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Introduction

0.1 Background

Neural network models (hereafter ANN) are a class of nonlinear models Wllich have been
widely applied to different subjects. The idea comes from cognitive science, where they have
been used to cllaracterize processes which occur in the neural structure of the brain. In
the latest years, an impressive number of publications has appeared claiming considerable
successes in modelling time series, financial and h.igh-frequency data in particular, by ANN
modelling. The use of AN[\" models is based on a particularly interesting feature of ANN,
the capability of approximating any Borel-measurable function to any degree of accuracy as
Hornik, Stinchcombe, and Wllite (1989), Cybenko (1989), Funahashi (1989) and others have
shown. Statisticians llave raised the question of whether ANN really perform better than
other econometric models and can be considered more than .. black boxes". SUCll skepticism
is due to the lack of statistical procedures for model specification and evaluation. Their
absence makes the assessment of the model's significance difficult and the interpretation of
results very uncertain.

Some attempts have been made in this direction. Swanson and Wllite (1995) estimate
ANN models by a nonlinear stepwise method. After estimating the linear part of the ANN
n10del, they fix the corresponding coefficients. Then a hidden un.it is included, and regressors
are selected one by one until the SBrC criterion (Rissanen (1978); Schwarz (1978)) cannot
be improved. Then a second hidden unit is added and tIle process repeated. The procedure
stops either when four hidden units are included in the model or the value of SBIC for the
model with q hidden units is greater than for q - 1, q ~ 4. Anders and Korn (1999) stress
the first problem the model builder faces, the selection of the relevant input variables to the
model. For such an issue, they compare strategies based on hypothesis testing, information
criteria and cross validation, but they do not suggest any way of testing the validity of the
model. A more comprehensive approach can be found in Refenes and Zapranis (1999). The
authors propose a three-step procedure, divided into model selection, variable significance
testing and model adequacy testing. They suggest removing "irrelevant" variables from the
model using confidence intervals, but they do not design a clear-cut strategy. As to model
checking, they suggest analyzing residuals by any of the conventional tests like Ljung-Box
and Durbin-Watson.

In this thesis, a new approach to ANN modelling is proposed, where the focus is on ANN
as a statistical tool for time series analysis. Essay I considers the problem of tIle choice of
the regressors to base the ANN model on. In essay II, the model is defined, its estimation
procedure explained, and tests for its validity are developed. A simulation study and tlrree
applications on real data benchmark the model. Essay III contains a forecasting exercise on
30 time series, ranging on several fields, from economy to ecology. The approach developed
in this paper is compared to linear modelling and to other three well-known neural network

Vll



viii INTRODUCTION

modelling procedures: Information Criterion Pruning (rep), Cross-validation pruning (CVP)
and Bayesian regularization (BRP) .

0.1.1 Essay I: A simple variable selection tecllnique for nonlinear models

In econometric modelling, the first issue is the choice of the regressors. Extensive literature
llas been devoted to the problem of variable selection in linear models. Parametric model
selection criteria such as FPE (Akaike (1969)), ArC (Akaike (1974)), and SBrC are often
employed. The alternative is the nonparametric approach based on kernel estimators. Cross­
validation (Vieu (1995) and Yao and Tong (1994)) and nonparametric FPE criteria (Auestad
and Tj0stheim (1990) and Tj0stheim arld Auestad (1994)) are the most popular. As to the
nonlinear case, the nonparametric approach can be directly utilized, whereas for the nonlinear
case the parametric criteria require to narrow the choice of tIle nonlinear models to a certain
class. For instance we can assume that our time series is generated by a smooth transition
autoregressive (STAR) model. Whenever this is considered a restriction, either because the
shape of the nonlinear function is unknown or for tIle large number of nonlinear models to
be estimated if known, a different criterion is needed. If we decide to fit an ANN to the
data, relying on its capability of approximating any Borel-measurable function as proved
in Hornik, Stinchcombe, and White (1989), then reducing the dimension of the observation
vector will prevent the researcher from perforn1ing an extensive comparison by estimating
a large number of models for choosing the best one. Additionally, there does not exist an
universally accepted criterion for comparing AN\I models.

In this essay, I propose a simple variable selection tecllnique based on the linearization of
the regression function. The hypothesis of linearity is tested by a Lagrange multiplier test
based on the Taylor expansion of the unknown function. If rejected, the Taylor expansion
of order k is utilized to estimate by ordinary least squares all the possible linearized models,
and the combination of regressors leading to the lowest value of the model selection criterion
is selected. In small samples, a less restrictive criterion as i\.IC is utilized in place of SBIC.
In a simulation study, the performances of this method are compared to a refined version of
the nonparametric FPE developed in Tschernig and Yang (2000). Results demonstrate that
the selection technique is computationally much less demanding and performs well compared
to FPE.

0.1.2 Essay II: Modelling and forecasting economic time series with single
hidden-layer feedforward autoregressive artificial neural networks

In this essay, a unified framework for ANN modelling is proposed. It is based on the following
model:

Yt

k q

ao + L °iYt-i + I: (3j~'(;;YjWt) + Ut
i=l j=l

q

a'Wt + L Pj't/J(;YjWt) + Ut, t == 1, ... ,T.
j=1

(1)

where {Ut} is assumed to be a sequence of independent, normally distributed (n.i.d.) variables
with mean zero, Q == (01, a2, ... ,ak, ao)', f3 == (PI' (32' ... , Pq )' are linear parameters, Wt ==

(WIt, W2t, ... , Wkt, 1)' is the (k + 1) x 1 vector of input variables and 1j == (::Yjl' ::Yj2,···, ::Yj,k+l) , is
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the (k + 1) x 1 vector of parameters or "weights" of the jth "hidden unit". The first difference
with the ANN models usually employed in other modelling approactles is the presence of a
linear part a'Wt. The first step in my modelling prodedure is tIle selection of regressors
Wt. This is done by using the metIlodology developed in essay I, which performs at the
same time linearity testing. The second step is the choice of the number of hidden units, q.
The hypotllesis of no bidden units (linear model) is tested at a given significance level a. If
rejected, a model with a linear part and one hidden unit is estimated. Then, the hypothesis
of no additional hidden units is tested at tIle significance level a12. If rejected, a model with
two hidden units is estimated. The procedure continues halving the significance level again
to ex/4, ex/8, ... , stopping tIle procedure at the first acceptance of the null hypothesis of no
additionalllidden units. This procedure allows both to fit a linear model wIlen nonlinearity is
not present and, letting tile significance level of the test for additional hidden units converge
to zero as q ~ 00, keeps the dimension of the ll10del under control.

Once estimated, model (1) needs to be evaluated. For such purpose, I developed specific
tests for the llypothesis of no error autocorrelation and parameter constancy~while additional
nonlinearity is already checked wIlen I choose the number of hidcien units. The tests are
similar to the ones in Eitrheim and Terasvirta (1996) and they are based on the Lagrange
Iv1ultiplier approach.

A Ivlonte-Carlo study gives an idea of the performances of tbt: overall procedure. The
performances of the procedure for specification~ estimation and c\'aluation are analyzed in a
simulation study carried out in samples of moderate and large sizes rrhe size distortion of
the tests for no autocorrelation and parameter constancy is ne~ligihl(-\ and the power good
even in small samples.

Forecasting performances on actual series are also considered. III t\,·o classical bench­
marks, the lynx and sunspot series, the modelling procedure is carried out in practice. Fi­
nally, following Qi (1999) and Racine (2001), the modelling procedure is also applied to a
series with exogenous regressors. Qi and Racine extend the analysis of the monthly S&P
500 index return, from January 1954 to December 1992, already analyzed by Pesaran and
Timmermann in (Pesaran and Timmermann (1995)). I apply D1Y rnodelling procedure to
this data set and compare my results to the ones obtained in the 2 aforementioned papers,
obtaining similar findings to those of Racine.

0.1.3 Essay III: Forecasting witll artificial neural network models

In the last essay, the methodology developed in essay II and the most popular methods for
ANN estimation are compared by forecasting performances on 30 time series of different
types, at 3 different forecasting horizons h == 1, 6 and 12 steps ahead. The idea comes from
Swanson and White (1995). In Swanson and \Vhite (1997), the authors perform a compara­
tive study between ANN and several other models (a random walk, a random walk with drift
and a linear autoregressive model with exogenous regressors) by forecasting performances.
In Zhang, Patuwo, and Hu (1998), a comprehensive review of the forecasting application
in the ANN literature is carried out. In tIlis work, attention is focused more on compar­
ison among performances coming from different estimation metllods tIlan performances of
diverse models. A total of 30 series is analyzed, from different subject areas. Twelve of them
are economic time series: macroeconomic monthly data as US money demand and financial
data as excIlange rates. The remaining ones are oorro\ved from ecology: riverflow, tempera­
ture, ozone concentration, etc., including the t\VO well-known case studies analyzed in Tong
(1990), the lynx and sunspot series. Early stopping, pruning, information criterion pruning,



cross-validation pruning, interactive pruning, regularization, weigllt decay, and Bayesian reg­
ularization are the approaciles I have considered llere. The methodology developed in essay
II is compared with them. The AR approximation to Box & Jenkins' ARMA modelling is
another bencilmark, because it is of interest to see whetller or not neural network models
actually produce forecasts superior to the ones obtained by linear models. TIle findings are
that 1) tIle linear models outperform tIle ANN models and 2) albeit selecting and estimating
much more parsimonious models, the ANN approach developed in this thesis stands up well
with in comparison to other more Sopllisticated ANN models.

x INTRODUCTION

0.1.4 Final Remarks

In essay I, the part related to nonparametric statistics (theory and simulations) llas been
carried out by Rolf Tschernig. In essay III, the programs \vl1ich produced forecasting results
and comparisons for tIle linear, Iep, CVP and BRP models have been developed by :ivlarcelo
Medeiros.
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Essay 1

A simple variable selection
technique for nonlinear models

1.1 Introduction

Selecting a subset of variables is a problem tllat lias been extensively considered in linear
models. The problem often occurs in connection \vith autoregressive ruodels. In that case,
the variables have an ordering, and sequential tests may be applied to clloosing the maximum
lag if it is finite. If one is also interested in finding the relevant lags, model selection criteria
such as FPE (Akaike (1969)), AlC (Akaike (1974)), SBre (Rissanen (1978); Scllwarz (1978))
and many others may be applied.

The variable selection problem also occurs in nonlinear models. In some situations, the
functional form of the model may be unknown. The problem of finding the right subset
of variables if it exists is t:hen very important. This is because selecting too small a sub­
set leads to misspecification whereas choosing too many variables aggravates the "curse of
dimensionality". One way of solving the problem has been to use nonparametric methods
based on local estimators. For kernel estimators, Vieu (1995) and Yao and Tong (1994)
considered variable selection based on cross-validation. On the other hand, Auestad and
Tj0stheim (1990) and Tj¢stheim and Auestad (1994) suggested nonparametric FPE criteria.
Their technique was further refined by Tschernig and Yang (2000) who, among other things,
also showed consistency of nonparametric FPE.

Even when the nonlinear model is parametric, a nonparametric variable selection tech­
nique could still be useful in many situations. For instance, if the researcher intends to fit a

neural network model to a set of data, then reducing the dimension of the observation vec­
tor before actually fitting any model to data is advisable, if at all possible. Nonparametric
variable selection would save tIle researcher from the effort of estin1ating a possibly large
number of neural network models witll different combinations of variables before choosing
the final one.

In this paper we propose a simple variable selection technique that instead of local estima­
tion uses global parametric least squares estimation. This technique has several advantages.
First, it is very simple and only requires OLB regression. This makes it computationally
quick and easy. For the same reason tlle technique is applicable in large samples where the
computational burden of nonparametric techniques becomes prohibitive. In simulations it
is found to work very well in that situation. In small samples, its performance compares
favourably with its nonparametric competitors, although there exist functional forms for

1



2 A SI!v[PLE VARIABLE SELECTION TECHNIQUE

which the nonparametric technique is found to be superior. Finally, our technique also al­
lows to check possible linearity of the function. In any case, even researcIlers who prefer
nonparametric techniques may easily run our variable selection procedure as a check. If
the results are quite different, then that may reveal sometIling about the functional form of
the true relationship. TIlis is useful if nonparametric model selection is used as a first step
towards building parametric models.

The plan of tIle paper is as fo1lo\vs. The idea and the theoretical 1110tivation are presented
in Section 2. The model selection procedure is outlined in Section 3. Results from a small­
sample simulation study appear in Section 4, and our conclusions can be found in Section
5.

1.2 Global approxilllation of the nonlinear function

We aSSUlne tllat tIle data may be adequately described by tIle following nonlinear model

Yt == f(Ut; B) + ct~ t == 1, ... , T (1.1 )

\vith parameter vector BEe and the vector of regressors lit such that E[ct 1Ft ] == 0,
where Ft == {Ut, Ut-l, ... } is tIle information set available at time t. We further allow Ut

to include q ~ 0 redundant variables Zt == (Ztl' ... , Ztq)' in addition to the correct variables
Xt == (Xtl' ... , Xtp)', P 2:: 1. One therefore has lit == (x~,z~)'. \Tariable selection requires to
identify Xt or to eliminate Zt without knowledge of the functional or parametric class of the
conditional mean function f(·).

The basic idea of the variable selection procedures suggested in this paper is to conduct
the selection on a parametric function g(.) which can approximate the true function f(·) well
but is much simpler to estimate. it well-known class of simple approximating functions are
series expansions

L

g(w;(3) == L{3i9i(Wi)
i=l

with parameters f3i' known basis functions gi(') and Wi being in general subvectors ofw. Due
to the linearity one can estimate the parameters {3i' i == 1, ... ,L by ordinary least squares.
Of course, the quality of approximation depends on the choice of the basis functions gi (. )

and the length of the expansion L. Our choice of approximating function may be viewed as
a member of the above class. In order to define gi(-), assume that the sample space U is
compact and that f(Ut; e) is continuous in U. Then it follows from the Stone-Weierstrass
theorem that f(Ut; B) can be uniformly approximated by a polynomial in the components
of Ut, see Royden (1963), pp. 150-151. Thus, using a general kth-order polynomial we can
write:
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p q p p

130 + L f3j X t) +L IjZtj + L L 13)1)2 Xt jl Xtj2

)=1 j=1 )1=1 )2=)1

q q p q

+ L L Ijlj2 Zt)1 Ztj2 + L L 'l/Jjl)2 Xt jl Ztj2

j1=1j2=j1 j1=lj2=jl

P P P

+ L L L 13jlj2j3Xtjl Xtj2 Xt j3 + ... +
jl =1 j2 =jl )3=)2

q q q

+ L L ." L Ijl. .. jkZtj1 Zt)2 ... Zt)k_l Ztjk + Rk(Ut)
jl=1j2=jl jk=jk-l

g(Xt, Zt; k, (3,~, '0) + Rk(Ut) (1.2)

\yhere max {p, q} :s; k (for notational reasons; this is not a restrictioIl ): Rk ( Ut) is the remain­
der, and the (3's, ,'s, and 'l/J's are parameters. Polynomial g ill (1.2) contains all possible
combinations of Xti and Zti up to order k.

Since the true data-generating process is a function of Xt == (Itl, ... ,Xtp)1 only, it can
be adequately approximated by a polynomial in the components of Xt. "fhis means that all
terms in (1.2) containing elements of Zt have zero coefficients, i.f' all l's and 1/J's are zero.
~loreover, the remainder term is a function of Xt only: Rk(llt) == l?k(Xt), V t. Thus, the
relevant kth-order polynomial of type (1.2) is given by

p p p P P 7'

f(Xt;(}) == f30 + Lf3j X tj + L L (3jlj2 Xt jl Xt j2 + L L L 3jlj2j3XtJ'lXtj2Xtj3

j=1 j1 =1 j2=jl )1 =1 j2=jl }... =)2

+... + Rk(Xt).

One may write equation (1.2) in matrix notation as

y == Xf3 + Zx, + R k (X) + g

(1.3)

(1.4)

\vhere X is a T x m(k) matrix whose t-th ro\v contains an intercept. and m(k) products of
elements of Xt and Zx a T x n(k) matrix wllose t-th row consists of n(k) products including
at least one element of Zt. Using the additional notation W- == [X Zx], b == ((31, ,')' and
g* == Rk(X) + €, one can write (1.4) in compact form

y=='W6+e*. (1.5)

~ote that the true parameter vector is 6 == ({3', 0')'. If W" is of full column rank, the OLS
estimator of 8 in (1.5)

(1.6)

exists.
From the Stone-Weierstrass theorem it follows that there exists an order k < ex) such

that the remainder is negligible. Setting Rk(X) == 0, one obtains

(1.7)

\Ve further assume that tIle following conditions (see White (1984), p. 119) hold:
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(i) {(Wt, ct)'} is a stationary ergodic sequence (Wt is the t-th row of \\1)

(ii) (a) E {woco I F_ m } -4 0 in quadratic mean as m -4 00 where F t is the information set
containing all inforn1ation about Wt and et up until t,

(b) E I ctWti 1
2 < 00, Ii == 1, ... , m(k) + n(k) + 1,

(c) VT = var (T- 1
/ 2W'e:) is uniformly positive definite,

(d) f var(Roij )1/2 < oo,i 1, ... ,m(k) + n(k) + 1, where Roij
j=O

:::::: E (WOicO IF-j) - E (WOicO IF-(j+1)) ,i::::: 1, ... , m(k) + n(k) + 1

(iii) (a) E I Wti 1
2< co, i == 1, ... , rn(k) + n(k) + 1,

(b) EWtw~ is positive definite.

It now follows from Theorem 5.16 in White (1984) that the OLS estimator (1.6) is
consistent for b and asymptotically normally distributed. Thus, the larger T, the more
likely is it that the estimates of I and 'l/J are statistically insignificant. By finding tIle n (k)
insignificant parameter estimates of the product terms in the kth-order polynomial involving
elements of Zt, one is therefore able to identify all elements of Zt and exclude them from the
variable set.

A key issue is how to find a polynomial such that the remainder under the null hypotllesis
is negligible. Suppose we select k8 < k (the" adequate" order). In that case, (1.7) becomes

J == <5 + (VV'W") -1 "W'Rk6 (X) + (\V'W") -1 \VIe. (1.8)

Since (W'"W) -1 W"'Rkc5 (X) is not converging to a null vector, one obtains biased estimates
independently of tIle sample size T. On the other hand, increasing ks leads to a larger
estimation variance. As a consequence, an appropriate choice of k8 is essential in practice
to minimize and balance the opposite effects of bias and variance. This issue will be further
discussed in the next section.

While the above approximation result is a general one, some nonlinear functions may
not have polynomial approximations that satisfy assumption (i) required for consistency
and asymptotic normality of~. This is because the existence of moments of order 2k for
the variables involved in (1.3) is required for the assumption to be valid. For univariate
autoregressive models, one also has to assume that the errors are serially uncorrelated to
avoid violating assumption (ii) (a). Note that all moments of Yt exist when {Ct} is a sequence
of zero-mean independent identically distributed stochastic variables such that all moments
of their distribution are finite, and when the autoregressive process possesses a convergent
Volterra expansion, see Priestley (1981), pp. 869-871.

The assumptions stated above restrict the applicability of our theory. It should be no­
ticed, however, that the polynomial approximation to the data generating process (I_I)
obtained by setting Rk (X) == 0 in (1.4) is never assumed to be a data-generator. It only
serves as a variable-selection device as will be explained in the next section. The time se­
ries are always generated by model (1.1). On tIle other hand, the assumption of a compact
sample space is a tectlnical one and does not in our case seem to have practical implications.

1.3 The model selection procedure

Using the previous results we now propose two variable selection strategies for models with
an unknown, possibly nonlinear conditional mean function f(-). We first describe the simple
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variant. First, one cllooses an appropriate order k for polynomial (1.2) wIlicll is used to
approximate tIle unknown function. As we have pointed out above, there exists a trade-off
between tIle bias due to the remainder Rk(X) and the variance. Therefore, the choice of
k is important. A rule-of-thumb that yields positive results in our simulations discussed in
Section 4 is to choose k such that there are at least about four times as many observations as
there are regressors in the polynomial. Note, however, that when T ~ 00, we should allow
{m(k) +n(k) + I} IT ~ o.

After having selected k, the next step is to select the appropriate variables. If tIle total
number of possible variables p + q is not too large, then tilis can be done by conducting a
full search through all possible subsets of Ut as follows. First regress Yt on all variables in
equation (1.2) and compute the value of an appropriate model selection criterion. We use
the Schwarz model selection criterion (SBIC) which "vas independently proposed by Rissanen
(1978) and Schwarz (1978). For linear models it has been shown to be consistent under quite
general conditions. For alternative model selection criteria see, for example, Judge, Griffiths,
Hill, Ltitkepohl, and Lee (1984), pp. 862-874, or Terasvirta and :rvlellin (1986). Next, omit
one regressor from the original model, regress Yt on all products of variables remaining in the
polynomial, and compute the value of SBIe. Repeat this by omitting each regressor in turn.
Continue by simultaneously omitting two regressors from the original model. Proceed until
the regression only consists of a polynomial of a function with a single regressor. Leave this
out as \vel! to check for wllite noise \vitll a possibly nonzero mean. This amounts to estimating
I:f::t (Pt q

) + 1 == 2p+q linear models by ordinary least squares. Select the combination of
variables that yields the lowest value of SBIC. Due to the consistency of SBIC in linear
models, this simple variable selection procedure is consistent if a kb is chosen wllich is equal
to or larger than k in the case Rk(Xt) == O.

Sometimes the unknown function in (1.1) may be at least approximately linear. Therefore
it may be a good idea to begin the variable selection procedure by testing linearity. This can
be done by testing the null hypotllesis that the coefficients of all the terms in polynomial
(1.2) of order higher than one equal zero. Terasvirta, Lin, and Granger (1993) used this idea
in testing linearity against a single hidden layer feedforward artificial neural network model.
If the null llypotilesis is not rejected, then the model selection simplifies to variable selection
in linear regression using subset regressions. This means saving computer time and making
the selection procedure more efficient. As before, a suitable model selection criterion such
as SEIC may be applied to the problem.

In practice, k is unknown and has to be chosen by the researcher. As our simulation
results show, this choice may sometimes be difficult in large samples. We therefore propose
another, n10re complex version witil automatic estimation of k. In this variant, one only has
to choose an upper bound kmax . Next, for each subset of variables one fits all polynomials
with orders 1 ::; k ::; kmax and chooses k for which the estimated polynomial exhibits tlle
lowest value of the chosen model selection criterion. This should on average minimize the
joint impact of bias and variance. Note that the estimated order k may vary across the
subsets of variables considered. Now kmax may be chosen in the same way as k in the simple
procedure. The variable selection procedure with automatic order choice is also expected to
work when a finite order representation for J(.) does not exist. TIlis conjecture is confirmed
by our simulation results. Note tIlat the automatic order choice also checks for linearity since
k == 1 corresponds to a linear model.

In order to evaluate tIle performance of our two procedures we shall compare them to the
nonparametric FPE procedure by Tscllernig and Yang (2000). This is done by simulation.
The latter procedure is selected as a benchmark because it is consistent while requiring weaker
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moment assumptions than ours, that is, the function J(.) only needs to be differentiable up
to order four. Tllis is achieved by using local estimation techniques. Instead of increasing
the order of the polynomial with increasing sample size as for the global estimator (1.2),
the order of the polynomial is fixed wbile the latter is estimated only locally. One thus
estimates the value of J(u) at nO by estimating a first-order polynomial with observations
lying in a neighbourhood of uo. Clearly, tIle smaller the neighbourhood determined by a
so-called bandwidth parameter, the smaller tIle bias but the larger the estimation variance.
With increasing sample size, tIle approximation error is reduced by decreasing the size of the
neighbourhood instead of increasing the order k of the general polynomial (1.2).

TIle trade-off between bia.s and variance allows one to derive an asymptotically optimal
bandwidth. Using recent results of Yang and Tschernig (1999), it can be estimated by plug­
in methods. The nonparametric CAFPE proposed by Tschernig and Y·ang (2000) and llsed
in the simulation study is given in equation (A.5) in the Appendix.

1.4 A silllulation study

To find out 110W the selection procedure functions in practice, v/e conduct a simulation study.
We simulate both nonlinear autoregressive models and models with exogenous regressors.
The autoregressive data-generating processes (DGP) are defined as follows:

(i) Artificial Neural Net\vork lllodel with two lags and a single hidden unit (ANN)

1
yt = -0.5 + { } + O.IEt. lOt "'-' N ID (0,1) (1.9)

1 + exp -2(Y't-l - 3yt-2 - 0.05) .

(ii) Nonlinear Additive AR(2) process (NLARl)

3 - ~~1 3 - (Yi-2 - 0.5)3
Yt = -0.4· ,..2 + 0.6 . (Y; ° )4 + O.IEt, Et rv NID(O, 1)

1 + '} t-I 1 + t-2 - .5

(iii) Nonlinear Additive AR(4) proces (NLARl_14)

3 - ~~1 3 - (1t-4 - 0.5)3
yt=-O.4· ,..2 +0.6· ( _)4+ 0.IEt , EtrvN1D(0,I)

1+1 t _ 1 1+ It-4-0.0

(iv) Nonlinear AR(2) process (NLAR4)

1
It==0.9· 2 2 -O.7+0.1et

1 + ~-1 +~-2

ct rv triangular density, Eet == 0, density positive for IEtl < 0.1 J6

(v) Logistic Smootll Transition AR(2) process (LSTAR)

yt == 1.8it-l - 1.06yt-2 + (0.02 - 0.90yt.-l + O.795yt-2)

1
x { } +O.1.st . Et"'-'NID(O,I)

1 + exp -100(rt-l - 0.02) ,

(1.10)

(1.11)

(1.12)

(1.13)
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(vi) Nonlinear AR(2) process (SIN)

~ _ sin(1rY't-l) + sin(41ryt-2)
t - 2 + O. let, ct r'V NID(O, 1).

7

(1.14)

Simulating these processes did not reveal any instability. The first 400 observations of
each series \vere discarded. rvlodels (4.2), (4.3) and (4.6) are additive; models (4.1), (4.4)
and (4.5) are not. l\1odel (4.5) is the same as that in Terasvirta (1994), except for the error
variance, which is larger. The sine model (4.6) may be expected to be a problematic one,
as it is not well approximated by a combination of low-order polynomials of its variables.
We also simulated models with exogenous regressors with the same functional form as for
the autoregressive processes, the lags being replaced by normally distributed exogenous re­
gressors generated by a stationary first-order vector autoregression. The results from both
cases are rather similar, and we therefore only report those based on univariate models. The
remaining results are available from the authors upon request.

We consider three sample sizes, T == 100,200,2000, and perform 500 replications in
each experiment. We compare the t¥/o polynomial-based procedures with the nonparan1etric
CAFPE method. Since for T == 2000 the CAFPE procedure is computationally very de­
manding, tIle number of replications in that case has been limited to 100. In general, the
set of potential lags includes lags up to lag 6 except for the simple procedure and T == 100
wl1ere p + q == 5.

Table B.1 contains the results for T == 100. For each of the tllree proce(iures and six models
\ve present the numbers of correct lag selection (C); of not selecting all the relevant lags
(underfitting: U) and of selecting all the relevant plus at least one redllndant lag (overfitting:
0). :rv1oreover, for the simple method, k ::::::: 3, and the results of linearity testing are presented
as well. First note that botll the procedure based on estimating k and the one based on fixing
k == 3 a priori, lead to similar results. For models (1.10) and (1.11) all procedures work very
well. Comparing the number of correct selections, one finds that for the neural network
model (1.9) and the logistic STAR model (1.13) the proposed polynomial-based procedures
work better than the CAFPE method, while for the model (1.12) and the sine model (1.14)
the opposite is true. The failure of the global approximation procedure in the case of the
sine model (1.14) is due to the low-order polynomial that does not allow for an adequately
accurate approximation of the sine function. In this case the Cl\FPE procedure has a clear
advantage. It may be noted that most realizations from the nonlinear model (1.12) seem
linear, and selecting the correct lags is more difficllit than in most other models. Note that
the ranking of the models may easily be changed by changing the error variance. Our results
also indicate that the nonparametric approach works better \vhen the DGP is additive than
when it is not. Finally, the CAFPE procedure tends to overfit more often than our global
estimation procedure.

Doubling the number of observations to 200 leads to a general increase of correct selections
with two exceptions. The first one is the sine model (1.14), wIlen we apply the simple
polynomial-based procedure with k == 3. The second exception is the neural network model
(1.9) when the lags are selected by the CAFPE prOCedlITe. Note that underfitting decreases
sllbstantially in all cases.

Increasing the sample size to 2000 while letting k == 3, considerably weakens the perfor­
mance of our simple procedure, as can be seen from Table B.3. The results in Table B.4
show that setting k == [) is now a much better choice, except for model (1.12). Tllese results
stress the importance of Clloosing k carefully. The proposed automatic order choice proce­
dure performs remarkably well in all examples, even for the sine model (1.14). Moreover, our
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lag selection procedure with automatic order-choice substantially outperforms the CAFPE
procedure that frequently overfits. Note that results on tIle latter procedure are based on 100
replications only. Thus, in large samples, or as long as the functional form can be sufficiently
well approximated by a low-order polynomial, our variable selection method with automatic
order choice leads to satisfactory results.

