due to the fact that
the size of the test deteriorates with the value of roy and that the test is not
likely to be available at large values roy, we recommend caution when using it
in applications.

4.5 Application

In this section we illustrate the use of the proposed test statistics and the
SPS methodology. The application is borrowed from Engle and Smith (1999).
We investigate whether the stock prices of companies that belong to the same
market have the tendency to move together. In theory, such prices should
move together if they follow the industry behaviour, and they might deviate
from each other only temporarily and depending on industry-specific shocks.
This theory therefore implies that the ratio of these stock prices should not
follow a random walk.

We apply the SPS model to daily price series for Texaco, Mobil, IBM,
Microsoft, General Motors, Ford, Coca-Cola and Pepsi. In all cases, stock
prices are measured as the closing price of stocks listed in the US market.
The observations cover a period from January 1988 to March 2004 and were
obtained from Reuters 3000 Xtra.

The random walk test was computed using a grid search over 'Y and c.
We include 100 different values for roy evenly spaced between 2 and 1000 and
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25 values for C1 and C2 defined between -2.5 al1d 2.5. The Monte Carlo p­
value was computed using 59 samples from a standard normal distribution.
In order to compare our results with those of Engle and Smith (1999) we
computed the random walk test for two different samples. The first sample
comprises observations from January 1988 through December 1995, which
is the sample used in Engle and Smith (1999), whereas the second sample
contains observations from January 1988 to March 2004. The results are
reported in Table 4.5. The table is divided into two panels, one for each
sample. Each panel presents the results of the standard LM test and its
robustified version, LMR. The LMR is robustified against heteroskedasticity
by using the HAC estimator of the variance-covariance matrix. We prefer the
results of the LMR because the time series are highly heteroskcedastic. From
the first panel of Table 4.5 it can be seen that the random walk hypothesis
is not rejected at 5% significance level for the period 1988-1995 for the stock
price ratios IBM/MSFT and Texaco/Mobil whereas it is rejected for Cola­
Cola/Pepsi and General Motors/Ford. Using the complete sample size the
results change. In fact, the random walk hypothesis is only rejected for the
price ratio General Motors/Ford.

These results have to be interpreted with caution because the null hypoth­
esis of random walk is the joint hypothesis 81 == 02 == 0 in (4.5). Thus it
is possible that when the null hypothesis is not rejected the data follows a
linear MA(l) process and not necessarily a random walk. It is therefore im­
portant to complement the results of the random walk test with those of the
linearity test. These results can be found in Table 4.6. As before, the table

Table 4.5: Random Walk test results
(1988:1-1995:12) (1988:1-2004:3)

Ratio Ordinary Robust Ordinary Robust
IBM/MSFT 1.4(0.383) 0.7(0.733) 7.1(0.017) 1.9(0.167)
GM/FORD 6.7(0.034) 4.5(0.017) 33.1(0.017) 20.9(0.017)
COLA/PEPSI 5.1(0.017) 4.5(0.017) 4.4(0.033) 2.1(0.183)
Texaco/Mobil 6.6(0.017) 1.1(0.500) 6.0(0.017) 2.7(0.120)

Note: The table reports the results based on ExpLM test. P-values in parenthesis. The
Monte Carlo p-values were computed using 59 samples from the normal distribution.

is divided into two panels. The left-hand panel contains the results for the
period 1988-1995 whereas the results for the complete sample are reported in
the right-hand paneL Linearity is generally not rejected, the only exception
being the Texaco/Mobil ratio in the sample 1988-1995.
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Taking into account the results of both tests, the random walk and the
linearity test it is seen that, the stock price ratios Coca-Cola/Pepsi and Gen­
eral Motors/Ford can be characterized by a linear stationary MA(l) while the
ratio IBM/MSFT seems to follow a random walk. No evidence in favour of
smooth permanent surge is found in any of the stock price ratios. There is no
need to fit an SPS model to these price ratio series.

