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Chapter 1

Introduction

In the last decades there has been a renewed in"l,erest in modelling seasonally
nonadjusted time series. Many econometric studies indicate that it may be
worthwhile to study seasonal fluctuations in their own right. The reason for
this is the fact that the seasonal pattern dominates the variation in many
somehow detrended quarterly or monthly observed economic time series (see
for example Miron (1996), where growth rates of the time series are regressed
on seasonal dummies). Also, seasonal fluctuations may convey information
on the behaviour of economic agents. Recent documentations should provide
a motivation to consider time series models that explicitly incorporate a de
scription of seasonal variation. For example, Wallis (1974) shows that the use
of seasonally adjusted data may distort the actual underlying economic rela
tion between variables, and Ericsson et ale (1994) point out that seasonally
adjusted data may alter weak exogeneity properties in multivariate long-run
modelling. Ghysels et ale (1995) find evidence that the much used seasonal
adjustment method X-II may generate adjusted time series with nonlinear
properties, which the original time series did not possess. In Ghysels and Per
ron (1996) it is shown that the X-II procedlr~~~lmaydisguise (smooth away)
structural instability, and thus effect tests for structural change. Furtllermore,
Maravall (1994) show that seasonally adjusted time series can be described by
non-invertible moving average processes, and this in turn may lead to diffi
culties when constructing, for example, finite order Vector Auto Regressive
(VAR) models.

The first section in this chapter present univariate seasonal unit root and
periodic models, which are tools to describe changing seasonality. These mod
els are used or mentioned in the included papers but are not presented thor
oughly there. As this thesis focus on seasonal and periodic cointegration mod-

3
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(1.3)

els the second section will give a brief introduction to these multivariate ap
proaches. The last chapter in this part provides a sumnlary of the included
papers.

1.1 Changing seasonal patterns

Substantial enlpirical evidence makes it safe to state that a large part of the
seasonal movement in many economic time series is far from constant over
time, see for example Oller (1978). Still applied researchers often assume a
deterministic seasonal pattern, trying to capture these variations using dum
mies. Such an approach will lead to dynamically misspecified models if the
constancy assumption is not supported by data. A number of univariate and
multivariate time series procedures have been introduced that, in one way or
another, focus on testing for, or modelling, nonstationary seasonal variation.

Evidence is often found that seasonal unit roots are present in economic
time series with a changing seasonal pattern over time. Let Yt be a quarterly
observed time series. FUrther, let L be the lag operator, Le. LdYt == Yt-d, and
let ~d denote the differencing operator, Le. ~dYt == (1 - Ld)Yt. If a seasonal
difference filter, ~4, is required to transform Yt to yield stationarity, then this
time series is said to be seasonally integrated, Le. Yt rv 81(1). The ~4 filter
implies four unit roots. This can be seen from the following factorization:

~4 == (1- L4
) == (1- L) (1 + L) (1 +iL) (1- iL), (1.1)

where i ==.;=I. The (1 - L) part corresponds to the zero frequency and
a non-seasonal unit root, while the three roots of (1 + L) (1 + iL) (1 - iL),
namely -1 and ± i, represent the seasonal frequencies. The -1 root is often
referred to as the biannual root and the two complex conjugate roots as the
annual roots. Hylleberg et ala (1990) [HEGY] propose a test for unit roots
at seasonal frequencies. The test procedure investigates whether the seasonal
difference filter is the appropriate one, as compared to other nested filters.
The test uses the following auxiliary regression:

t14Yt == {Lt + '7flYl,t-l + '7f2Y2,t-l + '7f3Y3,t-l + '7f4Y4,t-l + ct, (1.2)

which is estimated using OLS, and where the following filters remove all unit
roots except those at the zero, biannual, and annual frequencies, respectively.

Yl,t = (1 + L + L2 + L3 )Yt,

Y2,t -(1 - L + L 2
- L 3 )Yt,

Y3,t -(L - L 3)Yt,

Y4,t = -(1 - L2 )Yt.
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The parameter J.Lt in (1.2) can include deterministic components such as a
constant, a linear trend, and seasonal dummies. To get residuals that can be
regarded as generated by a white noise process, the regression (1.2) is often
augmented by adding lags of the dependent variable. Unit roots at the zero
and biannual frequencies imply 7rl = 0 and 7T2 = 0, respectively, which is tested
against the alternative that 7ri < 0, i = 1,2, using one-sided t-tests. If the
F-test for the hypothesis 7r3 = 1r4 = 0 cannot be rejected there is evidence of
two complex conjugate unit roots at the annual frequency. Simulated critical
values of the t-statistics for 7f1 and 7r2 and the F-statistic for 7r3 = 7r4 = 0, are
tabulated in HEGY. The procedure above, designed for quarterly data, has
been extended to monthly data, see for example Beaulieu and Miron (1993).
See also Franses and Taylor (1997), where multiple non-seasonal and seasonal
unit roots are considered.

The HEGY testing approach has been a[t1"''.ied in many studies by now,
and one main finding is that many macroeconomic time series seem to contain
seasonal unit roots, but not necessarily all the roots implied by 1 - L S

, where
s is the number of seasons. It should be mentioned that the HEGY approach,
like most other tests for stochastic non-stationarity, has low power against
alternatives close to the null hypothesis. This implies that, in practice, one
may find evidence of too many roots using this method. It has also been found
that the HEGY-test procedure is not very robust to structural mean shifts,
see Franses and Vogelsang (1995). One notable observation by Clements and
Hendry (1997) is that the seasonal differencing filter (~4) may generate more
accurate forecasts than models where a smaller number of roots (suggested
by the HEGY-test) are imposed (see also Osborn et ale (1999) where similar
results were found). Other methods by which one can test for seasonal unit
roots have been presented by, for example, Canova and Hansen (1995), Dickey
et ale (1984), and Osborn et ale (1988). See also a procedure below, proposed
by Franses (1994), which considers seasonal integration in a so called periodic
model framework.

Both the seasonal adjustment procedures and the HEGY approach rest on
the assumption that it is possible to separate the seasonal component from
other (non-seasonal) variations in economic time series. However, recent work
shows that it is not always the case that seasonal and other sources of varia
tion, including what is popularly called "the business cycle" variation, can be
separated in an obvious way (see for example OOIDS and Franses (1997) who
show that the use of seasonally adjusted data may le~ad to biased information
about changes in unemployment). Given that the seasonal and non-seasonal
components can be correlated over time it seems useful to consider models in
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which the structural parameters vary according to season. A class of models
which allows for this is periodic autoregressive (PAR) time series models, and
especially periodically integrated time series models. A PAR model of order p
for a quarterly observed time series Yt, where t == 1,2, ... , n, may be written as

4 p 4

Yt = ~l-£sDs,t + ~~<PisDs,tYt-i + et,
8=1 i=ls=1

(1.4)

where D1,t, ... , D4,t are seasonal dummy variables and ct is a standard white
noise process. The autoregressive parameters <PIs, ..., <Pps vary with the sea
son, s. When studying the unit root concept in periodic autoregressions it
is convenient to rewrite the PAR model for Yt in a vector of quarters (VQ)
representation. Consider below a PAR model of order 1, PAR(l), written in
VQ format:

(1.5)

YT is a (4 x 1) vector process (Yl,T,Y2,T,Y"3,T,"Y4,r)', where Y:s,T is the obser
vation on Yt in season s in year T. The quarterly time series Yt is observed for
N years, Le. n/4 = N. T = 1,2, ... ,N, cT is a (4 x 1) vector process of the
form (cl,r,c2,T,c3,T,c4,T)' and q>o, <PI are (4 x 4) parameter matrices defined
as

<Po =

o 0
o 0
1 0

-<P4 1

<1>1=

o 0 0 <PI
o 0 0 0
o 0 0 a
o 0 0 0

(1.6)

Unit roots in periodic autoregressive models imply certain cointegration rela
tionships between the variables in the vector process Yr. The rank (r) of the
II matrix

-1 0 0 cPl
o -1 0 <P2<P1
o 0 -1 <P2¢J3¢J1
o 0 0 ¢2¢3<P4¢Jl - 1

(1.7)

in the following rewritten form of (1.5):

(1.8)

is three, when cPl ¢2¢3cP4 = 1, if it is assumed that each ~,T is at most 1(1).
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This implies that II = a{3' and hence that IlYT-l can be written as follows:

7

a{3'YT-l =

1 1
4>2 ¢1.4>3
o

<P3
o 0
o 0

~ ]
Yl,T-l
Y2,T-l
Y3,T-l
Y4,T-l

(1.9)
It can be seen from (1.9) that the following relations are stationary:

Y2,T - ¢2Yl,T,

Y3,T - ¢3Y2,T,

Y4,T - ¢4t3,T. (1.10)

(1.12)

Given these relations it follows that Y4,T - cP4¢3¢2Y1,T, and hence that Yi,r 
<PIY4,T with ¢l = 1/¢>4cP3¢2 are stationary variables. By using the differencing
filter (1- cPsL), for s = 1,2,3,4, the time series can thus be transformed into
a stationary process.

Franses (1994) develops a method to test whether a time series contains
nonseasonal and seasonal unit roots or whether it seems to be periodically
integrated. This method uses a maximum-likelihood cointegration procedure
in a model like (1.8). The fourth difference filter implies that r = 0 in II. No
difference filter is needed for Yt if r = 4. Finally, if 0 < r < 4 the matrix II
can be written as a{3'. For r = 3 the following restrictions on the rows of {3'
in (1.9) can be tested: ' .

HJ :~' = [-~ -~ _~ ~], H5:~' = [ ~ ~ ~ ~].
(1.11)

If HJ in (1.11) cannot be rejected there is evidence of a zero frequency (non
seasonal) unit root in the time series, while if H5 is supported, Yt contains
a biannual root. On the other hand, if both these hypotheses about the
cointegrating vectors are rejected there is evidence that the time series is
periodically integrated, and the nature of the periodically varying parameters
(cPs) can also be tested in this framework. The Likelihood Ratio test statistic
is given by

LR = TtlOg [(1 - ~i)] ,
i=l (1 - Ai)

where Ai and Xi are the eigenvalues maximizing the likelihood function for
the restricted and unrestricted models, respectively (see for example Johansen
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1995). In eac11 case LR is asymptotically X2 distributed with r(p - q) degrees
of freedom, where p == 4 in the quarterly case and where q depends on the
number of restrictions. Similar hypotheses can be tested for r == 1 or r == 2.

Model (1.8) runs the risk of being over-parameterized. To avoid this,
Boswijk and Franses (1996) propose various likelihood ratio tests to detect
periodic integration in a single equation setting. These tests can be used
when there is indication of at most one unit root in the PAR(p) process, see
also an extension to multiple unit roots in Boswijk et al. (1997). The vector
process YT in (1.5) is stationary if the solution to the characteristic equation
Icpo - q.1 zl = 1- (<P1<P2<P3<P4)z == 0 exceeds one, that is <P1cP2<P3<P4 < 1, and the
same process contains a unit root if <P1 <P2<P3¢4 == 1 holds. If cPs == 1 for all s the
process Yt is said to be integrated of order one, Le. Yt "J 1(1), whereas if some
or all cPs =1= 1 the process is called periodically integrated of order 1, Le. Yt "J

PI(l). The null hypothesis <Pl<P2<P3¢4 = 1 is tested by imposing ¢4 = 1/¢1<P24>3
in the following restricted version of the PAR(p) model in (1.4), which can be
estimated using nonlinear least squares,

4 4 p-l 4

Yt = "I:)},sDs,t + ''2:./PsYt-l + LL,BisDs,t(Yt-i - <Ps-jYt-i-d + ct. (1.13)
s=1 s=l i=ls=l

The null hypothesis is then tested using the statistic LR == n In(RSSo/RSS1),
where RSSo is the residual sum of squares from the unrestricted model (1.4)
and RSSI is the residual sum of squares from the restricted model (1.13). If
the null hypothesis cannot be rejected, then the time series is periodically
integrated. Since periodic integration nests the situation when ¢s = 1 and
cPs = -1 for s == 1,2,3, it is also useful, as a next step, to investigate the null
hypotheses:

Ho

Ho

cPs = 1 for s = 1, 2, 3

4>s == -1 for s == 1,2,3 (1.14)

which obviously are equivalent with the hypotlleses tested using (1.11). Fi
nally, the fact that stochastic trends and seasonal variations are related under
periodic integration can be shown by calculating the impact of the accumu
lation of shocks in ct, see Franses (1996). Several studies on the forecasting
performance of PAR and PIAR models have appeared in the literature show
ing mixed results (see for example Franses and Paap (1996) and Herwartz
(1999)).

Before turning to multivariate approaches to periodic and seasonal unit
root models it should be mentioned that other univariate models for changing
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seasonal variation have been developed and applied in the literature such as
conventional seasonal ARIMA models, see Box and Jenkins (1970), and struc
tural time series models, see Harvey (1989). Another example is variants of the
smooth transition autoregression (STAR) model, see Granger and Terasvirta
(1993). This nonlinear model class assumes a smooth transition between dif
ferent regimes. Franses (1998) analyzes if seasonality in unemployment rates
changes with the business cycle, using a seasonal STAR (SEASTAR) model.
The results for quarterly data in 10 countries suggest that this indeed is the
case. l'his agrees with results in earlier studies, but an advantage with the
SEASTAR model is that the switching behavior between regimes (contractions
and expansions) is estimated from the data. The earlier studies, which used
other time series models, relied on pre-determined business cycle chronologies
(see Canova and Ghysels (1994) and Franses (1995b)). Van Dijk et al. (2001)
apply a time-varying smooth transition autoregressive (TV-STAR) model to
study the sources of time variation in seasonal patterns using quarterly indus
trial production series from a number of countries. Their aim is to compare
two different explanations to changes in the seasonal patterns over time. The
first one is the one already mentioned: seasonal patterns change over time
owing to business cycle fluctuation. The other potential explanation is that
gradual technological and institutional change affects the seasonal pattern in
time series. The results indicate that technological change, changes in institu
tions and "other" unspecified reasons seem to be the main cause for changing
seasonal variation. The results of van Dijk et al. thus contradict the previous
studies that attribute the change to cyclical fluctuations in tIle economy.

1.2 Seasonal and periodic cointegration

Apart from a marked seasonal pattern, many economic time series are upward
trending over time and these trends appear often best to be described as being
stochastic, Le. they are trend processes that display random walk behavior.
This in turn implies that first differencing filt~~r3 are required to remove the
stochastic trends, and thus that they are integrated of order 1. Moreover,
several such macroeconomic time series tend to have similar trending patterns
(parallel movements over time), that is; they may have at least one common
stochastic trend or in other words, they may be cointegrated. Both seasonal
unit root and periodic integration models can be extended to include cointe
gration between seasonally unadjusted time series and procedures are available
for both cases.

Engle et ale (1993) [EGRL] propose a two-step method for testing for the
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presence of seasonal and non-seasonal cointegration relations. The stationary
linear combinations, involving two variables Yt and Xt, implied by cointegration
at the zero, biannual, and the annual frequency are, respectively:

Ut Yt + Yt-l + Yt-2 + Yt-3 - al (Xt + Xt-l + Xt-2 + Xt-3),

Vt = -Yt + Yt-l - Yt-2 + Yt-3 - al (-Xt + Xt-l - Xt-2 + Xt-3),

Wt == -Yt + Yt-2 - a3(-Xt + Xt-2) - a4(-Yt-l +Yt-3) - a5(-Xt-l + Xt-3).

In the first step, one estimates al to as above using OL8, treating Ut, Vt, and
Wt as the error terms. The regressions may include deterministic components
such as a constant, a trend, and seasonal dummies. Having obtained estimates
Ut, Vt, and Wt, non-cointegration at the zero and seasonal frequencies can be
tested by using the following auxiliary regressions:

(1 - B)Ut

(1 + B)Vt

kl
1rlUt-l + L:1'i(l - B)Ul,t-i + ct,

i=l

k2

1r2(-vt-l) + L:1'i(l + B)vt-i + ct,
i=l

(1.15)

ka
(1 +B2)Wt = 1r3(-Wt-2) +1r4(-Wt-l) + L:,i(l +B2)wt_i +et·

i=l

Non-cointegration at the zero and biannual frequencies implies that 1ri < 0,
i = 1, 2, and it is tested using one-sided i-tests, where the i-statistics follows
the 'Dickey-Fuller' distribution. Finally, if the joint F-test 1r3 = 1T4 == 0 cannot
be rejected there is evidence of cointegration at the annual frequency. Critical
values for the F-statistic are tabulated in EGHL. Wells (1997) uses this method
to test whether some long-run relations suggested by the neoclassical growth
theory extends to seasonal frequencies. Finally, in EGHL an application on
Japanese consumption and income is presented. The authors cannot reject
non-cointegration at the zero and biannual frequencies. However, they find
weak evidence of cointegration at the annual frequency and they conclude:

"In short, if a slightly impatient borrowing-constrained consumer
has the habit of using his bonus payments to replace his worn out
clothes, furniture, etc. when the payment occurs, one may expect
cointegration at the annual frequency."

Lee (1992) suggests a testing procedure for seasonal cointegration among
time series. The proposed maximum-likelihood estimator extends the ap
proach summarized in Johansen (1995). Assume that yt is a (k x 1) vector
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of time series, which are all seasonally integrated yt f".J 81(1). The following
seasonal error correction model [SEeM] is considered:

4 P

~4yt = LIIiZi,t + Lrj~4yt-j + <PDt +Ct,
i=1 j=1

(1.16)

where Zl,t, ... , Z4,t are the transformed variables used in the HEGY-test re
gression (1.3), with all unit roots removed, except those at the zero, biannual,
and annual frequencies for i = 1,2, (3,4,) respectively. The variables D t are
deterministic components, such as seasonal dummies and trends, and ct is
i.i.d. Nk(O, 0). There is evidence of seasonal cointegration if at least one of
the IIi matrices for i = 2,3,4 has reduced, but non-zero, rank. However, Lee
only developed inference in a special case, Le. when II4 = O. If this restric
tion is included and if one assumes that the regressors Zi,t are asymptotically
uncorrelated, that is

T

T-2 L Zi,tZj,t ~ 0, i =1= j,
t=l

this implies that the cointegration vectors ((3i) and the adjustment coefficients
((li) can be found by removing the reduced rank restriction on the other fre
quencies by concentrating out the associated regressors. Tests for reduced
rank (r) of IIi can then be performed using the trace statistic:

p

-2Iog(H(r)IH(k» = -T L log(l - Xi),
i=r+l

(1.17)

where H(r) is the null hypothesis and full rank, Le. H(k), is the alternative
hypothesis. The eigenvalues, 1 > ~1 > ... > Xp , which maximize the likelihood
function, are obtained by solving eigenvalue problems based on residual vectors
from the concentration step at the non-seaso'31al;Jand seasonal frequencies. The
null hypothesis for this test is that there are at most r cointegrating vectors.
Franses and Kunst (1999) suggest that the seasonal dummy variables, often
included unrestrictedly in (1.16), should be confined to the seasonal cointegrat
ing relations instead. Finally, Johansen and Schaumburg (1998) completed the
analysis for the general case, where the restriction II4 == 0 was relaxed. Several
studies have used the Lee (1992) model in empirical applications, see e.g. Lee
and Siklos (1993), Kunst (1993a), Ermini and Chang (1996), and Bohl (1998).
Forecasting with the same model is considered, for example, in Kunst (1993b)
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and Reimers (1997). Finally, forecasting and restricted seasonal intercepts in
(1.16) is considered in Kunst and Franses (1998).

