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Introduction

The last thirty years have been a very productive period in time series anal-
ysis and econometrics. With the introduction of the autoregressive moving
average (ARMA) model by Box and Jenkins (1970), statisticians received a
strong tool which worked well in many situations. The ARMA model is still
an important part of the modern statistical analysis, but in contrast with
the early years, usually only as an approximation, or a part, of some other
model. Nowadays increasing empirical evidence indicates that many features
of macroeconomic and financial time series cannot be adequately described
and analyzed using linear techniques. It seems to be generally accepted that
the economy has nonlinear features and characteristics, and that major eco-
nomic variables exhibit nonlinear relationships. The analysis and development
of different models incorporating various types of nonlinear features has thus
become a quickly growing research area during the last two decades. Features
such as, structural change, regime shifts and asymmetric behavior of time se-
ries can be better described using nonlinear models than the linear ARMA
framework.

A common type of nonlinearity, suggested by macroeconomic theory, is
regime switching. The switching autoregressive model, described by Tong
(1983), has received much attention and numerous studies have applied the
model to characterizing nonlinear economic behavior. In the most common
case, the threshold model may be viewed as a two-regime system in which each
regime specified as a linear model, and where the change between the regimes
is assumed to be abrupt. A generalization, allowing for a smooth transition
between the regimes, is the smooth transition autoregressive (STAR) model.
It also has proved to be a useful tool when modelling nonlinear behavior, see
Terdsvirta (1998) for a thorough discussion. An advantage of the STAR model
over the threshold model is that the likelihood function of a smooth transition
model is continuous everywhere in the parameter space and differentiable.
This fact makes it possible to construct tests that rely on standard asymptotic
theory. The STAR model has thus received growing attention during the last
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4 Introduction

few years.

The general theme of this thesis is nonlinear statistical inference. The first
two chapters combine nonstationarity and STAR: the idea is to develop unit
root tests against a stationary STAR alternative. There are two applications:
the first one is to the monthly seasonally adjusted US unemployment rate,
and the second has to do with testing the purchasing power parity hypothesis
with a large number of real exchange rates. The third chapter considers the
problem of testing constancy of a covariance matrix of a vector model, such as
a vector autoregressive model. The VAR modellers rarely test their models,
but the test developed in this thesis offers an easy way of checking whether or
not the model is correctly specified. Finally, the last chapter considers a way of
estimating confidence regions nonparametrically in situations where a simple
linear grid is not a feasible solution. The application consists of estimating
the confidence region for a pair of kurtosis and first-order autocorrelation of
squared observations of a first-order GARCH model. A more detailed overview
of the chapters follows next.



Summary and the main
results of the papers

Testing the unit root against nonlinear models

There are situations in which the standard Dickey-Fuller tests do not func-
tion as well as one might desire. Difficulties in detecting structural change,
shifts in mean or growth rate, or nonlinear behavior have been noticed in sev-
eral studies. Nelson and Plosser (1982) showed for a number of financial and
macroeconomical time series that the Dickey-Fuller tests are unable to reject
the unit root hypothesis. This paper started lively research on unit root tests
such that the alternative to the unit root was assumed not to be a stationary
autoregressive model. Pippenger and Goering (1993) argued that examining
long-run economic relationships using the unit root tests is questionable in the
presence of transaction costs or hysteresis thresholds. Perron (1989) argued
that low power against structural breaks in level and growth rate can result in
overstating the evidence in favor of unit roots. However, the standard Dickey-
Fuller tests are also affected by size distortions in a number of situations. Size
distortions, in the form of too frequent rejections of the null, have been ob-
served when there is a single structural break in trend or variance under the
null hypothesis, see Leybourne, Mills and Newbold (1998) and Hamori and
Tokihisa (1997). Similar size distortion, when the true null model contains
Markov regime switching in trend growth rate, as demonstrated by Nelson,
Piger and Zivot (2001). They also showed power loss testing the unit root hy-
pothesis was tested against a true alternative process with a Markov-switching
trend.

The emphasis in these studies, and in a major part of the early litera-
ture, has been on the linear model which today is increasingly viewed to be
somewhat inadequate. The emphasis of linear models has led to downplaying
potential nonlinear characteristics of many time series. The increasing empir-
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6 Summary

ical evidence on nonlinear relationships and features in economical time series
during the last few years has resulted in efforts to incorporate nonlinear mod-
els and techniques into the existing econometric framework. The literature on
testing the unit root hypothesis against nonlinear models, or vice versa, has
recently grown rapidly in this direction.

One of the more recent studies in this area is Caner and Hansen (2001) who
analyzed and provided tests of the unit root hypothesis against the threshold
autoregressive (TAR) model. The authors also proposed a bootstrap method
to approximate the limit distribution of the test under the null, and showed
that the unit root hypothesis can be rejected for the U.S. unemployment rate
in favor of the nonlinear TAR model. Also considering the TAR model as an
alternative to the unit root, Enders and Granger (1998) found that movements
toward long-run equilibrium relationship of an interest rate are best described
as an asymmetric process. Modifying the test in Enders and Granger (1998),
Berben and van Dijk (1999) found evidence of asymmetric adjustments to-
wards long-run equilibrium for a number of forward premium time series.
Kapetanios and Shin (2000) developed and analyzed the unit root test with
the self-exciting threshold autoregressive (SETAR) model as the alternative
process. Designed to take into account the threshold nature under the alter-
native, they reported some gain in power compared to the Dickey-Fuller test.
Other studies have integrated the unit root test with nonlinear models with
a smooth transition between the regimes. Kapetanios, Shin and Snell (2003)
proposed a test of the joint unit root and linearity hypothesis against a very
simple exponential smooth transition autoregressive (ESTAR) model that only
allows a regime shift in the slope parameter. They were able to reject the unit
root for a number of the real interest rates in favor of the ESTAR model. Bec,
Salem and Carrasco (2002) tested the unit root hypothesis against a logistic
STAR model with three regimes and were able to reject the unit root for eleven
out of 28 real exchange rates considered.

Chapter 1. Testing the unit root hypothesis against the logistic
smooth transition autoregressive model

The first paper contains statistical theory for testing the unit root hypoth-
esis against the smooth transition autoregressive (STAR) model. New limit
distribution results are provided, together with two F' type test statistics for
the joint unit root and linearity hypothesis against a specific nonlinear alter-
native. Nonlinearity is defined through the smooth transition autoregressive
(STAR) model. The joint hypothesis of a unit root and linearity allows one
to distinguish between random walk processes, with or without drift, and sta-
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tionary nonlinear processes of the smooth transition autoregressive type. Due
to occasional size distortion in small samples, a simple bootstrap method is
proposed for estimating the p-values of the tests. Power simulations show
that the two tests, F,,4 and Fy, have at least the same or higher power than
the corresponding Dickey-Fuller tests. For illustration, the tests are applied
to the seasonally adjusted U.S. monthly unemployment rate. The linear unit
root hypothesis is strongly rejected, which suggest considerable evidence that
the unemployment series is better described by a stationary smooth transition
autoregressive process than a random walk. The test result is of interest when
the possible presence of hysteresis in the U.S. unemployment is considered.

Chapter 2. A nonlinear alternative to the unit root hypothesis

This second paper extends the work in chapter 1. Two tests are constructed for
the joint linearity and unit root hypothesis against the second-order logistic
STAR model. Compared to the work in chapter 1, the alternative STAR
model in this paper allows for regime shifts in intercept, growth rate and in
level. Some new limit results are presented and two F' type tests are proposed.
Small sample simulations show some size distortions, and for this reason the
bootstrap method from chapter 1 is applied also here. Power simulations show
some gain in power, compared to the standard Augmented Dickey-Fuller tests.
Finally, the two proposed F type tests are applied to a number of real exchange
rates in an attempt to test the purchasing power parity (PPP) hypothesis. For
44 out of 120 exchange rates considered, the linear unit root is rejected in favor
of the stationary nonlinear STAR model. These results of the tests supports
the PPP hypothesis, even though the test results, at best, can be considered
as a complement to earlier studies.

Chapter 3. Testing the constancy of the error covari-
ance matrix in vector models

Estimating the parameters of an econometric model is necessary for any use
of the model, be it forecasting or policy evaluation. Finding out thereafter
whether or not the model appears to satisfy the assumptions under which
it was estimated should be an integral part of a normal modelling exercise.
An evaluation through misspecification tests has long been standard practice
in univariate time series analysis, see Box and Jenkins (1970). It has been
advocated for multivariate regression models as well, and a number of mis-
specification tests exist for linear and nonlinear single-equation models.
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Misspecification tests also exist for estimated vector models such as the lin-
ear vector autoregressive (VAR) model, although their use in the VAR context
seems much less widespread than in the single-equation case. The available
tests are generally intended for testing the specification of the conditional
mean. It is argued, however, that sometimes misspecification of the condi-
tional mean shows in the error variance, making it time-varying. Besides, the
error variance of a model may be nonconstant even when the conditional mean
is correctly specified. It would therefore be desirable to have statistical tools
for investigating possible parameter nonconstancy in vector models.

Many approaches to testing the constancy of the error variance in single-
equation models exist in the literature, whereas the same is not true for con-
stancy of the error covariance matrix in a multivariate system. A special case
of the test discussed in this paper may be viewed as a multivariate generaliza-
tion of the heteroskedasticity test of White (1980), and another special case
generalizes the test against autoregressive conditional heteroskedasticity of
" Engle (1982). Yet another variant of the test generalizes the constant variance
test of Medeiros and Veiga (2003) who assumed that under the alternative,
the error variance changes smoothly over time. An important assumption in
the present paper is that while the error variances change over time, the cor-
relations between them remain constant. This restriction has the advantage
that it considerably decreases the dimension of the null hypothesis compared
to the case where both variances and covariances can fluctuate freely under
the alternative hypothesis. This paper contains a Lagrange multiplier (LM )
test of the hypothesis that the covariance matrix of a multivariate time series
model is constant over time. It is further assumed that under the alternative,
the error variances are time-varying whereas the correlations remain constant
over time. Under the parameterized alternative hypothesis the variance may
change continuously as a function of time or some observable stochastic vari-
ables. A rejection of the null hypothesis against a particular parametric al-
ternative does not necessarily mean that the true model is the specified one
with errors following this alternative. It could as well be an indication on a
misspecified conditional mean or caused by a structural change, and the test
presented here should therefore be best viewed as a useful diagnostic test.

Monte Carlo simulations show that the LM test has good size properties
already in small samples. No major size distortion is detected in any of the ex-
periments considered. The power simulations show that the test has very good
power against a correctly specified alternative, but low or only up to moder-
ate power in cases for a misspecified alternative hypothesis. Simulations have
also been carried out in the case where the assumption of constant correla-
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tions is violated. The result show that the test is not affected by time-varying
correlations in any major extent, except for a very particular case where the
correlation increase monotonically over time and the variance is assumed to
change smoothly with time under the alternative.

Chapter 4. Estimating confidence regions over bounded
domains

In classical statistical analysis, the inference rely primarily on an estimated
parametric model. Hypothesis testing can then easily be performed, and con-
fidence regions and forecasts obtained using the data and the model. However,
in situations where the parametric form of the model is unknown, other meth-
ods have to be applied to provide the appropriate tools for statistical inference
when analyzing a data set. Suppose we want to estimate a joint density of two
random variables but do not know the form of the density. In such situations
nonparametric density estimation by kernel techniques is a standard statisti-
cal tool. This paper has to do with a special situation where the observations
used for estimating the density are obtained from an unknown member of a
known family of models. Information about the properties of the model may
then be used in estimating the density function of interest. It may be a joint
density of some random variables that in turn are functions of observations
generated by a model that belongs to a known family of models.

The example motivating this paper is one in which the problem is to
estimate confidence regions for the combination of kurtosis and first-order
autocorrelation of squared observations of a generalized autoregressive het-
eroskedasticity (GARCH) process. Such confidence regions can be obtained
nonparametrically by first estimating the joint density of the kurtosis and au-
tocorrelation estimators from a random sample. The interest in this problem
originates from considerations in Terdsvirta (1996) who discussed the ability
of some simple volatility models to reproduce so-called stylized facts evident
in financial return series. As it turns out, the relationship between the two
estimators is nonlinear, which in turn implies that their joint density has such
a form that standard density estimation techniques based on a linear grid do
not work properly. A standard technique in such cases would be to transform
the data to simplify the estimation of the density. However, in many situa-
tions, as in the present case, no one-to-one transformation of the considered
data set is known to exist, or if it existed, the existence would be difficult to
verify. A solution would be to apply some method which takes into account
the nonlinear dependence between the estimators. The topic of this paper is
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to propose such a method. The main idea is to, instead of transforming the
data to be able to use the linear grid, transform the grid itself to better repre-
sent the data. By taking into account parameter restrictions of an underlying
model, the GARCH model in this case, a nonlinear grid can be constructed
over which the density function can be obtained by simple kernel estimation.
As an illustration the method is applied to the kurtosis/first-order autocorre-
lation of squared observations of three GARCH(1, 1) models. For each model,
the resulting confidence region covers a reasonable area of the definition space
and is well aligned with the data set.
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16 Chapter 1

1.1 Introduction

The research and development of unit root tests have been considerable for
the past twenty years. A main motivation has been to analyze and explain
the allegedly poor properties of the standard unit root tests and to propose
alternative tests, often in an attempt to increase the applicability and power of
the tests. As Nelson and Plosser (1982) showed, standard Dickey-Fuller tests
are unable to reject the hypothesis of a unit root in several macroeconomic and
financial time series. The poor size and power properties of the standard tests
when the time series contain structural changes, shifts in mean or growth rate,
or nonlinear behavior, have been noticed in several studies. Pippenger and
Goering (1993) showed how the power of the standard Dickey-Fuller tests falls
considerably when the true alternative is a threshold autoregressive (TAR)
model. They pointed out that in the presence of transaction costs or hysteresis
thresholds the usefulness of standard unit root tests in examining long-run
economic relationships is suspect. Diebold and Rudebusch (1990) showed
similar loss in power when the true alternative is a fractionally integrated
process. Perron (1989) argued that the low power against structural breaks
in level and growth rate can result in overstating the evidence in favor of unit
roots. The converse problem does, however, also exist, that standard unit
root tests reject too often when there is a single structural break in trend
or variance under the null hypothesis, as demonstrated by Leybourne, Mills
and Newbold (1998), and Hamori and Tokihisa (1997). Nelson, Piger and
Zivot (2001) showed similar results of size distortion when the true null model
contains Markov regime switching in trend growth rate. They also showed
low power testing the unit root hypothesis against an alternative process with
Markov-switching trend.

Since the main focus of these studies was on analyzing the linear model, any
possible nonlinear properties or features of the time series were ignored. On
the other hand, there exists empirical evidence indicating that many features
of macroeconomic and financial time series cannot be adequately described and
analyzed using linear techniques. As a result, nonlinear models have become
an active area of research in econometrics. Among other things, interest has
been devoted to the problem of testing the joint hypothesis of linearity and
unit root of a time series against specific nonlinear and stationary alternatives.
The literature in this area has been growing rapidly.

An example of a recent study of this kind is Enders and Granger (1998).
The authors analyzed and provided a test of the unit root hypothesis against
the threshold autoregressive (TAR) model. They found that movements to-
ward long-run equilibrium relationship of an interest rate are best estimated as
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an asymmetric process. Berben and van Dijk (1999), who applied a modified
version of the Enders and Granger (1998) test, found asymmetric adjustments
in several forward premium series. Caner and Hansen (2001), who also consid-
ered the TAR model as an alternative to the unit root hypothesis, proposed
a bootstrap procedure to approximate the sampling distribution of the test
statistic under the null. They reported strong evidence that U.S. male unem-
ployment is better described by a stationary TAR process than a unit root
process. Further examples are Kapetanios and Shin (2000), who developed
and analyzed a test against the self-exciting threshold autoregressive (SETAR)
model. Their test was more powerful than the Dickey-Fuller test that ignores
the threshold nature under the alternative. Kapetanios, Shin and Snell (2003)
considered a simple exponential smooth transition autoregressive model, only
allowing for a regime shift in the slope parameter, as the alternative to the
joint linearity and unit root hypothesis. As an illustration they provided an
application to real interest rates, and rejected the null hypothesis for several
interest rates considered, whereas the standard Augmented Dickey-Fuller tests
failed to do that.

This paper will consider testing the joint linearity and unit root hypothesis
against a smooth transition autoregressive (STAR) model. Standard STAR
models has two extreme regimes, and the transition between them is smooth;
see Terasvirta (1994) for more discussion. Furthermore, the two-regime TAR
model is included in the STAR model as a special case.

The paper will be organized as follows. Section 2 contains the model
specification. Asymptotic results, limiting distributions for the two resulting
test statistics and critical values are provided in section 3. Section 4 describes
the bootstrap method to estimate p-values, and reports results of Monte Carlo
simulations of the small sample properties, size and power, of the proposed
tests. Section 5 contains an empirical application, and Section 6 concludes.
The appendix includes proofs of the two theorems.

A few words on the notation. All limits are taken as T' — oo, and weak
convergence is denoted as =-.

1.2 Model, null hypothesis and auxiliary regression

Consider the following univariate smooth transition autoregressive (STAR)
model

Ay =0+ 018y 1 + Uy 1+ (0o + 018%:—1) F (7,6, 9e-1) + &0, (1.1)
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where t = 1,...,T, and the dependent variable, y;, is included in the model
both as differences, Ay;, and levels, y;, but in the function F' (-) only in levels.
The differences, Ay, and errors, €, are assumed to be stationary, and the
errors satisfy Fe; = 0. Furthermore, the transition function F' (-) is a bounded
continuous function, F'(-) € [—%,% . This allows the dynamic behavior of
the model to change between two regimes corresponding to the cases when
F() = —% and F(:) = 3, smoothly with the transition variable y;_;. A
number of different possibilities exist for the choice of the function F (-), see
Granger and Terdsvirta (1993) or Terdsvirta (1998) for a presentation and
discussion of the most common functional forms. This paper will focus on the
logistic function
Fy69e1) = (L exp(— (et ) -, (12)

where the parameter c is the transition midpoint parameter, and v the speed
of transition from one extreme regime to the other. Note that as v — oo the
function F'(-) approaches a step function, so the model ultimately becomes a
threshold autoregressive (TAR) model, see Tong (1983). On the other hand,
when v = 0 the function F'(-) is constant for all values of y;—1, implying that
model (1.1) is linear. The linearity hypothesis can thus be defined as v = 0.

Testing Hp : v = 0 in (1.1) and (1.2) is not straightforward, however.
The reason for this is the identification problem as (1.1) is only identified for
v > 0 but not for v = 0, see Luukkonen, Saikkonen and Terisvirta (1988),
Terdsvirta (1994a,b), Lin and Terdsvirta (1994) for details. Following the
idea in Luukkonen et al. (1988), this problem can be circumvented by a first-
order Taylor approximation around v = 0 in F (-, ¢, y;—1). This results in the
following approximate model:

Ay = 00+ 01A%—1 + Yye—1 + (wg + p1Aye—1) % (ye—1 —c¢) + €
C C
= (91 _ A ) Ayiq + (—’Z_fyyt—lAyt—l + (90 - ?ﬂ)

4 4
+ (w + %7) Y1+ e
= 0AY—1+ dYy—1AY1 + o + (Y1 + €5, (1.3)

4

where ef = & + R1 (v, ye—1) (po + ¢1Q¥:—1), R1 being the remainder. In
equation (1.3), the linearity hypothesis now corresponds to ¢ = 0. Also note
that under the null hypothesis €; = &; since the remainder R; = 0. Moving
y¢—1 to the right hand side results in the following model:

Yt = 0AY; 1 + PY—1Ay—1 + a + pye—1 + €5, (1.4)
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where p = ¢ + 1. When the additional term y;_1Ay; 1 is excluded, this
auxiliary autoregression is the model used in the Augmented Dickey-Fuller
(ADF) test with a constant and one lag of Ay, as regressors. As a consequence,
if ¢; = 0 in the STAR model (1.1), the resulting auxiliary and ADF models
are indistinguishable from each other, even for ¢, # 0. No additional power,
compared to the ADF tests, can therefore be expected of the two tests to be
proposed below if there is a regime shift only in the intercept. A remedy to
this problem would be to base the tests on a third-order Taylor approximation
to (1.2), as in Terasvirta (1994a,b). This case will not, however, be considered
any further here.
In Kapetanios et al. (2003), the corresponding auxiliary autoregression
had the form
Ay = 5?}?_1 + Et, (15)

indicating that they have a random walk without drift or time trend under
their null hypothesis, § = 0. This was also implied by their alternative model,
but by using de-meaned and de-trended variables in a two-step procedure
they were able to allow for a random walk with drift and a random walk with
time-trend under the null.

