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"It is not the strongest of the species that survive, nor the most
intelligent, but the one most responsive to change."

- Charles Darwin

Introduction

This thesis contains four separate essays on evolution and learning in games.
As all introduction, I will first provide a short description of the field of
evolutionary game theory, and a brief summary of the different essays.2

0.1 Evolutionary Game Theory

Game theory is the theory of strategic interaction between decision makers.3

The reason for its, somewhat misleading, name (and for the cover photo of
this thesis) is that some of its earliest applications were studies of parlor
games, such as poker and chess. However, ganle theory 11as a much broader
scope. It provides a general mathematical technique for analyzing situations
where two parties or more make decisions with an impact on each other's
welfare. Game theory can be applied to all social sciences, but so far its
most widespread use has been within the field of economics. This is not
surprising, given that economic settings almost always contains an element
of strategic interaction; just think firms competing in a market, employers
and employees negotiating within a firm, auctions, or different shareholders
trying to gain control over a company.

Game theory is usually divided into two branches: cooperative and non
cooperative game theory. Within cooperative game theory, the joint actions
of groups of decisioll-makers are primitives. Within noncooperative ganle
theory, which is the focus of this thesis, the individual actions of the decision
makers are primitives.

More specifically, the central object in noncooperative game theory is that
of a game, which COllSists of three elenlents. First, a set of interacting parties,
or players, acting in their own perceived interest. Second, a set of strategies
for each player. Strategies are plans that prescribe an action for any possible

2For a more detailed introduction to evolutionary game theory, see e.g. Samuelsson
(1997), Vega-Redondo (1996), Weibull (1995), Weibull (1997), and Young (1998).

3For an introduction to game theory, see e.g. Myerson (1991), Fudenberg and Tirole
(1991), Ritzberger (2001), and Vega-Redondo (2001).
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VI INTRODUCTION

contingency. A vector consisting of one strategy for each player is called a
strategy profile. Third, a set of preferences over all possible strategy profiles,
one preference orderil1g for each player. Preferences are generally represented
by a payoff function.

The most important concept within noncooperative game theory is that
of Nash equilibrium, due to Nash (1950). A Nash equilibrium is a strategy
profile, such that each player maximizes his OWl1 payoff given his belief about
the other players' choice of strategies, and such that all players' beliefs are
correct.

Consider the following example. Two firms producing mobile phones
simultaneously and independently need to decide which one two standards
to adopt. It is in both firms' interest to choose the same standard as the
other firm. If they both choose the old standard A, they both expect to earn
a profit of 3 units. If they both invest in the new standard B, they both
expect to earn a profit of 4 units. If, on the other hand, one of the firms
invests in standard A, and the other firm in standard B, the firm investing
in A expects to earl1 2 units and the other firm 0 units. This situation
can be modeled as a Coordination Game where the two firms are players.
Player 1 has the two pure (i.e. non-raI1domizing) strategies, A and B, and
Player 2 the pure strategies a and b. Hence, there are four pure-strategy
profiles, (A, a), (A, b), (B, a), and (B, b). The payoffs to each strategy profile
are illustrated in Figure 0.1. Player l's payoff is indicated by the the left
most figure in the corresponding cell, and Player 2's payoff by the right-most
figure. This game has two Nash equilibria in pure strategies; (A, a), the risk
dominant equilibrium, and (B, b) the Pareto-dominant equilibrium. There
is also a third Nash equilibrium in mixed strategies (i.e. where each player
assigns a probability to each strategy and randomizes), where Player 1 (2)
plays strategy A (a) with probability ~ and strategy B (b) with probability
~. In all these three equilibria, each player is maximizing his expected payoff
given the other player's strategy.

a

A
B I---~f----I

Traditional noncooperative game theory assumes tl1at a game is played
only once, and that a Nash equilibrium arises through a mental process of de
ductive reasoning by each player. This process does not only require that the
players are fully rational, but also that the rules of the game, the rationality
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of the players, the players' payoff functions, and the predicted equilibrium
are all common knowledge, i.e. all players know these things, know that all
players know these things, etc. ad infinitum.4 These assumptions are not
realistic in almost any econon1ic settings. One way of getting around this
problem is to dispense with the assumption that the players are fully ratio
nal and instead assume that they are boundedly rational, but play the game
recurrently and adapt their play in light of their experience, and to ask if
they in the long run will behave as if they were rational, perhaps even as if
rationality were common knowledge etc. U11der tl1is hypothesis, rational and
equilibrium behavior are not a result of introspection, but the possible conse
quences of an evolutionary or learning process. In the non-strategic context
of competitive markets, this Darwinian idea has been attributed to Friedman
(1953) and Alchian (1950), but within the strategic context of game theory,
Nash (1950) provided a similar interpretation of the Nash equilibrium already
in his origiIlal formulation. Under his so called "mass-action" interpretation:

"It is unnecessary to assun1e that the participants have full knowl
edge of the total structure of the game, or the ability and inclination
to go through any complex reasoning processes. But the participants
are supposed to accumulate empirical information on the relative ad
vantages of the various pure strategies at their disposal."

Evolutionary explanations actually have an even longer tradition in eco
nomics, and can be found in the social sciences much before Darwin. How
ever, the formal n1achinery for studying evolution did not start to develop
until the 1970-ies, when two British biologists attacked the problem. May
nard Smith and Price (1973), and Maynard Smith (1974) model a biological
setting where individuals from a large population are repeatedly drawn at
random to playa symmetric two-player game, where payoff measures fitness.
These individuals do not choose a strategy 011 rationalistic grounds, but are
instead genetically programmed to playa specific strategy. The authors de
fine a strategy as evolutionarily stable (ESS) if a homogeneous population
of individuals, who all use this strategy, cannot be invaded by mutants us
ing a different strategy. More specifically, an ESS is a strategy, such that if
used by a sufficiently large population share, then it gives a higher expected
payoff than any other strategy used by the rest of the population. An ESS
is always in Nash equilibrium with itself, but a Nash equilibrium strategy is
not necessarily an ESS. In this sense, the ESS concept is a refinement. For

4See e.g. Tan and Werlang (1988) and Aumann and Brandenburger (1995).
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example, both pure strategies in Figure 0.1 are ESS:s, but the mixed Nash
equilibrium strategy is not.

ESS is a static concept, but several authors, starting with Taylor and
Jonker (1978), have also constructed dynamic models of evolutionary selec
tion, such as the replicator dynamics. The idea here is that the population
shares of individuals with different strategies increase or decrease at a rate
depending on their current relative payoffs. The biological motivation is that
a higher fitness should result in a higher rate of reproduction. By specifying
the relationship between payoffs and growth rates of strategies, a dynamic
system that can be solved for possible stable points or sets is obtained, and
the points or sets to which the system will converge in the long run can be
studied. For many such selection dynamics, there is a strikingly close con
nection between stable strategies or sets of strategies, al1d static concepts
such as that of ESS and Nash equilibrium.

Applying evolutionary game theory directly to economics is not without
problems. In economics, payoffs do generally not represent fitness, but prof
its or utility. Moreover, the selection mechanism is not biological, but the
result of conscious choices by the individuals. To deal with this, economists
have generalized the evolutionary selection dynamics to more or less rational
adjustment processes. There is also an entire strand of evolutionary game
theory, called learning in games, devoted to explicit models of how individ
uals adapt and chal1ge their strategies based on past experience.5

Learning has been extel1sively studied within the field of decision theory,
where a single decision maker facing an exogenous and uncertain environment
needs to make a decision based on some empirical distribution of outcomes.
A notable example of learning in this context is rational or Bayesian learn
ing. When learning is applied to game theory, matters become more complex,
since each player's action may affect his opponents' future actions and beliefs
- in other words, the environment is no longer exogenous. In ganle theory, a
learning rule is a decision rule which prescribes a particular strategy for each
possible history of all players' previous actions. The objective of the analy
sis of learning in games is generally to predict which strategy, or strategies,
will be played in the limit, as time goes to infinity, by individuals using a
particular learning rule. Models of social learning focus on the aggregate be
havior of a population, whereas models of individual learning concentrate on
the behavior of a particular individual. There is a close connection between
models of learning in games and dynanlic models of evolutionary selection.
Several authors have shown that the dynamics of many learning models can
be closely approximated by evolutionary selection dynamics.

5For an introduction, see Fudenberg and Levine (1998).
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Three of the most well-known classes of learning rules in games, all with
some experimental support (see Camerer and Ho, 1999), are belief learning,
reinforcement learning, and imitation. Belief learners use the empirical dis
tributio11 of past play to predict the distribution of their opponents' actions,
and then play an optimal reply to this distribution. Reinforcement learners,
on the other hand, only consider their own past play, and choose the strategy
that has been most successful in the past. Imitators are similar to reinforce
ment learners, but instead of observing their OW11 past play, they consider
the past play of other individuals, and adopt the most successful strategy.

Apart from the unrealistic assumptions noted above, there is a second
problem with the rationalistic paradigm of traditional game theory: the mul
tiplicity of equilibria in many games. A multitude of different, more or less
demanding, rationalistic equilibrium concepts have been proposed for deal
ing with this problem, but there is no consensus on which concept to use.
Although several of these work well for some classes of games, they either
have no cutting power, or give counterintuitive results in others. A major
motivation for static and dynamic evolutionary concepts, and the theory of
learning in games, is their ability to select among multiple equilibria in an
intuitive manner. The set of evolutionarily stable strategies and the set of
strategies to which an evolutionary selection dynamic or a learning rule con
verges, are often smaller than the full set of Nash equilibria of the game, as
in the game in Figure 0.1 above.

In spite of this, there are many games where more than one equilibrium
is selected by evolutionary and learning methods. Initial conditions, such as
the initial shares of different strategies in the population or the initial history
of actions, often detern1ine the point to which the system will converge. In
order to further sharpen the selective ability in such games, Foster and Young
(1990) have developed an ingenious technique, which I use exte11sively in this
thesis. This technique can be applied to games where evolution is modeled
as a stochastic process. By perturbing this process, for i11sta11ce by assuming
that individuals with a small probability experiment or make mistakes and
playa strategy at random instead of the one prescribed by their learning rule,
the process can be n1ade ergodic - i.e. independent of initial conditions. This
implies that in the very long run, and for small experimentation probabilities,
the process will spend almost all the time in a particular equilibrium which,
in this sense, is selected. In the Coordination Game in Figure 0.1, this
technique generally selects one of the two pure equilibria.
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0.2 Summary of the Essays

The first two essays of this thesis analyze which behaviors will evolve when
populations of individuals, using identical learning rules, playa finite game
for a long time. In the first essay, the learning rule consists of imitating
the most successful strategy in a sample of past play. This learning rule
belongs to the above described class of imitation. In the second essay, the
learning rule prescribes play of a better reply to a sample distribution of past
play. This rule belongs to the above described class of belief learning. The
third essay extends this setting by allowing for heterogeneous populations of
individuals with both of these rules present.

The final essay goes one step further and considers evolutionary selection
among a wide class of learning rules containing belief learning and reinforce
ment learning, as well as intermediate learning rules. More specifically, it
asks whether there exists a learning rule, such that if used by a homogeneous
population, then the population cannot be invaded by a mutant learning rule.

The framework in the first three essays is that of Young (1993, 1998). In
each period, one individual from each of n populations, one for each player
role, is drawn at random to playa finite n-player game. Each individual
chooses a pure strategy according to a specific learning rule after observing a
sample drawn without replacement from a finite history of play. Witll some
probability, the individuals also make mistakes or experiment and play a
strategy at random. Together, these assumptions define an ergodic Markov
chain on the space of histories.

In the final essay, the setting is slightly different. In each of a finite
number of periods, all members of a large population with an even number
of individuals are randomly matched in pairs to playa two-player game. The
individuals all use a learning rule in the class of rules that can be represented
by Camerer and Ho's (1999) experimental model.

0.2.1 Stochastic Imitation in Finite Garnes

In the first essay, which is coauthored with Alexander Matros, it is assumed
that all individuals are imitators who sample population-specific strategy
and payoff realizations, and imitate the most successful behavior. In finite n

player games, we prove that, for a sufficiently low ratio between the sample
and history size, only pure-strategy profiles in certain minimal closed sets
under the better-reply graph will be played with positive probability in the
limit, as the probability of mistakes tends to zero. If, in addition, the sample
size is sufficiently large and the strategy profiles in one such minimal set have
strictly higher payoffs than all other strategy profiles, then only the strategies
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in this set will be played with positive probability in the limit, provided that
the minimal set is a product set. Applied to 2x2 Coordination Games, the
Pareto dominant equilibrium is selected for a sufficiently large sample size.

0.2.2 Stochastic Better-Reply Dynamics in Finite Garnes

In the second essay, all individuals use a learning rule which prescribes play
of a better reply to a sample distribution of past play. The better-reply cor
respondence maps distributions over the player's OWl1 and her opponents'
strategies to those pure strategies giving the player a weakly better expected
payoff. In finite n-player games, I prove that, for a sufficiently low ratio
between the sample and history size only pure-strategy profiles in certain
minimal closed sets under better replies (MCUBR sets) will be played with
positive probability in the limit, as the probability of mistakes tel1ds to zero.
This result is consistent with and extends previous results on the equiva
lence of asymptotically stable sets and closed sets under better replies for a
large class of deterministic selection dynamics in continuous time. Applied
to 2x2 Coordination Games, the risk-dominant equilibrium is selected for a
sufficiently large sample.

0.2.3 Stochastic Adaptation in Finite Garnes Played
by Heterogeneous Populations

The third essay models stochastic learning in finite n-player games played by
heterogeneous populations of imitators, better repliers, and also best repliers,
who plays a best reply to a san1ple distribution of past play. In finite n
player games, I prove that, for a sufficiently low ratio between the sample and
history size, only pure-strategy profiles in certain MCUBR sets will be played
with positive probability in the limit, as the probability of mistakes tends to
zero. If, in addition, the strategy profiles in one such MCUBR set have
strictly higher payoffs than all other strategy profiles and the sample size is
sufficiently large, then the strategies in this set will be played with probability
one in the limit, as the probability of mistakes tends to zero. Applied to
2x 2 Coordination Games, the Pareto dominant equilibrium is selected for
sufficiently large samples, but in all symmetric and many asymmetric games,
the risk dominant equilibrium is selected for sufficiently small sample size.
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0.2.4 A Numerical Analysis of the Evolutionary Sta
bility of Learning Rules

In the final essay, I define an evolutionary stability criterion for learning
rules. Using Monte Carlo sinlulations, this criterion is then applied to a
class of learning rules that can be represented by Camerer and Ho's (1999)
model of learning. This class contains perturbed versions of two of the most
well-known learning rules, reinforcement and belief learning, as special cases.
The simulations show that belief learning is the only learning rule which
is evolutionarily stable in almost all cases, whereas reinforcement learning
is unstable in almost all cases. It is also found that in certain games, the
stability of intermediate learning rules hinges critically on a paranleter of the
model and on relative payoffs.
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Chapter 1

Stochastic Imitation in Finite
Games1

1.1 Introduction

In most game-theoretical models of learning, the individuals are assumed to
know a great deal about the structure of the game, such as their own payoff
function and all players' available strategies. However, for many applica
tions, this assumption is neither reasonable nor necessary; in many cases,
individuals may not even be aware that they are playing a game. Moreover,
equilibrium play may be achieved evell with individuals who have very little
knowledge of the game, an observation made already in 1950 by John F.
Nash. In his unpublished Ph.D. thesis (1950), he referred to it as "the 'mass
action' interpretation of equilibrium points." Under this interpretation:

"It is unnecessary that the participants have full knowledge of the
total structure of the game, or the ability and inclination to go through
any complex reasoning processes. But the participants are supposed
to accumulate empirical information on the relative advantages of the
various pure strategies at their disposal."

In the present paper, we develop a model in this spirit, where individuals
are only required to know their own available pure strategies and a sample
of the payoffs that a subset of these strategies have earned in the past. In
spite of this weak assumption, our model predicts equilibrium play in many
games. We use an evolutionary franlework with perpetual random shocks

1Coauthored with Alexander Matros.
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2 CHAPTER 1. STOCHASTIC IMITATION IN FINITE GAMES

similar to Young (1993), but our assumption of individual behavior is dif
ferent. Whereas tIle individuals in his model play a myopic best reply to
a sample distribution of their opponents' strategies, the individuals in our
model imitate other individuals in their own population. Imitation is a be
havior with both experimental, empirical, and theoretical support.2

More specifically, we assume that in every period, individuals are drawn
at random from each of n arbitrary-size populations to playa finite n-player
game. Each of these individuals observes a sample from a finite history
of her population's past strategy and payoff realizations. Tllereafter, she
imitates by choosing the most attractive strategy in her sample. This could,
for instance, be the strategy with the highest average payoff, or that with
the highest maximum payoff.3 ,4 With some small probability, the individuals
also make errors or experiment, and instead choose any strategy at random
from their set of strategies.5 Altogether, this results in all ergodic Markov
process, which we denote imitation play, on the space of histories. We study
the stationary distribution of this process as the experimelltation probability
tends to zero.

Imitation ill a stochastic setting has previously been studied by Rob
son and Vega-Redondo (1996), who modify the framework of Kandori et
ale (1993) to allow for random matching. More precisely, they assume that
in eacl1 period, individuals are randomly matched for a finite number of
rounds and tend to adopt the strategy with the highest average payoff across
the population. Robson and Vega-Redondo (1996) assume either single- or
two-population structures and obtain results for symmetric 2x2 games and
two-player games of common interest.

However, our model differs considerably from this and other stochastic
learning models, and has several advantages. First, we are able to prove
general results, applicable to allY finite n-player game, about the limiting
distribution of imitation play. We are thus not restricted to the two classes

2 For experimental support of inutation, see for example, Huck et ale (1999, 2000) and
Duffy and Feltovich (1999), for empirical support see Graham (1999), Wermers (1999), and
Griffiths et ale (1998), and for theoretical support, see Bjornerstedt and Weibull (1996)
and Schlag (1998, 1999).

3In the special case when each population consists of only one individual, this behavior
can be interpreted as a special kind of reinforcement learning.

4This behavior is related to one of the interpretations of individual behavior in Osborne
and Rubinstein (1998), where each individual first samples each of her available strategies
once and then chooses the strategy with the highest payoff realization.

5An alternative interpretation, which provides a plausible rationale for experimentation
and is consistent with the knowledge of individuals in the model, is that if and only if
the sample does not contain all available strategies, then with a small probability, the
individual instead picks a strategy not included in the sample at random.
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of games in Robson and Vega-Redondo (1996), or even to a generic class of
games, as in Young (1998). Second, we find that this distribution has some
interesting properties. For instance, it puts probability one on an efficient
set of outcomes in a large class of n-player games. Third, the speed of con
vergence of our process is relatively high. We show that in 2x2 Coordination
Games, the expected first passage time may be considerably shorter than in
Young (1993), Kandori et ale (1993), and Robson a11d Vega-Redondo (1996),
for small experin1entation probabilities.

The perturbed version of imitation play is a regular perturbed Markov
process. This implies that the methods employed by Young (1993) can be
used to calculate the states that will be played with positive probability by
the statio11ary distribution of the process as the experimentation probability
tends to zero, i.e. the stochastically stable states. We prove three results
which facilitate this calculation and enable us to characterize the set of such
states. These results hold in finite n-player games, provided the infornlation
available to the individuals is sufficiently incomplete and their sample size is
sufficiently large.

First, we show that from any initial state, the unperturbed version of
imitation play converges to a state which is a repetition of a single pure
strategy profile, a monomorphic state. Hence, the stochastically stable states
of the process belong to the set of monon10rphic states.

Second, we prove that in the limit, as the experimentatio11 probability
tends to zero in the perturbed process, only pure-strategy profiles in par
ticular subsets of the strategy-space are played with positive probability.
These sets, which we denote minimal constructions, are defined in the fol
lowing way. By drawing directed edges from each pure-strategy profile to the
pure-strategy profiles which give exactly one of the players at least as high
payoff, a better-reply graph is obtained. We define a construction as a set of
pure-strategy profiles from which there are no such outgoing edges. A mi11i
mal construction is a minimal set with this property. Minimal constructions
are similar to Sobel's (1993) definition of non-equilibrium evolutionary stable
(NEB) sets for two-player games and to what Noldeke and Samuelson (1993)
call locally stable components in their analysis of exte11sive form games. They
are also closely related to minimal closed sets under better replies (Ritzberger
and Weibull, 1995). We show that every minimal set closed under better
replies contains a minimal construction and that if a minimal construction is
a product set, then it is also a minimal set closed under better replies. The
relationship between minimal constructions and the limiting distribution of
imitation play should be c011trasted with Young's (1998) finding that adap
tive play for generic games selects pure-strategy profiles in minimal closed
sets under best replies.
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Finally, we show that in a certain class of gan1es, imitation play selects
efficient outcomes. If the pure-strategy profiles in a minimal construction
have strictly higher payoffs than all other pure-strategy profiles and the sam
ple size is sufficiently large, then the pure-strategy profiles in this set will be
played with probability one in the limit, provided that the minimal construc
tion is a product set. This is a generalization of Robson and Vega-Redondo's
(1996) result that under certain conditions a Pareto-dominant pure-strategy
profile corresponds to a unique stochastically stable state in two-player games
of comm011 interest.

Applied to 2x2 games, these three results give clear predictions. In Coor
dination Games, where one equilibrium strictly Pareto dominates the other,
imitation play selects the strictly Pareto-superior Nash-equilibrium. This re
sult differs sharply from the predictio11s in Young's (1993) and Kandori et
ale '8 (1993) models, where the stochastically stable states correspond to the
risk-dominant equilibria, but it is consistent with the predictions of Robson
and Vega-Redondo's (1996) model for symmetric Coordination Games. How
ever, if neither equilibria Pareto dominates the other, the latter model may
select the risk-don1inant equilibrium, whereas both equilibria are played with
positive probability in our model. In games without pure Nash equilibria, all
four monomorphic states are stochastically stable.

The paper is organized as follows. In Section 2, we define the unperturbed
and perturbed versions of imitation play. In Section 3, we derive general
results for the limiting distribution of the process. In Section 4, we investigate
some of the properties of our solution concept, the millimal construction. In
Section 5, we apply our results to 2x2 games and compare our findings to
those in previous literature. In Section 6, we discuss an exte11sion of the
model and in Section 7, we conclude. Omitted proofs can be found in the
Appendix.

1.2 Model

The model described below is similar to Young (1993), but the sampling
procedure is modified and individuals employ a different decision-rule. Let
r be a n-player game in strategic form and let Xi be the finite set of pure
strategies Xi available to player i E {I, ... , n} == N. Define the product sets
X == TIi Xi and D(X) = Ili ~(Xi), where ~(Xi) = {p E lR!;il Ip'! = I} is
the simplex of individual strategies. Let C1 , ... , Cn be n finite and non-empty
populations of individuals. These populatio11s need not be of the same size,
nor need they be large. Each member of population Ci is a candidate to
play role i in the game r. All individuals in population Ci have payoffs
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represented by the utility function 1ri : X ~ IIi, where IIi C IR. 6 Expected
payoffs are represented by the function Ui : D(X) ~ JR. Note that we write
"players" when referring to the game r and "individuals" when referring to
the members of the populations.