Table 4.6: Linearity test results
(1988:1-1995:12) (1988:1-2004:3)

Ratio LM LMR LM LMR
IBM/MSFT 13.2(0.001) 5.8(0.344) 17.3(0.001) 2.1(0.344)
GM/FORD 1.4(0.484) 1.1(0.581) 0.3(0.838) 0.7(0.716)
COLA/PEPSI 0.1(0.975) 0.1(0.981) 10.0(0.001) 3.6(0.166)
Texaco/Mobil 19.1(0.001) 6.9(0.037) 10.2(0.001) 1.2(0.540)

Note: The column label LMR contains the results of the robust LM test. The tests are
robustified using the standard HAC estimator for the variance.

4.6 Conclusions

In this chapter we have introduced the Smooth Pern1anent Surge mode
which generalizes the STOPBREAK model by Engle and Smith (1999). The
new parametrization overcomes a difficulty inherent in STOPBREAK model,
namely, that all shocks to the model have permanent effect. In SPS models
there is the possibility for shocks to have transitory effects.

The SPS model is also an alternative to STIMA models because, it allows
for asymmetries in the long-run effect of the shocks. The continuity of the like­
lihood function permits the use of standard asymptotic theory when carrying
out inference on the model parameters.

We describe three tests of the SPS model that can be used in the modelling
process. The first test is a test of non linearity, the second test is a test of SPS
against random walk and the final test is a test of SPS against STOPREAK
process. The results of the Monte Carlo experiment indicate that the first two
tests have good properties in small samples while the last test seems to be of
little practical use.
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Appendix A

Proof of theorem 2

This appendix contains the proof of Theorem 2 stating consistency and asymp­
totic normality of the maximum likelihood estimators of the parameters of the
SPS model. The log-likelihood function is

r
Lr == L qt(yt , <p)

t=I

(A.I)

where qt(yt,<.p) -~ In(0-2) - ~(~Yt + Wt-I€t-I)2 and <p ==
(()I, ()2, '1, CI, C2, 0-

2
)' . Furthermore, Wt-I and 9 (tt-I , '1, CI, C2) are defined in

(4.7) and (4.8), respectively.

A.I Consistency

Repeated substitution of €t-l reveals that qt(Yt, <p) is a function of the increas­
ing sequence Yi, i == 1, ... ,t, and consequently it is a heterogenous sequence
of Yt. In order to prove consistency we show that conditions (M.1) - (M.3)
of Theorem 4.3 in Wooldridge (1994) are satisfied. To invoke theorem 4.3 in
Wooldridge (1994) we need to show that {qt(tt, cp) : t == I, ... } satisfies the
uniform law of large numbers on wand that qt (yt , <p) is measurable for any
<p E w. For the uniform law of large numbers to hold we need to verify the
following conditions:

1. For each <p E <.p, {qt(yt, 0) : t == 1,2, ... } satisfies the weak law of large
numbers.

2. There exists a function ht(yt ) 2:: 0 such that

(a) For all <.pl,<P2 E W, Iqt(yt , <.pI) - qt(yt, «2)1 :::; h(yt) II <.pI - C{J2 II

135
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(b) {h(yt)} satisfies the weak law of large numbers.

The strategy to prove condition 1 is the following. First we will show that
for any cp E tp, € is L2-NED, which by Theorem 17.9 in Davidson (1994) implies
that €2 is L1-NED . We conclude from Theorem 17.5 in Davidson (1994) that
{€2 _ a2 } is an Ll-mixingale. Finally, if €2 is uniformly integrable, it follows
from Andrews's (1988) weak law of large numbers that

T T

~ L qt(Et, <fi) ~ E~ L qt(Et, ep)
t~l t~l

for any cp E W.
For any cp we have that €t == ~Yt+Bt-1€t-1 where 8t- 1 = 81+82g(Et-l,i', c).

Recursive substitution of Et shows that €t = !t(€t,€t-l,Et-2, ... ) which is a
continuous function of a mixing sequence which is not necessarily mixing.
However, € is L2-NED. To see this we follow Example 17.4 in Davidson (1994)
and approximate It with a Taylor expansion about zero with respect to €t-j