Since model (1.4) nests the ADF model, this specification makes it possible
to set up a joint test of the unit root and linearity hypotheses, allowing y; to
follow a stationary nonlinear process under the alternative. A joint test of the
unit root and linearity hypotheses against nonlinearity amounts to testing the
hypothesis Hyp; : ¢ = a =0, p=11in (1.4). It is easily seen that y; in fact has
a unit root under this null hypothesis, since model (1.4) then equals:

Yo = 0AYr—1 + yt—1 + &t (1.6)
Equation (1.6) can also be written as
Ay = 6Ay—1 + &, (L.7)
or, equivalently, as an infinite-order moving average model
oo
Ayy=(1-00)"er =Y wier;=w(L)er = uy, (1.8)
=0

where L is the lag operator, that is, Ly; = y;—1. Thus, under Hy;, {y;} is a
random walk without drift. Under the maintained hypothesis of a unit root
under the null, the hypothesis Hgy : ¢ = 0, p = 1 corresponds to the case of a
random walk with drift.
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From equation (1.3) it is seen that testing the hypothesis oo = 0 implies a
test of 8y = 0 in the STAR model (1.1) under the original linearity condition
v = 0. Also, by the same token, restriction p = 1 implies a test of ¥ = 0.
Thus, when the null hypothesis Hy, is rejected, parameters 8¢ and ¢ must be
included in the alternative model.

Since the Ay; process is assumed to be stationary, equation (1.7) implies
that the parameter |§] < 1. Note that if § = 1, Ay, has a unit root so that y,
is an I(2) process. On the other hand, if 6 = —1, y; has a negative unit root.
From this follows that problems can arise in practice if § is close to —1 or 1.
This problem will be analyzed and discussed in section 4.

1.3 Limit results and the asymptotic tests

P 7
Let by = (5 , D, a,ﬁ) be the ordinary least squares estimator of 3 = (4, ¢, a, p)’

in (1.4), so that
-1 p

T
bT - ,6 = (Z Itﬂ:;) thé't, (19)
t=1 t=1

where z¢ = (Ays—1, ¥s—1A%—1,1,%-1)". The convergence rates and limit dis-
tributions for most of the elements in the matrix and vector in equation (1.9)
are known from previous studies. However, probability limits to some of the
terms have not been considered before and are given in Theorem 1. First, the
following assumption, employed by Hansen (1992), is assumed to be satisfied.

Assumption 1 For some ¢ > 1 > 2, {v:} is a zero mean, strong mizing
sequence with mizing coefficients of size —qn/(q—n), and sup |lv|| = C < 0.
>1

In addition,

T
T'E (VTV%) — Q< o0 as T — oo, where Vi = th. (1.10)
t=1

This assumption allows for a wide variety of different mixing processes,
and in particular processes with weakly dependent heterogeneous observations
that are common in econometric applications. The following result can now
be stated:

Theorem 1 Assume that {u:} in equation (1.8) satisfies Assumption 1, and
let {e:} be an i.i.d. sequence with mean zero, variance o, and a finite fourth
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moment. Define

o0
v = E (uyup—j) = a2y WsWerj ,J=0,1,...

s=0
o0
A=0 ) w;=0w(l)
=0
t
gt:Zuz ,t:1,2,...,T,

with £y = 0. Then the following expressions converge jointly:

(a) T—3/2 ZT: Eu? = fyoAle(r) dr

t=1 0

o) J“WQ§5§u§:¢ B ()X [ W (r)dr
0

(c) T2y 2 = vaWQ )dr

t=1

%

~

(d) 71 tz §i1Ut—-16¢ = 0, /TgA ofﬂ/ (r)dB (r)

1

-2 gut = Op(l)

=
~N
I~

where W (1) and B (r) are two independent standard Brownian motions defined
forr € [0,1].

Proof. See the Appendix.

Observing the rates of convergence in Theorem 1 and other known limit
results allows one to define the scaling matrix

Yr=diag ( TY?, T, TY?, T). (1.11)

Then, pre-multiplying br — § in equation (1.9) by Y7, finite limits to the
ordinary least squares estimates are given by

Tr (b — B) = { <th) }_I{T;(gmtst)}. (1.12)

The null hypothesis, Ho; : ¢ = «« = 0, p = 1, has the alternative representation
Hy : RG =7, where R = [ 0; I3 ], 03 = (0,0,0)’, 8 = (8,6, ,p)" as before,
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and r = ( 0 01 )’. The F test statistic is then defined in the usual way as

T -1 -t
F = (br - 8) (RY1)' { s2RYr (Z mtxfe) TrR' ) RYr(br —B) [k,
t=1

(1.13)
where

T
R R 2
52 = T 1 Z (yt —0AYy—1 — QY 1Ay — 0 — ﬁyt—l) (1.14)

t=1

is a consistent estimator of o2, and k equals the number of restrictions. In
the present case, k = 3. The corresponding statistic for testing the hypothesis
Hyy that allows a drift term is obtained by setting

R:[gégg],r:[?] (1.15)

and k = 2. The test statistics will be called F,,4 and Fy, where nd and d stand
for 'no drift’ and ’drift’, respectively. Obviously, they do not have standard
asymptotic distributions as is the case in testing linearity in stationary STAR
processes. Their asymiptotic distribution theory under the two null hypotheses
is given in the following theorem:

Theorem 2 Let Assumption ! and the results of Theorem I hold. Then the
test statistics, Fpg and Fy, will have the following asymptotic distributions
under the two null hypotheses;

(@) Under Hy : ¢=a=0,p=1,
1 1 2
) ) <W(1)fVV (r)ydr - [W (r)dB (r))
Fnd = §W2 (1) + g 0 0

1 2
(W(l)OfW (rydr — 3 {W2(1) - 1})
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(13) Under Ha : ¢=0,p=1,

1 1 2
<W (1)0fW(r) dr — OfPV (r)dB (r))

5 (1.17)
1 1

JW2(r)dr — <f W (r) dr)
0 0

(W(l)ole(r) dr — 1 {w2 (1) - 1})

1 1 2
JW2(r)dr - (f W (r) dr)
0 0

Proof. See the appendix.

Asymptotic critical values for the F},4 and Fjy statistics have been generated
by simulation. This has been done by estimating the two F-type test statistics
from observations generated from the null model (1.6) with § = 0 at sample
sizes T' = 25,50, 100, 250,500 with 1000000 replications. These values can
be found in Table 1.1 where quantiles for the asymptotic distributions of the
tests, (1.16) and (1.17), are also included. They have been estimated using
the same number of replications as before with 1" = 10000 observations.

Table 1.1 Critical values for the test statistics F,4 and Fy, 6 = 0.
Frg Fy
T ,0.10 0.05 0.025 0.01 0.001|0.10 0.05 0.025 0.01 0.001
251324 404 487 6.02 9.34 |[4.23 538 6.58 825 12.99
50 | 3.09 3.76 4.43 5.33 7.72 |4.08 5.06 6.05 7.36 10.81
100 | 3.04 3.66 4.27 507 7.05 |4.04 496 585 7.03 10.01
250 | 3.02 3.62 420 4.95 6.79 |4.03 492 578 6.90 9.63
500 | 3.02 3.61 4.18 491 6.72 |4.03 492 577 6.86 9.55
oo | 3.00 358 414 486 6.62 |4.03 4.90 574 6.83 943

Note that even if the limit distributions do not depend on any nuisance
parameters, the critical values for small sample sizes do. Under the null hy-
pothesis, y; is a function of 4, as is seen from equation (1.6). Thus, under
perfect conditions, with ¢ known, critical values can be easily estimated. This
is of course not normally the case in practice. As noted above, special atten-
tion is needed for values of ¢ close to —1 or 1. The time series Ay; is then
close to having a unit root or becoming nonstationary. In these situations the
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test may reject the null hypothesis too often. This property of the tests will
be investigated in detail in the next section.

1.4 Small sample properties of the tests

In this section both the size and the power properties of these statistics are
examined. For comparison, this is also done for the corresponding ADF' tests,
here called ADF,,; and ADF,. Furthermore, a bootstrap method for adjusting
the size of the tests in small samples is proposed.

1.4.1 Size simulations

To investigate the size properties the rejection probabilities of the true null
hypothesis are computed, using Monte Carlo simulations and corresponding
critical values from Table 1.1, for sample sizes 1" = 25, 50, 100, 250, 500, 1000.
The nominal size considered for each test is 5%, and the number of replications
equals 1000000. The data are generated from the null model (1.6) assuming
{et} ~ nid (0, 1). Since the empirical size in small samples is affected by 4, it
has been computed for a number of different values of § ranging from minus
one to one. Figures 1.1 to 1.4 display the estimated sizes of the F},4, ADF,4,
F,; and ADF} test statistics as functions of ¢ for the different sample sizes. In
the two ADF tests, the regression equation contains the first lag of Ay;.

The test statistics whose empirical sizes are shown in Figures 1.1 to 1.4
all share the characteristic that their size properties become poor for values
of § close to one. Furthermore, the test statistics F,,4q and Fy are oversized
for values of § near —1 as well. As noted above, {y;} is I(2) for 6 = 1, which
manifests itself in high rejection frequencies of the true null hypothesis when &
is near unity. For [0| = 1 the stationarity assumption of Ay, is violated, which,
as can be expected, results in more frequent rejections of the null hypothesis
than the asymptotic theory prescribes. In the figures, the smaller the sample
size, the larger the deviation from the nominal 5% size level. The size tends
towards the nominal 5% when the sample size is increased. Another notable
fact is that the deviations from the nominal size for the two tests allowing
for a drift term, Fy and ADFy,, are not as large as the ones for the F,; and
ADF, 4. As the critical values in Table 1.1 are estimated for é = 0, calculating
new critical values or using bootstrapped p-values in the tests is recommended
whenever § is suspected to be close to —1 or 1 and the sample size is small.
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Figure 1.1 Size of the F,4 statistic for T' = 25,50, 100, 250, 500, 1000. The
deviations from the nominal 5% size level, decrease with the sample size.
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Figure 1.2 Size of the ADF,, 4 statistic for T = 25, 50, 100, 250, 500, 1000. The
deviations from the nominal 5% size level, decrease with the sample size.
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The empirical size of F,,q and Fj; have also been estimated for two cases
of non-normal errors. Considering errors drawn from ¢ (6) and x? (1) — 1 the
Monte Carlo simulation setup is repeated. The simulation results indicate
that the Fy is robust against both types of non-normal errors. No difference
in estimated size can be detected between the two non-normal cases and the
normal case. The same result holds for F;,4 when considering ¢ (6)-distributed
errors. On the other hand, errors from the x? (1) — 1 distribution result in
slightly higher rejection frequencies compared to the normal case at values of 0
between —1 and about 0.6. The difference is the largest for the three smallest
sample sizes, T' = 25,50,100. For T' = 25, the estimated size distortion is
up to 3 percentage points higher, highest for values of 4 close to —1. When
T = 100 the size is only up to 1 percentage points higher. At other sample
sizes, and for all sample sizes at values of ¢ close to 1, no effect on the size can
be detected compared to the normal case.

Figure 1.3 Size of the Fj statistic for T' = 25, 50, 100, 250, 500, 1000. The
deviations from the nominal 5% size level, decrease with the sample size.
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Figure 1.4 Size of the AD Fy statistic for T = 25, 50, 100, 250, 500, 1000. The
deviations from the nominal 5% size level, decrease with the sample size.

020 T T T T T T T T T L T T T
w
0.15]
%
0.10
0.05 %
oool . . . A .
—0.6 0.2 0.2 0.6 1.0
o

1.4.2 Bootstrapping the critical values

In this section, a simple bootstrap method is suggested in order to correct the
size distortion affecting the tests. Basing inference on a bootstrap distribution
can substantially improve the finite sample properties of various test statistics,
since the bootstrap p-value converges to the true p-value of the test as the
number of bootstrap replications increases. In practice, the bootstrap p-value
is estimated by simulation. For a survey on bootstrapping time series see
Li and Maddala (1996). Caner and Hansen (2001) suggested, when testing
the unit root hypothesis against the TAR model, basing the inference on a
bootstrap approximation of the limit distribution of the test statistic under
the null.

As is seen from the previous results, the small sample distributions of the
two F tests, Fy,q and Fy, depend on the parameter §. Since the model simplifies
to ys = 0AY;—1 + Ye—1 + € under Hoi, and to y = 6Ay;—; + o + ye—1 + &
under Hpp, a model-based bootstrap can be used for estimating p-values for
both tests. Consider first statistic F},4, let § and D be estimates of § and the
distribution D of the errors ;. Let ei’ be a random draw from 13, and generate
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the bootstrap time series
v =00y Yl e, t=1,....T. (1.18)

Initial values for the resampling can be set to sample values of the demeaned
series. The distribution of the series y? is called the bootstrap distribution of
the data. The test statistic, now called FTIZ 4+ is calculated from the resampled
series y? in the usual way. Repeating this resampling operation B times yields
the empirical distribution of Fﬁd, which is the bootstrap distribution of 4,
completely determined by 8 and D. For a large number of independent ng
tests, estimated from the B resampled series, the bootstrap p-value, defined by
pr = P (F?, > F,4), can then be approximated by the frequency of simulated
Ff;d that exceeds the observed value of F, 4.

The resampling scheme is easily modified to fit statistic Fy. In order to
obtain the bootstrap distribution of Fy, model (2.11) is augmented as follows:

W=BAy  fa+a  +eb, t=1,...,T, (1.19)

where @ is the least squares estimator of a. The corresponding bootstrap
distribution and the p-value are obtained as before.

1.4.3 Power simulations

The power study involves generating data from a stationary STAR model
under the alternative hypothesis. However, there is no analytical answer to the
question of which parameter combinations correspond to a stationary model
under the alternative hypothesis. Only a guideline can be accomplished by
setting the transition function ¥ = 0 or 1, in order to obtain reasonable
boundaries to the model parameters. On the other hand, simulations can
show where the model is nonstationary, at least in the sense that a realization
of {y:} cross a predetermined boundary. Such a crossing is taken to mean that
the model is nonstationary for that specific choice of parameters. Using this
idea in the Monte Carlo setup, the time series y; is said to be nonstationary if
ly¢| > ot for t > 1000000, where ¢ equals the standard error of the errors ¢; in
(1.1). This is of course just a rough indication on nonstationarity, especially
for parameter choices very close to the boundary between the stationary and
nonstationary regions.

Data is generated from the STAR model (1.1) using T' = 50, assuming
{et} ~ nid (0,1). Since no extra power, compared to the ADF tests, can be
expected if a regime shift only involves the intercept, the two constants 6y
and ¢ are set to zero. The size of the regime shift is then determined by the
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parameters 8; and ;. Let 8; = —¢; for simplicity, and let the parameters in
the logistic function be v = 10 and ¢ = 0. The model is then determined by
only two unknown parameters, ¢; and ¥. Figures 1.5, 1.6, 1.8 and 1.9 shows
contour plots of the power to the four tests, F,q, ADF,4, F; and ADF}, for
a grid of ¢; and ¢ values. The difference in power between F,; and ADF, 4,
expressed as power of F,4 minus power of ADF, 4, can be found in Figure
1.7. The difference in power between F,; and ADFy, expressed in the similar
fashion, is shown in Figure 1.10. Due to substantial computational costs, the
number of replications only equals 10 000, and 500 bootstrap replications are
used to estimate the p-values.

Figure 1.5 Power of the F,,; statistic for T" = 50 observations.
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The simulations show that the parameter combinations (¢, %) in the area
outside the contour lines result in processes whose realizations grow without a
bound with the number of observations. The largest gain in power from using
F instead of ADFoccurs at parameter combinations of ¢; and ¥ such that
—1 < ¢ < 0. Other combinations indicate negligible or small differences in
power between the two pairs of tests. The single largest gain for the F,; test
is as much as 56.7 percentage points whereas the smallest one equals —6.1 per-
centage points. The number of pairs (p;, 1) with a negative gain corresponds
to about 2.2% of the total number of pairs. The single largest and smallest
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Figure 1.6 Power of the ADF,,; statistic for T' = 50 observations.
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gain for the Fy test are 52.2 and —6.9 percentage points, respectively. The
gain is even here negative for about 2.2% of the pairs.

The negative gain for some of the parameter combinations can not be ex-
plained by sampling error alone. The main explanation is that the alternative
STAR model at these parameter combinations is very close to the linear alter-
native model considered in the ADF test. The auxiliary model (1.4) is then
very close to or indistinguishable from the ADF model, and the power of the
tests is reduced because of the extra parameter to be tested. As a whole,
the simulation results show, however, that the F, 4 and F}j tests have about
the same or considerable higher power than the corresponding standard ADF
tests when the alternative exhibit nonlinear behavior.
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Figure 1.7 Difference in power, F,,q — ADF,,,.
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Figure 1.9 Power of the ADFj statistic for T' = 50 observations.
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Figure 1.10 Difference in power, F; — ADFy.
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1.5 Application

In order to demonstrate the use of the tests in practice they are applied to the
seasonally adjusted monthly U.S. unemployment rate, from January 1961 to
February 2000, obtained from SourceOECD. The sample period contains 468
observations of the differenced series. A plot of the time series can be found
in Figure 1.11. A typical feature of the series is that there are periods of rapid
increase of unemployment. An interesting feature is the asymmetry around
the peaks, that is, the increase in unemployment is indeed more rapid than
in the subsequent decrease. Such asymmetric behavior cannot be described
properly with a linear model. Whether or not this unemployment rate can
be assumed stationary is not quite clear from the figure, although a visual
inspection may suggest mean reversion.

Figure 1.11 Seasonally adjusted unemployment for U.S.A. in %.
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Carrying out the tests, using ordinary least squares, the auxiliary model
(1.4) is estimated under the two null hypotheses Hy; and Hyg, and under the
alternative hypothesis. The estimated equations and sums of squared residuals
are as follows:
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Under Hpy :p=a =0, p=1,
Yy = 0.1380Ays—1 + Yt + &, SSRpy = 13.49

Under H02 : ¢ = 0, p = ].,
Y = 0.1370Ayt—1 —0.0051 + Ye—1 +€t> SSR[)Q = 13.48

Under the alternative hypothesis,
y: = —0.5301Ay;—1 + 0.0999y; 1 Ay 1
+0.0302 + 0.9938y;—1 + &, SSR =13.09

Table 1.2 contains the observed values of the four test statistics Fpg4,
ADF,4, Fy and ADF,;. The p-value for each test statistic has been estimated
using the model-based bootstrap method with B = 10 000.

Table 1.2. Estimated test statistics and p-value.
F.a ADF, Fy ADFy
statistic | 4.7554  0.9209 | 6.9160 1.4181
p-value | 0.0174 0.8294 | 0.0095 0.6332

Since the p-values of F,4 and Fjy are about 1.7% and 0.9%, the null hy-
potheses can be rejected at the 5% significance level. For 468 observations,
the corresponding critical values from Table 1.1 are about 3.6 and 4.9 for the
5% level tests. The null hypotheses are thus also rejected when the inference
is based on the critical values in Table 1.1. Using these critical values appears
justified because of the negligible size distortion for values of § close to the
consistently estimated parameter § = 0.1380. The actual size for 4 is very close
to 5% as seen in Figures 1.1 and 1.3. These rejections support the conclusion
that the U.S. seasonally adjusted monthly unemployment rate can be better
characterized by a stationary nonlinear model than by a random walk. The
use of the two ADF tests, however, leads to a different conclusion as the null
hypothesis of a unit root is not rejected at any customary level of significance.
The p-values are large, 83% and 63%, and corresponding critical values are
4.7 and 8.3 for ADF,,; and ADF, respectively. As for the F' tests, the actual
size is very close to 5%, see Figures 1.2 and 1.4, and basing the ADF’ tests on
the critical values in Table 1.1 would result in no or negligible size distortions.

1.6 Conclusions

This paper contains statistical theory for testing the unit root hypothesis
against the smooth transition autoregressive (STAR) model. Some new limit
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results, two F-type test statistics and critical values for them are presented.
The joint hypothesis of unit root and linearity allows one to distinguish be-
tween random walk processes, with or without drift, and stationary nonlinear
processes of the smooth transition autoregressive type. This is important in
applications because steps taken in modelling the series are likely to be drasti-
cally different depending on whether or not the unit root hypothesis is rejected.
For illustration, the tests are applied to the seasonally adjusted U.S. monthly
unemployment rate. The unit root hypothesis is strongly rejected, giving sup-
port to the hypothesis that the unemployment series follows a STAR model
rather than a random walk. The test result is of interest when the possible
presence of hysteresis in the U.S. unemployment is considered.