The play proceeds as follows. Let t == 1,2, ... denote successive time
periods. The game r is played once every period. In period t, one individual
is drawn at random from each of the n populations and assigned to play the
corresponding role. An individual in role i chooses a pure strategy x~ from
a subset of her strategy space Xi, according to a rule that will be defined
below. The pure-strategy profile xt == (xi, ... , x;) is recorded and referred
to as play at time t. The history of plays tIp to time t is the sequence
ht == (xt- m +1

, ••. , xt), where m is a given positive integer, the memory size of
all individuals.

Let h be an arbitrary history. Denote a sanlple of s (1 < s ::; m) elements
from the m most recent strategy choices by individuals in population Ci by
Wi E XI, and the corresponding payoff realizations by Vi E II:. For any
history h, the maximum average correspondence, (1i : Xi x IT: -7t Xi, maps
each pair of strategy sample Wi and payoff sample Vi to the pure strategy (or
the set of strategies) with the highest average payoff in the sample. Following
Young (1993), we can think of the sampling process as beginning in period
t == m + 1 from some arbitrary initial sequence of m plays hm

. In this
period and every period thereafter, each individual in player role i inspects
a pair (Wi, Vi) and plays a pure strategy Xi E ai (Wi, Vi)' This defines a
finite Markov process on the finite state space H == xm of histories. Given
a history ht = (x t - m +1 , ... ,xt ) at time t, the process moves to a state of
the form ht+1 == (xt

- m +2 , ... , x t
, x t+1 ) in the next period. Such a state is

called a successor of ht . The process moves from the current state h to a
successor state h' in each period according to the following transition rule.
For each Xi E Xi, let Pi(Xi I h) be the probability that individual i chooses
pure strategy Xi. We assume Pi(Xi I h) > 0 if and only if there exists a
sample of population-specific strategy choices Wi and payoff outcomes Vi,

such that Xi E (1i(Wi, Vi)' If x is the rightmost element of h', the probability
of moving from h to hi is P:h7"'s,o == n~=l Pi (Xi I h) if h' is a successor of h,
and P:h~'s,O == 0, if h' is not a successor of h. We call the process pa,m,s,O
imitation play with memory m and sample size s.

As an example, consider imitation play with memory m == 6 and sample
size s == 3 in the 2 x 3 game in Figure 1.1.

6Actually, utility functions need not be identical within each population for any of the
results in this paper. It is sufficient if each individual's utility function is a positive affine
transformation of a population-specific utility function.
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A
B t----t----t-------I

Let h = ((A, a), (B, a), (A, b), (B, b), (A, c), (B, c)) be the i11itial history.
Assume that the individual in the role of the row player (player 1) draws
the last three plays from this history, such that WI == (B, A, B) and VI ==
(1,3,0). This gives an average payoff of 3 to strategy A and 1/2 to strategy
B. Hence, the individual in role of the row player will choose strategy A
in the next period. Further, assume that the individual in the role of the
column role (player 2) draws the first three plays, such that W2 == (a, a, b)
and V2 = (2,0,0). This gives an average payoff of 1 to strategy a and 0 to
strategy b. Strategy c cannot be chosen since it is not included in the sample.
Hence, the individual in the column role will choose strategy a in the next
period. Altogether, this implies that the unperturbed process will move to
state h' == ((B, a), (A, b), (B, b), (A, c), (B, c), (A, a)) in the next period.

The perturbed process can be described as follows. In each period, there
is some small probability c > 0 that each individual i drawn to play chooses a
pure strategy at random from Xi, instead of according to the imitation rule.
The event that i experiments is assumed to be independent of the event
that j experiments for every j =1= i and across time periods. For every i, let
qi(Xi I h) be the conditional probability that i chooses Xi E Xi, given that i
experiments and the process is in state h. We assume that qi(Xi Ih) > 0 for
all Xi E Xi. Suppose that the process is in state h at time t. Let DeN be
any subset of d player roles. The probability is cd(1 - s)n-d that exactly the
individuals drawn to play the roles in D experiment and the others do not.
Conditional on this event, the transition probability of movin.g from h to h'

is Qfhl == fliED qi (Xi I h) I1i~D Pi (Xi I h), if h' is a successor of h and X is the
rightmost element of h', and Qfhl == 0, if h' is not a successor of h. This gives
the following transition probability of the perturbed Markov process, similar
to equation (2) in Young (1993, p. 67):

p:hr:,s,e == (1 - s)n p:hr:,s,o + L SIDI (1 - S)IN\DIQfhl. (1.1)
DcN,Di=0

The process pex,m,s,e is denoted imitation play with memory m, sample size
s, and experimentation probabilities s.
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1.3 Stochastic Stability in Finite Games

7

In this section, we turn our attention to the linliting distribution of imita
tion play as the experimentation probability tends to zero. We first show
that we can apply some of the tools in Young (1993) to calculate this dis
tribution. Thereafter, we prove that it puts positive probability only on the
pure-strategy profiles in particular subsets of the strategy-space.

1.3.1 Preliminaries

In what follows, we will make use of the following definitions. A recurrent
class of the process pa,m,s,O is a set of states such that there is zero probability
of moving from any state in the class to any state outside, and there is a
positive probability of moving from any state in the class to any other state
in the class. We call a state h' absorbing if it constitutes a singleton recurrent
class and we refer to a state hx == (x, x, ... ,x), where x is any pure-strategy
profile from X, as a monomorphic state. In other words, a monomorphic
state is a state where the individuals in each player role played the same
pure strategy in tIle last m periods. If each player i has IXil ~ 1 strategies in
the game f, then there are IXI == TIi IXil monomorphic states in this game.
The following result shows that monomorphic states correspond one to one
with the recurrellt classes of imitation play.

Theorem 1 All monomorphic states are absorbing states of the unperturbed
process pa,m,s,O. If slm ~ 1/2, the process converges to a monomorphic state
with probability one.

PROOF: It is evident that for s such that 1 ~ 8 ~ m, any monomorphic
state is an absorbing state, since any sample from a monomorphic state
will contain one strategy only. We shall prove that if 81m :S 1/2, then
the monomorphic states are the only recurrent classes of the unperturbed
process. Consider an arbitrary initial state ht == (x t - m+1, ... ,xt ). If 81m::;
1/2, there is a positive probability that all individuals drawn to play sample
f t-s+l t (. . £ . N I t-s+l t d t-s+l t) .rom x , ... ,X l.e. 'l, or'lE ,sampexi , ... ,xian 1ri , ... ,1ri In
every period from t + 1 to t + 8 inclusive. All of them play the pure strategy
with the highest average payoff in their sample. Without loss of generality,
assume that this is a unique pure strategy x; for each of the player roles (if
there is more than one pure strategy, all of them have positive probability
according to the assumptions). With positive probability, all tIle individuals
drawn to play thereafter sample only from plays more recent than xt in every
period from t + 8 + 1 to t + m inclusive. Since all of these samples have the
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form w; == (xt, ... ,xt) and v; == (1ft, ... ,1ft), the unique pure strategy with the
highest payoff in the sample is xt. Hence, there is a positive probability of
at time t + m obtaining a history ht+m == (x*, ... ,x*), a monomorphic state.
It follows that for s/m :::; 1/2, the only recurrent classes of the u11perturbed
process are the monomorphic states. Q.E.D.

Lemma 1 below implies that Theorem 3.1 ill Young (1998, p. 56) applies
to imitation play. With a slightly modified notation, this theorem is referred
to as Theorem 2 ill this paper.

Definition 1 (Young, 1998) pc is a regular perturbed Markov process
if pc is irreducible for every € E (0, c*], and for every states h, h', Phh l

approaches P~h' at an exponential rate, i. e. limc~o Phh' == P~h' and if Phhl > 0

for some c > 0, then 0 < limc--->o :{~~ < 00 for some rhh' ~ o. The real
number rhh' is called the resistance of the transition from h to h'.

Lemma 1 Imitation play is a regular perturbed Markov process.

PROOF: See the Appendix.

Definition 2 (Foster and Young, 1990) Let J.Lc be the unique stationary dis
tribution of an irreducible process, pc. A state h is stochastically stable if
limc---+o J.Lc(h) > O.

Let an u11perturbed Markov process po with s/m :::; 1/2 have recurrent
classes/ monomorphic states hxl, ... , hxlxl (according to Theorem 1, there is a
011e to one correspo11dence between the recurrent classes and the monomor
phic states for s/m :::; 1/2). The following concepts are due to Freidlin and
Wentzell (1984) a11d Foster and Young (1990). For each pair of distinct re
current classes, an xy-path is a sequence of states ( == (hx , ... , hy) beginning
in hx and ending in hy. The resistance of this path is the sum of the re
sistances on the edges that compose it. Let r xy be the least resistance over
all xy-paths. Construct a complete directed graph witll IXI vertices, one for
each recurre11t class. The weight on the directed edge hx -+ hy is rxy . A tree
rooted at hx is a set of IXI - 1 directed edges such that, from every vertex
different from hx , there is a unique directed patl1 in the tree to hx . The
resistance of such a rooted tree ~(x) is the sum of the resistances rx,x" on the
IXI - 1 edges that compose it. The stochastic potential p(x) of a recurrent
class hx is the minimum resistance over all trees rooted at hx .

Theorem 2 (Young, 1998) Let pc be a regular perturbed Markov process and
let J.Lc be the unique stationary distribution of pc for € > O. Then, limc~o J.Lc ==
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J-l0 exists, and is a stationary distribution of pO. The stochastically stable
states are precisely those states contained in the recurrent classes of pO having
minimum stochastic potential.

In order to illustrate how to calculate the stochastic potential under im
itation play, we present an example of a two-player game. In the game in
Figure 1.2, every player has three strategies, labeled A, Band C for the
first player and a, band c for the second player. The game has one strict
Nash equilibrium (A, a), where both players gain less than in a mixed equi
librium with the probability mixture 1/2 on B (b) and 1/2 on C (c) for the
first (second) player.7

a b c

A
B
C

1,1 0,0 0,0
0,0 3,2 0,3
0,0 0,3 3,2

FIGURE 1.2

The monomorphic states h(B,b) and h(c,c) are Pareto superior to monomor
phic state h(A,a). Denote by Xl E {A, B, C} some strategy choice by player 1
and X2 E {a, b, c} some strategy choice by player 2. To find the stochastically
stable monomorphic states, construct directed graphs with nine vertices, one
for each monomorphic state. In Figure 1.3, we illustrate two such trees. The
numbers in the squares correspond to the resistances of the directed edges and
the l1umbers in the circles represent the payoffs associated with the monomor
phic states. It is easy to check that for s > 2, P (A, a) == 8, whereas all other
monomorphic states have a stochastic potential of 9. Hence, monomorphic
state h(A,a) is stochastically stable.

A

B

c

b

A

B

c

b

FIGUR,E 1.3-Minimum-resistance trees rooted at h(A,a) and h(B,b), respectively.

7There is also a third equilibrium, ((~,~, ~), (~, i, i)).
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1.3.2 Sets of Stochastically Stable States

In this subsection, we will show that the stochastically stable states of imi
tation play correspond to pure-strategy profiles in particular subsets of the
strategy-space. In order to do this, we need to introduce some l1ew cOl1cepts.
Given an n-player game r with finite strategy space X = nXi, associate
each pure-strategy profile x E X with the vertex of a graph. Draw a directed
edge from vertex x to vertex x', if and only if both of the following conditions
hold:

i) there exists exactly one player i such that Xi =1= x~ and

(1.2)

ii) there does not exist x~' =1= Xi and x~' =1= x~, such that

(1.3)

Call the graph obtained in this manner the better-reply graph of game f. B A
better-reply path is a sequence of the form xl, x2, ... , xl, such that each pair
(xi, xi+l ) corresponds to a directed edge in the better-reply graph. A sink is
a vertex with no outgoing edges. Clearly, x is a sink if and only if it is a strict
Nasl1 equilibrium. A better-reply graph can also contain directed cycles.

Figure 1.4 shows the better-reply graph for a game with two sinks - (C, a)
and (B, b). The basin of a sink is the set of all vertices fron1 which there exists
a directed path ending at that sink. Note that a vertex may be in several
basins simultaneously; for example, (B, a) is in the basin of (C, a) and also
in the basin of (B, b).

b

A

B

c

FIGURE 1.4-Better-reply graph.

8Condition ii) is included only for ease of exposition. The omission of this condition
would complicate the notation considerably, without changing our results.
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Lemma 2 If x and x' are vertices of the better-reply graph of the finite n
player game r, and there exists a directed edge from vertex x to vertex x',
then the following inequality holds for the stochastic potentials p (x) and p (x')
of the monomorphic states hx and hX', respectively:

p(x) ~ p(x' ). (1.4)

PROOF: Suppose that the clain1 is false, such that p (x) < p (x'). Note
that p (x) is the minimum resistance over all trees rooted at state hx . Con
struct a new tree rooted at hXI by taking (one of) the tree(s) with minimum
resistance rooted at hx , adding the directed edge from vertex x to vertex x'
and deleting the directed edge from x'. The resistance of the added edge is
exactly one and that of the deleted edge at least one, so the total resistance
of the new tree is p (x) at most, implying a contradiction. Q.E.D.

Definition 3 A non-empty set of vertices V is said to be closed under the
better-reply graph, or V is a construction, if there are no directed edges
from any of the vertices in V to any vertex outside V. Such a set is called a
minimal construction if it does not properly contain another construction.

From the definition follows that every game contains a minin1al con
struction. Moreover, any sink is a minimal construction. The game in
Figure 1.5 has two minimal constructions: the sirlk: (A, a), and the set
V = {(B,b), (B,c), (C,c), (C,b)}, which can be considered as a single di
rected cycle (B, b) ~ (B, c) ~ (C, c) ~ (C, b) ~ (B, b).

a b c
A
B
C

1,1 0,0 0,0
0,0 3,2 2,3
0,0 2,3 3,2

FIGURE 1.5

Note that our definition of minimal constructions in normal form games
is related to Sobel's (1993) definition of non-equilibrium evolutionary stable
(NES) sets in two-player games. Our concept is also similar to Noldeke and
Samuelson's (1993) definition of locally stable components in extensive form
games.

Lemma 3 Let V be a minimal construction of a finite n-player game r.
Then, for any two vertices x, x' E V, there exist better-reply paths x, ... , x'
and x', ... , x, which connect these vertices.
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PROOF: Suppose that the claim is false and there exist two vertices
x, x' E V such that there is no better-reply path from x to x'. Consider
all better-reply paths, starting at vertex x. Since X is finite, there exists a
finite number of vertices along all these paths. Collect all these vertices. By
construction, this set of vertices has only ingoing edges and by assumption,
it does not contain the vertex x'. Hence, the constructed set of vertices is
a minimal construction and a proper subset of the minimal construction V.
This is a contradiction, so the claim nlust be true. Q.E.D.

To every vertex of a minimal construction corresponds a monomorphic
state, which is a repetition of the associated pure-strategy profile, x E X.
Call the set of these monomorphic states a minimal a-configuration. We are
now in a position to state the following main theorem.

Theorem 3 Let r be a finite n-player game. If slm :s 1/2 and c is suffi
ciently small, the perturbed process pa,m,s,E puts arbitrarily high probability
on the minimal a-configuration(s) with minimum stochastic potential.

PROOF: See the Appendix.

In order to prove this claim, we use Lemma 2 and Lemma 3 to show that:
A) all monomorphic states in a minimal construction have equal stochastic
potential and B) for every mOl10morphic state which does 110t belong to any
minimal construction, there exists a monomorphic state with lower stochas
tic potential. The theorem establishes a relation between the stochastically
stable states of imitation play and minimal constructions, which is similar to
the relationship proved between the stochastically stable states of adaptive
play and MCURB sets in Theorem 7.2 of Young (1998, p. Ill).

We say that a finite set Y of pure-strategy profiles strictly Pareto domi
nates a pure-strategy profile x if for any pure-strategy profile y E Y, 7fi (y) >
7fi (x), for all i. The following theorem shows that imitation play selects sets
of efficient outcomes in a large class of games.

Theorem 4 Let r be a finite n-player game and suppose that there exists a
minimal construction V, which is a product set and strictly Pareto dominates
all pure-strategy profiles outside V. If 81m :S 1/2, 8 is sufficiently large
and c is sufficiently small, the perturbed process pa,m,s,E puts arbitrarily high
probability on the set of monomorphic states with span V.

PROOF: See the Appendix.
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The intuition behind this result is that for a sufficiently large sample
size, the transition from a state inside V to any state outside V requires
more mistakes than the number of player roles, while the opposite transition
requires one mistake per player role at most. The following corollary follows
immediately from Theorem 4.

Corollary 1 Let r be a finite n-player game with a strict Nash Equilib
rium x, that strictly Pareto dominates all other pure-strategy profiles. If
slm ~ 1/2 and s is sufficiently large, the monomorphic state hx is a unique
stochastically stable state.

The requiremellt in Theorem 4 that V be a product set is necessary, as
shown by the game in Figure 1.6.

a b c
A
B
C

1,1 0,0 0,0
0,0 0,0 5,3
0,0 2,4 5,4

FIGURE 1.6

In this game, the minimal construction V = {(C, b) , (C, c) , (B, c)} strictly
Pareto dominates all pure-strategy profiles outside V. It is evident that two
mistakes are enough to move from monon1orphic state hCA,a) to any monomor
phic state in the minimal construction V. We will show that two mistakes
are also enough to move from the minimal construction V to an outside state.
Suppose the process is in the state hcc,c) at time t. Further, suppose that
the individual in player role 1 plays B instead of C at time t + 1 by mistake.
This results in play (B, c) at time t+ 1. Assume that the individual in player
role 2 makes a mistake and plays b instead of c, alld that the individual in
player role 1 plays C in period t + 2. Hence, the play at time t + 2 is (C, b).
Assume that the individuals in both player roles sample from period t - s +2
to period t + 2 for the next s periods. This mea11S that the individuals in
player role 1 choose to play B and the individuals in player role 2 choose to
play b from period t + 3 to period t + s + 2. There is a positive probability
that from period t + s + 3 through period t + m + 2, the individuals in both
player roles will sample from periods later than t + 2. Hence, by the end of
period t + m + 2, there is a positive probability that the process will have
reached the mononlorphic state hCB,b) outside the minimal construction V. It
is now straightforward to show that all the monon10rphic states h(A,a), hCC,b),
h(c,c), and h(B,c) have equal stochastic potential.
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1.4 Properties of Minimal Constructions

In this sectioll, we investigate the relationship between minimal constructions
and other set-wise concepts. We also analyze whether strictly dominated
strategies can be included in minimal constructions and possible invariance
under payoff transformations.

1.4.1 Relation to Minimal Closed Sets Under Better
Replies

We start by the relation between minimal constructions and so-called nlini
mal closed sets under better replies. It might not be surprising that there is
quite a strong connection between these two concepts.

Definition 4 (Ritzberger and Weibull, 1995) Let the better-reply corre
spondence ry == XiENryi : D(X) --* X be defined as follows

A product set of strategies is a set of form Y == IIiYi, where each Yi is a
non-empty subset of Xi. Let ~ (Yi) denote the set of probability distributions
over Yi, and let D (Y) == IIi~ (Yi) denote the product set of such distributions.
Let ryi (Y) denote the set of strategies in Xi that are better replies by i to
some distribution p E 0 (Y) and let ry(Y) == ITiryi(Y).

Definition 5 A non-empty product set Y c X is said to be closed under
better replies (or Y is a CUBR set) if ry(Y) C Y. A set is called a
minimal closed set under better replies (MCUER) set if it is CUBR
and contains no proper subset which is CUBR.

Proposition 1 Every MCUBR set contains a minimal construction. If a
minimal construction is a product set, then it coincides with a MCUBR set.

PROOF: We start from the first claim. Let Y == IIiYi be a MCUBR set.
Associate each pure-strategy profile x E X with the vertex of a graph and
draw a better-reply graph for game r on the finite strategy space X. By
the definition of a MeDER set, there are no directed edges from the set of
vertices in Y to any vertices outside Y in the better-reply graph. This means
that the set of vertices in Y is a minimal construction or a construction
containing a minimal construction.

The last claim follows immediately from the definitions of a MCDER set
and a rnininlal construction. Q.E.D.
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Conlbined with Theorem 3, this implies that if all minimal constructiollS
of a game are product sets, then imitation play converges to the monomor
phic states of MCUBR sets. Note that every mininlal construction is not
necessarily included in a MCVBR set. Consider the game in Figure 1.7.

a b c
A
B
C

2,2 1,1 0,0
1,1 0,0 3,3
0,0 3,3 3,3

FIGURE 1.7

In this game, there is a unique MCUBR set, {(A, a)} == Y, and two mini
mal constructions, Vi = {(A, a)} and V2 == {(B, c) , (C, b) , (C, c)}. Hence, 112
is not contained in any MCVBR set.

1.4.2 Relation to CURB Sets

The minimal CURB set is another set-wise concept. Young (1998) shows
that there is a strong relation between minimal CURB sets and stochastically
stable states in his model. Let Z == IIi::1Zi be a product set of strategies,
and let (3i (Z-i) denote the set of strategies in Xi that are best replies by i
to some distribution P-i E 0 (Z-i). Define (3(Z) == II~=l{3i(Z-i).

Definition 6 (Basu and Weibull, 1991) A non-empty product set Z C X
is said to be closed under mtional behavior (or Z is a CURB set) if
(3(Z) C Z. Such a set is called a minimal closed set under mtional
behavior (MCURE), if it does not properly contain a CURB set.

It is straightforward to show that (3(Z) == Z for any MCURB set Z. Let
the span of a non-empty set of vertices V, delloted by S (V), be the product
set of all strategies appearing in some pure-strategy profile of V. By the
following two examples, we will show that a MCURB set and (the span of) a
minimal construction are different set-wise concepts. In the game in Figure
1.8, the MeUBR set, the minimal construction and the MCURB set are all
different.

a b c
A
B
C

1,3 3,2 3,1
3,2 2,3 2,1
2,3 1,1 1,2

FIGURE 1.8
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In this game, {A, B, C} x {a, b, c} == Y is a MCDBR set. There is a unique
minimal construction: V == {(A, a), (C, a), (B, a), (B, b), (A, b)} with span
S (V) == {A, B, C} x {a, b}. It is obvious that {A, B} x {a, b} == Z is the only
MCURB set. Hence, S (V) n Y == S (V) and S (V) n Z == Z in this game.

One may ask whether the MCURB set is always included in the span of a
minimal construction. In other words, is the set-wise relationship S (V) nz ==
Z true in general? The answer is no. Consider the game in Figure 1.9.

a b c
A
B
C
D

3,1 -10,0 1,3
-10,0 1,3 3,1

1,3 3,1 -10,0
0,0 0,0 0,0

FIGURE 1.9

In this game, A is a best reply to a, a is a best reply to C, C is a best reply
to b, b is a best reply to B, B is a best reply to c, and c is a best reply to A.
Hence, any CURB set involving one or more of {A, a, C, b, B, c} must involve
them all. Hence, it must involve D, because D is a best reply to the probabil
ity n1ixture 1/3 on a, 1/3 on b,and 1/3 on c. We conclude that {A, B, C, D} x
{a,b,c} == Z is the unique MCURB set. However, the unique minimal
construction is V == {(A,a),(C,a),(C,b),(B,b),(B,c),(A,c)} with span
S (V) == {A, B, C} x {a, b, c}, such that S (V) n Z == S (V) =1= z.