for j > m, where m is a fixed real number. This yields,

~ - -m ~ (aIt ) *
it = it +. L....J OEt- . Et-j

J~m+l J

where * denotes the evaluation of the derivatives at points in the interval

[O,Et-j]. Note that rr is a measurable approximation of E [ltIFf~:::]. Conse­

quently, from Theorem 10.12 in Davidson (1994) we have

which implies

t ( -) *.L a~~. Et-j
J~m+l J

2

Differentiating it w.r.t Et-j yields,

a it o~Yt (ii oBt- 1 - ) O€t-l= -- + Ut-1 + -_-Et-l --
OEt- j aEt-j OEt- j a€t-j

- - ..., a~Yt-j+l - - - aD.Yt-j= kt-1 kt-2 ... kt - j +1 & + kt - 1kt-2 · · . kt-j a
Et-j Et-j

kt - 1kt - 2 . .. kt - j +1 (wt- I + °a(lt-j lOt-I) + kt - 1kt -2 ... kt - j
€t-l
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h k- ((J- + 86t - 1 - )were t-l == t-l 8€t-l €t-l .
consequently

which implies

137

Under invertibility Ikt-il < Ikl < 1 and

t

L:
j=m+l

00

< 2 L: kJ llEt-il12 == vmdt
j=m+l

where Vm == 2L~t+m ki and dt == IIE/l2. Consequently, {Et} is L2-NED. It
follows from Theorem 17.9 in Davidson (1994) that {E;} == {Et€t} is LI-NED
and from Theorem 17.5 in Davidson (1994), that {El} is Ll-mixing.

For Andrews's (1988) weak law of large numbers to apply we need EIEtl2p ~
M < 00 for p > 1. This result follows from

II€t112p II~Yt + Ot-lEt-1112p

< II~Yt"2p + Ilet- I Et-1112p

< II~YtI12p + k/lEt-1112p

henceE€t2p ~ (1~kll~YtIl2prp, Note that II~Ytl12pexistssinceIlEt II ~ M < 00,

It follows from Andrews's (1988) weak law of large numbers that

T T

~ L: qt(yt, 0) ---+ E~ L: qt(yt, 0)
t=l t=1

for any (j; E \lJ.
In other to prove that COl1dition 2 also holds for SPS models we have to

find a dominant function h(yt) such that,

1. For all <PI, <P2 E W, Iqt(yt, <PI) - qt(yt, CP2) I :::; h(yt) II 'PI - <P2 II·

2. {h(yt)} satisfies the weak law of large numbers.

The mean value approximation to the likelihood function around <P2 is,

( t) (t ) Oqt(y
t
,0)'( )qt Y ,'P - qt Y ,<P2 == ocp 'P - 'P2
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(A.2)

where 'P indicates that the derivative is evaluated at a point between <p and
'P2. Evaluating the mean value approximation at 'PI and using the triangle
inequality we obtain

Iqt(yt, CPl) - qt(yt , CP2)1 ~ \ Oqt~~; 1,0)) /lCPl - CP211

where (x) denotes the Euclidean norm of the vector x.
We have that,

/Oqt~;'cp)) = [--4-2 -2 + --4-2 -2 + --4-2-2
\ (j Et WIt (j Et W2t a €t W3t

+--4-2 -2 + --4-2 -2 + --6(-2 -2)2] 1/2
(j Et W4t (j €t W5t a €t - at

:::; 0--2I EtWItl + 0--21EtW2tl + 0--2 IEtW3t I
+0--2 IEtW4t I+ 0--2 IEtW5t I+ 0--31(E~ - 0-;)1

where Wit for i = 1, ... ,5, are the derivatives of ft with respect to r.p:

- OEt - k--
WIt OBI = €t-I + t-IWIt-1

- OEt - ( - -- ) k- -
W2t oB

2
== gt-I 'Y, C + t-IW2t-1

aEt - 8gt - 1 (1, c) -_
W3t 0"1 = O2 0"1 Et-l + kt- 1W3t-l

OEt -- 8gt - I (1,C) -_
W4t -0 == B2 8 €t-I + kt -IW4t-1

CI CI

OEt - 8gt - I (1,C) -_
W5t -0 == B2 8 €t-I + kt - IW5t-1

C2 C2

where C == (CI' C2)' and gt-I(.) == g(Et-l, 1, c).
Consider

IEtI < I~Ytl + klEt-11
t t

< Lki-II~Yt_il:::; (1- k) Lki-IIEt_il
i=1 i-I

and similarly,

IW-Itl < IEtl+kIWIt-11
t t t-i

< Lki-IIEt_il:::; Lki - I Lkj-IIEt-i-jl
i=1 i=1 j=1
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IW2t\ < 19t-l(i,c)l+kIW2t-ll
t t