A single equation periodic cointegration model was proposed by Boswijk
and Franses (1995) and is written as:

4 4

6.4Yt = LJ-tsDs,t + LTsDs,t(Yt-4 - O:Xt-4) + ct,
s==1 s=1

(1.18)

where Yt again is a quarterly observed variable and where X t is a vector of
explanatory variables. Dl,t, ... , D4,t are seasonal dummy variables and ct is
a standard white noise process. The model could be augmented by adding
lagged terms of the dependent and independent differenced variables, where
~4Xt can be replaced by ~lXt if appropriate. Periodic cointegration was
first considered by Birchenhall et ale (1989), who estimated a single equation
model for real non-durables consumption expenditure. TIley found evidence
that the long-run income elasticity of consumption varies with the season, but
also that the adjustment towards equilibrium seems to do so. In terms of the
model parameters in (1.18), both T s and Os would then be seasonally varying.
To quote the authors:

"Such variability is consistent with the hypothesis that consumers
have seasonal preferences and exhibit seasonally varying degrees of
habit persistence; see Miron (1986) and Osborn (1988)."

Full periodic cointegration in (1.18) implies that there is adjustment to
wards a long-run equilibrium in each season, whereas if the variables are only
partially cointegrated there is no adjustment in some quarters. Boswijk and
Franses (1995) analyze how to undertake inference in (1.18) and propose a
Wald-test for cointegration. They also suggest tests for various parameter
restrictions, when there is evidence of cointegration in two or more quarters.
These include tests for equality of the adjustment parameters and of the pa
rameters concerning the long-run relationships across seasons. Finally, model
(1.18) is sometimes called a periodic error correction model (PECM), when
only the adjustment parameters are periodic. For an empirical application on
consumption and income in Sweden, see Boswijk and Franses (1995). Her
wartz (1997) considers the forecasting performance of (1.18) as compared to
various non-periodic versions of it.

Several methods for testing the presence of periodic cointegration in mul
tiple equations have been suggested. One amounts to applying the maximum
likelihood approach, summarized in Johansen (1995), directly to each season
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separately, see Franses and Paap (1995). A drawback with this method is
that it allows the number of cointegrating vectors to vary over the seasons,
which may be unrealistic from an economic theory perspective. In another
approach, which avoids this problem, one extracts the stochastic trends from
the individual series by using a method proposed in Gonzalo and Granger
(1995), in a first step. In the next step one can test for cointegration among
the new variables, see Franses and Paap (1995). A third approach, presented
by Kleibergen and Franses (1999), also avoids the problem concerning differ
ent numbers of cointegrating vectors across seasons. Consider the following
periodic VAR model, for k quarterly observed time series:

(1.19)

where s = 1, ... ,4, t = 1, ... ,T. The vector of disturbances, Ut, is assumed
to be ij.d. (0, Os). The covariance matrices 1?s and the parameter matrices
'Ps are seasonally varying, which allows the rro(','-~SS to have different short-run
properties across quarters. However, Kleibergen and Franses (1999) show that
specification (1.19) implies the same long-run properties at each season. Hence
there can be 0 < r < k cointegrating relations between the k series. If we de
termine the relationship between yt and "Yt-4, where the latter series concerns
the same season in the previous year, and rewrite the resulting expression in
its non-seasonal annual form, see Tiao and Grupe (1980) and Osborn (1991),
the model becomes

T
n=1, ...,N=4' (1.20)

with ~1 for annual data corresponding to ~4 for quarterly data, and where
~,n is the observation in season s in year n. Notice that (1.19) and (1.20)
implies that

(

s S-s \\

TIs = gIPs-HI!! IPS-i+1 ) - h·

If there is cointegration among the elements in yt then

(1.21)

lIs
I 1

'Ps+IO'.s{3s'P-;+l

I

= as{3s {:::::=}

= Cts+l{3:+1· (1.22)

The result in (1.22) implies that the spaces spanped by {}s+l and {3s+1 are

identical to the spaces spanned by 'Ps+las and <p-;~~(3s, and this shows that
the PVAR model as represented in (1.22) assumes 0 < r < k cointegration
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relations among the elements in }f. Estimation of the cointegration parame
ters in lIs is not straightforward and implies non-linear restrictions on the CPs
parameters. Kleibergen and Franses (1999) therefore suggest a method, which
amounts to optimizing a log-likelihood based objective function. This func
tion can also be used to test for the number of cointegration relations. The
PVAR(l) model can be extended to include unrestricted seasonally varying
intercepts and trends, as well as higher order dynamics.

Methods to choose between seasonal and periodic cointegration models
have been proposed in the literature, see Franses (1993) and Franses (1995a).
Osborn (2001) analyzes various cointegration possibilities in the bivariate case.
The quarterly observed variables (Yt and Xt) can be either 1(1), PI(1), or
81(1) and the specific kind of integratedness can be different in Yt and Xt.

For example, consider model (1.18) and let Yt rv 81(1). Furthermore, let the
vector of explanatory variables, denoted X t now be a single variable, which
is either 1(1) or PI(l). It is shown that a cointegrating relationship can only
appear in one of the four quarters in this situation. Moreover, the richest set of
cointegration possibilities arises when both variables are seasonally integrated
and that a selection between seasonal or periodic cointegration models only
has relevance in this specific case.



Chapter 2

Summary and main results of
the papers

2.1 Paper 1

In this paper forecasts from two different seasonal cointegration specifications
are compared in an empirical forecasting example and in a Monte Carlo study.
The two specifications are the one proposed by Lee (1992), with a parameter
restriction included at the annual frequency, and the model proposed by Jo
hansen and Schaumburg (1998), with a general specification for the complex
root frequency, respectively. In the empirical forecasting example we also in
clude a standard cointegration model based on first differences and seasonal
dummies and analyze the effects of restricting or not restricting seasonal dum
mies in the seasonal cointegration models. We use macroeconomic data sets
for Austria, Germany and the United Kingdom, comprising gross domestic
product (Y), private consumption (C), gross fixed investment (I), goods ex
ports (X) and real wages (W), all transformed into natural logarithms. The
real interest rates (R) are also included and are given in percentage points.
These three data sets have previously been used in Kunst and Franses (1998) ,.
and the motivation for using these series is that neoclassical growth theory
suggests various long-run relations among them. In the Monte Carlo study
we analyze systems of three variables. While the Monte Carlo results favor
the specification suggested by Johansen and Schaumburg, and definitely so if
larger sample sizes are considered, we do not find such clear cut evidence in
the empirical example.

15
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2.2 Paper 2

In this paper we examine in an empirical forecasting study the relevance of
taking care of changing seasonality within multivariate methods for cointe
grated seasonal time series. We evaluate three different approaches, see Franses
and McAleer (1998), Le. nonseasonal cointegration models, seasonal cointe
gration models and periodic cointegration models. As our empirical study
concerns bivariate time series, we also consider single equation methods, and
compare these with system methods. A VAR model in first differences, with
and witll0Ut cointegration, and a VAR model in annual differences were used as
benchmarks. Our empirical results indicate that the benchmark VAR model
in annual differences is often preferred, except for one-step ahead forecasts
where the VAR model in first differences, without cointegration, offers the
lowest RMSPEs. The finding that the VAR model in annual differences yields
the lowest RMSPEs forecasts can be viewed as extending the results found in
Clements and Hendry (1997), where similar results are obtained for univariate
data. The seasonal cointegratian models yield the best forecasts among coin
tegrated models, even though the periodic models seem to be a better choice
for some specific data sets. Finally, there is no clear indication that multiple
equations methods improve on single equation methods.

2.3 Paper 3

In the original Lee (1992) specification of the seasonal error correction model
[henceforth SEeM] a certain restriction at the complex root frequency is sug
gested, assuming the absence of so called non-synchronous seasonal cycles.
With the restriction imposed the testing procedure for the number of cointe
grating (CI) vectors at frequency 7r/2 becomes the same as for the zero and
biannual frequencies, see e.g. Kunst (1993b), Franses and Kunst (1999) and
Kunst and Franses (1998). Johansen and Schaumburg (1998) argue that this
restriction is too strong and not justified from a theoretical point of view.
They consider the general case, which results in a less straightforward testing
and estimation procedure at the annual frequency. The purpose of this paper
is to explore how well the likelihood ratio (LR) test for the cointegrating rank
works in the SEeM, assuming quarterly data and small samples. The paper
sheds some light on the following issues:

1. Are there any differences across frequencies, Le. is there any evidence
that the LR-test of the rarlk is less powerful at either of the two seasonal
frequencies than at the zero frequency?
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2. Can the restricted version be a useful tool even in cases where non
synchronous seasonal cycles are present?

3. How well does the Johansen and Schaumburg (1998) specification work
in cases when the restriction is valid?

4. How does the number of CI relations at the zero and the biannual fre
quencies affect the test for the rank at the annual frequency, and vice
versa in small samples?

The results indicate that the likelihood ratio test for the rank has uniform
power across frequencies. This is most evident when test results from the
restricted version of the SEeM are analyzed in situations where the restrictions
are satisfied. The restricted version of the SEeM has poor size properties in
cases where non-synchronous cointegration clearly should play a role. This
result indicates a risk of finding 'evidence' of too many cointegrating vectors
at the annual frequency when using this specification. On the other hand, if the
restriction is almost satisfied, the general specification looses power at least in
smaller samples, while tests using the restricted version have good properties.
Furthermore, the number of true C1 relations at a certain frequency seem to
affect the test for tIle rank at other frequencies in small samples.

2.4 Paper 4

The purpose of this paper is to show how the more general SEeM, proposed
by Johansen an Schaumburg (1998), could be specified in the case where the
quarterly observed variables contain different numbers of unit roots, which
is a common situation when working with real world data. Furthermore, we
assume that the interest of an empirical study is:

1. to test for the number of cointegrating vectors and estimate these at the
seasonal and nonseasonal frequencies, and

2. to forecast.

A Monte Carlo simulation is carried out to investigate the consequences of
specifying a SEeM which assumes four unit roots in each process and where
the variables are transformed to yield stationarity accordingly, Le. applying
the annual difference filter. This specification is compared to the correctly
specified model with different filters for each variable. We also consider pre
testing for the number of seasonal unit roots in the univariate time series and
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specify models suggested by these tests. The two seasonal unit root tests are
the familiar HEGY test and the seasonal KPSS [SKPSS] tests of Lyhagen
(2000), respectively. Since the HEGY test has the null hypothesis of nonsta
tionarity while the SKPSS has the opposite null hypothesis (of no roots) it is
interesting to compare them in small samples. For comparison, we also include
a VAR model in annual differences in the forecasting exercise. The forecasting
mean squared error and the mean squared error of the estimated cointegrating
relations indicate that, in practice, a cointegration model, where all variables
are transformed using the annual difference filter, is more robust than one
obtained by pre-testing for a smaller number of unit roots. The second best
choice, when the true model is not known and when the aim is to forecast, is
a VAR model, also in annual differences, again corroborating the results by
Clements and Hendry (1997), see summary of paper 1.
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Paper 1

Forecasting performance of
seasonal cointegration models

1.1 Introduction

It is common in applied work to assume an app}oximately constant seasonal
pattern, modelled by seasonal dummies. Recently the unit root and cointegra
tion analysis at the zero frequency have been extended to seasonal frequencies.
Nonzero frequency unit roots imply a nonstationary seasonal pattern. Assum
ing a deterministic seasonal pattern in a multivariate setting, when it is in fact
stochastically evolving over time, could lead to inappropriate inference about
short and long run dynamics in the systen1. These negative effects may be
serious when the model is used in forecasting.

Similar to the approach suggested by Johansen (1988) and Johansen (1995)
for the zero frequency, Lee (1992) presents a maximum likelihood estimator
for seasonally cointegrating relations. The seasonal error correction model
[SEeM], which allows for stochastic seasonality is, however, only partially
correct when it comes to testing for the cointegrating rank at the annual fre
quency. A certain parameter restriction has been used in the literature to
overcome this problem. If this restriction is relaxed one cannot apply estima
tion methods based on canonical correlations, as suggested by Lee.

Johansen and Schaumburg (1998) argue tR~:(; this is a peculiar restriction
as it constrains all coefficients at the annual frequency. They present an
other estimation procedure for the parameters, corresponding to the annual
frequency and introduce a general asymptotic theory for the seasonal cointe
gration model.

Kunst and Franses (1998) argue that determ~nisticseasonal dummy vari-
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ables, which are often included unrestrictedly in the SEeM, should be con
fined to the seasonal cointegrating relations instead. If cointegration at sea
sonal frequencies exists, an inclusion of unrestricted seasonal intercepts then
implies a growing amplitude in the seasonal cycles, which may not be a realistic
assumption in most cases.

In the present study, various seasonal cointegration specifications will be
contrasted to the model suggested by Johansen and Schaumburg (1998) [hence
forth JS]. We have found three studies on forecasting and seasonal cointegra
tion: Kunst (1993a), Reimers (1997) and Kunst and Fral1ses (1998). Kunst
(1993a) contrasts the SEeM, where an intercept is included and the restric
tion on the annual frequency is imposed, to a vector error correction model
[VEOM] and also a V AR model in first differences and seasonal dummies.
Two examples based on empirical data and a Monte Carlo experiment show
that the benefits from accounting for seasonal cointegration are quite limited.
Reimers (1997) uses the conventional seasonal cointegration model suggested
by Lee, with another simplifying restriction on the annual frequency and con
siders a simulated two variable seasonal cointegration model, with a fixed lag
length and no seasonal intercepts. The SEeM is compared to a traditional
V ECM in first differences with seasonal dummies. The main conclusion is
that models in first differences produce smaller forecast errors for short hori
zons, but when longer forecasting periods are considered the seasonal cointe
gration model appears preferable. Kunst and Franses (1998) investigate the
forecasting effects of first deleting then either restricting or not restricting the
seasonal intercepts as discussed above. Using three empirical data sets and
various forecasting periods they show that the suggested restricted seasonal
dummy approach yields better forecasts in most cases.

In the present study we show results from an empirical forecasting exam
ple, but we also conduct a Monte Carlo study where seasonally cointegrated
data generating processes [DGPs), with different parameter constellations, are
investigated. In the empirical forecasting part we use macroeconomic data sets
for Austria, Germany and the United Kingdom, which are also used in Kunst
and Franses (1998). In the Monte Carlo study we analyze systems including
three variables, whereas six variables are used in the empirical example. The
forecastil1g performance of the n10re general specification for the annual fre
quency, recently proposed by JS is evaluated. We compare that specification
with the original version of the seasonal cointegration model, proposed by
Lee (1992). In the empirical forecasting example we also compare these two
seasonal cointegration specifications with a V EOM in first differences.

The remainder of this paper is organized as follows. Section 1.2 presents
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specifications of the SEeM, while Section 1.3 describes the data and the esti
mation results for the models to be used in the -empirical forecasting example.
Section 1.4 presents forecast performance when using the empirical data sets.
In Section 1.5 the Monte Carlo setup is discussed. A comparison of model
forecasts from the Monte Carlo study is carried out in Section 1.6. The final
section contains conclusions.

1.2 Seasonal cointegration

Lee (1992) suggests a maximum likelihood estimator for seasonal cointegration
relations. This procedure extends the maximum likelihood approach, which is
summarized in Johansen (1995). Assuming quarterly data and that ~4yt is
stationary, a seasonal V ECM of order p of the following form is considered:

3 p

Ll4rt = L::>l:il3~Zi,t +L rj Ll4rt_j + ~Dt +ct,
i==l j==l

(1.1)

where the Dt are deterministic components ,ae,J where ct is Li.d. Nn(O, 0).
The process ~4yt above is said to be seasonally cointegrated if and only if at

I

least one of the Qi{3i matrices for i = 2,3 on the right hand side has reduced,
non-zero rank. The linear filters which in (1.1) remove all unit roots except
those on the zero, biannual and annual frequencies, respectively are:

Zl,t = (L + £2 + £3 + L4 )yt,

Z2,t (L - L2 + £3 - L4 )yt,

Z3,t - (£2 - L 4 )yt.

These filters are the vector equivalents of the univariate transformations
used in the so called HEGY-test for seasonal Ul1it roots, see Hylleberg et ale
(1990) [HEGY]. furthermore, the regressors Zi,t are asymptotically uncorre
lated:

T

T-2 L Zi,tZj,t & 0, i #.j,
t==l

implying that the cointegration vectors and adjustment coefficients can be
found by removing the reduced rank restriction all the other frequencies by
concentrating out the associated regressors.

One variable that appears in the auxiliary regression of the HEGY-test at
the complex frequency but is not present in (1.1) is Z4,t = (L - L3 )}t. By
imposing the restriction that this filtered variable has no influence on ~4yt
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one assumes the absence of so called non-synchronous seasonal cycles. If this
restriction [henceforth denoted as the annual restriction] is relaxed one cannot
apply the estimation method that uses canonical correlations. There is also
some evidence in the literature that the absence of non-synchronous seasonal
cycles should have little effect on the test for cointegration at frequency 1r/2,
see Lee (1992).

JS, who argue that the above mentioned restriction is peculiar and not
justified from a theoretical point of view, refine the theory for seasonal cointe
gration in the general case. They propose the following error correction model
for quarterly data:

(1.2)

~4yt =
2

~' " "L.J Gif3iX i,t + 2(oRf3R + OIf3I )XR,t + 2(ORf3I - O'.If3R)XI,t
i=l

p

+ L rj~4yt-j + 4!Dt + et,
j==l

where the processes X1,t, ... , XI,t are:

X1,t
1
4Z1,t,

X 2,t
1

= --Z2t
4 "

XR,t
1
'4 Z3 ,t,

XI,t
1

--Z4t
4 "

respectively. It can be seen that the annual restriction would imply that
aR{3~ - QI{3~ == 0 in (1.2), which is a strong restriction on the coefficients at
the complex root frequency.

The estimation of Qif3: for i = 1,2 uses canonical correlations in analogy to
the Johansen procedure and hence does not require any detailed explanation
here. However the estimation of f3Rand {3I is nonstandard.