Appendix A

Proof of Theorem 1

(a) Consider first

1thut =T 12@ — Eul) +T~ 1thEut2. (A1)
t=1

Now, since £, = £,_; — ut, the first sum on the right-hand side equals

1Z£t ~ Buf) = 12515 1 Eut )+~ 1Zut “EU%)

t=1
(A.2)
where the last term is O, (1), or o, (1) if Eu} = 0 as in the Gaussian

¢
case. Now let v; = (ut,ut Eut) Vi = > v; and Vp = 0. Then, from
i=1

T
Hansen (1992), Theorem 4.1, it is known that the sum 771 Y V;_yv}
t=1

converges weakly to a stochastic integral. Thus T~ Z &y (uf — Eu?) =
t=1
O, (1) and

T
T-32% el = 3/ZZ§tEut +0p (1) = 7oA ] W (r)dr. (A.3)
t=1

t=1

(b) Using the same idea as in (a),

T
T gui =T Ith ~ Eud)+ T~ ]thEu?‘ (A4)
t=1 t=1
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The first sum on the right-hand side then equals

T"lzft — Eu}) 12@ | (W@ — Eud +T—1Zut — Eu})

= (A.5)
where the last term is Op(1). Let vy = (us,ud — Eud), V; = Et: U
and Vp = 0. Then, again from Hansen (1992), Theorem 4.1, thelzsurn

T
T-1 5"V, v, converges weakly to a stochastic integral. We have
t:l

Tt Z €1 (uf — Buf) = Op (1) and

T T 1
7—3/2 Z gud = T3 Eud Z £ +o0p(1) = EU?)\/W (r)dr. (A.6)
t=1 t=1 0

(¢) As a starting-point, consider the sum

T T T
T-3/2 Z ft2~1“? =T3/2 Z €t2*1 (uf _ Euf) +T3/2 Z §t2—1EU?

t=1
(A.7)
and let vy, V; and Vg be as in (a). Let Assumption 1 hold with n = 3. It
then follows from Hansen (1992), Theorem 4.2, that the sum

T

T-3/2 > (Vio1 ® Vi—1) v} converges weakly to a stochastic integral. This
t=1

implies that

T-3/2 Z & (vl - Bu?) =0,(1) (A.8)

so that

T
T—2Z€t2—1ut2 = 2Z§t 1E“t +op(1) = 70>\2/W2 )dr. (A.9)
t=1

t=1

It remains to be shown that

T T
T2 ul =T"2) ¢} juf as T —> oo. (A.10)

t=1 t=1
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T
thut —Z € 1+ut th 1ut+225t 1ut Z“t
t=1

(A 11)
It follows directly from (A.11) that
T
Z (€ —¢l1)ui = 2Z§t 1Ut +Zut’ (A.12)
t=1

where the two sums on the right-hand side are O, (T%/2) and O, (T)
respectively. The difference is thus o, (Tz), implying that (A.9) holds.

¢
(d) Let vy = (ug,ue—16¢)", Vi = 3. v; and Vo = 0. Then, since T-Y2Vy =
i=1
(AW (1),0,/TeW (1))', from Hansen (1992), Theorem 4.1, it follows that
the elements of the sum

T T §i—1
R 3 I I Try
t=1 t=1 Lizl s
_ T—li [ f_tl—lut 5:«1}?;15: (A 13)
o ~1 Ut izzlui-1€i Ug-1E¢ g::lui—ﬁ-; ’

converge weakly to some stochastic integrals. In particular,

T 1
7! Z € 1Ut—1Et = 0\/'7_0)\/VV (r)dB(r)+ A1 (A.14)

where A is element (1,2) in the matrix

A = lim —ZZ [uz 1&}[%' uj-18; |

=1 j=i+1

. UUj U U5 —1E5
- Thm —Z Z [uu- Ei Ui 1Uj_1€4E; (A.15)
—~o0 T’ i1 jmit1 jUi—1&7 1—1Uj—1C5&4
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Then, since u;u;_1 and ¢; are independent for all 7 > ¢ +1
1 T [os}
A1,2 = TILI?OQTZ Z E(uiuj_lej) (A16)
i=1 j=i+1
= Th_r?oof Z Z (uiuj1) B (€5) = 0.
i=1 j=i+1

Thus the two Brownian motions W (r) and B (r) are independent, and
the result follows.

T
e) As a starting-point, consider the sum T-3/2 > §f_1ut, and suppose that

t=1
Assumption 1 holds for n = 3. Now let v; = uy, Vi

t
= ZviandVg =0.It
i=1

T
follows from Hansen (1992), Theorem 4.2, that 7732 3 (V,_; ® V;_1)

t=1
converges weakly to a stochastic integral. Thus

1
3/2Z§t 1ut:>/\3/W2 ) dW (r +2/\A/W dr  (A17)
t=1 0

where A =

T o™
lim 43 > FEugu;. The difference between the sum
T—00" =1 j=it1

T
Z £ _1ur and Z ¢2uy is given by
t=1 =

(A.18)

T T T
Z (& —&l)ue = 2Z5t—1ut2 + ZU?
t=1 t=1 =1

where the two sums on the right hand side are O, (7%/2) and O, (T)
respectively. This implies that

géfut =0y (T3/2) =0

p (17), (A.19)

which proves (e) and completes the proof of Theorem 1 [ |
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Proof of Theorem 2

Let = denote weak convergence.

(¢) Since uy = Ay, under the null hypothesis, the elements in the matrix
equation (1.12) are

T
T (Z ztzg) T = (B.1)
t=1

1 A 2 3/2 I 2 -1 A -3/2 I T
TS ul T732 5 g qu? g TS upy T2 yporus—g
t=1 = t=1

t=1 t=1

T T T T
T3 Y g T2 yiwi, Ty gawa T72Y gique
— t=1 t=1 t=1 t=1
= T T T
71 Z Ug—1 T—3/2 Z Yt—-1Ur—1 1 T2 Z Yt—1
t=1 t=1 t=1
—3/2 & PR U —3/2T P At
T3 > yio1ur—1 T7%% yi-1us—1 T > Y T7°% yia

- t=1 t

1 t=1 t=1 =

T 14
{TEI (Z CL‘té't) } = (B2)
t=1

T T T T
= [ T2 wrey TV yroqugeree T7V23 e TV yioree ] .
t=1 t=1 t=1 t=1

Given the limit distributions in Theorem 1 and other known limit results, the
ordinary least squares estimator, (1.12), converges weakly as follows

T -1 T
Tr (b —B) = {T;l (Z mg) T;l} {T;l (Z :ctst> } (B.3)
t=1 t=1
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4 -1
7o ’Yo/\ole(T) dr 0 0
70/\f1W (r) dr 70/\2f1W2 (r)dr 0 0
- 0 0 .
0 0 1 AW (r)dr
0
0 0 /\fIW(r)dr )\Q}WQ(T)dT
L 0 0 .
i 0\/1'75W(1)
9 aﬁaAofW(r) dB (r)
oW (1)
| oA {W?2(1) -1}

5t sz (r)dr - (70/\)‘1£W(r) dr 0 0 ]
1 —(’YOA)—I}W(r)dr (’70/\2)_1 0 0
= ) ° 1 :
0 0 J W2 (r)dr A" W () dr
0 0
0 0 —A"ljl'W(r) dr A2
L 0 .
0\/1%W (1)
a\/%AOfW(r)dB (r)
oW (1)

o {w?(1) —1}

1 1 2
where £ = [W?(r)dr — <fW(?')dr) . It then follows that, for the
0 0

hypothesis Hy; : B3 = r where R = [ 0 I3 ], the F,,4 test statistic defined
by (1.13), equals

-1

T -1
Foa = (br=pB) (RYTT) {ngTT (Z x,,x;> TTR’} RY7 (br —B)/3 (B.4)

t=1

?m—lzz‘[a\/w—oW(l) o\/“r_o*ole(r)dBm oW (1) oA {W2(1) -1}
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- . 2 \ -
gl (({W(r)dr) —-(70/\)_14 W (r)dr 0 0
SN W (1) 0 0
X 0 1 1
0 0 w2 (rydr A" W (r)dr
0 1 0
0 0 ~A"L W (r)dr A2
L 0 |
oYW (1)
1
y 0\/7_0)\gW (r)dB (r)
oW (1)
| a2 (1)-1)

1 2 1 1
1
= = W2(1)< W(r)dr) —2W () [ W(r)dr | W(r)dB (v)
5o/ o]
1 2 1
+ W(r)dB(r)) +W2() [ W2 (r)dr
/ /

1 2
+'1§ (W (1)/W(r) dr — % (W2 (1) —1})
0

which ends the proof of (i).
(i) Hypothesis Hyy has the alternative representation Hgy : RS = 7 where

0100 ' .
R= { 000 1 ] and r = [ 01 ] . The I test statistic, defined by
(1.13), equals

T -1 -1
Fy = (by — B (RY1) {s%RTT (Z m;> TTR’} RYr (br — B) /2
t=1

(B.5)
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and converges weakly as follows:
1 L ]
Fy= 2575 [ o /TW (1) oyToA [W(r)dB(r) oW (1) Lo {W?2(1)-1}
0 i
(3 ’ 1.
o <JW(1‘) dr) —(70,\)—lg W (r) dr 0 0

1
~ (1gN) ! ({ W (r) dr (70A2) 0 0

1 2 1
0 0 <j‘ W (r) dr) =AW (r)dr
0 0

0 0 —A—lj]W(r) dr A2
0
oW (1)
1

y U\/'y—g)\ofW(r) dB (r)

oW (1)
sox{W2(1) -1}

- 2% (2W2(1) (/W(r)dr) —2W(1)/W(r)dr/W(r)dB(r)
0 0
1 1 .
+</W ) W(l)/W(r)dr{Wz(l)—l}+%{W2(1)—1}2

2
where ¥ = f W2 (r)dr — ( [W(r) dr> as in (¢). This completes the proof
of (ii) and Theorem 2. [
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2.1 Introduction

There are situations in which the standard Dickey-Fuller tests do not func-
tion as well as one might desire. Difficulties in detecting structural change,
shifts in mean or growth rate, or nonlinear behavior have been noticed in
several studies. Nelson and Plosser (1982) showed for a number of financial
and macroeconomical time series that the Dickey-Fuller tests are unable to
reject the unit root hypothesis. Pippenger and Goering (1993) argued that
examining long-run economic relationships using the unit root tests is ques-
tionable in the presence of transaction costs or hysteresis thresholds. Perron
(1989) argued that low power against structural breaks in level and growth
rate can result in overstating the evidence in favor of unit roots. However, the
standard Dickey-Fuller tests are also affected by size distortions in a number
of situations. Size distortions, in the form of too frequent rejections of the
null, have been observed when there is a single structural break in trend or
variance under the null hypothesis, see Leybourne, Mills and Newbold (1998)
and Hamori and Tokihisa (1997). Similar size distortion, when the true null
model contains Markov regime switching in trend growth rate, was demon-
strated by Nelson, Piger and Zivot (2001). They also showed power loss when
the unit root hypothesis was tested against a true alternative process with a
Markov-switching trend.

The emphasis in these studies, and in a major part of the early litera-
ture, has been on the linear model which today is increasingly viewed to be
somewhat inadequate. Any possible nonlinear characteristics of the time se-
ries have thus been ignored. The increasing empirical evidence on nonlinear
relationships and features in economical time series during the last few years
has resulted in efforts to incorporate nonlinear models and techniques into
the existing econometric framework. The literature on testing the unit root
hypothesis against nonlinear models, or vice versa, has recently grown rapidly
in this direction.

One of the more recent studies in this area is Caner and Hansen (2001) who
analyzed and provided tests of the unit root hypothesis against the threshold
autoregressive (TAR) model. The authors also proposed a bootstrap method
to approximate the limit distribution of the test under the null, and showed
that the unit root hypothesis can be rejected for the U.S. unemployment rate
in favor of the nonlinear TAR model. Also considering the TAR model as an
alternative to the unit root, Enders and Granger (1998) found that movements
toward long-run equilibrium relationship of an interest rate are best described
as an asymmetric process. Modifying the test in Enders and Granger (1998),
Berben and van Dijk (1999) found evidence of asymmetric adjustments to-
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wards long-run equilibrium for a number of forward premium time series.
Kapetanios and Shin (2000) developed and analyzed the unit root test with
the self-exciting threshold autoregressive (SETAR) model as the alternative
process. Designed to take into account the threshold nature under the alter-
native, they reported some gain in power compared to the Dickey-Fuller test.
Other studies have integrated the unit root test with nonlinear models with
a smooth transition between the regimes. Kapetanios, Shin and Snell (2003)
proposed a test of the joint unit root and linearity hypothesis against a very
simple exponential smooth transition autoregressive (ESTAR) model that only
allows a regime shift in the slope parameter. They were able to reject the unit
root for a number of the real interest rates in favor of the ESTAR model. Bec,
Salem and Carrasco (2002) tested the unit root hypothesis against a nonlinear
logistic STAR model with three regimes. Rejecting the unit root for eleven
out of twenty eight real exchange rates considered, their empirical results lent
support to the so called purchasing power parity (PPP) hypothesis and in-
dicated also strong mean reversion for large departures from PPP. Eklund
(2003) proposed and analyzed the unit root test against the logistic smooth
transition autoregressive (LSTAR) model, allowing for regime shift in both
intercept and growth rate, and showed that the U.S. monthly unemployment
rate is better described by a STAR model rather than a random walk.

In this paper, the recent work in Eklund (2003) is extended. Two tests
are constructed for the joint linearity and unit root hypothesis against the
second-order logistic STAR model. Compared to the earlier work in Eklund
(2003), the alternative STAR model in this paper allows for regime shifts in
intercept, growth rate and in level. The nonlinear model considered allow the
adjustment towards long-run equilibrium to be sudden as well as smooth.

The paper is outlined as follows. In Section 2 the model is specified. Limit
results and critical values are found in Section 3, while Section 4 includes a
Monte Carlo study of the size and the power properties. Section 5 includes a
small introduction to the so called purchasing power parity problem, and an
empirical application on real exchange rates. Concluding remarks are given in
Section 6, and mathematical proofs are presented in the appendix.
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2.2 Model and joint unit root and linearity hypoth-
esis

Consider the univariate smooth transition autoregressive (STAR) model

Ay = O0g+01Ay: 1+ ye—1+ (g + ©1AYe—1 + Voye—1) F (7, c1,¢0, Ays—1)+ey,

(2.1)
where Ay;, and errors, €, are assumed to be stationary, satisfying Ee; = 0,
E |5t|6+r < oo forsomer > 0,andt = 1,...,7T. The nonlinearity is introduced

via the transition function F' (-) which is a bounded continuous function such
that F(-) € [—3,1]. This allows the dynamic behavior of Ay; to change
smoothly and nonlinearly with the transition variable Ay;_1 between the two
regimes, F (-) = —3 and F (-) = 1/2. Several possibilities exists for the choice
of the function F' (-), see Granger and Terésvirta (1993) and Terdsvirta (1998)
for a detailed presentation and discussion. This paper will focus on (2.1) with
a second-order logistic function

o, 1
F(v,c1,¢2, A1) = (L + exp [—7 (Dys—1 — 1) (Dye—1 —2)]) 7' = 2 (2.2)

where the parameters c; and c; are the threshold parameters and v is the
speed of transition between the regimes, v > 0 for identification reasons. Note
that the function F'(-) is constant for v = 0, in which case model (2.1) is linear.
This fact can be used when testing linearity. However, testing the hypothesis
Hy : v = 0 in model (2.1) cannot be performed directly, since this restriction
involves an identification problem, see Luukkonen, Saikkonen and Terasvirta
(1988), Terdsvirta (1994a,b), Lin and Terdsvirta (1994) for details.

Applying the idea by Luukkonen et al. (1988), the identification problem
can be circumvented by a first-order Taylor approximation of F (v, ¢1, ¢2, Dyt-1)
around v = 0. Inserting the approximation in (2.1) results in the following
auxiliary model:

Ayr = o+ 01Ay—1 + Y1y
Y
+ (g + P1AY1-1 + Poyi-1) 1
— <91 _ wow(zﬁcz) n <pw46102> Ays_1 + 9007—%;1(61%2) (Aye1)?

c1+c¢
+%Y_ (Ayt——l)?, _ ¢2’Y( i 2)

+ (90 + —“”07:102) + <w1 + %740162) Yoot + €

(Dyg—1 —c1) (Dys—1 — 2) + €}

¥ay

2
4 Yt-1 (Ayt—ﬂ

Y1 Dys—1 +
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= 510y 1+ 62 (Aye—1)? + 83 (Aye—1) + 1y 1Ay 1 (2.3)
Foye1 (Ays—1)’ + o + Cyro1 + €7

where €} = &1+ (g + ©1Ayt—1 + Yoyi—1) R1 (7, Ay—1), and Ry is the remain-
der. Moving y;:—1 from the left-hand to the right-hand side in (2.3) yields the
form

ye = 01Ayi1 + 03 (Aye_1)® + 83 (Aye1)® + brys—1Dy_1 (2.4)
+éoyi-1 (Aye-1)® + o + pys—1 + €5,

where the original linearity condition, v = 0, now corresponds to do = d3 =
¢1 = ¢ = 0. Note that ef = ¢; under the linearity hypothesis, since B; = 0
when v = 0. As the regression model for the Augmented Dickey-Fuller (ADF)
test, with a constant and one lag of Ay, is nested in this auxiliary model, a
joint test of the linearity and the unit root hypothesis amounts to testing the
hypothesis Hp; : 63 = 03 = ¢; = ¢p9 = @ = 0, p = 1 in (2.4). Under this
hypothesis equation (2.4) becomes

Yt = 01AYt—1 + Yt—1 + €. (2.5)

In reduced form equation (2.5) equals
Ayt 1= 5 7 Zlet - = Ld )Et = U, (26)

where L is the lag operator, i.e. Ly; = y;—1. Under Hy, {y:} is thus a unit
root process without drift. Note that if Hy; is rejected and the alternative is
accepted as a basis for further modelling, the parameters 8y and +; should
be included in the alternative model. This follows from the fact that testing
a = 0 also implies a test of 8y = 0 in equation (2.3) under the original linearity
condition v = 0. The same reason holds for ;. Excluding o = 0 from Hp;
results in another null hypothesis Hpp that allows for a unit root with a drift
component. Assuming that Ay, is stationary implies that §; is restricted
to |41] < 1 in equation (2.5). For §; = 1, Ay is I (1) so that y; is I(2).
Furthermore, when 6; = —1, y; has a negative unit root, and values |§;] > 1
implies a nonstationary Ay; process. Thus, as a consequence, problems can
arise in practice if the value of 4; is near —1 or 1, as such values may distort
the size of the tests.



52 Chapter 2

2.3 Limit results and critical values

In this section, the necessary results for the asymptotic theory for testing Hy;
o~ e~ /
and Hope is derived. The least squares estimator br = (51, 02,03, @1, P, &,’,5)

of the parameters in the auxiliary model (2.4) has the form

T
br — B = (Z a:txg) Z T1E¢, (2.7
t=1 t=1

/
where z; = (Ayt~1, (Aye1)?, (Ay-1)®, yem1Aye1, 901 (Aye1)?, 1,yt—1)
In order to derive the asymptotic limit distributions for the elements of (2.7)
not previously considered in the literature, the following assumption, see
Hansen (1992), is assumed to be satisfied.

Assumption 1 For some ¢ > 1 > 2, {v:} is a zero mean, strong mizing
sequence with mizing coefficients of size —qn/(q —n), and sup ||vt]| = C < .
t>1

In addition,

T
T'E (VTVQC) — Q<0 asT — oo, where Vpr = th.
t=1

Allowing for weakly dependent heterogeneous data, this assumption and
the theorems by Hansen (1992) are applicable to a number of different pro-
cesses that typically arise in econometric applications. Assumption 1 will be
used in the following theorem that contains a set of new convergence results
needed in this work.

Theorem 1 Let u:, defined in (2.6), satisfy Assumption 1, and let {e} be
an i.i.d. sequence with mean zero, variance o2, and E |&,|*t" < oo for some
r > 0. Define

o0
v; = E (wu—j) = 02 Y wews+j ,J=0,1,...