1.5 Conclusions

Our variable selection procedure is specifically designed for nonlinear models with unknown
functional form. One of the Inain advantages of this technique is that it is simple and
computationally feasible, because it is based on ordinary least squares. It is applicable al­
ready in small samples and tIle computational burden remains tolerable even when the series
are long. In the latter situation tIle currently available nonparametric techniques become
computationally expensive or even prollibitive. The standard subset selection procedure for
linear models constitutes a special case of our technique. When tIle unknown function can
be sufficiently well approximated by a low-order polynomial, or when the sample size is large
enough, the proposed variable selection metIlod \vith automatic order choice compares quite
favourably witll the nonparan1etric CAFPE procedure. It is tl1erefore a useful statistical tool
for investigators facing variable selection problems in empirical work.
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Appendix A

The nonparametric CAFPE

Denote by w a (nl x 1) subvector of u, m :::; p + q. A local linear estimate j(w, h) of the
function at w using the bandwidth h is given by the estin1ated constant Co of a linear Taylor
expansion fitted locally around w

T

{CO, c} = arg min{co,c} L {Yt - Co - (Wt - w)'c}
2

Kh(Wt - w) (A.i)
t=l

where K(-) denotes a standard kernel function and !(h(Wt-W) == h-m I1~1 K ((llh,i - wi)/h).
The integrated nlean squared error can then be estimated by

T

-- 1'""""' { ..-.... }2A(h) == T- L..t Yt - f(wt, h) w(Ut)
t=l

(A.2)

where the integration is restricted to the don1ain of the weight function w(·) which is defined
for the full vector u. Furthermore, define the term

T

ii(hB) = T- 1 L {Yt - f(Wt, hB) }
2

w(ut)jf1(Wt, h B )
t=l

(A.3)

where /1(-) is a Gaussian kernel estimator of the density f.-L using Silverman~s (Silverman
(1986)) rule-of-thumb bandwidth hB == h(m+2,iJ,T) and

h(k, a, n) == o'{4/k }1/(k+2)n-1/(k+2).

( )

l/m
Moreover, (j == I1j=l JVar(wj) denotes the geometric mean of the standard deviation

of the regressors.
Tl1e local linear estimate of the FPE is then given by

(A.4)

where the plug-in bandwidth is computed from

-- { 2 -.. -- 1 .- ..-.... 1 4.} Ij(m+1)
hopt == milKI12m B(hB)T- C(hc)- O'K

with IIKII~ == JK 2(u)du, O''i< == J[{(u)u2du. Note that the second term in (A.4) serves as
a penalty term to punish overfitting.

11
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The estimation of C involves second derivatives which are estimated with a local quadratic
estimator tllat excludes all cross derivatives. It is a simplification of the partial local cubic
estimator of Yang and Tschernig (1999). The bandwidth estimate he is given by h(m +
4,38, T).

Based on tlleoretical reasons and 1v1onte Carlo evidence provided in Tschernig and Yang
(2000), the authors suggest to use tIle corrected FPE

CAFPE = AFPE {I + mT-1/(mH)} (A.5)

~~here the correction increases the probability of correct fitting. One then chooses that
variable vector w* for \vhich AFPE or GAFPE are minimize(L Tschernig and Yang (2000)
sho\v that botll criteria are consistent if the nonlinea.r process is sta.tionary and ;3-rnixing
and if some regularity conditions hold.
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Tables and Figures
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Taylor expansion-based methods CAFPE
k==3 Estimated

Linear Nonlinear L+N k

J\1odel C C 0 C U 0 C C U 0 C U 0
ANN 161 56 7 224 52 0 385 371 101 28 102 92 306
NLARI 0 0 0 499 0 1 499 498 0 2 495 0 5
NLARI 14 0 0 0 500 0 0 500 499 0 1 499 0 1

-

NLAR4 35 439 0 0 26 0 35 51 444 5 119 361 20
LSTAR 215 11 3 260 10 1 475 471 13 16 247 13 240
SIN 11 28 0 0 271 0 11 4 496 0 294 189 17

Notes: TIle results for all three procedures are based on 500 replications; C: the number of
correct lag selections; C: number of underfitting models (not all correct lags in the model);
0: number of overfitting models (all correct lags plus some additional ones). L+N stands for
tIle sum of linear and nonlinear models. The maximum number of lags to be selected equals
five (lags 1 to 5) for k == 3 and six (lags 1 to 6) for the case \vhere k is estimated.

Table B.1: 1\10I\TE CARLO RESl7LTS OF LAG SELECTIOI\ PROCED"CRES GIVEK 100 OBSER­

VATIOI\S

Taylor expansion-based metllods CAFPE
k==3 Estin1ated

Linear Nonlinear L+N k

:Lvlodel C U 0 C U 0 C C U 0 C U 0
ANN 22 1 6 454 17 0 476 471 23 6 48 34 418
NLARI 0 0 0 500 0 0 500 500 0 0 499 0 1

NL~ARI 14 0 0 0 500 a 0 500 500 0 0 500 0 0-
NLAR4 96 376 3 0 25 0 96 200 283 17 275 167 58

LSTAR 30 0 1 469 0 0 499 499 0 1 211 1 288
SIN 3 29 1 0 467 0 3 0 499 1 487 1 12

Notes: The maximum number of lags to be selected equals six (lags 1 to 6).

Table B.2: I\10I\TE CARLO RESULTS OF LAG SELECTION PROCEDURES GIVEN 200 OBSER­

VATI01\S
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Taylor expansion-based metllod
k==3

Linear Nonlinear L+N
Model C U 0 C U 0 C
ANNI 0 0 0 500 0 0 500
NLARI 0 0 0 384 0 116 384

NLARI 14 0 0 0 111 0 389 111
-

NLAR4 170 0 10 298 22 0 468

LSTAR1 0 0 0 500 0 0 500
SINl 0 0 0 31 469 0 31

Notes: The maximum number of lags to be selected equals six (lags 1 to G).

Table B.3: MOKTE CARLO RESULTS OF THE SIMPLE TAYLOR LAG SELECTIOI\ PROCEDURE

GIVEN 2000 OBSERVATIONS

Taylor expansion-based methods C:AFPE
k==5 Estirnated

Linear Nonlinear L+N k
:Lvlodel C U 0 C IT 0 C C t· ! () ('1 C- O
ANN 0 0 0 500 0 0 500 500 0 ! 0 1 0 99
NLARI 0 0 0 500 0 0 500 500 0 ! 0 G7 0 33

i

NLARI 14 0 0 0 500 0 0 500 500 0 I 0 100 0 0- I

NLAR4 150 0 5 0 345 0 150 499 0 ! 1 73 0 27
LSTAR 0 0 0 500 0 0 500 500 01 0 59 0 41

SIN 0 0 0 472 28 0 472 452 48 I 0 100 0 0

Notes: The maximum number of lags to be selected equals six (lags 1 to G) The number
of replications ~rhen simulating the Taylor expansion-based metllod is 500, whereas the
corresponding number for the CAFPE procedure is 100.

Table B.4: MOKTE CARLO RESULTS OF LAG SELECTION PROCEDl7HE GIVEI\ 2000 OBSER­

VATIONS
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Essay 2

Modelling and forecasting economic
time series with single hidden-layer
feedforward autoregressive artificial
neural networks

2.1 Introduction

:N"eural networks (Ilerafter NN) are a class of nonlinear models which llave been applied to
a wide spectrum of disciplines like psycology, computer science, engineering, linguistic and
economics. They originate from the work of cognitive scientists who have been inspired
by the neural structure of the brain. They seem particularly suited to study topics like
pattern recognition, classification and nonlinear features in the data. Whereas the connection
between them and statistical inference is generally well accepted, they are often built without
applying statistical tools to the data of interest. A particularly interesting feature is their
capability of approximating any Borel-measurable function to any degree of accuracy as
pointed out in Hornik, Stinchcombe, and White (1989). The quality of the approximation
depends on the specification of the model, the quality of its estimation procedure and the
set of tests to evaluate it.

In this paper, the purpose is to develop a statistically consistent procedure to model time
series data. The time series is first tested for linearity; if rejected, a NN model with a linear
part and one hidden unit is estimated. The presence of additional hidden units is tested;
if detected, a model with two hidden units is estimated. TIle process continues similarly
and when the number of units suffices, tests for the adequacy of the estimated model are
carried out and the model evaluated. The novelty of the whole methodology is that it utilizes
statistical tools from the beginning to the end. It can be applied to any series of data. In
tIlis thesis I have been mainly interested in time series; therefore, this essay will be mainly
based on this topic. Finally, an application with exogenous regressors is discussed in the last
paragrapll.

In time series applications, the first issue is the choice of the lags to be included in the
model. I do this using a semiparametric method as in Rech, Terasvirta, and Tschernig
(2001). The authors attained satisfactory results from simulations with different types of
nonlinear functions even in small samples.

The choice of the number of hidden units determines the accuracy of the approximation

17
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(2.1 )

(2.2)

to the true data generating process (hereafter DGP). It is, therefore, important to utilize an
appropriate method for this choice. White (198gb) suggests to choose tIle nwnber of hidden
units using a model selection criterion like AIC (Akaike (1974)) or SBre (Rissanen (1978);
Sch\varz (1978)). These criteria can always be utilized but lack theoretical underpinnings in
nonlinear modelling. Here a N~ model with q hidden units is tested against a model with
q + Q ones. A sequence of Lagrange Multiplier tests is carried out from specific to general
until the first acceptance of the null hypothesis of q hidden units.

The estimation procedure is carried out following White (1989c). In order to improve
tIle accuracy of the procedure, a set of starting values is chosen linearizing the model and
using ordinary least squares (llerafter OLS). The nonlinear least squares procedllre is subse­
quently carried out by the Broyden-Fletcher-Goldfarb-Shanno algorithn1 (hereafter BFGS)
in two different ways: full estimation, and estimation conditional on previous hidden units
estimates, wIlich I call frozen estimation. A subset of parameters can be restricted to certain
values in both cases.

Evaluating a model requires, as in Eitrheim and Terasvirta (199G), developing specific
LM tests for the hypothesis of no error autocorrelation and paran1eter constancy, ,vhile
additional nonlinearity is already checked when the number of hidden units is chosen. A
~1onte-Carlo study gives an idea of tIle performances of the overall procedlu·e.

The whole device is applied to the Canadian Lynx and Sunspot spries (endogenous cases)
and to a series of stock returns modelled on exogenous financial and ecollonuc variables as
in Qi (1999). I compare the performances in forecasting a linear tllodel and the i-\.i\"N luodels
by four numerical benchmarks.

2.2 Neural network models

A single hidden-layer feedforward artificial neural network model (hereafter ANN) may be
seen as a "net of knots" which connects several inputs and one or n10re outputs. In case of
q links, the model can be written:

q

Yt == Po + LPj'l/' (;YjWt)
j=1

\,rhere Wt == (Wlt,W2t, ... ,Wkt, 1)' is the (k+1) x 1 vector of input variables and /j

C~fjl' 1j2,"" ::Yj,k+l)' is the (k + 1) x 1 vector of parameters or "weights" of the jth "hid­
den unit". T:he choice of notation ::Yj will be clarified in the estimation section. Functions
'l/JCijWt) are the hidden units or so-called" activation functions'~. In tlus paper, I choose the

logistic, 7jJ(z) == (1 +exp(-z))-l, z E R, \vhicll takes values between zero and one.
The use of ANN models is motivated by the mathematical result, see Hornik, Stinch­

combe, and White (1989), Funahashi (19S9),.or Cybenko (1989), that a single hidden layer
feedforward network with an arbitrary sigmoid activation function is capable of approximat­
ing any Borel measurable function to any desirable degree of accuracy, if sufficiently many
hidden units are included in function (2.1). Adding noise, I can vie\v the resulting A::\~

model as a nonlinear regression model
q

Yt == f30 + L Pj1/J(;Yj W t) + Ut

j=1

\vhere {Ut} is assumed to be a sequence of independent, normally distributed (n.i.d.) variables
with mean zero. It sllould be noted, however, that the approximation result requires the
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assumption that Wt contains exactly the relevant variables. In practice, they are unknown
and have to be selected in some suitable fashion.

Considering model (2.2) as a starting point for the analysis, some additional assumptions
have to be made. In this paper, I consider the univariate case and \vant to model a single
time series y == {Yt}, t == 1, ... , T. For notational simplicity, I assume for the time being that
Wt == (Yt-l, Yt-2, ... , Yt-k, I)'. In practice, the true set of lags included in Wt is unknown and
has to be determined from the data. Whenever Wt ~~ould include some exogenous variables,
or be completely exogenous to the dependent variable Yt, the overall device for modelling the
series works unchanged, as demonstrated in the application to stock returns \-vith exogenous
regressors.

In economic applications, it is usually important to include a linear part in the n1.odel.
Our model becomes

k q

Yt ao + L aiYt-i + L{3j'¢(;YjW t) + 'Ut

i=l j=1

q

a'Wt +L (3j'¢(;;YjW t) + 1Lt, t == 1, ... ,T.
j==1

(2:3)

\vhere a == (CXI,CX2, ... ,ak,ao)'. I call model (3.5) an autoregressive ANN model of order
k, AR-AN'N(k) for short. Leisch, Trapletti, and Hornik (1999) showed that (3.5) is Vv~eakly

stationary and ergodic if the roots of the characteristic polynomial 1 - I:7=1 CXizi lie Olltside
the unit circle. TIle stationarity assumption is required in the following because the modelling
techniques I am going to propose in this paper depend on it.

2.3 Modelling cycle

In this paper I consider the modelling of economic time series with artificial neural networks.
In order to proceed in a systematic fashion, I have to construct a modelling cycle for building
A~N models. This consists of stages of specification, estimation and evaluation. The last­
mentioned stage consists of in-sample evaluation. If an evaluated model is deemed successful
it also has to be checked out-of-sample. Thus a forecasting stage is required to complete
the cycle. For similar modelling cycles see, for example: Box and Jenkins (1970) for AR11A
models; Tsay (1989) for univariate and Tsay (1998) for vector SETAR models; and Terasvirta
(1994), Terasvirta (1998) for STAR and STR models. In the following I shall consider these
stages in the ANN framework.

2.3.1 Specification and estimation of the ANN model

.A.s is obvious from equation (3.5), two specification problems demand particular attention in

.A.NN models. One is the selection of variables, that is, the elements of Wt. In the univariate
case this amounts to choosing the right lags into the model. The other problem is selecting
the number of hidden units or activation functions. Since the ANN model is just a richly
parametrized approximation to an unknown nonlinear niodel, the number of hidden units
cannot be assumed kno\vn in advance. These problems have been discussed in the ANN
modelling literature tllat Anders and Korn (1999) llave recently surveyed. They mention
three approaches to the problem: regularization, pruning, and network training. TIle first
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one may be characterized as a penalized nonlinear least squares approach in which adding
another parameter and thus lowering tIle minimum of the objective function carries a positive
penalty. This approach implies estimating a large number of ANN models in search of the
minimum of the penalized objective function. Besides, ho\'/ the size of tIle penalty should be
determined is not completely clear.

Pruning may be characterized as a general-to-specific or top-do\VTI method. Reed (1993)
has surveyed this technique. The idea is to begin with a large model, and gradually diminish
its size by reducing the number of hidden units and also by setting parameters in llidden units
equal to zero. The latter operation may be done by likelihood ratio tests if the likelihood
principle is applied in the estimation of the parameters; usually it is not. Because the
starting-point is general, this method requires a large number of observations and a large
number of ANN estimations. Besides, if the original number of llidden units exceeds the
true one, the method may suffer from tIle fact that tlle ANN model to be estimated is not
identified. I shall return to this point later.

Netulork training is an estimation method. The time series is split into t~ro subseries: the
training series and tlle validation series following it. The estimation is carried out with the
training series and the estimated model is used for minimizing the sum of squared prediction
errors or some similar criterion in the validation set. The estimation is repeated as long p,s
the criterion values decrease. When they begin to increase the estilnation is stopped. This
procedure does not correspond to any conventional optimization method. It is also unclear
how the decisions to set coefficients to zero and add or remove llidden units are taken. ::\0
universally accepted rules or statistical criteria seem to exist for tllis purpose.

In this paper, I shall consider a statistical approach to AN~ model specification. Tb.is
is what Anders and Korn (1999) also discussed. In their paper, the authors performed a
simulation study comparing five different selection strategies for selecting the complexity of
a neural network model. Such strategies were based on cross-validation, information criteria
(AlC and ~IC (Stone (1977))), tIle neural network test proposed in \Vhite (1989a) and the
neural network based linearity test of Terasvirta, Lin, and Granger (1993). Comparing all
strategies, they found that the last-mentioned one led to the most reliable results. ~1y

approach may be seen as an extension to the work of Anders and Korn (1999) in that I
also discuss evaluation issues that they did not highlight in their article. i\n advantage
of statistical methods is that the modelling can proceed according to statistical principles.
Although modelling is rarely free from subjective elements, they may playa less dominant
role here than they do in the techniques mentioned above. A discussion of specification has
to be preceded by considering estimation, to which I now turn.

2.3.2 ANN estimation procedure

Assume for the time being that the correct set of variables Wt has been selected. Variable
selection will be discussed later. Consider the simplest case of an ANN model with a linear
part and a single nonlinear hidden unit:

(2.4)

where Wt == (Wtl' .·.,'l.J)tk, I)', ex == (a1,a2, ... ,ak,ao)', and;Y1 == C111';Y12, ... ,11,k+l)/· In the
time series case, Wt == (Yt-l, Yt-2, ... , Yt-k, 1)/. Since this paper is focused on autoregressive
models, I shall consider Wt a set of lags, demonstrating exogenous variables modelling in
an application in the last part of tIle paper. I assume ,~,C;Y~Wt) to be a logistic function:
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'tjJ (,~, Wt)

(1 + exp { - (,1 (tUtl + 1121Ut2 + ... + 11,k 1Dtk - Cl) } ) - 1 (2.5)

where /~ == (111, 112, ... ,11,k' -Cl) == (111,1'12'··" 1I,k' 1I,k+I) , I ji > 0 for at least one i,
i == 1, ... , k. The restriction on Iji is an identification condition, removing one of the sources
of lack of identifiability considered in Hwang and Ding (1997). ~ow, re\\;Titing (2.5)

(1 + ci exp {- (/lr'Wtl + 112W t2 + ... + 11,k 1Utk)} )-1

'tjJ ('1' Wt)

(2.6)

vvhere cj == exp {Cl} and /1 == ('11' "12' ... , Il,k' ci)', I obtain a. new parametrization that
makes the estimation numerically less volatile. In the following, the model with a linear
part and a single nonlinear hidden unit is expressed as follows:

(2.7)

White (1989c) proposes a two-step estimation procedure for _A.NN models that has as­
ymptotic efficiency equivalent to that of the ~LLS. I also rely on a two-step procedure, but
its first step is quite different from that of White. It is actually based on a linearization of the
nonlinear model; tIlis entails drawing randomly the parameters of the nonlinear part of each
hidden unit, taking care of the parameter bounds. In the follo\ving, tIle ljiS are randomly
drawn by an U[-1,11 distribution and the location parameters CjS from a U[-0.05,0.05J.
Since I do not know the magnitude of the true parameters in advance, eacll draw is multi­
plied by 1.5 to the power of 0,1, ... , dMAX to cover the parameter space fully. For example,
if I tIlink that Ilii/ < 100 for each i,j, I choose dlvfAX such that 1.5dMAX ~ 100.

For simplicity, I first consider an ANN model with a linear part and a single nonlinear
hidden unit. TIle estimation procedure can tIlen be described as follows:

• Choose N > 1000; draw the N /10 sets of random values as described above. This will
generate a grid of N different sets of starting-values for IIi' Ii == 1,2, .. , k, and Cl, hence
ci == exp (Cl)' Estimate a and f3 1 by OL8 conditionally on the remaining parameters
and compute the sum of squared residuals for each such regression.

• Keep 2 ::; n :::; n max sets of initial estimates corresponding to the n lowest sums of
squared residuals. TIle exact values are chosen by the model builder (I use 71max == 20).
For each of the n sets of starting-values, re-estimate the parameters as follows:

• Rescale the parameters by dividing then1 by their initial estimates (this means multi­
plying the corresponding variables with these estimates; all starting-values are thereby
set to unity). This guarantees that the parameters to be estimated are of the same
magnitude, which speeds up convergence. Different magnitudes in the gradients of
the linear and nonlinear parameters may lead to numerical problems too. If rescaling
is not sufficient, divide the exponents of the logistic functions by a certain number.
Usually the standard deviation, as suggested in Granger and Terasvirta (1993), p.123,
is appropriate, but it is often necessary to try with several values before obtaining
convergence of the nonlinear optimization procedure.
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• Estimate the ANN model using the BFGS algorithm. BFGS is a numerically more
stable algorithm than many of those inverting the Hessian at every step. To improve
accuracy, provide BFGS with the analytical first derivatives. After rescaling, numerical
problems usually do not arise. If tlley do, or if convergence of the algoritllID cannot
be reached after a certain number of iterations, the nonlinear optimization procedure
returns an error code, an(l tlle set of parameter estimates is discarded.

• Select the set of parameter estimates which yields the smallest value of the objective
function and compute their approximate t-values using the approximate covariance
matrix of the parameters as in Davidson and J\1acKinnon (1993), p.154:

where cov ( (ii'~l' 1'1)') ~ (T;CC'

Approximate the covariance matrix of the estimates by the outer product of the matrix
of first derivatives, where G == (91,92, eo., gT) is the score. :\iumerical problems often
occur computing the Hessian numerically, therefore choose an approximation based on
the outer product of the analytical score.

Consider now the general case of an ANN model \vith q hidden units:

q

Yt == a'Wt + Lf3j 7./J(lj, Wt) + Ut, t == 1, ... , T, Ut r'-J n.i.d.(O, O"~)
j=l

(2.8)

where'j = (l'jblj2' ..."jk>C;)', j = 1, ... ,q.

When q > 1, the ANN model differs from standard nonlinear regression models in that it
is not globally identified. This occurs botll because the hidden units are exchangeable, and
trlat there exist q! observationally equivalent models. I avoid this problem by re-ordering
the hidden units after estimation according to the criterion Pq > {3q-1 > ... > f3 2 > f3 1. See
Hwang and Ding (1997) for a general discussion on identification of A~N models.

The likelihood function often tends to be rather flat; see, for example, Stinchcombe
(1995), \vhere an ANN model is represented as a linear combination of elements of approxi­
mately fiat sets. The problem of interdependence among some parameters of tIle model will
render the estimation much more difficult than in the ANN model with a single hidden unit.
It is not uncommon to end up with a local maximum of the log-likelillood function instead
of the global one. This is why obtaining good starting-values is important and why several
sets of starting-values should be applied at the estimation stage. In the case of q > 1 hidden
units I have to draw a larger number of starting-values than in the estimation of a model
with a single hidden unit, and this has to be done in a sensible way to avoid the estimation
problems discussed above. This is done in two ways:
First, define a grid of qN/3 different starting values for all lqi' i == 1,2, .. , k, and c;. This
entails keeping the estimates of the nonlinear parameters of the first q - 1 hidden units fixed
to their estimates. Estimate a and f3 by OLS conditionally on the remaining parameters
and compute the sum of squared residuals of that regression.
Second, define a grid of 2qN/3 different starting values for all Iji' and cj, i == 1,2, .. ,k,
j == 1,2, ... , q. Draw random values for the nonlinear parameters of all the llidden units.



2.3. MODELLING CYCLE 23

Estimate Q and f3 by OLS conditionally on the remaining parameters drawn randomly, and
compute the sum of squared residuals of that regression as above. Store the 2 < n < nmax

sets of starting-values corresponding to the lowest sum of squared residuals among the qN
ones. Estimate all parameters by BFGS, and re-order tIle nonlinear hidden units in the
model such that Pq > {3q-1 > ... > 132 > 131' Check the t-values of the parameter estimates,
and for each hidden unit, remove the lags corresponcling to low t-values and re-estimate the
model. Repeat this if necessary.

Despite several re-estimations, paranleter estimates with low t-values may still be present
in the model. In such case, it is useful to compute the approximated covariance matrix of
the estimated parameters by the outer product of the gradient matrices. If some of them are
heavily correlated, their corresponding estimated variances are very high and the t-values
lovv. Removing any regressor can be useless; therefore, one can keep them all or remove the
one \\!ith tIle lowest t-value. For a practical application, see the Sunspot series case.

I call this procedure full estimation. \\Then q > 1, I may want to alleviate the compu­
tational burden by simplifying the estimation procedure. I do this by applying frozen or
conditional estimation. Such a method entails estimating an ANN model with q hidden
units keeping all tIle parameter estimates of the q-l ones from the previous rounds fixed but
also re-estimating the linear part. TIle procedure is as follows. First, estimate a model wi~h
a linear part and a single hidden unit, and compute vI == Yt -(314'(1'1' Wt). ~ext, estimate a
model for vi \vith a linear part and a single hidden unit, and compute Dl == vt -(327/J (1'2, Wt) .
.A. general step consists of estimating o'q and 13q in

"q-l , r:? / ( ) q-1 tITvt ==O,qWt+fJq''Plq,Wt +ut , == , ... , .

The final estimates of parameters of the linear part are those obtained at the last stage. This
technique is simple but suboptimal. Whether the loss of performance in forecasting is small
enough to justify the use of this technique will be investigated.

2 ..3.3 Specification

Approximating llidden units by Taylor series expansions

Much of our ANN modelling is based on the notion of using Taylor approximations to the
logistic functions that constitute the hidden units of our single hidden-layer feedforward
ANK model. Consider the logistic function

'¢(;:YjWt) == (1 + exp {-'YjWt} ) -1 (2.9)

tllat has a convergent Taylor expansion for any parameter vector ;;Y j everywhere in the sample
space. Assuming tllat Wt is a (p xl) vector of regressors and expanding it into a Taylor
series at the hth order around an arbitrary fixed point w? in the sample space yields

-, 0 a~(;YjWt) ( 0)
1./J(/jwt ) + Ow' IWt=w~ Wt - W t

t

( 0)' a
2
'ljJ('YjWt) (0) (-. 0)+ Wt - w t OwtOw~ IWt=w~ Wt - w t + ... + Rh "'Ij' Wt, w t

where R h (;;Y j, Wt; w?) is tIle remainder of the hth order expansion such that R h (;Yj, Wt; w?) -4

o as h -4 00. 1tlerging terms of the san1e order and reparametrizing yields

p p P

'l/l(;YjWt) == 80 + L biWti + L L bilWtiWtl + ... +Rh (1'j' Wt; w~)
i=l i=O l=i

(2.10)
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It will also be useful to expand (2.6) into a Taylor series around the point ljo==O in the
parameter space. TIlis gives, after merging terms and reparametrizing,

p p p

'¢(lj, Wt) == K{) + 2: KiWti + L 2: KilWtiWtl + ... + R h (lj, Wt; 0)
i=l i=O l=i

(2.11 )

Vvrhere R h (lj, Wt; 0) is another remainder of tIle hth order expansion. I shall make use of
these approximations at different stages of our modelling cycle.

Selecting tIle variables to tIle model

As discussed above, the builder of an ANN model faces two specification problems. First,
the set of variables to be included in the model has to be selected. Second, the number
of hidden units has to be determined. I begin witll the variable selection problem. Rech,
Terasvirta, and Tschernig (2001), hereafter RTT, consider tllis problem in a rather general
case where the functional form of the model is unknown. As a matter of fact, I have a
similar situation in the sense that the ANN models may be viewed as approximations to
unkno"Vvn functional forms. I am also able to apply the technique of RTT to this situation.
If I am interested in the first k == p + q lags of the series, the problem is to find the

correct lag vector w~IN) == (Yt-il' ... ,Yt-ip)' fron1 the set y == {Yt-j: j == 1, ... ,p+q}. Let

w~OUT) == (Yt-ip+l, ... ,Yt-ip+q)' be the vector of the q remaining lags. Disregarding the
. . . ( (I N)! (OLTT)! ) IorderIng In the vector, I can then rewrIte Wt== W t ,Wt ,1. Then, applying (2.11)

and merging terms, (2.8) can be \vritten as

p q p p

f(wt;B) = (Jo+ L{Jjwg
N

) + L)'jW~7UT) + L 2: (Jjl,j2W~,~~)w;::)
j=1 j=l )1=1j2=j1

q q P q

+ 2: 2: )'jd2W~~lUT)w~~~T) + L 2: 6jl,J2W~::)W~~2UT)
j1 =1 j2=)1 j1 =1 j2=1

P P P

+ " " " f3 . .. w(I!'l)w(I!'1)w(I!'i) +L..-t L..-t L..-t J1 ,J2 ,J3 t,J1 t,J2 t,J3 ...