1.4.3 Relation to Strictly Dominated Strategies

Our nlodel assumes that individuals are boundedly rational. In this subsec
tion, we ask whether any dominated strategies will be played in tIle stochas
tically stable states of imitation play. Consider a 2x 2 game where strategy
A strictly dominates strategy B for the row player. In such a game, the
minimal construction will either consist of (A, a) or (A, b) or both. From
Theorem 3, it follows that in 2x 2 games, a strictly dominated strategy will
never be used with positive probability in the long run. However, as illus
trated by the game in Figure 1.10, a weakly dominated strategy may be used
with positive probability. In this game, the unique minimal construction is
V == {(A, b), (B, b), (B, a)}.
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A
B t---------Ir-.-----I
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0,3 2,0
2,0 1,3
1,1 0,1

Moreover, in games with more than two strategies, strictly dominated
strategies may be played with positive probability. Consider the game in
Figure 1.11.

a b
A
B
o
FIGURE 1.11

In this game, B strictly dominates 0, but the unique minimal construc
tion is V = {(A, a) , (0, a), (0, b), (B, b), (A, b), (B, a)} and by Theorem 3,
imitation play will put positive probability on all pure-strategy profiles in
this minimal construction ill the long run. Play of strictly dominated strate
gies may appear an undesirable or counter intuitive feature, but it is merely
a consequence of the limited information available to the individuals in the
model. Since they do not know the true payoffs to every pure-strategy profile,
but rely on information provided by a finite sample of previous play, they
cannot deduce that a certain strategy is dominated.

1.4.4 Payoff Transformations

Minimal constructions are invariant under affille payoff transformations and
local payoff shifts, which follows since the better-reply graph is unaffected by
such changes. The stochastically stable states of imitation play are also in
variant under affine payoff transformations, but not under local payoff shifts.
The two games in Figure 1.12 illustrate the latter claim.

A
1'-_1------1

B
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In the left game, (A, a) is stochastically stable according to Theorem 4.
By adding 2 units to the each of the row player's payoffs in column b and to
each of the column player's payoff in row B in this game, the right game is
obtained. In the right game, (B, b) is stochastically stable by Theorem 4.

1.5 Applications to 2x2 Garnes

In this section, we apply the results from Section 3 to 2x 2 games. First,
we find the stochastically stable states in three special classes of games and
second, we study the speed of convergence in general 2x2 games. In all of
the following games, we denote player 1's strategies A and B, and player 2's
strategies a and b, respectively.

1.5.1 Stochastically Stable States in Special Classes of
Garnes

In this subsection, we analyze the stochastic stability in games with two strict
Nash equilibria, games with one strict Nash equilibrium and games without
Nash equilibria in pure strategies. We start with the class of games with
a unique strict Nash equilibrium, which includes, for example, Prisoners'
Dilemma Games.

Proposition 2 In 2x 2 games with a unique strict Nash equilibrium, if s/ m :::;
1/2, the corresponding monomorphic state is a unique stochastically stable
state.

PROOF: Games in this class contain exactly one minimal construction,
consisting of the unique strict Nash equilibrium. By Theorem 3, the corre
sponding monomorphic state must be the unique stochastically stable state.
Q.E.D.

We now proceed with the class of games with two strict Nash equilibria.
Coordination Games and Hawk-Dove Games are two examples of games in
this class.

Proposition 3 In 2x 2 games with two strict Nash equilibria, where one
Nash Equilibrium strictly Pareto dominates the other, if slm :::; 1/2 and s is
sufficiently large, then the unique stochastically stable state corresponds one
to one with the monomorphic state of the Pareto dominant equilibrium.
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PROOF: Games in this class contain two minimal constructions, either
{(A,a)} and {(B,b)} or {(A,b)} and {(B,a)}. Without loss of generality,
assume that {(A,a)} and {(B,b)} are the minimal constructions. If (A,a)
strictly Pareto dominates (B, b), it must also strictly Pareto dominate the
two other pure-strategy profiles, (A, b) and (B, a). Hence, by Corollary 1,
the monomorphic state h(A,a) is the unique stochastically stable state for
slm ::; 1/2 and s is sufficiently large. Q.E.D.

This implies that, unlike Young's (1993) process of adaptive play, imi
tation play does not generally converge to the risk-dominant equilibrium in
Coordination Games. In the right game in Figure 1.12, (A, a) is a risk don1i
nant equilibrium whereas (B, b) is a strictly Pareto superior equilibrium and
subsequently, the unique stochastically stable state of imitation play. Our re
sult is consistent with Robson and Vega-Redondo's (1996) result for generic
symmetric Coordination Games. However, for the 110n-generic case when
7ri(A, a) = 7ri(B, b), the stochastically stable states in their model depend on
the details of the adjustment process, whereas imitation play always selects
both equilibria. Consider the following proposition:

Proposition 4 In 2x 2 games with two strict Nash equilibria, where neither
strictly Pareto dominates the other, if slm ::; 1/2 and s is sufficiently large,
then the stochastically stable states correspond one to one with the monomor
phic states of the two equilibria.

PROOF: See the Appendix.

Finally, we consider games which do not have any Nash equilibrium in
pure strategies. One of the games in this class is the Matching Pennies Game.

Proposition 5 In 2x 2 games without Nash equilibria in pure strategies, if
slm ::; 1/2, the stochastically stable states correspond one to one with the
four monomorphic states of the game.

PROOF: Games in this class contain exactly one minimal construction
{ (A, a) , (A, b) , (B, a) , (B ,b) }. By Theorem 3, the four corresponding monomor
phic states must all be stochastically stable. Q.E.D.

1.5.2 Speed of Convergence

In this subsection, we analyze the speed of convergence of imitation play.
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Proposition 6 In 2x 2 games, if s/ m ::; 1/2, the maximum expected first
passage time for the perturbed process po:,m,s,e from any state to a stochas
tically stable state is at most 8€-2 units of time, for some positive constant
8.

PROOF: The claim follows from the observation that ill any 2x2 game, the
transition from an arbitrary state to the basin of attraction of a stochastically
stable monomorphic state requires two mistakes at most. Q.E.D.

This result should be contrasted with the speed of convergence in Young
(1993), Kandori et ale (1993), and Robson and Vega-Redondo (1996). In
Young's (1993) model, the maximum expected first passage for a 2x2 Co
ordination Game is at least 8y €-v where v depends on the sample size and
both players' payoffs. In Kandori et ale (1993) the maximum expected first
passage time is of the order 8K M R€-Nu, where N is the size of the population
and u is determined by the game's payoff structure. In Robson and Vega
Redondo (1996), the corresponding figure is 8RV€-q, where q is a positive
integer independent of the payoffs and the current state. Thus, when v, Nu,
and q are greater than two and € is sufficiently small, then imitation play
converges considerably faster than the processes in these three models.

1.6 Extensions

All results in this paper hold for a more general class of imitation dynam
ics. Let the maximum correspondence be a correspondence which maps a
strategy sample Wi and the associated payoff sample Vi to a strategy with
the highest payoff in the sample. This correspondence defines a new Markov
process on the space of histories with the same set of absorbing states alld
(for a sufficiently large sample size) stochastically stable states as imitation
play. Moreover, if each population consists of arbitrary shares of individuals
who make choices based on the maximum correspondence and the maximum
average correspondence, respectively, then the results of this paper still hold.
Hence, the model allows for a certain kind of population heterogeneity, where
individuals make their choices based on different rules.

1.7 Conclusion

In this paper we develop an evolutionary model with perpetual random
shocks where individuals, in every period, choose the strategy with the high
est average payoff in a finite sample of past play. We denote the resulting
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Markov process imitation play and prove that, provided information is suf
ficiently incomplete and the sample size sufficiently large, the stochastically
stable states of imitation play are repetitions of the pure-strategy profiles in
minimal closed sets under the better-reply graph. We call such sets minimal
constructions. These sets are related to minimal closed sets under better
replies and other set-wise concepts. We also prove that if the pure-strategy
profiles in a minimal construction have strictly higher payoffs than all out
side pure-strategy profiles, then, provided that the minimal construction is a
product set, the pure-strategy profiles in this set will be played with proba
bility one in the limit as the experimentation probability tends to zero. Our
results give clear predictions in 2x 2 games. In Coordination Games, where
one equilibrium strictly Pareto dominates the other, imitation play selects
the strictly Pareto superior Nash equilibrium. If neither equilibria strictly
Pareto dominates the other, then both are stochastically stable. Finally, we
show that the speed of convergence for imitation play in many cases is higher
than in other known models.

The objective of this paper is to derive predictions for general finite games
in a world of truly boundedly rational individuals. The assumptioll under
lying the model, that individuals do 110t make decisions based on the pre
dictions of their opponents' future strategies, but rather based on which
strategies have been successful in the past, is maybe most appealing in the
class of games where it is costly to obtain information about the opponents.
A high cost may be due to the size or the complexity of the game or to insti
tutional factors preventing tIle release of infornlation about the opponents.
It would be particularly interesting to test the implications of our model
against empirical or experimental evidence in this class of games.
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1.8 Appendix

PROOF OF LEMMA 1: This proof follows Young (1998). Given a history
ht = (x t - m +1 , ... , xt ) at time t, the process moves to a state of the form
ht+1 = (x t - m +2 , ••• , x t , x t+1 ) in the next period. Remember that such a state
is called a successor of ht . TIle strategy x~+l is an idiosyncratic choice or
error if and only if there exists no sample of strategy choices Wi and payoff
outcomes Vi, such that x~+1 E ai (Wi, Vi). For each successor ht+1 of ht, let
rhtht+1 denote the total number of errors in the transitioll from ht to ht+1 .

Evidently, 0 :s; Tht h t+1 :s; n and the probability of the transition ht
----t ht+1

is in the order of cThtht+l (1 - c )n-Ththt+l. If ht+1 is not a successor of ht , the
probability of the transition is zero. Hence, the process pa,m,s,e approaches
pa,m,s,O at an exponential rate in c. Since the process is also irreducible
whenever c > 0, it follows that pa,m,s,e is a regular perturbed Markov process.
Q.E.D.

PROOF OF THEOREM 3: In order to prove the claim, we will show that:
A) all monomorphic states in a minimal construction have equal stochastic
potential;
B) for every monomorphic state which does not belong to any minimal con
struction, there exists a monomorphic state with lower stochastic potentiaL
The theorem follows immediately from A) and B), by applying Lemma 1 and
Theorem 2.

Let us start from A). On the one hand, by Lemma 3, there exists a
better-reply path from an arbitrarily monomorphic state hx in a minimal
construction to any other monomorphic state hXI in the same minimal con
struction. Let the sequence hx, ... , hXI be such a path. By Lemma 2, the
following inequalities hold:

p(x) ~ ... ~ p(x'). (1.6)

On the other hand, by applying Lenlma 3 Ollce more, there exist a better
reply path from monomorphic state hXI to monomorphic state hx. Using
Lemma 2, gives:

p(x') ~ ... ~ p(x). (1.7)

From the inequalities in (1.6) and (1.7) it follows that p (x) = p (x') for any
mononlorphic states hx and hx ' in a minimal construction.

Part B). Note that for every monomorphic state not included in any
minimal construction, there exists a finite better-reply path which ellding in
some minimal construction. Let this path be hxl, hx2, ... , hxT-l, hxT, where
hxl is an arbitrary monomorphic state that does not belong to any minimal
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construction and hxT the first monomorphic state on the path belonging to
some minimal construction, V. By Lemma 2, it follows that

(1.8)

We will show that in fact, p (X
T

-
1

) > P (xT
). Note that p (X

T
-

1
) is the

minimum resistance over all trees rooted at the state hxT-l. Denote (one of)
the tree(s) that minimizes resistance by ~ (X

T
-

1
). Find in the tree ~ (XT - 1)

a directed edge from some vertex y E X in the minimal construction V to
some other vertex y' E X outside this minimal constructioll. It will be shown
later that there is only one such directed edge in the minimal resistance tree
~ (xT -1). Delete in the tree ~ (xT -1) tIle directed edge y ---+ y' and add
the directed edge X T - 1 ---+ xT . As a result, we obtain a tree ~ (y) rooted
at the state hy • By construction, the total resistance of the new tree ~ (y)
is less than the stochastic potential p (X

T
- 1). Moreover, by part A), the

monomorphic state hxT of the minimal construction has the same stochastic
potential as the monomorphic state ky. Hence, p (XT - 1) > P (xT ).

We will now consider the tree ~ (X
T

- 1) and show that there is only one
directed edge from every mininlal construction to a state outside the COll
struction. Suppose there is a finite number of such directed edges yj ---+ zj,
j == 1,2, ... , l from some minimal construction, where yl, ... , yl are vertices in
the minimal construction and Zl, ... , Zl vertices outside the construction. It
is clear that there cannot be an infinite number of outgoing edges since the
game r is finite. Recall that a tree rooted at vertex yj is a set of IXI- 1 di
rected edges such that, from every vertex different from yj, there is a unique
directed path in the tree to yj. The resistance of any directed edge yj -t zj,
j = 1,2, ... , l is at least two. By Lemma 3, there exists a finite better
reply path from vertex yl to vertex y2 in the minimal construction. Let
yl, fl, ... , I k, y2 be such a path.

Consider vertex fl. Tllere are two mutually exclusive cases:
l.a) there exists a directed path from fl to one of the vertices y2, ... , yl in the
initial tree ~ (XT - 1 ) , or
l.b) there exists a directed path from fl to yl.

In case l.a) by deleting the directed edge yl ---+ ZI and adding the directed
edge yl ---+ /1 to the tree S< (XT- 1) , we obtain a new tree ~1 (XT- 1) with lower
stochastic potential than ~ (X

T
- 1), because the resistance of the directed

edge yl ---+ fl is one. This means that we are done, since this contradicts the
assumption of ~ (xT - 1) being a minimal resistance tree.

In case l.b), we will use the following procedure for vertex 11: delete the
initial directed edge from /1 and add the directed edge /1 -t /2. As above,
there are two cases:
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2.a) there exists a directed path from f2 to one of the vertices y2, ... , yl in the
initial tree ~ (XT -

1
) , or

2.b) there exists a directed path from f2 to yl .
In case 2.a), we obtain a new tree ~2 (XT - 1) with lower stochastic po

tential than ~ (XT- 1) , because the resistance of the directed edge fl ----+ f2
is one. This means that we are done, since it contradicts the assumption of
~ (XT - 1 ) being a minimal resistance tree.

In case 2.b), we repeat the procedure for vertices f2, f3, ... The better
reply path yl, fl , ... , fk, y2 from vertex yl to vertex y2 is finite. Hence, after
k + 1 steps at most, we have constructed a tree ~" (X

T
-

1
) rooted at the state

hxT-l with lower stochastic potential than ~ (XT - 1) , which is impossible.
Q.E.D.

PROOF OF THEOREM 4: Define the basin of attraction of a state h' as
the set of states h such that there is a positive probability of moving from
h to h' in a finite number of periods under the unperturbed process pa,m,s,O.

Let V be a minimal construction which strictly Pareto dominates all pure
strategy profiles outside V. Let hy be a monomorphic state such that y tJ. V.
Consider a minimal resistance tree ~ (y) rooted at hy. Let x E V be a vertex
such that there is a directed edge from x to a vertex z tJ. V in the tree SS (y).
Assume the stochastic potential of hx to be at least as high as the stochastic
potential of hy .

We claim that for a sufficiently large 8, the resistance of the edge from
x E V to z tJ. V is greater than n. Without loss of generality, assume that
8 > n (otherwise 8 consecutive mistakes by individuals ill one population
could be sufficient to transfer from hx to the basin of attraction of hz ). Let
7ri (x) and 1fi (z) be payoffs for player i corresponding to the pure-strategy
profiles x and z respectively. The individual in player role i will play Zi

instead of Xi only if the average payoff for Zi in her sample is greater than
or equal to the average payoff for Xi. With n mistakes at most, this is only
possible if the following inequality holds

(8 - n)7ri(x) + (n - l)7ri(xi, X~i) ( )
------------ :::; 1fi Z ,

8-1

where 1fi(Xi, X~i) is the payoff to player i when she plays Xi and her opponents
play any X~i -=1= X-i. It is clear that this inequality does not hold for any
individual in player role i, if s is sufficiently large. Hence, the resistance from
hx to hz must be larger than n for a sufficiently large 8.

Create a tree ~ (x) rooted at hx by adding a directed edge from hy to
hx and deleting the directed edge from x to Z in the tree SS (y). Provided
that 8 is sufficiently large, the deleted edge has a resistance greater than n
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and the added edge has a resistance of at most n (n simultaneous mistakes
are sufficient to move from any monomorphic state to the basin of attraction
of hx ). Hence, the total resistance of the new tree ~ (x) is less than p(y),
contradicting the assumption of p(y) ~ p(x). This establishes that hx 11as
minimal stochastic potential. Theorem 4 now follows from part A) in the
proof of Theorem 3, where it is proved that all monomorphic states of a
minimal construction have equal stochastic potential. Q.E.D.

PROOF OF PROPOSITION 4: As in the proof of Proposition 2, without
loss of generality, assume that {(A, a)} and {(B, b)} are the minimal con
structions of the game. By Theorem 3, it follows that monomorphic states
h(A,a) and h(B,b) are the only two candidates for the stochastically stable
states. Suppose that only one of these monomorphic states is stochastically
stable, say h(A,a). Let ~(A, a) be a minimum resistance tree with resistance
p(A, a) rooted at (A, a). In this tree, there is an outgoing edge from the
monomorphic state h(B,b).

First, note that the resistance of this edge is at least two, such that at
least two mistakes are needed to nlove from tIle monomorphic state h(B,b).

This follows since 1Tl(B,b) > 1TI(A,b) and 1T2(B,b) > 1T2(B,a).
Second, note that provided that 81m ~ 1/2 and s is sufficiently large, two

mistakes are sufficient to move the process from monomorphic state h(A,a) to
monomorphic state h(B,b). Suppose the process is in state h(A,a). Since neither
of the Nash equilibria is strictly Pareto superior, either 1r1(B, b) ~ 1TI(A, a)
alld/or 1T2(B, b) ~ 1r2(A, a). Without loss of generality, assume that the
first of these inequalities holds. Then, there is a positive probability that
the individuals in both player roles simultaneously make mistakes at tinle t.
There is also a positive probability that the individuals in player role 1 draw
th fix d I ( t-s+l t) ·th d· fE ( t-s+l t)e e samp e Xl , ... , Xl WI correspon lng payo s 1r1 , ... , 1TI

and that the individuals in player role 2 sample from plays earlier than x~

from period t+1 to, and including, period t+8-1. With positive probability
individuals in player role 1 play B and individuals in player role 2 playa in
all of these periods. This implies that if the individuals in both player roles
sample fronl plays more recent than X~-l from period t + 8 to, and including,
period t + 8 - 1 + m, l's sample will only contain strategy Band 2's sample
will always contain strategy b, and possibly, strategy a. Furthermore, the
average payoff of strategy bwill be 1T2 (B ,b) as compared to an average payoff
of 1T2 (B ,a) for strategy a, when the latter strategy is included in the sample.
Hence, with positive probability the process will be in state h(B,b) at time
t+ 8 -1 +m.

Finally, create a new tree rooted at h(B,b) by deleting the outgoing edge
from the monomorphic state h(B,b) in the tree ~(A, a) and adding an edge
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from h(A,a) to h(B,b). The resistance of the deleted edge is at least two alld
that of the added edge two. Hence, the total resistance of the new tree
is at most p(A, a), thereby cOlltradicting the assunlption that only h(A,a) is
stochastically stable. Q.E.D.
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Chapter 2

Stochastic Better-Reply
Dynamics in Finite Games

2.1 Introduction

In Young (1993, 1998), individuals from each of n finite populations are
randomly selected to playa finite n-player game every period. Each of the
individuals forms beliefs of her opponents' play by inspecting an independent
sample of recent strategy realizations from a finite history of past play and
calculating the corresponding frequency distributions over her opponents'
pure strategies. Then, she chooses a pure strategy which is a best reply
given her beliefs. With a small probability, she instead experiments or makes
a mistake and play any pure strategy at random. This results in an ergodic
Markov chain with a unique stationary distribution on the space of histories.

In the present paper I alter Young's behavioral assumption by allowing
in.dividuals to play not only best replies but also better replies, given their
beliefs. Formally, the better-reply correspondence maps distributions over the
player's own and her opponents' pure strategies to those pure strategies which
give the player at least the same expected payoff against the distribution of
her opponents' pure strategies. This behavior could interpreted as a special
case of Simon's (1955) satisfying behavior, with the aspiration level given by
the expected payoff to the sample distribution. The best-reply and the better
reply correspondences have important properties in common, among other
things, they both belong to the class of behavior correspondences (Ritzberger
and Weibull, 1995). This class contains upper herni-continuous correspon
dences such that the image of any product distribution includes the set of
best-replies. The similarities between the two correspondences imply that
Young's (1998) predictions in weakly acyclic ganles and in 2x2 Coordination

29
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Games are unaffected if best replies are replaced by better replies.
A product set of pure strategies is closed under the better-reply corre

spondence if, under this correspondence, the image of every distribution with
support in the set is contained in the set. It is a minimal closed set if it does
not properly contain a subset with this property. Such sets are important
in my analysis of the stochastic adaptive model where individuals apply the
better-reply correspondence. I show that in finite n-player games, as the
experimentation probability tends to zero, only strategies in certain minimal
closed sets under better replies are played with positive probability. This is
analogous to the result in Young (1998) for the best-reply model. He proves
that in a generic class of finite games, only strategies in certain minimal closed
sets under best replies will be played with positive probability in the limit.
Due to a specific property of the better-reply correspondence, my result is
valid for all games, whereas Young has to assume the game is nondege11erate
in a specific sense.

My result is also consistent with and extends previous findings on de
terministic dynamics in a continuous-time setting. Ritzberger and Weibull
(1995) prove equivalence between asymptotically stable sets under sign-preserving
selection dynamics, and closed sets under better-replies. Hence, my model
provides a way of selecting among such asymptotically stable sets.

This paper is organized as follows. In Section 2, I present the stochastic
process and introduce basic definitions. Section 3 contains general results
on the convergence of the stochastic process, and section 4 results for two
special classes of games. In Section 5, I relate my findings to previous results
on set-wise stability under regular selection dY11amics. Section 6 contains
examples and Section 7 discusses extensions of the model. The proof of the
main theorem can be found in the Appendix.

2.2 Model

The basic setting is similar to that of Young (1993, 1998). Let r be a finite
n-player game in strategic form. Let Xi be the finite set of pure strategies Xi

available to player i E {1, ... ,n} == N and let ~(Xi) be the set of probability
distributions Pi over these strategies. Define the product sets X == IT Xi and
D(X) == ITi ~(Xi), with the typical elements x and P respectively. Let Pi(Xi)
denote the probability mass on pure strategy Xi and let p(x) == ITiEN Pi(Xi).
The notation X-i E ITi#i Xi and analogously, P-i E ITi#i ~(Xi) == D(X_i ), is
used to represent the strategies and distributions of strategies of players other
than i. Let C1, ... , en be n finite and non-empty populations of individuals.
Each member of population Ci is a candidate to play role i in the game
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G and has payoffs represented by the utility function 7ri : X ----t lR, and
expected payoffs represented by the function Ui : D(X) ----t JR. In slight abuse
of notation, I write Ui(Xi,P-i) instead of Ui(Pi,P-i) if Pi(Xi) == 1.