) s=0
,LLJ:Eui 7j=3,4,...
o0
A=0 ) wj=o0w(l)
7=0
i
thEIUz ,t=1,2,...,T,
1=0

with £y = 0. Then the following sums converge jointly
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T

(@) TS utae = oymW (1)
=
T

0) T2 S ulie = oymW (1)

3
IIMH

ft g = U\/i’\fw B (r)
(d) T‘3/2E€tU§ = u4AfW(T)dT

t=1 0
(e) T-3/2§jgtu§ = g fIW(r)dr

(f) T2th“t = #/\2fW2 dr

=1
(9) T? Zlffuf = g\ fW2 (r)dr
t= 0

where W (7") and B (r) are two independent standard Brownian motions de-
fined for r € [0, 1].

Proof See the appendix.

Consulting the rates of convergence in Theorem 1, some recent limit results
from Eklund (2003), and other known results one can define the following
scaling matrix

Yr = diag ( TY?, TY2, TY?, T, T, TY? T). (2.8)

Pre-multiplying both sides of (2.7) by the scaling matrix Y, finite limits to
the rescaled ordinary least squares estimates are given by

T 1 T
Tr(by — ) = {T;l (Z m;) T;l} {T;l (Z $t5t> } (2.9)
t=1 t=1

Now write Hp; : RG = r, where R = [ 0 I ], 0 is a (6 x 1) column vec-
tor, B = (61, 02,03, d1, dgy @, p)’, and 7 = ( 0 00001 )/. An F test
statistic can then be defined in the usual way as
T -1 -1
F = (br — B) (RYr)'{ s7RYT (Z wtwi) YrR > RYr(br - B)/k,
t=1
(2.10)
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where k = 6 equals the number of restrictions, and s is a consistent estimator
of the residual variance in (2.4). The test statistic for hypothesis Hgo that
allows for the presence of a drift component can be defined similarly setting k =
5 and excluding row 5 of R and r. The two resulting test statistics will be called
F,4 and Fy, where nd and d corresponds to 'no drift’ and ’drift’ respectively.
Clearly, from Theorem 1, these test statistics do not have standard asymptotic
distributions, as would be the case for stationary processes.

As the analytical limit expressions to the F' test in (2.10) only can be
computed with considerably difficulty, explicit expressions for F4 and Fj; are
not given. The main reason for this difficulty is the problem of first obtaining
and then simplifying the expressions of the inverses of the relatively large
matrices that appear in equation (2.10): their dimensions are (5 x 5), (6 x 6)
and (7 x 7).

Critical values for F,g and F,, can, however, easily be obtained by a Monte
Carlo simulation. Generating data from the null model (2.5) for §; = 0,
Table 2.1 contains the critical values based on 1000000 replications for these
statistics corresponding to sample sizes 7' = 25, 50, 100, 250, 500, 5000. Since
the explicit limit expressions of the statistics are not known, critical values
cannot be calculated for the asymptotic null distributions.

Table 2.1 Critical values for the test statistics F,4 and Fy, when 6; = 0.
Frd Fy
T 11010 0.05 0.025 0.01 0.001]0.10 0.05 0.025 0.01 0.001
251249 3.06 365 4.49 7.00 |270 3.36 4.05 5.02 7.85
50| 2.28 2.71 3.12 3.68 5.18 | 250 3.00 350 4.15 5.84
100 | 2.22 2.60 297 3.43 459 | 245 290 3.33 3.90 5.28
250 | 2.20 2.56 2.90 3.34 4.37 |2.44 286 3.27 3.78 5.05
500 | 2.20 2.55 2.89 331 433 |244 286 3.27 3.77 4.99
5000 | 2.20 2.55 288 330 429 | 244 286 3.27 3.77 4.96

2.4 Small sample properties of the tests

In this section the size and the power of F,4, F; and the two corresponding
ADF tests are compared. The latter are called ADF, 4 and ADF,; respectively.
A simple method to estimate p-values of the tests is also proposed in order to
adjust for size distortion that is present in the tests for values of § close to —1
or 1.
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2.4.1 Size simulations

In order to consider the size of the tests, data are generated from model (2.5)
under the null hypothesis, assuming {e;} ~ nid (0,1). Using Monte Carlo sim-
ulations with 1000000 replications and critical values from Table 2.1, the rejec-
tion frequencies are calculated for the sample sizes T' = 25, 50, 100, 250, 500, 1000.
The nominal size for each test equals 5%. Since the null model depends on
the parameter §; in small samples, the size have been calculated for a num-
ber of different values of §; ranging from —1 to 1. In the ADF tests, the
correct number of lags (one) is assumed known. Figures 2.1 to 2.4 shows the
estimated sizes of F,4 and Fy; and the corresponding ADF tests for different
sample sizes. The deviation from the nominal 5% size level decrease with the
increasing sample size.

Figure 2.1 Size of statistic Fj,q for T' = 25, 50, 100, 250, 500, 1000. The devi-
ations from the nominal 5% size level, decrease with the sample size.
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It is clear from the figures that the size of the tests is distorted when the
value of d1 is close to —1 or 1. The reason is that the stationarity assumption
of Ay, is violated for |01] > 1. All four tests have poor size characteristics for
values of 1 close to 1. Furthermore, F,,4 and Fj are also oversized, albeit less
strongly, when d; is close to —1. On the other hand, the ADF tests are not
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Figure 2.2 Size of statistic ADF,; for T = 25, 50,100, 250, 500, 1000. The
deviations from the nominal 5% size level, decrease with the sample size.
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affected by small values of d; in the same way. It is also worth noting that the
two ADF tests are less distorted than their corresponding F' tests, and that
the two tests with a drift term, F; and ADF},, are not distorted as much as
F,4 and ADF, . Furthermore, as may be expected, the deviation from the
nominal 5% size level decreases with an increasing sample size. As the critical
values in Table 2.1 are estimated for §; = 0, it is obvious that special attention
is needed in practice if the sample size is small and the value of §; is believed
to be close to either —1 or 1.

In order to investigate how robust the tests are against non-normal errors,
the empirical size of F, 4 and F have been reestimated for errors drawn from
the ¢ (6) and the x? (1) — 1 distribution. The simulation results indicate that
both F,; and Fy are affected by the non-normal errors. For t(6)-distributed
errors both F,4 and Fy show, for T' = 25, about 1 to 2 percentage points
higher size distortion at all values of d; than the normal case. As the sample
size increases the difference in size between the non-normal and normal size
decreases. The size distortion is considerably larger for x? (1) — 1 errors than
it is for the ¢ (6)-case. When T = 25, Fy,4 has at all values of é; about 5 to 6
percentage points higher estimated size than it has for normal errors. At the
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Figure 2.3 Size of statistic Fy for T = 25,50, 100, 250, 500, 1000. The devia-
tions from the nominal 5% size level, decrease with the sample size.
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same time F, shows a slightly smaller increase in size, about 3 to 4 percentage
points. This diference diminishes with increasing sample size and becomes
negligible when T = 500.

2.4.2 Bootstrapping the p-values

As the size is distorted for values of 41 close to 1 for all four tests, and also close
to —1 for F,,4 and Fy, an appropriate method of adjusting the size would be
desirable. One way to prevent size distortion is to calculate new critical values
for some particular value of 87, call it §;. Another method would be to base
the inference on bootstrap distributions of the tests. Size distortion can be
diminished by obtaining the p-values by a bootstrap. Small sample properties
of the tests are then considerably improved; see the survey by Li and Maddala
(1996) for more information and details on bootstrapping time series, and
Caner and Hansen (2001) who, when testing the unit root against the TAR
model, based the inference on a bootstrap approximation to the asymptotic
null distribution of the test statistic. The same bootstrap method was also
used by Eklund (2003) when testing the unit root hypothesis against the STAR
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Figure 2.4 Size of statistic ADFy for T = 25, 50,100, 250,500, 1000. The
deviations from the nominal 5% size level, decrease with the sample size.

025 T T T T T T T T T T T T T — T T T T ™

0201 ]

i ﬁ
0.15}

0405E /JJ

0.00L

-0.6 -0.2 0.2 0.6 1.0
01

model. Using the bootstrap method to estimate p-values in stationary models
requires that the test statistic is pivotal. Since the analytical limit expressions
of F,4 and Fy are not given, it is not clear whether or not the test statistics are
pivotal. However, results by Li and Maddala (1996) indicate that considering
pivotal statistics may not be as important in the context of unit root models
as it is in stationary models.

From Figures 2.1 and 2.3 it has already been possible to see how §; in-
fluences the size of Fi,q and Fy in small samples. Under Hyp, the auxiliary
model (2.4) simplifies to ¥ = 01 Ays—1 + y¢—1 + €. Under Hygy, the null model
has the form y; = 61Ay:—1 + @ + y—1 + €. The necessary p-values can then
be obtained by a model-based bootstrap. This is also the case for the ADF
tests. Consider first the resampling procedure for F,4. Let 51 and D be the
estimates of §; and the distribution D of the error ¢;. Generate the bootstrap
time series

W=56A00 4yl el t=1,...,T, (2.11)
where 5? is a random draw from 13, and the time series yf, t=1,...,T,is the

resampled bootstrap series. Initial values needed for resampling can be set to
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sample values of the demeaned series y;. The distribution of y? is called the
bootstrap distribution of the data. The value F, fl’d of F,,; is now obtained from
the resampled series 2. Repeating this B times yields B values of F,q that
constitute a realization from the distribution of Fj,4, completely determined
by 81 and D. Defined by pr = P (F®, > F,4), the p-value pr is in practice
approximated by the frequency of the obtained Ff;d that exceeds the observed
value Flq.

The resampling scheme can easily be modified to fit Fj;. Including the
estimate of the parameter « in the resampling model (2.11):

W= Ay eyl el t=1,...T. (2.12)

The corresponding bootstrap distribution and the p-value pr are then obtained
in the same way as before.

2.4.3 Power simulations

In order to investigate the power properties of the tests, data is generated
from the STAR model (2.1), i.e. the stationary alternative model. The fact
that no analytical results are available for determining the parameter com-
binations yielding a stationary model constitutes a problem in a simulation
study. By setting the transition function £ to 0 or 1, some simple guidelines
can be reached about stationarity, but no general conclusions can be drawn.
Therefore, an approximative method is applied to determine when the model
is nonstationary. By simulation, the model is taken to be nonstationary for a
specific choice of parameters, if a realization exceeds a preset boundary with
t. In this study, a realization of the alternative model, y;, is said to originate
from a nonstationary process if |y:| > ot for ¢ > 1000000 where o equals the
standard error of the errors ¢ in (2.1). This is of course just a rough indication
on nonstationarity. For parameter choices on, or close to, the boundary be-
tween the stationary and the nonstationary regions, the approximation work
less well, but probably good enough as a mean to compare the F,; and Fy
tests with the ADF tests.

In the data generating process (2.1), g = 0, ¢y = 0, and the parameters in
the nonlinear function F'(-) are v = 10, ¢; = 1 and ¢p = —0.5. For simplicity,
61 = —y;, and in the same way, ¥; = —15. The alternative model then equals

Ayp = =1 Ayt—1 ~ Yoyi—1 + (1 A%s—1 + Yoye-1) F(10,1,-0.5, Ay 1) + &,

(2.13)
where g ~ nid(0,1). In (2.13), the magnitude of the regime shift is only
determined by the two parameters ¢, and ¢,. Using a Monte Carlo simulation,
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with 50 observations, 10000 replications, and 500 bootstrap replications for
estimating the p-values, the power of the tests is estimated for a number of
combinations of ¢; and 5. Contour plots of the power of F,4 and ADF,4
are depicted in Figures 2.5 and 2.6. Figure 2.7 shows for each combination
of ¢, and 9, the difference in power between the tests, expressed as power of
F, 4 minus power of ADF, 4. Figures 2.8, 2.9, and 2.10 show the power and
difference for the two other tests, F; and ADFy, in the same way.

Figure 2.5 Power of the F,4 statistic for T' = 50 observations.
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From Figures 2.5, 2.6, 2.8 and 2.9, it is seen that the STAR model is
stationary in a vertical band of combinations of ¢, and 5. The value of 4
range from about 0.5 to 2.7, whereas ¢, does not seem to be restricted. It
appears that it can take any value between —5 and 5. OQutside this vertical
band the model is nonstationary. All four tests have the strongest power for
values of ¥, in the interval between about 1.6 and 2.6. But then, the gain
from using Fyq or Fy instead of their Dickey Fuller counterparts is smallest in
this specific interval, as seen in Figures 2.7 and 2.10. It is in fact negligible
there and even slightly negative for some values of ¢, > 4. Negative gain is
also found for the Fj test for values of ¢; < —4 observed in Figure 2.10. The
strongest gains for both F' tests are found for values of 15 between 0.8 and
1.0. In this interval there are two separate regions with relatively large gains
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in power.

The single largest gain for F,; compared to ADF,4 is 18.9% percentage
points more rejections of the true alternative hypothesis, the smallest is —5.6%
percentage points. The corresponding largest and smallest gain for Fj are
16.6% and —6.4% percentage points. For about 10.6% of the combinations of
¢, and 1), the gain is negative for F, 4. The same figure for F; is 12.7%.

Figure 2.6 Power of the ADF,; statistic for T = 50 observations.
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The main explanation why the gain is negative at some of the parameter
combinations, is that the alternative STAR model is very close to the lin-
ear alternative model considered in the ADF test for these parameters. The
auxiliary model (2.4) is then very close to or indistinguishable from the ADF
model. This reduces the power of the tests compared to the ADF test because
of the four extra parameters to be tested. As the area with positive gain domi-
nates Figures 2.7 and 2.10 it appears safe to conclude that in general both F,4
and Fy have similar or higher power than the corresponding standard ADF
tests when the alternative exhibit nonlinear behavior. Their use in situations
where the STAR model is indeed an appropriate alternative can therefore be
recommended.
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Figure 2.7 Difference in power, F,; — ADF,4.
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Figure 2.8 Power of the Fy statistic for 7' = 50 observations.
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Figure 2.9 Power of the ADF); statistic for T' = 50 observations.
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Figure 2.10 Difference in power, Fy — ADFj.
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2.5 Empirical application

The STAR model (2.1) is capable to characterizing asymmetric behavior in
time series, and series with sudden upswings and downturns. When Ay;_1 is
close to ¢1 or ¢g in (2.2), the STAR model (2.1) behaves almost as if v = 0,
and possible as a unit root process depending on the values of 6y and ;. On
the other hand, if the difference between Ay;_; and the parameter ¢y, or ¢, is
large, the model is nonlinear and stationary, implying a mean reverting behav-
ior of the y; process. These features of the second-order logistic STAR model
make it attractive for modelling the real exchange rate for deviations above
and below the equilibrium level. Determining the presence, or the absence, of
a unit root in the real exchange rate is the main issue in testing the purchasing
power parity (PPP) hypothesis. Before turning to the empirical application
in this section, a brief discussion of the PPP literature will be given.

2.5.1 A short introduction to the PPP literature

In macroeconomic applications, and theory, the ability to be able to discrimi-
nate between stationary and nonstationary time series is of major importance.
An area where this problem has received considerable attention is the one con-
cerning the purchasing power parity (PPP) hypothesis, see Froot and Rogoft
(1995) and Sarno and Taylor (2002) for two thorough surveys. The PPP cor-
responds to the idea that national price levels in different countries should
tend to equal one another when expressed in a common currency. Price dif-
ferences, or deviations from PPP, between two countries will be eliminated
by arbitrage forces. As a consequence, for PPP to hold in the long-run, real
exchange rates must be stationary. A theoretical insight into the deviations
from the PPP, or long run equilibrium level, was given by Dumas (1992), who
analyzed the dynamic process of the real exchange rate in spatially separated
markets in the presence of proportional transactions costs. Dumas showed
that deviations from PPP follow a nonlinear process that is mean reverting,
and that the speed of adjustment varies directly on the magnitude of the devi-
ation from PPP. This implies that the exchange rate will become increasingly
mean reverting with the size of the deviation.

Stylized empirical findings indicate, on the other hand, high persistence in
the deviations from PPP. O’Connell (1998) argued that it appears as if large
deviations from PPP can be more persistent than small deviations, and that
market frictions alone cannot account for the difficulty of detecting mean re-
version in post-Bretton Woods real exchange rates. Lothian and Taylor (1996)
argued that the high persistence of deviations from PPP, together with the
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low power of standard unit root tests, may account for the widespread failure
of empirical tests to support long-run PPP. By considering observations over
a sample period of two centuries they where able to reject the unit root hy-
pothesis in favor of a mean reverting process for two real exchange rates, U.S.
dollar-pound sterling and French franc-pound sterling. Michael, Nobay and
Peel (1997) rejected the linear framework in favor of an exponential smooth
transition autoregressive (ESTAR) process, thus providing evidence of mean
reverting behavior for PPP deviations. Taylor, Peel and Sarno (2001) con-
sidered a multivariate linear unit root test and provided empirical evidence
that four major real bilateral dollar exchange rates are well characterized by
nonlinear mean reverting processes, based on the ESTAR model.

Sarno and Taylor (2002) concluded that, at the present time, the long-run
PPP seem to have some validity, at least for the major exchange rates, even
though a number of problems have to be analyzed and resolved.

2.5.2 Testing the PPP hypothesis in practice

The real exchange rate for country ¢ versus country j is expressed in logarith-
mic form as

z=pig— St —pj, t=1,...,T, (2.14)

where s; is the logarithm of the nominal exchange rate between country ¢ and
J expressed in country :’s currency per country j’s currency, and p; and pj:
denote the logarithms of the consumer price index (CPI) for country i and
7, respectively. The series z; can then be interpreted as a measure of the
deviation from the long-run steady state or PPP.

The real exchange rates are constructed for sixteen countries from the CPI
series and the exchange rates defined as the price of US dollars in the cur-
rency of each home country. The data, consumer price indices and nominal
exchange rates, are obtained from EcoWin and covers the following sixteen
countries; Austria, Belgium, Canada, Denmark, Finland, France, Germany,
Italy, Japan, the Netherlands, Norway, Spain, Sweden, Switzerland, United
Kingdom and USA. The sample consists of monthly observations from Jan-
uary 1960 to October 2002, except for five countries for which some early
observations are missing. The sample for Germany only includes observations
from 1968:1 to 2002:10, Japan from 1970:1 to 2002:10, the Netherlands from
1960:4 to 2002:10, Spain from 1961:1 to 2002:10, and, finally, Switzerland from
1974:1 to 2002:10. In total, 120 real exchange rates are constructed. For pairs
of countries that both joined the common currency in January 1999, data only
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up to December 1998 is used. Otherwise the largest available sample size is
used for all pairs, which means that the length of the series varies between 344
and 512.

Tables 2.2 and 2.3 show the estimated p-values of F,4; and Fj based on
10000 replications. P-values less than 0.05 are printed in boldface. The results
in Table 2.2 indicate that the random walk without drift can be rejected for
31 out of the 120 real exchange rates considered. When including a drift term
under the null, the number of rejections increase to 44, as seen in Table 2.3.
The corresponding number of rejections for ADF, 4 and ADF,; are 7 and 23,
respectively. The exchange rates for which the unit root is rejected can thus
be considered stationary, giving support to the PPP hypothesis.

The test results both support and disagree with earlier work. Results in line
with earlier studies, as in Bec et al. (2002), show that the PPP hypothesis can
be supported for the real exchange rates BEL/GER, FIN/GER, FRA/GER,
ITA/GER and UK/GER, and as in Taylor et al. (2001), for USA/GER. On
the other hand, Bec et al. (2002) rejected the unit root hypothesis for another
six exchange rates, Taylor et al. (2001) for another three. Conversely, for
five of the significant real exchange rates considered in this paper, Bec et al.
(2002) were unable to reject the unit root: CAN/BEL, USA/BEL, UK/FIN,
USA/GER, and GER/CAN. They consider a smaller sample size, only from
1973:9 to 2000:9, which could explain some of the differences with this paper.
Otherwise, as a whole, the proportion of rejected exchange rates is almost the
same in this paper as in Bec et al. (2002).

The results in this paper can be viewed as a complement to earlier studies.
Under the assumption that the PPP hypothesis holds, the two tests presented
here, F,4 and Fy, have low power discriminating a random walk from a sta-
tionary nonlinear process at sample sizes available for the tests. The same fact
holds for most univariate unit root tests. However, Taylor et al. (2001) noted
that, somewhat paradoxically, the failure to reject a unit root may indicate
that the real exchange rate has, on average, been relatively close to equilib-
rium, rather than implying that no such long-run equilibrium exists. In their
estimated ESTAR model, the real exchange rate will be closer to a unit root
process the closer it is to its long-run equilibrium.