)1 =1 j2=j1 )3=j2

q q q

+ L L ... 2: )'jl,....ik W~~lUT)w~~2UT) ... w~~~~)w~~~T)
j1 =1 j2=jl jk=jk-1

+R ( IN) (OUT») +h W t , W t Ut (2.12)

where q - p ~ h, the order of the expansion (for notational reasons, not being a restriction),

Rh (wVN), w~OUT») is the remainder, and the (J's, )"s, and 6's are parameters. Expansion

(2.12) contains all possible combinations of lags from 1 to p+q up to order h. The idea of RTT

is that the terms involving elements of w~OUT) in (2.12) are redundant and thus have zero
coefficients. This fact is used to omit the redundant variables from the model. As expansion
(2.12) is not a function of the number of hidden units in (2.8), the variables may be selected
before tackling the problem of choosing the number of hidden units. The variable selection
procedure works as fo11o\\rs. First regress Yt on all variables (products of lags from 1 to p+q)
in the Taylor expansion and compute the value of an appropriate ll10del selection criterion.
I may use SBle (Rissanen (1978), Schwarz (1978)) or AlC (Akaike (1974)). Next leave one
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(2.13)

lag out from the original model, regress Yt on all products of remaining lags in tlle Taylor
expansion and compute the value of the criterion. Repeat tllis by omitting each lag in turn.
Continue by simultaneously omitting two lags from the original model. Proceed until the
regression only consists of a Taylor expansion of a function witll a single lag. Leave this out
as well to check if Yt is just white noise. Tllis amounts to estimating Ef:i (Pt q

) + 1 == 2p+q

linear models by ordinary least squares. The combination of lags that yields the lowest value
of the model selection criterion is selected. Of the two criteria SBre is consistent in the
sense that if there is a finite set of correct lags and if the true model is in fact of type (2.12)
with a zero remainder, the correct lags will asymptotically be selected \vith probability one.
On the other hand, by using .A.IC I may avoid underfitting if the sample size is small and/or
tIle signal-to-noise ratio very lo\v. RTT sho\v that the procedure works well already in small
samples and can be applied even in large samples where the nonparametric model selection
techniques become computationally infeasible.

To select variables with certain accuracy, the order h flas to be at least 3 unless I assume
that the unknown nonlinear flU1ction is even. If one assumes nonlinear additivity, the crossed
terms in the Taylor expansion have no power and the number of regressors can be lowered to
3k, but in general this is too strong a restriction. Keeping h == 3, the number of terms of the
Taylor expansion becomes very large when p + q increases. Such problem arises whenev.er
T is not large enough compared to k, lIenee {m( k) + n(k)} /T is too high. For instance,
when k == 12 the number of regressors is 12 + 12 x 13/2 + 12 x 13 x 14/3! == 454, but when
dealing \vith monthly data, one has to encompass the first 12 lags at least. I therefore suggest
the follo\\;"ing approximated procedure. Supposing the maximum number of lags Wllich can
be encompassed is k MAX1 ::; k1V1AX , \\;"llere kMAX is the maximum lag I am interested
in investigating. Rlill the procedure among the first klvIAXl lags and select a set of PI lags
YMAXl,l, ... , YMAXl,Pl' Therefore, q1 == kMAXl -PI lags were discarded. r fix such ql lags and
set kMAX2 == kMAX2 +q1. Since ql lags are discarded in advance, the number of lags to choose
from will still be kMAXl' The procedure is repeated and I call the new set of selected lags
P2, while q2 == kMAX2 - P2 lags will be discarded in turn. Again, I set kA1A~Y3 == kMAX2 + q2
and continue. The procedure is stopped either when kMA)Cj+l == kMAXj (no adclitionallags
can be encompassed) or klVIA.Xj_l == k.MAX .

Choosing the number of hidden units

After choosing the regressors for the model, I have to choose the number of hidden units. I
assume for notational simplicity that the first k lags have been selected. The ANN model
with a linear part and q + Q hidden units thus has the form

q Q

Yt O'Wt + ~f3j'ljJ('j' Wt) + L 13j 1/I('j, Wt) + Ut,

j=1 j=q+l

t == 1, ... , T, Ut f'J n.i.d.(O, O"~)

where Wt == (Yt-l, Yt-2, ... , Yt-k, I)', Q == (aI, a2, ... , ak, ao)', {3 == ({3I' (32' ... , (3q+Q)', lj ==

(,jI, Ij2' "'l 'Yj,kl c;)', j = 1, ... , q + Q. The null hypothesis of q hidden units is that any

logistic function \vhich I possibly add to the model is never activated: H o : Ij == 0, j ==

q + 1, ... , Q. The alternative hypothesis is HI : lj > 0 for at least one j, j == q + 1, ... , Q. I
have an identification problem because the ANN model (2.13) is only identified under HI.
Under H o, {3j' Iji' and cj, j == q + 1, ... , Q, 'l == 1, ... , k can take any value without the
value of the log-likelihood being affected. Following Terasvirta and Lin (1993), I solve this
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problem by expanding 'ljJ(/j, Wt), j == q + 1, ... , Q, into a Taylor series around the point
Ij==O, j == q + 1, ... , Q at the third order as in (2.11). Using (Q - q) th.ird-order Taylor
expansions, and multiplying them by the (Q - q) coefficients of the logistic functions (3j'
j == q + 1, ... , Q, I get an overall third-order expansion, and I call the coefficients of the
linear, quadratic and cubic part respectively Ai, 'i == 1, ... , k; Aij, 'i == 1, ... , k;j == 'i, ... , k;
Aijl, i == 1, ... , k;j == 'i, ... , k; I == j, ... , k. This gives:

Yt

q k k

a*'Wt + L{3j't/J(,j,Wt) + 2.:=L AijWtiWtj

j=l i=l j==i

k k k

+ L L 2.:= AijlWtiWtjWtl + u;
i=l j=i l=j

(2.14)

\-vhere at == ai + Ai, u; == R3 (Wt; 0), where R3 (Wt; 0) is the rest of the overall third-order
Taylor expansion of the (Q - q) Ilidden units. The null hypothesis becomes

H'. {Ai j ==O,i==l, ... ,k;j==i, ... ,k
o· .. _._ .:_/ .. _ ....

AtJZ- O,z-l, ... ,k,) -l, ... ,k,l-), ,k
(2.15)

I use the Lagrange ivlultiplier principle to derive a test for (2.15). Under the nullllypothesis
{u;} is a sequence of normal independent random variables because in that case u; == Ut.

The approximated conditional log-likelihood for observation tis:

1 2It (-) == c - - In ()
2

( )

2
1 q k k k k k

- 2a2 Yt - a*'wt - ~t3j'¢h'j, wt) - 8f; AijWtiWtj - 8f;~ AijZWtiWtjWtl

The residuals estimated under H~ are Vt == Yt - a*'Wt - EJ=l l3j ?!J(ij, Wt), where &*, 13j ,

j == 1, .. , q, and i'j, j == 1, .. , q are the maximum likelihood estimates of the corresponding
parameters under Ho. Since the information matrix is block diagonal with respect to the
second derivative of 0-2 , I can treat (}2 as fixed. The resulting T R 2 form of tlle LM test based
on the auxiliary regression:

q q k k k

Vt Q*/Wt + L{3j'¢(,j, Wt) + 2.:= L 8ji81¢('ji, wt)/8,ji + 2.:= L AijWtiWtj

j=l j==l i=l i=l j=i

k k k

+ L L L AijlWtiWtjWtl +v; (2.16)
i=l j=i 1=j

The test can be performed in tIrree stages:
0) estimate the parameters of model (2.14) by conditional maximum likelihood, and

compute tlle estimated residuals Vt and tIle corresponding sum of the squared residuals

SSI4J == E v1;
(ii) regress 1ft on Wt, 4'(9j' Wt), (fJrljJ(, j' Wt) / (}/j) -'"', j == 1, .. -, q, WtiWtj, i ==

Tj='j

1, ... ,k;j == i, ... ,k; WtiWtjWtl, i == 1, ... ,k;j == i, ... ,k;l == j, ... ,k; and compute the residu-
als ~ and the corresponding sum of squared residuals SSR == E ~2;
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(iii) compute the test statistic

F == (SSRo - SSR) /m
SSR/(T - p - 1 - m)
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\vhere 1'n is the number of second and third-order components in the auxiliary regression.
l~nder the null, F has approximately Fm,T-p-l-m distribution, see e.g. Harvey (1990), p.
174-175. I use the F distribution since in small samples the actual size of tIle F-test is
closer to the nominal one than that of the corresponding asymptotic X2 test. As discussed
previously, tIle estimation of the ANN models may sometimes be difficult due to the large
number of parameters, and the estimation algoritllm may not converge properly. The es­
timated residuals vt may not, therefore, be fully orthogonal to the gradient matrix, which
causes size distortion in the test. To remedy the problem, I regress tIle residuals on the
gradient before carrying out the test. For tIle exact expression of tIle gradient, see Appendix
A. TIlis entails the following additional step:

(i') regress Vt on Wt, 1/J(:rj ,Wt), (81/J(rj, Wt)/8ij)~i='9/ j = 1, ... , q, compute the residuals

Vt and the residual sum of squares, S S Iia == L:=l Vi·
The OLS residuals Vt are orthogonal to the regressors. I perform (ii) and (iii) using Vt in

place of Vt.
In some special cases, numerical problems may arise from high correlation among the

columns of tIle regression matrix involving WtiWtj, 7L'tiWtj'Wtl, and the partial derivatives
(8,t!J(lj, Wt)/o/j)' In addition, if in some estimated hidden unit 'l/J(9j , Wt) any estimate of
Iji' 'i == 1~ ... , k is large, the estimated logistic function is close to being a step function; its
corresponding first derivatives will then be mostly constant for t == 1, ... , T. The solution
advocated by Eitrheim and Terasvirta (1996) and adopted here is to onut those regressors,
which can be done practically without affecting the size of the test.

Specification strategy

Summing up, I describe ho\v to build an ANN model by using the full estimation method:

• The set of variables to be included in the model is selected as discussed in section 3.3.2.
Given these variables, the hypothesis of no nonlinear hidden units (linear model) is
tested at a given significance level a. If rejected, a model with the linear part and one
hidden unit is estimated and the approximate t-values t of tlle parameter estimates
computed. The lags that Ilave coefficient estimates with low t-values are removed and
the model re-estimated. This can be done several times. If eventually, after removing
all tIle lags but lag i, either 731 or iIi or both are not significant, I retain lag i and the
hidden unit anyway, because linearity was originally rejected.

• The hypothesis of no additional hidden units is tested at the significance level 0,/2, by
using the TR2 form of the F-test derived by (2.16). If it is rejected, an ANN model
with two hidden units is estimated, and the size of the model is reduced by checking
the t-values of its estimates as above. However, at least one lag is retained in each
hidden unit.

• The previous step is repeated halving the significance level again to 0,/4, 0,/8, ... ; the
procedure is discontinued at the first acceptance of the null hypothesis of no additional
hidden units.
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Letting the significance level of the hidden unit test converge to zero as q --+ 00 keeps the
dimension of the model under control. It is not possible to compute analytically the overall
size a* of the testing procedure. The Bonferroni upper bound for q steps is

q

a* :S 1- II (1 - a/2i
-

1
)

i=l

(2.17)

For instance, for a == 0.10, a numerical evaluation of (2.17) when q --+ 00 gives a* :S 0.187.
If I use frozen estimation, the parameters of each hidden unit are estimated separately,

conditionally on the previous results as described at the end of Section 3.2. As above, the
significance levels are halved at each step, and the procedure ends at the first acceptance of
the null hypotllesis. There are indeed two important differences:

• in testing for an additional hidden unit, I approximate it by the third-order Taylor
expansion terms of tlle lags included in the previous hidden unit only;

• tIle misspecification tests for no serial correlation, no ARCH and parameter constancy
will be conditional to previous hidden units estimates.

Clloosing the significance level for discarding variables is an important issue. In econo­
metrics, we talk of parameter estimates which are significant at the 1%, 5% or 10% level.
Here, the issue is very much influenced by the sample size, \vhich is often small, and by
estimation difficulties. It is unlikely that all the t-values of its components computed in one
point of the parameter space e are greater than for another. In such situations I can only
talk of t-values conditioned to a certain estimate e== OCM, because the estimation proce­
dure is based on maximazing the log-likelihood. Once (;CM is fixed, I remove the parameters
whose estimates are lower compared to the whole vector BaM. Removing all the parameters,
and therefore the whole hidden unit, is nonsense because rejecting the null hypoyhesis of no
additional hidden units indicates that there is nonlinearity left to be modeled.

2.3.4 Evaluation of the model

After the ANN model has been estimated it has to be evaluated. This means that the
assumptions under which the model has been estimated have to be checked. They include the
assumption of no serial correlation in the error process and that of constant parameters. The
assumption of constant conditional variance has to be tested as well. In Refenes and Zapranis
(1999), the authors recently developed a three-step methodology for ANN modelling. It
consists of model selection, variable significance testing and model adequacy testing. Being
tlle last step based on residual testing, in such paper (p.304), tIle authors argue that "any
of the conventional tests for randomness can be applied here, e.g. Box-Pierce, Ljung-Box,
Durbin-Watson, F-test". As discussed in Eitrheim and Terasvirta (1996), Ljung-Box is
inapplicable to STAR models because its asymptotic properties are unknown if the test is
based on residuals of a nonlinear model. The same problem arises with the residuals of
ANN models, but statistical tests of no autocorrelation and parameter constancy in the
ANN framework may be derived following the ideas in Eitrlleim and Terasvirta (1996). The
alternative to parameter constancy then, is that parameters change smootlily over time. An
important special case, a sudden change or structural break, is nested in this alternative
hypothesis. The test concerns tIle intercept, the coefficients in the linear unit and the
coefficients of tIle hidden units. The parameters of the logistic functions could also be
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subjected to test. The possible variation in a logistic function is, however, "second-order
variation" in the sense that \v·ould be more difficult to detect and, if it is not dramatic, would
generally affect the outcome less than changes in the "connection strengths" coefficients in
front of the logistic functions. Such tests will be considered in the following subsections.

Test of serial independence

The evaluation stage consists of checking the residuals of the model and considering its long­
tern1 properties. TIle hypothesis of no error autocorrelation can be tested as discussed in
Godfrey (1988), p.116-117, and Eitrheim and Terasvirta (1996). It should be noted that the
standard portmanteau test of Ljung and Box (1978) is not applicable because its asymptotic
null distribution is lmkno\vn if the true model is a nonlinear ANN one.

r proceed as in Eitrheim and Terasvirta (1996) and consider the following nonlinear
autoregressive model vvith autocorrelated errors:

(2.18)

where G (Wt; <I» IS at least tVv~ice continuously differentiable (this always holds for ANN
models) and

lLt == a'vt + Ct == (t ajLj) Ut + Ct, Ct rv n:i.d.(O, 0-
2

)

J=l

\vhere L is the lag operator, Wt == (Yt-1, ... ,Yt-k,1)! is defined as above, cP is the set of
parameters of tIle nonlinear function, v t == (Ut -1, ... , Ut- r)' and a == (a 1, ... , ar)', ar =f. O.
Assume that the roots of 1 - 2:}=1 ajz j == 0 lie olltside the unit circle, and, under the

assumption Ut rv n.i.d. (0, (12), {Yt} is stationary and ergodic SUCll that the parameters of
(2.18) can be consistently estimated by NLLS. Thus the hypotesis of serial independence of
errors {Ut} in (2.18) is equivalent to a == O. Left-multiplying (2.18) by 1- 2:5=1 ajLj yields:

r r

Yt == LajLjYt + G (Wt;~) - LajC (LjWt;~)+ Et

j=l j=l

Assunung the necessary starting values (YO,Y-l, ".,Y-(k-1)) fixed and reparametrizing with
Wt, the conditionallog-likelillood for observation t, \vhere t == 1, ... , T is

Since the information matrix is block diagonal, I can treat (12 as fixed when deriving It:

(2.1 g)

(2.20)
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Setting Vt (Ut-l, ... ,Ut-r)', Ut-j = Wt-j - G (Wt-jii),j = O,l, ... ,r, where i is the

maximum likelihood estimator of 4l, and Zt == (BC (Wt; cI-) /8~)tP=~' I can \\JTite (2.19) and
(2.20) under the nulillypothesis:

In the ANl\ model case as d.efined in (3.5) witl1 logistic activation functions,

q

C (Wt; 4» == G (Wt; (3, Q; /1' ... , I q) == a/Wt + L ('fl./)("Y j' Wt)
j=1

(
BC (Wt;~)) _ . (BC (Wt;~)) _ 'I'(_~ .oa' - Wt, ofJ. - t ')'}' WI)'

Ho J Ho

The exact expression of the derivative (8IljJ(l'j, Wt)/81j ) can be found ill Appendix A. Nu­
merical problems for (8'l/J(')'j, wt}/o')'j),j=::rj can arise as in the test for an additional hidden

unit. Dropping the corresponding regressors which are highly corrf'lated avoids singularity in
the matrix (liT) E:=1 Zt ii while having a negligible effect on the values of the test statistic.

The corresponding LM statistic for the hypotesis Ho : a == 0 is a test for serial indepen­
dence both against AR(r) and .LWA(r) error processes as explained in Godfrey (1988), p.115.
The test can be carried out in three stages as follows:

(i) Estimate the ANN model under the assumption of uncorrelated errors and compute the

residual sum of squares SS!?D == Ei=l Uf.

(ii) Regress Ut on Vt, and the gradient vector it = (Wt, 't/J(:rj' WI), (o~,(')'j' wt} / cryj), j=:Yj) I,

j == 1, ... , q and compute the residual sum of squares, SSR.

(iii) Compute the test statistic FLM == {(SSRo - SSR) Ir} / {SSRj (T - rL - r)}, wIlere n
is the dimension of the gradient vector Zt.

I use an F distribution for the reasons outlined in section 3.3.3. As I did in such section,
size distortion can be avoided by orthogonalizing the residuals before earring out tIle test.
Thus I regress Ut on the gradient Wt, 'l/J(:rj, wt}, (o'l/J(')'j, Wt)/cryj),j=::r/ j = 1, ... ,q, compute

the residuals Ut and tIle residual sum of squares, SSR~ == Ei'=l ill·
The new OLS residuals Ut are orthogonal to the regressors. I perform (ii) and (iii) using

Ut in place of Ut.
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Test of parameter constancy

In this section, I also follow Eitrheim and Terasvirta (1996). In model (2.8), I assume that
the hidden units have constant parameters whereas both f3s and as may change smoothly
over time. Consider tIle A:N"N model

q

Yt == Q (t)' Wt + Lf3j (t) 'l/J('j, Wt) + 1Lt, t == 1, ... , T, 1Lt A.I n.'i.cl.(O, cr~)
j=l

(2.21 )

where (3 (t) == f30 + A1Fj (t, 111, C1), where Al is a ((q + 1) x 1) vector and Q == a: (t) == ao +
A2Fj (t, 11 , Cl) , where A2 is a ((dim(W t) - 1) xl) vector. The null hypothesis of parameter
constancy in (2.8) arises when the function Fj does not change over time, Ho : Fj (t, 11, C1) ==
constant. I consider the follo\ving three functional forms for Fj :

F1 (t, /1, Cl) == (1 + exp {-II (t - C1)}) -1 - 1/2

F2 (t"l,cd = 1 - exp {-,I (t - c1 )2}

F3(t"'I'~I) == (1+exp{-,I I (t- Cl)(t- C2)(t- C3)})-1_1/2

(2.22)

(2.23)

(2.2.4)

Sllbtracting 1/2 makes tIle functions (2.22) and (2.24) equal to zero under the null hypothesis
11 == 0 (the alternative is /1 > 0). F1 , F2 , F3 correspond respectively to a monotonic change,
a symmetric nonmonotonic one and a possibly nonmonotonic, nonsymmetric change. I derive
a test statistic for the most general case, hence I'll test the hypothesis of constant parameters
against the functional form F3. I consider model (2.24). To circumvent the identification
problem, I take the first order Taylor expansion of (2.24) about [1 == 0:

(2.25)

and approximate f3 (t) and Q: (t) using (2.25). This yields, after a reparametrization:

Yt == , , t I t 2 I t 3
7T'OWt + 1t"1 Wt + 7r2 Wt + 7r3 Wt

q

+ L (13oj + ?J Ij t + r{)2jt
2 + 133j t3

) (tj;(rj, Wt) + u;
j=l

3 3 q

L 1f~ (thWt) + L L ({)hjth'tP(Tj, Wt)) + u;
h=O h=Oj=1

where 7rh == (1rh1,1rh2, ... ,1fhk)', u; == Ut + R 1 (t,/l,Ql)' Under Ho, u; == Ut and 1rh == 0;
{)hj == 0, h == 1, .. , 3;j == 1, ... , q. Neglecting R1 (-), the local approximation to the pseudo
log-likelihood function in a neighbourhood of Ho for each observation tis:

I can treat (J2 as fixed and compute the partial derivatives:
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aZt 1 ~ 'l9 th 't/J((j, wt}
0""')' 2 Ut 6 jh a

I a h=O Ij

1 ~ h'l{'(lj, Wt) .
== 2 Ut L.J'l9 jh t a ,J==l, ... ,q

(J" h=O Ij

lTnder the null hypothesis all the terms involving po\vers of t have zero coefficients. Csing
an LA1 test (hereafter LA1j depending on the functional form H j ) in a similar way than in
testing for serial independence:

(

I ---.. --... f (84' a'ljJ ) I ) f
Zt= wt>('I/{Yl,Wt}, ... ,'tiJ((q,wd), 8'''''8 _

II lq ,=,
--... (-.., 2-""'1 3---"/)'
Vt == tZt, t Zt, t Zt

Zt and Vt have respectively (k + 1) + q+ q (k + 1) == 1+ k+ q (k + 2) and 3 + 3k + 3q (k + 2)
colurrms. TIle components are trending, but Lin and Terasvirta (1994) proved that the
asymptotic distribution of the LA1 test under tile null hypothesis may be derived under the
condition that Eu~ < 00. The same result holds here as the hidden units 't/J(/l' Wt) and
their derivatives are bounded. Under Ho, the LM3 statistic is asymptotically distributed as
a X2 with 3k (q + 1) degrees of freedom. The corresponding F statistic has 3k (q + 1) and
T - 4 (1 + k + q (k + 2)) degrees of freedom. Wllether I consider functions PI and F2, hence
the LI\11 and LA12 tests, I do not include them in the alternative terms involving (t3 , t2 )/

and t3 respectively. Likewise, the constancy of a subset of linear parameters may be tested
using different specifications of the alternative hypothesis. _As previously discussed, for all
the tests, I omit any regressor involving any derivative with respect to Iji \vhenever it does
not carry useful information.

204 Monte-Carlo study

In essay II, I have discussed asymptotic theory for inference in i\NN models. For applied
work, it is necessary to find out how the theory works in small samples and how performances
improve as the sample size grO\VS. To this end, I have carried out a simulation study with
T == 200 and T == 1000. The random generator of the standard normal distribution in GAUSS
3.2.13 was used. The first 400 observations are discarded to eliminate the initialization effects.
The DGP is an ANN with two hidden units and a linear part, time-varying parameters and
autocorrelated errors:

Yt ==

Ut

H1(t) (0.07 + O.2Yt-1 - O.lYt-2)

+O.53H2 (i) (1 + exp{ -(17Yt-l - 30.8Yt- 2 - 1.19)})-1

-0.37H3(t) (1 + exp{ -(20Yt.-l + 48Yt-4 + 1.40)} )-1 + Ut

PUt-l + Et, Et rv N(O, 10-2
); P == 0,0.1,0.2

(1 + exp (- 2 (t - 100.5))) - O. 5

( 1 - exp ( -2 (j - 1)(t - 100. [) (j - 1))2
) ) , j = 2, 3

(2.26)

(2.27)

Setting p == 0 generates a series with no autocorrelation, setting Hj(t) == 1, j == 1,2,3
gives a process with constant parameters. The generated series are stationary since the roots
of the characteristic equation of the linear part, 1 - O.2z + O.lz2 == 0, lie outside the unit
circle. Following Leisch, Trapletti, and Hornik (1999), Theorem 1, stationarity is guaranteed.
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2.4.1 Specification and estimation

33

TIle aim is to simulate tIle model selection procedure, including both tIle variable selection
in RTT and the subsequent choice of tIle number of hidden units. To this end, I set p == 0
and Hj(t) == 1, j == 1,2,3 in (2.27) and (2.26). The DGP is an ANN process with two hidden
units, constant parameters, and normal and independent errors. The initial significance level
of the hidden unit tests are 0.05, 0.10 and 0.20. This entails that if the initial significance
level is 0.10, the hypothesis of 0 hidden units (linear model) against 1 or more is tested at
tIle 0.10 level, 1 against 2 or more at 0.05, 2 against 3 or more at O.02G. The parameter
estimation is carried out by the two-step procedure described in tIle paper. I also show the
performances of the modelling procedure wIlen the correct set of lags is not detected. I define
underfitting when at least one correct lag is not detected, and overfitting WIlen selecting all
the relevant plus at least one redundant lag. I then rerun the whole experiment estimating
the parameters \vith the frozen estimation method. This is done to find out wllether or not
such a simplified procedure can be applied in modelling real time series in cases \vhere the
full estimation method may be numerically difficult due to a large number of parameters.

Results are reported in table B.1. In part A of the table, I replicate 200 times a process
witll T == 200 observations. Let's consider the case \-vhere the initial significance level aIN is
equal to 0.05 first. Once linearity is rejected at the (XIN level, the variables are selected as
in RTT, and an A~N model with one hidden unit is estirnated by the full NLLS procedure.
The hypothesis of one hidden unit is tested at the (XIN /2 == 0.025 level, and a model vvith
two hidden units is estimated if the null is rejected. The correct number of hidden units is
detected in 182 cases over 197 of correct fitting. Overfitting never occurs, and in the 3 cases of
underfitting the correct number of llidden units is found in only 50% of tIle cases. Increasing
(X,IN to 0.10 leads to a higher percentage of rejections \vhen the null is true, 178 < 182
correct detection; likewise, I get 173 correct cases \\-"hen (XIN == 0.10. Wllen T == 1000 (part
C and D), the correct set of variables is detected in the 100%) of cases. For (XIN == 0.05,0.10,
0.20, two hidden units are detected in 188, 193 and 188 cases respectively. A comparison
between the two sample sizes tells us that when the ANN model is built on the correct set
of variables, the LM testing procedure for the number of llidden units is reliable even in
small samples. If the frozen estimation procedure is employed, for T == 200 (part B) I get
118, 142, and 128 cases and 160, 162, and 165 for T == 1000 (part D). This is due to the
approximated estimation procedure. The residuals get more power when T increases leading
to overestimation. This feature suggests to set a limit to the maximum number of Ilidden
units when dealing with actual data.

It is interesting to compare the estimates for T == 200, T == 1000, full and frozen estima­
tion. I do that by saving the parameter estimates 8i for each replication, i == 1, 2, ... , 200 and
computing their median and median absolute deviation (~1AD) as suggested in van Dijk
(1999):

M AD (e) = median (Ie-median (e) I)
High values for some of the estin1ates of gammas will often occur, leading to outliers. Uti­
lizing the median can be seen as a robustification. The ratio between an estimate and
its 1\1AD are taken as a measure of accuracy in table B.2. For T == 200, full estima­
tion, the parameter estimates are close to their true values. Increasing the sample size
to T == 1000 lllake the estimates mucll more accurate. For botll sample sizes, the well
known problem of hidden unit exchangeability occurs, which in our specific case means that
~21t/J(i2'Wt) == iJ2 (1 - It/J( -1'2' Wt)) . The signs of the parameter estimates of the second hid­
den unit will be reverted, 132 ~ -f32 , 1'2 ~ -/2 and the estimate of the intercept will be
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approximately ao ~ ao - 732 , Indeed, the value of the A{AD is not always greater than that
of tIle parameter estimates which have been correctly estimated, although it is computed on
a distribution of the estimates which is far from being the correct one. I can therefore rely
on the full NLLS estimation, being aware that it may need a final reparametrization. When
frozen estimation is employed, the trade-off between such simplified estimation method and
lower accuracy becomes apparent. In table B.1, part B (T == 200) and D (T == 1000) the
number of detected hidden units is often overestimated; it is greater than 2 in 118, 142, 128
and 160, 162, 165 cases over 197 and 200 respectively. Furtllermore, son1e of the estimates
take different values for T == 200 and T == 1000, giving tIle idea that the estimation does
not converge. Because the overall performances clearly worsen, I can draw the conclusion
tllat frozen estimation should be utilized in actual data only \vhen the full one becomes
computationally unfeasible.

2.4.2 Evaluation

In order to assess tlle performances of the evaluation tests, I carry out diagnostic tests on
the simulated series generated from the ANN model with 2 hidden units. When the correct
lags and number of hidden units are detected, I apply an Lj\!! test of serial independence
and three Llvl tests of parameter constancy. In power simulations for the serial correlati~n

test, I assume that the errors follo\v an AR(l) process Ut == PUt-l + Ct, Ct rv lV(O, 10- 2),

P == 0.1 and p == 0.2. In power simulations for the parameter constancy tests, I let the linear
parameters change over time. I investigate power and size of the evaluation tools in the
cases of time-varying parameters and constant ones (Hj(t) == 1 for any j and any t in (2.26),
autocorrelated and n.i.d. errors (p == 0 in (2.27)). Results for T == 200 observations and
N == 1000 replications are reported in figures B.4-B.11 using size-power and size discrepacy
graphs. The latter graphical representation has been devised in Davidson and MacKinnon
(1998), and I briefly outline it in the following.