The following two correspondences are instrumental in the subsequent
analysis.

Definition 1 Let f3 == TIi f3i : D(X_ i ) --* X be the best-reply correspondence,
defined by f3i(P-i) == {Xi E Xi IUi(Xi,P-i) - Ui(X~,P-i) 2: 0 VX~ E Xi}.

Definition 2 (Ritzberger and Weibull, 1995) Let "I == TI "Ii : D(X) -* X be
the better-reply correspondence, defined by "Ii(P) == {Xi E Xi I Ui(Xi,P-i) 
Ui(P) ~ O}.

In other words, "Ii assigns to each product distribution P E D(X) those
pure strategies Xi which give i at least the same expected payoff as Pi. l Note
that the better-reply correspondence is defined as a mapping from the prod
uct of the simplices for all players, whereas the best-reply correspondence is
a nlapping from the product of only the opponents' simplices.2

Let t == 1,2, ... denote successive time periods. The stage game r is
played once each period. In period t, one individual is drawn at random
from each of the n populations and assigned to play the corresponding role.
The individual in role i chooses a pure strategy x~ from her strategy space
Xi according to a rule that will be defined below. The pure-strategy profile
x t == (xi, ... ,X;) is recorded and referred to as play at time t. The history or
state at time t ~ m is the sequence ht == (x t - m +l , ... , xt ), where m denotes
the memory size of all individuals. Let H = xm be t11e finite set of histories
of length m and let h be an arbitrary element of this set.

Strategies are chosen as follows. Assume an arbitrary initial history hm ==

(xl, ... ,x m ) at time m. In every subsequent period, each individual drawn to
play the game inspects s plays, drawn without replacement, from the most
recent m periods. The draws are independent for the various individuals and
across time. For each Xi E Xi, let Pi(Xi I h) be the conditional probability
that the individual in role i chooses pure strategy Xi, given history h. I
assume that Pi (Xi I h) is independent of t and that Pi (Xi I h) > 0 if and
only if there exists a sample of size s from the history h, consisting of n
independent draws and with a sample distribution of p E D(X), such that

1It is evident that 'Yi is u.h.c. and f3i (p) C 'Yi(P) for all players and product distributions.
As will be discussed below, this implies that 'Y is a behavior correspondence (Ritzberger
and Weibull, 1995).

2The best-reply correspondence can, naturally, also be represented as a mapping from
the set of product distributions to the set of pure strategy-tuples f3 == [Ii f3i : D(X) ~ X,
with f3i (p) == f3i(P~,p-i) for all p~ E ~(Xi).
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Xi E 1i(P), where 1i is the better-reply correspondence defined above. Unlike
in Young (1993, 1998), the individuals here playa better reply, and not a
best reply to this sample distribution.

Given a history ht = (xt - m +1
, , xt ) at time t, the process moves to a

state of the form ht+1 = (x t - m +2 , , x t , x t+1
) in the next period. Such a

state is called a successor of ht . My behavioral assumptions imply that the
process moves from a current state h to a successor state h' in each period
according to the following transition rule. If x is the rightmost element of
h, the probability of moving from h to h' is PZh~'s,O = I1~=lPi(Xi I h) if h'
is a successor of hand 0 if it is not. This defines a finite Markov chain on
the finite state space of histories H. I call the process p7,m,s,O 1-adaptive
play with memory m and sample size s and I generally refer to it as the
unperturbed process. A recurrent class E k of the process p7,m,s,O is a set
of states such that there is zero probability of moving from any state in the
class to any state outside, and there is a positive probability of moving from
any state in the class to any other state in the class. A state h is absorbing
if it constitutes a singleton recurrent class.

I also define a perturbed process in a manner completely analogous to
Young (1993, 1998). Formally, in each period, there is some small probabil
ity £, that the individual in role i experinlents by choosing a pure strategy
at random from Xi, instead of according to the better-reply correspondence.
The event that the individual in role i experimel1ts is assumed to be illdepen
dent of the event that the individual in role j experiments for every j =1= i.
For every i, let qi(Xi I h) be the conditional probability that the individual
in role i chooses Xi E Xi, given that she experiments and the process is in
state h. I assume that qi (Xi I h) is independent of t and that qi (Xi I h) > 0
for all Xi E Xi. Suppose that the process is in state h at time t. Let J
be a subset of j player roles. The probability is £j (1 - £ )n- j that exactly
the individuals in player roles of J experiment and the others do not. Con
ditional on this event, the transition probability of moving from h to h' is
Qthl = I1iEJqi(Xi I h) I1i~JPi(Xi I h) if h' is a successor of h and X is the
rightmost element of h' and 0 if h' is not a successor of h. This gives the
following transition probability of the perturbed Markov process:

PZh~'s,c = (1 - £)n PZh~'s,O + L £IJI(l - £)n-IJIQ~hl.

JCN,Ji=0

I call the process p7,m,s,c '"'(-adaptive play with memory m, sample size s,
experimentation probability c and experimentation distributions qi.

This process is irreducible and aperiodic, and thus has a unique stationary
distribution J.lc , which I study as c tends to zero. In my analysis, I use
the following standard definitions, due to Freidlin and Wentzell (1984), and
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Foster and Young (1990). A state h is stochastically stable if limc~o J.lc(h)
exists and is positive. For each pair of distinct recurrent classes Ek and El , a
kl-path is a sequence of states ( == (hI, h2 ... , hq

) that begins in E k and ends
in Ez• The resistance of this path is the sum of the resistances on the edges
that compose it. Let rkZ be the least resistance over all kl-paths. Construct
a complete directed graph with one vertex for each recurrent class. The
weights on the directed edge Ek ---+ E l is rkZ. A tree rooted at E l is a set
of directed edges such that, from every vertex different fronl E l , there is a
unique directed path in the tree to Ez• The resistance of a rooted tree is the
sum of the resistances on the edges that compose it. The stochastic potential
p(El ) of a recurrent class E z is the minimum resistance over all trees rooted
at E l •

2.3 General Results

In this section, I investigate the properties of the limiting stationary distri
bution of ')'-adaptive playas the experimentation probability tends to zero.3

In what follows, I will refer to the stochastic process in Young (1993, 1998)
as f)-adaptive play in order to distinguish it from ')'-adaptive play. I will first
prove my main result that in finite n-player games, the limiting distribution
of ')'-adaptive play puts positive probability only on histories with support
in certain minimal closed sets under better replies. This result is similar to
Theorem 7.2 in Young (1998) for ,B-adaptive play, but holds more generally.

Some further definitions are needed to state my main result. Let X be
the collection of all nonempty product sets Y c X. Let ~(Yi) be the set of
probability distribution with support in Yi and let D(Y) = TIiEN ~(Yi) be
the corresponding product set.

Definition 3 (Ritzberger and Weibull, 1995) A set Y E X is closed under
better replies (CUBR) if I'(D(Y)) ~ Y. A set Y E X is a minimal
closed set under better replies (MCUER) if it is closed under better
replies and contains no proper subset with this property.

Important to my analysis is the following lenlma, which implies that my
main theorenl applies to any finite game and not only to a gelleric class of
games as the corresponding theorem in Young (1998). Define l' as the better
reply correspondence with pure strategy domain. That is, i == I1 1'i : X -tt

X, where
i i(x) == {x~ E Xi 11fi (x~, X -i) - 1fi (x) 2 O}.

3This limiting distribution exists by Lemma 2 and Theorem 5 in the Appendix.
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Lemma 1 If Xi E 'Yi(P), then there exists a pure-strategy profile y E X with
p(y) > 0, such that Xi E 7i(Y).

PROOF: This proof uses the multilinearity of the function Ui. Consider
an arbitrary distribution p E D(X), a11d a pure strategy Xi E Xi, such
that Xi E 'Yi(P). I will first show that :3Yi E Xi with Pi(Yi) > 0, such that
Ui(Xi,P-i) -Ui(Yi,P-i) 2:: O. By definition of the better-reply correspondence,
Ui(Xi,P-i) - Ui(P) 2:: o. Write this difference in the following way:

Ui(Xi,P-i) - Ui(P) = 2: Pi(Yi) [Ui(Xi,P-i) - Ui(Yi,P-i)] . (2.1)
YiEXi

Clearly, if the left-hand side is non-negative, at least one of the terms in the
sum on the right-hand side with Pi(Yi) > 0 must be non-negative. Hence,
3Yi E Xi with Pi (Yi) > 0, such that Ui(Xi,P-i) - Ui(Yi,P-i) 2:: o.

Second, write the last difference in the following way:

Ui(Xi,P-i) - Ui(Yi,P-i) = 2: P-i(Y-i) [1Ti(Xi, Y-i) - 1Ti(Yi, Y-i)] . (2.2)
Y-iEX-i

By the same logic as above, if the left-hand side is non-negative, at least one
of the elements in the sum on the right-hand side with P-i(Y-i) > 0 must be
non-negative. Hence, 3y E X withp(y) > 0, such that 7fi(Xi,Y-i) - 7fi(Y) 2=: 0
Q.E.D.

Lemma 1 says that if a pure strategy Xi is a better reply to the product
distribution P, then there also exists a pure-strategy profile in the support of
p, to which Xi is a better reply. This implies that the set of better replies to all
product distributions over a particular product set of pure-strategy profiles
is identical to the set of better replies to the product set of pure-strategy
profiles.

Corollary 1 'Y (D(Y)) = i (Y) for all Y EX.

It is worth noting that a result analogous to Lemma 1 does not hold
for the best-reply correspondence. Consider the game in Figure 2.1, and
the distribution p* = ((!'!' 0), (!' !)) with the associated expected payoff
Ul (p*) = ! to player 1. Clearly, C is a best reply for player 1 to P2 and
hence, also a better reply to p*. Moreover, there exists a pure-strategy profile
(B, a) in the support of p* to which C is a better reply. However, there
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3,1 0,0
0,0 3,1
2,0 2,0

exists no pure strategy in the support of P2 to which 0 is a best reply, since
(311 (0) == {P2 E ~(X2) It::; P2(a) ~ ~}.

a b
A
B
C

FIGURE 2.1

Recall that H == X m is the space of histories. Let H' be a subset of this
set and let S(H') be the span of this subset, Le. the product set of all pure
strategies that appear in some history in H'. H' is an MeUBR configuration
if S(H') is an MCUBR set. I can now state the main theorem of the paper.

Theorem 1 Let r be a finite n-player game.
i) If slm is sufficiently small, the unperturbed process p"m,s,O converges with
probability one to a minimal1-configuration.
i) If, in addition, c is sufficiently small, the perturbed process p"m,s,e puts an
arbitrarily high probability on the minimal1-configuration(s) with minimum
stochastic potential.

PROOF: See the Appendix.

Theorem 1 resembles Theorem 7.2 in Young (1998, p. 111), but does not
require the game to be nondegenerate in any sense. This simplifies the first
part of the proof which, in other respects, is analogous to Young's proof.
Young requires that the game belong to the generic class of games with the
following property.

Definition 4 (Young, 1998) r is nondegenerate in best replies (NDBR) if
for every i and every Xi, either j3i 1(Xi) is empty or it contains a nonempty
subset that is open in the relative topology of D(X_ i ).

2.4 Other Results

I will now proceed by demonstrating that two other results for j3-adaptive
play in Young (1998) can be obtained for 1-adaptive play in a straightforward
manner. These results follow since 1-adaptive play is a regular perturbed
Markov process (see the Appendix) and si11ce, by the definition of the better
reply correspondence f3(p) C 1(P), and 1(P) == X with p(x) == 1, if and only
if x is a strict Nash equilibrium.
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Young shows that a state h is an absorbing state of fJ-adaptive play, if and
only if it consists of a strict Nash equilibrium played m times in succession.
He calls such a state a convention. Due to the two last properties mentioned
above, the same relation also holds for ,-adaptive play. It is clear that an
absorbing state of this process must be a state on the form hx = (x, ... ,x).
Moreover, x must be a unique better reply to a distribution p with p(x) = 1
and hence, a strict Nash equilibrium. Conversely, any state consisting of m
repetitions of a strict Nash equilibrium is clearly an absorbing state.

2.4.1 2x2 Coordination Garnes

Consider the game in Figure 2.2. This game is a 2x2 Coordination Game if
(A, a) and (B, b) are strict Nash equilibria.

a b
A 1rl(A,a),1r2(A,a) ?rl(A,b),1r2(A,b)
B 7rl(B, a), 7r2(B, a) 1rl(B, b), 1r2(B, b)

FIGURE 2.2.

An equilibriunl (A, a) of a 2x 2 Coordination Game is risk dominant if its
Nash product exceeds that of (B, b), or in other words if

[1rl(A, a) - 1rl(B, a)] [1r2(A, a) - 7r2(A, b)]
> [1rl(B, b) - 7rl(A, b)] [1r2(B, b) - 1r2(B, a)] . (2.3)

This definition (with a strict inequality) is due to Harsanyi and Selten (1988).
I say that a convention h = (x, ... , x) is risk dominant, if the pure-strategy
profile x is a risk-dominant equilibrium.

Theorem 2 Let r be a 2x 2 Coordination Game.
i} If information is sufficiently incomplete {81m:::; 1/2} then, from any ini
tial state, the unperturbed process p"m,s,O converges with probability one to a
convention and locks in.
ii} If information is sufficiently incomplete {81m:::; 1/2} and 8 sufficiently
large, the stochastically stable states of the perturbed process p"m,s,e corre
spond one to one with the risk-dominant conventions.

PROOF: Replace the words "best reply" and "best replies" by "better
reply" and "better replies," and delete "therefore" on line 31 p. 69 in the
proof of Theorenl 4.2 in Young (1998, pp. 68-70). Q.E.D.
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2.4.2 Weakly Acyclic Games

Given the n-player game r with finite strategy space X == I1 Xi, associate
each pure-strategy profile x E X with the vertex of a graph. Draw a directed
edge from vertex x to vertex x' if and orlly if both of the following conditions
hold:

i) there exists exactly one player i such that Xi =1= x~ and

1ri (x~, X -i) ~ 1ri (x) ,

ii) there does not exist x~' =1= Xi and x~' =f x~, such that

The graph obtained in this manner is called a better-reply graph (Josephson
and Matros, 2000). A better-reply path is a sequence of the form Xl, x 2 , ... , xl

such that each pair (xi, x j +l
) corresponds to a directed edge in the better

reply graph. I say that a ganle is weakly acyclic in 1 if there exists a directed
path to a sink, a vertex with no outgoing edges, from every vertex.

Theorem 3 Let r be a finite n-player game that is weakly acyclic in 1.
i) If 81m is sufficiently small, the unperturbed process p7,m,s,O converges with
probability one to a convention from any initial state.
ii) If, in addition, c is sufficiently small, the perturbed process puts arbitrarily
high probability on the convention(s) with minimum stochastic potential.

PROOF: Replace pm,s,o by p7,m,s,o, and the words "best replies" and
"best-reply path" by "better replies" and "better-reply path," respectively
in the proof of Theorem 7.1 in Young (1998, pp. 163-164). Q.E.D.

Clearly, if a game is weakly acyclic ill (3 (that is, weakly acyclic according
to Young's (1998) definition), then it is also weakly acyclic in 1. The opposite
may not hold, as illustrated by the game in Figure 2.3. In this game, there
is a better-reply path from any vertex to {C} x {c}, but no best-reply path
from any vertex in {A, B} x {a, b} to this unique sink.

a b c

A
B
C

2,1 1,2 0,0
0,2 2,1 0,0
1,0 0,0 2,2

FIGURE 2.3
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2.5 Relation to Regular Selection Dynamics

In this section, I relate the above result concerning the connection between
minimal sets closed under better replies and stochastically stable states under
1'-adaptive play to Ritzberger and Weibull's (1995) findings in a deterministic
continuous-time modeL Apart from the stochastic element in my model,
there is another important difference between the approaches in these two
models. Whereas I make detailed assumptions about individual behavior in
the sense that all individuals are assumed to apply a specific adaptive rule,
Ritzberger and Weibull (1995) make general assumptions about aggregate
population dynamics. Yet, there is a clear connection between the results in
the two models, as will be discussed below. I first reprint two definitions and
an important theorem from Ritzberger and Weibull (1995).

Definition 5 (Ritzberger and Weibull, 1995) A regular selection dynam
ics on D(X) is a system of ordinary differential equations: fJ: = ff(p)pf
Vk = 1, ... , lXii, Vi E N with fi : D(X) ~ lR1Xii and f = [liEN fi is such that
(i) f is Lipschitz continuous on D(X)
(ii) Ji(P) . Pi = 0 Vp E D(X), Vi E N.

Definition 6 (Ritzberger and Weibull, 1995) A sign-preserving selection
dynamics (SPS) is a regular selection dynamics such that for all i EN, all
p E D(X), and all x:, such that pi(xf) > 0,

Theorem 4 (Ritzberger and Weibull, 1995) For any BPS dynamics and any
set Y E X, D(Y) is asymptotically stable if and only if Y is closed under
better replies.

I can make two general observations by comparing Theorem 1 with Theo
rem 4. First, my result is consistent with that for SPS dynamics in the sense
that the limiting distribution of 1'-adaptive play puts positive probability
only on histories with support ill sets which are asymptotically stable in SPS
dynamics. Second, my result provides a tool for selection among different
asymptotically stable sets. The unperturbed process selects those asymptot
ically stable sets which correspond to minimal closed sets under better replies
and the perturbed process selects those minimal closed set(s) that minimize
the stochastic potentiaL

In interpreting the above results, it is important to keep in milld the
distinction between asymptotic and stochastic stability. Asymptotic stability
refers to robustness against small one-time shocks. It is a local property since
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it only assures that nearby points will converge to the stable set. Stochastic
stability refers to robustness against perpetual random shocks. It is a global
property in the sense that the perturbed process, independently of the initial
state, will spend most of the time in the stochastically stable states in the
long run.

2.6 Examples

Consider the two-player ganle in Figure 2.4, taken from Young (1998). This
game has two closed sets under better replies, X and {D} x {d}, of which
the latter is a minimal set. This set is also the unique minimal closed set
under best replies. Young shows that this game is nondegenerate in best
replies, since strategy B is a best reply to a set of distributiolls which is
neither empty nor contains a set open in D(X2 ). The unperturbed version of
(J-adaptive play has two recurrent classes, one with span {A, C} x {a, c} and
one with span {D} x {d}. However, it is easy to see that B is a better reply to
several pure-strategy profiles and, by Theorenl 1 l'-adaptive play converges
with probability one to the state h == ((D, d), ... , (D, d) ). By Theorem 4,
{D} x {d} is asymptotically stable under SPS dynamics.

a b c d
A
B
C
D

0,1 0,0 2,0 0,0
2/(1 + v2),° -1,1/2 2/(1 + V2), 0 0,0

2,0 0,0 0,1 0,0
0,0 1,0 0,0 2,2

FIGURE 2.4

The game in Figure 2.5 is nondegenerate in {3. It has four sets closed
under (J: X, Y == {B} x {b} and Z == {A,B} x {a,b} and T == {C} x {c}.
It has three sets closed under ry: X, Y and T. The two minimal closed
sets under (3 are identical to the two minimal closed set under ry, Y and T.
According to Theorem 4, D(X), D(Y) and D(T) are asymptotically stable
under SPS dynamics. By Theorem 1, it follows that the unperturbed version
of ')I-adaptive play converges with probability one to either Y or T. Moreover,
it is easy to check that T has minimum stochastic potential, implying that
the state h == ((C, c), ... , (C, c)) is stochastically stable.
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a b c
A
B
C

2,5 2,5 0,0
0,0 3,1 0,0
1,3 0,0 4,4

FIGURE 2.5

A minimal closed set under "I always contains a minimal closed set under
(3, but as the following example illustrates, the sets of stochastically stable
states under the two associated dynamics do not necessarily il1tersect. The
game in Figure 2.6 has two minimal sets closed under best replies, {A, B} x
{a, b} and {C} x {c}, and one set closed under better replies, {C} x {c}.
However, whereas only pure-strategy profiles in {A, B} x {a, b} are played
with positive probability under the limiting distribution of {J-adaptive play,
the unique stochastically stable state under "I-adaptive play is a repetition
of {C} x {c}.

a b c

2.7 Extensions

A
B
C

1,10 10,1 0,0
10,1 1,10 0,0
0,0 2,0 1,1

FIGURE 2.6

The better-reply and the best-reply correspondences both belong to the class
of behavior correspondences (Ritzberger and Weibull, 1995). Behavior corre
spondences are upper hemi-continuous correspondences, such that the image
of any mixed-strategy profile includes the set of best-replies. I believe that
the main result in this paper can be extended in a straight-forward manner
to other correspondences in this class if the game is assumed to be non
degenerate in a specific sense. In other words, my conjecture is that each
behavior correspondence ep gives rise to a regular perturbed Markov process
and that the unperturbed version of this process converges with probabil
ity one to a minimal ep-configuration. If, in addition, the mutation rate is
sufficiently small, the perturbed version of the process puts arbitrarily high
probability on the minimal ep-configuration(s) with minimum stochastic po
tential. This result requires that the set of replies to all sample distributions
over a particular set be identical to the set of replies to all possible distrib
utions over the same set. For some correspondences, such as the best-reply
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correspondence, this is assured if it is assumed that the ganle fulfils certain
conditions. For other correspondences, like the better-reply correspondence,
such an assumption is not needed.

2.8 Conclusion

In this paper I analyze a model where individuals are recurrently matched
to playa finite n-player game and almost always playa myopic better reply
to a sample distribution from the recent history of play. I prove that in
all finite games, as the mutation rate tends to zero, only pure strategies in
certain minimal closed sets under better replies will be played with positive
probability. This result extends Young's (1993, 1998) result for myopic best
replies in generic games. It is also consistent with Ritzberger and Weibull's
(1993) result on the equivalence of asymptotically stable sets and closed
sets under better replies, for a wide class of deterministic continuous-tinle
dynamics. Finally, I show that the risk-dominant equilibria are selected in
2x2 Coordination Games, and certain strict Nash equilibria in weakly acyclic
games.
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2.9 Appendix

Definition 7 (Young, 1998) pc is a regular perturbed Markov process if
pc is irreducible for every c E (0, c*], and for every h, h' E H, Phhl approaches
P~hl at an exponential rate, i. e. limc~o Phhl == P~hl and if Phhl > 0 for some

c > 0, then 0 < lime->o ~i't < 00 for some rhh' ~ o.

Lemma 2 'r-adaptive play is a regular perturbed Markov process.