2.6 Conclusions

In this paper, two F-type tests are proposed for the joint unit root and linear-
ity hypothesis against a second-order logistic smooth transition autoregressive
(STAR) model. The tests allows one to discriminate between nonstationary



Table 2.2 Estimated p-values to the F, 4 test. Bold values corresponds to a significant test at the 5% level.

vs |BEL CAN DEN FIN FRA GER ITA JAP NL NOR SPA  SWE SWI UK USA
AUS | 0.23 0.091 0.054 0.34 0.60 0.0006 0.08% 0.81 0.32 0.76 0.26 0.29 0.022 0.033 0.0021
BEL - 0.0034 0.040 0.44 0.51 0.020 013 076 0.34 0.63 0.20 0.69 0.0068 0.27  0.0018
CAN - 0.072  0.37 0.087 0.10 046 0.49 0.10 0.093 0.42 0.45 0.12 0.42 0.13
DEN - 0.23 0.70 0.048 0.19 0.63 0.051 0.0058 0.59 0.18 0.030 0.062  0.0001
FIN - 0.59 0.069 043 031 041 0.15 0.013 0.48 0.012 0.0058 0.49
FRA - 0.044 0.30 0.48 0.48 0.38 0.39 0.96 0.0001 0.41 0.13
GER - 0.039 0.88 0.091 0.33 0.038 0.52 0.0056 0.033 0.0046
ITA - 0.26 0.11 0.24 0.15 0.16 0.0004 0.10 0.63
JAP - 0.85 0.69 0.23 0.17 0.77 0.41 0.70
NL - 0.074 0.44 0.39 0.0065 0.043 0.0018
NOR - 0.30 0.38 0.15 0.052 0.0014
SPA - 0.017 0.0089 0.10 0.52
SWE - 0.10 0.24 0.24
SWI - 0.012 0.15
UK - 0.23
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Table 2.3 Estimated p-values to the Fj test. Bold values corresponds to a significant test at the 5% level.

vs |BEL CAN DEN FIN FRA GER ITA JAP NL NOR SPA SWE SWI UK USA
AUS | 0.12 0.036 0.015 021 0.89 0.0003 0.037 0.72 0.17 0.81 0.31 0.17 0.0051 0.0050 0.0004
BEL - 0.0012 0.027 032 046 0.011 0.065 0.74 0.25 0.50 0.11 0.87 0.0004 0.12 0.0011
CAN - 0.045 0.30 0.066 0.031 0.35 041 0.064 0.063 0.31 0.36 0.036 0.32 0.058
DEN - 014 065 0.014 0.069 0.61 0.035 0.0031 0.83 0.096 0.0028 0.011 0.0002
FIN - 049 0.028 025 0.17 0.30 0.077 0.0084 0.38 0.0052 0.0043 0.40
FRA - 0.023 0.15 043 0.38 0.27 0.27 0.93 0.0000 0.31 0.084
GER - 0.033 0.73 0.020 0.18 0.027 0.85 0.0019 0.0023 0.0004
ITA - 0.20 0.036 0.11 0.12 0.064 0.0001 0.059 0.78
JAP - 0.87 0.68 0.13 0.073 0.65 0.32 0.71
NL - 0.059 0.50 0.28 0.0004 0.0086 0.0010
NOR - 0.19 0.24 0.059 0.0092 0.0007
SPA - 0.014 0.0046 0.062 0.54
SWE - 0.030 0.17 0.16
SWI - 0.0005 0.067
UK - 0.12

39
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and stationary time series. This is important in statistical analysis and empir-
ical applications. Some new limit results, extending earlier work, and critical
values for the F-tests are presented. As the alternative model is well suited
for modelling real exchange rates, the two tests are applied to a number of
real exchange rates as an illustration. The test results complement earlier
studies. Support to the purchasing power parity (PPP) hypothesis is at any
rate provided for 44 out of 120 real exchange rates considered in this work.






Appendix A

Proof of Theorem 1

o0
(a) Let u, defined in (2.6), satisfy Assumption 1 and let ) |w;| < co. Set
j=0

X; = uf_lst. X; is then a martingale difference sequence. Furthermore,

EX? = o°Buf (A1)

2+
FE 'Xt|2+r FE 'ut 16,{‘ "= Elut|4+2r FE |€t|2+r < 00.

I

so that {X;} is a uniformly integrable sequence. Now,

T
TﬁlZth— 1Zut 167 = T—lzut 1 (e —o? +T 1022“7& 1
t=1

t=1

(A.2)
Set Z; = uj_, (¢7 — 0?). It follows that {Z;} is a martingale difference
sequence. Purthermore,

E\Z" = Efudy (€~ )| = Blu* e - o2 < oo
(A.3)
implies that
T T
Ty Z=T'> uf (s -0%) 5o (A.4)
t=1 t=1
Also,
T
T 152 Z ut ;| 25 o?Eul (A.5)

t=1

71
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which gives the result

T
T2 Z ul_16¢ = o/ EulW (1). (A.6)
t=1

(b) Let u; and & be as in (a). Set X; = u}_;&;. Then {X;} is a martingale
difference sequence. Furthermore,

EX? = o*Euf (A7)
E IXt|2+7‘ — E |u‘tg—1€t|2+7‘ — E (ut,6+37‘ E l€t|2+’r‘ < 00

so that {X;} is uniformly integrable. Now,

IZXQ—TIZut (€2 =T~ IZutl —o? +T 10'2Zut1

t=1

(A.8)
Set Z, = ul_; (¢7 — 0?). Then {Z;} is a martingale difference sequence.
For r > 0,
E|Z/™ =Bl 1 (€ — )| = B/ Ee? - 0| < o0
(A.9)
which implies
T
'y 2, 1Zut (2~ 0% L0 (A.10)
t=1
Furthermore,
T
T 152 Zu?_l 2 2 Bud (A.11)
t=1
which gives the desired result
T
TN " ud e = oy EufW (1). (A.12)

t=1

¢
(c) Let vy = (ut,uf_let),, Vi = Y, v; and Vg = 0. Then, since T71/2Vp =
i=1

/
()\W(l) o/ ButW (1)) , Hansen (1992), Theorem 4.1, states that the
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elements of the sum

. T . T §1—1
T ZVt_lvg = T" Z o, [ vwie ] (A13)
t=1 t=1 2 Ui
= = i=1
T ( Ee_qut Et—lut2——15t
_ T—1Z t—1 t—1
— ug Yo uZ 16 uZ (6t Y ui-16;
R i=1 =1

will converge weakly to some stochastic integrals. In particular,

1
7! Z £, qul_jes = oy Bui) / W (r)dB (r) + A1 2 (A.14)
t=1 0

where Aj 9 is element (1,2) in the matrix

T o

— -1 W —

A = lim T Y By = (A.15)

i=1 j=i+1

_ 1 Us a2 .

= lim 7 ZZE[ E}[uj we |
1= 1]_z+1 —1%
1 uzu] uzu?_lsj

- m Y3 p S
i) u 18 U 1US_1E5E;

Then, since uiu?_l and ¢; are independent for j > 1 + 1,

Ay = lim T~ 12 Z E (uiu}_igj) (A.16)
i=1 j=i+1
T ]
= T@@T—lz Z E(uluf_l) E(é‘j) =0.
i=1 j=i+1

This implies that the two Brownian motions W (r) and B (r) are inde-
pendent, and the result follows.

(d) Consider

T
T guf =T 12@ P~ EBuf)+T" 1Z§tEut (A.17)
t=1

t=1
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Now, since &, = &,_1 — uy, the first sum on the right-hand side of (A.17)
equals

- 25t — Buy) - th 1 (uf — Buf)+T71 Zut — Euy)
= (A.18)

where the last term is O, (1). Now let v; = (ut,ut Eut) Vi = Zt: v;
and Vy = 0. Then, from Hansen (1992), Theorem 4.1, it follows thazt: %he

T
sum 771 3~ V;_1v} converges weakly to a stochastic integral. Therefore,
=1

as a consequence, 7! Z &1 (uf — Eud) = Op (1) and
=1

T T
T—s/sztui‘ = T732F (u}) th +0, (1) = BuiX / W (r) dr.

t=1 t=1 0

(e) First consider

T
Ty gl =T 12@ ~Eu})+ T~ 1ZEtEut (A.20)
t=1 t=1

Now, since &, = £;_; — ut, the first sum on the right-hand side of (A.20)
equals

1Z§t Eut = 1Z§t 1 Eut +T 1Zut Eu?)
t=1

(A21)

where the last term is O, (1) as before. Now let vy = (ug,uf — Buf)’,

t
= > wv; and Vo = 0. Then, again using Hansen (1992), Theorem
i=1

4.1, one can conclude that the sum 77! )" V,_jv} converges weakly to
t=1

a stochastic integral. Thus, T~ Z &1 (uf — Eu?) = Op (1) and

T‘3/2Z§ u} =T 32E (u th+op 1) = Eu;”,\/w

t=1
(A.22)
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(f) As a starting-point, consider the sum

Tﬂg/zz& 1Ug —T—3/2Z§t 1 Eut)+T 3/2251: lEut

t=1
(A.23)

and let v; = (ut,ut Eut) , V¢ and Vp be as before. Let Assumption
1 hold with n = 3. It then follows from Hansen (1992), Theorem 4.2,

that the sum 7°—3/2 Z (Vie1 ® Vi—1) v} converges weakly to a stochastic

integral. This 1mphes that

3/2Z§t 1 (u — Buf) = Op (1) (A.24)

and

1

T-2Z§t Juld = T*th Eu} +0p(1):>E(ut))\2/W2 (r)dr.

t=1 0
(A.25)
What remains to show is that plim T2 Z 2} = plim T~ Z €2 jud.
T—00 t=1 T—00 t=1
It is easily shown that
€ — €1 = 26, +uf. (A.26)
The difference between the two sums in (A.25) is given by
T T T
th“t th 4 = Z & — &l 1) u = Qth 1ug + Zuw
=1 t=1
(A 27)

where the first sum on the right-hand side is O, (T3/ ?) from (d) above,

and the second sum is O (T"). This implies that 72 Z (62 -¢& )u} =
t=

Op (T2), and

1

2Z§tut = E( ut)AQ/W2 (r) dr (A.28)

0

as desired.
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(g9) Begin by considering the sum

T
TRy € =T 3/2Z€t i (ut — Bug) + 1~ 3/2Z€t 1 By
t=1

t=1

(A.29)

and let v; = (ut,ut Eut) Vi and Vj be as before. Let Assumption
1 hold with 5 = 3. It then follows from Hansen (1992), Theorem 4.2,

T
that the sum 7—3/2 Y (Vi1 ® V1) v} converges weakly to a stochastic

t=1
integral. This implies that

3/2th1 P~ Eu})=0,(1) (A.30)

and

Qth 1Yyt —T"QZQ lEut+op( :>Eut/\2/W2 (r)dr.

t=1
(A.31)
Using the same idea as in the proof of (f),
T T T
D (E-ga)ui=2) &l +) ul, (A.32)
t=1 t=1 t=1

where the first sum on the right-hand side is O, (T3/ 2) from (e) above,
and the second one is O, (T'). The result then follows since

T 1
Zth ud = T2 €2 ub + 0, (1) = Buf)? / W2 (r)dr. (A.33)
t=1 0

This concludes the proof of Theorem 1. |
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3.1 Introduction

Estimating the parameters of an econometric model is necessary for any use
of the model, be it forecasting or policy evaluation. Finding out thereafter
whether or not the model appears to satisfy the assumptions under which
it was estimated should be an integral part of a normal modelling exercise.
An evaluation through misspecification tests has long been standard practice
in univariate time series analysis, see Box and Jenkins (1970). It has been
advocated for multivariate regression models as well, and a number of mis-
specification tests exist for linear and nonlinear single-equation models.

Misspecification tests also exist for estimated vector models such as the lin-
ear vector autoregressive (VAR) model, although their use in the VAR context
seems much less widespread than in the single-equation case. The available
tests are generally intended for testing the specification of the conditional
mean. It is argued, however, that sometimes misspecification of the condi-
tional mean shows in the error variance, making it time-varying. Besides, the
error variance of a model may be nonconstant even when the conditional mean
is correctly specified. It would therefore be desirable to have statistical tools
for investigating possible parameter nonconstancy in vector models.

In this paper we consider the problem of testing the constancy of the error
covariance matrix of a vector model. Many approaches to testing the con-
stancy of the error variance in single-equation models exist in the literature,
whereas the same is not true for constancy of the error covariance matrix in a
multivariate system. A special case of the test discussed in this paper may be
viewed as a multivariate generalization of the heteroskedasticity test of White
(1980), and another special case generalizes the test against autoregressive
conditional heteroskedasticity of Engle (1982). Yet another variant of the test
generalizes the constant variance test of Medeiros and Veiga (2003) who as-
sumed that under the alternative, the error variance changes smoothly over
time. An important assumption in the present paper is that while the error
variances change over time, the correlations between them remain constant.
This restriction has the considerable advantage that it decreases the dimen-
sion of the null hypothesis compared to the case where both variances and
covariances can fluctuate freely under the alternative hypothesis.

The plan of the paper is as follows. The model and the structure of the error
covariance matrix are introduced in Section 2 as well as the null hypothesis
to be tested. The test statistic is presented in Section 3 and illustrated in
the bivariate case in Section 4. Section 5 contains the test against smoothly
changing variances. Small sample properties of the test are considered by
simulation in Section 6. Section 7 contains conclusions.
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3.2 The model

Consider the following multivariate (vector) model

yt:f(xt;¢)+€t’ tzl?"‘7T, (31)
where y; = (y1t,.--,Ymt) is an (m x 1) vector, x; = (Ty,...,ZTn) is an
(n x 1) vector of explanatory variables, some of which may be lags of the
elements of yy, 1 = (1/)’1, P, ... ,1/);,1), is a column vector of model parameters,

and
£ (xe;) = (f (xe391) -0 f (x5 9,))

is an (m x 1) vector of linear or nonlinear functions of x;. The m-dimensional
vector error process {€:} is a sequence of random variables with zero mean
and conditional (m x m) covariance matrix Q|I; = [w;j;], where I; is the
information set at time t. More specifically, the time-varying variances w;;;
have the form

wit = h; (Phvie), i=1,...,m, (3.2)

where h; () is a positive function of a linear combination of a ((p; +1) x 1)
/
parameter vector ¢; = (U?,(p?l, 0, ... ,cpfpi) and a vector of stochastic or

deterministic variables vi; = (1, vi1e, viot, - - - ,’Uipit)l believed to influence the
variance. In some situations v; = vy, ¢ = 1,...,m. The variance w;; is
thus a function of a time-varying component. We make the following general
assumption:

Assumption 1 The time-varying covariances w;j; have the form
/2. .
wijt = py; (Wiitwyjt ) Zii=1,...,m, (3.3)
where p;; is the correlation coefficient of £ and £5;.

Bollerslev (1990) made this assumption when he defined the Constant
Conditional Correlation GARCH (CCC-GARCH) model. It makes the cor-
relation structure of €2; time-invariant and implies that the covariances are
time-varying functions only through the corresponding variances. This is a
simplifying assumption which imposes structure on the way the variances are
allowed to change over time. It can be tested as well, see Tse (2000). Both
Engle (2002) and Tse and Tsui (2002) consider generalizations to the CCC-
GARCH model. In this work, however, the focus is on testing the constancy
of the whole covariance matrix when the alternative is characterized by (3.2)
and (3.3). The general functions h; (-) defined in (3.2) allow for a wide variety
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of covariance structures. Using the above notation, the null hypothesis to be
tested is
Hy :wyt = wy o @hvyg =02, i=1,...,m, (3.4)

since under the null hypothesis w;; = h; (012) t = 1,...,m, that is, the
variances remain constant over time. Under H, the errors are independent.

The general definition (3.2) allows us to test the constancy of the variances
against a number of alternatives. The flexibility implied in choosing functions
h; implicitly reduces the severity of the assumption of constant conditional
correlations because h; represents a whole set of positive-valued functions.
The only, albeit nontrivial, restriction is that the argument of h; is a linear
combination of elements of v;;.

An interesting specification of the variance, considered by White (1980) as

an alternative to homoskedasticity, is obtained by defining

n n
wiit = h; (U? + 3> > 5ijkzjtzkt> = h; (012 + &;vech (xtxt)) , i=1,...,m,

J=1k=j

(3.5)
where 51 = (51'11,51‘12, ey 51'1”, 51’227 51'23, AN ,51‘2”, ey 5inn)l, 1= 1, .., 1, and
X is defined above. The hypothesis of constant variance is equivalent to
H():(Sijk':o,jz 1,...,n, k:j,...,n,izl,...,m, or 51 =0,2'———1,...,m.
Another interesting case is the one of conditional heteroskedasticity:

q
Wit = Ny ((722 + Zl aijgzz,t—j> y Q4 >0, i=1,...,m, (3.6)
]:

where the null hypothesis is Hy : o5 = 0, 5 = 1,...,¢, 4 = 1,...,m. If
h; is assumed to be an identity function, the alternative to a time-invariant
covariance matrix is seen to be the Constant Conditional Correlation ARCH
model of order ¢, see Cecchetti, Cumby and Figlewski (1988) and Bollerslev
(1990). Additional examples will be considered in Section 5.

3.3 The test statistic

In this section we derive the Lagrange Multiplier test for the null hypothesis
(3.4) under standard regularity conditions. Parameterizing the linear com-
bination ¢}v; in the variance equation (3.2) in a suitable fashion yields the
appropriate test statistics in the cases of interest. In order to derive the test
statistic we need the log-likelihood function of model (3.1). It follows from
Assumption 1 that the covariance matrix €2; can be written in the form

Q. = D,PD, (3.7)
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where

D, = diag[wi{f,...,wlﬂ}

= diag | [h1 (¢1vie)]"* - [ (@vime) ] 7] (3.8)

is a diagonal matrix of standard deviations, and P = [pi]-] is the correlation
matrix. The parameters @ in the covariance matrix are ordered according to
0= (], 00, P, P )', where ¢, is the column vector of parameters in w;;;
from (3.2), and p is the column vector of correlations ordered as follows:

’
p= (,012,,013, <o P1m> P23 P24y - -+ Pamy - - ’p(m‘l)m) . (39)

As defined above ¢; is a ((p; + 1) x 1) vector, and let p, = m (m — 1) /2 be
the number of parameters in p. Then p = p1 +...+pm +m+p, is the number
of parameters in 8. We make an additional assumption which is not overly
restrictive:

Assumption 2 The functions f (x4;;) and h; (@jvy), i = 1,...,m, are at
least twice continuously differentiable for v, and ¢, (parameter space) almost
everywhere in the sample space and, furthermore, ¥, and ; are variation-free.

The assumption of 9, and ¢, being variation-free makes the population
information matrix block diagonal in 9 and 8, and in the subsequent consid-
erations we can ignore the part of the score vector related to 1. The quasi-log
likelihood function for observation ¢ has the form

I

1 1
2 (¢,0) c+ §1n|9;1| — Eegﬂt’let

1 1
= c+hn|D{Y - 5 I[P - aegn;let. (3.10)

The relevant block of the average score vector and the population information
matrix are defined in the following lemma:

Lemma 1 The ’variance block’ of the average score vector of the gquasi log-
likelihood function (3.10) equals

0

1 Jvec (P)IU
2 00

T —1yV/
B 1 ovec (D 1 {m 1
sr(0) = 7 E {——(B—t—)—vec (Dt - Eetsth lp-1_ §P Ip; letei)
1

ec (P7'D; gD P! — P‘l)} ) (3.11)
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dvec(D 1Y ! . .
where L—(ao—t—)— and Qveg# are (p X mz) matrices, and the two vectorized

matrices are (m2 X 1). The corresponding (p X p) block of the population in-
formation matriz equals

T {8’066 )
Ir(60) = = E E {D; ® D+ (3.12)
1 dvec (D
+§ (P~1 X Qt) + 5 (Qt ®P—1)} _U_a(e_,_)_

1 dvec (Dt_l)l 1 1 Ovec (P)
g (D;oP '+ P @Dy —50
1 Qvec (P)’ 1 1 Jvec (Dt'l)
——-2———80 (Dt®P +P ®Dt) _80,

1 dvec(P) ,_ 4 _1\ Ovec(P)
+t5 59 P 'eP )—80, ,

Proof. See the appendix.