JS propose the following estimation strategy. The first step involves re
gressing ~4yt, Xlt, X2t, XRt and Xlt on lagged values of ~4yt and D t , if these
are present in the model, and defining the residuals as Rot, R 1t , R2t, RRt and
Rlt, respectively. If no lags or deterministic variables are present, X jt = Rjt

for j == 1, 2, R, I. The restriction of reduced rank on oif3: for i = 1,2 is re
moved by regressing Rot, RRt and Rlt on R1t and R2t. It is shown in JS
that the resulting residuals, defined as UOt, URt and Ult, satisfy the following
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asymptotically. Defining the product moments as Sij = (l/T)~r=lUitU;t for
i,j = 0,1, we have that for fixed values of (3 the concentrated likelihood
function with respect to a and hence the variance-covariance matrix n take
the form, apart from a constant:

(1.4)

(1.6)

The minimization of (1.4) cannot be solved as an eigenvalue problem as in the
zero and biannual frequency cases since {3 itself b.as complex structure while
the product matrices 8 11 - sloSOcl SOl and 811 do not. JS use a switching al
gorithm proposed by Boswijk (1995) where the maximum likelihood estimator
of f3 is calculated iteratively: Isolate {3Rand {3I by using a normalized form
(n- 1/ 2uot == Uot ) of Uot , namely:

and then vectorize (1.5) by using:

vec(ABC) == (C' ® A)vec(B)

Since Uot is a vector and hence vec(Uot ) == UOt, this yields:

~ [ vec((3~)] '"
UOt = U2t vec((3~ ) + Ud

[( ' N) (f N) (' N IN]where U2t = URt 0 u R - U1t ® ell Ult ® U R ) + (URt ® UI) . The pa-
rameters in (3Rand {3I can now be found from:

(1.7)



32 PAPER 1

For a given value of (3, which is generated randomly in the first iteration, es
timates ofa == (SOl{3({3' S1i1(3)-1)/2 and n= 800- 801{3({3' Su1(3)-1){3' 810 are
computed. In a second step Uot is normalized and vectorized as described
above, yielding a new estimate of {3 for which we can compute a new likelihood
function. This procedure is repeated until a suitable convergence criterion is
satisfied.

Kunst and Franses (1998) argue that deterministic seasonal dummy vari
ables, which are often included unrestrictedly in (1.1) to handle the deter
ministic part of seasonality, should be confined to the seasonal cointegrat
ing relations instead. This is because unrestricted seasonal intercepts in the
SEeM may lead to diverging seasonal trends, which is unlikely in most
cases. We restrict the seasonal dummy variables in a similar way in the
JS specification which leads to the extended variables X2,t == (X2,t,COS7r(t)),
XR,t = (XR,t,COS~(t)) and XI,t = (XI,t,-sin~(t)). This gives the following
augmented {3 matrix in (1.3):

f3R -f3I
PR -PI
{3I f3R

PI PR

where PR and PI are the parameters corresponding to cos ~(t) and - sin ~(t),

respectively.
As in Kunst and Franses (1998) we also include an unrestricted intercept in

the model. Henceforth we will denote the Lee specification with unrestricted
seasonal intercepts and the annual restriction imposed as SCMl, which means
seasonal cointegration model of type 1. The same model with restricted sea
sonal intercepts, as proposed by Kunst and Franses (1998), will be denoted
SCM2. Finally, 8CM3 denote the SEeM proposed by JS with restricted
seasonal intercepts.

1.3 Tests for integration and cointegration

Gross domestic product (Y), private consumption (C), gross fixed investment
(I), goods exports (X) and real wages (W) are transformed into natural loga
rithms. The real interest rates (R) are given in percentage points. The three
data sets were previously used in Kunst and Franses (1998), and the moti
vation for using these series is that the neoclassical growth theory suggests
various long-run relations among them. One example is the difference of out
put and consumption, in logarithms, which should be stationary according to
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the theory. Another example is the logarithmic difference of output and in
vestments, see Kunst and Neusser (1990). However, it is still an open question
how these series should be related at seasonal frequencies, see Wells (1997) for
a discussion of these issues. The data set for Austria covers the time period
1964:1 to 1994:4, whereas the time series for Germany run from 1960:1 to
1988:1 and for the UK from 1957:1 to 1994:1. Unit roots in the univariate
time series are tested using the HEGY-test. The test procedure investigates
whether the seasonal difference (1 - B4), which assumes the presence of four
unit roots, is the appropriate filter compared with other nested filters.

Results of the tests for seasonal and nonseasonal unit roots appear in
Table 1.1. All auxiliary regressions include an intercept (I), seasonal dummies
(D) and a deterministic trend (T), except those for the real interest rates
where an exclusion of the trend seems to be a more appropriate specification.
All variables seem to contain unit roots at the zero frequency, except UK
consumption and the real interest rate in Austria. The results are more mixed
at the seasonal frequencies. All roots at the biannual frequency, except for
consumption, are rejected for Austria. On the other hand we find evidence of
four unit roots at this frequency for both Germany and UK. Turning to the
annual frequency we find evidence of three, one and four stationary variables
for Austria, Germany and UK, respectively. Since unit roots are most frequent
in the German data set it is sensible to conclude that cointegration at all
frequencies is most likely to be found there.

Kunst (1993b), who analyze the variables presented above for Austria,
Finland, Germany and the UK, mention that evidence of stochastic seasonality
is quite weak in the UK series, while the evidence is rather strong in the
German data set. Finally, Kunst and Neusser (1990) find similar unit root
results as here, for Austria.

The ranks of the matrices Q:,if3~ (i = 1,2) and aj3' are determined using the
trace test, where the null hypothesis is: at most r cointegrating vectors against
the alternative of full rank. Table 1.2 summarizes the result using the three
different model specifications SCMl, SCM2 and SCM3. We use the same lag
lengths as Kunst and Franses (1998) for SCM1 and 8CM2, indicated by p, and
we use the same lag lengths for SCM3 as well. A* indicate significance at the
5% level. Critical values for columns two, three and five are based on our own
calculations with 100000 replicates and with T ~= 400. Lee and Siklos (1995)
present critical values for these cases, but they only consider smaller systems.
Critical values for columns four and six are from Tables 1a-1f in Franses and
Kunst (1999). For the last column we use the critical values from Table 2 in
JS. Notice that the results are identical for the three model specifications at
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the zero frequency and for SCM2 and SCM3 at the biannual frequency. Three
long-run cointegrating vectors are found at the zero frequency for Austria and
the UK and two for Germany. On frequency 7T we find no evidence of unit
roots for Austria but identify two cointegrating vectors for Germany. For the
UK we find no evidence of cointegrating vectors at frequency 7T using 8CM2
or 8CM3, but we identify one if SCMl is used. The results are more mixed
at frequency 1r/2. One observation is that SCM3 suggests more cointegrating
vectors. Based on these results, where the biannual frequency for Austria
has full rank and the rather weak evidence of cointegration at the seasonal
frequencies in the UK data set, only the German data set is used in Section
1.4.

Having chosen the rank for SCM3 at the different frequencies we test for
further reduction of the model. A hypothesis that simplifies the cointegration
analysis on frequency 1r/2 is the one implying real structure (HREAL), Le.
{3I = 0 in (1.2). However this hypothesis is strongly rejected with LR-test
statistics 43.5, 72.5 and 22.4 for Austria, Germany and the UK respectively.

1.4 An eInpirical forecasting example

In this section we investigate the forecasting performance of the models pre
sented in previous sections, namely SCMl, 8CM2, SCM3. We also include a
V ECM in first differences, denoted CM. For the seasonal cointegration mod
els we use the same lag lengths as in Section 1.3 and we choose p = 3 for
eM according to the Schwarz Criterion, in addition to equation by equation
diagnostic tests. The empirical data set for Germany, which covers the time
period 1960:1 - 1988:1 is used. We impose the ranks according to the results
found in Section 1.3 for the different models. All forecast errors correspond
to level variables. In the first step we save eight observations at the end to be
forecasted ex ante. In the next step, tIle estimation period is extended by one
quarter and we reestimate the parameters in the models. However, we do not
change lag orders or the chosen cointegration ranks. These extensions of the
sample are through 1987:4, where we generate the last one-step ahead forecast
error. Hence there are eight one-step ahead forecast errors, seven two-step
ahead forecast errors and so on. The eight-step ahead forecasts are then based
on a single observation for each equation. In total we have 36 forecasts for
each model and data set. The results are summarized by the RMSE statistic
(root mean squared error) for 1, 2 and 4-step ahead forecasts. In Table 1.3
we also consider the RMSE based on all the 36 forecasts from each model, de
noted All. Finally, we present the average performance rank of the four model
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specifications at the different forecast horizons considered, denoted AR.
Comparing the four cointegration specifications we see that the result is

quite clear, when looking at the average rank of the n10dels. The version of
the seasonal cointegration model with the annual restriction and unrestricted
seasonal dummies included (SCMI) is better than the other three specifica
tions if one step ahead forecasts are considered. However, for longer forecast
horizons the two versions of the SEeM with restricted seasonal dummies
seems to be a better choice. This result is in line with that found in Kunst
and Franses (1998). Comparing 8CM2 and SCM3 one can see that SCM2
is clearly better for forecast horizons shorter than four steps. The model in
first differences (CM) generates better forecasts than the seasonal cointegra
tion models at all horizons for goods exports (X). Note that tile result of the
HEGY-tests indicate no seasonal unit roots for goods exports in this data
set, which may explain why the model in first differences generates the best
forecasts for this time series. However, eM generates the poorest forecasts on
average. If the forecast accuracies are evaluated using the mean absolute error
(MAE) instead, we come to the same conclusions (not shown here).

1.5 The Monte Carlo setup

The seasonal cointegration specifications we compare are those of Lee (SCMI)
and JS (SCM3), respectively and we set p = 0 for both specifications. We'
compare the forecast accuracy for the seasonal cointegration models when
seasonality is viewed as being purely stochastic, Le. no deterministic vari
ables are included. The systems include three variables in each case. Four
different DGPs are investigated, see Table 1.4, and they are denoted DGPl,
DGP2, DGP3 and DGP4. The matrices a1 and /31 concern the zero frequency
and include the adjustment parameters and the cointegrating vectors, respec
tively. The matrices a2 and /32 concerns the biannual frequency, whereas aR,

(3Rand 0:1, /31 concerns the annual frequency. The cointegrating vectors and
adjustment parameters are different across frequencies for all DGPs and the
adjustment parameters are always different across DGPs for the annual fre
quency. We let the columns in all the adjustment parameter matrices for a
certain DGP sum to the same absolute value, just to have a similar parame
ter structure across frequencies. For exampl~::~~.he first column sum is 0.9 in
absolute value across frequencies in DGP1, '~hereas the second column sum
is 0.5. The adjustment parameters are lower in DGP2 than in DGPI. In
DGP3 the values in D:R and 0:1 lead to lower parameter values in the III =
(aR{3~ - aI{3~) matrix, so we may expect a lower impact of non-synchronous



36 PAPER 1

cointegration. Finally, in DGP4 the filter Xlt should play an even smaller role,
when forecasting.

We investigate the following true rank cases:

1

3

ro = 1, r1r = 1, r1r/2 = 1,

ro = 1, r1r = 1, r1r/2 = 2,

2 : ro = 2, r1r = 2, r1r/2 = 1,

4 : ro = 2, r1r = 2, rtr/2 = 2.

Three different variance-covariance matrices are used in each case (see
Table 1.5) and four different simple sizes, namely T = 40,80, 120 and 200.
Furthermore, 100 presample observations and 12 postsample observations are
generated. These last 12 observations are saved and used for ex-ante forecast
ing. In each case 5000 replications (N) are generated. The data is generated
in the following way:

X t = X t-4 + ITIX1tt + IT2X2,t + IIRXR,t + II/XI,t + ct,

where ct rv N3(O, ~1,2,3) and where the different II matrices are changed ac
cording to which rank is chosen at a particular frequency. For example III
equals the first ro columns in al times the first ro rows in {3~. The matrices at
the biannual and the annual frequency are constructed in the same manner,
but the matrices IIR and TI] at the annual frequency equal (QR(3~ + Qlf3~)
and (QR{3~ - aI(3~), respectively.

For both models we calculate squared forecast errors (eJk) for each horizon,
k = 1,... ,12, and for each equation, j = 1, 2 and 3. Then we take the equation
by equation average of these over the number of replications (R). We then
weigh the resulting mean squared forecast errors with a variance estimate
of the 12 first observations generated from each equation, denoted V;k. The
variances are calculated after 5000 replications and they are useful when we, in
the last step, average the mean squared forecast errors over the three equations.
With this relative measure we avoid to give high weight to variables with large
variances. To summarize, for each model and horizon we have the following
mean squared error [MSE] measure:

(1.8)

1.6 Monte Carlo results

In total we have 192 combinations to consider if we look at all sample sizes, true
rank cases, DGPs and variance-covariance matrices. However, the- results are
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not different depending on which variance-covariance matrix is used. Because
of that only results based on ~1 are considered. We choose not to report any
results graphically when DGPl is used, because SCM3 gives the best forecasts
in this case, regardless of which sample size or true rank is used. Moreover,
the true rank cases 2 and 3 produce similar results as compared to cases 1 and
4, respectively, so we restrict the presentation to the latter two cases (rank ==
1 and 2 at all frequencies). Furthermore, if the sample size is larger than or
equal to 80 SCM3 always generates lower forecast errors, at all horizons, than
SCMl, if DGP2 is used. As the result for DGPI the difference between the
two specifications is sometimes substantial, when using DGP2.

Note that there seems to be a seasonal pattern in the forecast results, see
Figures 1.1 and 1.2. This is due to the estimated variances used in (1.8) but
also because the results are for data in levels, hence transformed from fourth
differences. SCM3 produces poorer forecasts for smaller sample sizes if DGP3
and DGP4 are considered, see for example (c), (d), (e) and (f) in Figure 1.1.
This is because the values in O'.R and a/ result in a lower impact of so called
non-synchronous seasonal cycles. Some results indicate that SCM3 may yield
worse forecasts if more cointegrating relations are included in the model. One
example is (a) and (b) in Figure 1.1, for DGP2 B·nd T = 40. Looking at the rest
of the figures increasing sample size works iI\ .ff"var of SCM3, so that for T ==
200 SCM3 dominate SCMI. We also find in a smaller complimentary study
(not all 192 combinations considered) that these results hold when various lag
lengths are selected, using the Akaike Information Criterion.

1.7 Conelusions

The forecasting performance of the seasonally cointegrated model of Johansen
and Schaumburg (1998) is compared to a related specification, with a restric
tion at the annual frequency. In the empirical forecasting part, we also include
a model in first differences with cointegration restrictions. We examine data
sets from Austria, Germany and the UK, each containing six variables: gross
domestic product, private consumption, gross fixed investment, goods exports,
real wages and the real interest rate. We examin(~)the integration and cointe
gration properties for the three data sets and consider the effect of including
restricted or unrestricted seasonal dummies in the seasonal cointegration mod
els. The biannual frequency for Austria seems to have full rank and we find
rather weak evidence of cointegration at the seasonal frequencies in the UK
data set, so that only the German data set is used in the empirical forecasting
example.
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The seasonal cointegration model with the annual restriction and unre
stricted seasonal dUlllmies included is better than the other three specifica
tions if one step ahead forecasts are considered. However, for longer forecast
horizons the two versions of the seasonal cointegration model with restricted
seasonal dUlllmies seems to be a better choice. When comparing the two re
stricted seasonal dummy specifications we find that the version with the annual
restriction is better for forecast horizons shorter than four steps. The cointe
gration model in first differences generates the poorest forecasts on average.

In the Monte Carlo study we analyze four different DGPs and four differ
ent sample sizes, namely T = 40,80, 120 and 200 when using a three variate
system. We do not include any deterministic variables and seasonality is thus
generated as being purely stochastic and we do not consider any model in
first differences. When the smaller sample sizes are considered, we find some
evidence that the specification proposed by Johansen and Schaumburg (1998)
may yield worse forecasts if more cointegrating relations are included in the
model. Increasing sample size works in favor of this model, so that for T = 200
it dominate the seasonal cointegration model with the annual restriction in
cluded. This sample size effect may explain the result in the empirical example
which is based on fewer observations.
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Tables and figures

Table 1.1 Seasonal integration tests.
Austria Germany

TABLES AND FIGURES

UK
Var t1rl t1r2 F1f34 tffl tff2 F1r34 tff! t 1f2 F1r34
y -1.78 -3.47* 1.81 -1.52 -2.83* 3.29 -3.21 -1.38 4.43
C -1.28 -1.83 3.14 -1.21 -1.45 3.41 -3.49* -1.85 3.73
I -2.29 -4.96* 9.79* -2.83 -2.68 6.21 -2.68 -2.53 13.3*
X -1.49 -5.18* 48.6* -0.96 -5.13* 39.7* -1.12 -2.12 6.82*
W -1.69 -3.31* 2.58 -1.18 -1.62 2.18 -2.16 -3.05* 19.9*
R -3.01* -2.95* 7.20* -2.77 -2.03 4.73 -1.94 -5.38* 22.3*

Lags of dependent variable and additional regressors (ep).
Lags Lags Lags

y 1-4 I,D,T 1 I,D,T 1-5 I,D,T
C 1-4 I,D,T 1-4 I,D,T 1-5 I,D,T
I 1-2 I,D,T 1-3 I,D,T 1 I,D,T
X - I,D,T - I,D,T 1-4 I,D,T
W 1-6 I,D,T 1-4 I,D,T 1 I,D,T
R 1-3 I,D 1 I,D 1-5 I,D
* Significant at the 5% level. I, D and T denote an intercept, seasonal dummies
and a trend, respectively.
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Table 1.2 Tests for seasonal cointegration, LR-test statistics. A * denotes
significance at the 5% level and p denotes the lag :ength.

Frequency

0 rr rr/2

Austria, p=O SCM1,2,3 SCM1 8CM2,3 8CMl 8CM2 8CM3
rank

0 161.3* 181.0* 161.4* 200.1* 187.9* 284.7*
1 88.1* 116.5* 113.1* 122.8* 111.1* 173.7*
2 48.8* 77.2* 73.8* 77.8* 67.2* 106.0*
3 22.5 46.1* 42.7* 40.1* 41.7 64.5*
4 6.8 21.0* 20.9* 18.9 21.3 29.7
5 1.5 9.7* 9.7* 6.2 7.8 8.3

Germany, p=O
rank

0 132.2* 140.8* 128.9* 174.5* 171.2* 287.3*
1 68.8* 94.1* 82.7* 95.1* 93.6* 179.2*
2 38.2 52.3* 40.8 54.5 56.8 107.6*
3 17.2 24.3 16.8 29.8 32.0 56.9
4 8.4 7.9 8.6 15.2 17.4 27.5
5 1.9 3.2 4.1 4.0 5.9 10.6

UK, p=5
rank

0 140.7* 104.0* 95.9 130.7* 130.2 218.7*
1 73.6* 64.5 58.2 71.7 71.5 143.4*
2 47.7* 42.0 39.4 40.6 40.4 92.0
3 25.7 25.3 22.7 22.4 22.1 56.3
4 8.7 10.5 11.3 7.7 7.6 27.8
5 0.8 2.8 3.2 1.7 1.6 6.5
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Table 1.3 Forecast performance. The ranks at different frequencies according
to trace test result in Table 1.2 for the German data set.