PROOF: This proof follows Young (1998, p. 55) closely. The process
p"m,s,c operates on the finite space x m of length-m histories. Given a history
h == (xl, x 2 , ..• , xm ) at time t, the process moves to a state of form h' ==
(x2 , x 3 .•. , x m , x) for some x E X in the next period. Recall that any such state
h' is said to be a successor of h. Before choosing a pure strategy, an individual
in role i draws a sample of size s from the m previous choices in h for each
role j E {I, ... ,n} (includi11g her own), the samples being independent among
distinct player roles j. The action Xi is an idiosyncratic choice or error if and
only if there exists no set of n samples in h (one for each player role j), such
that Xi E 'ri(P) , where p is the product of the frequency distributions. For
each successor h', let Thh

'
denote the total number of errors in the rightmost

element of h'. Evidently, 0 < Thh
'
< n. It is easy to see that the probability

of the transition h ~ h' is in the order of cThh' (1 - c )n-Thhl. If h' is not a
successor of h, the probability of the transition h -t h' is zero. Thus, the
process p"m,s,c approaches p"m,s,O at a rate approximately exponential in
c; furthermore it is irreducible whenever c > O. It follows that p"m,s,c is a
regular perturbed Markov process. Q.E.D.

Theorem 5 (Young, 1998) Let pc be a regular perturbed It!arkov process and
let J1c be the unique stationary distribution of pc for c > o. Then limc~o fLc ==
flO exists, and is a stationary distribution of pO. The stochastically stable
states are precisely those states that are contained in the recurrent classes of
pO having minimum stochastic potential.

PROOF OF THEOREM 1: Except for the first part, this proof is analogous
to the proof of Theorem 7.2 in Young (1998, pp. 164-166). In order to prove
the first claim, I show that for a sufficiently large s and sufficiently small slm,
the spans of the recurrent classes of the unperturbed process correspond one
to one with the minimal sets closed under 'r of the game.

First, note that by Corollary 1 'ri(D(Y)) == 1'i(Y) for all Y E X. This
implies that the set of better replies to the distributions on an arbitrary set
of pure-strategy profiles is identical to the set of better replies to the sample
distributions on the same set.
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For each product set Y and player i, define the mapping i'i(Y) == li U

fli(D(Y)) and i'(Y) == IT i'i(Y)' Choose m such that m 2 s IXI. Furthermore,
fix a recurrent class Ek of p"m,s,O, and choose any hO E Ek as the initial state.
I shall show that the span of Ek , S(Ek ), is a mininlal closed set under fl. It is
evident that there is a positive probability of reaching a state hI in which the
most recent s entries involve a repetition of some fixed x* E X. Note that
hI E E k , because E k is a recurrent class. Let i'(j) denote the j-fold iteration
of l' and consider the nested sequence:

{x*} ~ 1'({x*}) ~ 1'(2)({x*}) ~ ... ~ i'(j)({x*}) ~ ... (2.4)

Since X is finite, there exists some point at which this sequence becomes
constant, say, i'(j) ({x*}) == i'(j+l) ({x*}) == Y*. By construction, y* is a set
closed under 1.

Assume 1'({x*}) -=I {x*} (otherwise the following argument is redundant).
Then, there is a positive probability that, beginning after the history hI, some
Xl E i'({x*})\{x*} will be chosen for the next s periods. Call the resulting
history h2 . Then, there is a positive probability that x2 E i'({x*})\{x*, Xl}

will be chosen for the next s periods and so forth. Continuing in this way, one
eventually obtains a history hk such that all elements of 1'({x*} ), including
the original {x*}, appear at least s times. All that is needed to assume is
that m is large enough, so that the original s repetitions of x* have not been
forgotten. This is assured if m 2 s IXI. Continuing this argument, it is clear
that there is a positive probability of eventually obtaining a history h*, where
all members of y* appear at least s times within the last s IYI periods. In
particular, S(h*) contains y* which, by construction, is a set closed under 1.

I claim that Y* is a minimal closed set under 1. Let Z* be a minimal
closed set under 1 contained in Y*, and choose z* E Z*. Beginning with the
history h* already constructed, there is a positive probability that z* will be
chosen for the next s periods. After this, there is a positive probability that
only elements of l'({z*}) will be chosell, or members of 1'2({x*} ), or members
of 1'3({x*}), and so on. This happens if individuals always draw samples
from the new part of the history that follows h*, which they will do with
positive probability.

The sequence i'(k) ({z*}) eventually becomes constant with value Z*, be
cause Z* is a minimal closed set under fl. Moreover, the part of the his
tory before the s-fold repetition of x* will be forgotten within m periods.
Thus, there is a positive probability of obtaining a history h** such that
S(h**) ~ Z*. From such a history, the process pm,s,O can never generate a
history with members that are not in Z* because Z* is a set closed under 1.

Since the chain of events that led to h** began with a state in Ek, which
is a recurrent class, h** is also in Ek; moreover, every state in Ek is reachable
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from h**. It follows that y* ~ S(Ek ) ~ Z*, from which it can be concluded
that Y* = S(Ek ) = Z*.

Conversely, I must show that if Y* is a minimal closed set under 1, then
Y* = S(Ek) for some recurrent class Ek of p"m,s,O. Choose an initial his
tory hO tllat involves only pure-strategy profiles in Y*. Starting at kO, the
process p"m,s,O generates histories involving no pure-strategy profiles out
side of S(hO), i(S(hO)), i'(2)(S(hO)) and so on. Since y* is a set closed
under "(, all these pure-strategy profiles must occur in Y*. With probability
one, the process eventually enters a recurrent class, say Ek • It follows that
S(Ek ) ~ Y*. Since y* is a minimal closed set under "(, the earlier part of
the argument shows that S(Ek ) = Y*. This establishes the one to one cor
respondence betweell minimal sets closed under 1 and the recurrent classes
of p"m,s,O.

The second claim of Theorem 1 now follows from the fact that "(-adaptive
play, by Lemma 2, is a regular perturbed Markov process, and by Theorem
5, which states that the stochastically stable states of such a process are the
states contained in the recurrent classes of the unperturbed process with the
minimum stochastic potential. Q.E.D.
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Chapter 3

Stochastic Adaptation in Finite
Games Played by
Heterogeneous Populations

3.1 Introduction

There is all extensive literature on learning in games, which investigates the
long-run outcomes when boundedly rational individuals use simple rules of
adaptation, or learning rules, to play games.1 A common assumption in
this literature is that all individuals employ the same learning rule. In this
paper, I depart from this, in many cases unrealistic, assumption and allow
for several different learning rules in each population.

More specifically, I analyze stochastic learning in finite n-player games
with heterogeneous populations of myopic best repliers, better repliers and
imitators. The best repliers observe a sample from a finite history of their
opponents' past play, calculate an empirical distributioll, and choose a best
reply to this distribution. The better repliers observe a sample from a finite
history of their opponents' and their own population's past play, and choose
any pure strategy which gives at least as high expected payoff against the
empirical distribution of the opponents' play. This behavior can be seen as a
special case of Simon's (1955) satisfying behavior. Imitators, finally, observe
a sample of their own population's past play and payoffs and either choose
a pure strategy with maximum average payoff, or a pure strategy with max
imum payoff.2 An alternative interpretation of this framework is that· each

1See Fudenberg and Levine (1998) for an introduction.
2For an analysis of stochastic adaptation by homogeneous populations of better repliers,

see Josephson (2000), and by homogeneous populations of imitators, see Josephson and
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individual chooses a mixed strategy with support on the set of pure strate
gies that are either best replies, better replies, or consistent with imitation.
For experimental support of such an intermediate rule, see Camerer and Ho
(1999) and Stahl (2000).

I prove that for any finite game, if the ratio between the sample and
history size is sufficiently small, the resulting unperturbed Markov chain
COl~verges with probability one to a minimal closed set under better replies
of the game. This result is independent of population sl~ares, as long as the
share of better repliers is positive, and implies convergence to a strict Nash
equilibrium in weakly acyclical games. It is also consistent with previous
results in a different framework. Ritzberger and Weibull (1995) show that for
a large class of detern~inistic selection dynamics in continuous time, including
the replicator dynamics, a product set is asymptotically stable if and only if
it is a minimal closed set under better replies.

I then perturb the stochastic process by assuming that with a small prob
ability, the individuals make mistakes or experiment and playa pure strategy
at random according to some fixed probability distribution with full support.
A mathematically equivalent interpretation is that each population contains
a small share of noise players who always choose a pure strategy at ran
dom. This assumption makes the process irreducible and aperiodic, and thus
implies a unique stationary distribution. I calculate the support of this dis
tribution as the probability of mistakes tends to zero. If the sample size, and
the information incompleteness is sufficiently large, and if one minin~al closed
set under better replies strictly Pareto dominates all strategy-tuples outside
the set, then the perturbed Markov chain puts probability one on this set
as the level of noise tends to zero. A corollary of this is that the strictly
Pareto-dominant equilibrium is selected in games of common interest and
2x2 Coordination Games. However, the minimum sample size required for
this result depends on the payoffs of the game. In fact, for sample sizes below
a certain critical level, the risk-dominant equilibrium is always selected in all
symmetric Coordination Games, and also in many asymmetric Coordination
Games, a finding whicl~ seems to be consiste11t with experimental evidence
(see Van Huyck, 1997).

The basic setting in this paper is similar to that in Young (1993a,1998),
who analyzes the dynamics of a homogenous population of myopic best repli
ers. The present paper is also related to earlier papers on stochastic learning
with heterogeneous populations, but it differs in that the analysis is applied
to general finite gan~es, al~d not only special classes of such games. Kan
iovski, Kryazhimiskii, and Young (2000) study adaptive dynamics in 2x2

Matros (2000).
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Coordination Games played by heterogeneous populations of myopic best
repliers, conformists (who do what the majority does), and nonconformists
(who do the opposite of what the majority does). They show that the re
sulting process may have limit cycles even when the proportion of non-best
repliers is arbitrary smalL Kaarb¢e and Tieman (1999) use the Kandori,
Mailath, and Rob (1993) framework to study strictly supermodular games
played by best repliers and imitators. In their nlodel, the Pareto efficient
equilibrium is selected. In Weibull and Saez Marti (1998), Young's (1993b)
evolutionary version of Nash's demalld game is played by one population of
myopic best repliers only, and another population of best repliers and clever
agents who playa best reply to the best reply. The authors show that Young's
predictions are still valid in the presence of such clever agents. Matros (2000)
extends this result to finite two-player games.

This paper is organized as follows. I start by describing the model ill
Section 2. In Section 3, I present the general results and in Section 4, the
results for 2x2 Coordination Games. Section 5 concludes. Omitted proofs
can be found in the Appendix.

3.2 Model

The basic setting is similar to that of Young (1993a, 1998), although my
notation is slightly different. Let r be a finite n-player game in strategic
form. Let Xi be the finite set of pure strategies Xi available to player i E

{I, ... , n} = N and let ~(Xi) be the set of probability distributions Pi over
these pure strategies. Define the product sets X = TI Xi and D(X) =

TIi ~(Xi) with typical elements X and P, respectively. Let Pi(Xi) dellote the
probability mass on pure strategy Xi and let p(x) = TIiEN Pi(Xi). I write
X-i E TIj=li X j = X- i and P-i E TIj#i ~(Xj) = D(X_i) to represent the pure
strategies and distributions of the pure strategies of player i's opponents.

Let C1 , ... , Cn be n finite and non-empty populatiolls, each consisting of a
share 8f > 0 of imitators, a share 8~ > 0 of best repliers, and a share 87 > 0
of better repliers (all to be defined below). The populations need not be of
equal size, nor do they necessarily have equal shares of learning rules. Each
member of population Ci is a candidate to play role i in the game G and has
payoffs represented by the utility function 1ri : X ~ JR., and expected payoffs
represented by the function Ui : D(X) ~ IR. In slight abuse of notation, I
write Ui(Xi,P-i) instead of Ui(Pi,P-i) if Pi(Xi) = 1.

Let t = 1,2, ... denote successive time periods. The stage game r is
played once in each period. In period t, one individual is drawn at random
fronl each of the n populations and assigned to play the corresponding role.
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The individual in role i chooses a pure strategy x~ from her strategy space
Xi, according to her perso11al decision rule (to be defined below). The pure
strategy profile xt = (xi, ... , x~) is recorded and referred to as play at time
t. The history or state at time t ~ m is the sequence ht = (x t - m +l , ... , xt ),

where m is the memory size of all individuals. Let H == xm be the finite set
histories of length m and let h be an arbitrary element of this set. Assume
an arbitrary initial history hm == (xl, ... ,x m ) at time m.

Strategies are chosen as follows. In every period t > m, each individual
drawn to play the game inspects a sample of size s drawn without replacement
from the most recent m periods.3 The draws are independent for the various
individuals and across time. If an imitator is drawn, she observes a sample
of size s of population-specific strategy and payoff realizations and chooses
a pure strategy which is included in the sample, and has maximum average
payoff or, alternatively, maximum empirical payoff. If a best replier is drawn,
she inspects a sample of size s, consisting of n - 1 independent draws of her
opponents' strategy realizations and calculates an en1pirical distribution, P-i'
she then chooses a pure strategy which is a best reply to this distribution.
If a better replier is drawn, she inspects a sample of size s, consisti11g of
n independent draws, of all players' strategy realizations and calculates an
empirical distribution, p. Thereafter, she chooses a pure strategy which gives
at least as high expected payoff against the empirical distribution of the
opponents' strategies P-i as Pi. Formally, she chooses a pure strategy Xi E

1i(P), where 1i is the better-reply correspondence, defined by

(3.1)

For each Xi E Xi, let Pi(Xi I h) be the conditional probability that the
individual in role i chooses pure strategy Xi, given history h. I assume that
Pi(Xi I h) is independent of t, and that Pi(Xi I h) > 0 if and only if at least
one of the following conditions hold:
i) There exists a san1ple of size s from player i's m most recent strategy
and payoff realizations, which includes Xi, and where Xi has the maximum
average realized payoff.
ii) There exists a sample of size s from player i's m most recent strategy
and payoff realizations, which includes Xi, and where Xi has the maximum
realized payoff.
iii) There exists a sample of size s from history h, consisting of n - 1 inde
pendent draws a11d with a sample distribution of P-i E D(X_ i ), such that
Xi E (3i(P-i), where {3i is the best-reply correspondence.

3In fact, the sample size may differ among individuals, as long as the minimum sample
size in each share of the population is equal to s.
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iv) There exists a sample of size s from the history h, consisting of n indepen
dent draws and with a sample distribution of P E D(X), such that Xi E 'Yi(P),
where "'Ii is the better-reply correspondence defined above.

Given a history ht = (xt- m +1 , ... , xt) at time t, the process moves to a
state of the form ht+1 = (xt - m +2

, ..• ,xt ,xt+1 ) in the next period. Such a
state is called a successor of h t

. My behavioral assumptions imply that the
process moves from a current state h to a successor state h' in each period,
according to the following transition rule. If x is the rightmost element of
h, the probability of moving from h to h' is P~h~'s,o = TI~=lPi(Xi I h) if h'
is a successor of hand 0 if h' is not a successor of h. This defines a finite
Markov chain on the finite state space of histories H. I denote the process
p*,m,s,O heterogeneous adaptive play with memory m and sample size s, but
often refer to it as the unperturbed process.

Several concepts from Markov chain theory are used below. A recurrent
class E k of the process p*,m,s,O is a set of states such that there is zero
probability of moving from any state in the class to any state outside, and
a positive probability of moving from any state in the class to any other
state in the class in a finite number of periods. A state h is absorbing if it
constitutes a singleton recurrent class. The basin of attraction of a state h'
is the set of states h such that there is a positive probability of moving from
h to h' in a fillite number of periods under the unperturbed process p*,m,s,O.

I also define a perturbed process in a manner completely analogous to
YOUllg (1993a, 1998). Formally, in each period there is some small probability
c that the individual in role i experiments or makes a mistake and chooses
a pure strategy at random from Xi, instead of according to her decision
rule. The event that the individual ill role i experiments is assumed to be
independent of the event that the individual in role j experinlents for every
j =1= i. For every role i, let qi(Xi I h) be the conditional probability that
the individual in role i chooses Xi E Xi, given that she experiments and the
process is in state h. I assume that qi (Xi I h) is independent of t and decision
rules, and that qi(Xi I h) > 0 for all Xi E Xi. Suppose that the process
is ill state h at time t. Let J be a subset of j players. The probability is
ci(l- c)n-i that exactly the players in J experiment and the others do not.
Conditional on this event, the transition probability of moving from h to h'
is Qthl = TIiEJ qi (Xi I h) TIi~J Pi (Xi I h) if h' is a successor of h and X is the
rightmost element of h' and 0 if h' is not a successor of h. This gives the
following transition probability of the perturbed Markov process:

P~h~'S,€ = (1 - c)nP~h~'s,o + L c1J1 (1 - c)n-1JIQthl.
JCN,J#0

I call the process p*,m,s,€ heterogeneous adaptive play with memory m, sample
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size s, experimentation probability c and experimentation distributions qi.
This process is irreducible and aperiodic and thus, has a unique stationary

distribution ftc. I study this distribution as c tends to zero. In my analysis,
I use the following standard defil1itions, due to Freidlin and Wentzell (1984)
and Foster and Young (1990). A state h is stochastically stable if limclO ftC (h)
exists and is positive. For each pair of distinct recurrent classes, Ek and
Ez, a kl-path is a sequence of states ( = (hI, h2 .•. , hq

) beginning in Ek and
ending in Ez. The resistance of this path is the sum of the resistances on
the edges that compose it. Let rkZ be the least resistance over all kl-paths.
Construct a complete directed graph with one vertex for each recurrent class.
The weight on the directed edge E k ~ E z is rkl. A tree rooted at E z is a set
of directed edges such that, from every vertex different from Ez, there is a
unique directed path in the tree to El. The resistance of a rooted tree is the
sum of the resistances on the edges that con1pose it. The stochastic potential
p(El ) of a recurrent class E z is the minimum resistance over all trees rooted
at E z•

3.3 General Results

In this section, I will present two geI1eral results on the asymptotic distri
bution of heterogeneous adaptive play: one theorem for all finite n-player
games, and one theorem for finite n-player games that can be Pareto ranked
in a special sense. In order to state these theorems, some further definitions
are needed. Let X be the collection of all non-empty product sets Y eX.
Let ~(Yi) be the set of probability distribution with support in Yi a11d let
D(Y) = IliEN ~(Yi) be the corresponding product set.

Definition 1 (Ritzberger and Weibull, 1995) A set Y E X is closed under
better replies (CUBR) if 1(D(Y)) ~ Y. A set Y E X is a minimal
closed set under better replies (MCUBR) if it is closed under better
replies and contains no proper subset with this property.

Let H' ~ H be an arbitrary set of histories. Define the span of H', S(H' ),
as the product set of all pure strategies appearing in some history of H' and
let HY be the set of all histories h such that S ({h}) ~ Y. I say that a set of
histories H' is forward invariant if the Markov chain remains forever in H',
once it has reached a state in this set.

Lemma 1 For any MCUBR set Y, H Y is forward invariant under p*,m,s,O.
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PROOF: It is evident that imitation of the best pure strategy in a sample
containing only pure strategies in an MCDBR set cannot result in the play
of a pure strategy outside the MCUBR set. Moreover, by definition, a best
or better reply to a probability distribution on an MCUBR set is always con
tained in the MeUBR set. Hence, if the unperturbed Markov chain p*,m,s,O

is in a state consisting only of pure-strategy profiles in a particular MCUBR
set, then a pure strategy outside the MCUER set will thereafter never be
played by any of the individuals drawn to play. Q.E.D.

In order to state the main theorem, one more definition is needed. I say
that a set of states H' is a minimal ,-configuration if S(H') is an MCUBR
set. III other words, H' is a minimal ,-configuration if all the strategies in
some MCUBR set Y, and no other strategies, appear in the histories of H'.

Theorem 1 Let r be a finite n-player game.
i) If 81m is sufficiently small, the unperturbed process p*,m,s,O converges with
probability one to a minimal "'(-configuration.
i) If, in addition, E is sufficiently small, the perturbed process p*,m,s,c: puts an
arbitrarily high probability on the minimal,-configuration(s) with minimum
stochastic potential.

PROOF: See the Appendix.

This theorem is analogous to Theorem 1 in Josephson (2000), which states
that in a homogeneous setting, where the share of better repliers in each pop
ulation is one, for a sufficiently large sample size and sufficiently incomplete
information (81m :S Ill)' the unperturbed process converges with probabil
ity one to a minimal ,-configuration. The proof of Theorem 1 is based on
this result combined with Lemma 1, and the observation tllat in each period,
there is a positive probability that only better repliers will be drawn to play
from the heterogelleous populations.

Theorem 1 is also consistent with previous results for deterministic con
tinuous time selection dynamics. Ritzberger and Weibull (1995) show that a
set is MCURB if and only if it is asynlptotically stable for regular selection
dynamics that are sign preserving. This is a large class of selection dynamics,
which contain several well know dynamics, such as the replicator dynamics.

It is worth noting that Theorem 1 makes no reference to population mix
tures. As long as the sllare of better repliers is positive in all populations,
the span of the recurrent sets of the unperturbed process is independent of
the shares of different learning rules in the populations. However, it is clear
that this does not imply that the exact shape of the asymptotic distribution
is independent of the population mixtures.
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One may also note that in the class of games where all minimal closed
sets under best replies and MCDER sets coincide, it is sufficient if one of
the population shares of better and best repliers is positive in each of the
populations. This class of games contains, for instance, 2x2 Coordination
Games.

In tIle special class of games where all MCDBR sets are singletoll, and
hence also strict Nash equilibria, Theorem 1 implies convergence to a conven
tion, a monomorphic state which is a repetition of a strict Nash equilibrium.
Weakly acyclical games (Young, 1993a, 1998), and games that are weakly
acyclical in "( (Josephson, 2000) belong to this class.

The second result of this paper characterizes the stochastically stable
states of heterogeneous play in finite n-player games with a Pareto optimal
outcome.

Definition 2 A non-empty set of strategy-tuples M C X strictly Pareto
dominates a pure-strategy profile y E X\M if, for all i E N,

(3.2)

Theorem 2 Let r be a finite n-player game with an MCUBR set Y, which
strictly Pareto dominates all other pure-strategy profiles. If 8/m ~ 1/ lXI,
s sufficiently large, and c is sufficiently small, the perturbed process p*,m,s,e
puts arbitrarily high probability on a minimal "(-configuration with span Y.

PROOF: See the Appendix.

The proof of Theorem 2 uses the following two observations. First, a state
in a strictly Pareto-dominant set Y can be reached from any state outside
the set if all individuals drawn to play simultaneously make a mistake and
playa pure strategy in Y, and a sequence of imitators thereafter pick samples
including this mistake. Second, the resistance of the reverse transition can
be made arbitrarily large by choosing a sufficielltly large sample and memory
size.

Theorem 2 does not hold under the weaker condition that an MCVER
set strictly Pareto donlinates all other MCVBR sets. Consider the game
in Figure 3.1. In this game, there are two MCDBR sets, (A, a) and (C, c),
and (A, a) strictly Pareto dominates (C, c). However, (A, a) does not strictly
Pareto dominate (B, b), and for a sufficiently large sample size and sufficiently
incomplete information, the stochastic potential is two for both h(A,a) and
h(c,c). This follows since the process will make the transition from h(A,a) to
h(B,b) , if the two players simultaneously make mistakes in period t and play
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(B, b), and a sequence of s - 1 imitators in population 0 1 , corresponding to
the row player, thereafter are drawn to play and sample only x t and earlier
strategy realizations, and finally imitators in both populations sample only
from plays more recent than x t - 1 for m - s periods. Since state h(B,b) is
clearly in the basin of attraction of h(c,c), this implies that the stochastic
potential of h(c,c) is two at most.

a b c
A
B
o

3,3 0,0 0,0
0,0 4,0 1,1
0,0 0,0 2,2

FIGURE 3.1.