The relevant blocks of the average score vector and the population infor-
mation matrix can thus be expressed in terms of the matrices Dy, P, £2; and

the first order partial derivatives of D, 1 and P with respect to the param-

. . 9
eter vector 6. In the Appendix, an expression for ve;( /t ) can be found,

together with three explicit examples for the bivariate case. Estimating the
parameters @ under the null hypothesis, estimates of the average score vec-

tor, St (5), and the population information matrix, IT (0), are given by

. a D . . . .
replacing veca(a,t ), avgg(,P), D;, P, £2; and &; by their maximum likelihood
dvec(D; ~ =~
estimators under Hy. These are denoted by ve;(@/t ) , a”g‘;(,P) 0 D, P,
o 0

© and e =y — I (xt;v:lv)), respectively. The subscript ¢ in D; and £2; can
be dropped under the null, since the variances are constant. Under standard
regularity conditions, the LM test statistic given by

LM =T 57 (5)"1} (5) s (5) (3.13)

is asymptotically x? distributed, with p — Dp — M = p1 + ...+ py degrees of
freedom under the null hypothesis (3.4), where TT (5) is a consistent estimator

of It (@) under Hy. The number of degrees of freedom equals the number of
parameter restrictions in Hy.
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3.4 Bivariate illustration

In this section we consider a number of examples of the test. In order to
illustrate its structure, we first discuss the bivariate case in which the alterna-
tive only contains a single time-varying covariance. In this case, average score
vector in Lemma 1 equals

T

57(0) = Z Gk +1¢) (3.14)
1

where p is the correlation between the two error terms e; = (81t,82t),, and
. 1/2
= (k1,0,0, kze), with ki = &% — pdyyér — (1 — p%), and ¢y = eur/wily,

= 1,2. Furthermore, G; is a (p x 4) matrix defined as

1 8
g 07 07 0 m——;;f 0, 0 0,
Gi=| 02 02 02 gy | = 0, 0y 0p i-eou (3.15)
0O 0 0 0 0 0 0 0

where g;; is the weighted partial derivatives of the variance w;;; with respect to
the parameter vector ¢; in wy;, and 0; is a ((p; + 1) X 1) null column vector,
¢ = 1,2. The first p; + p2 + 2 rows in G; correspond to the first p1 + po + 2
parameters in @, while the last row corresponds to the correlation coefficient
p. Finally, the column vector r; in (3.14) equals

_ —pot — pgh+ (1+9%) dudar +p (1 - 4°)

) [07,05,2]".  (3.16)

Iy

Replacing p, ¢;;, wsit, and € by their maximum likelihood estimators p, 5#,,
512, and &;; respectively, the average score evaluated under Hy becomes

T
Sr (0) — Q—:F—(flfﬁz_) ;Gtkt (3.17)
T

since % >"1: = 0. The expression for the population information matrix is

given by

T
I () = A ; E{G;AG; - GB} - B;G, + C} (3.18)
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where p and G, are defined as before, and, letting 0 be a ((p1 +p2 + 2) x 1)
null column vector,

2 2 2
2w12pl : 00 _2wlftw22t
0 0 0 0
A=
0 0 0 0
2wirtwaeae 2w2,,
0 00 O 00" 0
Btz[ 0 0 :|:C= 2(14p? .
o 000 o 0’ %}7—)

Evaluated under the null hypothesis, ;&t = A and ﬁt = }§, and the population
information matrix becomes

I (9) = 5 S {GAG -G BE+ 8} )
1

Consider now the first one of the two variance specifications mentioned in
Section 2, that is,

hi (ivie) = hy (012 + &jvech (xtxi)) ,t=1,2.

The vectors g;; are then defined as

g = 1 Qw1 [ Oh; O@\vie  Bhy Opivi ]/ (3.21)
- - v, 2 7 7 .

' Wit B(Pi Wist Op;viz 0o} Opivit 08,

1 0Oh

— 1, vech(xx)) 1,i=1,2.
wiit 0P Vit [ (1) ]

Note that py = p» = n(n+1) /2 so that the null vector blocks in B and C
are ((24+n(n+ 1)) x 1) column vectors. Note, furthermore, that under Hy,
az?j,it = ¢; and, as discussed in Breusch and Pagan (1979) the LM test statistic
will be independent of the actual functional form of the function h;. As the
null hypothesis equals Hy : 47 = 8o = 0, the resulting LM test statistic in
(3.13) has an asymptotic x? (n (n + 1)) distribution under the null hypothesis.

For the second case with conditional heteroskedasticity,

q
hi (pivit) = hy <af + 3 aijszt_j> , 055 >0, i=1,2, (3.22)
j=1
!
the matrix Gy follows in the same way, with g;; = wiit Bz?\jit 1, 5?1&—1’ e ,6?t_ q) ,

i = 1,2. The null vector blocks in B; and C are now of size (2(q¢ +1) x 1).
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Under the null hypothesis Hy : a;; = 0,1 = 1,2, j = 1,...,q, the LM test
statistic has an asymptotic x2 (2q) distribution.

Remark 1 Note that the above explicit calculations of the average score vector
and the population information matriz are just given as examples. Since the
score vector and the information matriz in Lemma 1 are expressed in terms of
the matrices D¢, P, Q¢ as well as the first-order partial derivatives of D Land
P, an operational test statistic is obtained simply by replacing these matrices
in Lemma 1 directly by their mazimum likelthood estimators under the null
hypothesis.

3.5 Testing against smoothly changing variances

3.5.1 Assumptions

The test can easily be modified to also allow for variances that change smoothly
over time. We will only consider testing the hypothesis of constant variance
against variances with two extreme regimes, where the argument of h; changes
monotonically over time. It is straightforward to generalize the method into
situations where the change of the argument is non-monotonic. To accomplish
a modified test, the time-varying variances wj;, equation (3.2), is respecified
according to

Wit = My (0’? + M E; (Zit)> , t=1,...,m, (3.23)

where ); is a scalar parameter and F; (+) is a real-valued function of a time
varying component z;. Assume, for notational simplicity, that F; (0) = 0,
i = 1,...,m. This is not a restrictive assumption as we can always replace
F; (zit) by E (#t) = Fi (#t)—F; (0). To proceed further, we make the following
two assumptions:

Assumption 3 Function F;(z) is bounded, odd, monotonically increasing,
possessing a nonzero dertvative of order (2d + 1) in an open interval (—a,a)
around z = 0 for a > 0. Furthermore, 0"F;(z) /azh|z:0 # 0 for h odd and
1<h<2d+1.

Assumption 4 a? + XN E min > 0 and a? + AiFimax > 0,1 =1,...,m, where
Fimin = F (—00) and Fjmax = F (00), i =1,...,m.

The two assumptions implies a smooth change in the arguments between
012 + AiFj min and 012 + AiFimax. When h;, i = 1,...,m, are identity func-
tions, then the variances fluctuate between these values. Furthermore, when
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F; (z) = 0 for all ¢, the variances are constant. Using the above notation the
null hypothesis to be tested is

HO L Wiip — Wi OT Fi (Zit) = 0, = 1, Leey TN (3.24)

The alternative hypothesis is simply that (3.24) is not valid.

3.5.2 The identification problem and a solution

The testing problem outlined above is nonstandard in the sense that the vari-
ance functions (3.23) are only identified under the alternative. When the null
hypothesis holds, A; is an unidentified nuisance parameter. Hansen (1996)
contains a thorough discussion of this situation and considers remedies. In
this paper we follow Luukkonen et al. (1988) and circumvent the problem
by a suitable approximation to the log-likelihood function, more specifically
the diagonal elements of Dy. This is done by replacing F; (z;+) by its Taylor
expansion around z;; = 0, the value under the null hypothesis. Suppose that
Assumption 3 holds for d = 0 and consider the first-order Taylor expansion
w;zi + R; where w; = 0F;/0zit|,,—~0 and R; is the remainder. The function
can then be approximated by

Fi(zit) = wizie + R (211) - (3.25)

Inserting the approximation (3.25) into (3.23) and reparameterizing yields
wiie = hy (af + A zig + /\iRi), where A\{ = Aw;. The i-th component of the
null hypothesis is then A} = 0. Note that we can ignore the remainder because
R;=0,i=1,...,m, under the null hypothesis. Thus, we can write

D! = diag [[h1 (0% + Aiz1e)] v [Pm (02, + Xy 2me )] 1/2J

— diag [[hl GV [ (V)] 1/2] (3.26)

and use (3.26) to approximate D; in (3.10), where ¢; = (a?,/\’{)/ and v}, =
(1,z1). This matrix has a structure similar to (3.8) in that the argument
of h; is a linear combination of terms such that h; is constant when the null
hypothesis holds. Thus, after reparameterizing, (3.26) and (3.8) result in the
same log-likelihood function. As a consequence, Lemma 1 is also valid for
testing the hypothesis of constant variances against time-varying variances

with regime shifts.
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3.5.3 Smooth and deterministically time-varying variances

As a leading example, consider the logistic function
Fi(zi) = (1 +exp(—2) ' —1/2, i=1,...,m. (3.27)

The transition function F (-) defines a smooth transition of the variances over
time between two regimes corresponding to the cases when F (-) = —1/2 and
F (-) =1/2. A natural choice is to define the time-varying component as

ZitZ’Y,L-(Tit——Ci),i=1,...,m, (328)

where 74 is the transition variable, the parameter 7, controls the speed of
adjustment between the regimes, v, > 0 for identification purposes, and ¢; is
the transition centre. Function (3.27) satisfies Assumption 3, and assuming
024 );/2>0fori=1,...,m, even Assumption 4 is satisfied.

The null hypothesis Q;= € equals Hy : v; =0, ¢ = 1,...,m, whereas at
least one 7; > 0 under the alternative. Under the null hypothesis F'(-) = 0,
and the variances remains constant over time, w;; = 0?, 1 =1,...,m. It
should be noted that letting v, — oo in (3.28) creates a break in the variance
wiit at T4 = ¢;, since the logistic function then equals a step function.

In testing parameter constancy, an obvious choice is to let 744 = ¢/T in
(3.27), see Lin and Terésvirta (1994). In this case the variances are changing
smoothly and deterministically over time. Note that the transition in variance
is defined in terms of its relative location so that 7, is bounded between 0 and
1. This assumption is made for convenience. If the null model is rejected and
the alternative estimated, parameter ¢; has a straightforward interpretation
as an indicator of the relative mid-point of the change in the variance wj;;.
Explicit expressions of the LM test statistic can easily be calculated as in the
previous section.

Consider as before the bivariate case where the variances under the al-
ternative are approximated by wiiz = h; (crl2 + A\it)T ), t = 1,2, and the null
hypothesis, Hy : A] = A5 = 0. Defining the matrix G; as in (3.15), now with
gt = #%@; (1, t/T )', i = 1,2, the average score vector evaluated under
the null equals

T

1 -~
Sr (0) - 2—fljﬁ—_ﬁ—g);c;tkt (3.29)

where l;t = (klt,0,0,kzt), is defined as before. The population information
matrix under the null is given by
S 1 T
I (0) =———> {G AG,-G/B - BG, +C} 3.30
T T (=7 EI: tAG; — Gy ¢ (3.30)
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where the coefficient matrices A, B¢, and C are defined as before in (3.19).
The resulting LM test statistic can then be expressed explicitly as

LM = Tsr (b’)'TT (’é)_lgT (8)

3 IR
= —— | (2-7°)7 (Zkltt>
1

T3 (1-7°)

T T T 2

+275555 Y kut Y kut+ (2-7°) 74 (Z ’éQtt) .(3.31)
1 1 1

Since Hy has two restrictions the LM statistic has an asymptotic x2 (2) dis-

tribution under the null hypothesis.

Note that in the present case the arguments of A, are assumed to change
monotonically over time under the alternative, 74 = t/T. Replacing this
variance structure by a higher-order polynomial in ¢/T" leads to more flexible
tests. The only adjustment one has to make for such a modification is to
recalculate the column vectors g, ¢ = 1,...,m, and adjust the degrees of
freedom. Finally, for m = 1 the test statistic (3.31) collapses into the one
presented in Medeiros and Veiga (2003) for testing the constancy of a single
error variance over time.

3.6 Small sample properties of the test

In order to investigate the empirical size of the test in small samples, and
obtain an idea of the power the test has against the alternatives consid-
ered, we conduct a Monte Carlo simulation for the case m = 2 in (3.1).
The simulations are performed at a 5% level of significance for sample sizes
25,50, 100, 250, 500, 1000 and with 100000 replications in each experiment.
The size and power are estimated for the joint test but are also conducted
separately for each equation.

3.6.1 Size simulations

When considering the size properties, we assume h; (¢}vit) = @;v; in (3.2)
for simplicity because, as Breusch and Pagan (1979) point out, the test is
independent of the functional form of h;. The vector error process {e;} in
(3.1) is assumed bivariate normal with mean zero and covariance matrix

Q:“ ’1)} (3.32)
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where p = —0.9,0.0 and 0.9. Note that the elements of &; become linearly
dependent and £ singular when p = 41. The log-likelihood function is thus
not well defined if p = 41, which may cause size distortion in cases where
lp| ~ 1.

In testing against the ARCH(q), we let the lag length ¢ = 1,3, 5, and in the
White case the number of explanatory variables in the model (3.1) is assumed
to equal 2 or 4. In this case, the explanatory variables z;, j = 1,...,n, are
assumed independent normal with mean 1/j and variance 1.

Tables 3.1 to 3.3 show the estimated rejection frequencies when testing
against the three alternatives for the different combinations at a 5% level of
significance. No major size distortion is detected in any of the experiments.
Nor does |p| = 0.9 lead to any overrejection of the null hypothesis compared
to the case p = 0. The estimated size tends towards the nominal level with
increasing sample size, as expected.

The test against the White specification, Table 3.1, is slightly oversized for
n = 4. When n = 2, the distortion is smaller. The joint test has a slightly
higher rejection frequency than the two univariate tests.

Table 3.2 contains results for testing against ARCH(1) errors. In this case
the test is undersized for small samples. No difference can be detected between
the univariate and joint tests. The results for ARCH(3) and ARCH(5) errors
are similar and not reported here.

The results in Table 3.3 indicate that the test against smoothly changing
variances with 7;; = ¢t/T has very good size properties. The test is only slightly
undersized at small samples and attains about the correct size at T = 250.

3.6.2 Violating Assumption 1: time-varying correlations

Before considering the power of the test, it is important to investigate the
consequences of violating Assumption 1. The assumption of constant cor-
relations can be criticized as being too restrictive. It may be argued that
if the null hypothesis of constant variances is rejected, it would be difficult
without any further investigation to distinguish between a rejection due to
time-varying variances with constant correlation, time-varying correlations or
a combination of the two. In order to investigate the consequences of time-
varying correlations, we set up a Monte Carlo simulation similar to the one
used in the size simulations. Generating data under the null hypothesis, errors
assumed bivariate normal with constant variances, but with time-varying cor-
relation, the effects of this alternative on the size of the test can be analyzed.
We investigate two different types of time-varying correlations. First we as-
sume that the correlation grows monotonically from —1 to 1 over the sample
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period ¢ = 1,...,T. In the remaining case, the correlation is drawn randomly
for each observation from a uniform distribution. The two time-varying cor-
relation structures can be summarized as follows:

where t = 1,...,T. In order to save space, not all combinations of variance
specifications and time-varying correlations are reported. The tables contain
only a selection of the simulation results. The omitted results are available
from the authors upon request.

Table 3.4 contains the estimated rejection frequencies for the different se-
tups with time-varying correlation. They can be compared directly with the
results in Tables 3.1-3.2. No major difference in rejection frequencies suggests
that the test does not have appreciable power against time-varying correla-
tions.

It can be seen for the White case with four explanatory variables that the
rejection frequencies are slightly higher than the corresponding values for the
size simulations in Table 3.1. For n = 2 the difference is smaller than with
n = 4. These differences are in practice negligible, which means that any effect
of time-varying correlation can be ignored. The same conclusion holds for
the ARCH(1) case, in which no difference is found in the rejection frequencies
compared to the size simulations. The same is true for ARCH(3) and ARCH(5)
errors. Simulating the test against the smooth transition alternative with
a random correlation, type 2, likewise shows no power against time-varying
correlation. On the other hand, letting the correlation increase monotonically
over time, results in strong underrejection of the null hypothesis. This is a
somewhat surprising result considering the strong structure of the sequence of
correlations. A proper explanation can not be given at this point. It is well-
known that changes in variance affect the amplitude of errors, introducing
time-dependence in the volatility. While leaving the amplitude intact, it could
be possible that changes in correlation introduces some sort of ’co-volatility’
of the variances, affecting the size of the test.

3.6.3 Power simulatiorfs

In power simulations we again assume that h; (@ivy) = @.vy. The test is
carried out against the White specification with n = 2,4, the ARCH(q) speci-
fication for ¢ = 1, 3,5, and furthermore, the smoothly changing variance with
Tit = t/T as before. The vector error process {&;} is drawn from a bivariate
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normal distribution with mean zero but now with the covariance matrix

1/2
w w W
Q, = 11 s p (wiiswaot) (3.33)
P (w11tw22t) Wa2t

where the variances w;; are time-varying for ¢ = 1,2. The correlation coef-
ficient is constant over time, and we set p = —0.9,0.0 and 0.9 to see how p
affects the power of the test. The time-varying variances wy1; and wog; are gen-
erated by the three parametric variance specifications discussed above. The
parameters in (3.5), (3.6), (3.23), and (3.28) are defined as follows:

Parametric cases:

White specification

n =24, 51=52=§(1,1,...,17, j=1,10,100
ARCH specification (3.34)
q=1,3,5, (a1, a9, as, aq, a5) = (0.25,0.20,0.15,0.10,0.05)

Smooth transition specification with 74 = ¢t/T
v=1,10,100, c=ZTH N =X =1

Furthermore, we set 02 = 02 = 1 in (3.2). In addition, we simulate the
following three alternatives:

Other alternative cases:

1. Monotonically increasing variance
Wit = 1+7f-v;_11(0—1)

2. Step change in variance (3.35)
Wit = 1+(C-—1)I(t> [%])

3. Random variance
Wizt ~ U (1, C)

In this setup, ¢ > 1 and I (¢ > [—g]) is an indicator function: I (A) =1 when
A is true and I (A) = 0 when A is false. In the first case the variances change
monotonically from 1 to ¢, the second case involves a structural change or a
sudden increase of the variance, and in the third case the variance is completely
stochastic. More specifically, ¢ is set to ¢ = 2,10, where ¢ = 10 implies a strong
increase in the variances over time.
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We thus have six possible variance specifications to test against. When
generating the variances, we have three parametric families of time-varying
variances with a total of twelve designs and three other cases with six possi-
ble designs in total. Including the three correlations, there are 324 possible
alternatives. As a consequence only a small selection of the simulation results
will be presented. The remaining ones are available from the authors upon
request.

Note that the results are not corrected for any size distortion. This choice
can be debated, but since tests such as this one are in practice usually applied
without size-correction and because size distortion appears small, the size has
not been adjusted. Tables 3.5-3.13 show the simulation results for a number
of combinations. Consider first the results from the parametric cases (3.34) in
Tables 3.5-3.10. The results in Tables 3.5-3.7 indicate, not surprisingly, that
the test has high power against the correct family of time-varying variances.
As would be expected, the power increases with the sample size but does it
also when the time-variation becomes stronger.

We have also simulated tests against incorrect alternatives. The results in
Table 3.8 show that testing against the ARCH(q) family when the variances
are generated by the smooth transition specification, or vice versa, results
in moderate to high power, between 0.50 and 0.95, if the time-variation is
strong, as in the smooth transition case when v = 10 or 100. Similar results
are obtained for the other ARCH alternatives. Testing against the White
family assuming that the alternative process is either an ARCH(q), Table 3.9,
or having smoothly varying variances indicate that the tests have low or no
power at all. From Table 3.10 it can be seen that the same result holds when
the variances are generated by a member of the White family when testing
against the ARCH(q) or a member of the smooth transition family.

For the three other alternative cases (3.35), the simulations yield results, in
Tables 3.11-3.14, in line with the parametric ones. For the first two cases, with
a monotonically increasing and a sudden increase of the variance in Tables 3.11
and 3.12, tests against the smooth transition alternative show high power,
against the ARCH(q) case moderate to high power, and against the White
alternative low power. The third case with a completely stochastic variance
in Table 3.13 low and very slowly increasing power for all three alternatives
considered in these simulations.

Finally, in none of the simulation alternatives did a correlation |p| = 0.9
lead to any major changes in power of the test compared to p = 0. Also, the
joint test has higher power than the univariate tests in any of the combina-
tions considered, given that both equations in the model have time-varying
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variances. This is an expected result, since a joint test takes the dependence
between the error processes into account. However, if only one of the equa-
tions in the model has a time-varying variance the joint test does not have as
high power as the single-equation test. Carrying out both the joint test and
the single-equation tests can therefore be recommended in practice.