Horizon: 1 2 4 All Horizon: 1 2 4 All

SCM1 8CM2
y 1.09 1.05 1.42 1.16 Y 1.33 0.97 1.29 1.24
C 0.84 0.99 0.90 0.84 C 0.91 0.80 0.84 0.77
I 3.94 2.87 3.62 3.57 I 4.07 3.03 3.64 3.73
X 2.56 3.17 4.76 4.04 X 2.65 3.02 4.61 3.97
W 1.49 1.70 1.93 2.18 W 1.61 1.58 1.79 2.14
R 1.35 1.54 1.84 1.52 R 1.40 1.40 1.72 1.45

AR 1.33 2.17 3.00 2.17 AR 2.67 1.50 2.00 2.00

SOM3 OM
y 1.30 1.20 1.39 1.27 Y 1.30 1.75 1.79 1.60
C 1.23 1.12 0.86 0.98 C 1.19 1.47 1.29 1.27
I 4.28 3.26 3.37 3.58 I 4.74 4.55 3.77 4.08
X 2.29 2.53 4.35 3.73 X 1.85 2.46 4.14 3.55
W 1.61 1.77 1.74 2.09 W 1.86 2.25 2.09 2.48
R 1.94 1.93 1.89 1.88 R 2.39 2.55 1.49 2.03

AR 2.83 2.83 2.00 2.33 AR 3.17 3.50 3.00 3.50

Forecast errors evaluated with RM8E*100. Unrestricted constant and sea-
sonal intercepts included. All models includes two vectors at the zero
frequency. 80M2 and SCM3 includes two cointegration vectors at the
biannual frequency, while SCM1 include three. Models 8CM1 and 8CM2
includes two vectors at the annual frequency, while SeM3 include three.
AR denote the average rarlk of the models, at different forecast horizons,
and the smallest is underlined.
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Table 1.4 Cointegrating vectors ({3) and adjustment parameters (a) used in
the Monte Carlo study.

DGPI DGP2 DGP3 DGP4
1.00 0.00 -1.00 0.00 1.00 0.00 1.00 0.00

f31 -1.00 1.00 -1.00 1.00 -0.80 1.00 -0.80 1.00
0.00 0.50 0.00 0.50 0.00 0.30 0.00 2.30
1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00

f32 -0.90 1.00 -0.90 1.00 -0.70 1.00 -0.70 1.00
0.00 0.30 0.00 0.30 0.00 0.60 0.00 0.60
1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00

f3R -0.70 1.00 -0.70 1.00 -0.90 1.00 -0.90 1.00
0.00 0.60 0.00 0.60 0.00 0.30 0.00 0.30
1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00

(31 -0.80 1.00 -0.80 1.00 -1.00 1.00 -1.00 1.00
0.00 0.30 0.00 0.30 0.00 0.50 0.00 0.50

-0.80 0.00 -0.40 0.00 -0.40 0.00 -0.80 0.00
0'.1 -0.10 -0.30 -0.05 -0.15 -0.20 -0.20 -0.10 -0.30

0.00 -0.20 0.00 -0.10 0.00 -0.10 0.00 -0.20
-0.60 0.00 -0.30 0.00 -0.35 0.00 -0.60 0.00

Q2 -0.30 -0.40 -0.15 -0.20 -0.25 -0.15 -0.30 -0.40
0.00 -0.10 0.00 -0.05 0.00 -0.15 0.00 -0.10
0.10 0.00 0.05 0.00 0.50 0.00 0.80 0.00

O'.R 0.80 0.10 0.40 0.05 O.lG 0.10 0.10 0.40
0.00 0.40 0.00 0.20 0.00 0.20 0.00 0.10
0.80 0.00 0.40 0.00 0.40 0.00 0.85 0.00

Q] 0.10 0.40 0.05 0.20 0.20 0.25 0.05 0.42
0.00 0.10 0.00 0.05 0.00 0.05 0.00 0.08

Table 1.5 Diagonal and non-diagonal variance-covariance matrices used in
the Monte Carlo study. An identity matrix is also included in the analysis,
denoted ~3

[

0.7 0.0 0.0] [ 0.7 0.3 -0.2]
E1 == 0.0 0.8 0.0 E2 = 0.3 0.8 -0.1

0.0 0.0 0.5 -0.2 -0.1 0.5
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Figure 1.1 Mean squared errors weighted with variances. Dashed line: SCMI,
solid line 8CM3. Rank concerns all frequencies, T==40 and 80.

a) Rank=l, DGP2, T=40. b) Rank=2, DGP2, T=40.
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Figure 1.2 Mean squared errors weighted with variances. Dashed line: SCMI,
solid line SCM3. Rank concerns all frequencies, T==120 and 200.

a) Rank=l, DGP4, T=120. b) Rank=2, DGP4, T=120.
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Paper 2

On forecasting cointegrated
seasonal time series

2.1 Introduction

In recent years several methods for cointegration ~nalysis of nonadjusted sea
sonal time series have been developed. If one is willing to assume that the
seasonal pattern is approximately constant over time, the vector autoregres
sive error-correction model [VECM] for first differenced series with constant
seasonal dummy parameters can be used. However, tests for various types of
changing seasonality often find evidence of a stochastic or changing seasonal
pattern over time, see Hylleberg et al. (1990) [HEGY], Franses (1996), among
many others.

In this paper we examine in an empirical forecasting study the relevance
of taking care of changing seasonality within multivariate methods for cointe
grated seasonal time series. We evaluate three different approaches, see Franses
and McAleer (1998), that is nonseasonal cointegratlon models, seasonal coin
tegration models and periodic cointegration models. As our empirical study
concerns bivariate time series, we also consider single equation methods, and
compare these with system methods.

Testing and estimating seasonal cointegration relations can be accom
plished in at least two ways. Engle et ale (1993) [EGHL] propose a two-step
procedure, which is an extension of the Engle and Granger test for cointegra
tion, whereas Lee (1992) suggests a maximum likelihood method for seasonal
cointegration using a seasonal error correction model. Johansen and Schaum
burg (1998) introduce a general asymptotic theory for the latter cointegration
approach. While cointegration at the zero frequency can be interpreted as
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evidence of parallel long-run movements among the time series considered,
cointegration at the biannual or annual frequencies is viewed as evidence of
parallel movements across the corresponding seasonal components of the time
series.

An alternative model for changing seasonality in multivariate data extends
the periodic integration model, see Franses (1996) and Boswijk, Franses and
Haldrup (1997), among others. When the individual time series display pe
riodic features, one may want to consider periodic cointegration. A useful
single equation method is proposed in Boswijk and Franses (1995), and it is
an extension of the cointegration test approach by Boswijk (1994). A multiple
equations method is proposed by Kleibergen and Franses (1999), who consider
cointegration in periodic VAR models [PVAR].

The forecasting performance of seasonal cointegration models has been
analyzed in Kunst (1993) and in Reimers (1997). Two examples based on
real data and a Monte Carlo experiment in Kunst (1993) indicate that the
benefits from accounting for seasonal cointegration are quite limited as com
pared to vector error correction models in first differences with deterministic
seasonal dunlmies included. The main conclusion in Reimers (1997) is that
models in first differences produce smaller forecast errors for short horizons,
but when longer forecasting periods are considered the seasonal cointegration
model appears preferable. Finally, the forecasting performance using differ
ent specifications of the single equation periodic cointegration model has been
examined in Herwartz (1997), where it is found not to be very successful.

The purpose of the present paper is to compare the two model classes in
an empirical forecasting study, which involves seven sets of bivariate quar
terly time series, which one may expect to be somehow cointegrated. We
aim to shed light on the following issues. Do multiple equations methods
for seasonal and periodic cointegration generate better forecasts as compared
to their single equation counterparts? And, is one of the two model classes,
that is seasonal versus periodic cointegration, preferable in terms of forecast
ing? We also compare these periodic and seasonal cointegration models with
a VECM in first differences with constant seasonal dummy parameters and
with an estimated long-run relation included. Additionally, in the analysis we
also include a VAR model in first differences with constant seasonal dummy
parameters and a VAR model in fourth differences with an intercept included,
that is, two models without cointegration. The last model is included as its
univariate counterpart has been found to be rather successful in terms of out
of-sample forecasting, even when in sample tests indicate that other models
are to be preferred, see Clements and Hendry (1997) and Osborn, Heravi and
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Birchenhall (1999).
The remainder of this paper is organized as follows. Section 2.2 gives a brief

discussion of the various cointegration approaches.- In Section 2.3, we present
the data and Section 2.4 contains the estimation and forecasting results. The
final section presents some concluding remarks.

2.2 Cointegration lllethods

In this section we review four different approaches to cointegration analysis
of quarterly time series. Later on, we will contrast these approaches with a
VECM with constant seasonal dummy parameters, where the long-run relation
is estimated from the data for the bivariate series at hand and with VAR
models in first and fourth differences without cointl~gration.

Sometimes it may be considered as useful to examine the properties of
the univariate time series first. For this purpose one can use for example
the HEGY (1990) testing approach for seasonal unit roots, and the Boswijk,
Franses and Haldrup (1997) testing approach for unit roots in periodic models.
In this paper we adopt the strategy that we straightaway consider multivariate
models.

We now turn to the various cointegration methods, where we deal with
periodic models first and then with seasonal cointegration models. Within
each class, we first deal with the single equation approach and then with the
multiple equation method.

2.2.1 Periodic cointegration - single equation

The Boswijk and Franses (1995) approach is an extension of the cointegration
test approach in Boswijk (1994). They consider the following single equation
periodic cointegration model [PCM]

4 4

6.4Yt = LJ.LsDs,t + LAsDs,t(Yt-4 - e:Xt-4)
8=1 8=1

P P

+L{3i6.4Yt-i + LT~6.4Xt-i + ct,
j==l i=O

(2.1)

where Yt, t = 1,2, ... ,T, is the quarterly observed univariate variable of specific
interest and where Ll4Yt = (1- B 4)Yt = Yt -Yt-4. The error term ct is assumed
to be a standard white noise process. Moreover, ~t is assumed that the vector of
explanatory variables X t is weakly exogenous. D 8 ,t denotes the usual seasonal
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dummy variable, taking a value 1 in season s and a value 0 otherwise. If
needed in (2.1), the lags of ~4Xt can be replaced by lags of ~lXt. The
parameters As and Os in equation (2.1) are seasonally varying adjustment and
long-run parameters, respectively. Adjustment can be easier to achieve in
some quarters, or economic agents may want to correct disequilibria faster in
some seasons. In a consumption model context, the target relations may reflect
seasonally varying preferences or seasonally varying availability of goods and
services, see Birchenhall et ale (1989). Periodic cointegration requires that
the As parameters are negative. Full periodic cointegration in (2.1) implies
that there is adjustment towards a long-run relationship in all four quarters,
whereas partial periodic cointegration implies that there is no adjustment in
some quarters.

Boswijk and Franses (1995) propose a Wald test for caintegratian in the
PCM. Consider the following, slightly rewritten form of (2.1), that is,

4 4

1::..4Yt = LJLsDs,t + L(81sDs,tYt-4 + 8~sDs,tXt-4)
s==1 s=1

p p

+L{1iI::..4Yt-i + LT~1::..4Xt-i + et, (2.2)
j=1 i=O

where 81s = As and 82s = -()~As in (2.1). Writing 8s = (81s , 8~s)', the null
hypothesis of no cointegration in season s is Hos : Ds = 0, whereas the alter
native is HIs: 8s =I- 0 for some s, respectively. Writing fJ = (8~, ...,8~)', the
null hypothesis of no cointegration in any season is Ho : {) = 0, whereas the
alternative is HI : 8 =I 0, respectively. The two null hypotheses can be tested
using Wald statistics, given by

Walds

Wald

(T - m)((RSSos - RSS1)/RSSl),

= (T - m)((RSSo - RSSl)/RSSl), (2.3)

where m is the number of parameters in equation (2.2). RSS1 is the OLS
residual sum of squares from the unrestricted model, while RSSos and RSSo
are the residual sums of squares under Hos and Ho, respectively. The relevant
critical values of the Waid test statistics are given in Boswijk and Franses
(1995). They also propose tests for various parameter restrictions when there
is evidence of cointegration in two or more quarters, like tests for equality
of the adjustment parameters and of the parameters concerning the long-run
relationships across seasons. In the empirical part below we will refer to this
method as the P-SE (periodic single equation) approach.
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2.2.2 Periodic cointegration - multiple equations

A periodic VAR model of order 1 [PVAR(l)] of a k dimensional quarterly
observed vector of time series yt can be written as (where we save on notation
by deleting the seasonal dummies Ds,t):

(2.4)

where s = 1, ... , S, t = 1, ... ,T and Ut is a vector of LLd. disturbances with
mean zero and E (UtU~) = Os. The seasonally varying (k x k) parameter
matrices CPs are of full rarlk and the covariance matrices Os imply that the
PVAR(l) process can have different short-run properties across quarters. Even
though all parameters are allowed to vary across the quarters, Kleibergen
and Franses (1999) show that specification (2.4) imposes the same long-run
properties for each season. Hence there can be 0 < r < k cointegrating
relations between the k series.

If we determine the relationship between yt and Y't-s, where the second
series concerns the same season in the previous year, and rewrite the resulting
expression in its nonseasonal annual form, see Tiao and Grupe (1980) and
Osborn (1991), the model becomes

~lYs n = IIs~ n-l + Cs n, , , ,
T

n= 1, ... ,N= 4' (2.5)

with ~l for annual data corresponding with ~4 for quarterly data, and where
Y:s,n is the observation in season s in year n. Notice that (2.4) implies that

If there is cointegration amol1gst the elements in yt then

(2.6)

lIs
I 1

cPs+1a sf3s'P;+1

as(3: ¢::::}

I

a s+1.8s+1· (2.7)

The result in (2.7) implies that the spaces spanned by CYs+1 and {38+1 are

identical to the spaces spanned by lPs+IQs and 'P;~~.8s, and this shows that
the PVAR model as represented in (2.4) assumes 0 < r < k cointegration
relations amongst the elements in ¥t.

Estimation of the cointegration parameter~ in ITs is not straightforward as
it implies nonlinear restrictions on the 'Ps pa..~~;r~.Leters. Kleibergen and Franses
(1999) therefore suggest an alternative method, which amounts to optimizing
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a log-likelihood based objective function. This objective function can also be
used to test far the number of caintegration relations. The resulting test sta
tistic can be compared to the relevant critical values of the Johansen trace
statistic, at least asymptotically. The PVAR(1) model can be extended to
include unrestricted seasonally varying intercepts and trends. In the empirical
part below we will denote the model with seasonally varying intercepts in
cluded as P-ME-1 (periodic multiple equations of type 1) and the model with
both seasonally varying intercepts and trends as P-ME-2.

Finally, the results for the PVAR(l) model hold for higher order dynamics
if we assume the following lag structure of a PVAR(p) model (for quarterly
data)

yt = CPl,s¥t-l + <P2,srt-5 + ... + <Pp,s"Yt-(p-l)S-l +Ut (2.8)

In Kleibergen and Franses (1999) it is argued that this particular representa
tion allows for rather straightforward inference on the cointegration relations.
This is due to the fact that one considers S different models for annual data.

2.2.3 Seasonal cointegration - single equation

Engle et ala (1993) EGHL propose a two-step test method for seasonal and
nonseasonal cointegration, which is similar to the Engle and Granger (1987)
test procedure for zero frequency cointegration. In the case of cointegration
at all frequencies for bivariate time series involving Yt and Xt, the following
linear combinations will be stationary processes:

Zl,t Yl,t - {llXl,t,

Z2,t Y2,t - {l2 X 2,t,

Z3,t Y3,t - {l3 X 3,t - 0'.4Y3,t-l - 0'.5X 3,t-l, (2.9)

where Wl,t = (1 + B + B 2 + B3)Wt, W2,t = -(1 - B + B 2 - B 3)Wt and W3,t =
-(1 - B 2 )Wt, for Wt = Yt and Xt·

The first step involves estimating (}l to 0'.5 in (2.9) using OLB, where
deterministic components such as a constant, a trend and seasonal dummies
may be included in these cointegration regressions. The second step amounts
to checking whether the resulting estimated residuals zi,t to Z3,t are stationary,
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using the following auxiliary regressions:

it
(1 - B)zi,t = 1'rlZl,t-l + LTi(l - B)Zl,t-i + ct,

i=l

l2

(1 + B)'Z2,t 7f2(-Z2,t-1) + L,i(l + B)~2,t-i + ct,
i=l '..

l3

(1 + B 2 )Z3,t = 1f3(-Z3,t-2) + 1f4(-Z3,t-l) + LTi(l + B 2)'Z3,t_i + ct,
i=l
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Cointegration at the zero and biannual frequencies implies 1rl = 0 and
1r2 = 0, respectively, which is tested against the alternative that 1Ti < 0,
i == 1,2 with one-sided t-tests. If the F-test for the hypothesis 7f3 == 1r4 == a
cannot be rejected there is evidence of cointegration at the annual frequency.
The t-statistics for 7f1 and 7f2 follow the familiar Dickey-Fuller distribution and
critical values can be found in Phillips and Ouliaris (1990). Critical values for
the F-statistic are tabulated in EGHL.

If there is cointegration at all frequencies and Xt is weakly exogenous, a
final seasonal cointegration equation for Yt reads as

q p

6,4Yt = 2.')j6,4Xt-j + L,Bi6,4Yt-i
j=O i=l

+1'11Zl,t-l + 1'12Z2,t-l - ~t~~'k3,t-2 -1'14Z3,t-3 + ct· (2.11)

For further reference, we call this model the S-SE model.

2.2.4 Seasonal cointegration - multiple equations

Lee (1992) suggests a maximum likelihood estimator for seasonal cointegration
relations, based on a fully specified VAR model. This procedure extends the
approach summarized in Johansen (1995). Assuming that yt is seasonally
integrated of order 1, where yt again denotes a (k x 1) vector of variables, a
seasonal error correction model [SECM] of the following form is considered:

4 p

~4Y't = L ai,B:Zi,t + L rj6,4Y't-j + cpDt + ct,
i=l j=l

(2.12)

where Zl,t == (B + B 2 + B 3 + B 4 )yt, Z2,t = (B _7_ B 2 + B 3 - B 4 )}t, Z3,t =
(B2 - B 4)yt and Z4,t = (B - B 3)yt. D t are deterministic components, possibly
including seasonal dummies and trends, and €t is Li.d. Nk(O,O). There is
seasonal cointegration if at least one of the Qi(3~ matrices for i = 2, 3,4 on
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the right-hand side has reduced, but non-zero, rank. The linear filters Zi,t
in (2.12) remove all unit roots except those at the zero, biannual and annual
frequencies for i = 1,2, (3,4), respectively. If the matrices ai(3~ have reduced
rank, f3~Zi,t is stationary even though the processes Zi,t are nonstationary.
Furthermore, the regressors Zi,t are asymptotically uncorrelated, that is

T

r-2 L Zi,tZj,t ~ 0, i =f: j,
t==l

implying that the cointegration vectors and adjustment coefficients can be
found by removing the reduced rank restriction on the other frequencies by
concentrating out the associated regressors. Lee (1992) suggests the restriction

1

Q4{34 = 0, and we label this method, with unrestricted seasonal dummies
included, as S-ME-1.