Size-power and size-discrepancy graphs are based on the empirical distribution function
F of the cumulative density function of the p-values p of the test statistic T, Pj == P (Tj). At
any point Xi of the (0,1) interval, it is defined by

Here, I (Pj :::; Xi) is the indicator function, N == 1000 and Xi == 0.002, 0.004, ... , 0.01, 0.02, ... ~

0.99, 0.992, ... , 0.998, therefore i == 1, ...107. The finer scaling near 0 and 1 ensures that I
do not miss the behaviour of the test statistic r in the tails. Plotting F (Xi) against Xi \vill
give us the p-value plots, which should approach 1 under the alternative hypothesis when
Xi increases and be very close to a a 45° line under the null hypothesis, for any value of
Xi E (0,1). In the latter case, because the tests statistics behave approximately the way they
should, it becomes very difficult to distinguish between F(Xi) and the 45° line, therefore
such graphical representation is not very useful. It is more convenient to plot the difference
F(Xi) - Xi against Xi, the size-discrepancy plots, which convey a lot more information \Vllen,
as it is the case in this simulation study, the test statistics are well behaved.

When the DGP has constant parameters (figures B.4-B.6), the size distortion of the tests
for no autocorrelation and paran1eter constancy is negligible, and its power good even in
small samples. When autocorrelation is present, a certain amount of size distortion in the
parameter constancy tests is expected. This is due to the general feature that parameter
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constancy tests have some power towards the hypothesis of no autocorrelation. Introducing
nonconstant parameters (figures B.9-B.11) biases the size of the tests for no autocorrelation
when the null is true, while tlleir power is still a positive function of p. As to parameter
constancy tests, the power is good both for p == 0 and p == 0.1, 0.2.

2.5 Applications

2.5.1 Endogenous regressors case 1: tIle Canadian Lynx yearly series

Estimation and evaluation

The series r model is the 10-based logarithm of the yearly series of the number of lynx trapped
in the region of the Mackenzie River, Canada, 1821-1934. The number of observations is
T == 114. The series is nonlinear; for considerations and modelling efforts see, for example,
Tong (1990) and Terasvirta (1994). In an earlier survey, Lim (1987) performs an extensive
comparison of previous studies.

I estimate the linear and neural network models on the period 1821-1890 (70 observa­
tions), leaving out the last t f == 44 observations for evaluating forecasting performances. The
sample is therefore split into two subsamples: the estimation set Yl, ... , YT-t/ and the set used
for out-of-sample forecasting YT-t/+l, .. , YT. Because of the small number of observations, I
utilize ArC as a selection criterion for the reasons explained in 3.3.2. Assuming a linear AR
model, the model witll the lowest ArC among all the possible linear ones gen€rated by lags
1,2, ... , 12, is

Yt == 1.07 + 0.81 yt-l - 0.44 Yt-1 + O.25Yt-7 + E:t
(2.28) (12.47) ( -7.23) (3.55)

(2.28)

R2 == 0.87
s == 0.21

sk == 0.16
ek == 0.96
LJB == 2.70(0.26)

AlG == -3.07
SEIG == -2.98

LB(10) == 11.33(0.13)
ARCH - LA1(2) == 0.50(0.61)

vvhere the t-values of paranleter estimates are in parentheses, s is the standard deviation
of the residuals, sk is skewness, ek is excess kurtosis, LJB is the Lomnicki-Jarque-Bera test
for normality, ARCH-LM(i) is the Engle's test for ARCH up to the lag Ii, and LB(j) is the
Ljung-Box test statistic up to lag j. For each test statistic, the corresponding p-value is
written in brackets. The estimated linear model is weakly stationary since the roots of its
lag polinomial all lie outside the unit circle. At the 5% significance level, the Lomnicki­
Jarque-Bera test does not reject normality, but the Ljung-Box test statistic up to lag 7 does
detect autocorrelation in the residuals.

In order to consider an ANN model, linearity is tested first. I denote the Lagrange
multiplier test for zero hidden units against at least one, and one hidden unit against at
least two by LMlin and LMhu1 respectively. The starting significance level of the sequence
of LI\l tests is 0.10. With a p-value of L:rvl lin equal to 3.52 x 10- 3 , the null hypothesis of
zero hidd.en units is strongly rejected at the 10% level. Using the RTT procedure and the
third-order Taylor expansion witl1 the AIC criterion, lags 1 and 3 are selected.. Because lags
up to 12 are encompassed, the number of regressors by the 3rd order Taylor expansion is
too large compared to T, and the RTT procedure needs to be approximated as explained in
3.3.2. The sequence of tests for the number of llidden units leads to a model with a single
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hidden unit. As tIle test statistic of one unit against a greater number has p-value == 0.80,
it is clearly rejected and the estimated model is:

Yt - 0.89 + O.27Yt-l + 0.64Yt-3
(- 0.36) (0.46) (0.65)

+ 1.98 . (1 + exp (- (2.00 Yt - 1 -3.61 Yt-3 + 5.03))) -] + E:t
(0.88) (0.71) (-0.73) (-0.67)

(2.29)

R2 == 0.89
s==0.19

sk == -0.02
ek == 0.41
LJB == 0.46(0.79)

Ale == -3.25
SBIC == -3.15

Plin,hu l == -0.57

Ll\;flin == :3.49(3.52 x 10-3 )

Ll\1hul == O.G4 (0.80)
ARC1H - Ll\1(2) == 0.20 (0.66)

where Plin,hul denotes the correlation between the linear unit and the hidden one. The t­
values are in parenthesis below their corresponding parameter estimates. All of them are
quite low; this is not surprising since tIle number of observations is only 70. On the other
hand, the t-values of the parameter estimates of the hidden unit are of the same magnitude,
therefore I do not drop any parameter. R 2 increases from 0.87 to O.89~ AlC and SBre both
decrease. TIle neural network model shows an improvement in fitting the data, but now' I
need to check its adequacy by the customized evaluation tests. ~rhe correlation coefficient
Plin,hul takes value -0.57, significantly different from one in absolute \"alue: this means that
the hidden unit is not redundant. A grapil of the llidden unit oyer tiIl1C (figure B.13) shows
that it is active over the whole estimation period. In figure B.1·1. t he values of the logistic
function ordered by ascending values of its exponent are plotted. It~ shape is not very steep
and the data points are distributed over all the interval \vhere the logistic is greater than
zero, therefore its estimation is supported by the whole sample. \\·eak stationarity of the
model is assured since the roots of the lag polinomial of its linear part lie outside the unit
circle. The Lomnicki-Jarque-Bera test does not reject normality in the residuals. The LM
test for the Ilypothesis of serial independence presented in secbon :).·'1.1 (loes not reject the
null hypothesis at any lag, Engle's LM test for no ARCH does not detect any conditional
heteroskedasticity. Parameter constancy is not rejected by the L--~11 test at the 10% level,
but it is at the 5% by the LA12 and LAI3 . Results are reported in table B.3. Looking at
the approximated correlation matrix of the estimated parameters (table B.4), I find tilat not
only the nonlinear parameters are strongly correlated to each other ~ but the linear ones as
well. This explains the results of the parameter constancy tests: the number of observations
is not large enough to yield a stable estimation, and the whole estimated model is affected.
For a comparison, see the sunspot example in section 5.2, where T == 250. The nonlinear
estimated parameters have correlations close or even equal to one, but tlle linear ones are
much less correlated. The uncertainty is mainly concentrated in the two nonlinear units. The
larger number of data allows a better estimation, showing a typical property of ANN models:
the nonlinear units provide a good fit to the series, but such flexibility is paid by a a more
difficult estimation of the parameters. A graphical comparison between the observed data
and the fitted ANN model is given in figure B.13. In the next paragraph, I shall compare
the ANN, linear and STAR n10dels by tlleir forecasting performances.

Forecasting one and four steps ahead

The final benchmark in model evaluation is forecasting. For such purpouse, I utilize t f == 44
observations of the series. I want to compare performances of the ANN estimated model to
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the estimated linear model and to the STAR model in Terasvirta (1994) as specified below:

Yt == 1.15 Yt-1 + (-1.35Yt-2 +1.61 Yt-3 -0.68 Yt-4 +0.12 Yt-9 -0.06 Yt-11)
(49.76) (-5.16) (3.47) (-2.91) (1.11) (-0.51)

X (1 + exp (-1.87 x 1.8 (Yt-3 - 3.02))) -1 + Et (2.30)
(1.09) (22.87)

The modelllas been re-estimated using the first 70 observations but without changing the
specification. TIle t-values of parameter estimates are in parentheses. Follo\\ring Swanson and
White (1997), I base my comparison among the three models on a set of criteria for one-step
ahead and four-step ahead out-of-sample forecasts. I also make a direct comparison between
forecasts produced by two concurrent models by tlle Diebold-Tvlariano statistic (Diebold
and l\:lariano (1995)) with the small-salnple correction suggested in Harvey, Leybourne, and
Newbold (1997). The l\1SE (forecast mean square error), l\1AD (mean absolute forecast
error deviation) and MAPE (mean absolute percentage forecast error) are the most popular
measures of forecasting accuracy. I compute these indexes for tf forecasts for the estimated
models (not re-estimated after eacll period): i == 1 (linear model), i == 2 ( fully estimated
A~~ model) and 'i == 3 (STAR model); and horizon h == 1,4:

tf

lVISE (h, 'i) t
1 I: (Yt,i(h) - Yt+h)2 (2.31)
f t=l

tf

AIAD (h, i) t
1 I: IYt,i(h) - Yt+h! (2.32)
f t=l

AIAPE (h, i) ~t IYt,i(h) - Yt+h I (2.33)
t f t=l Yt+h

where Yt,i(h) is the h-step ahead forecast for ll10del i made at time t. The forecast error for
model i , h steps ahead, is defined as St,i(h) == Yt,i(h) -Yt+h' To illustrate the performance of
the models in forecasting the size and the direction of the change in the series, I consider the
dispersion matrix D i (h), which is a 3 x 3 contingency table of the ordered actual observations
and their forecasts:

predicted data

-1 0 1

The -1 all a12 a13 (2.34)
actual 0 a21 a22 a23
data 1 a31 a32 a33

When the predicted or actual change in the series from t to t + 1 is less than 0.21 in absolute
value, SllCh change is classified as 0, when it is greater than 0.21, as 1 and when smaller,
as -1. In our case, I choose the value 0.21 because such value is tIle standard deviation of
the residuals of the linear model (2.28) and I denote s == 0.21 hereafter in this paragraph.
For example, the pair (0,0) (corresponding to a22 in tIle table above) represents the cases
where botll the forecast and actual cllange are less than s in absolute value. Likewise,
all is the number of cases where a predicted decrease greater tilan s in absolute value
corresponds to an actual decrease greater than s. TIle overall number of correct forecasts,
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(2.35)

all + a22 + a33 == trace (Di (h)) is of interest. Comparing it to the total number of forecasts,
I get the confusion rate CRi (h), 0 :;'CRi (h) :;. 1:

CR .(J) __ trace(Di(h))
t 1, - 1 3 3

Ll=l Lj=l alj

As to direct comparisons between the forecasts of two models, the Diebold-11ariano test
\vorks as follows. Consider two competing models ml and n~2 \vh.ich have produced a vector
of h-step ahead estimated forecast errors Emi(h) == (el,mi(h), ... ,Et/,m'i(h))'. Consider the
difference

dt == 9 (Et,ml (h)) - 9 (Et,m2(h)) , t == 1, ... , tf

\vhere 9 (.) is a generic loss function. Here I choose 9 (Et,mi (h)) == E;,mi (h), so that the null
hypotllesis of equal performance can be defined as

E [E;,ml (h) - q,m2(h)] == 0

for all t and h. Defining dt == E;,ml (h) - eZ,m2(h), I denote its mean and variance as follo\vs

d = t
1 t dt , V Cd) = t

1 (iO + 2I: ik)
f t=l f k=l

\vhere ik is the estimated k-th autocovariance and io the estimate of the variance. The
Diebold-Mariano statistic is

S=[V(d)r
1

/
2d

\vhich is asymptotically distributed as a lV(O,l) under the null hypothesis. The test is
oversized in small samples; Harvey, Leybourne, and Newbold (1997) suggested to use:

S* = S . Cf + 1 - 2ft ~ h(h - l)jtf)1/2

where the statistic S* is compared with the critical values of a student t distribution with
n - 1 degrees of freedom since V (d) has to be estimated.

As to one-step ahead (tables B.5-B.7), the ANN model is ranked second after the STAR
model for the MSE, MAD, MAPE criteria (table B.5), but it outperforms the other two
models as to the confusion rate CR. The modified Diebold-Mariano test cannot find a sig­
nificant difference between the ANN and linear forecasts, but it clearly shows that the A~~
model forecasts worse than the STAR model.

As to the four step-ahead case (tables B.8-B.10), the STAR model outperforms the
linear and ANN models in MSE, MAD, MAPE. As to the confusion rate, the ANN per­
forms worse than the other two, albeit only for one datum (trace (DANN (4)) == 37 against
trace (Dlinear (4)) == trace (DSTAR (4)) == 38). A smaller confusion rate than in the one-step
ahead forecast, 0.16 against 0.28, should not mislead the reader; it is still greater than the
linear and the STAR, both equal to 0.14. Indeed, MSE, MAD, MAPE are much greater
than in the one-step ahead case. From table B.9, one can easily see that in all the dispersion
matrices most of the cases are concentrated on the main diagonal. On the other hand, only
a small number of tllem fits the case (0,0), whereas most of them represent (-1, -1) and
(1,1). This simply means that, when the horizon h increases, it becomes more difficult to
foresee anything but the sign of the variations. The modified Diebold-l'vlariano test leads to
the same conclusions as in the one-step ahead case: ANN does not perform significantly
worse than the linear model, but worse than tIle STAR.
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2.5.2 Endogenous regressors case 2: tIle sunspot yearly series

Estimation and evaluation

39

This yearly series spans from 1700 to 1999. The data are kindly provided by the Sunspot
Index Data Centre, Brussels, Belgium. I base the estimation of a linear and a neural network
model on the period 1700-1949 (250 observations), leaving out the last tf == 50 observations
for forecasting evaluation. I tranform the data as in Tong (1990), where the author models
2 . (VI + St - 1), where St == sunspot number in year (1699 + t). The lags encompassed in
the modelling procedure span from 1 to 12, the selection criterion is SBlC since tl1e sample
size is not so sll1.all to prefer the AIC criterion. As to the linear model, the lags selected by
the first order Taylor expansion as in RTT are 1, 2 and 9, and the model is:

Yt == 1.12 + 1.27 Yt-l - 0.55 Yt-2 + 0.17Yt-9 + Et
(2.53) (26.02) ( -10.80) (6.04)

(2.36)

R2 == 0.86
s == 2.02

sk == 0.24
ek == 0.37
LJB == 3.70(0.16)

Ale == 1.44
SBIC == 1.50

LB(lO) == 9.58(0.21)
ARCH - Llvf(4) == 3.67(0.01)

For the notation, I refer to the lynx series analyzed in the previous paragraph. The residual
analysis can reject neither normality nor the hypothesis of no error autocorrelation. The test
against ARCH indicates inadequacy of the linear model. 1r1odelling an i\XN implies linearity
testing first: LAflin == 2.69 (6.58 X 10- 4); therefore linearity is clearly rejected. Using the
approximated RTT procedure wittl the third-order Taylor expansion (see section 3.3.2) up
to lag 12, lags 1 and 2 are selected. It is also worth trying with a different order of the
expansion, both up to the 4th and 5th, and with the AlC and SBrC selection criteria both.
In all cases, lags 1 and 2 are still selected. Nevertheless, the ANN model based on lags 1 and
2 has estimation problems: the nonlinear optimization procedure fails to converge despite
feeding it by a large set of starting values for the nonlinear parameters. I decide to include
lag 9 as well since it is selected by the first-order expansion and its estimate has t-value 6.04
in the linear model.

The sequence of tests for selecting the number of llidden units rejects the hypothesis of one
hidden unit against more than one, with a p-value of 0.015. Being the starting significance
level of such sequence 0.10, LAflin (linearity test) is tested at the 10% level, LMhul at the
5% level, Ll\;[hu2 at the 2.5% level. A model with two hidden units is specified, but its full
estimation turns out to be problematic. The nonlinear optimization procedure cannot find
the global maximum; for any set of starting values, either it exceeds the maximum number
of iterations or it returns an Hessian whose determinant is positive. As suggested in 3.2,
in cases where the estimation of a model wittl more than one hidden unit turns out to be
difficult, the frozen estimation procedure ought to give better results. In this particular
case, this means conditioning the estimation of the linear part and the second hidden unit
on the first one. The parameter estimates of the linear part and tIle second hidden unit,
and the misspecification tests will be conditione(l on the estimates of the first Ilidden unit.
Despite such simplification, the nonlinear optimization procedure still has some numerical
problems. Convergence is achieved by drawing a large set of starting values (90.000) for
the nonlinear parameters of the two hidden llnits and by rescaling the exponents of the 2
squashing functions by dividing tllem by 100. In general, rescaling is necessary to make the
gradient of the nonlinear and linear parameters of the same magnitude, but it is not possible



40 l\10DELLING AND FORECASTING ECONOMIC TIME SERIES

to set tIle scaling factor in advance, as it is often necessary to try with several of them. The
aim is to obtain a balanced Hessian (the terms on the first diagonal should have the same
magnitude) and it will be possible to invert it several times without losing accuracy. In this
example, I tried by dividing by the standard deviation of the series first, then by 10 and
100 before yielding a balanced Hessian. Estimation troubles become apparent by analyzing
the correlation matrix of tIle parameter estimates of the first hidden unit (table B.13) and
of the linear part, and the second hidden unit conditioned on the first one (table B.6). The
correlations among the estimates of the nonlinear parameters are all one in absolute value.
This implies tIlat their variance is very high, and it is not surprising to find out that their
t-values are zero or very close to zero. I shall consider this issue later. To continue, the
p-value of LA1hu2 (0.034) suggests to stop at the second llidden unit as the procedure based
on the full estimation did. The estimated model is:

Yt == -0.80 + 0.87 Yt-1 - 0.06 Yt-2 + O.15Yt-9
(-1.73) (11.39) (-0.78) (5.39)

+2.47 . (1 + exp (- (47.72Yt - 1 -75.25 Yt-2 + 7.32 Yt-9- 2.58))) -1 (2.37)
(5.05) (0.00) (-0.00) (0.00) (0.00)

+1.81 . (1 + exp (- (76.47Yt - 1 -77.60Yt.--2 +O.53 Yt _9 -9.38)))-1 + Et
(3.73) (0.012) (-0.012) (0.00) (0.00)

R 2 == 0.87
LJB == 1.29(1.56 x 10- 3 )

S == 1.84
LA1lin == 2.69 (6.58 x 10-4 )

sk == 0.49
Ale == 1.27
ARCH - LM(4) == 1.37(0.24)
LMhu1 == 2.05 (0.011)

ek == 0.58
SBIC == 1.33

Plin,hu2 == 0.315
LAlhu2 == 1.79 (0.034)

where the t-values of the parameter estimates of the linear part and second hidden unit,
the tests for serial correlation, ARCH and parameter constancy (tables B.11) are to be
interpreted as conditioned to the first hidden unit estimates. The Lomnicki-Jarque-Bera
test rejects normality (p-value == 1.56 x 10-3 ), but autocorrelation is not detected at any lag,
parameter constancy is never rejected by any of the three LA1 tests. At the 5% level, Engle's
ARCH -LJ.V! does not reject the null hypothesis of no ARCH/CAReR in the three tests up
to lag 1, 2 and 4 respectively. As to the activity of the units in the model, Plin,hu2 == 0.315
does detect correlation between the first hidden unit and the other units of the ANN model,
but it is not so high such that any unit be redundant. A plot of the first hidden unit (figure
B.17) demonstrates that it contributes to tlle data fitting over the whole sample, but it takes
either value zero or one for most of the data (figure B.18, wllere, graphing its values ordered
by ascending values of its exponent shows a transition function close to the step function).

The estimation of the second Ilidden unit conditioned to the first one turns out to be
difficult as well. Again, the transition function (figure B.20) is quite close to the step function.
Such steep slopes of the two squashing functions explain the estimation difficulties and the
low t-values of the nonlinear parameter estimates. In both cases, there are only three data
points in the interval where eacI110gistic shifts from zero to one, as a result the variance of the
nonlinear estimates is very high. On the otller hand, I know that only the global maximum,
corresponding to tIle lowest sum of squared residuals, provides the correct estimates. In such
point of the parameter space ttle log-likelihood function may be quite flat compared to the
points corresponding to local maxima, where the vector of local estimators may have lower
variance. I stress the fact tllat the aim is to find the estimates of the global maximum of the
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likelihood, being the reason of a possibly Iligh variability an iSSlle to investigate later. In the
AN1\" fitting this series, such cause is to be found in the steep slopes of both the transition
functions.

Forecasting one and four steps ahead

As to one-step ahead, the AN:i\ model performs slightly better than the linear for the MSE,
MAD, MAPE criteria (table B.14), but the confusion rates CR (table B.15) have botll value
0.36. The modified Diebold-iv1ariano test (table B.16) cannot find a significant difference
between the ANl\" and linear forecasts. In the four step-ahead case (tables B.17-B.19), the
difference between the performances of the two models is even less pronounced.

It can be concluded that tIle sunspot series provides a good example of modelling nonlin­
earity by an ANN. The specification and estimation procedure this paper is about, has been
utilized in all its aspects. It has been demonstrated that, when a model with more than one
hidden unit is specified, estimation problems can be overcome by utilizing the frozen esti­
mation procedure. Such method, despite being an approximation. estimates a model which
satisfies all the misspecification tests.

The practical conclusion is that the ANN cannot forecast the sunspot series better than a
linear model. It confirms the results of the lynx series, but cannot be considered disappoint­
ing. In fact, as can be read in the last essay of this thesis, \vhere tIle forecasting performances
of 30 time series are compared, i\NN and linear models often perrOI'll1 sirrlilarly. The aim of
the empirical part of this essay is to carefully apply the methodology dpveloped in order to
show that it can be an useful tool of analysis for nonlinear tin1e series. As \.vell as, generally
speaking, a better fit is not a guaranteee for a better forecast, a careful application of such
a tool cannot guarantee improvements in forecasting perfomances.

2.5.3 Exogenous regressors case: the S&P 500 excess return series

Several studies have found that stock returns can be predicted. and a significant portion of
this can be done by macroeconon1ic and financial variables. The economic interpretation of
such stylized facts is difficult, neverthless this holds true both across nlany stock markets and
different periods of study. In Pesaran and Timmermann (1995), the authors investigate the
predictability of U.S. stock returns by simulating the behaviour of an investor who decides, at
each point in time, which economic factors are to be utilized for pred-icting one-period-ahead
stock returns. Qi (1999) extends Pesaran and Timmermann (1995) by making the investor
free to choose the functional form by which the selected econorn.ic factors predict stock­
market returns. She applies a recursive modeling approacll to the monthly S&P 500 index
return, from January 1954 to December 1992, by using nine economic and financial variables
to explain Pt, the excess return on the S&P 500 index at time t. Recursive estimation from
1959(12) to 1992(11) and in-sample forecasting of a linear and an ~A.::\~ model is carried out,
leading to the conclusion that not only the ANN model fits the data better in sample, but
it improves out-of-sample forecasts. Racine (2001) could not replicate her published results,
despite using the same soft\Alare and data. Here, my purpose is to apply the ANN modelling
procedure developed in this paper to the same data, and 1) check the adequacy of such
procedure to the case of exogenous regressors, 2) evaluate my findings in term of accrued
final \vealth. My results are quite close to Racine's, but Qi's results are also reported.



42 MODELLING AND FORECASTING ECONOMIC TIME SERIES

Data and methodology

The monthly series span from January 1954 to December 1992 (T == 468 observations)
and are: Dyt == dividend yield, EPt == earnings-price ratio, (lIt, lIt-I) == one-month
Treasury-bill rate and its lag, (/12 t ,I12t - 1 ) == 12-months Treasury-bond rate and its lag,
7rt-l == lag of the year-on-year rate of inflation, IIIPt- 1 == lag of the year-on-year rate
of change in industrial output, and llA1t - 1 == year-an-year growth rate of narrow money
stock. Following the standard practice in tIle stock-return literature, the excess returns Pt
is calculated by capital gain plus dividend yield minus the one-month Treasury-bill rate,
Pt == [(Ft - Pt-1 + D t ) / Ft-1] - 11 t - 1, where Ft is the stock price, and Dt is the dividend.
In the following, I group the 9 regressors into the vector

vvhere the constant 1 has been added for notational convenience. The recursive forecast starts
in 1960(1) and ends in 1992(12). Qi and Racine re-estimate each month a NN model with 8
hidden units and one hidden layer by Bayesian regularization, leading to a highly parame­
trized nonlinear model with 89 parameters. ~1y ANN and linear models are re-specified and
estimated eacll year (34 recursive estimations), as follows. At the beginning of each year,
from 1959(12) to 1991(12), the regressors are selected by tile third order Taylor expansio~
for the ANN model and the first order for the linear one; the estimation procedure is carried
out and the estimated models are used to forecast step by step the excess return until the
end of each year from 1960(12) to 1992(12). For each ANN model, the following results
are collected: variables selected by the Taylor expansion procedure (figure B.21); number
of hidden units; linear autocorrelation and parameter constancy test for the residuals (fig­
ures B.22-B.23); and standard deviation of the residuals (figure B.24). As to forecasting
evaluation, 11SE, MAD, :rvIAPE and the Confusion Matrix are defined as in (2.31), (2.32),
(2.33), (2.34) and (2.35), and are computed and compared to the corresponding indexes of
the linear model based on the variables selected by the Taylor expansion of order one (table
B.20-B.22).When linearity is not rejected (up to year 1963, the first three estimated models)
the ANN models coincide with the linear. Finally, profitability of the linear and ANN models
are compared to the results obtained by Racine using a portfolio based on stocks and on
bonds only.

In-sample evaluation

In Qi (1999), excess returns Pt are explained by Xt-I. Using tIle notation developed in this
paper, the corresponding i\NN model can be written:

Q

Pt == a'Xt-l + ~(3j1./J(;:YjXt-l) +Ut, t == 1, ... ,T, Ut t'J n.i.d. (0, O"~)
j=1

where

Xt-l == (DY't-l' EPt-l, lIt-I, Il t -2, 112t - 1 , 112t -2, 7rt-2,!:lIPt-2, flAlt - 2 , I)'

and a: == (01, Q2, ... , ag, ao)' and'ij == ('ij 1, 1j2,.'" 1j,10)'· I apply the modelling procedure
recursively each year, from model 1 (estimation period 1954(1)-1959(12)) to 34 (estimation
period 1954(1)-1992(12)). In figure B.21, trle selected variables are presented. In the period
1954(1) to 1962(12), corresponding to the first tllree estimated models, tIle models are linear
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and are based on a single explanatory variable, I1 t -2, tlle one-monttl Theasury-bill rate
lagged two months back. In the following years up to 1992, the model is nonlinear but it lIas
a single hidden unit until the end of the sample, Q == 1. A first view tells that the regressors
which are most frequently included are EPt-1 and lIt-I, although 112t -2 and ~Mt-2 are
often included. In general, the models are quite parsimonious; only in one case (model n.
15, corresponding to year 1973) are 5 regressors included, and 4 in another case (model n.
18, year 1976). During the first half of the sample (1959-1973), 2 regressors are included on
the average, 3 in the second half (1974-1992). Comparing tile 2 half-samples by figure B.24
(standard deviation of the residuals), it is apparent that, while the linear and ANN model
perform similarly in the first half except between observation 108 and 192, corresponding to
the period 1968-1975, the ANN models have a constantly higher standard deviation in the
second one. In figure B.25-B.29 the data, the ANN model and the linear fit are presented in
a more detailed manner. Despite such lack of fit, I can affirm that the ANN models are well
specified. In figure B.22, the cumulative nurnber of rejections of the null hypothesis of no
autocorrelation up to lag 1, 2, 4 and 10 gives an idea of the evolution of such test along time.
From model 1 (estimation up to 1959(12)) to model 34 (up to 1992(12)), autocorrelation
up to lag 1 and 2 is detected only once, up to lag 4 only twice. Likewise, looking at the
3 LIv1 tests of parameter constancy (figure B.23), the null hypothesis is rejected 11 tim~s

(£1\1/1 ), and 9 times (£A12 and £A13 ) over 34 estimated models. Such result indicates some
uncertainty in the parameter estimates, a problem that I also encountered in the sunspot
example in paragraph 5.2.1.