< L ki
-

119t_l(i', c)1 :S L ki
-

1

i=l i=l

!W3tl < 102 Ogt;;~i', cI + k1W3t-11

< t ki - 1 102 Ogt-i(i', C) I
i=l °1

< Klt ki
-

1
I Ogt-;~i', c) I < K(i', c) t ki -

1 (A.3)

The l&St equality in (A.3) holds since 18gt;;~:Y,c) I < K(i', c) < 00. Similarly,

IW4t\ :S K2(i, c) E~=l ki- 1 and !w5tl ~ K3 (i, c) E~=l ki- 1 with Ki(i, c) < 00

for i = 1,2,3. Thus (A.2) becomes

(A.4)
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of bt = E~=l ki-11€t_il which is L2-NED in ft. To see this note that

t

Ilbt - E(btIF:~~)112 == L ki-11€t_il
i=m+l 2

t

< L ki- 1ll€t_i/l2
i=m+l

00

< L ki- 1 11€t_ill2 = vmdt (A.5)
i=m+l

(A.6)

From (A.5) it follows that bt is L2-NED with constants dt = II€t112 and Vm =
E:m+l ki- 1. It follows from Theorem 17.9 in Davidson (1994) that b; is LI­
NED. Moreover, since II€t1l2p < 00, b; is uniformly integrable. It follows that
h(yt), which is a function of b;, obeys a uniform weak law of large numbers.
Consequently, q(yt, cp) satisfies the conditions of Theorem 4.3 in Wooldridge
(1994) and we have that cP ~ CPO.

A.2 ASYlllptotic normality of the rnaxirnJllll likeli­
hood estimator

Using the mean value expansion, the maximum likelihood estimator can be
approximated as follows,

The last equality holds if the sample Hessian evaluated at <p converges in
probability to the population Hessian. To verify this, we need to show that
the hessian obeys the uniform law of large numbers.
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Writing the parameter vector as <P == (<pI,a2
)' with <PI == (OI,02,1',CI,C2)'

the average Hessian can be written as

_ aLT(yT, r:p) == [i!l i!3]
ac.pa<p' H~ H2

with

1~ h 1;-' (- -I - OWt)== T L.....J It == Ta-2 L.....J WtWt + Eta
t==l t==l <PI

1 TIT
T L h3t = Tjj2 L WtEt

t==l t==l

IT 1 T(EF)
= T L h2t = T jj2 L 3 jj2 - 1

t==l t==l

where W - (flit. flit. ®. flit. flit. )1
t - 801' 802' 8""(' 8Cl '8C2 .

As in the proof of consistency, we show that iII ,iI2 , iI3 obey the uniform
law of large numbers. For this purpose, we shall show that the following
conditions hold,

1. For each r:p E W, {hit: t == 1,2, ... } for i == 1,2, 3, satisfies the weak law
of large numbers.

2. For each element h~f) of iIi for i == 1, 2, 3 there exists a functioll r(yt) ~ 0
such that

(a) For all <PI, <P2 E \lJ, Ih~f)(<PI) - h~1)(c.p2)1 ~ r(yt)llcpl - c.p211
(b) {r(yt)} satisfies the weak law of large numbers.

In order to show that condition 1 is satisfied we follow a similar strategy
to the one used in the consistency proof. That is, first we show that Wt and
~ are L2-NED in Et. This implies that the summands hit are L1-NED in ft.

It follows from Theorem 17.5 ill Davidson (1994) that they are LI-mixingales.
Finally, the assumption IIEtl14p ~ M < 00 guarantees uniform integrability.
Consequently, Hi for i == 1,2,3, satisfy Andrews's (1988) weak law of large
numbers.