3.7 Conclusions

In this paper we have derived a test of a constant error covariance matrix of a
multivariate model under the assumption that the correlations remain constant
even under the alternative. It is best viewed as a useful diagnostic test. A
rejection of the null hypothesis against a particular parametric alternative does
not necessarily mean that the true model is the specified one (3.1) with errors
following this alternative. It could as well be an indication on a misspecified
conditional mean or caused by a structural change.

The Monte Carlo simulations show that the LM test has good size proper-
ties. No major size distortion is detected in any of the experiments considered.
The power simulations show that the test has very good power against a cor-
rectly specified alternative, but low or only up to moderate power in cases for
a misspecified alternative hypothesis. Simulations has also been carried out
in the case where the assumption of constant correlations is violated. The
results show that the test is not in any major extent affected by time-varying
correlations, except for a very particular case where the correlation increase
monotonically over time and the variance is assumed to change smoothly with
time under the alternative.

The assumption of constant correlations may be considered overly restric-
tive to begin with. Nevertheless, the results in this paper show that the
assumption is a practical way of reducing the dimension of the problem of
testing constancy of an error covariance matrix to a manageable size. The
test may therefore be expected to be a useful addition to the toolbox of an
applied econometrician.
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Proof of Lemma 1

A.1 Derivation of average score vector and popula-
tion information matrix.
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The average score vector is then given by
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Then taking the sum over all ¢, the average Hessian matrix becomes
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where p in I, is the number of parameters in 8. This concludes the proof. W
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A.2 Expression of first order partial derivatives of

D; L

Note that the matrix D; ' can be written as

D! = diag (H (¢1), H (@3) - -, H (1)),

where ¢, are the parameters included in the variance wiit, @ = (@, 5, ..., @0, p')

and

H () = ——
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(A.9)

As before, let p denote the total number of parameters in 8, p; + 1 the number
in ¢;, not necessarily equal for all 4, and p, the number in p. After reparam-
eterizing, if necessary, the first order partial derivatives are given by
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vector, the diagonal matrix is (m2 X m2) and the second matrix is (m2 X p).
Note also that ——g—if—') is a (1% (p; +1)) vector and —(T":f—tl =0,is a

(1 x pp) vector.

A.2.1 Special case 1. h; (@ivy) = h; (02 + Swech (x,x})), 1= 1,2.

Inserting h; (p}vit) into (A.9), the function H (p;) equals,

H () . 1 =1,2
i i = ,’L =1, 4.
(hi (wgvit)]lﬂ [hi (0’% + &jvech (xtx’t))] 1/2

The first order partial derivatives then follows from (A.10) as

gvee (DY) - <_ WPV oo B (#hvar) )
2

o0’ (v 27 2 (kg (Phva)]?
Py v
aclp{llt O 0
y 0 0 0
0 0 0
0 B‘PIQV% 0

A
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i Ry (@yvie)
B 00 0
2[hs (oF+8) vech(xixi))| 7
~ 0 0 0 0
- 0 00 0
h (cplvzt)
0 0 0 _ 2 2
i 2[ha (03 +84vech(xex}))]” |
1 wvech(xx})" 0 0 0
x| 0 0 ; o 0
0 0 0 0 o
0 0 1 wvech (x:x;)" 0

where 0 is a (1 x n(n + 1) /2) null vector, that is the same number of elements

3hi(‘P§Vit) .

as in vech (x;x})’, and R, (pivie) = ot 1,2. Estimated under the

null,

i hrl(‘Pllv“)lHU i
— 2D 52> 0 0 0
dvec (Dt_l) _ 0 00 0
o0’ B 0 0 0 0

" 0 00 - hg(%vzt)ifi"

L 2 (38)]

1 wech (x;x}) 0 0 0

» 0 0 0 0 0

0 0 0 0 0

0 0 1 wvech(xx})" 0

q
A.2.2 Special case 2. h; (pivi) = h; (01z + > ozijeft_j> » 1 =1,2.

Jj=1

After inserting the variance specification in (A.9) we have

1 _ 1 ;
. U /2’
[hz (‘P;‘ﬂt)] [h, (012 + Oﬁil&f%t_l +...+ aingizt_q)]

H(‘Pz) = = 1,2.
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The first order partial derivatives then follows

dvec(D;!)  _ @%Q_hu%wo 00 ___ha(hvar)
[

96’ 2[hn (¢ vae) /2 2 [he (shvae)]*/?
B(PI Vi
e, 00
y 0 0 0
0 0 0
dphvat
0 3% 0
B MCAZD)
2[h1(021’+a115ft—-1+"‘+al"€%t—q)]3/2 00 °
~ 0 00 0
= 0 00 0
_ hl;(‘ﬂ’zvzt)
0 O T irenc b tanh )
1 E%t——l E%t—-q 0 0 PN 0 0
y 0 0 0 0 0 0 0
0 0 o 0 0 .. 0 0]
0 0 0 1 &y .o €y O
where hg (plvig) = %"ZQ_’—?), t = 1,2 as before. Estimated under the null the
expression equals
- h' / 7
1
Ovec (Dt~ 1) . O 00 0
00’ - 0 00 0
HO 0 0 0 _ h’z(Lp/zvzt)lHO
i 2[ha(a3)]**
18, ... g%t—q 0 O 0 0
y 0 0 0 0 0 0 0
0 0 0 0 0O 0 O
0 0 0 1 &%, g%t_q 0

A.2.3 Special case 3. h; (pjvi) = h; (t/T), i = 1,2.

Inserting h; (¢}vie) = hi (t/T) into (A.9), no reparameterlzmg needed for this
case, then H (p;) = 75, ¢ = 1,2, and (A.10)

S
[rs(ebvie)] [ht(<?+A:t/T+asz)]



Appendix A 109

follows as
~1
dvee (DY) _ i (_ MV ok (hva)
06 2 [h (¢ vae)]*? 2 [ha (@hvae)*?
8Vt
a0 0
y 0 0 0
0 0 0
dphvas
0 '827’2" 0
r— i eivee) 373 00 0 ]
2[h1(s3+Ajt/T+o1 Ry )]
_ 0 00 0
- 0 00 0
0 00 — LACALD) 75
i 2[h2(c§+A5t/T+a2Rs)|™ " |
1 ¢T 0 0 O
y 0 0 0 0 O
0 0 0 0 O}’
0 0 1 ¢t/T O
I, __ahi(‘P'iVit) . .. )
where h; (@ivi) = “Belva 0 1= 1,2 as above. The derivative becomes after

estimated under the null hypothesis

h/ / -
[ fledole g g 0
2(hs (1))
dvec (D; 1) B 0 0 0 0
o6’ . B 0 0 0 0
0 0 00 ———h’?(%m)slff
i 2[h2(53)] ]
1 ¢T 0 0 0
« 0O 0 0 0 O
60 0 0 0 O
0 0 1 ¢T 0
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Tables

B.1 Size simulations

Table 3.1 Empirical size of the test of constant variance (3.13) against the
"White specification’ with four explanatory variables, at sample sizes 25, 50,
100, 250, 500 and 1000. ’eq. 1’ and ’eq. 2’ corresponds to the univariate
tests of each equation, and ’joint’ corresponds to the bivariate test.

p=-09 p=0.0 p=2029

eq- 1 eq. 2 joint [eq. 1 eq. 2 joint |eq. 1 eq. 2 joint

25 | 0.067 0.067 0.070 | 0.068 0.067 0.069 | 0.069 0.067 0.070
50 | 0.075 0.076 0.082 | 0.078 0.076 0.083 | 0.077 0.077 0.082
100 | 0.076 0.074 0.082 | 0.075 0.075 0.081 | 0.075 0.076  0.082
250 | 0.067 0.066 0.073 | 0.067 0.068 0.072 | 0.069 0.068 0.073
500 | 0.062 0.062 0.064 | 0.061 0.063 0.064 | 0.061 0.061 0.064
1000 | 0.057 0.056 0.059 | 0.058 0.057 0.060 | 0.058 0.058 0.061
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Table 3.2 Empirical size of the test of constant variance (3.13) against the
ARCH(1) specification, at sample sizes 25, 50, 100, 250, 500 and 1000.

’eq. 1’ and ’eq. 2’ corresponds to the univariate tests of each equation, and
’joint’ corresponds to the bivariate test.

p=-—0.9 p=0.0 p=209

eq. 1 eq. 2 joint |eq. 1 eq.2 joint |eq. 1 eq. 2 joint

25| 0.013 0.012 0.014 | 0.012 0.013 0.012 | 0.012 0.012 0.015
50 | 0.022 0.022 0.025 | 0.022 0.022 0.023 | 0.022 0.023 0.025
100 | 0.032 0.033 0.034 | 0.031 0.032 0.032 | 0.032 0.031 0.034
250 | 0.041 0.041 0.042 | 0.040 0.041 0.041 | 0.040 0.042 0.042
500 | 0.044 0.045 0.045 | 0.045 0.044 0.044 | 0.046 0.045 0.046
1000 | 0.047 0.048 0.048 | 0.047 0.047 0.048 | 0.048 0.047 0.048

Table 3.3 Empirical size of the test of constant variance (3.13) against the
smooth transition specification with 74 = t/T, at sample sizes 25, 50, 100,
250, 500 and 1000. ’eq. 1’ and ’eq. 2’ corresponds to the univariate tests of
each equation, and ’joint’ corresponds to the bivariate test.

p=-—0.9 p=0.0 p=09

eq. 1 eq. 2 joint [ eq. 1 eq. 2 joint |eq. 1 eq. 2 joint

251 0.041 0.041 0.038 | 0.041 0.040 0.036 | 0.041 0.040 0.037
50 | 0.044 0.045 0.043 | 0.045 0.045 0.043 | 0.046 0.046 0.043
100 | 0.049 0.048 0.047 | 0.046 0.047 0.046 | 0.049 0.048 0.046
250 | 0.049 0.048 0.049 | 0.050 0.050 0.049 | 0.050 0.049 0.050
500 | 0.051 0.050 0.050 { 0.049 0.050 0.048 | 0.049 0.051 0.050
1000 | 0.050 0.050 0.050 | 0.050 0.050 0.050 | 0.049 0.049 0.049
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B.2 Simulating time-varying correlation
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Table 3.4 Estimated rejection frequencies of the test (3.13) assuming

constant variances but time-varying correlation p;, t =1,...,T), at
sample sizes 25, 50, 100, 250, 500 and 1000, when testing against:

White, n = 4 25 50 100 250 500 1000
1. pp=-1,...,1]0.060 0.080 0.084 0.078 0.072 0.067
2. | pp~U(-1,1) 0.062 0.082 0.084 0.079 0.073 0.067
ARCH(1) 25 50 100 250 500 1000
.| p=-1,...,1|0.007 0.018 0.029 0.040 0.045 0.049
2. | pp~U(—1,1) | 0.012 0.022 0.031 0.041 0.045 0.047
Smooth transition 25 50 100 250 500 1000
1. | p,=-1,...,1|0.004 0.005 0.006 0.006 0.006 0.006
2. | p,~U(-1,1) | 0.035 0.044 0.050 0.052 0.052 0.053

B.3 Power simulations

Table 3.5 Estimated rejection frequencies of the test of constant variance
(3.13) against the "White specification’, 2 explanatory variables, at sample
sizes 25, 50, 100, 250, 500 and 1000. ’eq. 1’ and ’eq. 2’ corresponds to the
univariate tests of each equation, and ’joint’ corresponds to the bivariate
test. Error variances are generated by the "White specification” with n = 4,

p = 0.9, and parameters 4 in (3.5) as:

6=(1,1,...,1)/100 | §=(1,1,...,1)/10 0=(1,1,...,1)
eq. 1 eq. 2 joint {eq. 1 eq. 2 joint |eq. 1 eq. 2 joint
25 | 0.064 0.063 0.074 | 0.163 0.163 0.209 | 0.365 0.366 0.495
50 | 0.073 0.075 0.088 | 0.245 0.245 0.341 | 0.570 0.571 0.757
100 | 0.082 0.081 0.099 | 0.373 0.372 0.529 | 0.807 0.806 0.947
250 | 0.092 0.092 0.113 | 0.653 0.656 0.850 | 0.988 0.988 1.000
500 | 0.109 0.109 0.136 { 0.896 0.896 0.987 | 1.000 1.000 1.000
1000 | 0.140 0.140 0.184 | 0.994 0.994 1.000 | 1.000 1.000 1.000
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Table 3.6 Estimated rejection frequencies of the test of constant variance
(3.13) against the ARCH(3) specification, at sample sizes 25, 50, 100, 250,
500 and 1000. ’eq. 1’ and ’eq. 2’ corresponds to the univariate tests of each
equation, and ’joint’ corresponds to the bivariate test.

Error variances, for p = 0.0, are generated with parameters in (3.6) given by
(a1, 09, as, aq, as) = (0.25,0.20,0.15,0.10,0.05) for:

ARCH(D) ARCI(3) ARCH(5)

eq. 1 eq. 2 joint | eq.1 eq.2 joint [eq.1 eq. 2 joint

25 1 0.056 0.056 0.064 | 0.089 0.089 0.109 | 0.088 0.085 0.108
50 | 0.159 0.160 0.222 | 0.314 0.314 0.454 | 0.327 0.327  0.472
100 | 0.340 0.341 0.498 | 0.635 0.635 0.837 | 0.673 0.674 0.869
250 | 0.704 0.703 0.896 | 0.958 0.959 0.998 [ 0971 0971 0.999
500 | 0.940 0.939 0.996 | 0.999 0.999 1.000 | 1.000 1.000 1.000
1000 |{ 0.998 0.999 1.000 | 1.000 1.000 1.000 | 1.000 1.000  1.000

Table 3.7 Estimated rejection frequencies of the test of constant variance
(3.13) against the smooth transition specification, at sample sizes 25, 50, 100,
250, 500 and 1000. ’eq. 1’ and ’eq. 2’ corresponds to the univariate tests of
each equation, and ’joint’ corresponds to the bivariate test. Error variances
are generated by the smooth transition specification, and p = 0.9.

vy=1 v =10 ~v =100

eq. 1 eq. 2 Jjoint {eq. 1 eq. 2 Jjoint |eq. 1 eq. 2 joint

251 0.045 0.045 0.042 | 0.195 0.195 0.241 | 0.248 0.249 0.326
50 | 0.059 0.057 0.058 | 0.436 0.434 0.602 | 0.555 0.554 0.751
100 | 0.074 0.074 0.081 | 0.767 0.768 0.934 | 0.880 0.883 0.983
250 1 0.122 0.123 0.152 { 0.993 0.993 1.000 | 0.999 0.999 1.000
500 | 0.202 0.202 0.270 | 1.000 1.000 1.000 | 1.000 1.000 1.000
1000 | 0.354 0.356 0.505 | 1.000 1.000 1.000 | 1.000 1.000 1.000
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Table 3.8 Estimated rejection frequencies of the test of constant variance
(3.13) against the ARCH(1) specification, at sample sizes 25, 50, 100, 250,
500 and 1000. ’eq. 1’ and ’eq. 2’ corresponds to the univariate tests of each
equation, and ’joint’ corresponds to the bivariate test. Error variances are
generated by the smooth transition specification with 74 = ¢t/T, p = 0.0.
vy=1 v=10 v =100
eq. 1 eq. 2 joint {eq. 1 eq. 2 joint |eq. 1 eq. 2  joint
251 0.014 0.013 0.013 | 0.039 0.041 0.045 | 0.055 0.055 0.063
50 | 0.024 0.024 0.025 | 0.073 0.075 0.092 | 0.110 0.109 0.141
100 { 0.035 0.035 0.036 | 0.117 0.116 0.155 | 0.184 0.184 0.256
250 | 0.043 0.045 0.045 | 0.205 0.206 0.289 | 0.348 0.345 0.496
500 | 0.048 0.049 0.051 | 0.326 0.327 0.469 | 0.551 0.557 0.753
1000 | 0.052 0.050 0.054 | 0.530 0.528 0.727 | 0.813 0.813 0.957

Table 3.9 Estimated rejection frequencies of the test of constant variance
(3.13) against the "White specification’, 2 explanatory variables, at sample
sizes 25, 50, 100, 250, 500 and 1000. ’eq. 1’ and ’eq. 2’ corresponds to the
univariate tests of each equation, and ’joint’ corresponds to the bivariate

test. Error variances, for p = 0.0, are generated with parameters in (3.6) given
by (a1, ag, a3, a4, a5) = (0.25,0.20,0.15,0.10,0.05) for;

ARCH (1) ARCH (3) ARCH (5)

eq. 1 eq. 2 joint | eq. 1 eq. 2 joint |eq. 1 eq. 2 joint

25 | 0.059 0.059 0.067 | 0.062 0.063 0.074 | 0.062 0.061 0.072
50 | 0.068 0.069 0.083 | 0.086 0.085 0.111 | 0.090 0.090 0.116
100 | 0.076 0.076 0.094 | 0.113 0.114 0.155 | 0.131 0.131 0.180
250 | 0.083 0.084 0.103 | 0.161 0.159 0.223 | 0.205 0.206 0.295
500 | 0.090 0.088 0.109 | 0.195 0.197 0.281 | 0.270 0.269 0.394
1000 | 0.091 0.093 0.115 | 0.229 0.232 0.335 | 0.337 0.338 0.492
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Table 3.10 Estimated rejection frequencies of the test of constant variance
(3.13) against the smooth transition specification, at sample sizes 25, 50, 100
250, 500 and 1000. ’eq. 1’ and ’eq. 2’ corresponds to the univariate tests of
each equation, and ’joint’ corresponds to the bivariate test.

Error variances generated by the "White specification’ with n = 2, p = 0.0.

§=(,1,...,1)/100 [ §=(1,1,...,1)/10 5=(1,1,...,1)

eq. 1 eq. 2 joint |eq.- 1 eq. 2 joint |eq. 1 eq. 2 joint

25 | 0.040 0.040 0.037 | 0.048 0.048 0.045 | 0.100 0.098  0.110
50 | 0.044 0.046 0.044 | 0.055 0.056 0.057 | 0.124 0.125  0.153
100 | 0.048 0.048 0.047 | 0.060 0.059 0.062 | 0.142 0.142 0.180
250 | 0.049 0.050 0.049 | 0.062 0.062 0.066 | 0.156 0.155  0.204
500 | 0.048 0.050 0.048 | 0.063 0.063 0.068 | 0.160 0.161 0.215
1000 | 0.051 0.049 0.051 [ 0.064 0.063 0.067 | 0.163 0.166  0.220

Table 3.11 Error variances generated as wg;; = 1 + };_119, t=1,...,T,
p=0.0. ’eq. 1’ and ’eq. 2’ corresponds to the univariate tests of each
equation, and 'joint’ corresponds to the bivariate test. At the sample sizes
25, 50, 100, 250, 500 and 1000, the estimated rejection frequencies of the
test of constant variance (3.13) are, when testing against:
White, n = 4 ARCH(1) Smooth transition
eq- 1 eq.2 joint |eq. 1 eq. 2 joint | eq. 1 eq. 2 joint
25 1 0.143 0.140 0.173 | 0.060 0.059 0.070 | 0.341 0.340 0.459
50 ( 0.163 0.165 0.213 | 0.111 0.110 0.145 | 0.671 0.670 0.865
100 | 0.176 0.176 0.237 | 0.180 0.180 0.248 | 0.943 0.943 0.996
250 | 0.184 0.184 0.253 | 0.331 0.331 0.476 | 1.000 1.000 1.000
500 | 0.189 0.188 0.262 | 0.533 0.530 0.731 | 1.000 1.000 1.000
1000 | 0.189 0.190 0.268 | 0.791 0.789 0.945 | 1.000 1.000 1.000
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Table 3.12 Error variances generated as w;; = 14 21 (t > [%]), p=0.0,
t=1,...,7. ’eq. 1’ and ’eq. 2’ corresponds to the univariate tests of each
equation, and ’joint’ corresponds to the bivariate test. At the sample sizes
25, 50, 100, 250, 500 and 1000, the estimated rejection frequencies of the
test of constant variance (3.13) are, when testing against:

White, n =4

ARCH(5)

Smooth transition

eq. 1 eq. 2 joint

eq. 1 eq. 2 joint

eq. 1 eq. 2 joint

25
50
100
250
500
1000

0.095 0.097 0.105
0.116 0.115 0.139
0.122 0.120 0.148
0.119 0.119 0.150
0.117 0.117 0.148
0.115 0.114 0.144

0.045 0.044 0.046
0.085 0.085 0.096
0.149 0.149 0.192
0.283 0.281 0.401
0.460 0.461 0.653
0.721 0.723 0.911

0.110 0.108 0.121
0.254 0.254 0.343
0.508 0.511 0.703
0.904 0.905 0.989
0.997 0.997 1.000
1.000 1.000 1.000

Table 3.13 Error variances generated as w;;: ~ U (1,10), t =1,...,T,
p=0.0. ’eq. 1’ and ’eq. 2’ corresponds to the univariate tests of each
equation, and ’joint’ corresponds to the bivariate test. At the sample sizes
25, 50, 100, 250, 500 and 1000, the estimated rejection frequencies of the
test of constant variance (3.13) are, when testing against:

White, n =4

ARCH(5)

Smooth transition

eq. 1 eq. 2 joint

eq. 1 eq. 2 joint

eq. 1 eq. 2 joint

25
50
100
250
500
1000

0.131 0.133 0.160
0.156 0.156 0.202
0.168 0.169 0.224
0.176 0.179 0.244
0.182 0.183 0.254
0.185 0.181 0.257

0.026 0.026 0.025
0.048 0.048 0.052
0.074 0.077 0.091
0.103 0.104 0.132
0.118 0.118 0.153
0.128 0.129 0.169

0.065 0.064 0.067
0.077 0.077 0.085
0.082 0.081 0.093
0.086 0.087 0.101
0.088 0.087 0.102
0.088 0.088 0.104
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4.1 Introduction

Nonparametric density estimation by kernel techniques is a standard statistical
tool in the estimation of a density function in situations where its parametric
form is assumed unknown. This paper has to do with a special situation where
the observations used for estimating the density are obtained from an unknown
member of a known family of models. Information about the properties of the
model may then be used in estimating the density function of interest. It
may be a joint density of some random variables that in turn are functions of
observations generated by a model belonging to a known family of models.