Forecasting one-step ahead

As to forecasting performances, one-step ahead forecasts are evaluated in tables B.20-B.22.
A comparison with the linear model is carried out in all the tables, and results agree with
the extensive comparison as in essay III of this thesis. The linear and ANN model perform
likewise. As can be seen in table B.20, MSE is equal to 0.0019 for the linear and 0.0022 for
the ANN; MAD == 0.0343 and 0.0352, MAPE == 2.577 and 2.259 respectively. The dispersion
matrix is slightly better for the linear model, but the confusion rates of the 2 models are the
same. The Diebold-:Lvlariano test rejects the hypothesis of tl1e equality of the performances
of the one step forecasts at the 5% significance level, but not at the 1% (p-value == 0.0139).

Profitability

Finally, I compare profitability of the ANN modelling procedure to the linear one as Qi
and Racine did, considering three different strategies: 1) the investor always holds equities
and reinvests dividends, 2) he always holds bonds reinvesting the accrued interests and 3)
tlle investor follows a switching strategy that has been extensively adopted in the finance
literature, llolding equities in periods when the forecast returns are greater than the bonds
yield and otherwise holding bonds. I start vvith an investor holding $100 at the end of
1959(12), considering zero transaction costs for equities and bonds, low transaction costs
(0.5% for trading in stocks and 0.1% in trading in bonds), high transaction costs (1 % on
equities and 0.1% on bonds). Results are reported in table B.23. If I look at the column
"Final wealth", I can notice that the bond (panel A) and market portfolios (panel B) are
clearly outperformed by the switching portfolios based on the linear model (panel C) and
A?\~ model (panel D). I therefore concentrate on the comparison between the last two,
and the wealth produced by Racine's models. I report the results he obtained by using a
switching portfolio based on a NN estimated by Bayesian regularization with 100 epochs
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and 10 multistarts. At zero transaction costs, my linear model produces a final wealth of
$6780 against $6132 for tlle A::\TN one. The set ofAXN models estimated by the procedure
developed in this paper produce a final wealth which is very similar results to Racine's:
$6132 against $6265 for Racine. This occurs despite lle restimated the NN model at each
period of time (every month), while I do it only every 12 periods (every year). Qi obtained
a rnuch hig:her value, $13820. At low and high transaction costs, results are quite close
too, being again both very far from Qi's. Tllerefore the final wealtll produced by the NN
methodology developed in this paper cannot be considered, in my opinion, disappointing.
As to risk analysis, represented by the standard deviation of returns, using the linear model
turns out to be the safest strategy, \vhile the more risky is the ANN, and the market portfolio
approach stands in-between.

2.6 Conclusions

In this paper, I discuss a specification technique based on a statistical tools which can be
applied to a wide range of nonlinear processes. If linearity is not rejected, a single hidden layer
ANN model is fitted to the data and evaluated in a simple but statistically consistent way.
The sin'lulation results demonstate the performances of the procedure when the true DG.P
is an ANN model. It can be applied to any financial and macroeconomic stationary series
which satisfies the moment conditions. Botll in the t\VO cases with endogenous regressors and
in the one with exogenous regressors, out-of sample performances turn out to be acceptable
althougll a subset of the regressors is utilized. This leads to the conclusion that the well­
kno\vn problem of overfitting, which often arises in :\N models estimated by traditional
black-box methods, can be overcome by using the methodology developed in this paper.
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Appendix A

Gradient of the ANN model with q
hidden units

I need to compute the analytical first derivatives of model (2.8) in order to carry out the tests
for the evaluation of the model and to increase the accuracy of the nonlinear optimization
procedure. I rewrite model (2.8):

q

Yt == a'Wt + ~{3{~7(r), Wt) + tLt, t == 1, ... , T, LLt r..l n .. i.d.(O, a;) (A.I)
)=1

where Wt == (Wtl' ... , Wtk, I)' == (Yt-1, Yt-2, ... , Yt-k, 1r, Q == (0:1,0:2 . ... , O:k, ao)', (3 == (13 1 ,132 , ... , Pq )',

'"Yj = ('Yj 1, 'Yj2, ... , 'Yj kl cj )', j = 1, ..., q.

The first derivatives of (A.I) with respect to the vector of parameters are:

As to the first derivatives with respect to each,), re\vriting (2.6):

EJt./J(lj, Wt)

alji
('ljJ(I j' Wt) ) - 2 c; exp {- (I j1 Wt1 + I j2Wt 2 + ... + I jkWtk) } Wti

1, ... , k

49
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A: Full estimation, sample size T == 200

Correct fitting Overfitting Underfitting All

QIN 0 1 2 >2 Tot Tot 2 >2 Tot 0 1 2 >2 Tot

0.05 0 2 182 13 197 0 1 2 3 0 2 183 15 200
0.10 1 2 178 17 197 0 1 2 3 0 2 179 19 200
0.20 0 2 173 22 197 0 1 2 3 0 2 174 24 200

B: Frozen estimation, sample size T == 200

Correct fitting Overfitting Underfitting All

(XIN 0 1 2 >2 Tot 0 Tot 2 >2 Tot 0 1 2 >2 Tot

0.05 0 1 78 118 197 1 1 1 1 2 1 1 79 119 200
0.10 0 0 51 142 193 0 0 1 0 1 0 0 52 142 194

0.20 0 1 68 128 197 1 1 0 2 2 1 1 68 130 200

C: Full estimation, sample size T == 1000

Correct fitting Overfitting Underfitting All

(XIN 0 1 2 >2 Tot Tot Tot 0 1 2 >2 Tot
0.05 0 0 188 12 200 0 3 0 0 188 12 200
0.10 0 0 193 7 200 0 3 0 0 193 7 200
0.20 0 0 188 12 200 0 3 0 0 188 12 200

D: Frozen estimation, sample size T == 1000

Correct fitting Overfitting 1;nderfitting All

(lIN 0 1 2 >2 Tot Tot Tot 0 1 2 >2 Tot

0.05 0 0 40 160 200 0 0 0 0 40 160 200
0.10 0 0 38 162 200 0 0 0 0 38 162 200
0.20 0 0 35 165 200 0 0 0 0 35 165 200

Table B.1: The number of hidden units detected by the sequence of L~1 tests, conditional on
tl1e detection of the correct lags 1, 2, and 4 among the first 6, on overfitting (all correct lags
plus redundant ones are detected), and on 1.lllderfitting (not all correct lag(s) are detected).
The initial significance levels of the tests for the number of hidden units are 0.05, 0.10,
0.20. 200 replications of the series generated by process with constant parameters and no
autocorrelation in the residuals.

T == 200 T == 1000
true full estim. frozen estim. full estim. frozen estirn.

paramo value median J\1AD median ~1AD median ~1AD median ?v1AD

/30 0.07 -0.30 0.019 -1.88 1.58 -0.30 0.00 -2.13 1.38

Ctl 0.20 0.19 0.034 -0.58 0.78 0.20 0.01 -0.74 0.71
Ct2 -0.10 -0.10 0.047 1.38 1.54 -0.10 0.02 1.53 1.11

PI 0.53 0.54 0.035 2.95 2.50 0.53 0.01 3.59 2.58

/11 17 16.69 2.64 1.22 0.67 17.00 1.22 1.25 0.52

112 -30.8 -30.24 4.68 -2.40 1.57 -30.66 1.99 -0.58 0.40

Cl 1.19 1.17 -0.24 0.31 0.26 1.19 -0.10 0.23 -0.17

P2 -0.37 0.37 0.02 0.27 0.14 0.37 0.06 0.15 0.03

121 20 -20.67 7.40 0.10 15.14 -20.07 2.6G 1.49 5.55

122 48 -50.57 16.18 -0.21 3.79 -48.40 5.74 -54.36 54.64

C2 -1.4 -1.31 0.57 -0.07 -0.93 -1.38 0.24 0.32 1.08

Table B.2: Median and MAD of the NLLS estimates of the parameters of the previous table,
where the initial significance level is 0.10
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Figure B.1: size discrepancy plot of the test of no error autocorrelation up to lags 1 (Ql), 2 (Q2),
4 (Q4) and 10 (QIO) at the sample size T == 200, for 1000 replications of t.he series generated by

process 2.26 with p == 0 and constant paralneters:
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Figure B.2: size-power plot of the test of no error autocorrelation up to lags 1 (Ql), 2 (Q2), 4 (Q4)

and 10 (QIO) at the sample size T == 200, for 1000 replications of the series generated by process

2.26 with p == 0.1 and constant parameters.
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Figure B.3: size-power plot of the test of no error autocorrelation up to lags 1 (Ql), 2 (Q2), 4 (Q4)

and 10 (Q10) at the salnple size T == 200, for 1000 replications of the series generated by process

2.26 \vith p == 0.2 and constant parameters.
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Figure B.4: p-value discrepancy plot of the tests of paralneter constancy LI'v11, LI'v12 , and LM3 at

the sample size T == 200, for 1000 replications of the series generated by process 2.26 with p == 0
and constant parameters.
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Figure B.6: p-value discrepancy plot of the tests of parameter constancy L:\11 , LI'v12 , and LM3 at

the sample size T == 200, for 1000 replications of the series generated by process 2.26 with p == 0.2
and constant parameters.
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Figure B.8: size-power curves of the test of no error autocorrelation up to lags 1 (Ql), 2 (Q2), 4
(Q4) and 10 (QIO) at the sample size T == 200, for 1000 replications of the series generated by

process 2.26 with p == 0.1 and time-varying paralneters
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Figure B.9: size-po\\rer curves of the three tests of parameter constancy LA11 , LA12 , LlVI3 against

smooth structural change at the sample size T == 200, for 1000 replications of the series generated

by process 2.26 with p == 0 and time-varying parameters.
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Figure B.10: size-power curves of the three tests of paran1eter constancy LJ.\11 , L11112 , LA13 against

slnooth structural change at the sample size T == 200, for 1000 replications of the series generated

by process 2.26 with p == 0.1 and time-varying parameters.
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Figure B.II: size-power curves of the three tests of parameter constancy L1\11 , Li\!I2, LA13 against

smooth structural change at the sample size T == 200, for 1000 replications of the series generated

by process 2.26 ~'ith P == 0.2 and time-varying parameters.
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Figure B.12: The annual number of Canadian lynx trappings, 1821-1934. Observations preceding

1891 are used for estimation and the remaining ones for forecasting evaluation.
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Figure B.13: Solid line: logaritlllns of the annual number of Canadian l~'IlX trappings, 1821-1934.
Observations preceding 1891 are used for estiluation and the remaining one~ for forecasting evaluation.

Dotted line: neural network model fit along the estimation period~ 18:21-18QO
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Figure B.14: Values of the first hidden unit for the conditional D1ean of the 1110del estimated during

period 1821-1890 for the logarithm of the Canadian lynx trappings.
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r==1 r==2 r==4 r==10
serial independence 0.48 (0.49) 1.42 (0.25) 1.40 (0.25) 0.98 (0.99)
no ARCII 0.20 (0.66) 0.76 (0.47) 0.46 (0.77) 0.22 (0.99)

LM1 LM2 LM3
parameter constancy 1.10 (0.37) 1.82 (0.09) 2.02 (0.04)

Table B.3: Canadian lynx series: values of LM tests for serial independence against AR(r)
or TvIA(r) errors, Engle's LM tests for ARCH(r), and parameter constancy tests LMl, L:Lv12 ,
L!v13. Corresponding p-values are reported in parenthesis.

/30 a1 °2 731 ill i12 C1

730 0.923 -0.989 -0.982 0.964 -0.952 -0.870

&1 -0.969 -0.974 0.858 -0.943 -0.957

&2 0.995 -0.937 0.961 0.914

l3 1 -0.947 0.980 0.941

ill 0.963 -0.857

i12 0.964

C1

Table B.4: Canadian lynx series: correlation matrix for the parameter estimates.

Iv1SE
MAD

l'vlAPE

linear model (iii)

0.09

0.25
0.09

ANN fully estimated (ii)
0.09

0.23
0.08

STAR model (i)
0.06
0.19

0.07

Table B.5: Canadian lynx series: one-step ahead measures of forecasting accuracy: MSE,
rv1AD, MAPE. Note: (i), (ii) and (iii) mark the ranking of each measures in the table from
best to worse.

Linear model (i) ANN fully estimated (i) STAR (iii)

-1 0 1 Tot -1 a 1 Tot -1 0 1 Tot

The -1 9 0 0 9 8 1 0 9 9 0 0 9

actual 0 8 9 1 18 5 12 1 18 6 9 3 18
data 1 1 6 10 17 1 4 12 17 0 6 11 17

Tot 18 15 11 44 14 17 13 44 15 15 14 44

Linear model (iii) ANN fully estimated (i) STAR (iii)
Confusion rate 0.34 0.28 0.34

Table B.6: Canadian lynx series: one-step ahead measures of forecasting accuracy: dispersion
matrix and confusion rate CR. Note: (i), (ii) and (iii) n1ark the ranking of each measures in
the table from best to worse.

value
p-value*

Reject equality

ANN fully estimated vs. linear model

-0.27
0.61
No

ANN fully estimated vs. STAR

1.84
0.04

Yes at the 95% level; No at 99% level

Table B.7: Canadian lynx series: one-step ahead measures of forecasting accuracy: modified
Diebold-I'vlariano test. * I-side p-values



~1SE

MAD
l'v1APE

linear Inodel (iii)

0.82

0.76

0.27

ANN fully estimated (ii)

0.75
0.75

0.26

STAR model (i)

0.50
0.63

0.22

61

Table B.8: Canadian lynx series: four-step ahead measures of forecasting accuracy: MSE,
MAD, I\lAPE. Note: (i), (ii) and (iii) mark the ranking of eacll measures in the table from
best to worse.

Linear model (i) ANN fully estilnated (i) STAR (iii)

-1 0 1 Tot -1 0 1 Tot -1 0 1 Tot

The -1 16 0 0 16 14 2 0 16 16 0 0 16

actual 0 3 2 1 6 1 3 2 6 2 3 1 6
data 1 0 2 20 22 0 2 20 22 0 3 19 22

Tot 19 4 21 44 15 7 22 44 18 6 20 44
Linear model (i) ANN fully estimated (iii) STAR (i)

confusion rate 0.14 0.16 0.14

Table B.9: Canadian lynx series: four-step ahead measures of forecasting accuracy: disper­
sion matrix. Note: (i), (ii) and (iii) mark the ranking of each measures in the table from
best to worse.

value
p-value*

Reject equality

ANN fully estimated vs. linear model

-0.49
0.69

No

ANN fully estimated vs. STAR

1.98
0.03
Yes

Table B.lO: Canadian lynx series: four-step ahead measures of forecasting accuracy: modi­
fied Diebold-Mariano test at tIle 0.05 significance level. * I-side p-values
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1749 1799 1849 1899 1949 1999

Figure B.15: The annual number of solar sunspots, 1700-1999. Observations preceding 1950 are

used for estin1ation and the remaining ones for forecasting evaluation.

1749 1799 1849 1899 1949 1999

Figure B.16: Solid line: annual sunspot series (transformed by 2· (VI + St - 1)), 1700-1999. Ob­

servations preceding 1950 are used for estimation and the remaining ones for forecasting evaluation.

Dotted line: neural network model fit along the estimation period, 1700-1949,
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Figure B.17: Values of the first hidden unit for the conditional mean of the model estimated during

period 1700-1949 for the transformed series of the annual solar sunspots.

1.0

0.8 -

0.6 -
~

:J
:r:

0.4 -

0.2 -

0.0
-700 -600 -500 -400 -300 -200 -100

EXP1

I
o 100 200 300 400 500

Figure B.18: Values of the estimated logistic function of the first hidden unit for the conditional

lnean of the model for the transformed series of the annual solar sunspots. Data are ordered by

ascending values of its exponent.
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Figure B.19: Values of the second hidden unit for the conditional mean of the model estimated

during period 1700-1949 for the transformed series of the annual solar sunspots.
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Figure B.20: Values of the estimated logistic function of the second hidden unit for the conditional

mean of the model for the transformed series of the annual solar sunspots. Data are ordered by

ascending values of its exponent.
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r==l r==2 r==4 r==10
serial independence 0.14 (0.71) 0.09 (0.92) 1.04 (0.39) 1.20 (0.29)
no ARCII 3.27 (0.07) 1.98 (0.14) 1.37 (0.24) 2.23(0.02)

Lj\11 LM2 LM3
parameter constancy 1.18 (0.32) 1.17 (0.31) 1.07 (0.39)

Table B.11: Sunspot series: values of tIle LM tests for serial independence against AR(r) or
I\lA(r) errors. Corresponding p-values are reported in parenthesis.

/31

-0.150 0.150 -0.150 -0.150

-1.000 1.000 1.000
-1.000 -1.000

1.000

Table B.12: Sunspot series: approximated correlation matrix for the parameter estimates of
the first hidden unit.

ao al &2 Q3 732 1'21 1'22 1'23 C2

ao 0.468 -0.649 -0.630 -0.450 0.048 -0.048 0.043 0.052

&1 -0.953 -0.237 -0.805 0.121 -0.121 0.112 0.116

&2 0.258 0.808 -0.110 0.110 -0.100 -0.107

°3 -0.061 -0.041 0.041 -0.045 -0.045

732 -0.127 0.127 -0.114 -0.121

i21 -1.000 0.997 0.997

i22 -0.997 -0.997

1'23 0.998

C2

Table B.13: Sunspot series: approximated correlation matrix for tlle parameter estimates of
the linear part and the second hidden unit, conditioned on the estimates of the first hidden
unit.

MSE

MAD
MAPE

linear model (ii)
5.29

1.83
0.18

ANN fully estimated (i)
5.04

1.80
0.17

Table B.14: Sunspot series: one-step ahead measures of forecasting accuracy: WISE, MAD,
MAPE. ~ote: (i) and (ii) mark the ranking of each measures in the table from best to worse.
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Linear model (i) ANN fully estimated (i)
-1 0 1 Tot -1 0 1 Tot

The -1 12 7 0 19 13 6 0 19
actual 0 7 9 1 17 7 9 1 17

data 1 0 3 11 14 0 4 10 14

Tot 19 19 12 50 20 19 11 50

Linear model (i) ANN fully estimated.(i)

confusion rate 0.36 0.36

Table B.IS: Sunspot series: one-step ahead measures of forecasting accuracy: dispersion
matrix. Note: (i) and (ii) mark t:he ranking of each measures in the table from best to worse.

ANN fully estimated vs. linear model

value

p-value*

Reject equality

0.41
0.66

~o

Table B.16: Sunspot series: one-step ahead measures of forecasting accuracy: modified
Diebold-Mariano test. * I-side p-value

Iv1SE
MAD

MAPE

linear model (ii)
68.15

7.23

0.77

AI\:\ fully estilnated (i)

64.56
6.99

0.78

Table B.17: Sunspot series: four-step ahead measures of forecasting accuracy: ~1SE, MAD,
~lAPE. Note: (i) and (ii) mark the ranking of each measmes in the table from best to worse.

Linear model (i) ANN fully estimated (i)
-1 0 1 Tot -1 0 1 Tot

The -1 26 1 0 27 25 2 0 27
actual 0 1 4 0 5 1 4 0 5

data 1 0 1 17 18 0 0 18 18

Tot 27 6 17 50 26 6 18 50

Linear model (i) ANN fully estimated.(i)

confusion rate 0.06 0.06

Table B.18: Sunspot series: four-step ahead measures of forecasting accuracy: dispersion
matrix. Note: (i) and (ii) mark the ranking of each measures in the table from best to worse.

ANN fully estimated vs. linear model

value

p-value*

Reject equality

0.47

0.68

No

Table B.19; Sunspot series: four-step ahead measures of forecasting accuracy: modified
Diebold-~1ariano test. * I-side p-value.
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Figure B.21: S&P 500 excess return series: variables selected by the Taylor expansion procedure.
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Figure B.22: S&P 500 excess return series: cumulative sum of the number of rejections of the null
hypothesis of no linear autocorrelation.
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Figure B.23: S&P 500 excess return series: cumulative sum of the number of rejections of the null
hypothesis of parameter constancy.
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Figure B.24: S&P 500 excess return series: standard deviation of the residuals.
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Figure B.25: S&P 500 excess return series: data, ANN model and linear fit: observations 0-100.
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Figure B.26: S&P 500 excess return series: data, ANN model and linear fit: observations 101-200.
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Figure B.27: S&P 500 excess return series: data, ANN model and linear fit: observations 201-300.
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Figure B.28: S&P 500 exCffiS return series: data, ANN model and linear fit: observations 301-400.
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Figure B.29: S&P 500 excess return series: data, ANN model and linear fit: observations 401-468.

MSE
MAD

MAPE

linear model (i)
0.0019

0.0343
2.5769

ANN model (ii)
0.0022

0.0352
2.2590

Table B.20: Excess return series: one-step ahead measures of forecasting accuracy: MSE,
MAD, MAPE. Note: (i) and (ii) mark the ranking of each measures in the table from best
to worse.

The -1
actual 0

data 1
Tot

confusion rate

Linear model (i)
-1 0 1 Tot

42 40 0 82

25 182 24 231

o 50 33 83
67 272 57 396

Linear model (i)
0.35

ANN model (ii)
-1 0 1 Tot

27 50 0 77
18 199 26 243

o 295 30 76
45 295 56 396

ANN model.(i)

0.35

Table B.21: Excess return series: one-step ahead measures of forecasting accuracy: dispersion
matrix. Note: (i) and (ii) mark the ranking of each measures in the table from best to worse.

ANN model vs. linear model

value

p-value*
Reject equality

-2.2070
0.0139

Yes at 95% No at 99%

Table B.22: Excess return series: one-step ahead measures of forecasting accuracy: modified.
Diebold-Mariano test. * I-side p-value
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Transaction costs :vlean return St. deviation return

Panel A: Inarket portfolio

Final wealth ($)

Zero 11.15

Lo\v 11.13

I-ligh 11.11

Panel B: bond portfolio

14.90

14.90

14.89

2503

2463

2424

Zero .5.93 2.74

Low 4.72 2.74

I-ligh 4.72 2.74

Panel C: sVv¥itching portfolios based on the linear model

Zero 12.91 12.73
Zero (Racine's) 13.66 10.08

Lo\v 9.97 11.31

Low (Racine's) 12.21 10.18

IIigh 8.33 9.59

High (Racine's) 11.23 10.34

Panel D: switching portfolios based on the ANN model

Zero 12.66 17.62

Zero (Qi's) 15.59 10.49
Zero (Racine's) 13.23 10.89

Low 9.73 16.61

Low (Qi's) 14.08 10.52

LoVv¥ (Racine's) 11.98 10.88
I-ligh 8.48 15.36

High (Qi's) 13.03 10.61

IIigh (Racine's) 11.23 10.93

700
471

471

6780
7458

2603

4631

1527

3346

6132

13820

6265

2360

8420
4205
1576

5963

3292

Table 8.23: Excess return series: risks and profits of market, bond, and switching portfolios
based on the one-step ahead forecast of the linear and ANN model 1960(1) to 1992(12).
Results from Qi's and Racine's papers for panel C and D are reported as well.



Essay 3

Forecasting with artificial neural
network models

3.1 Introduction

Over recent years, several nonlinear time series models have been proposed in the literature,
see f.i. Tong (1990), Granger and Terasvirta (1993), van Dijk, Terasvirta, and Franses (2001).
One model that has found a large number of successful applications is the Artificial Neural
Net\\rork (ANN) model. The ANN model is a mathematical model inspired by the fllllction
of the lluman brain and its use is mainly motivated by its capability of approximating any
Borel-measurable function to any degree of accuracy. This is pointed out in several papers
and referred to in the introduction of essay II.

In this paper the forecasting performance of a number of artificial neural network (ANN)
models is compared with that of linear models. The idea is to find out whether or not
different tecllniques of specifying ANN models, such as pruning and statistical techniques,
lead to vastly different models. If they do, then the next question is whether this matters from
a forecasting point of view. \Talues of 30 economic and other time series are predicted using
models obtained by a number of different modelling techniques and the forecasts compared
using a number of different criteria. The plan of the paper is as follows. Section 3.2 introduces
tIle ANN models. Section 3.3 discusses the the techniques used in this paper to build
ANN models. Section 3.4 gives a brief discussion on linear ARIvli\ models. The forecasting
experiment is described in Section 3.5. Concluding remarks are made in Section 3.6.

3.2 Neural Network Model

The Artificial Neural Network (ANN) time series model is usually defined as

q

Yt == G(Wt; '1') ::::: 130 +L13/tfJ('JW t) +Ut,

j=l

(3.1 )

wheref3::::: CB1,· .. ,Pq)"'j == (J'jO"jl, ... ,/j,k-l,Cj)', j == 1, ... ,q; Wt == (Wlt,W2t, ... ,Wkt, I)' ==

(Yt-l, Yt-2, ... , Yt-k, I)', Ut is n.'i.d. and 'ljJ(,~Wt) is the sigmoid function defined as

(3.2)

73
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In applications to economic time series it is normally useful to include a linear component
in (3.1). The resulting model is defined as in Granger and Terasvirta (1993)

q

Yt == C(Wt; W) == a'Wt + L Pi'¢("Y~Wt) + Ut,

i=l

(3.3)

\vhere Q == (Ctl' 0:2, •.. , CXk, ao)' is a vector of real coefficients and tLt is n.i.d.. One of the
characteristic features of this n'lodel is that it is not globally identified. There are tIlree
characteristics of neural networks which cause the non-identifiability. The first one is due to
the symmetries in the neural network architecture. The likelillood function of the model will
be unchanged if one permutes the hidden units, resulting in q! possibilities for each one of the
coefficients of the model. The second reason is caused by tIle fact that '¢(x) == 1-'¢(-x). The
third reason is the mutual dependence of the parameters (3i and Ii' i == 1, ... , q. If f3 i == 0,
the corresponding Ii can assume any value without affecting the value of the likelihood
function. On the other hand, if Ii == 0, then Pi can take any value. Nevertheless, under
certain regularity conditions, the maximum likelihood estimates of the parameters of (3.3)
are consistent and asymptotically normal; for a broader discussion. see essay II of this thesis.

383 Modelling

3.3.1 Wllat is J\!Iodelling?

In this paper, I consider modelling and forecasting of time series \\'itll i\N':\ models. Mod­
elling in this context is taken to mean model specification, parameter estimation, and, finally,
evaluation of the estimated model. The idea is to find out whether or not different modelling
techniques lead to vastly different ANN models. If they do, the next question is whether
this matters from a forecasting point of view. I compare well-kno\vn techniques in the neural
network literature, such as, early stopping, pruning, and regularization, with a novel one
based on statistical tests. It is one of the few techniques making use of in-sample evaluation.
The other techniques considered in tills work rely on out-of-sample evaluation, i.e., checking
tIle forecasting performance of the specified and estimated model.

In this paper, specification consists of selecting the variables of the ANI\" model from
a set of candidates and determining the number of hidden units. This stage is of crucial
importance in order to avoid overfitting and to find an adequate approximation of the true
data generating process. In most neural network applications, it is customary to carry out
the specification using some "rule of thumb". A vast number of l\.1\::\ models with different
combinations of variables and number of hidden units are estimated, and the one with the
best performance according to some known criterion is chosen as the final specification. The
statistical approach is based on a sequence of hypothesis tests and gradually increasing the
size of the ANN model until the test results suggest one to stop.

With the exception of methods of early stopping and regularization, estimation of para­
meters in ANN models is carried out by means of nonlinear least squares (NLS) or conditional
maximum likelillood (1'v1L). If the errors are normal, independent, and identically distributed,
as assumed above, these two methods are equivalent. Hence, the parameter vector \II of (3.1)
or (3.3) is estimated as

r
~ == argminQr(\l1) == argmin L (Yt - G(Wt; '11))2 .

'1t '1t t= 1
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In Illost applications a simple gradient descent algorithm (backpropagation) is used to esti­
mate the parameters. However, the estimation of lit is usually not easy (Hush (1999)), and in
general the optimization algorithm is very sensitive to the choice of the starting-values of the
parameters. TIle use of algorithms such as tIle Broyden-Fletcher-Goldfarb-Shanno (BFGS)
algorithm or the Levenberg-Marquardt are strongly recommended for the final estimation.
See Bertsekas (1995) for details about optimization techniques.

Any estimated model must be evaluated. In econometrics, model misspecification tests
play an important role in model evaluation. Most often, tllese tests concern the estimated
resitiuals of the nl0del. The residuals are used for testing assumed properties of the error
process, such as, serial independence and normality. Testing parameter stability is another
inlportant model evaluation test. In typical ANN applications, out-of-sample forecasting
appears to be the only evaluation tool available. This is, however, not surprising because the
asynlptotic properties of the parameter estimators are often unknown. The statistical ANN
Inodelling procedure considered here (referred hereafter by SA) is intended to fill the gap
between econometric model building and ANN modelling practices by proposing a number
of misspecification tests for ANN model building.