Franses and Kunst (1999) argue that deterministic seasonal dummy vari
ables, which are often included unrestrictedly in (2.12) to handle the deter
ministic part of seasonality, should be confined to the seasonal cointegrating
relations instead. This is because unrestricted seasonal intercepts in the SEeM
may lead to diverging seasonal trends, which can be unlikely in certain prac
tical cases. This restricted seasonal dummies case is denoted as S-ME-2.

Finally, Johansen and Schaumburg (1998) argue that the restriction a4{3~ =
ois very strong and not justified from a theoretical point of view. They refine
the asymptotic theory for the multivariate seasonal cointegration model and
propose an alternative estimation procedure for the parameters corresponding
to the annual frequency. In the forecasting study below we label this third
method, where we again include restricted seasonal dunlmies, as S-ME-3.

2.3 Data

In our forecasting study we consider the logs of quarterly observed time se
ries on consumption and income in the United Kingdom, Sweden, (Western-)
Germany, Japan, Italy and the US. The data set for UK covers the time pe
riod 1955:1 to 1989:4 (consumption on non-durables and disposable income),
whereas the time series for Sweden ranges from the period 1963:1 to 1988:4
(consumption on non-durables and disposable income) and for Germany from
1960:1 to 1988:4 (consumption and disposable income). The data set for Japan
covers the period 1961:1 to 1987:4 (total consumption and disposable income)
and the data set for Italy the period 1970:1 to 1996:1 (consumption on non
durables and services, and GDP). The data set for the US covers the period
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1947:1 to 1991:4 (consumption on non-durables and GNP) [henceforth the US1
data set]. We also examine the nominal money stock and real GNP in the US
for the period 1948:1 to 1985:4 [henceforth the US2 data set]. We denote the
consumption and money stock series as Yt and the income series as Xt

These bivariate time series have been analyzed previously in Boswijk and
Franses (1995), Cubadda (1999), Engle et ale J~:g93), Franses and Paap (1995),
Hylleberg et ale (1990), Lee and Siklos (19~i'') and Wells (1997). Note that
we discard 16 observations at the end of each sample in order to evaluate the
out-of sample forecasting performance of the various models discussed in the
previous section.

2.4 EInpirical results

In this section we first discuss the in-sample estimation results and then we
turn to the out-of-sample forecasting results. To save space we mainly show
the test results for cointegration and the forecasting results. Other results can
be obtained from the authors upon request. Also, we always consider the 5%
significance level.

2.4.1 Estimation results

At first we have a quick look at the results obtained from applying HEGY
tests for seasonal unit roots in the univariate series. The auxiliary regressions
include an intercept, seasonal dummies and a deterministic trend in each case.
We find that all variables seen1 to contain a unit root at the zero frequency.
The results are more mixed at the seasonal frequencies. The annual difference
filter seems to be rejected for income in some data sets. In general there is
substantial evidence of changing seasonal patterns, and it seems of interest to
see if the series with changing seasonality are s~meh?w cointegrated.

Periodic cointegration models

Results of the Wald-tests for periodic cointegration in the single equation case
appear in Table 2.1. All the dependent variables (the consumption series and
the money stock series) are transformed into fourth differences. We also choose
the fourth difference filter for income in all equations. We find no evidence
of periodic cointegration in the US1 and the US2 data, but the Wald-test
statistics suggest cointegration in the first quarter in Germany, in the second
quarter for Sweden and the UK and in the third quarter for Italy. Although the
evidence of cointegration may be viewed as weak for Japan, we also proceed
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with the estimation of a partial PCM with cointegration in the first quarter
for Japan.

The relevant estimated adjustment or error-correction terms :XS and the
coefficients for the long run relations Os are all significant at the 5% level.
Comparisons with previous analysis of similar time series can be done for
most cases, although we use a shorter sample period here because sixteen
observations are discarded. The results for Germany are in line with the
results found in Franses and Paap (1995), where they, using other cointegration
methods, find evidence of cointegration between consumption and income in
the first quarter only. Boswijk and Franses (1995) examine the same data
series for Sweden and find cointegration in the second and fourth quarter.

Finally, we also test for weak exogeneity. Adding the estimated cointegra
tion relations to AR(p) models of annual differenced income variables suggests
that the assumption of weak exogeneity seems to be valid in all the examples.

Results using the Kleibergen and Franses (1999) approach to multiple equa
tions periodic models are summarized in Table 2.2. Again, the lag lengths are
chosen according to the AIC and BIC criteria, in addition to equation by
equation diagnostic tests. We include seasonally varying intercepts (P-ME-1)
or, alternatively, seasonally varying intercepts and trends (P-ME-2). In the
first case we find evidence of periodic cointegration in the German and the
US1 data sets only, as the bivariate series seem stationary in the other cases.
When we include seasonally varying trends in the equations there is evidence
of cointegration for Japan and the US2 data set as well. Critical values are
based on our own simulations for small samples.

Seasonal cointegration models

The tests for seasonal cointegration using the two-step procedure proposed
by EGRL are summarized in Table 2.3, where a constant and a trend are in
cluded in the cointegration regression if the zero frequency is considered and
a constant and seasonal dummies if the seasonal frequencies are considered.
There is no evidence of cointegration at the zero frequency, except between
money and GNP in the US. We find no evidence of cointegration at the bian
nual frequency, but for the annual frequency we do so for Germany, Japan and
Sweden.

EGHL analyze the consumption and income data for Japan using the same
techniques but again with 16 more observations. They argue that the absence
of cointegration at the zero and biannual frequencies cannot be rejected and
that a question of whether there is cointegration at the annual frequency could
be answered with a weak 'maybe'. Lee and Siklos (1997) use the two-step
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approach to Ml and real GNP in the US, but their results are quite different
from ours. Instead of finding evidence of cointegration at the zero and annual
frequencies, as we do, they only reject the null hypothesis of no-cointegration
at the biannual frequency.

When estimating the final EGHL equations (2.11) with the cointegrat
ing relations at the annual frequency included, only the coefficients for Z3,t-2

appear to be significant at the 5%-level. Finally, when testing for weak exo
geneity, we add the estimated cointegration relations to univariate AR models
for b.4Yt. The assumption of weak exogeneity seems to be valid for Germany
and Sweden, but not for Japan.

Results of the maximum likelihood seasonal cointegration approach can be
found in Table 2.4. The lag lengths are again chosen using the AIC and BIC,
in addition to equation by equation diagnostic tests. Lee and Siklos (1995)
present critical values for all frequencies in the unrestricted seasonal intercepts
case (S-ME-1). Critical values for the restricted seasonal intercept case (S-ME
2) are taken from Tables la-If in Franses and Kunst (1999). Finally, Johansen
and Schaumburg (1998) present critical values for the annual frequency in the
restricted intercept case (S-ME-3). Note that for the zero frequency case,
we use the critical values tabulated in Lee and Siklos (1995) for all model
specifications. For the biannual frequency case, we use the critical values
tabulated in Franses and Kunst (1999) for specifications S-ME-2 and S-ME-3.

Starting with the results when using unrestricted intercepts, there is evi
dence of cointegration at the zero frequency for the Italian, Swedish and the
USI data sets. The results further suggest one cointegration vector at the
biannual frequency in Germany, UK and again in the USI data set. For all
countries, except for Italy, there is evidence of stationary vectors at the an
nual frequency, while the results for the UK even suggest two vectors at this
frequency.

Turning to the case with restricted seasonal iIl:tercepts we see that there is
now no evidence of cointegration at frequencies 1f and 7f/2 in the German data
set, which is also the case when using the method proposed by Johansen and
Schaumburg (1998). The single cointegrating vector at the annual frequency
in Sweden is not significant when using restricted seasonal intercepts in the
Lee specification. The reverse result is true for the cointegrating vector at 1r/2
for Japan.

If we compare these findings with the results obtained using the two-step
EGRL procedure, the results are quite different. We find almost no evidence
of cointegration at the zero frequency and at the biannual frequency, using the
EGHL approach, but we do so using multiple €'J'lation methods. However, for
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the annual frequency we find similar results across the two approaches.

Nonseasonal models

Finally, we include in our forecasting study three nonseasonal models. The
first is a vector error correction model [VECM] in first differences, where the
cointegration relationship is estimated using the familiar Johansen maximum
likelihood method. Table 2.5 summarizes the test results and we observe that
zero frequency cointegration is found for the Italian, Swedish and USl data
sets. For further reference, we will denote these models as N-ME-l. We also
consider VAR models in first differences and these will be denoted as N-ME-2,
that is, in this model no cointegration is assumed. In both models we include
deterministic seasonal dummies. Finally, we include VAR models in annual
differences with intercepts included, denoted N-ME-3.

2.4.2 Forecasting

We now turn to a discussion of the out-of-sample forecasting exercise, where
it is our aim to forecast consumption and money, given past observations on
these two variables and on income.

Method

In general, if we do not find any evidence of cointegration using a particular
model type for a specific data set, where we base our decision on the 5%
significance level, we do not generate any forecasts. Only for the VAR models
in first and annual differences without cointegration, that is N-ME-2 and N
ME-3, we always generate forecasts.

To be able to compare the single equation methods with the system ap
proaches when it comes to forecasting, we use the weak exogeneity test equa
tions for income, but now without the cointegration relations added. For the
P-SE and S-SE methods, this approach results in a two-equation system.

For the periodic VAR model, we forecast from (2.8) in levels with season
ally varying deterministic terms included, when there is evidence of full rank.
When there is evidence of a reduced rank, we include the seasonally vary
ing ITs-matrices and generate forecasts from the resulting model in fourth
differences, and then transform these to levels.

If we do not find any evidence of cointegration at one or two frequen
cies using the three versions of the multiple equation seasonal cointegration
approach, we set the rank of corresponding IT-matrices equal to zero and
generate forecasts from the resulting model.
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We start with forecasting the relevant time series sixteen steps ahead.
Next, the estimation period is extended by one quarter and all the equations
are reestimated. We do however not reestimate the lag orders and the cointe
gration ranks, and hence we keep the model structure fixed. This procedure is
repeated fifteen times until we generate the last one-step ahead forecast error
for each model and data set. This procedure leads to sixteen one-step ahead
forecast errors for each model and data set, fifteen two-step ahead forecast er
rors and so on. In total we have 136 forecasts for each model and data set. The
results are summarized by presenting values of the root mean squared predic
tion errors RMSPE (times 100) for one, four and eight steps ahead forecasts
in Tables 2.6, 2.7 and 2.8, respectively. In Table 2.9, we summarize all fore
cast errors by considering the RMSPE concerning all 136 forecasts. In Table
2.10 we summarize all results by giving the average ranks of the ten different
approaches across the seven data sets. Finally, ill Table 2.11 we present the
average ranks when only the cointegration models are considered.

Results

The results in Table 2.6 (for one-step ahead forecast errors) and in the first
column of Table 2.10 are quite clear. The VAR model without cointegration
for the data in first differences clearly gives the best one-step ahead forecasts.
The average rank of N-ME-2 is 2.0, and its closest competitor is a VAR model
in annual differences with average rank 2.9. The N-ME-2 model offers the
lowest RMSPE values for 4 out of 7 data sets In the first column of Table
2.11 we observe that the seasonal cointegration models yield the best one-step
ahead forecasts and that S-ME-3 offers the lowest average rank.

When we consider the results in Table 2.7 and those in the second column
of Table 2.10, we observe that the results for one-step-ahead forecasts extend
to the case of four-step ahead forecasts. Again the VAR models without
any cointegration yield the best forecasts, but now it is the VAR model in
annual differences which yields the best forecasts. The VAR model in first
differences comes as a good second. Among the cointegration models (see
the second column of Table 2.11) we see that one of the multiple equations
periodic cointegration models (P-ME-2) now yields the lowest average rank.

The results in Table 2.8 and the third column of Table 2.10 indicate that
for longer forecast horizons, the VAR model in annual differences again im
proves upon other models and its closest competitor is the VAR model in first
differences. S-ME-3 offers the lowest average rank among the cointegration
models, see the third column of Table 2.11.

When we average over all forecasts as in 'I.~b:e 2.9, and in the final column
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of Table 2.10, we find similar results. Interestingly the differences across the
close competitors seem negligible (3 models with average rank 4.0).

When we compare the performance of the single equation methods with
that of multiple equations methods, we do not find clear-cut signs that one
approach consistently outperforms the other.

In sum, our empirical findings suggest that the VAR model in annual
differences is preferred, except for one-step ahead forecasts where the VAR
model in first differences offers the lowest average rank. The finding that the
VAR model in annual differences yield the lowest RMSPEs forecasts can be
viewed as extending the results found by Clements and Hendry (1997) where
they obtain similar results for univariate data.

It also seems that the two multiple equations seasonal cointegration models
with restricted seasonal intercepts included, that is 8-ME-2 and S-ME-3, in
most cases improve upon the model with unrestricted seasonal intercepts (8
ME-I). This result is in line witll that found in Kunst and Franses (1998).
Finally, looking again at Table 2.11, we observe that the P-ME-2 and S-ME
2(3) models often are close con1petitors.

2.5 Concluding renlarks

We have analyzed periodic and seasonal cointegration models for bivariate
quarterly observed time series in an empirical forecasting study. We included
both single equation and multiple equations methods. A VAR model in first
differences, with and without cointegration, and a VAR model in annual differ
ences were also included in the analysis, where they served as benchmarks. Our
empirical results indicate that the VAR model in annual differences is often
preferred, except for one-step ahead forecasts where the VAR model in first
differences, without cointegration, offers the lowest RM8PEs. The seasonal
cointegration models yield the best forecasts in general if one only considers
the cointegrated models, even though the periodic models seem to be a better
choice for various specific data sets. Finally, there is no clear indication that
multiple equations methods improve on single equation methods.
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Table 2.1 Testing for cointegration in P-SE.

GER ITA JAP SWE UK US1 US2
Waldl
Wald2
Wald3
Wald4
Wald

17.00* 2.98 10.40 6.41
4.82 7.03 9.07 17.52*
5.89 12.49* 9.12 3.03
3.11 1.91 2.06 7.82

19.64 16.10 21.05 19.35

1.26
12.11*
5.47
0.45

16.94

7.47
3.51
5.81
4.26

16.75

1.96
5.21
5.23
0.76
9.60

P
~4Yt 1-5 1-3 1,4 1,4 1,5 1,4
~4Xt 1 3,4 1-3 1,3-5

1,4-5

* Significant at the 5% level. An intercept, ~4Xt and seasonal
dummies are included in each test equation. The test equation
is (2.2). The lag length is established using Ale and Ble as well
as diagnostic tests for residual autocorrelation.

Table 2.2 Testing for cointegration in P-ME-l and P-ME-2.

HO:
r=O
r::;l

HO:
r=Q
r::;l

GER ITA JAP SWE UK US1
P-ME-1
41.46* 877.0* 43.28* 328.7* 78062* 56.51*

1.72 7.56* 9.19* 30.48* 17.85* 3.25
P-ME-2

40.33 96.99* 73.84* 62029* 38346* 233.9*
1.29 7.25* 0.70 9.68* 751* 2.71

US2

20.70
7.73

79.55*
1.60

P
P-ME-1(2) 2 2 2 3 3 4 3
* Significant at the 5% level. P-ME-l indicates a PVAR model with
seasonally varying intercept included, while P-ME-2 indicates a PVAR
model with both seasonally varying intercept and trend included. Crit
ical values are based on our own simulations. Lags correspond to the
order p of the PVAR model, as given in (2.8).
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Table 2.3 Testing for cointegration in S-SE.
GER ITA JAP SWE TJ'K USl US2

t 1r1 -2.18 -1.93 -1.83 -3.33 -2.74 -2.64 -3.95*
t 1r2 -0.76 -1.17 -1.41 -2.09 -1.62 -2.10 -1.87

F1r3n1r4 13.3* 5.41 17.60* 14.90* 7.67 4.78 3.74
II 1,3-5 1-2 1,4-5 1-2 :-4 1-2,4-5 1,4-5
l2 1-4 1-3 1-4,7 1-2,4 1-2,4-6 1-5 1,4-6,9
l3 1,4 1-3 1-3 3-4 1,3-4 1-2,4-5 1-7

* Significant at the 5% level. Intercept and trend are included in
the cointegration regression for the zero frequency. Intercept and
seasonal dummies are included in the cointegration regression for
the seasonal frequencies. Lags are selected using AlC and BIC
as well as diagnostic tests for residual autocorrelation. The test
regressions as displayed in (2.10).

65
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Table 2.4 Testing for cointegration in S-ME-l, S-ME-2 and S-ME-3.
Model HO: GER ITA JAP SWE UK USI US2

p=2 p=2 p=3 p=O p=O p=l p=2

S-ME-l

S-ME-2

S-ME-3

r=O
r::;l
r=O
r:::;l
r==O
r:=;l

6.56
2.32
6.56
2.32
6.56
2.32

27.73*
4.67

27.73*
4.67

27.73*
4.67

Zero frequency
14.60 19.11* 17.60
0.86 4.35 0.01

14.60 19.11* 17.60
0.86 4.35 0.01

14.60 19.11* 17.60
0.86 4.35 0.01

28.52*
2.25

28.52*
2.25

28.52*
2.25

10.56
3.03

10.56
3.03

10.56
3.03

S-ME-I

S-ME-2

S-ME-3

r = 0 32.75*
r ::; 1 3.77
r = 0 15.04
r ::; 1 3.98
r = 0 15.04
r ::; 1 3.98

11.99
5.08
9.56
2.06
9.56
2.06

Biannual frequency
10.34 13.71 28.51*
1.60 3.44 8.10
4.80 13.50 28.41*
0.93 3.63 8.20
4.80 13.50 28.41*
0.93 3.63 8.20

Annual frequency

21.05*
7.43

20.91*
7.25

20.91*
7.25

15.97
5.62

14.94
4.21

14.94
4.21

S-ME-l r == 0 22.78* 12.36 35.14* 24.96* 75.37* 36.75* 28.70*
r :::; 1 6.25 0.64 5.74 7.39 21.09* 4.34 4.80

S-ME-2 r = 0 21.83 12.69 27.75* 25.29 75.29* 36.71* 28.92*
r :::; 1 5.45 1.88 5.74 7.38 21.03* 4.43 5.04

S-ME-3 r == 0 30.76 40.42* 32.69 38.00* 108.4* 84.35* 61.03*
r :::; 1 11.27 23.48* 7.13 13.18 26.73* 35.91* 22.37*

* Significant at the 5% level. S-ME-1 denotes the Lee (1992) specification
with unrestricted seasonal intercepts, S-ME-2 denotes the same specifica
tion with restricted seasonal intercepts, S-ME-3 denotes the Johansen and
Schaumburg (1998) specification with restricted seasonal intercepts.
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Table 2.5 Nonseasonal models for first differences (N-ME-l and N-ME-2) and
for annual differences (N-ME-3).