In games of common interest there exists a strict Nash equilibrium - a
singleton MOUBR set - which strictly Pareto dominates all other strategy
tuples. From Theorem 2, it immediately follows that for a sufficiently large
memory and sample size, and sufficiently incomplete information, this equi
librium is played with probability one under the limiting distribution.

3.4 Results for 2 x 2 Coordination Games

In this section, I will study the predictions of heterogeneous adaptive play in
the special class of 2x 2 Coordination Games and illustrate how the stochas
tically stable states depend on the sample size.

Consider the game in Figure 3.1.

a b
A 1r1(A,a),1r2(A,a) 1r1(A, b), 1r2(A, b)
B 1r1(B, a), 1r2(B, a) 1r1(B, b), 1r2(B, b)

FIGURE 3.2.

This game is a 2x2 Coordination Game if (A, a) and (B, b) are strict Nash
equilibria. It is a symmetric 2x2 Coordination Game if, in addition, the
diagonal payoffs are equal for the two players, 1r1 (B, a) = 1r2(A, b) and
1r1(A, b) = 1r2(B, a). An equilibrium (A, a) of a 2x2 Coordillation Game
is risk dominant if its Nash product exceeds that of (B, b):

[1r1(A, a) - 1r1(B, a)] [1r2(A, a) - 1r2(A, b)]
> [1r1(B, b) - 1r1(A, b)] [1r2(B, b) - 1r2(B, a)] . (3.3)

This definition (with a strict inequality) is originally due to Harsanyi and
Selten (1988). Denote a monomorphic state h such that h = (x, ... ,x) by hx .
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If x is a strict Nash equilibrium, then hx is called a convention (Young,1993a,
1998). If x is risk (strictly Pareto) dominant, I say that the convention hx

is risk (strictly Pareto) dominant. From Theorem 2, the following corollary
immediately follows.

Corollary 1 In 2x 2 Coordination Games with a strictly Pareto-dominant
equilibrium, for a sufficiently large sample size, and sufficiently incomplete
information, the strictly Pareto-dominant convention i8 a unique stochasti
cally stable state.

For certain payoffs, the sample size must to be very large for this result to
hold. Consider the game in Figure 3.3, where the equilibrium (A, a) strictly
Pareto dominates the equilibrium (B, b), but where (B, b) is the unique risk
dominant equilibrium.

A
I---------l~------I

B

If the process is in state h(B,b) and the sample size 8 > 1, then two
simultaneous mistakes, followed by a sequence of inlitators, are required to
reach h(A,a). One mistake is sufficient to make the reverse transition if this
makes the expected payoff to playing strategy B higher than that of A for a
better or best replier, or formally if

_2(_8_-_1_)_-_1_00_0 < ~ ¢:} s < _10_03.
s - s - 2 (3.4)

Hence, only the risk-dominant equilibrium is selected, in the sense that the
corresponding convelltion is stochastically stable, for s such that 1 < 8 :::;

501. In order to ensure that only the strictly Pareto-dominant equilibrium
is selected, the sample size must be so large that

2(8 - 2) - 2000 2 1003------ > - ¢:}8 > .
8 S

(3.5)

For a sample size in between these values, i.e. 8 such that 501 < s :::; 1003,
both equilibria are selected.

More generally, define the probabilities qA, qa, and qrnin by

1r2(B, b) - 1r2(B, a)
qA = 1l"2(A, a) - 1l"2(A, b) + 1l"2(B, b) - 1l"2(B, a)' (3.6)
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7rl(B, b) - 7rl(A, b)
qa= 7rl(A,a)-7rl(B,a)+7rl(B,b)-7rl(A,b)' (3.7)

and
(3.8)

In other words, qA is the probability of strategy A which makes the expected
payoff to strategies a and b identical for player 2, and qa is the probability
of strategy A which makes the expected payoff to strategies A and B iden
tical for player 1. qrnin is the lowest probability required to make a player
indifferent between her pure strategies. Note that in symmetric Coordina
tion Games qA == qa and that (see Young,1998) an equilibrium (A, a) is risk
dominant if and only if

(3.9)

Let Z++ be the set of positive integers and let ryl denote the smallest
integer greater than or equal to y for any real y. Further, define the function
8diff : Z++ ---+ Z++ U {O} and the set SRD C Z++ as follows:

Sdiff(8) == Ifsmin{qA,qa}l- fsmin{l- qA, 1- qa}ll (3.10)

SRD == {s E Z++ : 8diff(s) ~ 1 and 8 ::; l/qrnin}. (3.11)

Note that Sdiff (8) is increasing in 8, inlplying that if there are integer sanlple
sizes 8, 8', and 8" such that s < 8' < s", and 8, S" E SRD, then also s' E SRD.

Theorem 3 Let r be a 2x 2 Coordination Game and assume that informa
tion is sufficiently incomplete (8/m ::; 1/2).
i) From any initial state, the unperturbed process p*,m,s,O converges with prob
ability one to a convention and locks in.
ii) For sufficiently large s the stochastically stable states of the perturbed
process p*,m,s,c correspond one to one with the conventions that are not
strictly Pareto dominated.
iii) If there is a unique risk-dominant equilibrium and the set SRD is non
empty, then, for sample size 8 E SRD, only the risk-dominant convention is
stochastically stable.
iv) If both equilibria are risk dominant, then, for sample size s E [1, 2/qmin] ,
both conventions are stochastically stable.

PROOF: See tIle Appendix.

Theorem 3 gives sufficient conditions for the selection of different equi
libria. The intuition behind the proof of this theorem is the same as ill the
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above example. If the process is in state h(A,a), and (B, b) is a risk-dominant
equilibrium, then, for sample sizes SUCll that qrnin :::; 1/s, or equivalently
S :::; 1/qmin, only one mistake is necessary to make a sequence of subsequent
better or best repliers switch to the risk-dominant pure strategy such that
h(B,b) is reached. Second, if the process is in state h(B,b) and (A, a) is not
strictly Pareto dominated, then two simultaneous mistakes, followed by a
sequence of imitators in aIle of the populations, are sufficient to reach the
basin of attraction of h(A,a). The condition that Sdiff (s) 2:: 1 implies that
the transition from h(B,b) to h(A,a) cannot be made with only one mistake
followed by a sequence of best or better repliers.

The following corollary shows that in symmetric Coordination Games,
there always exists a range of sample sizes such that the risk-dominallt equi
librium is selected.

Corollary 2 In symmetric 2x 2 Coordination Games, if information is suf
ficiently incomplete (s/m :::; 1/2) and the sample size sufficiently small (2 ~

s ~ 1/qmin) , only the risk-dominant convention is stochastically stable.

PROOF: If the symnletric game has two risk-dominant equilibria, the
result follows immediately from Theorem 3 iv). If the game has a unique
risk-dominant equilibrium, then qmin < 1/2. This implies that if the sample
size is such that 2 :::; s ~ l/qmin, then sqrnin :::; 1, and s(l - qrnin) > 1; hence,
the requirement that Sdiff(s) 2:: 1 is redundant, and the claim follows from
Theorem 3 iii). Q.E.D.

Holding the sample and memory fixed in symmetric games with one risk
dominant equilibrium and a different Pareto-dominant equilibrium, Corollary
2 implies that the risk-dominant equilibrium should be observed for payoffs
such that qmin is low, possibly both equilibria for payoffs such that qmin is
intermediate, and the Pareto-dominant equilibrium for payoffs such that qrnin

is high. This appears to be in line with experimental evidence from symmet
ric Coordination Games (see Van Huyck (1997) for a survey), although the
absolute difference between the equilibrium payoffs and the off-equilibrium
payoffs also seems to matter. Given the limited number of repetitions in such
experiments, one may naturally question whether the outconle observed ac
tually corresponds to the stochastically stable state.

3.5 Conclusion

In this paper, I analyze stochastic adaptation in finite n-player games played
by heterogeneous populations of myopic best repliers, better repliers and
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imitators. I show that for sufficiently incomplete information, and indepen
dently of the population shares, the recurrent sets of the resulting unper
turbed Markov chain correspond one to one with the minimal closed sets
closed under better replies of the game. Such sets are also asymptotically
stable under a large class of deterministic continuous time selection dynamics,
containing the replicator dynamics.

The stochastically stable states are contained in the recurrent sets with
minimum stochastic potential. In games where one nlinimal closed set under
better replies is Pareto efficient, the span of the stochastically stable states is
equal to this set. This result requires a sufficiently large sample size, deter
mined by the payoffs of the game. In all symmetric Coordination Games and
many asymmetric Coordination Games, the Pareto efficient equilibrium is se
lected for a sufficiently large sample size, and the risk-domillant equilibrium
is selected for a sufficiently snlall sample size.

The main contribution of this paper is to analyze the long-run outcome
when multiple rules of adaptation, previously analyzed only in isolation, are
present in the populations. It is shown that the support of the limiting dis
tribution is independent of the population shares. However, in many games,
the exact shape of the limiting distribution will depend on the population
shares using the different learning rules, and so will the expected payoff to
the individuals employing the various rules. A next step is to study how
the individuals using the different learning rules fare for different population
shares, and to ask if there exists a rule, or a particular combination of rules,
which is evolutionarily stable.
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3.6 Appendix

Definition 3 (Young, 1998) pc is a regular perturbed Markov process if
pc is irreducible for every c E (0, c*], and for every h, h' E H, Phhl approaches
P~hl at an exponential rate, i. e. limc--+o Phhl == P~hl and if Phhl > 0 for some

c > 0, then 0 < liIIl.e:-.o ;k < 00 for some rhh' 2:: o.

Lemma 2 p*,m,s,c is a regular perturbed Markov process.

PROOF: The proof of Lemma 2 is completely analogous to the proof in
Young (1998, p. 55) Q.E.D.

Theorem 4 (Young, 1998) Let pc be a regular perturbed Markov process and
let J-lc be the unique stationary distribution of pc for c > o. Then limc--+o J-lc ==
J-l0 exists, and J-l0 is a stationary distribution of pO. The stochastically stable
states are precisely those states that. are contained in the recurrent classes of
pO having minimum stochastic potential.

PROOF OF THEOREM 1: Part i) of Theorem 1 will be proved in two
steps. In step A, I will prove that from any initial state, p*,m,s,O converges
to a minimal ')'-configuration. In step B, I will prove that for any MCDBR
set, there exists a minimal ')'-configuration.

A. Let ')'-adaptive play be the induced Markov chain when the share of
better repliers in each population is one. According to Theorem 1 in Joseph
son (2000), for a sufficiently large sample size and sufficiently incomplete
information (slm :::; Iii)' the span of each recurrent class of the ')'-adaptive
play corresponds one to one with an MeDBR set. Since, in each period,
there is a positive probability that only better repliers will be selected to
play, there is also a positive probability that the Markov chain, from any
initial state, and in a finite number of periods, will end up in a state h which
belongs to a recurrent class Ei of the better-reply dynamic, and thus only
involves play of pure-strategy profiles in a corresponding MCDBR set Y.
From Lemma 1, it follows that the process will never playa pure strategy
outside Y, once it has reached such a state. If El is singleton, this means
that it is a recurrent class also under heterogeneous adaptive play p*,m,s,O. If
Ei is not singleton, there is a positive probability that the process makes the
transition from h to any other state h' of El in a finite nunlber of periods
and, naturally, without playing any pure strategy outside Y. This follows
since in each period, there is a positive probability that only better repliers
will be selected to play. Hence, there exists a recurrellt class Ey of p*,m,s,O,

such that E1 ~ Ey and S (Ey)~ Y == S (Ei).
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B. Conversely, I will prove that for any MCUBR set, there exists a mini
mal ,,-configuration. IfY is an MCUBR set, then, by Theorem 1 in Josephson
(2000), there exists a unique recurrent class Ei of "'I-adaptive play such that
S (Ei) == Y. If the Markov chain p*,m,s,O is in a state involving no pure
strategy outside Y, there is a positive probability that it will reach a state
which belongs to Ei in a finite number of periods. This follows since p*,m,s,O,
by A., from any initial state and in a finite number of periods will end IIp
in a state h, which belongs to a recurrent class of the better-reply dynamic,
and since, by Lemma 1, the process will never play a pure strategy outside
Y, once it has reached a state only involving pure-strategy profiles of Y. It
thereafter follows from A. that there exists a recurrent set Ey of p*,m,s,O,
such that S (Ey) == Y.

Part ii) of Theorem 1 follows directly from Theorem 4 in the Appendix
since p*,m,s,c, by Lemma 2 in the Appendix, is a regular perturbed Markov
process. Q.E.D.

PROOF OF THEOREM 2: Theorem 2 will be proved in three steps. In step
A, I show that the transition from any recurrent class to a Pareto-dominant
minimal "'I-configuration can always be made with at most n mistakes. In
step B, I prove that for a sufficiently large sample size, the transition from
a Pareto-dominant minimal ,,-configuration to any other recurrent class re
quires at least n + 1 mistakes. In step C, I use A and B to prove that the
Pareto-dominant minimal ,,-configuration must have minimum stochastic po
tential.

A. Assume that the sample size is sufficiently large and s/m ~ 1/ IXI so
that, by Theorem 1, the span of each recurrent class of p*,m,s,O corresponds
one to one with an MCUBR set. Let Y c X be a strictly Pareto-dominant
MCDBR set, and let Ey be the corresponding minimal "'I-configuration. As
sume there exists at least one other recurrent class (otherwise Theorem 2
holds trivially). The transition from such a recurrent class to E y can always
be made with a probability of the order eN (or higher). This is, for instance,
the case if the individuals in all roles experinlent and play a pure-strategy
profile yt E Y in period t, and a sequence of m - 1 imitators thereafter are
drawn to play in all roles, and all sample yt.

B. Let Ezbe an arbitrary recurrent class, different from EY. I claim that
for a sufficiently large sample size, the probability of the transition from Ey
to Ezis at least of the order eN +1

. To make a best or better replier in role i,
switch to a pure strategy Xi tJ. Yi after at most n mistakes; the expected payoff
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to that pure strategy must be greater than for any pure strategy Yi E Yi,

8-n y n x 8-n y n x
--Ui(Yi,P-i) + -Ui(Yi,P-i) :::; --Ui(Xi,P_i) + -Ui(Xi,P_i)

s 8 8 8

{::}

< n [Ui(Yi,P~i) - Ui(Yi,P~i) + Ui(Xi,P~i) - Ui(Xi,P~i)]
8_ ( Y) ( Y) ,Ui Yi,P-i - Ui Xi,P_i

(3.12)

(3.13)

where P~i E D(Y_ i ), and P~i E D(X_i ). By the boundedness of payoffs and
the strict Pareto dominance of Y, the right-hand side of this inequality is
clearly bounded for any i, Yi E Yi, Xi ~ "ii, P~i E D(Y_ i ), and P~i E D(X_ i ).

Hence, there exists some finite S, such that for 8 > S, strictly more than n

mistakes are necessary for a better or best replier to play a pure strategy
outside Y.

Similarly, in order to make an imitator maximizing the average realized
payoff switch to a pure strategy Xi ~ Yi after at most n mistakes,

(8 - n) Ui(Yi,P~i) + (n - 1) Ui(Yi,P~i) ( )
1 :::; 7fi Xi, X-i

s-
{::}

< n [Ui(Yi,p~i) - Ui(Yi'~i)] + Ui(Yi,P~i) - 1ri(Xi, X-i)
8 - Ui(Yi,P~i) - 7fi(Xi' X-i) .

(3.14)

(3.15)

Once again, by the boundedness of payoffs and the strict Pareto dominance
of Y, the right-hand side of the last inequality is bounded for any i, Yi E "ii,
Xi ~ "ii, X-i E X- i , P~i E D(Y_ i ), and P~i E D(X_ i ). Hence, there exists
some finite S, such that if 8 > S, strictly more than n mistakes are necessary
for a better or best replier to play a pure strategy outside Y. An inlitator
who simply pick the pure strategy with the maximum realized payoff can,
of course, llever switch to a pure strategy Xi ~ Yi with less than 8 mistakes.
Thus, for 8 > max{S, S, N}, the resistance of the transition from Ey to Ez
must be greater than N.

C. Consider the minimum resistance tree rooted at an arbitrary recurrent
class ED' different from EY. III this tree, there must be a directed edge from
Ey to some other recurrent class Ez (possibly identical to ED). Assume that
the sample size is so large that the resistance of the transition from Ey to Ez
is greater than N (this is possible by B.), and that the stochastic potential of
E1 is smaller than or equal to that of EY. Create a new tree by deleting the
edge fronl Ey to Ez, and adding an edge from ED to EY. The resistance of
the deleted edge is, by assumption, greater than N, and the resistance of the
added edge is (by A.) smaller than or equal to N. Hence, the total resistance
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of the new tree is less than that of the tree rooted at ED' contradicting the
assumption that the stochastic potential of ED is smaller than or equal to
that of EY. This proves that the stochastic potential of the Pareto-dominant
recurrent class Ey is lower than for any other recurrent class and, by Lemma
2 and Theorem 4 in the Appendix, Theorem 2 follows. Q.E.D.

PROOF OF THEOREM 3: i) Convergence with probability one to a con
vention. By Theorem 2 in Josephson (2000), if the share of better repliers
is one in all populations and 81m ~ 1/2, then the recurrent classes of the
unperturbed process are the two monomorphic states h(A,a) and h(B,b)' It is
clear that these states are absorbing also when the shares of imitators and
best repliers are positive. Moreover, since in each period, there is a positive
probability that only better repliers are drawn to play, there is a positive
probability of reaching one of these two states in a finite number of periods
from any other state. Hence, for 81m :S 1/2, the recurrent classes of p*,m,s,O

are two states h(A,a) and h(B,b)'

ii) Selection of equilibria that are not strictly Pareto dominated. Without
loss of generality, assume that (A, a) is a strictly Pareto-dominant equilib
rium. Then, the transition from h(B,b) to the basin of attraction of h(A,a)

can always be made with two simultaneous mistakes in period t followed
by a sequence of 8 - 1 imitators in both populations, who all sample x~ or
more recent strategy-tuples. The reverse transition requires at least three
mistakes if the following two conditions are fulfilled. First, in state h(A,a) ,

best or better repliers in one of the populations should not be able to switch
to strategy B when the sample contains less then three mistakes by the other
population. This is prevented if qmin > 2/8, or equivalently if 8 > 2/qmin'
Second, imitators in population 0 1 should not be able to switch to strategy
B with less than three mistakes. They can only do this if two mistakes, one
after the other by different populations, make the average payoff to strategy
B at least as large as that of A, or formally, if

(8-2) 7r1(A,a) + 7r1(A, b) (B)---------- :S 7r1 ,a
8-1

{:}

21f1 (A, a) - 1f1 (B, a) - 1f1(A, b) A

8 :S = 81'
7r1(A, a) - 7ri(B, a).

(3.16)

(3.17)

It is clear that for s > 81 this inequality does not hold, and a similar critical
sample size 82 call be computed for individuals in population O2. Hence,
for s > max{Sl' 82, 2lqmin} , the transition to (B,b) requires at least three
mistakes, whereas the reverse transition requires exactly two mistakes (if all
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imitators choose the pure strategy with maximum sample payoff, i.e. nobody
chooses the pure strategy with the maximum average payoff in the sample,
then it is sufficient that s > 2/qrnin).

If neither of the equilibria are Pareto dominated, then either 7r1 (A, a) 2::
7r1(B, b) and 7r2(A, a) ::; 1r2(B, b), or 1r1(A, a) ::; 1r1(B, b) and 7r2(A, a) 2::
7r2(B, b). Without loss of generality, assume that the first two inequalities
hold. Then, the transition from h(B,b) to the basin of attraction of h(A,a) can
always be made with two simultaneous mistakes in period t, followed by a
sequence of s - 1 imitators in population 0 1 , who all sample x~ and earlier
strategy realizations. In an analogous fashion, the transitio11 from h(A,a) to
h(B,b) can be made with two mistakes. If, in addition, S > l/qrnin, then no
better or best repliers are able to switch strategies in state h(A,a) or h(B,b)

after only only mistake. Thus, for general Coordination Games and sample
size such that s > maX{Sl,S2,2/qrnin}, the stochastic potential is lowest for
the state(s) which is (are) not strictly Pareto dominated.

iii) Unique risk-dominant equilibrium. The transition from h(B,b) to the
basin of attraction of h(A,a) call be made with k mistakes if individuals in
one of the populations, say population C1 , by mistake plays A k times in a
row, and k/ s 2:: qA. This follows since there is a positive probability that
better or best repliers are drawn to play in the other population for the next
s periods, and that these individuals all sample the k mistakes. Without loss
of generality, assume that (A, a) is a risk-dominant equilibrium. Then, the
transition from h(B,b) to h(A,a) requires only one mistake if qrnin :S 1/s. The
requirement that Sdijf (s) > 1 ensures that the reverse transition requires at
least two nlistakes.

iv) Two risk-dominant equilibria. If both equilibria are risk dominant,
then

min{qA' qa} = min{1 - qA, 1 - qa} = qrnin' (3.18)

This implies that for sqrnin :S 2, the transition from h(A,a) to h(B,b) , and the
reverse transition, requires the same number of mistakes, k ::; 2. Since at
least two mistakes are required to make an imitator switch strategies when
the process is ill a convelltion, the stochastic potential of the conventions
will equal the number of mistakes required to make better and best repliers
switch strategy for s E [1,2/qrnin]'

Theorem 3 now follows by Lemma 2 and Theorem 4. Q.E.D.
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Chapter 4

A Numerical Analysis of the
Evolutionary Stability of
Learning Rules

4.1 Introduction

The bounded rationality paradigm is based on the assumption that people
learn to play games by using simple rules of adaptation, often referred to
as learning rules. The objective is generally to predict which strategies are
more likely to be observed in the long run, given that players use a specific
learning rule. A problem with this setting is that the learning rule is treated
as exogenous and no rationale is provided for the particular choice of learning
rule. Evolutionary forces are usually only allowed on the level of simple
strategies and not on the higher level of learning rules. In this sense, the area
is suffering fronl a certain open-endedness. In this paper, I attempt to take
a step towards closing this open-endedness by developing an evolutionary
stability criterion for learning rules and applying this criterion to a set of
well-known learning rules using Monte Carlo simulations.

More specifically, I ask if there is a rule such that if applied by a homo
geneous population of individuals, it cannot be invaded by mutants using a
different rule. I call such an uninvadable rule an evolutionarily stable learn
ing rule (ESLR). This concept is an extension of the classical definition of
evolutionarily stable strategies (Maynard Smith and Price (1973), Maynard
Smith (1974, 1982)) to learning rules and dynamic strategies.

TIle setting is a world where the members of a large population, consisting
of an even number of individuals, in each of a finite number of periods are all
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randomly matched in pairs to playa finite two-player game. l Each individual
uses a learning rule, which is a function of his private history of past play,
and fitness is measured in terms of expected average payoff. This framework
provides a rationale for the use of learning rules and it is of particular interest
since very little analysis of learning in tl1is "repeated rematching" context
has previously been done.