30302 ANN Modelling Based on a Statistical approach (SA)

The capability of single hidden-layer feedforward neural networks (hereafter NN) to ap­
proxilnating any Borel-measurable function to any degree of accuracy llas been pointed out
in Hornik, Stinchcombe, and White (1989). Nonlinear features in time series can then be
successfully modelled applying statistical tools to the data of interest, since the connection
between NN and statistics is generally well accepted. I call the following model an autore­
gressive NN model of order k with q hidden units and a linear component:

q

Yt==c/Wt+ I::Pj't/J(/}Wt)+Ut, t== 1, ... ,T
j=1

(3.5)

~rhere Q == (aI, 0;2, ... , Qk, aD)', f3 == (PI' , f3 q )', Ij == (/jO, Ijl, ... , Ij,k-l' Cj)', j == 1, ... , q;

Wt == ('~Ult, W2t, ... , Wkt, 1)' == (Yt-l, Yt-2, , Yt-k, I)' and Ut is n.i.d.. Here, I assume for
sinlplicity that all lags from 1 to k enter model (3.5).

Summing up, the overall device works as fo11o\vs. The set of variables to be included in
the model is selected as in Recll, Terasvirta, and Tschernig (2001). The hypothesis of no
nonlinear hidden units (linear model) is tested at a given significance level Q. If rejected,
a model with a linear part and one hidden unit is estimated and the approximate t-values
of the parameters computed, approximating the covariance matrix of the parameters by
the outer product of tIle gradient matrix. TIle lags with low t-values are removed and the
model re-estimated. The whole procedure is redone until th.e hidden unit contains only
significant estimates. Subsequently, the hypothesis of no additional hidden units is tested
at the significance level 0,/2. If rejected, a model with two hidden units is estimated and
the dimension of tIle model reduced by checking the t-values of its estimates as above.
1-'he procedure continues halving tIle significance level again to a/4, 0,/8, ... , stopping the
procedure at the first acceptance of the null hypothesis of no additional hidden units. Letting
the significance level converge to zero as q ---+ 00 keeps the dimension of the model under
control.

Evaluating a model requires, as in EitrI1eim and Terasvirta (1996), to develop specific L~1

tests for the hypotesis of no error autocorrelation and parameter constancy, while additional
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nonlinearity is already checked when I choose the number of hidden units. The test for
error autocorrelation is based on model (3.5), where the residuals Ut follow an autoregressive
process of order T, Ut == 2:j=l ajUt-j + ct, ct rv n.i.d.(O, 0-

2). The corresponding LA! test
for the hypotesis Ho : a == 0 can be carried out in 3 steps as in testing for q against q + 1
lildden units. As to parameter constancy, I generalize model (3.5) assuming tllat the hidden
units have constant parameters whereas both (3s and as may change smoothly over time.
Therefore a == a (t) == ao +A2F1 (t, /1' Cl) and (3 (t) == (30 +A1Fj (t, lj' Cj), where ttle Fj (.) s

are transitional functions monotonically increasing and bounded bet\veen zero and one. The
null hypothesis of parameter constancy implies that Fj (t, 11' Cl) == constant for any t. For
further details on the modelling procedure, see essay II of th.is thesis.

3.3.3 Early Stopping

In this paper, I compare forecasts from models obtained applying tIle modelling cycle of
Section 3.3.2 to forecasts from ANN models of the form of (3.1) obtained by other means.
The first alternative method to be considered is the so-called early stopping. It is perhaps
one of tlle most simple and vastly used modelling technique in the AN::\" framework. The key
idea is to split the available data into three subsets. The first subset is used to estimate the
parameters. Tile second subset is called the validation set. The error on tIle validation set is
monitored during the estimation process. When the network begins to overfit the data, the
error on the validation set typically begins to rise. When the validation error increases for
a specified number of iterations, the estimation process is discontinued, and the parameters
estimated at the minimum of the validation error serve as final estimates.

The test set is not used for estimation, but it is saved for comparing different models. A
large number of different specifications are estimated and compared by means of the out-of­
sample performance. The model with the best forecasting performance is chosen as the final
specification.

3.3.4 Pruning

Pruning is another popular technique. The objective of pruning is to find the smallest net­
\vork that fits the data well and produces good forecasts. I consider tlrree pruning techniques.
For a general survey on pruning see Reed (1993). The first two, information criterion pruning
and cross-validation pruning, are described in detail in Anders and Korn (1999). The third
one, interactive pruning, is based on the results of Kaashoek and van Dijk (1998), Siestma
and Dow (1991), and Siestma and Dow (1988).

Although there are many other pruning algorithms, the tllree to be considered here are
tIle one most frequently used in applications.

To estimate the parameters, I used the BFGS optimization procedure with the starting­
values given by the Nguyen-Widrow algorithm Nguyen and \\Tidrow (1990).

Information Criterion Pruning

The idea of tlle Information Criterion Pruning (rCP) is to choose between two models with
different degrees of complexity. This is done using information criterion (Ie) such as, AlC
i\kaike (1974) or SBIC(Rissanen (1978); Schwarz (1978)). As pointed out in Anders and
I(orn (1999), such information criteria are derived based on the assumption of asymptotic
normality of tIle maximum likelillood estimators in globally identified models. Hence, their
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use is not theoretically justified in the neural network case when the ANN model may be over­
paralnetrized and thus unidentified. To circumvent tIlis problem, Anders and Korn (1999)
suggested tIle following methodology to estimated ANN models based on IC measures.

First, estimate the AN:K model with only one hidden unit. Next, compute the residuals
and regress tllem on a tIlird-order Taylor expansion of an additional hidden unit. Calculate
the value of information criterion and accept the additional hidden unit if the value of the IC
is less than the IC of a white noise. Continue adding hidden units until there is no further
ilnprovement. Note tllat this resembles the strategy presented in Section 3.3.2. However, in
<letcrnlining the number of hidden units, information criteria are used in place of statistical
Lest.s.

1'he second step of tIle procedure starts from the fully connected network obtained in
the first step and tries to detect irrelevant input connections. One tllUS proceeds in the
opposite direction. All submodels with one of the input connections removed are estimated
and compared with the full network by means of the Ie. If the full network turns out to
have the lowest IC value, this model is accepted as the final one. Otherwise the lowest IC
submodel is cllosen to serve as the baseline for the next round of the specification search.
Again all submodels having one input connection less than the baseline model are compared
\vith the latter using an appropriate IC.

It is also possible to start with a network with a large number of hidden units and
proceed by removing units one at a time, if necessary. This '~general to specific" alternative
nlay involve estimating a considerable amount of unidentified or near-unidentified models
and is not applied in this \vork.

Cross-Validation Pruning

The idea of the cross-validation pruning (CVP), or, more specifically, leave-k-out cross­
validatioll, is the following. In order to find an optimal number of hidden units and the
correct set of input variables, it is appealing to compare the mean squared prediction errors
(Iv1SPE) of different model specifications. Such prediction errors are obtained by dividing the
sample into lvI subsets, which contain k observations each. The ANN model is repeatedly
re-estimated, leaving out a different subset each time. The average MSPE on the IvI subsets
that have been left out defines the cross-validation error, CV:

where

1 M
ev == - ~ MSPEm ,

At L...J
m=l

k

MSPEm = ~ L (ih - Yi)2 .
i=l

(3.6)

(3.7)

The model with the lowest cross-validation error is finally chosen. The CVP is inde­
pendent of probabilistic assumptions. The main disadvantage of the CVP method is that
re-estimating the models for each one of !vI subsets can be time-consuming. In principle, all
combinations of input variables and hidden units can be compared which requires plenty of
computational resources.

The CVP is carried out in t",ro stages. The first one consists of estimating the number of
hidden units and the second one of removing any irrelevant input variables. Tlle first step
is sUffilnarized as follows. Start fitting a model with only one llidden unit and compute the
value of ev. Add anotller hidden unit to the model and COll1pute the CV again. Compare
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(3.8)

the new CV value with the previous one. If the former is smaller than the latter, add
anotller llidden unit. Otllerwise discontinue the process and proceed to the second stage,
wllich is the following. Compute the value of the cross-validation error for all submodels
containing one input connection less than the original model. If at least one submodel turns
out to have an smaller CV tIlan the full model, remove that variable and continue without
it. Otherwise terminate the process. The finally cllosen ANN model is such that no variable
can be removed without increasing tlle cross-validation error.

As in the lep method, it is also possible to start with a network with a large number
of hidden units and proceed by removing one unit at each round. Again, this is not done in
this paper. Several papers have pointed out arguments for and against the CVP.

For example, Stone (1977) presented an insightful discussion of the limitations of cross­
validation. See also Zhu and Rollwer (1996), Goutte (1997), and Rivals and Personnaz
(1999) .

Interactive Pruning

Another way of identifying irrelevant units and/or inputs is the so called interactive pruning
(IP). The main idea is to start by estin1ating an AKN model with a large number of both
Itidden units and variables. After estimating the parameters of the model, the incremental
contribution of each hidden unit is considered. This is done in several ways. Siestma and
Dow (1991) and Siestma and Dow (1988) tackled the problem by removing hidden units
with variance close to zero « 10-8 ) and combining units \vith highly correlated responses
(p == 0.98, for example). Kaashoek and van Dijk (1998) suggested a. different approa.ch based
on the correlation coefficient of tIle fitted values Yt, defined as

R 2 = 1 _ 2:[=1 (Yt - Yll
\:'T ( -:-)2 '
L..tt=l Yt - y

\vhere y == (liT) 2::=1 Yt. The idea is to ren10ve the 'i th hidden unit, i == 1, ... ,q, re-estimate
the model, and compute the value of the percentage difference in R 2 , defined as

(3.9)

\vhere Rr is the R2 without the i th hidden unit. Ho\vever, re-estimation means that only the
vector of "connection strengths" , f3 in (3.1) is re-estimated each time. If 6.R2 is small (~ 1%),
I remove the unit from the model. After removing the hidden units deemed unimportant,
tIle procedure is continued by removing one input variable each time and comparing the
correlation coefficients. Irrelevant variables are removed from the model following the same
procedure as before, based on ~R2. Again, only the connection strenght vector (3 is re­
estimated each time.

The main drawback of this method is that estimating an ANK model with a large number
of inputs and hidden units is very difficult and quite often the estimation algoritllffi does not
converge.

3.3.5 Regularization

The last modelling technique considered here is regularization. The idea, familiar from
statistics, is to find a balance between the number of parameters and goodness of fit by
penalizing large models. The objective function is modified in such a way tllat tIle estimation
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algorithm effectively prunes the network by driving irrelevant parameter estimates to zero
(illl~ing the estimation process. The parameter vector lJ1 is estimated as

lj, == argminQT('lr) == argmin (QT(\It) + 17Qr(\lJ')) ,
'1' '1J

(3.10)

\vhere QT(W) == E;=l (Yt - G(Wt; W))2 as in (3.4), Qr(lJr) is the regularization or penalty
[erIn, and 17 > 0 is often called the decay constant.

To be in agreement with the terminology often used in the ANN literature, in this section
~\veightff means parameter and "generalization" is a synonym to out-of-sample forecasting.

W"eigllt Decay

rrlle usual penalty is the sum of squared parameters times a constant. In a linear model, this
[orIn of regLllarization, called weight decay, is equivalent to ridge regression. For the A1\":\'
lnodel (3.1), tIle parameters are estimated as

(3.11)

\vhere Wi is a typical element of the parameter vector 'It and n is the number of parameters
of the nlodel.

The penalty term in (3.11), by definition, penalizes large estimates. There exist other
reg'ularization methods where the penalty tern1 involves not only the parameter estimates
but. various partial derivatives of G(Wt; 'It) as well.

The weight decay penalty term makes the parameter estimates smaller in absolute value
than they otherwise would be. Large estimates can affect the forecasting performance in
two different ways. Very large parameters estimates of lij' i == 1, ... , q, j == 0, ... ,p, in
(3.1) or (3.3) lead to hidden units that cause G(Wt; '1J') to be too rough, possibly with near
discontinuities. Excessively large estimates of (3 can cause outputs far beyond the range
of the data, if the output activation function is not bounded to the same range as the
data. To put it another way, large parameter estimates can cause excessive variance of the
output (Geman, Bienenstock, and Doursat (1992)). According to Bartlett (1997), tIle size
(L 1 norm) of the parameter estimates is more important than the number of parameters in
(letermining the out-of-sample performance of the estimated ANN model.

Other penalty terms besides the sum of squared weights are sometimes used.

W"eigllt Elimination

Weigend, Rumelhart, and Huberman (1991) proposed the weight elimination where

(

T ( "",n lTr2 ) )'"' '" - 2 L,; '-1 ~ i
'1t = argminQT('1t) = argmin QT('1t) = L (Yt - G(Wt; '1t)) + 'fJ 1 £,:, \lJ2 .

'IJ '1' t=l + )=1 2

(3.12)
\.Vhile the penalty term using the sum of squared weights tends to shrink the large estimates
JllOre than the small ones, weight elimination tends to shrink the small coefficients more, and
is tllerefore more useful for suggesting subset models (pruning).

The forecasting ability of the ANN model can depend crucially on the decay constant Tf,
especially with small sets of data used for estimation. If TJ is too small, tIle network may still
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overfit, and if it is too large, the ANN model does not have an adequate fit in the estimation
period. lTsually, different types of parameters in the ANN model will usually require different
<-iecay constants for good forecasting ability.

One approacll to choosing the decay constant is to estimate several networks with differ­
ent values of TJ and choose the one that minimizes the sum of squared out-of-sample residuals.
\\'eigen<-l, Rumeillart, and Huberman (1991) iteratively update the decay constant during es­
tinlatioll. Adjusting all these decay constants to produce the model with tIle best forecasting
ability often requires vast amounts of computation.

Fortunately, tllere is a superior alternative to weight decay and weight elimination: tIle
Bayesian regularization. Bayesian regularization lllakes it possible to estimate efficiently
nUlnerous <.1ecay constants.

Bayesian Regularization

Que approach to determining the optimal regularization parameter Tl is tIle Bayesian frame­
\vork of lVIacI(ay (1992). In this context the coefficients of the network are assumed to be
random variables with well-specified distributions. The regularization parameters are related
to the unknown variances associated witll these distributions and can be estimated with sta­
t.istical teclmiques. Foresee and Hagan (1997) gave a detailed discussion of the use of Bayesian
reg~ularization in cOillbination with the Levenberg-Ivlarquardt optimization algorithm. TIle
Ina-in advantage of this metllod is that even if the A~N model is over-parametrized, the
irrelevant parameter estimates are likely to be close to zero and the model behaves like a
Sl11all net\vork.

3.4 AR approximation to Box & Jenkins' ARMA Inodelling

The AR:ivlA(PI, P2) model is defined as

(1 - PI L - P2L2 - ... - PPI LPl )Yt == (1 + elL + e2L 2 + ... + 8p2 LP2)Ut, (3.13)

where PI' ... , PPl , 81 , ... , ep2 are real parameters, L is the backshift operator defined as LiYt ==
Yt.-i, PI is tIle autoregressive order, P2 is the moving-average order, and Ut rv NID(O, (j~).

Stationarity and invertibility are basic assumptions. lTnder SUCll conditions, we may \vrite
(3.13) in the autoregressive representation, that is, an AR(p == CX)) process:

(3.14)

or, equivalently:

(3.15)

A linear model of tIle type (3.15), with a finite number of lags, can approximate (3.13)
satisfactorily if a sufficient number of lags is encompassed. I choose the maximum lag P == 25
because several series are monthly and their need to be investigated at least 2 years back in
Lillle. The estimation can be performed by ordinary least squares (herafter OLS).Hereafter~

I call such illodelling procedure" AR" and I shall refer to it by tIlis abbreviation.
The AR model building procedure is summarized as follows:

1. Specification
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(a) If necessary, take logarithm or power transformations.

(b) If necessary, take short and/or long (seasonal) differences of Yt to achieve station­
arity in the mean.

(c) Determine the order of the AR model, i. e., choose the value of p. Th.is is done by
examining the partial autocorrelation (PACF) functions of the series after taking
the differences and transforming the data (if it is necessary).

:2. Estimate the parameters of model (3.15) by OLS.

~3. I'v1odel evaluation.

(a) Test wllether the errors are white noise (Ljung-Box statistic).

(b) Test whether the errors are normally distributed (skewness, kurtosis and the
J arque-Bera test).

4. Reduce the dimension of the estimated model using some information criterion like
SBre or AlC.

3.5 The Experiment

l\:\":\" Inodels are mainly used for forecasting. To assess the practical usefulness of different
Inethods of building an A:\TN model and the linear ARIMA model I conduct a forecast­
ing experiment. The forecasts made by each estimated model are compared according to
several statistics. r estimated A:N"N models for 30 different time series using the follo\v­
ing model builcling procedures: statistical methods, information criterion pruning, cross­
validation pruning, and Bayesian regularization. I also tried to estimate ANN models based
on interactive pruning. However, in most of the cases considered here I was unable to es­
timate a satisfactory model. TllUS, I discarded these results from the present paper. To
COlllpare the perfoffilance of the ANN models \vith the linear model, I also estimate, for each
series, a linear autoregressive model.

3.5.1 Forecasting

The forecasts were made according to the following procedure.

1. Split the sample into two subsamples: the estimation set (t == 1, ... ,to) and the fore­
casting set (t == to + 1, ... , T).

2. Estimate the parameters of each model using only tlle estimation set.

3. For t == to, ... ,T - 12, compute the out-of-sample forecasts of one to 12-step-ahead,
Yt(h), and the associated forecast errors denoted by Ut(h) where h is the forecasting
horizon.

4. For each forecasting horizon, compute the following performance measures:

(a) Normalized root mean squared error (nRMSE):

nRA1SE(h) ==
T- to-11 6 2

y

(3.16)
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where 0-; is the estimated in-sample unconditional variance of the series. The
nRMSE(h) is a measure of the relative forecasting efficiency of the estimated
model in relation to Yt(h) == y, where y is the in-sample mean of the series.

(b) Nlean Absolute Error (1\1AE):

T-12

1\1AE(h) = T 1 ~ IUt(h)!
- to - 11 L..t

t=f,o

(c) rvledian Absolute Deviation (MAD):

A1AD(h) == median(IUt(h) - mewan(Ut(h) I).

(3.17)

(3.18)

(3.20)

Reporting the lvlAD was suggested by van Dijk (1999) and can be interpreted as
a measure that is robust to outliers.

Another interesting \\ray of comparing the forecasting performance of different models is
to compare tIle sign of (Yt+h - Yt) with the sign of (f)t+h - Yt). This can be done with a 2 x 2
contingency table, known as the confusion matrix and defined as

actual
up down

up all al2 (3.19)
predicted

down a21 a22

TIle colunms in (3.19) correspond to actual moves, up or down, while the rows correspond
to predicted moves. In this way, the diagonal cells correspond to correct directional predic­
tions, while the off-diagonal cells correspond to incorrect predictions. I measure the overall
performance in terms of the confusion rate, defined as

CR == a12 +a21

all + al2 + a21 + a22

In order to test the hypothesis of equal accuracy in forecast performance between two
estimated models, I use the Diebold-J\1ariano statistic Diebold and Mariano (1995) with the
correction proposed by Harvey, Leybourne, and Newbold (1997). Such statistics is described
in essay II of tilis thesis.

The time series used in the forecasting experiment are summarized in Table A.I. For each
of the 30 series, the applied transformation, the period of interest, the total number of ob­
servations T and the number of observations to utilized for estimating the models are given.
The first twelve series were obtained from Economagic (www.economagic.com). The rest
of the series were obtained from Rob J. Hyndman's Time Series Data Library home page
(www-personal.buseco.monash.edu.auj hyndman/TSDL/mhts/). Logarithmic transforma­
tions were applied to some of the series to stabilize the variance, and first or twelve-month
ilifferences \vere taken to achieve stationarity and/or to remove seasonal variation. The idea
is to perform an investigation on a broad set of data \vith a different sample size, related to
topics from macro and financial economics, to physics, to ecology and llealth. As to macro.­
economic data, I included the 1\11, 1\12 and Iv13 series for US money stock, the unemployment
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rate, the industrial production, the consumer and the producer price index for the US. TIle
set of financial series includes 3 daily cross rates (Canadian $/US $, German mark/US $,
Japanese yen/US $) and 2 monthly stock indexes (S&P 500 and Dow Jones). All these
series are montllly, seasonally adjusted, and transformed by taking the first difference of
logarithms, such that I model their approximated growth rates. One series represents the
volcaruc dust veil index, 4 series relate to river flows, 2 to blow-flies population, 2 to ozone
concentration, 3 to temperatures (1 monthly and 2 yearly), and 3 to cases of chickenpox,
lneasles and mumps. The two classical benchmarks modelled in essay II, the lynx and tIle
annual sunspot series, are included too.

3.5.3 Estimation Results

rfable A.2 shows the specification results. TIle set of selected lags widely differ depending on
the different method employed. TIle SA approach is the most parsimonious both in terms
of nUlnber of hidden units included in the estimated models and number of selected lags.
It is also the only one which allows tIle detection of a linear model. Note that it leads to
the detection of a linear model in 17 cases over 30. If I compare such linear models to the
AR 1110dels estimated by OLS, I can notice that they are much more parsimonious. The
AR approach detected even 10 lags in one case, while SA never detected more than 4 lags.
Likewise, if I compare the nonlinear models estimated by the SA approach to the ICP and
CVP methods (the BRP's specification is fixed), it is seen from table i\.2 that SA is the
Illost parsimonious. The question now is if this fact will influence the performances of the
SA approach either in the sample fit (table A.3) or in the forecasting performances (tables
A.4-A.ll) or in both of them.

As to the in-sample fit, table A.3 shows the nRl\!!SE of the estimated models. SA models
always have the largest nRlvfSE, but this is expected because the corresponding estimated
lllodels are the most parsimonious. As a whole, the BRP approach performs bettern than
the others in 11 cases according to the nRMSE criterion, but this is not surprising because
it is tIle less parsimonious one, with 12 lags and 4 hidden units in each estimated model:
including more regressors gives, on the average, a better fit, but does not guarantee better
forecasts. The rep has the lo~'"€st residual mean square error 7 times, and the CVP and the
AR follo\v, both with 6. Whether or not the larger models forecast better than the more
parsimonious ones \vill be discussed in the next paragraph.

3.5.4 Forecasting Results

Forecasting \\rith nonlinear models is far more complicated tllan in the linear case, especially
in the case of multi-steps ahead forecasts. Techniques such as Monte-Carlo and Bootstrap
should be used. See Granger and Terasvirta (1993), p. 130-135 for a discussion. In this
paper, I use the Monte-Carlo approach witll 500 replications to produce multi-step forecasts
from the nonlinear estimated models. Let Yt == (Yt, Yt-l, ... , Yt-k)' the set of lags entering
the estimated ANN function 9 (-) at time t + 1, and Yt+l the forecast one steps ahead, its
optimal value is computed as follows:

170r h > 1, it still holds that E [Yt+2IIt ] == g(Yt+l), ...E [Yt+hI1t] == g(Yt+h-l), but we still
base our forecast on the information set at time t, It. It follows that f.i. in vector Yt+l, we
<.10 not know Yt+l. So forth so on, in vector Yt+h-l we do not know Yt+h-l, Yt+h-2, ... ,Yt+l,
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and they have to be generated by taking their variances into account. The most sensible
asslunption is tllat Yt+ 1, ... , Yt+h-l follow the same process than Yt, whicll we assume to be
nOfInal: Yt. rv lV (IJ, 0-

2 ). It follows that we can generate forecasts at time h > 1 by using
random numbers drawn by the same distribution, z(j) rv N (0, 0-2 ). Therefore,

Yt+2

Yt+h

where the sequences of random numbers {Z~22' ._-, Z~2h} , j = 1, ,500, are drawn from

the normal distribution, Z~2i rv N (0, (12), and are mutually independent for an i == 2, ... ,.h;
j == 1, ... ,500. Results are reported in tables A.4-15 and summarized in tables A.4-A.10. In
order to examine the forecasting performances for the 5 different models at the 3 horizons h
==1, Gand 12, first I compute a set of indexes which allo\vs to make a comparison in absolute
value for nRl\lSE, l'vIAE (table 12) and l\1AD and the confusion rate CR (table 13). Albeit
this approach does not constitute any sort of valid statistical test, it helps to shed light on
the relative merits of the models. Results from tables 12 and 13 are summarized in tables
4 and 5, where the number of times each model performs best are demonstrated for each h
and each of the 4 criteria.

The hypothesis of equal accuracy of forecasting performances measured by the nRMSE
criterion as a function of the forecasting error is tested, by means of the modified Diebold­
l'v1ariano test statistic S*. Results are reported in table 14. The number of times each
modelling strategy performs better versus another one is reported in table 6, 7 and 8 for h ==
1, 6 and 12 respectively. Likewise, in table 15, I use S* based on the MAE criterion. Tables
9,10 and 11 summarize the results for the 3 different forecasting horizons.

Let's take the first series, the first difference of the logarithms of tile monthly US Ml
money stock, seasonally adjusted, for the period 1959.1-1999.7. As can be seen in table 2,
the sets of selected lags widely differ depending on the different models. The number of
bjdden units is 1 for all the NN models but BRP which keeps them fixed to 4 in advance.
From tables 12 and 13, first line for model 1 corresponding to h ==1, the AR model ranks
first as to tIle nRMSE criterion, MAE and Iv1AD are the same for all the models, while BRP
performs best as to the CR criterion. As to h==6 (second line), the BRP performs best as
to the nRMSE, MAE and MAD are still the same for all the models, and CVP is the best
accroding to CR. At h==12 (third line), AR has the lowest nRMSE, l\1AE and MAD the same
for all the models, BRP has the lowest CR. Summarizing, for series 1 the BRP modelling
strategy and the AR are the best for h==l, BRP and CVP for h==6, and BRP and AR at h
==12.

In order to perform tIle analysis by using a statistically tool, the corrected Diebold­
f\r1ariano test statistic S*, I look into table 14 first (nRl\1SE). For h==l, AR and BRP are
still the models performing best. AR turns out to be significantly better than Iep at the
5% level and it is better than botll SA and CVP slightly over the 10% level, while it cannot
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be considered more accurate than BRP. BRP is better than SA at tIle 10% level, tIlan rcp
at the 1%, than CVP at the 5%. Now, performing the same analysis for h == 1 in table 15,
the corresponding outcomes for MAE corroborates results in table 14. Proceeding now to
the forecasting horizon 11 == 6, BRP outperforms 2 models and so does AR (nRMSE), while
(!\lAE) BRP tmns out to be better over 2 models and AR over 1. i\t h == 12, neitller in table
14 or 15 is there a clear indication of the models perfoming best. Such outcome is expected,
because forecasting accuracy obviously diminishes as h increases, and at h == 12 (one year
ahead in the M1 series) it becomes difficult, if not impossible, to discriminate among the
forecasting performances.

Such analysis is performed for each of the 30 series. A synthetic picture of the forecasting
p~rformancescan be viewed in table 4 and 5. In the former, the AR methodology outperforms
t.he other 5 ones both for 11 == 1, 6 and 12, both for the nRlvlSE criterion (11 ranks best for
11 ==1; 10 for h == 6; 9 for 11 == 12) and for the I'v1AE (11 times for 11 == 1; 10 for h == 6; 11 for
11 == 12). In the same table, neither of the 4 NN clearly outperforms any of tIle other. In the
latter, the AR metIlodology loses its predominance both as to the MAD and CR criteria,
but no clear dominant model can be observed.

If I now take tables 6-12, whic11 summarize tables 14 and 15, I can find the confirmation
of the outcomes of table 4. Looking at the column "sum wins - sunl. losses", for table 6
(nRrv1SE criterion, h == 1), I can see that the AR model performs best 24 times versus the
other models as a whole. In table 9 (!vIAE, h == 1), the corresponding figure is 20. The AR
lnethodology thus seems superior to the other 2 ones at the forecasting horizon 11==1. As
to other models, the rcp performs worse botll in table 6 (-22) and table 9 (-18), while SA
(+2 and +6) ranks second. As to h==6 (tables 7 and 10), results are less clear-cut. BRP
is ranked first as to the nRlvISE criterion (+16 vs. +15 for AR) but results change for the
l\lAE (+5 vs +15 for AR). ICP is still the worst with -20 and -16, while SA performs quite
badly too (-10 and -6). At h==12, it is still clear that AR is the best (+15 for nRMSE and
+19 for l\1AE) , but results for the other models are quite difficult to interpret, being all
negative or slightly positive (ICP == -2 and -7; CVP == -14 and -14; BRP ==-1 and +1; SA
== -5 and +1). Therefore, from the analysis of table 6-11 I can conclude that, according to
the nRMSE and lIIAE criteria and on the forecasting comparison based on the DM test on
nRI\1SE and M~A..E, the AR methodology turns out to outperforn1 all the other ones. Among
those metllods for NN modeling, none can be considered the best.

Going to table 5, where results for :LvlAD (median absolute deviation) and CR (confusion
rate, based on the comparison of the signs of (Yt+h - Yt) with the sign of (Yt+h - Yt)) are
summarized, I can notice that tIle predominance of the AR models disappears. This may
be due to the fact that that both I\lAD and the CR criteria are less sensitive to outlayers
than nRlIlSE and MAE. At h == 1, AR ranks last as to MAD together with BRP, and last
togetller with SA as to CR. AR turns out to be the best as to :LvlAD and around average
as to CR at h == 6, the second worst in MAD and the second best in CR at h == 12. As
to SA, at h == 1 it ranks second best as to MAD and the worst as to CR. Because the CR
criterion is a measure for the accuracy in forecasting the sign, and :rvlAD is less sensitive to
large forecasting errors than nRMSE and MAE, based on the median of the data and not on
the mean, such 2 criteria are more useful to assess the goodness in forecasting the direction
of the value of a stochastic process. In such view, the NN models clearly outperform the AR
ones in forecasting one period ahead.