GER ITA JAP SWE UK US1 US2
HO:

r==Q
r~l

N-ME-l
11.70 27.73* 10.32 19.11* 17.60 21.07* 10.83
1.94 4.67 0.39 4.35 0.01 4.35 1.14

P
N-ME-l(2) 4 5 5 3 3 5 4
~M&3 5 3 5 2 3 5 2

* Significant at the 5% level. Lags are selected using Ale and BIC
and diagnostic tests for residual autocorrelation. An intercept and
seasonal dummies are included in N-ME-l and N-ME-2. For N
ME-3 we only include an intercept. We use the familiar Johansen
trace test statistic for zero frequency cointegration.

Table 2.6 Root mean squared prediction errors (RMSPE*100): one-step
ahead forecasts. The smallest RMSPE for each data set is underlined.

GER ITA JAP SWE UK USI US2
P-SE 1.248 0.448 1.049 1.616 2.720 - -

P-ME-1 2.250 0.566 0.766 2.311 2.036 1.250 -
P-ME-2 - 0.547 0.977 1.372 2.028 1.217 1.779

S-SE 1.294 - 0.940 1.540 - - -
S-ME-1 1.211 - 0.659 1.739 2.306 0.962 1.488
S-ME-2 - - 0.741 - 2.292 0.966 1.463
S-ME-3 - 0.384 - 1.753 ;1.889 1.000 1.328
N-ME-1 - 0.373 - 1.816 - 1.001 -
N-ME-2 1.101 0.401 0.640 1.654 1.806 0.791 1.222
N-ME-3 1.285 0.404 0.750 .1.178 1.405 0.814 1.472
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Table 2.7 Root mean squared prediction errors (RMSPE*100): four-step
ahead forecasts. The smallest RMSPE for each data set is underlined.

GER ITA JAP SWE UK USI US2
P-SE 2.094 1.588 0.898 1.690 4.858 - -

P-ME-l 2.447 1.155 1.218 3.398 3.668 1.903 -
P-ME-2 - 1.122 1.898 2.182 3.556 1.139 3.557

S-SE 2.107 - 1.584 1.301 - - -
S-ME-l 1.668 - 1.253 1.603 3.859 1.343 3.922
S-ME-2 - - 1.219 - 3.871 1.344 3.932
S-ME-3 - 1.311 - 1.552 3.741 1.555 3.834
N-ME-1 - 1.270 - 1.762 - 1.734 -
N-ME-2 2.013 1.568 1.349 1.411 3.665 1.273 3.800
N-ME-3 2.101 1.273 1.420 1.229 2.468 1.117 3.999

Table 2.8 Root nlean squared prediction errors (RMSPE*100): eight-step
ahead forecasts. The smallest RMSPE for each data set is underlined.

GER ITA JAP SWE UK USI US2
P-SE 3.873 2.559 1.516 2.494 8.064 - -

P-ME-l 3.674 1.598 1.448 4.337 8.030 3.367 -
P-ME-2 - 1.889 3.795 3.027 8.019 1.721 5.234

S-SE 4.081 - 2.952 2.005 - - -
S-ME-l 3.278 - 2.569 2.788 7.561 2.700 5.498
S-ME-2 - - 2.490 - 7.575 2.781 5.508
S-ME-3 - 2.165 - 2.697 7.412 3.145 5.454
N-ME-l - 2.035 - 3.076 - 3.475 -
N-ME-2 3.893 3.261 3.043 2.009 7.324 2.137 5.351
N-ME-3 4.167 2.051 2.981 1.817 5.714 2.004 5.588

Table 2.9 Root mean squared prediction errors (RMSPE*100): all forecasts.
The smallest RMSPE for each data set is underlined.

GER ITA JAP SWE UK US1 US2
P-SE 3.746 2.588 1.591 2.571 7.629 - -

P-ME-l 3.479 1.801 1.337 4.104 7.502 3.002 -
P-ME-2 - 2.060 3.649 2.783 6.797 1.504 4.052

S-SE 3.967 - 2.841 1.957 - - -
S-ME-1 3.234 - 2.623 2.940 6.580 2.655 5.824
S-ME-2 - - 2.590 - 6.572 2.668 5.817
S-ME-3 - 2.051 - 2.947 6.419 2.922 5.886
N-ME-l - 1.925 - 3.090 - 3.206 -
N-ME-2 3.861 2.941 3.018 2.018 6.298 1.887 5.799
N-ME-3 4.093 2.174 3.015 1.506 5.278 1.791 5.874
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Table 2.10 Average ranks. All models included. Averaged over data sets.
The smallest rank is underlined.

Method I-step 4-step 8-step All steps
P-SE 5.6 5.0 4.6 4.4

P-ME-l 6.7 5.0 4.5 4.7
P-ME-2 5.3 3.8 4.2 4.2

S-SE 4.7 4.7 4.0 4.0
S-ME-l 4.2 4.0 3.8 4.0
S-ME-2 4.0 5.0 4.5 3.8
S-ME-3 3.8 4.6 1:.4 4.8
N-ME-l 5.0 5.7 6.3 6.0
N-ME-2 2.0 3.4 4.0 4.0
N-ME-3 2.9 3.3 3.7 3.9

Table 2.11 Average ranks. Only cointegration models included. Averaged
over data sets. The smallest rank is underlined.

Method I-step 4-step 8-step All steps
P-SE 3.8 3.6 3.6 3.4

P-ME-l 4.7 3.7 3.5 3.7
P-ME-2 3.7 2.8 3.2 3.2

S-SE 3.0 3.0 3.3 3.3
S-ME-l 3.0 3.4 3.2 3.4
S-ME-2 2.5 3.8 3.3 2.5
S-ME-3 2.4 3.0 2.8 3.4
N-ME-l 3.7 4.3 5.0 4.7

...





Paper 3

Size and power of the
likelihood ratio test for
seasonal cointegration in
small samples: A Monte
Carlo study

3.1 Introduction

Testing procedures for seasonal unit roots have now been available for quite
some time and the empirical evidence for macroeconomic time series often sug
gests the presence of unit roots at both the zero and the seasonal frequencies,
implying a changing seasonal pattern over time. Testing for seasonal cointe
gration can be accomplished in at least two ways. Engle et ale (1993) propose
a two-step procedure, which is similar to the Engle and Granger (1987) test
for zero frequency cointegration. Lee (1992) suggest a maximum likelihood
procedure, and the analysis here will follow that route.

In the original Lee (1992) specification of th~Lseasonal error correction
model [henceforth SEeM] a certain restriction at the complex root frequency
(see discussion below) are suggested. The restriction at frequency 1f/2, as
sumes the absence of so called non-synchronous seasonal cycles but the test
ing procedure for the number of cointegrating (CI) vectors at frequency 1f/2
becomes the same as for the zero and biannual frequencies, see for example
Kunst (1993b), Franses and Kunst (1999) and Kunst and Franses (1998). Jo-
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hansen and Sc11aumburg (1998) argue that this restriction is too strong and
not justified from a theoretical point of view. They consider the general case,
which results in a less straightforward testing and estimation procedure at the
annual frequency. Here, the restricted (RS) and the general (GS) specifications
will be compared.

The purpose of this paper is to explore how well the likelihood ratio (LR)
test for the cointegrating rank works in the SECM, assuming quarterly data
and small samples. The paper sheds some light on the following issues: 1)
Are there any differences across frequencies, Le. is there any evidence that the
LR test for the rank is less powerful at either of the two seasonal frequencies
than at the zero frequency? 2) Can RS be a useful tool even in cases where
non-synchronous seasonal cycles are present? 3) How well does GS work in
cases where the restriction is valid? 4) How does the number of CI relations at
the zero and the biannual frequencies affect the test for the rank at the annual
frequency and vice versa in small samples?

The paper is organized as follows: Section 3.2 presents the two specifica
tions of the SECM together with a brief discussion on tests for cointegration.
Section 3.3 introduces the Monte Carlo setup and clarifies the choice of the var
ious data generating processes (DGP). Section 3.4 presents the results, while
Section 3.5 concludes.

3.2 The ll10del and the LR test.

Lee (1992), presented a maximum likelihood (ML) procedure for testing for
seasonal cointegration in the quarterly case, analogous to the ordinary zero
frequency case (see e.g. Johansen (1995)). The following model was suggested:

where:

3

~4Xt = 2: ITi X it + £t,
i=l

(L+L2 +L3 +L4 )Xt

(L - £2 + £3 - L4 )Xt

(£2 _ £4)Xt _

(3.1)

(3.2)

One filter that appears in the auxiliary regression of the HEGY-test at
frequency 1r/2, but not in the model above is X4t = (L - £3)Xt . If X 4t is
dropped, one assumes the absence of non-synchronous seasonal cycles. In the
particular case of only synchronous seasonal cycles at the annual frequency,
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inference can be made in the same way as in the zero frequency case. Lee
(1992) writes:

"We can further assume that II4 = 0 with litttle effect on the test for
seasonal cointegration at the annual frequency when cointegration
is contemporaneous."

Furthermore, Kunst (1993a) writes:

"Synchronous annual fluctuations are generally preferred to asyn
chronous (non-synchronous) ones. Empirical evidence tends to
support this preference, and freely estimated II4 is often close to
o. If II3 and II4 are estimated without restrictions, so called poly
nomial cointegrating vectors complicate the analysis."

The above restriction, Le. that X4t has no influence on ~4Xt, has been
criticized by Johansen and Schaumburg (1998) [henceforth JS]. They argue
that it is a peculiar restriction on all coefficients at the annual frequency; also
it is difficult to interpret. They suggest the followi:'.'g SEeM for the case when
unit roots are present at ±1 and ±i:

(3.3)

where the processes Xlt, ... , X 4t are given by:

1
Xlt 4Xltl (3.4)

1
X 2t -4X2t ,

1
X3t -4X3t - etl

1
X4t = -4X3t + etl

where ~t = ii(L - L3 )Xt and where i = R. Furthermore, in (3.3), {33 =

({3R + i(3/) , a3 = (an + iaI), while /34 and a4 are their complex conjugates,
Le. ({3R - i{3I) and (OR - iaI), respectively. Model (3.31 can now be rewritten
in a form that contains only real terms, if one lets X3t = XRt + iXlt and
,..., -I ,..., -I ......

X4t == XRt-iXlt. The annual frequency part of (3.3), Le. a3,B3X3t+a4~4X4t,

can be written:

(aR + ia/) ((3R - i(3/)' (XRt + iX/t) + (aR - iaI )((3R + i{3I)' (XRt - iX/t )

= 2(aRf3~ + a/{3~)XRt + 2(aR(3~ - Q/{3~)X/to



74 PAPER 3

Solving for XRt and Xlt, by using X3t and X 4t in (3.4), gives the following
annual components:

(3.5)

(3.7)

and the SEeM then becomes

The estimation procedure of the 01 vectors at the zero and biannual fre
quencies uses canonical correlations and hence does not require any expla
nation here (see Johansen (1985)). However the estimation of (3R and (3/ is
nonstandard. JS suggests an algorithm providing estimators which are asymp
totically ML. First, the regressors Xjt j = 1, 2, R, I in (3.6) are asymptotically
pairwise uncorrelated:

T

T-2 L XitXjt ~ 0, i =f j,
t=l

so when focusing on the annual frequency, one can concentrate out the re
gressors corresponding to the zero and biannual frequencies by removing the
reduced rank restriction on frequencies zero and 1T. In a first step, regress
~4Xt and Xjt, j == 1, 2, R, I on lagged values of ~4Xt and on deterministic
variables, if such are present in (3.6). Define the resulting residuals as Rot,
Rjt, respectively. If no lags or deterministic variables are present, Xj,t == Rjt.

The restriction of reduced rank on ai(3~ for i == 1,2 is then removed by re
gressing Rot, RRt and Rlt on Rlt and R2t, respectively. It is shown in JS that
the resulting residuals (Uo t , URt and U/t ) asymptotically satisfy the following
equation:
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Define the product moments as Sij == (l/T)~r=l UitU;t for i,j == 0,1. For fixed
values of f3 one can concentrate the log likelihood function with respect to Ci
and O. The likelihood function, apart from a constant, then reads:

2

L~rx(~) == 1800 - SOl~(,8'S11,8)-1,aSOll

= IS ,1,8' (811 - 8108001801),81
00 1,8'811,81 ·

(3.9)

The minimization of (3.9) cannot be done as an eigenvalue problem as in the
zero and biannual frequency cases, since {3 itself has a complex structure, while
the product matrices 811 - 8108001 SOl and 811 are real valued. JS suggest a
switching algorithm proposed by Boswijk (1995) where the ML estimator of
{3 is calculated iteratively: Isolate f3Rand (31 by using a normalized form of
(3.8), Le. pre-multiplied by 0-1/ 2 :

(3.10)

and then vectorize (3.10) by using the fact that vec(a["f3~Uit) == (U:t®a[")vec(f3~).

Since Uot is a vector, vec(Uot ) == Uot . This yields:

-." _ [ vec({3~)] """-"
UOt - U2t vec(f3~) + Uet , (3.11)

where U2t = [(U~t ® o)i) - (U;t ® or) (U;t 0 o)f) + (U~t ® or)]. f3Rand
/3I can now be found from: I'· :

(3.12)

The concentrated likelihood is minimized using the following steps. For a
given value of {3, which is generated randomly in the first iteration, an estimate
of a can be computed as:

(3.13)

and an estimate of n can be found from:

(3.14)
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Then, normalize Uot to obtain (3.10), and vectorize. Given this, a new
estimate of (3 can be calculated from (3.12). The new likelihood function
can be computed from (3.9). If the new likelihood value exceeds the old one
by some critical amount, a new iteration is done, otherwise the switching
procedure stops.

When a maximum is reached at rank r, one continues with r + 1, and so
on. For each r, this likelihood value is compared with that given under the
unrestricted VAR assumption, Le. rank = p, which reads:

Is ,1(Sll - 8108001801)\
00 1811 ' .

Hence the LR statistic is:

-2logQ(H(r)IH(p)) == T x log (1,£3: (811 - 8108oo1S01)~118111)
113 8111311(811 - 810800 801)1

(3.15)

(3.16)

Note that the rank tests at the zero and at the biannual frequencies are
the same for RS and for GS.

3.3 The Monte Carlo setup

The two systems in the Monte Carlo studies have three and four variables,
respectively. In the three variate system, six different data generated processes
(DGPs) are investigated, numbered DGP1 to DGP6. In the four variable
system, three DGPs generate the data. The are DGP7, DGP8 and DGP9.
Three different variance-covariance matrices are used in each case, see Table
3.3. The following true rank cases at the different frequencies are studied for
both the three variable and four variable systems:

Case 1 ro == 1, T 1r == 1, r1r/2 == 1,
Case 2 ro == 1, T 1r == 1, r1r/2 == 2,

Case 3 ro == 2, T-rr = 2, r;r/2 == 1,
Case 4 ro == 2, r-rr == 2, r;r/2 == 2.

The 5% critical values at the zero and biannual frequencies, for both RS and
GS, are based on own calculations with 100 000 replicates and with T == 400.
So are the critical values at the annual frequency for RS, whereas critical values
for as, at the annual frequency, are from JS (Table 1).

The DGPs in the three variable case are presented in Table 3.1. The ma
trices a1 and (3~ operate at the zero frequency, a2 and 13~ at the biannual
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frequency and (}R, 13k. and (}I, f3~ at the annual frequency. The cointegrating
relationships are similar across DGPs, while the adjustment parameters are
different across frequencies for DGPI to DGP5 in both the three and four vari
able cases. However, the columns in all the adjustment parameter matrices,
for a certain DGP, sum to the same absolute value, so as to preserve a similar
parameter structure across frequencies. For example, the columns sum to 0.9
in absolute value across frequencies in DGP1, whereas the columns sum to
0.45 in DGP2.

The adjustment parameters are lower in DGP2, DGP4 and DGP5, so the
tests are expected to be less powerful at all freqv.d:'1cies when using these DGPs.
DGP3 and DGP4 simulate a situation where the non-synchronous seasonal cy
cles are less pronounced, so one may expect that the test for cointegration at
the annual frequency using GS will be less powerful. For DGP5, TIl == 0, Le.,
the restriction for non-synchronous seasonal cycles is included at frequency
1f/2 and GS is clearly overparameterized. Finally, {3I = °in DGP6, which is a
restriction JS suggests one should test for. DGP7 considers the four variable
system (see Table 3.2) and simulates a situation where non-synchronous sea
sonal cycles are pronounced, while DGP8 simulates the opposite situation in
the four variable system. Finally the last DGP also considers the four variable
case and here III == 0, Le. the restriction for non-synchronous seasonal cycles
is included. Note that regardless of which DGP is used, specifications (3.1)
and (3.6) are estimated without additional deterministic variables or lags and
without further restrictions included, apart from the annual restriction in RS.

Figure 3.1 shows an example of the cointegrating relations at different
frequencies, when DGP6 and true rank case 1 is used. The data are generated
in the following way:

where ct rv Nk(O, ~ij) and where the II matrices are changed according to the
rank chosen at a particular frequency. For example, III consists of the first
ro columns in ao times the first ro rows in (3~. The matrices IIR and III are
(aR{3~ + a.I{3~) and (QR{3~ - aI{3~), respectively and are constructed in the
same manner. Sample series of lengths T* = {180, 240, 300} are generated
but the first 100 observations are discarded in each replicate, so the effective
sample sizes are T = {80, 140, 200}. The reported size is calculated as the
number of rejections of the true rank divided by the number of replicates,
whereas power is calculated as the sum of rejections of the hypothesized rank,
again divided by the number of replicates. Note that this is an evaluation
of the individual tests and not of the rank test sequence. If the convergence
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criterion is not satisfied in 300 iterations for rank r, a new data set for replicate
i is generated. The convergence criterion used in Section 3.4 for a maximum
of the likelihood function under the assumption of reduced rank (r) at the
annual frequency is:

(3.17)

In each case a total of 10 000 replicates are used.

3.4 Monte Carlo results

First, the convergence criterion used in the Monte Carlo study for GS is almost
always satisfied before 300 iterations are conducted, regardless of which DGP
is used. The results are similar across variance-covariance matrices and hence
only results based on ~13 and ~14 are presented. The results for the three
variable case can be found in Tables 3.4 to 3.7, while those for the four variable
case are presented in Tables 3.8 to 3.11. The last number in each column
(for each DGP) reports the size of the test, whereas other numbers concern
power. The size properties are generally good even in small samples and the
performance of the test improves as the number of observations increases, see
for example Table 3.8. for DGP8 or DGP9. However, this is not true for RS, if
the data come from DGPl, DGP2 or DGP7. These DGPs simulate situations
where non-synchronous seasonal cointegration clearly should play a role. In
these cases, size actually increases with sample size, thus indicating a risk of
finding evidence of too many Cl vectors at the annual frequency. Note that
this result does not hold true for DGP1 and DGP2 in true rank cases 2 and 4,
but these are very special cases since the alternative then implies stationary
variables. Some results indicate that the specification suggested by JS also has
poor size properties in the cases mentioned above, see for example true rank
case 1 for DGP7, but the size steadily decreases with an increasing sample size
using GS. Note that RS has good size properties if II] is close to zero as in
DGP3, DGP4 and DGP8. This implies that if the empirical findings on real
world data are correct, that II] is often zero or close to zero when estimated
freely, then RS is a good choice.