Technically, learning rules are mappings from the history of past play to
the set of pure or mixed strategies. There are many models of learning and I
therefore restrict the numerical analysis to a class of learning rules that can
be described by the general parametric model of Camerer and Ho (1999),
called experience-weighted attraction learning (EWA). The rules in this class
have experimental support and perform well in an environment where the
game changes from time to time. Moreover, the class contains rules which
differ considerably in their use of information. Two of the most well-known
learning rules, reinforcement learning and fictitious play (or belief learning),
are special cases of this model for specific parameter values.

Reinforcement learning is an important model in the psychological litera
ture on individual learning. It was introduced by Bush and Mosteller (1951)
although the principle behind the model, that choices which have led to good
outcomes in the past are more likely to be repeated in the future, is due to
Thorndike (1898). Under reinforcement learning in games, players assign
probability distributions to their available pure strategies. If a pure strategy
is employed in a particular period, the probability of the same pure strategy
being used in the subsequent period increases as a function of the realized
payoff. The model has very low information and rationality requirements
in the sense that individuals need not know the strategy realizations of the
opponents or the payoffs of the game; all that is necessary is knowledge of
player-specific past strategy and payoff realizations.

Fictitious play, or belief learning, is a model where the individuals in
each of the roles of a game in every period play a pure strategy that is
a best reply to the accumulated empirical distribution of their opponents'
play. This n1eans that knowledge of the opponents' strategy realizations and
the player's own payoff function is required.

Several different models of both reinforcement and fictitious play have
been developed over the years. The ones that can be represented by Camerer
and Ho's (1999) model correspond to stochastic versions with exponential

ITo check the robustness of my results, I have also analyzed a different matching scheme,
where the individuals only are randomly matched at the start of the first period, and then
continue to play against the same opponent for a finite number of periods. The results
from the simulation of this matching scheme are in general consistent with the results for
the the matching scheme in this paper.
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probabilities.2 This means that each pure strategy in each period is assigned
an attraction, which is a function of the attraction in the previous period and
the payoff to the particular strategy in the current period.3 The attractions
are then exponentially weighted in order to determine the mixed strategy to
be employed in the next period. In the case of reinforcement learning, the
attractions only depend on the payoff to the pure strategy actually chosen.
In the case of belief learning, the hypothetical payoffs to the pure strategies
that were not chosen are of equal importance (this is sometimes referred to as
hypothetical reinforcement). However, Camerer and Ho's (1999) model also
permits intermediate cases where payoffs corresponding to pure strategies
that were not chosen are given a weight strictly between zero and one. The
weight of such hypothetical payoffs is given by a single parameter, 8.

Camerer and Ho's (1999) model also allows initial attractions of different
sizes which, in the case of belief learning, correspond to expected payoffs,
given a prior distribution over the opponents' pure strategies. I depart from
this assumption and set all initial attractions to zero, such that the individu
als have almost no prior knowledge of the game they are drawn to play. This
implies that the numerical analysis in this paper boils down to testing if any
particular value 8 corresponds to an ESLR.

In order to test the stability of learning rules, I sinlulate a large number
of outcomes when all menlbers of a finite population with a large share of
incumbents and a small share of mutants are randomly matched for a finite
number of periods. I then calculate the average payoff for each share of the
population. I consider four different games: Prisoners' Dilemma, Coordina
tion, Hawk-Dove and Rock-Scissors-Paper. The main findings are:

• In almost all cases, the learning rule with full hypothetical reinforce
nlent is an ESLR, whereas the learning rule with no hypothetical rein
forcement is unstable.

• In the two games with no symmetric pure Nash equilibria - the Hawk
Dove and Rock-Scissors-Paper Games - the results depend on the level
of payoff sensitivity of the learning rules. This is a parameter of the
EWA model determining to what extent differences in attractions for
the pure strategies should translate into differences in probabilities.
For low payoff sensitivity, several rules appear to be stable, whereas for

2Fudenberg and Levine (1998) show that stochastic fictitious play can be derived by
maximizing expected payoff given an empirical distribution of the opponents' past play
when payoffs are subject to noise.

3The term "attraction" is used to make the terminology in this paper consistent with
that in Camerer and Ho (1999). This term should not be interpreted in the mathematical
sense, but as the weight assigned to a particular strategy.
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high payoff sensitivity, only belief learning is stable. The latter finding
is, in part, due to that reinforcement learners with a high level of payoff
sensitivity quickly become absorbed by a pure strategy, whereas belief
learners with the same level of payoff sel1Sitivity continue to adjust their
mixed strategies until the last period.

• In 2x2 Coordination Games, the results also depend on the equilibrium
payoffs. In such games, belief learning is generally a unique ESLR, but
if the ratio of equilibrium payoffs becon1es sufficiently small and payoff
sensitivity is low, then there are also other stable learning rules.

4.1.1 Related Literature

The present paper is related to the theoretical literature on learning, but also
to experimental tests of different learning rules. An early theoretical refer
ence, asking similar questions, is Harley (1981). He analyzes the evolution
of learning rules in the context of games with a u11ique evolutionarily stable
strategy (ESS). He assUll1es the existence of an ESLR and then discusses
the properties of such a rule. Harley claims that, given certain assumptions,
" ...the evolutionarily stable learning rule is a rule for learning evolutionarily
stable strategies." He also develops an approximation to such a rule and sim
ulates its behavior in a homogeneous population. The current paper differs
from that of Harley (1981) in that it explicitly formulates an evolutionary
criterion for learning rules and does not assume the existence of an ESLR.
Moreover, the analysis is not limited to games with a single ESS.

Anderlini and Sabourian (1995) develop a dY11amic model of the evolution
of algorithmic learning rules. They claim that under certain conditions, the
frequencies of different learning rules in the population are globally stable
and that the limit points of the distribution of strategies correspond to Nash
equilibria. However, they do not investigate the properties of the stable
learning rules.

Hopkins (2000) investigates the theoretical properties of stochastic ficti
tious play and perturbed reinforcement learning. The model in this paper
is a special case of stochastic fictitious play, when the parameter {) is equal
to one, and is similar to Hopkins' version of reinforcement learning when {)
is equal to zero. Hopkins finds that the expected motion of both stochas
tic fictitious play and perturbed reinforcement learning can be written as
a perturbed form of the replicator dynamics, and that in many cases, they
will therefore have the same asymptotic behavior. In particular, he claims
that they have identical local stability properties at mixed equilibria. He also
finds that the main difference between the two learning rules is that fictitious
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play gives rise to faster learning. The allalysis in Hopkins (2000) differs from
the analysis in this paper, in that it is based on infinite interaction between
two players using identicallearlling rules, but my findings are consistent with
Hopkins' (2000) results.

The topic of this paper is also somewhat related to the theoretical litera
ture on evolution in asset markets, such as Blume and Easley (1992, 2000),
and Sandroni (2000). In these models, selection operates over beliefs and
utility functions and not directly over learning rules, and the authors use
a dynamic evolutionary criterion based on wealth accumulation. They find
that, under fairly general conditions, correct beliefs are selected for in com
plete markets, but not necessarily in incomplete markets.

The experimental literature uses a criterion which differs from the evo
lutionary one introduced in this paper to motivate the use of a particular
learning rule. The objective is to find the learning rule which gives the best
fit of experimental data. Camerer and Ho (1999) give a concise overview of
the nlost important findings in earlier studies. They argue that the over
all picture is unclear, but that comparisons appear to favor reinforcement
ill cOllstant-sum games and belief learning in Coordination Ganles. In their
own study of asymmetric Constant-Sum Games, Median-Action Games, and
Beauty-Contest Games, they find support for a learning rule with parameter
values in between reinforcement learning and belief based learning. In partic
ular, they estimate game-specific values of the 8-parameter, which captures
the degree of hypothetical reinforcement, strictly between zero and one, and
generally around 0.5.

Stahl (2000) compares the prediction performance of seven learning mod
els, including a restricted version of the EWA model. He pools data from
a variety of symmetric two-player games and finds a logit best-reply model
with inertia and adaptive expectations to perform best, closely followed by
the EWA. For the latter, he estimates a value of the 6-parameter of 0.67.

This paper is organized as follows. Section 2 introduces the theoretical
model underlying the simulations. Section 3 present the results of the Monte
Carlo simulations. Section 4 cOlltains a discussion of the results and Section
5 concludes. Tables and diagrams of some of the simulations can be found
in the Appendix.

4.2 Model

Let r be a symmetric two-player game on normal form, where each player has
a finite pure strategy set X == {Xl, ... ,x J }, with the mixed-strategy extel1sion
~(X) == {p E ~t I E'J=lpi == I}. Each player's payoff is represented by
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the function 1r : X X X -+ ffi., where 1r(x, y) is the payoff to playing pure
strategy x whel1 the opponent is playing pure strategy y. From time to
time, all individuals of a finite population, consisting of an even number
M of individuals, are drawn to play this game for T periods. The mixed
strategy of individual k in period t E {I, 2, ... ,T} == Y is denoted by Pk(t).
The pure strategy realization of individual k is denoted by Xk(t) and that of
his opponent (in this period) by Yk(t). The sequence

hk(t) == ((Xk(O), Yk(O)) ,(xk(l), Yk(l)) , ... , (Xk(t - 1), Yk(t - 1))),

where (Xk(O), Yk(O)) == 0, is referred to as individual k's history in period
t. Let H(t) be the finite set of possible such histories at time t, let H ==
Uf=lH(t), and let n == H(T) be the set of outcomes. I define a learning rule
as a function f : H -+ Ll (X) that maps histories to mixed strategies and
denote the set of possible learning rules by J. Note that according to this
definition, initial conditions such as initial history or initial strategy weights
are given by the learning rule.

The matching procedure can be described as follows. In each of T peri
ods, all members of the population are randomly matched in pairs to play
the game r against each other. This cal1 be illustrated by an urn with n
balls, from which randomly selected pairs of balls (with equal probability)
are drawn successively until the urn is empty. This procedure is repeated for
a total of T periods, and the draws in each period are independent of the
draws in all other periods. Each individual k receives a payoff 1r(Xk(t), Yk(t))
in each period and has a private history of realized strategy profiles. The
expected payoff for an individual k employing learning rule 1 in a heteroge
nous population of size M, where tl1e share of individuals employing rule f
is (1 - c) and the share of individuals employing rule 9 is c, is the expected
average payoff under the probability measure, J.L~l-€)f+cg induced by the two
rules present in the population and their respective shares,

vM (I, (1 - c)f + cg) (4.1)

L (~t 1l"(Xk(t), Yk(t))) J.L~l-€)f+€g(hk) (4.2)
hkEn t=l

Efcl-c)!+C9 [~t1l"(Xk(t)'Yk(t))], (4.3)

where 1r(Xk(t), Yk(t)) refers to the realized payoff to individual k in period t,
induced by history hk .

Let J' be an arbitrary non-en1pty subset of J. I define the following evo
lutionary stability criterion for learning rules.
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Definition 1 A learning rule f E J' is evolutionarily stable in the class
J' if for every 9 E J' \ f, there exists an €g > 0 such that for all c E (0, €g),

VM(f, (1- c)f + cg) > VM(g, (1- c)f + cg).

4.2.1 Experience Weighted Attraction Learning

(4.4)

In the present paper, I focus 011 a set of learning rules that can be described
by Camerer and Ho's (1999) model of experienced-weighted attraction (EWA)
learning. These are lear11ing rules such that individual k's probability of
strategy xi in period t E Y can be written as

. eAAt(t-l)

P1(t) = ",J >.Ai (t-l) ,
L..Ji=l e k

(4.5)

where the attraction of strategy xi is updated according to the formula

Ai ( ) == ¢N(t - l)A~(t - 1) + [8 + (1 - 8)I(xi ,Xk(t))] 7r(xi ,Yk(t))
k t N(t) ,

for t E 1, and A{(O) is a consta11t, and where

N(t) == aN(t - 1) + 1,

(4.6)

(4.7)

for t E 1, and N (0) is a constant.4 I (xi, xk (t)) is an indicator function which
takes the value of one if Xk(t) == xi and zero otherwise, Yk(t) is the realized
pure strategy of the opponent in period t, a11d ¢ and a are positive constants.

Nate that this class of learning rules includes two of the most common
learning rules used in the literature. When 8 == 0, a == ¢ and N(O) == l~a'

EWA reduces to (average) reinforcement learning.5 When 8 == 1, a == ¢ and

(4.8)

where Lt::~r:(O) is some initial relative frequency of strategy l, EWA be

comes belief learning.

4Camerer and Ho (1999) note that it is also possible to model probabilities as a power
function of attractors.

5Camerer and Ho (1999) distinguishes between average and cumulative reinforcement,
which results if p == 0 and N(O) == 1. The analysis in the present paper is based on average
reinforcement.
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In order to make the analysis more tractable, I further restrict the set of
rules to EWA learning rules such that (j = ¢ < 1, N(O) = 1~<T' and

A{(O) = 0 \fk, \fj. (4.9)

This means that the initial attractions will not generally correspond to those
of belief learning. The assumption of equal initial attractions is motivated
by a setting where the players have very limited information about the game
before the first period and where they cannot use previous experience.6 The
assumption that (j = ¢ implies that the discount factor for a belief learner's
historical observations of strategy realizations is the same as that for a re
inforcement learner's historical attractions. Finally, the value of N(O) corre
sponds to the steady state value of N(t).7

I denote the set of rules with the above parameter values by J'e. Substi
tuting in (4.6) and (4.7) gives

and

1
N (t) = -- for t E Y

1-(j
(4.10)

A{(t) = (jA{(t - 1) + (1 - (j) [8 + (1 - 8)I(xi , Xk(t))] 7f(xi , Yk(t)) (4.11)

for t E Y, and A{ (0) = o. The formula in (4.5) now corresponds to belief
learning (with modified initial weights) for 8 = 1 and to reinforcement learn
ing for 8 = O. The paranleter 8 captures the extent to which the hypothetical
payoffs of pure strategies not played in a period are taken into account. (j is
a constant determining the relative weights of recent and historical payoffs
in the updating of mixed strategies.

4.3 Numerical Analysis

The analysis is based on Monte Carlo simulations of repeated encounters
between individuals using different learnil1g rules (i.e. with different values of
8) belonging to the set J'e. I focus on four types of games, Prisoners' Dilemma,
2x2 Coordination, Hawk-Dove, and Rock-Scissors-Paper Games. I generally

6Although the game is fixed in the below analysis, a rationale for the assumption of
uniform initial weight could be a setting where the game is drawn at random from some
set of games before the first round of play.

7Stahl (2000) finds that a time varying N(t) only improves the predictive power of the
model marginally and assumes N(t) == 1 for all t. He also assumes all initial attractors to
be zero and uses the updating formula to determine the attractors in period one.
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(4.12)

set the payoff sensitivity parameter A in (4.5) to either 1 or 10, a equal to
0.95 and I assume that 8 is an element of the set D = {O, 0.25, 0.5, 0.75, I},
but I also test the robustness of my results by trying other parameter values
(see the Appendix for a list of simulations).

In the simulations, each member of a population of 100 individuals, among
which 10 are mutants with a different learning rule, is randomly matched with
another member every period for T = 100 periods. The expected payoff to
a learning rule is estimated by computing the mean of the average payoff
for all individuals with the same learning rule in the population and by
simulating 1000 such T-period outcomes. Since the mean payoff difference
in each simulation is independelltly and idelltically distributed relative to
the mean payoff difference in another simulation with the same population
mixture, the Central Limit Theorem applies and the mean payoff difference is
approximately normally distributed. For each value of 8, the null hypothesis
is that the corresponding learning rule is an ESLR. This hypothesis is rejected
if the mean payoff to any mutant rule is statistically sigllificantly higher
than the mean payoff to the incumbent rule in the class, in accordance with
Definition 1 above. More specifically, the decision rule is as follows. The null
hypothesis,

H8 : f8 is an ESLR in the class Je'

is rejected in favor of the alternative hypothesis,

Hf :18 is not an ESLR in the class Je'

if and only if, for some 8' E D \ 8,

V(f8' (1 - c)f8 + Cf8') - V(f8', (1 - c)f8 + cf8')
1 [()] < -Za,
VTS~ 1 - c f8 + cfo'

where V is the estimated average payoff, SA [(1 - c)f8 + cf8'] denotes the
sample standard deviation of the difference in mean average payoffs, com
puted over the 1000 simulations, and Za is the critical value of the standard
normal distribution.

Prisoners' Dilemma Games

Table 4.1 depicts the mean of the average payoffs among 90 incumbents,
with a 8 given in the left-most column, and 10 mutants, with a 8 given in the
top row, playing the ganle in Figure 4.1 for 1000 x 100 periods, when payoff
sensitivity A == 10. The value in brackets corresponds to the z-statistic of the
differences in means, i.e. the difference, computed as the average incumbent
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payoff minus the average mutant payoff, divided by the standard error of
the difference. As explained above, the null hypothesis that a learning rule
with a particular 8 is an ESLR can be rejected if this value is smaller than
the critical value of the standard normal distribution, - Za for some n1utant
learning rule in the class, different from !8.

It follows from the table that the null can be rejected for all learning rules
except the one with 8 = 1 at the 10% and 5% significance level (ZO.05 = 1.645,
and ZO.ID = 1.282). This is also illustrated by the diagram in Figure 4.3, where
the standardized payoff difference (the z-statistic) between incumbent and
mutant payoffs is plotted for different values of incumbent and mutant 8. In
the diagram, the difference is set to zero for homogenous populations. The
result is robust to changes in payoff sensitivity A, initial conditions, payoff
matrix, and the size of the mutant invasion.

The standard deviation of payoffs among learning rules with 8 = 0 is
considerably larger than for other values of 8. The volatility of payoffs also
depends on payoff sensitivity. If A is reduced from 10 to 1, the range of stan
dard deviations decreases considerably. For the high value of A, convergence
to the Nash equilibrium is fast. For the low value, the population share using
the equilibrium strategy increases more slowly and keeps oscillating.

yl y2
Xl 4 0
x2 5 3

FIGURE 4.1

Delta Mutant
0.00 0.25 0.50 0.75 1.00

Delta Incunlbent

0.00
2.8977 2.8876 2.8574 3.3005 2.8570 3.3333 2.8582 3.3303 2.8572 3.3315

(1.01) (-70.20) (-65.55) (-65.97) (-67.70)

0.25
3.0001 2.8610 2.9906 2.9907 2.9891 3.0106 2.9886 3.0166 2.9883 3.0185

(33.65) (-0.14) (-38.93) (-54.25) (-56.95)

0.50
3.0030 2.9018 2.9973 2.9788 2.9959 2.9962 2.9955 3.0015 2.9953 3.0031

(36.79) (27.54) (-0.88) (-19.07) (-26.46)

0.75
3.0039 2.9061 2.9987 2.9774 2.9975 2.9918 2.9970 2.9973 2.9969 2.9988

(38.71) (33.98) (14.86) (-1.05) (-6.85)

1.00
3.0037 2.9126 2.9991 2.9765 2.9979 2.9903 2.9975 2.9952 2.9973 2.9979

(39.39) (34.83) (21.62) (8.07) (-2.17)

TABLE 4. I-Mean payoffs and standardized payoff

differences from playing the gan1e in Figure 4.1.
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0.25 0.5 0.75

Mutant Delta

Incumbent Delta 000-50

00-50-0

Cl-IOO--50

77

FIGURE 4.2-Standardized payoff difference between

incuITlbents and mutants from Table 4.1.

2 x 2 Coordination Games

Table 4.2 and Figure 4.4 show the results from the simulations of the Coor
dination Game in Figure 4.3, with payoff sensitivity A == 10. Once again, the
null hypothesis can be rejected for all learning rules except 8 == 1 at 5% or
10% significance. This result is robust to changes in A, the size of the inva
sion, and the initial conditions. However, when the ratio of diagonal payoffs
is small (7r(x1,yl) == 1.1 instead of 2) and A == 1, then the null cannot be
rejected for any of the rules 8 == 1,8 == 0.75, and 8 == 0.25. From the table, it
also follows that the outcome for a homogenous population of belief learners
Pareto dominates that of a population of reillforcement learners.

yl y2
Xl 2 0
x2 0 1

FIGURE 4.3
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Delta Mutant
0.00 0.25 0.50 0.75 1.00

Delta Incumbent

0.00
1.8583 1.8588 1.8618 1.8770 1.8640 1.8833 1.8651 1.8866 1.8654 1.8868

(-0.58) (-24.61) (-36.44) (-40.05) (-40.00)

0.25
1.8993 1.8866 1.9020 1.9020 1.9022 1.9069 1.9042 1.9108 1.9036 1.9113

(17.67) (0.12) (-11.17) (-16.35) (-19.32)

0.50
1.9131 1.8973 1.9148 1.9103 1.9157 1.9165 1.9161 1.9184 1.9168 1.9207

(23.86) (10.45) (-2.14) (-6.12) (-10.23)

0.75
1.9202 1.9022 1.9222 1.9152 1.9227 1.9206 1.9235 1.9239 1.9240 1.9249

(28.15) (15.89) (5.19) (-1.17) (-2.53)

1.00
1.9257 1.9074 1.9268 1.9194 1.9274 1.9235 1.9280 1.9260 1.9286 1.9290

(28.57) (16.94) (9.89) (5.49) (-1.28)

TABLE 4.2-Mean payoffs and standardized payoff

differences fronl playing the game in Figure 4.3.

Incumbent Delta
• 20-40

510-20

00-20-0

0-40--20

D-60--40

0.25 0.5

Mutant Delta

0.75

FIGURE 4.4-Standardized payoff difference between

incumbents and mutants from Table 4.2.

Hawk-Dove Games

Table 4.3 and Figure 4.6 illustrate the results from the simulations of the
game in Figure 4.5. For this game, the results are sensitive to the level of
payoff sensitivity A and the payoff matrix. When A == 10, the null hypothesis
cannot be rejected for the learning rules with 8 == 0.75 and 8 == 1 at the 10%
level, whereas all other learning rules in the class appear to be unstable. If
1r(x1 , y2) is increased fronl 4 to 10, SUCll that the initial uniform distribution
is further from the mixed equilibrium, then the null can be rejected for all
rules except 8 == 0.75.
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Part of the reason why learning rules with low 8 are not stable and cannot
invade other learning rules in this game when payoff sensitivity is high is that
they quickly become absorbed by a pure strategy (see Figure 4.12 in the Ap
pendix), something which can be exploited by learning rules with high 8 that
do not lock in on a particular pure strategy. This tendency for reinforcement
learners to be absorbed has previously been noted by Fudenberg and Levine
(1998).

For A == 1, reinforcement learners no longer lock in on a particular strat
egy, but oscillate around the mixed equilibrium (see Figure 4.11 in the Appen
dix), which somewhat reduces the evolutionary advantage of belief-learners.
For the game in Figure 4.5, the null hypothesis can be rejected for all rules
except 8 == 0.25, 8 == 0.75, and 8 == 1.0 at the 10% level. In the game with
7r(x1 , y2) == 10, the result is unchanged and all rules except 8 == 0.75 can be
rejected.