It is also of interest to see how tIle statistical methodology SA derived in this thesis
performs in the case of financial series. In this forecasting exercise i I included 3 monthly
series of exchange rates: Canadian $ / US $ (series 9), German mark / lIS $ (series 10)i and
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Japanese yes / US $. For such series, the SA approach leads to the acceptance of linearity (no
llcuran network model for any). The corresponding linear autoregressive n10del selected by
the SBIC criterion is based on the first lag (see section 3.2 in tllis essay or section 3 in essay
I [or an extensive discussion). All tIle other approaches produce models which are much
less parSil110niollS for each of the 3 series (see table 2). FUrthermore, ranking the models
according to tlleir in-sample fit measured by the nRiv1SE criterion (see table 3), SA is ranked
last for series 9,10 and 11. Now, if I look at tIle comparison for the forecasting performances
for series 9,11 == 1, corresponding to one montil ahead, (table 14 and 15), it is clear that the
11ypothesis of equal accuracy between SA and rep cannot be rejected either for nRMSE or
IVIAE. 1-'his result holds for SA vs CVP, SA vs BRP, and SA vs AR as \vell. Series 10 and
11 perfornl sinlilarly at 11 ==1. In this exercise, the SA metho(io]ogy leads to parsimonious
bnt very efficient models for financial forecasting.

3.6 Conclusion

III order to draw some conclusion on the overall exercise, I sumn1arize the analysis of the 3
rnonthly financial series first. As to those 3 special cases, I can conelude that 1) the well­
known property of parsimonious models of being the best forecasters is confirmed, 2) the
SA approach is able to detect a parsimonious model Wllich perforrns bett.er than tIle more
c0l11plicated ones at the forecasting horizon h == 1 and 3) even \\'l!CIl SA does not reject
linearity and leads to the estimation of a linear model, such model i~ still cODlpetitive to the
one estinlated by the the AR approximation to Box & Jenkins~ D1C'thodologv l'vlore generally,
results frOID table 4 and 5 do not disagree with Swanson and \\llitf' in (S\vanson and White
(1997)). In their analysis, tIle authors found out that each model performs best in at least
one case and tllat there is no clear "winner". Likewise, what happens in th.is forecasting
exercise is tIle following: while the linear model can be considered the best as the nRMSE
and l'v1AE criteria (table 4), it cannot definetely outperform the otbel" rnodels as to the 11AD
and CR criterion.

An overall conclusion about the results of the SA modelling procedure in this forecasting
exercise is tilat, albeit it does not perform better than the other approaches, it produces
sinlilar forecasting performances with tIle advantage of leading to the estimation of more
parsin10nious models.
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Appendix A

Tables

Saies

.1\11
t\f 2
M3
C'lfR
IP
cpr
PPI
EP"l:
EXCA US

10 EXGEUS
11 EXJPUS
12 SP500
13 DJIA
11 DVr
15 ASKEW 1
16 - ASKEW2
17 FISHER
IS - OLDMAN

19 - SUNSP

20 DEATHBF
21 - TOTALBF
22 AZUSA
23 OZONELA
2·\ TPMON
25 SUMMER
26 GLOBTP
27 LYNX
2S CHICKNY
29 MEASL
30 - r..1UMPS

Description

US M 1 money stock, seasonally adjusted
US M2 money stock, seasonally adjusted
US M3 money stock, seasonally adjusted
US civilian unem ployment rate, seasonally adj.
US in d ustria I product ion. seasonally adj listed
US consumer price index. seasonally adjusted
US producer price index. seasonally adjusted
US electric power use, seasonally adjusted
Exchange rate: Canadian $ to one US $
Exch ange rate: Germ an m arks to on e US:)
Exchange rate: Japanese yens to one US $
S&P 500 monthly close
Dow Jones Industrial A verage monthly close
Volcanic dust veil index, northern hemisphere
M.ly riverflow: Sacramento R. at Keswick, CA
M.ly r.ftow: Madison R. near Yellowstone, MT
Mean daily flow, ems. Fisher River, Dallas
Mean daily flow, ems. Oldman River, Brocket

Annual sunspot

Deaths in adult population of sheep blow-flies
Total population of sheep blow-flies
Ozone concentration, AZUSA
Ozone concentraion, downtown L.A
Monthly temperatures in England
Mean summer temperature in Munich
Changes in global temperature (annual)
Annual n of Lynx trapped, MacKenzie River
Rept. n. of cases of Chickenpox, m.thly, NYC
Rept. of cases of Measles, monthly. NYC
Rept. of cases of Mumps, monthly, NYC

Transform ation

first diff of log
first diff of log
first diff of log
first diff of log
first diff of log
first diff of log
first diff of log
first diff of log
ti rst d iff 0 f lo~

first diff of log
first diff of log
first diff of log
first diff of log
loga(obs. + 1)

12th diff. of t.he Jog
12th diff of the log

logarithm
logarithm

2 ( / (1 + 0 b se. -- 1]

logarithm
logarithm
logarithm
logarithm

12t.h difference
logarithm

first difference
logarithm base 10

12th diff. of the log
12th diff. of the log
12th diff. of the log

Period

1959.1-1999.7
1959.1-1999.7
1959.1--1999.7
1959.1-1999.7
1959.1-1999.7
1959.1-1999.7
1959.1-1999.7
1972.1-1999.6
13":"1.1-1999.8
1371.1-1999.8
1371.1-1999.8
1950.1-1999.9
1Y50.1-1999.9

1500-1969
1939.10-1960.7
1923.1-1960.1

01.011988 - 31.12.1991
01.01. 1988 - 31.121991

1700-1998

1956.1 - 1970.12
1955.1 - 1972.12
1723.1-1970.12

1781 - 1988
1880 - 1985
1821 - 1934

1931.1 - 1972.12
1928. 1 - 1972.1 2
1928.1 - 1972.12

T

486
486
486
486
486
486
486
329
331
331
331
596
596
170
252
14 -1
1461
1461

299

318
319
180
216

296·1
208
105
IH
486
522
522

to

365
365
365
3&5
365
365
365
210
240
240
240
480
480
300
170
300
1000
1000

200

200
200
100
100

2000
100
70
70

300
300
300

Table A.I: Data sets.
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Iep CVP BRP SA AR

Series Lags q Lags q Lags q Lags q A.R Lags

1 1,3.9,12 1 1-3,6-12 1 1-12 4 1,6 1 1.3,5
2 1-3,9,10 1 1-3,5,7-10 1 1-12 4 1-3,9 0 1-3
:3 1,3 1 1,2,4,5,7,9-12 1 1-12 4 1,6 1 1-4
4 1-6,8,10,12 1 1,2,4-6,8,9,11,12 1 1-12 4 1,4,12 1 2-4,12
5 1,5-7,9,11,12 1 2-12 1 1-12 4 1,2,5,12 2 1
6 1,8,9 1 1-12 1 1-12 4 1,10 0 1.5,9
7 2-4,7,11,12 1 1-9,11,12 1 1-12 4 2,4,12 1 1-3,5,6
8 7,9-12 1 2-7,9-11 1 1-12 4 1 0 1,6.12,24
9 1,3.8-10 1 1-8,10-12 1 1-12 4 1 0 1-3.8,10,13
10 1,4,6-11 1 1-9,11,12 1 1-12 4 1 0 1
11 1-4 1 1-4,6,8-11 1 1-12 4 1 0 1-3
12 1-3.5-12 1 1-12 1 1-12 4 1,9,12 1 1..),14
13 1,3,5-10 1 2,4-10,12 1 1-12 4 1,8 1 1..5,14
14 1,2,5,6 1 1-8,10--12 1 1-12 4 1,4,5 0 104,5
15 1,12 1 1-12 1 1-12 4 1,12 0 1-3,11-13
16 1,12 1 1-12 1 1-12 4 1,5,12 0 1,12,13
17 1,2,3 1 1-8,10-12 1 1-12 4 1,2,4 2 1-3
18 1,2,3 1 1-3,5-12 2 1-12 4 1,2 1 1-3
19 1,2,9 1 1-5,7-9,11 1 1-12 4 1,2,11 1 1,2,9
20 1,4,11 1 1,5,6,8,10,11 1 1-12 4 1,9,12 1 1,2,8,11
21 1,2,8 1 1,3-5,7,10-12 1 1-12 4 1,3,4,12 1 1.2,8
22 1,4,9,10,12 1 1-5,7-12 1 1-12 4 1,4,6,12 0 1.4,12
23 1,4,5,10,11 1 1,4-9,12 1 1-12 4 1,10,12 0 1,10,12
24 1,2,4 1 1-5,7-12 1 1-12 4 1,2,12 0 1,2,4,6,8J2,13,15,24,25
25 1-7,10-12 1 1-4,6,8-12 1 1-12 4 1,6 0 1
26 1-6,8-11 2 1-3,7-9,11,12 1 1-12 4 2 0 1-4
27 1-12 4 1,4,5,10,12 1 1-12 4 1,3 1 1,2,4,7
28 1,9 1 1-9,11,12 1 1-12 4 1,7,12 0 1,4,9,12,13,20,23-25
29 1,2,11 1 1-7,9,11 1 1-12 4 1,2,9,12 0 1,2,4,11-13,21,24,25
30 1,11 1 1,2,4-12 1 1-12 4 1,12 0 1,11-13,24,25

Table A.2: Specification results.
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Series Iep CVP BRP SA AR

1 0.859 0.849 0.85.5 0.883 0.871
2 0.682 0.679 0.681 0.693 0.698
3 0.695 0.702 0.609 0.693 0.692
4 0.908 0.918 0.911 0.917 0.923
.5 0.874 0.936 0.904 0.912 0.919
6 0.589 0.582 0.41.5 0.714 0.587
7 0.795 0.801 0.809 0.854 0.835
8 0.951 0.946 0.747 0.990 0.940
9 0.924 0.912 0.931 0.985 0.931
10 0.879 0.922 0.944 0.954 0.954
11 0.906 0.896 0.918 0.938 0.924
12 0.975 0.970 0.988 0.986 0.988
13 0.982 0.979 0.997 0.995 0.986
14 0.663 0.651 0.591 0.656 0.607
15 0.723 0.701 0.700 0.721 0.642
16 0.684 0.676 0.678 0.686 0.663
17 0.124 0.124 0.118 0.141 0.124
18 0.106 0.105 0.098 0.100 0.106
19 0.367 0.363 0.321 0.424 0.377
20 0.419 0.399 0.301 0.400 0.423
21 0.362 0.337 0.154 0.37 Ll 0.389
22 0.532 0.524 0.489 0.539 0.538
23 0.575 0.570 0.469 0.593 0.593
24 0.962 0.840 0.821 0.843 0.791
25 0.874 0.882 0.998 0.959 0.972
26 0.745 0.832 0.995 0.964 0.873
27 0.050 0.326 0.180 0.332 0.351
28 0.678 0.590 0.573 0.600 0.537
29 0.250 0.248 0.215 0.245 0.207
30 0.333 0.329 0.322 0.332 0.286

Table A.3: nRl\![SE of estimated models.

I-Iorizon Iep cvp DRP SA AR

2 4 7 6 11
1 4 6 5 4 11

4 5 4 7 10
6 5 4 6 5 10

5 3 .5 8 9
12 4 3 8 4 11

rrable A.4: .Forecasting results: number of series where each model is the best model according
to the nRrvlSE (first line) and ~lAE (second line).
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IIorizon rep cvp nRP SA AR

5 8 5 7 .5
9 7 9 5 .)

6 7 6 3 8
6 4 11 10 7 7

6 4 6 9 .s
12 6 6 10 11 10

rrablc _A..G: Forecasting results: number of series \\J"here each model is tbe best model according
t.o t,1te rvlAD (first line) and CR (second line).

rcp Cyp BRP SA AR SUlll of losses SUlll ()f \,'ins - sun) of losses
ICP 6 11 8 11 36 -2:2
CVP 2 8 7 8 25 -4
nRP 4 6 5 8 23 1
SA 4 5 3 7 19 :2
A.R 2 4 2 2 10 24

sunl of wins 12 21 24 22 34

Table A.6: Forecasting results: number of series where motlel A (coluInn) is better than
Bl0del B (line) according to the modified Diebold-1'v1ariano statistic at a 0.10 level for I-step­
ahead (nRMSE test).

rcp CYP BRP SA AR sun1 of losses sun1 of v,'ins - sun1 of losses
rcp 7 10 8 9 34 -20
CVP 4 8 6 7 25 -1
DRP 2 6 3 5 16 16
SA 7 7 8 8 30 -10
A.R 1 4 6 3 14 15

SUll1 of wins 14 24 32 20 29

"rable A./: Forecasting results: nUIYlber of series where model A (column) is better than
Inode1 B (line) according to the modified Diebold-1Jlariano statistic at a 0.10 level for 6­
steps-ahead (nR1'v1SE test).
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ICP cvp BRP SA AR sum of losses sum of wins - sum of losses
rcp 6 8 6 9 29 -2
CVP 8 10 8 9 35 -14
DRP 7 5 6 10 28 -1
SA 9 7 6 10 32 -5
AR 3 3 3 4 13 1.5

sunl of wins 27 21 27 24 38

rrablc A.S: Forecasting results: number of series where model A (column) is better than
Ino<iel B (line) according to the modified Diebold-Mariano statistic at a 0.10 level for 12­
st.eps-ahead (nRl'v1SE test).

Iep cVP BRP SA AR sum of losses sum of wins - sum of losses
ICP 6 9 7 10 32 -18
C\lP 2 7 5 8 20 1
DRP 4 7 7 10 28 -7
SA 4 3 2 7 16 6
A.R 4 5 3 3 15 20

SUlll of wins 14 21 21 22 35

1a.lJle i\.9: Forecasting results: number of series \vhere model A (column) is better than
B10del B (line) according to the modified Diebold-l'vlariano statistic at a 0.10 level for 1-step­
ahead (:NIAE test).

rcp cvp BRP SA AR sum of losses sum of Vv'ins - sum of losses
rcp 6 9 9 10 34 -16
C\iP 3 8 7 7 25 -4
nRP 6 7 4 7 24 5
SA 7 5 8 8 28 -6
i\R 2 3 5 2 12 20

sunl of ,"vins 18 21 29 22 32

Table A.10: Forecasting results: number of series where model A (column) is better than
D10del B (line) according to the modified Diebold-l'v1ariano statistic at a 0.10 level for 6-steps­
ahead (:NIAE test).

ICP cVP BRP SA AR sum of losses sum of wins - sum of losses
ICP 6 8 6 10 30 -7
CVP 8 8 7 7 30 -14
nRP 7 4 6 8 25 1
SA 6 4 6 7 23 1
AR 2 2 4 5 13 19

surn of Vv'ins 23 16 26 24 32

r-rable A.I1: Forecasting results: nun1ber of series where model A (column) is better than
nlodel B (line) according to tIle modified Diebold-Mariano statistic at a 0.10 level for 12­
steps-ahead (MAE test).
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Table A.12: Forecasting results (nRlYISE and MAE): 1 (first line), 6
(second line) and 12 (third line) steps ahead.

Iep CVP DRP SA AR

Series llRMSE MAE nRMSE MAE nRMSE MAE nRMSE MAE nRMSE MAE

0.919 0.003 0.893 0.003 0.848 0.003 0.878 0.003 0.834 0.003
1.161 0.004 1.119 0.004 1.027 0.004 1.124 0.004 1.057 0.004
1.374 0.005 1.397 0.005 1.277 0.005 1.290 0.005 1.226 0.005

0.686 0.002 0.686 0.002 0.676 0.002 0.640 0.002 0.666 0.002
2 1.254 0.004 1.274 0.004 1.137 0.003 0.973 0.003 1.136 0.003

1.531 0.004 1.589 0.005 1.397 0.004 1.124 0.003 1.281 0.004

0.726 0.002 0.750 0.002 1.337 0.003 0.722 0.002 0.711 0.002
3 1.212 0.003 1.265 0.003 1.516 0.004 1.108 0.003 1.061 0.003

1.448 0.004 1.554 0.004 1.824 0.005 1.311 0.003 1.330 0.003

0.792 0.020 0.797 0.019 0.777 0.019 0.789 0.019 0.775 0.019
4: 0.799 0.020 0.779 0.019 0.788 0.019 0.774 0.019 0.776 0.019

0.813 0.020 0.797 0.020 0.799 0.020 0.791 0.020 0.795 0.020

0.583 0.004 0.602 0.004 0.559 0.004 0.513 0.004 0.513 0.004
5 0.552 0.004 0.567 0.004 0.563 0.004 0.515 0.004 0.505 0.004

0.551 0.004 0.563 0.004 0.549 0.004 0.522 0.004 0.494 0.004

0.780 0.153 0.755 0.144 1.056 0.187 0.863 0.171 0.781 0.153
6 0.755 0.147 0.747 0.141 0.841 0.164 1.012 0.197 0.754 0.144

0.849 0.166 0.854 0.166 1.102 0.199 1.154 0.228 0.851 0.166

0.788 0.003 0.710 0.003 0.709 0.003 1.065 0.00.5 0.748 0.003
7 0.745 0.003 0.715 0.003 0.723 0.003 0.758 0.003 0.749 0.003

0.798 0.003 0.804 0.003 0.761 0.003 0.735 0.003 0.707 0.003

0.583 0.006 0.674 0.007 0.627 0.007 0.623 0.006 0.585 0.006
8 0.601 0.006 0.616 0.007 0.618 0.006 0.587 0.006 0.561 0.006

0.602 0.006 0.613 0.007 0.693 0.007 0.590 0.006 0.551 0.006

1.109 0.009 1.079 0.009 1.006 0.008 1.045 0.008 1.008 0.008
9 1.037 0.009 1.016 0.008 1.031 0.008 1.101 0.009 0.990 0.008

1.158 0.009 1.164 0.009 1.151 0.009 1.182 0.009 1.108 0.009

1.013 0.023 0.916 0.021 0.904 0.008 0.924 0.021 0.922 0.021
10 0.882 0.021 0.866 0.020 0.8,56 0.008 0.895 0.020 0.893 0.020

0.849 0.019 0.857 0.020 0.840 0.009 0.868 0.019 0.866 0.194
continued on next page
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Iep CVP BRP SA AR

Series llRMSE MAE nRMSE MAE nRMSE MAE nRMSE MAE nR1tfSE MAE

1.040 0.022 1.040 0.023 0.929 0.020 0.957 0.020 0.938 0.021
11 1.021 0.022 0.998 0.022 0.958 0.021 0.990 0.021 0.987 0.021

1.030 0.023 1.034 0.023 1.013 0.022 1.021 0.022 1.022 0.022

0.953 0.030 0.969 0.031 0.939 0.030 0.927 0.029 0.939 0.030
12 0.934 0.030 0.945 0.031 0.936 0.030 0.928 0.029 0.932 0.030

0.887 0.028 0.917 0.030 0.897 0.029 0.893 0.029 0.905 0.030

0.987 0.031 0.981 0.032 0.964 0.030 0.974 0.030 0.978 0.031
1~l 0.979 0.031 0.968 0.031 0.952 0.030 0.966 0.030 0.965 0.031

0.982 0.032 0.935 0.030 0.936 0.030 0.946 0.030 0.962 0.031

0.655 0.974 0.647 1.000 0.668 0.975 0.671 0.987 0.659 0.971
14 1.020 2.094 0.980 2.066 0.981 1.960 0.989 2.010 0.990 2.098

1.031 2.170 0.988 2.100 0.996 1.922 1.017 2.192 1.019 2.193

0.969 0.373 1.042 0.395 1.005 0.390 0.971 0.371 0.943 0.356
15 1.102 0.444 1.162 0.476 1.121 0.455 1.056 0.435 1.099 0.427

1.113 0.446 1.182 0.460 1.133 0.447 1.071 0.446 1.111 0.436

0.553 0.081 0.551 0.081 0.544 0.081 0.549 0.082 0.507 0.073
16 0.690 0.116 0.688 0.117 0.699 0.119 0.683 0.116 0.651 0.107

0.704 0.121 0.719 0.125 0.742 0.129 0.709 0.124 0.661 0.111

0.135 0.082 0.135 0.082 0.132 0.084 0.138 0.084 0.137 0.083
17 0.490 0.352 0.493 0.345 0.539 0.376 0.576 0.526 0.507 0.356

0.606 0.487 0.610 0.474 1.060 1.078 0.744 0.752 0.619 0.478

0.099 0.050 0.099 0.050 0.097 0.053 0.101 0.050 0.099 0.052
18 0.328 0.227 0.324 0.228 0.338 0.270 0.334 0.242 0.328 0.238

0.450 0.361 0.462 0.386 0.449 0.359 0.448 0.421 0.444 0.361

0.423 1.856 0.417 1.766 0.492 2.028 0.479 2.009 0.407 1.75.5
19 0.775 3.215 0.739 3.029 0.980 3.746 1.162 4.209 0.690 2.803

0.890 3.817 0.846 3.627 1.148 4.780 1.147 4.893 0.834 3.560

0.525 0.639 0.537 0.669 0.458 0.536 0.411 0.452 0.599 0.761
20 continued on next page
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continued from previous page

ICP CVP nRP SA AR

Series uRMSE MAE nRMSE MAE nR~ISE MAE nR?vlSE MAE nRlVlSE ~lAE

1.787 2.289 2.641 2.499 1.439 1.880 0.799 0.875 1.536 2.003
0.532 0.573 2.970 3.651 0.944 1.103 0.803 0.839 0.913 1.122

0.270 0.236 0.268 0.232 0.420 0.375 0.373 0.347 0.357 0.335
21 1.101 1.106 1.166 1.158 1.437 1.350 1.663 1.712 1.298 1.323

1.043 1.053 1.107 1.113 0.612 0.543 1.157 1.165 0.944 0.938

0.624 0.193 0.629 0.198 0.573 0.180 0.5.56 0.183 0.610 0.188
22 0.655 0.190 0.647 0.187 0.620 0.181 0.58·1 0.188 0.650 0.196

0.553 0.171 0.545 0.168 0.511 0.15.5 0.486 0.160 0.753 0.180

0.657 0.186 0.691 0.202 0.623 0.018 0.606 0.178 0.606 0.178
23 0.656 0.189 0.738 0.211 0.674 0.189 0.649 0.185 0.649 0.185

0.653 0.190 0.736 0.207 0.637 0.179 0.66-1 0.192 0.664 0.192

0.968 1.476 0.815 1.247 0.827 1.260 0.815 1.240 0.778 1.195
24 0.997 1.510 0.828 1.262 0.836 1.274 0.830 1.262 0.795 1.211

1.006 1.524 0.828 1.263 0.830 1.266 0.830 1.263 0.794 1.210

0.848 0.039 0.856 0.037 0.928 0.043 0.85.5 0.038 0.906 0.040
25 0.846 0.038 0.862 0.039 0.887 0.041 0.850 0.038 0.902 0.041

0.870 0.040 0.874 0.040 0.898 0.041 0.880 0.040 0.913 0.041

1.059 0.106 1.083 0.119 1.109 0.116 1.080 0.109 0.990 0.099
26 1.022 0.104 1.142 0.117 1.107 0.114 1.106 0.115 1.077 0.113

1.532 0.158 1.368 0.144 1.339 0.141 1.328 0.141 1.333 0.141

17.404 4.735 0.507 0.224 0.708 0.327 0.595 0.262 0.532 0.246
27 6.662 1.407 0.649 0.305 1.183 0.543 1.024 0.477 0.820 0.406

9.621 2.302 0.746 0.332 0.955 0.444 0.886 0.415 0.758 0.342

0.697 0.221 0.612 0.196 0.611 0.196 0.613 0.195 0.586 0.188
28 0.911 0.302 0.808 0.265 0.770 0.255 0.778 0.253 0.769 0.251

0.886 0.294 0.768 0.249 0.759 0.246 0.747 0.242 0.759 0.243

0.239 0.344 0.240 0.341 0.229 0.334 0.235 0.340 0.213 0.307
29 0.603 0.88.5 0.605 0.897 0.5.58 0.856 0.590 0.892 0.543 0.824

0.667 0.982 0.652 0.970 0.582 0.887 0.634 0.967 0.622 0.933

continued on next page
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Series

ICP

nRMSE

0.331
0.508
0.638

MAE

0.162
0.285
0.331

CVP

nRMSE

0.323
0.617
0.716

MAE

0.160
0.314
0.371

DRP

nRIVlSE

0.321
0.588
0.700

MAE

0.160
0.298
0.364

SA

nR11SE

0.296
0..560
0.637

MAE

0.158
0.303
0.350

AR

nRl\1SE

0.308
0.,569
0.673

IvlAE

0.15.5
0.290
0.347

Table A.13: Forecasting results (l\tlAD and eR): 1 (first linc). 6 (second
line) and 12 (third line) steps ahead.

rcp C\lP BRP SA AR

Series ~IAD CR 11A.D CR i\rlAD CR ~'lAD C~R :v1AD eR

0.003 0.382 0.003 0.346 0.003 0.309 0.003 0.382 0.003 0.355
0.004 0.318 0.004 0.282 0.003 0.336 0.00·1 0.336 0.003 0.35,5
0.005 0.391 0.005 0.409 0.005 0.382 0.005 0.400 0.004 0.391

0.001 0.404 0.001 0.464 0.001 0.446 0.001 0.409 0.001 0.436
:2 0.002 0.436 0.002 0.446 0.002 0.418 0.002 0.39} 0.002 0.427

0.002 0.446 0.002 0.446 0.002 0.418 0.002 0.400 0.002 0.409

0.002 0.382 0.001 0.373 0.002 0.446 0.001 0.409 0.001 0.355
:3 0.002 0.373 0.002 0.391 0.003 0.446 0.002 0.391 0.002 0.346

0.003 0.391 0.003 0.391 0.003 0.381 0.00~3 0.400 0.003 0.382

0.015 0.300 0.015 0.318 0.014 0.291 0.014 0.300 0.015 0.291
0.014 0.418 0.014 0.409 0.015 0.418 0.014 0.373 0.015 0.391
0.016 0.364 0.015 0.364 0.015 0.364 0.015 0.346 0.015 0.373

0.003 0.327 0.004 0.363 0.003 0.309 0.003 0.327 0.003 0.355
5 0.003 0.200 0.003 0.246 0.003 0.191 0.003 0.282 0.003 0.200

0.003 0.246 0.003 0.273 0.003 0.218 0.003 0.264 0.003 0.218

0.111 0.291 0.108 0.273 0.11.5 0.355 0.106 0.345 0.115 0.346
6 0.112 0.346 0.108 0.346 0.123 0.400 0.111 0.361 0.107 0.355

0.131 0.300 0.120 0.309 0.128 0.409 0.122 0.319 0.119 0.309

continued on next page
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continued from previous page

rep cvp DRP SA AR

Series MAD CR. MAD CR rvlAD CR MAD CR jVIAD CR

0.002 0.336 0.002 0.309 0.002 0.327 0.002 0.455 0.002 0.373
7 0.002 0.300 0.002 0.263 0.002 0.309 0.002 0.300 0.002 0.318

0.002 0.364 0.002 0.382 0.002 0.355 0.002 0.364 0.002 0.336

0.006 0.192 0.006 0.256 0.006 0.308 0.005 0.218 0.006 0.218
8 0.006 0.333 0.006 0.321 0.006 0.269 0.006 0.282 0.006 0.295

0.006 0.284 0.005 0.333 0.006 0.372 0.006 0.321 0.005 0.282

0.008 0.250 0.007 0.225 0.007 0.200 0.006 0.213 0.007 0.263
9 0.008 0.263 0.008 0.250 0.007 0.263 0.007 0.275 0.008 0.238

0.007 0.213 0.008 0.213 0.008 0.225 0.008 0.225 0.008 0.213

0.019 0.400 0.018 0.325 0.016 0.375 0.006 0.350 0.017 0.350
10 0.016 0.200 0.016 0.188 0.018 0.175 0.007 0.188 0.018 0.188

0.015 0.200 0.016 0.213 0.016 0.22.5 0.008 0.250 0.016 0.250

0.018 0.363 0.018 0.325 0.017 0.300 0.016 0.350 0.016 0.363
11 0.017 0.250 0.017 0.238 0.015 0.275 0.016 0.238 0.016 0.250

0.016 0.313 0.018 0.300 0.016 0.300 0.017 0.263 0.017 0.288

0.022 0.229 0.025 0.267 0.022 0.286 0.023 0.257 0.023 0.276
12 0.023 0.210 0.022 0.229 0.021 0.238 0.020 0.248 0.021 0.248

0.022 0.295 0.022 0.295 0.022 0.295 0.021 0.286 0.023 0.295

0.017 0.238 0.022 0.219 0.023 0.210 0.023 0.210 0.023 0.219
13 0.023 0.295 0.022 0.276 0.022 0.276 0.022 0.286 0.021 0.295