In order to show that the summands in Hi for i == 1,2,3 are LI-NED in Et
we show that Wit for i == 1, ... ,5 are L2-NED. In particular, we show that,

IIWIt - E[WItIF:~;;:] 112:::; .f II (::~t.) *Et-ill
J=m+l J 2
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8kt-l I- I) IO€t-I I
O Wlt-I 0

€t-l €t-j

_ I) IO€t-i I
IWlt-i Ott-j

!Wlt-il)<

< k IOWIt-ll + (1 +
O€t-j

f=.=jl ki
-

1 (1 + okt
-

i

1I O€t-i

ki-1 f=.=jl (1 + Okt-i
1I 8€t-i

<

we have that

where,

(A.7)

In (A.7), K 1 and K2 are finite constants. The last inequality in (A.7) follows

from the fact that I~~:=: I and I~~~:=~ I are bounded functions of Itt-i I. More­

over, from the proof of consistency we have, IWtl ::; E!=l ki-11€t_il. Thus,

00

< K L jk
j
- 1 11€t-jI12 = vmdt

j=m+l

with Vm = KE~m+ljkj-l and dt = II€tI12. That is, WIt is L2-NED on ft.
The results for Wit, i == 2, ... ,5 follow from similar derivations. Consequently,
Wit for i == 1, ... ,5 are L2-NED on ft.

We shall show that OWt/O<pl are L2-NED. The distinct elements of OWt/O<Pl
are

OWlt - 8Wlt-l _ Okt-l _
-8 == kt-l 0 + Wit-l + -8--W1t- 1,

'Pi <Pi <Pi

for i = 1, ... ,5.

8W2t _ k- OW2t-l Ogt-l 8kt-l_
8 - t-l ~ + ~ + ~ W2t-l,

<Pi U<Pi U'Pi U'Pi
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for i = 2, ... , 5.

for i 2:: h = 3,4, 5, where

8kt -1 80t -1 a20t_ 1 _ aOt- 1 _
-8-- = -8-- + 8- 8 Et-l + -a-Wit-I

'Pi 'Pi Et-I 'Pi Et-I
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By proceeding in a manner analogous to that for Wit, i = 1, ... ,5 above,
we can show that the elements of 8wtj8'Pl are L2-NED on Et. Thus, the
summands of HI are LI-NED on Et. Moreover, since Wt, 8Wtj8'PI, Et have
more that two finite moments, we can invoke the weak law of large numbers
for LI-mixingale processes. Thus iII ~ E(iI1 ) for all ep E W.

Finally, we have to show that there exists a function r(yt) such that

where hi~,j) (CPI) denotes the (i, j)-th element of iII evaluated at <Pl. As before,

r(yt) is such that sUP<pE'It (8hl~~<P*») :::; r(yt).

We have that

(
8h~~,j) (ep)) :::; tl 8hi~,j) (0)I

8'P s==1 8<ps

The elements 1(8h~~,j) j0'Ps) I are not bounded functions of {Et}, but,

sup<pE\l118hi~,j)j8<psl is function of the LI-NED process {b;}. It follows that

HI ~ E(H1) uniformly in w.
Consider

T

H
- 1,, __

2 = Tif2 L..J WtEt­
t=l

From the proof of consistency we have that {Wt} and Et are L2-NED on
{Et}. From this it follows that {Wtft} is L1-NED on {Et} and satisfies the weak
law of large number for LI-mixingale processes. It is also possible to show
that there exists a dominant function r(yt) independent of <P that satisfies the

weak law of large numbers. That is, H2 ~ E(H2) uniformly on w. Finally,
H3 ~ E(H3) uniformly on W since {E'2} obeys a weak law of large numbers
and IIEtl14p ::; M < 00.
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Since (fj2LT(yT, ep) / O<pO<p') ~ E [02LT(yT, ep) / o<po<P'] uniformly on l}i,

and (82Lr(yr, $) /oepoep') is a continuous function of ep and ep ~ epa it follows
that,

_H-1 _ 1_ ~ oq(yT, <pO) +0 (1)
a VT L.J oep P

t=l

where

Now consider

A'H- 1/ 2 _ 1_ [ - /73R ~:=1 WtEt ]
a . r;:;; 1 ~T (2 2)yT O"gvtT Lit=l Et - (Yo

T
A'H- 1/ 2 _

1_ ~ Z
° VT~ t

with A'A = 1. Using the same argument as Engle and Smith (1999), we have
that
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