The matrix in Table 4.3 also illustrates the potential trade-off between
the Pareto efficiency and the evolutionary stability of a learning rule. The
learning rule with 8 == 0 strictly dominates all otller learning rules, but it is
not sustainable since, in the case of an invasion, mutants with higher 8 earn
higher mean payoffs.

yl y'2
xl 0 4

x 2 1 2

FIGURE 4.5

Delta Mutant
0.00 0.25 0.50 0.75 1.00

Delta Incumbent

0.00
1.7605 1.7612 1.7508 1.7843 1.7100 1.8353 1.6692 1.8445 1.6794 1.8397

(-0.20) (-9.23) (-36.42) (-54.56) (-50.94)

0.25
1.6889 1.6657 1.6819 1.6795 1.6518 1.7150 1.6148 1.7302 1.6238 1.7249

(8.06) (0.82) (-22.42) (-43.28) (-38.13)

0.50
1.5512 1.5206 1.5527 1.5283 1.5420 1.5402 1.5183 1.5505 1.5256 1.5557

(14.25) (11.29) (0.77) (-14.54) (-14.27)

0.75
1.4512 1.4279 1.4510 1.4306 1.4469 1.4346 1.4418 1.4402 1.4422 1.4397

(13.94) (11.78) (6.69) (0.82) (1.32)

1.00
1.4604 1.4391 1.4601 1.4397 1.4551 1.4419 1.4469 1.4473 1.4468 1.4446

(12.37) (11.47) (6.99) (-0.19) (1.21 )

TABLE 4.3-Mean payoffs and standardized payoff

differences from playing the game in Figure 4.5.
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mO-20

f.fj-20-0

HJ-40--20

0-60--40

0.25 0.5

Mutant Delta

0.75

FIGURE 4.6-Standardized payoff difference between

incumbents and mutants from Table 4.3.

Rock-Scissors-Paper

In the Rock-Scissors-Paper Game of Figure 4.7, the outcome is sensitive to
payoff sensitivity. When the payoff sensitivity is A= 1, the null hypothesis
can be rejected for all learning rules ill the class except 8 = 0.0, 8 = 0.75,
and 8 = 1.0. All learning rules oscillate around the mixed equilibrium.

Table 4.4 and Figure 4.8 illustrate the case when A = 10. As can be seen,
the null hypothesis call be rejected for all learning rules except 8 = 1. As
in the Haw-Dove game, the instability of rules with low 8 for high values of
payoff sensitivity can, in part, be explained by their tendency to lock in on
a pure strategy at an early stage.

yl y'2 y~

Xl 1 2 0
x2 0 1 2
x~ 2 0 1

FIGURE 4.7
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Delta Mutant
0.00 0.25 0.50 0.75 1.00

Delta Incumbent

0.00
1.0001 0.9994 0.9987 1.0121 0.9969 1.0278 0.9970 1.0271 0.9974 1.0236

(0.58) (-11.14) (-23.92) (-22.98) (-21.35)

0.25
1.0006 0.9945 1.0000 0.9998 0.9984 1.0146 0.9978 1.0200 0.9981 1.0175

(5.46) (0.25) (-15.01) (-21.19) (-18.65)

0.50
1.0001 0.9988 1.0003 0.9976 0.9999 1.0009 0.9995 1.0047 0.9992 1.0071

(1.44) (3.01) (-1.16) (-5.92) (-8.89)

0.75
1.0004 0.9967 1.0002 0.9983 1.0002 0.9984 1.0000 1.0004 0.9997 1.0026

(4.16) (2.24) (2.22) (-0.50) (-3.34)

1.00
1.0003 0.9971 1.0003 0.9971 1.0005 0.9953 1.0002 0.9980 1.0000 0.9998

(3.66) (3.59) (6.06) (2.65) (0.28)

TABLE 4.4-Mean payoffs and standardized payoff

differences from playing the game in Figure 4.4.

Incumbent Delta 00 0-10
®-10-0
18-20-10
0-30-20

0.25 0.5 0.75

Mutant Delta

FIGURE 4.8-Standardized payoff difference between

incumbents and mutants from Table 4.8.

4.3.1 Summary of Results

Table 4.9 summarizes the results of the simulations. The main finding is
that belief learning is the only learning rule which is evolutionarily stable in
almost all settings, whereas reinforcement learning is unstable in almost all
settings.

In the Hawk-Dove and Rock-Scissors-Paper Games, the results depend
on the payoff sensitivity. Learning rules with low degrees of hypothetical
reinforcement are highly unstable for high payoff sensitivity. Part of the
explanation is that such rules rapidly become absorbed by a pure strategy,
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whereas belief learners with the same level of payoff sensitivity continue to
adjust their mixed strategies until the last period.

In Coordination and Hawk-Dove Games, the results also depend on the
equilibrium payoffs. In the Coordination Game, belief learlling is generally
a unique ESLR, but if the ratio of equilibrium payoffs becomes sufficiently
small, thell there are also other learning rules for which the null cannot be
rejected. Similarly, in the Hawk-Dove Game, belief learning with 8 == 0.75
is a unique ESLR for high payoff ratio, but for a smaller ratio it seems that
there are also other stable learning rules.

Game A ESLR at the 10% significance level
Prisoners' Dilemnla 1 8 == 1.0

10 8 == 1.0
Coordination 1 8 == 1.0, for low payoff ratio 8 == 0.25,0.75,1.0

10 8 == 1.0, for low payoff ratio 8 == 1.0
Hawk-Dove 1 8 == 0.25,0.75,1.0, for high payoff ratio 8 == 0.75

10 8 == 0.75,1.0, for high payoff ratio 8 == 0.75
Rock-Scissors-Paper 1 8 == 0.0,0.75,1.0

10 8 == 1.0

TABLE 4.9-Summary of the results from the different simulations.

4.4 Discussion

Hopkins (2000) illvestigates the theoretical properties of stochastic fictitious
play and perturbed reinforcement learning in a setting where two individu
als using identical learning rules interact for all infinite number of periods.
He demonstrates that the expected motion of both stochastic fictitious play
and perturbed reinforcement learnillg can be written as a perturbed form of
the replicator dynamics, and therefore, in many cases, will have the same
asymptotic behavior. In particular, he claims that they have identical local
stability properties at mixed equilibria and that the nlain difference between
the two learning rules is that fictitious play gives rise to faster learning. The
results in this paper indicate that speed of learlling is indeed an important
factor in explaining the stability of belief learning and that the difference
between rules witll high and low degrees of hypothetical reinforcement is
smaller in games with mixed equilibria. However, other factors, such as a
high probability of convergence to the equilibrium with the highest payoff
in 2x2 Coordination Games and a low probability of absorption by a pure
strategy in games with no symmetric pure equilibria, also seem important.
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Camerer and Ho (2000) estimate separate sets of parameters for asym
metric constant-sum games, median-action ganles and beauty-contest games.
Their estimates of the degree of hypothetical enforcemel1t 8 are generally
around 0.5, that of the discount factor cP in the range of 0.8 to 1.0, that of
the second discount factor (j in the range of 0 to cP, and the payoff sensitivity
A varies from 0.2 to 18. Reinforcement learning and belief learning are gener
ally rejected in favor of an intermediate model. Stahl (2000) pools data from
several symmetric two-player games and estimates a 8 of 0.67. Hence, the
two studies lend support to the hypothesis that people take hypothetical pay
offs into account, but especially the former study seems to find lower degrees
of hypothetical reinforcement than predicted by the evolutionary analysis in
this paper.

One should, however, be cautious in making a direct comparison with
the results in Camerer and Ho (2000). First of all, the games played in
their experiments differ cOl1siderably from, and are more complex, than the
ones analyzed in this paper. Second, the learning rules in this paper do not
exactly correspond to theirs. In particular, Camerer and Ho allow learning
rules with different initial attractions, whereas I assume that the players give
equal weight to all their pure strategies at the start of the first period of play.

The setting in this paper is, at least in some respects, more similar to
that in Stahl (2000). He also considers finite symmetric two-player games
with and without symmetric pure equilibria. Moreover, he assumes the initial
attractions of the EWA model to be zero, and use the updating formula to
determine their values in. period one.

A final comment concerns the environment where the learning rules op
erate. Although the ganle is fixed in this paper, the general idea is to find a
learning rule which is evolutionarily stable under various conditions and can
survive in a setting where the game changes from time to time - in many
ways a more realistic description of human interaction. The results in this
paper indicate that belief learning is indeed such a robust rule, although
more analysis is needed to confirm this hypothesis.

4.5 Conclusion

In this paper, I define an evolutionary stability criterion for learning rules. I
then apply this criterion to a class of rules which contains versions of two of
the most well-known learning rules, reinforcement learning and belief learn
ing, as well as intermediate rules in terms of hypothetical reinforcement. I
perform Monte Carlo simulations of a matching scheme where all members of
a large population are rematched in every period and I find that maximum
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or close to maximum hypothetical reinforcement is the only learning rule
that is evolutionarily stable for almost all the games studied. I also find that
evolutionary stability in some games hinges critically on payoff sensitivity
and the relative payoffs of the game.

The objective of this paper is to take a step towards closing the open
endedness of the boullded rationality paradigm. A next step might be to
apply this analysis to a larger set of learning rules or, more importantly,
to obtain theoretical results which can help explain the observations ill this
paper.
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4.6 Appendix

4.6.1 Plots of Simulated Outcomes
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The following diagrams illustrate the share of individuals playing strategy
Xl among 90 incumbents, using a learning rule with b = 1, and 10 mutants,
using a learning rule with 8 = 0, in a single simulation. Initial attractions are
zero for all pure strategies and a = 0.95.
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FIGURE 4.9-Share of incumbents (solid) and mutants (dashed)

using pure strategy xl in the game in Figure 4.3 wIlen A = 1.
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FIGURE 4.10-Share of incumbents (solid) and mutants (dashed)

using pure strategy xl in the game in Figure 4.3. when A == 10.

FIGURE 4. II-Share of incumbents (solid) and mutants (dashed)

using pure strategy Xl in the game in Figure 4.5 when A == 1.



4.6. APPENDIX

FIGURE 4. 12-Share of incumbents (solid) and mutants (dashed)

using pure strategy Xl in in the game in Figure 4.5 when ,\ = 10.
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4.6.2 Tables of Simulated Payoffs

The following tables report the simulated average payoffs to an incumbellt
learning rule with a 8 given by the left-most column, and an incumbent
rule with a 8 given by the top row. In each cell, the top-left number is
the average payoff for all individuals with the incumbent rule, the top-right
number the average payoff for all individuals with the mutant rule, and the
figure in brackets is the difference between these numbers divided by the
estimated standard error of the difference. In all simulations reported below,
a population, consisting of 90 incumbents and 10 mutants, plays the game for
100 periods. Initial attractions are zero for all pure strategies and a = 0.95.

Delta Mutant
0.00 0.25 0.50 0.75 1.00

Delta Incumbent

0.00
2.9252 2.9239 2.9218 2.9576 2.9201 2.9696 2.9200 2.9722 2.9195 2.9738

(0.61) (-21.86) (-34.76) (-39.55) (-42.92)

0.25
2.9306 2.8955 2.92~0 2.9241 2.9259 2.9425 2.9252 2.9490 2.9246 2.9543

(16.77) (2.45) (-11.59) (-18.95) (-24.89)

0.50
2.9328 2.8823 2.9298 2.9143 2.9282 2.9275 2.9270 2.9373 2.9269 2.9410

(24.80) (9.96) (0.49) (-8.36) (-12.20)

0.75
2.9342 2.8711 2.9312 2.9022 2.9296 2.9194 2.9286 2.9287 2.9282 2.9341

(33.24) (18.88) (7.86) (-0.10) (-5.23)

1.00
2.9346 2.8670 2.9321 2.8940 2.9304 2.9124 2.9295 2.9221 2.9286 2.9280

(36.11) (24.95) (13.73) (6.10) (0.61)

TABLE 4.10-Mean payoffs and standardized payoff differences

from playing the game in Figure 4.1 when A = 1 and c = 0.1.

Delta Mutant
0.00 0.25 0.50 0.75 1.00

Delta Incumbent

0.00
0.8918 0.8906 0.8958 0.9064 0.8992 0.9205 0.9011 0.9293 0.9015 0.9402

(1.07) (-9.08) (-18.73) (-25.21) (-34.43)

0.25
0.9310 0.9172 0.9361 0.9341 0.9389 0.9496 0.9421 0.9627 0.9439 0.9713

(11.80) (1.74) (-9.50) (-18.15) (-25.32)

0.50
0.9692 0.9419 0.9734 0.9623 0.9765 0.9775 0.9893 0.9896 0.9838 1.0015

(24.00) (10.10) (-0.91) (-0.26) (-15.11)

0.75
1.0066 0.9657 1.0097 0.9868 1.0130 1.0023 1.0170 1.0169 1.0182 1.0269

(34.92) (20.71) (9.74) (0.08) (-7.83)

1.00
1.0390 0.9854 1.0441 1.0072 1.0464 1.0253 1.0488 1.0394 1.0527 1.0529

(45.31) (30.63) (17.68) (8.12) (-0.21)

TABLE 4. II-Mean payoffs and standardized payoff differellces

from playing the game in Figure 4.3 when A = 1 and c == 0.1.
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FIGURE 4.13

Delta Mutant
0.00 0.25 0.50 0.75 1.00

Delta Incumbent

0.00
0.5263 0.5255 0.5262 0.5268 0.5259 0.5270 0.5258 0.5266 0.5264 0.5265

(1.45) (-1.12) (-1.99) (-1.42) (-0.13)

0.25
0.5262 0.5260 0.5261 0.5250 0.5263 0.5263 0.5263 0.5257 0.5262 0.5265

(0.33) (2.16) (-0.14) (1.08) (-0.64)

0.50
0.5265 0.5260 0.5264 0.5275 0.5264 0.5259 0.5265 0.5274 0.5270 0.5265

(0.90) (-2.01) (0.97) (-1.63) (0.87)

0.75
0.5269 0.5266 0.5268 0.5262 0.5274 0.5278 0.5272 0.5262 0.5274 0.5273

(0.60) (1.15) (-0.59) (1.73) (0.17)

1.00
0.5269 0.5263 0.5271 0.5276 0.5271 0.5274 0.5266 0.5261 0.5274 0.5270

(1.02) (-1.02) (-0.52) (0.87) (0.78)

TABLE 4. 12-Mean payoffs and standardized payoff differences

from playing the game in Figure 4.13 when ,\ = 1 and c = 0.1.

Delta Mutant
0.00 0.25 0.50 0.75 1.00

Delta Incumbent

0.00
0.7548 0.7543 0.7686 0.7980 0.7817 0.8181 0.7738 0.8117 0.7757 0.8131

(0.48) (-34.63) (-41.35) (-45.47) (-46.57)

0.25
0.8888 0.8602 0.8938 0.8936 0.9067 0.9147 0.9054 0.9159 0.9054 0.9158

(26.82) (0.33) (-15.91) (-22.81) (-22.31)

0.50
0.9302 0.8950 0.9376 0.9308 0.9446 0.9451 0.9431 0.9457 0.9415 0.9441

(32.96) (12.82) (-1.35) (-6.86) (-6.64)

0.75
0.9473 0.9127 0.9581 0.9493 0.9562 0.9538 0.9632 0.9638 0.9626 0.9634

(32.57) (17.28) (5.90) (-1.66) (-2.41)

1.00
0.9604 0.9279 0.9656 0.9546 0.9713 0.9680 0.9718 0.9709 0.9727 0.9728

(32.69) (22.00) (8.64) (2.56) (-0.43)

TABLE 4. 13-Mean payoffs and standardized payoff differences

from playing the game in Figure 4.13 when ,\ = 10 and c = 0.1.

Delta Mutant
0.00 0.25 0.50 0.75 1.00

Delta Incumbent

0.00
1.6079 1.6072 1.6067 1.6074 1.6082 1.6094 1.6080 1.6104 1.6080 1.6111

(0.35) (-0.37) (-0.67) (-1.43) (-1.80)

0.25
1.6055 1.6053 1.6053 1.6057 1.6050 1.6061 1.6060 1.6055 1.6066 1.6057

(0.07) (-0.22) (-0.62) (0.29) (0.52)

0.50
1.6073 1.6062 1.6060 1.6076 1.6067 1.6041 1.6066 1.6079 1.6067 1.6089

(0.64) (-0.90) (1.54) (-0.73) (-1.40)

0.75
1.6097 1.6103 1.6089 1.6099 1.6103 1.6070 1.6100 1.6115 1.6100 1.6088

(-0.33) (-0.57) (1.89) (-0.88) (0.73)

1.00
1.6124 1.6095 1.6117 1.6134 1.6123 L\6l32 1.6123 1.6125 1.6132 1.6124

(1.63) (-1.00) (-0.52) (-0.01) (0.46)

TABLE 4. 14-Mean payoffs and standardized payoff differences

from playing the game ill Figure 4.5 when ,\ = 1 and c = 0.1.
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yl y'2
xl 0 10
x 2 1 2

FIGURE 4.14

Delta Mutant
0.00 0.25 0.50 0.75 1.00

Delta Incumbent

0.00
2.2135 2.2164 2.2103 2.2357 2.2131 2.2311 2.2150 2.2248 2.2188 2.2322

(-0.57) (-5.10) (-3.71) (-2.08) (-2.95)

0.25
2.2072 2.1882 2.2026 2.2008 2.2042 2.2062 2.2044 2.2130 2.2082 2.2052

(3.51) (0.35) (-0.41) (-1.88) (0.63)

0.50
2.2166 2.1936 2.2134 2.2101 2.2130 2.2124 2.2160 2.2138 2.2181 2.2105

(4.34) (0.66) (0.14) (0.46) (1.65)

0.75
2.2349 2.2071 2.2300 2.2271 2.2290 2.2365 2.2342 2.2262 2.2362 2.2219

(5.30) (0.56) (-1.55) (1.65) (3.10)

1.00
2.2524 2.2383 2.2485 2.2524 2.2476 2.2550 2.2502 2.2627 2.2542 2.2553

(2.72) (-0.81) (-1.49) (-2.72) (-0.23)

TABLE 4. 15-Mean payoffs and standardized payoff differences

from playing the game in Figure 4.14 when A == 1 and c == 0.1.

Delta Mutant
0.00 0.25 0.50 0.75 1.00

Delta Incumbent

0.00
3.1040 3.0822 2.8984 3.8830 2.8590 3.9861 2.8618 4.0014 2.8655 4.0164

(1.34) (-83.83) (-112.93) (-118.06) (-119.27)

0.25
2.2468 1.9268 2.1574 2.1666 2.0830 2.2953 2.0814 2.3095 2.0944 2.3237

(39.42) (-1.32) (-37.73) (-43.77) (-42.27)

0.50
1.7555 1.5211 1.7190 1.6076 1.6824 1.6874 1.6824 1.6896 1.6872 1.6863

(47.15) (22.07) (-1.09) (-1.62) (0.20)

0.75
1.7327 1.4996 1.7002 1.5665 1.6563 1.6369 1.6492 1.6517 1.6537 1.6473

(48.20) (28.17) (4.29) (-0.57) (1.52)

1.00
1.7903 1.5412 1.7503 1.6142 1.6979 1.6945 1.6903 1.7068 1.6966 1.6968

(44.56) (24.55) (0.73) (-3.69) (-0.04)

TABLE 4. 16-Mean payoffs and standardized payoff differences

from playing the game in Figure 4.14 when A == 10 and c == 0.1.

Delta Mutant
0.00 0.25 0.50 0.75 1.00

Delta Incumbent

0.00
1.0000 1.0002 1.0001 0.9992 1.0000 1.0002 1.0000 1.0000 1.0002 0.9983

(-0.22) (0.98) (-0.19) (0.00) (2.14)

0.25
0.9998 1.0016 1.0000 0.9996 1.0000 1.0000 0.9998 1.0020 1.0000 1.0004

(-2.01) (0.57) (-0.03) (-2.66) (-0.53)

0.50
1.0000 0.9999 1.0000 0.9997 1.0000 0.9999 0.9998 1.0019 1.0000 1.0001

(0.11) (0.44) (0.07) (-2.39) (-0.08)

0.75
1.0001 0.9995 1.0001 0.9988 1.0000 1.0001 1.0001 0.9994 1.0001 0.9992

(0.64) (1.52) (-0.11) (0.79) (1.14)

1.00
1.0001 0.9995 0.9999 1.0005 1.0000 1.0000 1.0000 1.0001 1.0000 0.9998

(0.64) (-0.67) (0.01) (-0.13) (0.27)

TABLE 4. 17-Mean payoffs and standardized payoff differences

from playing the game in Figure 4.7 when A == 1 and c == 0.1.
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Sammanfattning pa svenska

Den11a avhandli11g innehaller fyra uppsatser som undersoker vilka beteenden
som kan forvantas nar populationer av begransat rationella individer inter
agerar under lang tid. Dessa individers strategival antas bestamda av enkla
beslutsregler som anvander information om historiska strategival.

De tre forsta uppsatserna har en gemensam inran1ning snarlik den i Young
(1993, 1998). I varje period dras en individ fran var och en av n populationer
far att spela ett andligt n-personersspel. Varje individ valjer en strategi enligt
en sarskild beslutsregel efter att ha observerat ett urval utan aterlaggning
fran en andlig historia av tidigare strategival. Med en viss sannolikhet gor
individerna dessutom misstag och spelar en slumprnassigt utvald strategi.

I det forsta kapitlet anvander san1tliga individer en beslutsregel som in
nebar imitation av den mest framgangsrika strategin i ett urval av den egna
populationens tidigare strategival. I det andra kapitlet anvander samtliga
individer en beslutsregel som foreskriver spel av en strategi som ger atmin
stone lika hog forvantad avkastning som en empirisk fordelning baserad pa
ett urval av samtliga populationers tidigare strategival. Det tredje kapitlet
ar en utvidgning sam tillater heterogena populationer, dar bade det forsta
och det andra kapitlets beslutsregler finns representerade, tillsammans med
en tredje beslutsregel som i11nebar spel av en strategi som maximerar den
forvantade avkastningen givet en empirisk fordelnh1g baserad pa ett urval av
motstandarpopulationernas tidigare strategival.

I san1tliga av de tre farsta kapitlen erhalls generella konvergensresultat
for andliga n-personersspel; enbart strategier i sarskilda rnangder spelas pa
lang sikt nar sannoliheten for misstag gar mot noll. Dessa resultat illustreras
darefter i tvapersoners koordinationsspel.

I den fjarde oeh sista uppsatsen ar inramningen oell fragestallningen nagot
annorlunda. I var och en avett andligt antal perioder dras samtliga individer
fran stor population med ett andligt antal individer oeh indelas slumpmassigt
i par for att spela ett tvapersonersspel. Individerna anvander en beslutsregel
fran en stor klass av regler sam kan representeras av Camerers och Has (1999)
modell. Med hjalp av Monte Carlo-simuleringar undersoks huruvida det fi11ns
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en beslutsregel som ar evolutionart stabil i den mening att om den anvands
av en tillrackligt stor andel av populationen, sa ger den en hogre forvantad
avkastning an varje annan regel som anvands av resten av populationen.
Resultaten fran fyra olika spel indikerar att enbart den beslutsregel som tar
full hansY11 aven till den hypotetiska avkastningen fran strategier som i11te
valjs ar evolutionart stabil i nastan samtliga fall.
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