0.022 0.267 0.022 0.248 0.022 0.248 0.022 0.248 0.023 0.267

0.458 0.503 0.318 0.554 0.448 0.547 0.412 0.506 0.416 0.509
14 1.839 0.509 1.852 0.491 1.603 0.503 1.918 0.488 1.844 0.503

2.391 0.516 2.283 0.503 1.794 0.516 2.077 0.494 2.605 0.503

0.205 0.254 0.214 0.324 0.223 0.282 0.219 0.282 0.196 0.268
15 0.282 0.225 0.292 0.282 0.257 0.254 0.294 0.197 0.216 0.211

0.260 0.183 0.219 0.197 0.250 0.169 0.304 0.183 0.229 0.225

0.048 0.301 0.044 0.308 0.045 0.293 0.047 0.293 0.042 0.256
16 0.090 0.203 0.093 0.196 0.096 0.195 0.090 0.173 0.076 0.158

0.090 0.203 0.092 0.218 0.094 0.248 0.092 0.196 0.084 0.16.5
continued on next page
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Series

ICP

;\r1AD CR

cvp

iV1AD CR

BRP

l\1AD CR

SA

MAD CR

AR

l\1AD CR

0.040 0.378 0.039 0.387 0.041 0.389 0.041 0.384 0.041 0.402
17 0.178 0.447 0.180 0.420 0.191 0.442 0.185 0.533 0.188 0.427

0.273 0.453 0.252 0.429 0.266 0.560 0.236 0.538 0.278 0.424

0.016 0.360 0.019 0.404 0.020 0.424 0.015 0.362 0.019 0.409
18 0.109 0.398 0.119 0.409 0.113 0.447 0.123 0.422 0.122 0.462

0.225 0.420 0.259 0.418 0.218 0.398 0.277 0.398 0.255 0.416

1.635 0.080 1.526 0.090 1.788 0.125 1.939 0.182 1.436 0.136
19 1.889 1.890 1.890 0.068 2.628 0.091 3.037 0.125 2.019 0.068

3.142 2.985 2.985 0.250 4.054 0.352 4.180 0.398 3.075 0.261

0.261 0.523 0.229 0.533 0.260 0.5.51 0.317 0.411 0.250 0.561
20 0.005 0.439 1.235 0.402 0.454 0.430 0.694 0.336 0.589 0.439

0.352 0.280 1.409 0.486 0.539 0.421 0.533 0.327 0.364 0.430

0.155 0.411 0.149 0.398 0.207 0.407 0.176 0.463 0.165 0.426
21 0.306 0.435 0.339 0.444 0.617 0.398 0.402 0.472 0.385 0.435

0.293 0.509 0.292 0.537 0.295 0.370 0.308 0.519 0.294 0.482

0.192 0.261 0.186 0.290 0.157 0.290 0.163 0.304 0.170 0.290
22 0.186 0.044 0.159 0.044 0.169 0.044 0.159 0.058 0.175 0.058

0.177 0.362 0.166 0.333 0.163 0.333 0.149 0.348 0.189 0.377

0.149 0.267 0.160 0.295 0.151 0.238 0.152 0.248 0.152 0.248
23 0.147 0.038 0.164 0.057 0.136 0.028 0.161 0.057 0.161 0.057

0.141 0.429 0.185 0.467 0.143 0.419 0.177 0.438 0.177 0.438

1.203 0.267 1.011 0.210 1.027 0.218 0.988 0.209 0.938 0.200
24 1.195 0.258 1.037 0.208 1.053 0.212 1.017 0.208 0.979 0.198

1.200 0.172 1.029 0.155 1.041 0.156 1.017 0.158 0.980 0.155

0.034 0.299 0.030 0.247 0.032 0.289 0.031 0.227 0.030 0.299
25 0.033 0.330 0.033 0.320 0.033 0.299 0.034 0.351 0.032 0.309

0.036 0.289 0.035 0.289 0.033 0.258 0.033 0.299 0.033 0.247

0.070 0.208 0.098 0.208 0.07.5 0.208 0.084 0.208 0.075 0.250
26 continued on next page
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continued from previous page

ICP CVP DRP SA AR

Series ~.fAD CR ~lAD CR l\IAD CR MAD CR. IvIAD CR

0.099 0.333 0.072 0.375 0.080 0.292 0.083 0.292 0.073 0.292
0.137 0.417 0.117 0.250 0.165 0.208 0.105 0.208 0.107 0.208

0.367 0.242 0.231 0.091 0.288 0.182 0.216 0.242 0.251 0.152
27 0.579 0.273 0.249 0.121 0.470 0.242 0.291 0.152 0.346 0.152

0.618 0.424 0.296 0.091 0.24.5 0.091 0.304 0.061 0.258 0.121

0.169 0.354 0.143 0.274 0.146 0.286 0.138 0.286 0.139 0.286
28 0.240 0.229 0.220 0.189 0.213 0.183 0.206 0.189 0.195 0.200

0.229 0.131 0.196 0.109 0.195 0.103 0.189 0.097 0.190 0.126

0.302 0.228 0.292 0.228 0.280 0.213 0.308 0.218 0.257 0.232
29 0.725 0.071 0.722 0.062 0.786 0.076 0.798 0.062 0.765 0.114

0.847 0.119 0.821 0.109 0.807 0.08.5 0.863 0.114 0.840 0.095

0.132 0.308 0.135 0.313 0.125 0.303 0.123 0.322 0.136 0.294
30 0.224 0.147 0.225 0.147 0.234 0.161 0.222 0.151 0.199 0.119

0.273 0.128 0.263 0.147 0.294 0.147 0.260 0.142 0.265 0.137

Table A.14: forecasting results (8'" for the nRMSE test): 1 (first line),
6 (second line) and 12 (third line) steps ahead. Note: the apex 1 denotes
rejection of the null hypothesis of equal accuracy in forecast performance
at the 0.10 significance level, 2 at 0.05, 3 at 0.01. nc = not computed.

Ser. S.A SA SA SA lep ICP lCP CVP CVP BRP
vs vs vs vs vs vs vs vs vs vs

ICP C\lP BRP AR CVP BRP AR BRP AR AR

-1.457 -0.384 1.8461 1.629 2.5722 3.0053 2.2532 2.1222 1.493 0.261
-1.316 0.390 2.3092 2.0702 1.9101 2.3692 1.8901 1.627 0.976 -1.7901

-1.417 -1.307 0.470 1.185 -0.699 1.076 1.333 1.020 1.265 1.596

-3.1003 -2.9723 -2.542 2 -4.0863 -0.151 1.794 1 1.442 2.0462 1.401 0.382
2 -4.2683 -4.3963 -3.651 3 -3.9093 -6.6153 .5.0793 4.8753 5.3073 5.0813 -3.2553

-3.3233 -3.4603 -2.9293 -2.5772 -4.5093 4.1833 3.8933 4.281 3 4.0083 3.5223

-0.333 -0.727 -,5.32.5 3 0.654 -0.627 -.5.3233 2.1.5,5 2 -.5.2863 1.9181 .5.4103

3 -3.3573 -3.3153 -3.645 3 3.362 3 -2.291 2 -3.4123 3.5393 -3.4993 3.5403 3.7733

continued on next page
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SCI'. SA SA S~J\ SA ICP rcp Iep cVP CVP BRP
\·s vs VS vs vs vs vs vs vs vs

ICP cvp BRP AR. C\iP DRP AR llRP AR AR

-2.10.e -2.1792 -2.221 2 -1.244 -2.3152 -2.2502 2.0642 -2.224 2 2.1692 2.2082

0.291 0.108 0.943 1.151 -0.448 1..5.55 1.160 1.703 1 1.543 0.183
·1 -0.720 0.351 -0.187 0.531 3.8453 2.248 2 2.0222 -1.874 1 0.271 0.940

-O.J2~l 0.157 0.105 0.596 2.561 2 1.9652 0.666 -0.479 0.107 0.189

-0.708 -1.340 0.533 0.302 -0.491 0.819 0.704 1.9471 1.443 -0.456
5 0.602 0.006 0.132 0.647 -0.507 -1.093 -0.282 0.116 0.519 0.756

1.211 2.4002 0.568 0.998 -0.793 0.078 0.683 0.344 0.742 0.597

2.0172 2.404 2 -1.348 1.872 1 1.352 -1.872 1 -0.121 -2.036 2 -2.4482 1.8761

G 1.8701 1.875 1 1.474 1.9602 0.437 IlC 0.117 TIC -0.639 fiC

2.-1.15 2 2.4872 0.270 2.5472 -0.550 -1.209 -0.409 -1.221 0.423 1.216

4.861:3 5.3633 5.9143 5.2463 1.27.) 1..507 0.673 0.067 -1. 7991 -2.9053

7 0.74"1 3.1573 2.7993 0.358 1.596 1.222 -0.361 -0.873 -1.8461 -2.1382

-1.239 -3.631 3 -1.140 1.789 1 -0.194 1.084 2.1062 6.4943 5.1833 3.3403

1.213 -1.8822 -0.445 1.025 -2.2592 -1.263 -0.274 1.460 2.0462 1.058
8 -0.614 -2.1802 -1.020 0.535 -0.528 -0.416 0.678 -0.026 1.423 1.096

-1.250 -7.0423 -3.6883 1.769 1 -1.072 -3.2063 5.3593 -3.017 3 4.0623 5.4123

-1.539 -0.890 0.729 0.452 0.350 1.8381 1.7471 1.319 1.200 -0.170
9 1.881 1 1.641 1.6761 1.581 1.132 0.366 1.204 -1.098 0.993 1.223

0.104 -0.011 1.7041 2.0192 -0.314 0.046 0.556 0.152 0.631 1.6751

-2.6533 -0.386 -0.053 -0.829 2.583 3 2.7273 2.6.523 0.430 0.385 0.051
10 -1.313 1.7101 1.6901 -1.213 2.0242 2.9903 1.305 2.7093 -1.711 1 -1.6921

0.059 -0.572 1.149 -1.436 -4.6093 0..540 -0.063 1.253 0.567 -1.151

-2.001 2 -2.1442 0.748 0.349 -0.400 2.8353 2.6203 3.0193 2.7653 -0.566
11 -1.8891 -1.229 1.470 -0.634 1.953 1 2.9933 2.1502 2.8553 1.335 -2.3182

-0.600 -1.459 -0.660 -0.908 -0.58.5 0.450 0.460 2.7463 1.7291 0.272

-1.24.5 -1. 723 1 -1.186 -1.176 -0.527 0.857 0.589 1.379 1.097 -0.220
12 -0.527 -0.796 -0.786 -0.584 -0.897 -0.320 -0.014 0.704 0.663 0.252

0.792 -2.8023 -1.977 2 -3.2323 -2.4902 -1.67.5 1 -2.548 2 3.2403 1.100 -1. 7991

-0.980 -0.360 0.892 -0.695 0.192 1.464 0.381 0..595 0.053 -1.222
13 -8.78~J3 -0.276 2.681 3 -0.399 0.462 6.9123 0.880 0.705 0.041 -1.199

continued on next page
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continued fron1 previous page

Ser. SA SA SA SA rcp Iep rep CVP cvp BRP
\"5 vs VS vs vs vs vs vs vs vs

ICP CVP BRP AR cVP llRP AR BRP AR AR

--t.6203 3.6053 2.8403 -2.1692 5.0693 4.2593 1.033 -0.462 -4.3523 -3.141 3

0.2.58 1.101 -0.477 -1.106 0.643 -0.529 -0.265 -0.946 -1.111 0.473
1:1 -0.770 0.512 0.238 -0.941 1.071 1.477 0.768 -0.019 -0.537 -0.249

-0.:295 1.083 0.299 -0.528 1.487 0.548 0.292 -0.158 -1.105 -0.303

0.-1·t8 -0.856 -0.387 0.797 -1.678 1 -0.878 0.468 1.181 1. 7691 1.272
15 -2.7:21 3 -0.999 -0.638 -0.713 -0.727 -0.284 -0.029 2.2102 0.672 0.252

-0.764 -0.564 -0.352 -0.370 -0.522 -0.228 -0.026 1.100 0.394 0.144

-0.307 -0.234 0.949 2.173 2 0.292 0.770 1.9982 0.915 2.1342 1.9712

16 -0.763 -0.952 -0.871 1.748 1 0.305 -0.400 1.597 -0.646 1.6951 1.655 i

0.581 -0.656 -0.936 4.733 3 -0.983 -1.099 2.6273 -1.119 2.6323 1.9351

1.091 0.784 0.942 -0.431 -1.473 0.597 -1.417 0.721 -1.212 -1.064
17 3.5693 2.6463 0.873 2.525 2 -0.366 -1.493 -1.130 -1.327 -0.827 1.138

3.0583 2.3682 -5.4403 2.325 2 -0.268 -5.6933 -0.791 -5.393 3 -0.561 5.8213

0.608 0.789 1.6951 0.571 0.919 1.077 -0.231 0.857 -0.849 -1.073
18 0.559 1.036 -0.143 0.727 1.048 -0.571 0.032 -0.919 -0.883 0.592

2.214 2 1.9251 2.1532 1. 739 1 -1.052 0.135 0.441 0.576 0.955 0.085

1. 7561 1.9531 -0.307 2.316 2 1.111 -2.0952 1.549 -2.3662 0.672 2.511 2

19 2.9303 3.031 3 1.617 3.1073 3.1023 -1.613 3.9273 -1.889 1 2.9873 2.0572

2.731 3 2.6523 0.150 2.7103 1.8741 -2.6343 2.2222 -2.572 2 0.342 2.6023

-3.0893 -3.2643 -1.177 -5.0533 -0.908 3.7773 -5.4803 3.7983 -7.211 3 -6.9253

20 --1.4753 -3.3663 -5.0933 -4.8693 -1.541 2.4162 3.5253 2.0122 2.201 2 -1.186
2.2002 -2.9433 -5.521 3 -1.506 -2.9393 -3.4833 -4.373 3 2.8753 2.8133 0.612

7.5543 8.2683 -2.1102 1.722 1 0.720 -5.6693 -8.9733 -5.582 3 -7.9863 2.9563

21 5.7183 5.4823 3.251 3 5.8183 -6.8043 -2.3962 -4.9743 -2.161 2 -4.3073 1.238
22.223 nc 4.4033 6.764 3 -10.2933 3.8323 5.1323 4.2923 7.2603 -3.5553

-1.084 -1.020 0.795 -1.283 -0.367 2.9393 0.605 3.7703 0.615 -1.139
22 -1.037 -0.743 0.301 -2.0.51 2 0.620 1.8341 0.214 1.8631 -0.111 -1.050

-2.9023 -1.665 1 0.589 -4.0453 0.935 3.1323 -2.9303 4.7243 -2.2232 -3.0053

0.186 -0.920 0.930 nc -0.921 1.093 1.402 2.0502 2.4892 0.661
23 1.8771 2.0362 2.0702 ne -1.633 -0.983 0.092 2.0272 1.8731 0.700

continued on next page
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Ser. SA SA SA SA ICP rcp rcp CVP CVP DRP
vs vs vs vs vs vs vs vs vs vs

J(JP C\lP DRP AR C\iP nRP AR nRP AR AR

2.45()2 2.6593 .5.5733 ne -1.6705 1 0.347 -0.304 5.8863 1.141 -0.4.58

-8.7203 0.425 -2.2902 3.748 3 8.8043 8.1463 9.6623 -2.811 3 3.7903 4.6583

2·t -8.200:3 0.88.5 -1.462 4.1563 8.1573 7.9423 9.1963 -2.013 2 4.0163 4.521 3

-9.2H73 0.672 -0.158 4.397 3 8.8653 9.221 3 9.2633 -0.683 4.3063 4.2453

0.312 0.139 -1.816 1 -1.626 -0.203 -1.638 -1.108 -1.497 -0.956 1.003
25 0.49} -0.248 -0.822 -0.885 -1.100 -0.895 -0.950 -0.577 -0.644 -1.809 1

1.703 1 1.586 -0.597 -0.680 -0.313 -0.968 -1.016 -1.186 -1.226 -1.570

0.451 0.037 -0.417 1.418 -0.375 -0.761 0.570 -0.245 0.827 1.175
26 Be -0.283 1.325 1.524 -1.599 lie lie 0.362 0.665 1.647

He HC -0.429 lie lie liC ne lie lie -0.216

-2.8933 1.6971 -1.420 0.879 2.895 3 2.8923 2.89,53 -3.231 3 -1.264 2.1732

27 -1.092 1.6691 -0.872 1.316 1.107 1.078 1.102 -3.8303 -1.854 1 2.0572

-1.116 0.785 -0.287 0.617 1.123 1.115 1.122 -1. 798 1 -0.719 3.5983

-3.341 3 0.397 0.403 1.425 3.2633 3.4423 3.941 3 0.139 1.245 1.150
28 -2.6173 -2.1772 0.708 0.497 1.9992 2.721 3 2.6923 2.2792 1.405 0.021

-2.5022 -1.284 -0.601 -0.864 2.201 2 2.5532 2.7733 1.8021 0.311 -0.034

-1.094 -1.073 0.885 2.781 3 -0.241 1.206 2.9123 1.349 2.9653 1.8481

29 -0.715 -1.152 0.907 1.438 -0.315 0.986 1.391 1.040 1.519 0.315
-1.575 -1.129 1.941 1 0.427 2.2132 1.852 1 1.9692 1.781 1 1.070 -0.630

-2.5883 -1.132 -0.565 1.253 2.5632 2.0862 2.3032 0.459 1..586 1.479
30 2.0262 -2.8993 0.609 1.121 -2.4052 -1.324 -0.074 1.114 1.628 0.596

1.8831 -2.3452 -0.936 0.528 -2.761 3 -2.2702 -0.898 1.187 1.519 1.104
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Table A.15: forecasting results (8* for the MAE): 1 (first line), 6 (sec-
ond line) and 12 (third line) steps ahead. Note: the apex 1 denotes re-
jection of the null hypothesis of equal accuracy in forecast performance
at the 0.10 significance level, 2 at 0.05, 3 at 0.01. nc = not computed.

Ser. SA SA SA SA ICP lCP lGP GVP GVP I3RP
vs vs vs vs vs vs vs vs vs vs

lCP CVP BRP AR CVP DRP AR DRP AR AR

-0.924 -0.437 1.778 1 1.416 1.289 2.7763 1.9581 2.6243 1.562 -0.390
-0.457 0.762 2.097 2 1.7901 1.407 1.9802 1.332 1.117 0.414 -1.689 1

-1.254 -1.184 0.465 1.121 -0.638 0.989 1.233 0.932 1.169 1.083

-4.2703 -4.0843 -3.2233 -3.6503 -0.513 1.8661 2.2972 2.4862 2.321 2 1.050
2 -6.0033 ..6.121 3 -4.5693 -4.5873 -6.8543 8.212 3 8.9433 8.3493 8.7483 -1.556

-5.6353 -6.0663 -4.7763 -3.8563 -12.463 7.548 3 7.2173 8.4923 7.821 3 6.6593

-0.452 -0.715 -6.5193 0.871 -0.318 -6.4153 2.8233 -(i..1793 1.9221 6.7373

3 -3.3573 -3.5923 -5.0.533 2.9723 -3.4663 -4.8133 3.6933 -4.6723 3.9473 .5.1023

-1.972 1 -2.0862 -2..5332 -0.574 -2.312 2 -2.721 3 2.2702 -2.713 3 2.3302 2.5993

-0.190 -0.043 0.534 0.310 0.330 1..580 0.806 1.190 0.557 -0.551
4 -1.307 -0.044 -0.664 -0.094 3.6683 2.530 2 2.0062 -2.8:3:.(3 -0.051 0.895

-0.5.53 -0.077 -0.141 0.009 3.8493 3.2393 0.735 -0.769 0.111 0.203

0.217 -1.712 1 -0.353 -0.917 -1. 708 1 -0.362 -0.380 1.934 1 1.606 -0.051
5 1.330 0.280 0.931 1.252 -1.225 -0.503 -1.231 0.873 1.114 -0.249

1.6551 2.2152 0.918 1.270 -1.366 0.322 0.704 0.702 1.045 0.247

2.1162 3.1083 -0.832 2.0122 2.7523 -1.861 1 -0.065 -2.418 2 -3.281 3 1.874 1

6 1.9722 2.2732 1.601 2.3352 1.217 -1.9762 0.625 -2 ..5763 -0.892 2.631 3

2.1822 2.3582 0.778 2.3762 0.144 -1.322 0.302 -1.39.5 0.331 1.363

7.061 3 7.4223 7.5263 6.8153 0.949 0.690 -0.297 -0.920 -2.2162 -2.4953

7 1.390 3.3953 2.2302 0.947 0.750 0.118 -0.707 -1.510 -3.0033 -4.721 3

-1.374 -4.803 3 -1.483 4.417 -0.784 1.031 2.5633 34.01 3 7.3753 3.9273

0.535 -1.099 -0.235 0.518 -1.278 -0.607 -0.093 0.918 1.158 0.564
8 -0.720 -3.208 3 -0.702 0.191 -0.661 -0.092 0.577 0.417 1.342 0.814

-0.526 -5.681 3 -5.1683 2.3952 -1.150 -2.7233 2.0792 -2.2192 3.4173 nc

-1.227 -0.760 0.935 0.170 0.275 1.732 1 1.194 1.364 0.860 -0.747
9 0.652 0.869 1.923 1 1.133 1.078 1.467 1.064 0.163 0.425 0.206

0.224 -0.034 0.890 1.229 -1.502 -0.098 0.219 0.167 0.504 0.738

-1.6891 0.235 0.215 -0.711 2.178 2 1. 737 1 1.6891 -0.177 -0.236 -0.217
10 -0.868 nc 0.564 -1.288 0.689 1.062 0.864 0.637 nc -0.571

0.978 -0.403 1.374 -1.535 -2.224 2 -0.450 -0.982 1.161 0.395 -1.375
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-2.1372 -2.3622 -0.377 -0.762 -0.300 2.0492 1.7861 2.2852 1.938 1 -0.987
11 -2.0802 -1.397 0.385 -0.780 1.844 1 3.0363 2.3042 2.1692 1.466 -0.915

-0.736 -0.947 -0.865 -1.201 -0.028 0.553 0.546 1.525 0.772 0.370

-1.267 -1.598 -1.260 -1.094 -0.547 0.760 0.605 1.183 0.983 -0.034
12 -1.215 -1.648 -1.235 -1.199 -1.588 0.288 0.251 1.5791 1.461 0.153

1.207 -3.2633 -3.4993 -7.4543 -2.9063 -2.6123 -4.9993 3.2073 1.211 -2.3332

-1.068 -1.472 0.699 -1.718 1 -0.532 1.372 -0.156 1.8141 0.411 -2.1622

1~l -12.463 -2.285 2 2.7043 -1.356 0.268 9.6443 0.655 3.8153 0.376 -3.5673

-4.6883 1.452 3.2003 -3.3843 3.8923 4.402 3 1.355 0.707 -4.1693 -4.9583

-0.100 -1.237 -0.096 1.7051 -0.990 -0.018 0.109 0.651 1.248 0.102
14 0.033 0.708 1. 773 1 -1.195 0.335 2.522 2 -0.042 2.1862 -0.73.5 -1.7971

0.219 1.310 1.453 1 -0.391 1.234 1.739 1 -0.226 1.406 -1.332 -1.460

-0.158 -0.972 -0.789 0.645 -1.138 -0.646 0.745 0.824 1.7592 1 1.432
15 -1.6761 -0.840 -0.479 0.488 -0.668 -0.276 1.124 2.5943 0.988 0.637

-0.033 -0.155 -0.015 0.261 -0.176 -0.010 0.322 0.624 0.260 0.147

0.224 0.292 0.770 2.6463 0.056 0.242 2.271 2 0.318 2.2,562 2.3192

16 -0.416 -0.462 -0.591 1.7301 0.196 -0.305 1.7031 -0.547 1.6531 1.5751

3.2583 -0.108 -0.559 3.3853 -0.818 -0.910 2.5152 -0.942 2.3002 1.811 1

1.9171 1.327 0.193 0.949 -1.257 -1.119 -1.8662 -0.791 -0.803 0.493
17 7.8163 7.3883 .5.8153 6.5.523 1.112 -1.803 1 -0.431 -2.1052 -0.9.51 1.320

5.9853 5.8303 -10.023 5.3303 1.384 -8.0063 0.634 -7.8523 -0.400 7.7793

0.299 -0.256 -1.8781 -1.206 -1.588 -2.3652 -5.7733 -1.8301 -2.07.52 0.940
18 1.7351 1.625 -1.9722 0.425 -0.438 -2.7493 -1. 7381 -2.6703 -1.240 2.0552

2.3122 1.648 2.232 2 1.566 -1.8971 0.102 0.012 0.937 1.013 -0.077

1.244 1.8331 -0.112 2.0472 2.2332 -1.240 1.560 -1.9291 0.143 1.7701

19 2.941 3 3.5003 1.124 3.6663 5.2563 -1.092 6.4583 -1.545 3.0043 1. 793 1

3.2103 3.2553 0.521 3.2853 1.9161 -3.3333 2.111 2 -3.2553 0.506 3.1043

-3.9373 -4.74,53 -1.875 1 -6..5333 -1. 772 1 4.810 3 -6.5923 5.2223 -7.271 3 -9.1783

20 -5.8663 --1.81.53 _5.9893 -6.25.53 -1.274 2.0372 3.4.573 1. 775 1 2.1102 -0.970
1.589 -.1.875 3 -15.123 -2.651 3 -4.213 3 -3.1873 -5.1703 4.4483 3.8702 -0.213
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8.2683 8.5273 -1.555 1.344 0.501 -7.0.573 -8.8693 -6.8293 -7.5603 2.5042

21 11.253 10.123 4.138 3 10.783 -7.263 3 -2.064 2 -7.4933 -1.674 1 -6.1763 0.287
Be lie 5.841 3 ne -10.33 3 4.997 3 23.61 3 .5.7823 ne -4.2153

-1.250 -1.468 0.284 -1.547 -0.900 1.9982 0.652 3.1023 0.963 -0.770
22 -0.251 0.141 0.759 -1.022 0.656 1.420 -0.608 0.761 -0.752 -1.493

-2.9193 -1.397 0.893 -7.0303 0.916 3.3543 -1.588 3.4273 -1.456 -2.801 3

0.568 -0.771 1.213 ne -1.386 0.81.5 0.764 2.3192 2.1852 0.036
23 1.633 1.332 2.4202 ne -1.393 0.033 0.300 4.0143 1.640 0.300

1.522 1.249 4.8873 ne -1.018 0.797 -0.077 5.9773 0.793 -0.559'

-9.171 3 -1.942 1 -2.1482 2.7823 8.8543 8.154 3 9.691 3 -1.537 3.3363 3.6853

24 -8.5863 0.018 -1.353 3.2883 8.8253 8.698 3 9.2493 -1.480 3.2283 3.5083

-9.384 3 -0.137 -0.437 3.591 3 9.1523 9.73.5 3 9.1573 -0.354 3.6283 3.4793

-0.152 0.664 -2.0142 -1.407 0.801 -1.400 -0.603 -2.0172 -1.300 1.6531

25 -0.001 -0.634 -1.399 -1.473 -1.621 -1.127 -1.220 -0.825 -0.941 -2.0992

0.556 0.000 -0.582 -0.667 0.S11 -0.570 -0.643 -0.864 -0.918 -1.347

0.157 -0.699 -1.104 1.382 -0.902 -0.787 0.594 0.218 1.517 1.778 1

26 7.4483 -0.136 1.178 1.229 -1.203 -3.267 1
HC 0.213 0.315 0.742

ne -0.689 0.711 0.145 ne nc ne 0.496 0.434 -0.767

-3.0103 1.536 -1.6571 0.570 3.0623 2.960 3 3.0463 -2.9693 -1.201 1.9171

27 -1.762 1 1.236 -0.586 0.771 1.861 1 1.492 1.8201 -3.2643 -2.051 2 1. 765 1

-1.552 0.746 -0.255 0.614 1.7661 1.536 1.7171 -1.532 -0.353 3.0353

-3.1723 -0.279 -0.148 1.009 2.8343 2.7473 3.3743 0.135 1.079 0.984
28 -2.8603 -2.6043 -0.299 0.219 1.993 1 2.771 3 2.7633 1.295 1.293 0.335

-3.3233 -1.412 -0.614 -0.300 2.9673 3.3893 3.9373 0.867 0.598 0.25.5

-0.769 -0.191 0.522 2.3242 0.724 0.912 2.5933 0.710 2.4402 1.8531

29 0.313 -0.366 0.802 1.135 -1.563 0.626 0.896 0.832 1.131 0.289
-0.577 -0.150 2.138 2 0.505 1.250 1.632 0.961 1.708 1 0.646 -0.461

-1.565 -0.786 -0.762 0.534 1.224 0.736 1.258 -0.184 0.829 0.917
30 1.8691 -3.0003 0.366 0.919 -2.401 2 -1.502 -0.310 1.062 1.7261 0.557

1.036 -2.4822 -1.641 0.234 -2.1302 -1.9682 -0.670 1.312 1.6771 1.245
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