The example motivating this paper is one in which the problem is to
estimate confidence regions for the combination of kurtosis and first-order
autocorrelation of squared observations of a generalized autoregressive het-
eroskedasticity (GARCH) process. Such confidence regions can be obtained
nonparametrically by first estimating the joint density of the kurtosis and au-
tocorrelation estimators from a random sample. The interest in this problem
originates from considerations in Terdsvirta (1996) who discussed the ability
of some simple volatility models to reproduce so-called stylized facts evident
in financial return series. In that case, the joint density of the two estimators
has a form such that standard density estimation techniques based on a linear
grid do not work properly. They have to be modified and such a modification
is the topic of this paper.

The plan of the paper is as follows. Density estimation in general terms is
discussed in Section 2. The GARCH(1,1) model is presented and the choice
of grid discussed in Section 3. In Section 4 the leading example, estimation of
confidence regions to the kurtosis and first-order autocorrelation pair implied
by a GARCH(1,1) model, is considered. Concluding remarks are found in
Section 5.

4.2 Kernel estimation

Let X;,t=1,...,T, be a random sample from an n-dimensional probability
distribution whose density f (z) is to be estimated. The kernel density estima-
tor with kernel K and window width h, also called the smoothing parameter
or bandwidth in the literature, is defined in its most simple form by

T
F@) = g K {5 - X0} (@)



Estimating confidence regions over bounded domains 123

where the kernel function K () is a function that satisfies

/ K (z)d (4.2)

This paper will focus on estimating confidence regions in two dimensions, so
that in the remainder of the paper we assume that n = 2. Generalizing the
method to higher dimensions is, however, conceptually straightforward.

Estimating the density function of a stochastic variable using the kernel
estimator can in a simple way be described as approximating it by a sum of
'bumps’ centered at the observations. The kernel function K determines the
shape of the bumps while the window width h determines their width. When it
comes to choosing kernel function K and window width A several possibilities
exist, see Silverman (1986) and Scott (1992) for details. The kernel function is
usually a radially unimodal probability density function. The most common
ones are the Epanechnikov kernel

2(1-2'z) ifr'z <1
Ke(z) = { 0 otherwise (43)

and the standard multivariate normal density function

Ko (2) = % exp (-%M) . (4.4)

Two other kernels with some advantages over the Epanechnikov and normal
kernel have the form

3(1—-a'z)? ifdr<1

Ky (z) = {w ) (4.5)

otherwise

401 -a2'z)® ifrr<1
K3(z) = { 0 otherwise. (4.6)

Kernels K3 and K3 have higher differentiability properties than the Epanech-
nikov kernel. These are properties that the resulting density estimate also will
have. In addition, they can be calculated more quickly than the normal kernel
(4.4), which saves valuable estimation time.

When estimating the density, it is a good idea to use a kernel function that
has the same shape as the data cloud itself. If that is not possible the data
can be 'pre-whitened’ by a linear transformation such that it will have a unit
covariance matrix. A density function is then estimated for the transformed
data, which finally is transformed back to represent the density of the original
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variable. In the two-dimensional case, this is equivalent to using a density
estimate of the form

N 12 T
fo =B S pe-ste-xp 6

where the function k is given by k (z'z) = K (z), S is the sample covariance
matrix of the data and h the window width.

It turns out, in practice, that the choice of the functional form of the
kernel is not crucial, whereas the choice of h is very important. The window
width h implies that the kernel placed on each observation is scaled equally
in all directions. If h is chosen to be too small, too few observations will
have a non-negligible weight and the resulting density estimate will appear
rough or undersmoothed. If it is chosen too large, too many observations will
have a non-negligible weight, which leads to oversmoothing the density and
suppressing some of its characteristic features. In some cases it would be more
appropriate to use several values of h, even a separate one for each data point if
necessary. This is motivated if, for example, the observations are spreading out
much more in one of the coordinate directions than in the other. Furthermore,
obtaining a good estimate of the tail, or outer region, of the density can be a
problem. Few observations in the tail can give a jumpy or edgy estimate since
the given h would undersmooth the tail. For the purposes of this paper such
modifications may not be necessary, however. When only confidence regions
are being considered, the tail problem can be largely ignored.

4.3 Confidence regions for kurtosis and first-order

autocorrelation of squared observations in
a GARCH(1,1) model

The density estimation technique discussed in this paper does not rely on an
existing one-to-one data transformation as the one considered in the previous
section and exemplified by equation (4.7). There may be situations where find-
ing a reasonable transformation may not be easy but where other information
is available. By that I mean information that is useful in defining the grid
that determines the values x where the density is approximated. Normally,
this grid is linear and consists of equidistant points in the original coordinate
system, but in some cases other solutions may be available. In order to illus-
trate such a situation, consider the standard GARCH(1, 1) model of Bollerslev
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(1986),
Y = p+ &
Er = Ztht (48)
h? = ag + ag?_; + BhE_;,

where A2, the conditional variance of ¢; (and y;), is a positive-valued function,
which implies that the parameters ag, a, § > 0, and it is assumed that
z ~ nid(0,1), ¢ = 1,...,T. Furthermore, it is assumed that Ee} < oo.
A necessary and sufficient condition for this is that 8% + 2a8 + 302 < 1
in (4.8). When this restriction holds, the kurtosis of ¢; and the first-order
autocorrelation of €2 in (4.8) are given by the equations:

31— (B+0a)?)

B = P T 0ap - 32 (4.9)
_ o(l-p%—apf)

see Bollerslev (1986, 1988) and He and Terésvirta (1999).

The problem is the following. Suppose we estimate the parameters of
model (4.8) from a time series. We can then estimate the kurtosis and the
first-order autocorrelation by plugging in the maximum likelihood estimates
for & and 3 into definitions (4.9) and (4.10). Call the resulting pair of values
(I/Q,’ﬁl). The question of interest is how to obtain confidence regions for the
true kurtosis/autocorrelation combination. In principle, this can be done by

simulation. One draws N pairs (a(i), 0 (i)> from the asymptotic distribution of

the maximum likelihood estimators & and B, which under regularity conditions
including £ |5t2|2+6 < 00, § > 0, see Berkes, Horvath and Kokoszka (2003),
is normal. One then computes the values of (4.9) and (4.10) for each pair,
called (K4(i),p(i)) where ¢ = 1,..., N. The pairs (a(i),ﬂ(i)) for which /3%1) +
203y B3y + 305%1.) > 1 are discarded because for them the fourth moment Ee}
does not exist and (4.9) and (4.10) are therefore not defined. The confidence
regions can now be estimated from the set {(I(4(i),p(i)) i=1,..., N} using
an appropriate kernel method.
In order to illustrate the situation, consider the GARCH(1,1) model for
which
h? = 0.05 + 0.191212 + 0.75879h2_, . (4.11)

The solid square in Figures 4.1 and 4.2 shows the values of the kurtosis of &;
and the first-order autocorrelation of €2 of this model. After estimating its
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parameters, the kurtosis/autocorrelation pair can be estimated, and the solid

circle in Figures 4.1 and 4.2 represents the estimated pair (I?Ll,ﬁl). The empty

circles represent the generated pairs (K4(i),p1(i)>, it =1,...,N. Finally, the
solid line is an isoquant consisting of all points for which a + 8 = ¢, ¢ =
constant, in the GARCH(1,1) model. The constant has been selected such
that c = a + B For a given value of ¢, increasing «, and at the same time
decreasing 3, is equivalent to moving on the isoquant to the right. This implies
that for any ¢ > 0, both the kurtosis and the autocorrelation are increasing
functions of a.

Figure 4.1 Simulated kurtosis/autocorrelation combinations for the
GARCH(1,1) with (ap,a,8) = (0.05,0.19121,0.75879), and an isoquant
a+ [ =0.93868,T = 1000, N = 200, B =true, ®=estimated, ©® =generated.
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An interesting observation from Figures 4.1 and 4.2 is that the simulated

points, while clustering close to (1?4,'/31>, are clustering around the isoquant

defined by @ and B, and spreading more along than around the isoquant.
The point cloud consisting of the points (K4(i),p1(i)> thus has a very par-

ticular shape. Comparing Figures 4.1 (based on T' = 1000) and 4.2 (based
on T = 5000) it is also seen that with an increasing sample size, the simu-
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Figure 4.2 Simulated kurtosis/autocorrelation combinations for the
GARCH(1,1) with (ag,e,8) = (0.05,0.19121,0.75879), and an isoquant
a+ 3 =0.94372,T = 5000, N = 200, B =true, ®=estimated, © =generated.
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lated pairs become more concentrated around (1?4,’;31), as can be expected.

It may be worth noting that both the kurtosis and the autocorrelation are
underestimated even when 7' = 5000.

4.3.1 Choosing the grid

The grid points = where f (-) is defined in (4.1) and (4.7) should cover the
whole domain of interest. This means that they should cover all the points
where the underlying density function is believed to be defined. In many cases
the density is defined for all values ¢ € R?, in which case a linear grid is a
natural choice. A linear grid usually consists of equidistant points between
the smallest and the largest value in both dimensions. Figure 4.3 shows such
a grid for the data set from Figure 4.1. The kernel estimation method will
then assign a weight to each point z in the grid depending on the choice of
kernel function and window width A. The resulting density estimate will, as
a consequence, be defined for all values x in the grid with a nonzero weight.
Consider now Figure 4.3 where, except for the points and isoquant through
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Figure 4.3 Linear grid for the data set and isoquant o + § = 0.93868 and
isoquants a+ 3 = 0.8 (highest isoquant) and a+ 3 = 0.99999 (lowest isoquant).

First—order autocorrelation
0.00 0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40 0.45 0.50

Kurtosis

(1?4,@), the isoquants for a+ 3 = 0.8 and a+ 3 = 0.99999 are included. Note

that the necessary and sufficient condition for the second moment of ¢; to exist
is @ + 3 < 1. Furthermore, by construction, the GARCH(1,1) model implies
a kurtosis of ¢; at least equal to three. Thus, no values of @ and g in (4.9) and
(4.10) would then result in a kurtosis/autocorrelation point in the lower right
corner of the figure, or in points with a kurtosis less than three. The use of the
linear grid for this data set is thus not a practical choice because such a grid
would include a number of irrelevant points. This fact in turn would result
in an unrealistic and unacceptable estimate of the density function. This is
true even if the step size between the points in the grid is made smaller since,
even for a very narrow window width h, nonzero weights will be given to grid
points close to the boundary but outside the area of interest. The estimated
density should equal zero for such points. The problem may be solved by a
suitable reflection or replication technique as in Boneva, Kendall and Stefanov
(1971), or some boundary kernel method for irregular regions as in Staniswalis,
Messer and Finston (1990). Spline smoothing, as in Ramsay (2002), could also
be applied, but none of these methods will be considered here.
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To obtain a realistic density function estimate it is thus necessary, before
constructing the grid, to know the points for which the underlying density is
defined. Since all points in Figure 4.3 lie on some isoquant, the ’definition
domain’ of the density function has the same shape as the isoquants. As a
consequence, using isoquants as grid lines appears an attractive solution. The
resulting nonlinear grid then clearly only covers the theoretically possible kur-
tosis/autocorrelation points, which solves the problem of assigning nonzero
weights to points outside the domain of interest. Figure 4.4 shows the nonlin-
ear grid for the data set in Figure 4.1 using ten isoquants from o + 3 = 0.88
to a+ 0 = 0.98. In practice, both the number of isoquants in the grid and
the number of points on the isoquants influence the resulting density esti-
mate. Furthermore, in contrast with the linear grid, the nonlinear grid does
not consist of equidistant points.

Figure 4.4 Nonlinear grid with ten isoquant curves from « 4+ 3 = 0.88 to
a + (0 = 0.98 for the data set in Figure 4.1.
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As mentioned in the previous section, the data can in some cases be ’pre-
whitened’ by a one-to-one transformation. Using the nonlinear grid when
estimating the density function will in fact yield results similar to the ones
from such a transformation. To illustrate this, consider Figure 4.5 which shows
the generated pairs in the (a,a + 3) coordinate system. The value of o +
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Figure 4.5 Representation of the data set in the (a, a + ) coordinate system.
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determines on which isoquant an observed point lies, whereas the value of «
indicates where on the isoquant the point appears. When using the nonlinear
grid, the kernel function is estimated for each isoquant, moving along the
curve point by point. When all points on all isoquants have been considered,
all values of a and a + 8 have also been considered as if the density function
had been estimated on a linear grid over a and o+ . Note that the data have
not been actually transformed, the reason being that such a transformation
may not be applicable. This is because it is not known whether or not the
nonlinear mapping from (a,a + 8) to (K4, py), or (a, ) to (K4, py) in (4.9)
and (4.10), has a unique inverse.

Note that, without any knowledge about an underlying model, estimating
the confidence region to the data set in Figure 4.1 would be very difficult. In
such a case, no information about for which pairs of kurtosis and autocorre-
lation the density is defined would exist. Using the nonlinear grid would then
be incorrect, since it excludes points where the density could be defined. The
density would thus have to be estimated for the data set as it is, or possible
after some transformation of the data or modification of the Kernel method.
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4.4 Estimating confidence regions

We will now illustrate the method by estimating approximative confidence re-
gions for the true kurtosis/autocorrelation pair in Figure 4.1. The confidence
regions are based on the estimated density function using the nonlinear grid
and the criterion that the region should occupy the smallest possible volume in
the sample space. As pointed out by Hyndman (1996) this criterion is equiva-
lent to the requirement that every point in the region should have probability
at least as large as every point outside the region. This requirement seems
intuitive sensible and leads to regions called highest density regions (HDR). A
formal definition in Hyndman (1996) is the following:

Definition 1 Let f (z) be the density function of a random variable X. Then
the 100 (1 — «) % HDR is the subset R (fo) of the sample space of X such that

R(fa) ={z: f(z) 2 fa}

where fo is the largest constant such that Pr(X € R(f,)) 21— a.

Figure 4.1 shows that the kurtosis and first-order autocorrelation are posi-
tively correlated. Using the weighted version of the density function estimate,
equation (4.7), then results in a density function estimate aligned with the
data cloud. This is equivalent to using a linear transformation in order to
'pre-whiten’ the data. It will, however, not result in a unit covariance matrix
of the data because the relationship between the kurtosis and the first-order
autocorrelation is nonlinear, but it can be regarded as the *best possible linear
transformation’ of the data set.

In practice, as mentioned in Section 2, the choice of kernel function is not
important. The kernel K>, defined in (4.5), is then chosen to save estimation
time. Applying the kernel function K3 in (4.6) results in only small differences
in the estimated confidence region compared to the regions obtained using Kj.
The choice of h, the smoothing parameter or bandwidth, requires more care.
Since only the confidence regions are of interest it can in some cases be difficult
to determine if the estimated density is undersmoothed or oversmoothed. A
good strategy in practice is to plot the estimated density surface for a wide
range of different values of h, both undersmoothing and oversmoothing the
density. From this collection of density estimates one may subjectively choose
the bandwidth yielding an acceptable smooth density estimate. In this case,
however, it is not possible to plot the estimated density surface using stan-
dard computer program packages, since the nonlinear grid does not consist of
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equidistant points. Instead, h can be chosen by an analogous method. Esti-
mate a confidence region with a very high confidence level, for example 99% or
99.9%, for a sequence of different values of h as before. Then, in a similar fash-
ion, the region with acceptable smooth properties, chosen subjectively from
an appropriate collection of confidence regions, all with the same confidence
level, determines the bandwidth.

Figures 4.6, 4.7 and 4.8 show data points and estimated approximative
50%, 60%, 70%, 80%, and 90% HDR’s of the true kurtosis/autocorrelation
pairs. Figure 4.6 is based on the data set in Figure 4.1. The data points
in Figures 4.7 and 4.8 are generated by the same method as for the data
in Figure 4.1, considering two other sets of parameters in the GARCH(1,1)
model (4.8). In Figure 4.7 the data is generated for the parameters (ag, o, §) =
(0.10,0.15,0.75), and the data in Figure 4.8 are generated for (ayp,a, ) =
(0.01, 0.09, 0.90).

Figure 4.6 Approximative 50%, 60%, 70%, 80%, and 90% HDR’s of the
true kurtosis/autocorrelation combination. Data generated from (4.8) with
(oo, @, 8) = (0.05,0.19121,0.75879), T = 1000, N = 200, with a window
width h = 0.7.
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Figure 4.7 Approximative 50%, 60%, 70%, 80%, and 90% HDR'’s of the
true kurtosis/autocorrelation combination. Data generated from (4.8) with
(g, @, ) = (0.10,0.15,0.75), T = 1000, N = 200, with a window width
h=0.17.
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The solid circle and square in the figures are, as before, the estimated pair
(I?4,'ﬁ1) and the true kurtosis/autocorrelation pair, respectively. The density

estimate can be improved by including more isoquants in the grid or estimating
the kernel at more points on the isoquants. The latter is useful in particular
when the kurtosis is high because the estimate of the tail of the density is only
based on a small number of observations. The regions in Figures 4.6, 4.7 and
4.8 are estimated using 100 isoquants and considering at least 1000 points on
each isoquant.

A well-known feature of the GARCH(1, 1) model is that as the sum o + 3
tends to 1, it becomes more difficult to obtain good estimates of the param-
eters « and (3, which in turn indirectly affects the estimated kurtosis and
autocorrelation. This feature can be observed in the figures. When the sum
a+ 4 = 0.90 as in Figure 4.7, the points in the figure are more concentrated
around the true kurtosis/autocorrelation point than is the case in Figures 4.6
and 4.8 where o + 3 = 0.95 and a + 3 = 0.99 respectively. This affects the
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Figure 4.8 Approximative 50%, 60%, 70%, 80%, and 90% HDR’s of the
true kurtosis/autocorrelation combination. Data generated from (4.8) with
(a0, B) = (0.01,0.09,0.90), T = 1000, N = 200, with a window width
h=0.7.
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confidence regions directly, as the regions in Figures 4.7 and 4.8 are wider
than the ones in Figure 4.6. The three data sets are of course only one re-
alization of each data generating process, but the deviation of the estimated
kurtosis/autocorrelation point from the true appears in general to increase
with the sum a + 3. The 90% confidence region in Figure 4.8 does not even
cover the true kurtosis/autocorrelation point.

4.5 Conclusions

This paper presents a method for estimating confidence regions over bounded
domains if no one-to-one transformation of the considered data set exists, or
if the existence of such a transformation is difficult to verify. The idea is to
estimate approximate confidence regions by simple kernel estimation using a
nonlinear grid implied by some parameter restrictions of an underlying model.
Applying the method to three data sets, generated from the GARCH(1, 1)
model, the resulting confidence regions cover a reasonable area of the def-



Estimating confidence regions over bounded domains 135

inition space, and are well aligned with the corresponding data sets. The
method, as it has been presented here, can perhaps be improved on at least
two points. One could choose an alternative kernel method which takes into
account the nonlinear dependence in the data, or apply some form of adaptive
kernel method using a varying window width.
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