It is evident that DGP2, DGP4, DGP5 and DGP6, where the adjustment
parameters were given low values, yield poorer power properties than DGPI
and DGP3. This is most obvious when the smallest sample size is considered
and this holds across frequencies. There is no evidence that the LR test
for the rank is less powerful at the biannual frequency as compared to its
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performance at the zero frequency in small samples. The results for DGP5
and DGP9, under which the assumption of absent non-synchronous seasonal
cycles is valid, show that this also holds true for tests at the annual frequency
(RS). Some results indicate that the general specification (GS) looses power,
at least in small samples, when the annual restriction is almost satisfied, see
results for DGP3, DGP4 and DGP8. The results for RS and GS indicate that
it could be useful to work with the two specifications in pairs, when testing
for the number of cointegrating vectors at the annual frequency.

The number of cointegration relations at a certain frequency seems to
have some effect on the test results for the ~:ank at other frequencies. One
example is the size results for RS if DGP7 is used and true rank cases 1 and
3 are compared. This suggests a possible gain in efficiency, when testing at
a certain frequency, by concentrating out the" correct" number of vectors at
the other frequencies.

3.5 Concluding remarks

There is no evidence that the likelihood ratio test for the rank is less powerful
at a certain frequency as compared to other frequencies in small samples. This
is most evident when test results from the rest:ricted version of the SECM is
analyzed in situations where the restrictions are satisfied. The restricted ver
sion of the SEeM has poor size properties in cases where non-synchronous
cointegration clearly should playa role. This indicates a risk of finding 'evi
dence' of too many cointegrating vectors at the annual frequency when using
this specification. On the other hand, if the restriction is almost satisfied, the
general specification looses power at least in smaller samples, while tests in
RS form have good properties. Furthermore, the number of true CI relations
at a certain frequency affect the test for the rank at other frequencies in small
samples. This result suggests a possible gain in efficiency, when testing at a
certain frequency, from concentrating out the 'correct' number of vectors at
the other frequencies.
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Table 3.1 Cointegrating vectors (a) and adjustrrlent parameters (b) used in
the Monte Carlo study. The three variable case.

DGP1 DGP2 DGP3 DGP4*
(a)
{31 1.00 0.00 -1.00 0.00 1.00 0.00 1.00 0.00

-1.00 1.00 -1.00 1.00 -0.80 1.00 -0.80 1.00
0.00 0.50 0.00 0.50 0.00 0.30 0.00 2.30

{32 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
-0.90 1.00 -0.90 1.00 -0.70 1.00 -0.70 1.00
0.00 0.30 0.00 0.30 0.00 0.60 0.00 0.60

{3R 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
-0.70 1.00 -0.70 1.00 -0.90 1.00 -0.90 1.00
0.00 0.60 0.00 0.60 0.00 0.30 0.00 0.30

(3] 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
-0.80 1.00 -0.80 1.00 -1.00 1.00 -1.00 1.00
0.00 0.30 0.00 0.30 0.00 0.50 0.00 0.50

(b)
0'.1 -0.80 0.00 -0.40 0.00 -0.80 0.00 -0.40 0.00

-0.10 -0.70 -0.05 -0.35 -0.10 -0.70 -0.05 -0.35
0.00 -0.20 0.00 -0.10 0.00 -0.20 0.00 -0.10

0'.2 -0.60 0.00 -0.30 0.00 -0.60 0.00 -0.30 0.00
-0.30 -0.60 -0.15 -0.30 -0.30 -0.60 -0.15 -0.30
0.00 -0.30 0.00 -0.15 0.00 -0.30 0.00 -0.15

O'.R -0.10 0.00 -0.05 0.00 -0.80 0.00 -0.38 0.00
-0.80 -0.30 -0.40 -0.15 -0.10 -0.60 -0.07 -0.27
0.00 -0.60 0.00 -0.30 0.00 -0.30 0.00 -0.18

a] -0.80 0.00 -0.40 0.00 -0.75 0.00 -0.40 0.00
-0.10 -0.60 -0.05 -0.30 -0.15 -0.55 -0.05 -0.30
0.00 -0.30 0.00 -0.15 0.00 -0.35 0.00 -0.15

* The parameters in DGP5 are equal to those in DGP4 at the zero and
biannual frequency but a] = aR (DGP4) and (3] = (3R (DGP4), which
leads to II] = O. DGP6 = DGP5 except that f3 I = 0, in DGP6.
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Table 3.2 Cointegrating vectors (a) and adjustment parameters (b) used in
the Monte Carlo study. The four variable case.

DGP7 DGP8 DGP9
a)
/31 1.00 0.00 1.00 0.00 1.00 0.00

-0.90 1.00 -1.00 1.00 -1.00 1.00
0.00 -0.60 0.00 -0.50 0.00 -0.50

-0.20 -0.20 -0.20 -0.20 -0.20 -0.20

/32 1.00 0.00 1.00 0.00 1.00 0.00
-1.00 1.00 -0.90 1.00 -0.90 1.00
0.00 -0.50 0.00 -0.60 0.00 -0.60

-0.20 -0.20 -0.20 -0.20 -0.20 -0.20

(3R 1.00 0.00 1.00 0.00 1.00 0.00
-0.90 1.00 -0.90 1.00 -0.90 1.00
0.00 -0.50 . 0.00 -0.50 0.00 -0.50

-0.10 -0.10 -0.10 -0.10 -0.10 -0.10

/3/ 1.00 0.00 1.00 0.00 1.00 0.00
-0.80 1.00 -0.80 1.00 -0.90 1.00
0.00 -0.60 0.00 -0.60 0.00 -0.50

-0.20 -0.30 -0.20 -0.30 -0.10 -0.10

b)
Ql -0.60 0.00 -0.65 0.00 -0.60 0.00

-0.20 -0.60 -0.15 -0.70 -0.20 -0.60
0.00 -0.20 0.00 -0.10 0.00 -0.20

-0.10 -0.10 -0.10 -0.10 -0.10 -0.10
Q2 -0.65 0.00 -0.60 0.00 -0.65 0.00

-0.15 -0.70 -0.20 -0.60 -0.15 -0.70
0.00 -0.10 0.00 -0.20 0.00 -0.10

-0.10 -0.10 -0.10 -0.10 -0.10 -0.10
aR -0.75 0.00 -0.75 0.00 -0.75 0.00

-0.05 -0.75 -0.05 -0.75 -0.05 -0.75
0.00 -0.10 0.00 -0.10 0.00 -0.10

-0.10 -0.05 -0.10 -0.05 -0.10 -0.05
a/ -0.05 0.00 -0.65 0.00 -0.75 0.00

-0.65 -0.15 -0.10 -0.65 -0.05 -0.75
0.00 -0.65 0.00 -0.15 0.00 -0.10

-0.20 -0.10 -0.15 -0.10 -0.10 -0.05
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Table 3.3 Diagonal and non-diagonal variance-covariance matrices used in
the Monte Carlo study. Two identity matrices are also used, denoted ~33 and
~34 for the three and six variable systems, respectively.

0.7 0.0 0.0
~13 = 0.0 0.8 0.0

0.0 0.0 0.5
0.7 0.2 -0.2

~23 = 0.2 0.8 -0.3
-0.2 -0.3 0.5

~14 = [
0.7 0.0 0.0

0.0 ]0.0 0.8 0.0 0.0
0.0 0.0 0.5 0.0
0.0 0.0 0.0 1.1

[ 0.7
0.2 -0.2

0.5 ]
~24 ==

0.2 0.8 -0.3 0.1
-0.2 -0.3 0.5 -0.1

0.5 0.1 -0.1 1.1
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Table 3.4 True rank case 1. Size and power of the test at different frequencies.
Three variables.

T
Freq. o

80

1r/2
RS GS

o
140

1r 7f/2
RS GS

o
200

rr/2
RS GS

HO:

DGP1

r=O 0.74 0.95 1.00 1.00 0.98 1.00 1.00 1.00 1.00 1.00 1.00 1.00

r= 1 0.06 0.09 0.27 0.09 0.06 0.08 0.30 0.06 0.06 0.07 0.31 0.06

r=2
DGP2

r=O 0.37 0.59 0.95 0.95 0.67 0.85 1.00 1.00 0.90 0.97 1.00 1.00

r=1 0.04 0.08 0.32 0.12 0.06 0.08 0.37 0.08 0.06 0.08 0.39 0.07

r=2
DGP3

r=O 0.88 0.89 1.00 0.98 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

r= 1 0.06 0.08 0.06 0.08 0.06 0.07 0.06 0.06 0.06 0.07 0.05 0.06

r=2
DGP4

r=O 0.35 0.44 0.83 0.60 0.67 0.74 1.00 0.94 0.90 0.92 1.00 1.00

r=1 0.03 0.06 0.06 0.07 0.06 0.06 0.05 0.07 0.06 0.07 0.05 0.07

r=2
DGP5

r=O 0.36 0.44 0.83 0.58 0.66 0.73 1.00 0.92 0.90 0.92 1.00 1.00

r= 1 0.04 0.06 0.06 0.07 0.05 0.07 0.06 0.07 0.05 0.07 0.05 0.07

r=2
DGP6

r=O 0.30 0.45 0.43 0.53 0.57 0.72 0.72 0.85 0.82 0.91 0.92 0.98

r=1 0.04 0.06 0.04 0.07 0.05 0.07 0.04 0.07 0.06 0.07 0.05 0.07

r=2
The last number in each column for each DGP is size, wheras other numbers
indicate power of the test. An hyphon means that this rank is greater than the
true rank and that no tests are conducted. Note that this is an evaluation of the
individual tests and not of the test sequence.
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Table 3.5 True rank case 2. Size and power of the test at different frequencies.
Three variables. See note to Table 3.4.

T 80 140 200

Freq. 0 7r 7r /2 0 7r 7f/2 0 7r 7r/2
RS GS RS GS RS GS

HO:

DGPI

r=O 0.76 0.98 1.00 1.00 0.99 1.00 1.00 1.00 1.00 1.00 1.00 1.00

T=l 0.06 0.10 0.76 0.69 0.06 0.08 0.89 0.99 0.06 0.07 0.92 1.00

T=2 0.05 0.06 0.04 0.05 0.04 0.05

DGP2

T=O 0.38 0.63 0.88 0.92 0.69 0.89 1.00 1,00 0.91 0.98 1.00 1.00

r=l 0.04 0.08 0.43 0.24 0.06 0.09 0.66 0.53 0.06 0.08 0.76 0.81

r=2 0.05 0.04 0.05 0.05 0.06 0.05

DGP3

r=O 0.92 0.93 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

T=l 0.07 0.08 0.69 0.59 0.06 0.07 0.91 0.98 0.06 0.07 0.95 1.00

T=2 0.05 0.05 0.05 0.05 0.05 0.05

DGP4

T=O 0.37 0.47 0.91 0.60 0.71 0.77 1.00 0.98 0.92 0.94 1.00 1.00

r=l 0.04 0.06 0.26 0.12 0.06 0.07 0.55 0.41 0.06 0.07 0.74 0.73

r=2 0.03 0.03 0.05 0.04 0.05 0.04

DGP5

r=O 0.38 0.47 0.93 0.60 0.70 0.76 1.00 0.97 0.92 0.93 1.00 1.00

r=l 0.04 0.06 0.34 0.14 0.05 0.07 0.79 0.43 0.06 0.07 0.97 0.75

T=2 0.04 0.03 0.05 0.04 0.05 0.04

DGP6

T=O 0.28 0.48 0.72 0.72 0.56 0.76 0.97 0.97 0.82 0.93 1.00 1.00

T=l 0.03 0.06 0.30 0.16 0.05 0.08 0.61 0.36 0.05 0.07 0.84 0.62

T=2 0.04 0.03 O.O!) 0.04 0.05 0.04
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Table 3.6 True rank case 3. Size and power of the test at different frequencies.
Three variables. See note to Table 3.4

T 80 140 200

Freq. 0 1f 7f/2 0 7f 1f/2 0 1f 1f/2
RS as RS GS RS GS

HO:

DGP1

T=O 0.87 0.96 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

T=l 0.38 0.53 0.39 0.09 0.86 0.93 0.44 0.07 0.99 1.00 0.46 0.06

T=2 0.04 0.05 0.05 0.05 0.05 0.05

DGP2

T=O 0.35 0.42 0.96 0.97 0.76 0.79 1.00 1.00 0.97 0.97 1.00 1.00

r=l 0.07 0.11 0.39 0.12 0.24 0.30 0.45 0.07 0.50 0.58 0.48 0.07

r=2 0.02 0.02 0.04 0.04 0.04 0.05

DGP3

T=O 0.95 0.93 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

T=l 0.38 0.47 0.06 0.09 0.84 0.93 0.06 0.07 0.99 1.00 0.05 0.07

T=2 0.05 0.05 0.05 0.06 0.05 0.05

DGP4

r=O 0.36 0.36 0.86 0.64 0.78 0.73 1.00 0.96 0.98 0.95 1.00 1.00

T==l 0.07 0.07 0.06 0.07 0.23 0.26 0.06 0.07 0.46 0.56 0.05 0.07

r=2 0.02 0.03 0.04 0.05 0.05 0.05

DGP5

r=O 0.36 0.34 0.86 0.62 0.78 0.73 1.00 0.95 0.97 0.95 1.00 1.00

T=l 0.07 0.07 0.06 0.07 0.22 0.26 0.06 0.07 0.47 0.55 0.05 0.07

T=2 0.02 0.02 0.04 0.04 0.05 0.05

DGP6

T=O 0.30 0.35 0.46 0.57 0.69 0.72 0.77 0.88 0.95 0.95 0.94 0.99

T=l 0.05 0.08 0.04 0.07 0.19 0.27 0.05 0.08 0.43 0.56 0.05 0.07

T=2 0.02 0.02 0.03 0.04 0.04 0.05
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Table 3.7 True rank case 4. Size and power of the test at different frequencies.
Three variables. See note to Table 3.4

T 80 140 200

Freq. 0 1r rr/2 0 rr 1r/2 0 rr 7r/2
RS GS RS GS RS GS

HO:

DGP1

r=O 0.92 0.99 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

r=l 0.48 0.64 0.86 0.78 0.92 0.97 0.95 0.99 1.00 1.00 0.97 1.00

T=2 0.05 0.05 0.04 0.06 0.05 0.05 0.04 0.06 0.05 0.05 0.03 0.06

DGP2

r=O 0.39 0.46 0.92 0.95 0.80 0.84 Lon 1.00 0.98 0.98 1.00 1.00

T=l 0.09 0.12 0.48 0.28 0.28 0.34 C.'7:1 0.59 0.56 0.62 0.81 0.85

r=2 0.03 0.03 0.05 0.04 0.04 0.04 0.05 0.05 0.05 0.05 0.05 0.05

DGP3

r=O 0.99 0.97 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

T=l 0.52 0.61 0.82 0.75 0.93 0.97 0.96 0.99 1.00 1.00 0.98 1.00

r=2 0.05 0.05 0.05 0.05 0.06 0.06 0.05 0.05 0.05 0.05 0.05 0.05

DGP4

r=O 0.41 0.40 0.94 0.67 0.83 0.78 1.00 0.99 0.99 0.97 1.00 1.00

r=l 0.08 0.09 0.32 0.15 0.27 0.31 0.63 0.48 0.53 0.62 0.80 0.79

T=2 0.02 0.03 0.04 0.03 0.04 0.05 0.05 0.04 0.05 0.05 0.05 0.04

DGP5

T=O 0.41 0.38 0.95 0.67 0.83 0.77 1.00 (J.98 0.99 0.97 1.00 1.00

T=l 0.08 0.09 0.41 0.17 0.27 0.31 0.84 0.50 0.53 0.62 0.98 0.81

r=2 0.02 0.03 0.04 0.03 0.04 0.04 0.05 0,04 0.05 0.05 0.05 0.05

DGP6

T=O 0.31 0.39 0.78 0.77 0.70 0.78 0.98 0.98 0.96 0.97 1.00 1.00

r=l 0.05 0.10 0.34 0.18 0.19 0.31 0.67 0.40 0.43 0.62 0.88 0.68

T=2 0.02 0.02 0.04 0.04 0.03 0.04 0.06 0.05 0.04 0.05 0.05 0.05
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Table 3.8 True rank case 1. Size and power of the test at different frequencies.
Four variables. See note to Table 3.4

T 80 140 200

Freq. 0 1f 1f/2 0 1f 1f/2 0 1f 1f/2
RS GS RS GS RS GS

Ho:

DGP7

T=O 0.81 0.61 1.00 1.00 0.99 0.91 1.00 1.00 1.00 0.99 1.00 1.00

T=l 0.10 0.08 0.43 0.14 0.09 0.08 0.50 0.08 0.07 0.08 0.54 0.07

T=2
DGP8

T=O 0.83 0.81 0.98 0.85 0.99 0.98 1.00 1.00 1.00 1.00 1.00 1.00

T=l 0.09 0.10 0.07 0.10 0.08 0.08 0.06 0.08 0.08 0.08 0.06 0.07

T=2
DGP9

T=O 0.87 0.79 0.99 0.87 1.00 0.98 1.00 1.00 1.00 1.00 1.00 1.00

T=l 0.10 0.09 0.07 0.10 0.09 0.07 0.06 0.08 0.08 0.07 0.06 0.07

T=2

Table 3.9 True rarlk case 2. Size and power of the test at different frequencies.
Four variables. See note to Table 3.4

T 80 140 200

Freq. 0 1f 1f/2 0 1f 1r/2 0 'If 1f/2
RS GS RS GS RS GS

HO:

DGP7

T=O 0.91 0.64 1.00 1.00 1.00 0.93 1.00 1.00 1.00 0.99 1.00 1.00

T=l 0.12 0.08 0.98 0.95 0.09 0.08 1.00 1.00 0.08 0.08 1.00 1.00

T=2 0.30 0.21 0.35 0.15 0.36 0.12

DGP8

T=O 0.91 0.88 1.00 0.97 1.00 0.99 1.00 1.00 1.00 1.00 1.00 1.00

T=l 0.11 0.11 0.68 0.55 0.09 0.09 0.89 0.95 0.08 0.09 0.94 1.00

T=2 0.04 0.06 0.04 0.07 0.04 0.06

DGP9

T=O 0.93 0.88 1.00 0.97 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

T=l 0.12 0.10 0.77 0.45 0.09 0.08 1.00 0.90 0.08 0.08 1.00 1.00

T=2 0.05 0.05 0.05 0.06 0.05 0.06
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Table 3.10 True rank case 3. Size and power of the test at different frequen-
cies. Four variables. See note to Table 3.4

T so 140 200

Freq. 0 7r 1r /2 0 1f 1r/2 0 7f 7f/2
RS GS RS GS RS GS

HO:

DGP7

T=O 0.93 0.76 1.00 1.00 1.00 0.99 1.00 1.00 1.00 1.00 1.00 1.00

T=l 0.52 0.31 0.64 0.14 0.90 0.74 0.75 O.OS 0.99 0.97 0.80 0.07

T=2 0.06 0.04 0.06 0.06 0.06 0.06

DGPS

T=O 0.91 0.92 0.99 0.92 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

T=l 0.37 0.49 0.07 0.12 0.77 0.8S 0.07 0.09 0.97 0.99 0.06 0.08

T=2 0.04 0.06 0.05 0.06 0.06 0.07

DGP9

T=O 0.94 0.90 1.00 0.94 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

T=l 0.49 0.39 0.07 0.11 0.86 0.82 0.06 0.09 0.99 0.98 0.06 0.07

T=2 0.06 0.05 0.06 0.06 0.06 0.06

Table 3.11 True rank case 4. Size and power of the test at different frequen-
cies. Four variables. See note to Table 3.4

T so 140 200

Freq. 0 7f 1f/2 0 7f 1f/2 0 7f 1f/2
RS GS Its GS RS GS

Ho:

DGP7

r=O 0.97 0.76 1.00 1.00 1.00 0.99 1.00 1.00 1.00 1.00 1.00 1.00

T=l 0.69 0.30 1.00 0.96 0.97 0.71 1.00 1.00 1.00 0.95 1.00 1.00

T=2 O.OS 0.04 0.37 0.21 0.07 0.06 0.43 0.15 0.06 0.06 0.46 0.12

DGPS

T=O 0.97 0.97 1.00 0.99 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

T=l 0.54 0.63 0.81 0.70 0.90 0.95 0.94 0.9S 0.99 1.00 0.96 1.00

r=2 0.60 0.07 0.05 0.07 0.06 0.06 0.05 0.07 0.06 0.07 0.04 0.07

DGP9

r=O 0.98 0.96 1.00 0.99 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

T=l 0.66 0.54 0.88 0.60 0.95 0.91 1.00 0.96 1.00 0.99 1.00 1.00

T=2 0.07 0.06 0.05 0.06 0.06 0.06 0.05 0.06 0.06 0.06 0.05 0.06
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Figure 3.1 Cointegrating relations at different frequencies for DGP6, T=80
and true rank case 1.
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Paper 4

On seasonal error correction
when the processes include
different numbers of unit
roots

4.1 Introduction

Cointegration was a major break through when introduced by Engle and
Granger (1987). They treat cointegration as stable long-run relationships be
tween a set of nonstationary time series processes, which includes unit roots
at the nonseasonal, or zero, frequency. One of the main attractions of the
idea is that the cointegrating vectors may be interpreted as equilibrium re
lations between the variables. It is often assumed that the seasonal patterns
are constant over time and many applied resear~.hers try to model these vari
ations using deterministic seasonal dummies. However, substantial empirical
evidence makes it safe to conclude that the seasonal pattern in many eco
nomic time series is far from constant. To the best of our knowledge, there are
two major routes to cointegration in the case of changing seasonal variation,
namely periodic and seasonal cointegration. Periodic cointegration models,
see for example Boswijk and Franses (1995), consider long-run relationships
season by season, whereas seasonal cointegration models are based on the idea
of the unit roots (zero and seasonal) implied by the annual difference filter,
see Hylleberg et all (1990) [HEGY]. In the present paper the latter model
class for quarterly data is considered, a class to which Engle et all (1993)
[EGHL], Lee (1992) and Johansen and Schaumburg (1998) have made im-
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portant contributions. EGHL propose a two-step approach to test for the
presence of seasonal and nonseasonal cointegration relationships whereas Lee
(1992) suggests a multiple equation seasonal error correction model [SEeM],
which extends the maximum likelihood approach to the nonseasonal case, sum
marized in Johansen (1995). Finally, Johansen and Schaumburg (1998) refine
the asymptotic theory for SEeM and propose a general estimation procedure
for the parameters corresponding to the annual frequency. The specification
of the SEeM is straightforward if all the included variables contain roots at
the same, but not necessarily at all, frequencies.

One purpose of this paper is to show how the more general SEeM, proposed
by Johansen an Schaumburg (1998), could be specified in the case where the
quarterly observed variables contain different numbers of unit roots, which is
a common situation when working with real world data. We assume that the
interest of an empirical study is

1. to test for the number of cointegrating vectors and estimate these at the
nonseasonal and seasonal frequencies, and

2. to forecast.

A Monte Carlo simulation is carried out to investigate the consequences of
specifying a SECM which assumes four unit roots in each process and where
the variables are transformed to yield stationarity accordingly, Le. applying
the annual difference filter. This specification is compared to the correctly
specified model, attaclling a different filter to each variable. Furthermore, we
consider pre-testing for the number of seasonal unit roots in the univariate
time series and specify models suggested by these tests. The two seasonal unit
root tests are the familiar HEGY test and the seasonal KPSS [SKPSS] tests
of Lyhagen (2000), respectively. It has been shown that the HEGY test has
poor power against alternatives close to the null hypothesis. This implies that
one may find evidence of too many roots, in practice, using this method. It
is therefore interesting to include the SKPSS, which has the null hypothesis
of no unit roots. In the forecasting exercise we also include a VAR model in
annual differences.

The outline of the paper is as follows. Section 4.2 describes cointegration
and seasonal cointegration, while Section 4.3 discusses the model for variables
with different numbers of seasonal unit roots. The Monte Carlo setup is given
in Section 4.4 and the results are analyzed in Section 4.5. Some conclusions
end the paper.
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4.2 Cointegration and seasonal cointegration

Let L be the lag operator, i.e. Ldyt = "Yt-d and define the first difference
filter as ~ = (1 - L). Furthermore, let D.d == (1 - Ld). Consider a quarterly
observed p-dimensional autoregressive process yt. The vector error correction
model [VECM] can now be written as:

where II == a{3' is of reduced rank r and where rl, ...,fp are lag matrices,
see Johansen (1995). The deterministic terms may contain a constant and
seasonal dummies. One crucial assumptions is that the first difference fil
ter should remove all unit roots in the process that generates}t. However,
economic time series possessing a changing seasonal pattern over time often
include seasonal unit roots, in addition to the zero frequency root. If ~4 fil
ters, henceforth annual difference filters, are required to transform the vector
yt to yield stationarity, the time series are said to be seasonally integrated Le.
yt f'J 81(1). This filter assumes four unit roots, all of which lie on the unit
circle. This can be seen from the following factorization:

L14 == (1 - L4
) == (1 - L) (1 + L) (1 + iL) (1 - iL) (4.2)

where i == A. Now, the (1 - L) part correspond to the zero frequency or
nonseasonal unit root, so the first difference filter only removes one of the roots.
The (1 + L) (1 + iL) (1 - iL) part corresponds to the three seasonal unit roots,
namely -1 and ± i. The -1 root is often called the biannual root while the two
complex conjugate roots, ± i, are called the annual frequency roots. Johansen
and Schaumburg (1998), henceforth J8, show that the following transformed
processes are needed in the SECM, when the variables in yt includes the roots
at ±1 and ±i:

to,

Zit =
(1 + L) (1 + iL) (1 - iL) Ly;

4 t,

Z2t
(1 - L) (1 + iL)(1 - iL) Ly;

4 t,

Z3t =
(1 - L)(1 + L)(1- iL) Ly;

4i t,

Z4t
(1 - L) (1 +4~) (1 + iL) Lyt. (4.3)

The above filters can be found in the first rows of,ZIt, Z2t, Z3t and Z4t, respec
tively in the Appendix. Furthermore, Zmt for rrt = 1, ... ,4 are asymptotically
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pairwise uncorrelated:

T

T- 2 I.: ZitZjt ~ 0, i =1= j,
t=l

PAPER 4

(4.4)

implying that the cointegration vectors and adjustment coefficients can be
found by removing the reduced rank restriction on the other frequencies by
concentrating out the associated regressors in a regression. JS propose the
following SEeM:

2 P

D.4yt = I.: ad3~Zit + a3,83Z3t + a4,8:Z4t + I.:rj D.4yt-j +ct (4.5)
i=l j=l

where (}3 = O'.R + iQ[, Q4 = QR - iO'.[,(13 = (1R + i(3[ and {34 = f3R - i(1/.

Here f3i denotes the complex conjugate of {3i. The Model above can now be
rewritten in a form that contains only real ternls, if one lets Z3t = ZRt + iZ[t
and Z4t == ZRt - iZ[t· The annual frequency part of, i.e. Q3f33Z 3t + Q4{34Z4t,
can now be written:

(aR + ia/)({3R - i(3[)'(ZRt + iZ[t) + (aR - iaI)({3R + i{3[)'(ZRt - iZlt)

= 2(QR{3~ + a[(3~ )ZRt + 2(aR{3~ - aI(3~)Z[t.

Note again that this is the appropriate specification if all roots are assumed
to be present. It can be shown that the filters for the annual frequency equal:

_ -!(L2 - L4)yt
4

- -l(L - L3 )yt (4.6)

The asymptotic properties of the estimators and the LR-test for the number
of cointegrating vectors for the different frequencies are given in JS. Tests for
reduced rank (r) at the zero and biannual frequencies can be performed using
the trace statistic:

p

-21og(H(r)IH(p)) - T L log(l- ~i),
i=r+l

(4.7)

wllere H(r) is the null hypothesis and H(p) is the alternative hypothesis of
full rank. The eigenvalues, 1 > ~1 > ... > ~p, which maximize the likelihood
function, are obtained by solving eigenvalue problems based on residual vec
tors. The null hypothesis for this test is that there are at most r cointegrating
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vectors. Inference on the reduced rank matrix 112 == a2{3~ follows the usual
non-seasonal case, Le. for II in (4.1), see Johansen (1995). Tests for the num
ber of cointegrating vectors are similar at the annual frequency. However, it
should be noted that estimation of the cointegrating vectors at this frequency
is not that straightforward and includes a rather involved iterative procedure.
Here we use a switching algorithm suggested in JS, which provides estimators
for (3Rand (3I that are asymptotically equivalent to the maximum likelihood
estimators, see also Lof and Lyhagen (1999).

4.3 Different orders of integration

In this section we study variables appearing in t,he same model, but containing
different numbers of unit roots. Let Zl, ... , Zs "~f": complex numbers and let Zm

be a root of IA(z)1 = 0, where A(z) is the characteristic polynomial of (4.1),
expressed in levels. We want to present the model in error correction form,
although the number of unit roots varies among the included variables. No
series should be overdifferenced or be nonstationary at any frequency. This is
achieved by relying on the following results in JS. Let:

s

p(z) = II (1- zmz)
m=l

Pa (z) = II - p(z)
(1 - Zmz) = IT C - )' z rJ. a,

mEa m'l.a ~ - ZmZ
(4.8)

where zm = z;,l. If ai denotes the set of unit roots for variable i then Pai (z)
cancels them. For example, if variable 1 includes unit roots at the nonseasonal
and the biannual frequencies then:

p(z) =

Pal (Z) =

Let P (z) be a diagonal matrix with diagonal elements such that the element
in entry (i, i) cancels the roots of the ith variable, Le.

P(z) =

Pal (z)
o

o

o
Pa2 (z)

o

o
. 0

Pap (z)

(4.9)
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It is shown in JS that the error correction formulation is a consequence of a
Lagrange expansion of A (z) around the points z = 0, Zl, Z2, •.• , Zs as follows

A (z) = P (z) + j;A (zm) P=(z~~ :m + P (z) zAo(z) , (4.10)

where Pm (z) is the matrix consisting of Pai (z) / (1 - zmz) , which is zero if
(1 - zmz) does not belong to Pai (z) . If we again consider variable 1 and let
m == 1 (zero frequency), then Zm == ZI == 1 and:

Pal (z)
(1 - ZIZ)

PI (Z) Z
Pl (ZI) Zl

(1 - z)(l + z) 1
- (1- I) = + z

(l+z)z (1+z)z
- -

(1+1)1 2

The proof of (4.10) is a generalization of the one in JS. Each entry of

~ Pm(z)z
A(z) - P (z) - ~ A (zm) Pm (zm) Zm (4.11)

is zero for z = 0, Zl, Z2, ... , Zs. Hence, the difference can be written as
P (z) zAo (z) for some matrix polynomial Ao(z). Another consequence is the
following. Let Zl, Z2, ... , Zs be the unit roots of fA (z)1 == 0, such that the
matrices A (zm) are of reduced rank. Then yt has an error correction repre
sentation

) ~ * Pm (L) L ( )
P (L yt = ~ (}mf3mPm (zm) Zm yt - P L Ao(L) Lyt + ct

s

= L (}mf3:nZmt - P (L) Ao(L) Lyt + ct·
m=l

(4.12)

The filters Zmt in (4.12) equal those of (4.3) if the processes includes the
roots ±1 and ±i. As an example, consider a situation where the variables
may have the roots at the nonseasonal and at the biannual frequency. Let yt
be a T x P vector, where the variables are ordered such that only the last k
variables include both roots. That is, let yt == [Yl t , Y2t]' where Ylt includes
the nonseasonal, or zero, frequency root, while the Y2t variables includes both
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roots. The most important matrices in (4.12) are:

peL) = [ (1 ~ L)
(1 - L )o(1+ L) ]

PI (L) L [ L
(l~;)L ]=PI (1) 1 0

P2 (L) L [ 0 o ]= _(l-;)LP2 (-1) - 1 0

Using these, it is easily shown that the error correction model for yt is

97

(4.13)

(4.14)

[ (1 ~ L) (1 _ L)°(1 + L) ] [ ~: ]

a1/1~ [~ (l~;)L ] [ ~: ]

-a2/1~ [~ (l~;)L ] [ ~: ] + ct·

The Appendix presents the appropriate transformations of the variables in this
situation. These can be found in the second and last rows of the peL) matrix,
respectively. Moreover, the filtered variables, used for the zero frequency in
(4.14), can be found in the second and last rows of ZIt, respectively. Finally,
the appropriate filters, for the variables in Y2t, at the biannual frequency can
be found in the second row of Z2t. One implication is that the k last variables,
having the roots 1 and -1, can not be just a single variable. That is, one must
require k > 1 to be able test for cointegration at the biannual frequency.

Modeling is usually done in steps, starting from pre-testing for seasonal
unit roots, using e.g. the HEGY-test. Cointegration is then tested using the
corresponding adjusted model. A problem with the HEGY approach is that,
asymptotically, there is a chance, c, of rejecting a true null of a unit root, where
c is the chosen significance level. Hence, the method is not asymptotically
efficient. A test which has the null of no unit root, proposed by Lyhagen
(2000), may be a better choice because it asymptotically rejects a false null
and a tendency to accept more rather than less unit roots may lead to more
robust models. It has also been shown that the HEGY test has low power
against alternatives, close to the null hypothesis. This implies that one tends
to find evidence of nonstationarity when the process is in fact stationary at a'
certain frequency. So, when considering small samples, it is an open question
weather one should use the HEGY approach or SKPSS.
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4.4 Monte Carlo

Seven bivariate DGPs are considered, where the first variable Ylt always in
cludes all unit roots. The set of true unit roots of Y2t is different in each
DGP:

DGP1: 1, -1, i, -i

DGP2: 1, -1

DGP3: 1, i, -t

DGP4: -1, i, -i

DGP5: -1

DGP6: i, -i

DGP7: 1 (4.15)

Cointegration prevails if Y2t is nonstationary at a certain frequency, because
Ylt includes all possible unit roots. For example, cointegration can apply at all
frequencies if DGPI is considered. On the other hand, cointegration is only
possible at the zero and biannual frequency if DGP2 is used. We consider
sample sizes of T = 40, 80 and 120. The number of observations is close to
the ones often found in empirical applications. The number of replicates is
10 000. The significance level is 5% throughout. The seven DGPs are based
on estimates on income and consumption data for Japan (in logs), previously
used in EGHL. To achieve well behaved DGPs, a constant and a time trend are
before estimation extracted from the variables. All the DGPs have eigenvalues
of the companion matrix either on or inside the unit circle, see Table 4.1.

Four model specifications are compared when cointegration is considered.
In the forecasting exercise we include a fifth model (Model 5) which is a vector
autoregressive model [VAR] in annual differences. When Models 2 and 5 are
used, all variables are transformed using the annual difference directly. In
Model 1 we use the annual difference filter for Ylt and difference Y2t according
to the true number of unit roots, see P(L) in the Appendix for the seven DGP
cases. Finally, in Models 3 and 4 we apply the annual difference filter for
Ylt, without pre-testing for the number of unit roots, while Y2t is differenced
according to the unit root test results. We summarize the different models
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below:

Table A: Models used in the Monte Carlo study.

Pre-testing

Ylt Y2t
No No
No No
No Yes
No Yes
No No

Cointegration
-~----

Yes
Yes
Yes
Yes
No

True SECM
~4 SEeM

HEGY => SEeM
SKPSS => SECM

~4 VAR

1
2
3
4

5

Model

For Models 1 to 4, tests for rank zero against full rank (rank two) and tests
for rank one against full rank are considered at all frequencies. Size and power
properties are evaluated by estimating the proportion of rejections for each
frequency. To evaluate the estimates of the parameters in position i, j of the
II matrices we use the mean of the mean squared error [MSE]:

R ~. ~. (IT .. - rr ..)2 /4
~

01, 0J 1-] 'lJ
MSE=

R
r=l

(4.16)

where R equals the number of replicates. We also forecast 12 periods ahead
to compare the model specifications. As noted above we include Model 5 in
this case. Forecasting accuracy is measured using the determinant (Detk) and
the trace (Trk) of the mean squared error matrix, respectively:

(4.17)

where again R equals the number of replicates.

4.5 Monte Carlo results

The results for size and power are displayed in Tables 4.2 to 4.7 and the MSE
of the parameter estimates in Tables 4.8 to 4.11. We also show parts of the
forecasting exercise in Table 4.12. The first thing to note is that the model
which is transformed according to the true number of roots generally performs
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better than the other models, concerning inference as well as estimation and
forecasting.

Its closest competitor, if one wants to reject a false null of r = 0, is the
model which assumes the presence of all roots (Model 2), see for example the
columns of DGP2 and DGP3 in Table 4.2 except for T = 40. Note the results
for DGP2 and DGP4 in Table 4.3 for the biannual frequency tests or DGP3,
DGP4 and DGP6 in Table 4.4 if the annual frequency is considered. Model
2 is also likely to reject a true null hypothesis of r = 0 in some cases. One
example is DGP4, which includes the roots -1 and ±i, and when the test
concern cointegration at the zero frequency, see Table 4.2. Another example
is DGP6, which only includes the two complex roots, when the biannual fre
quency is considered, see Table 4.3. Similar results for Model 2 can be found
when DGP2, DGP5 and DGP7 are used an when the tests concern the annual
frequency. These results are due to the fact that Y2t constitutes a stationary
'relation' by itself in these cases. So, it is quite logical that the null hypothesis
of r = 0 is rejected. Note that cointegration should not apply, since Ylt is a
nonstationary variable. These cases are underlined in Tables 4.2 to 4.4 and in
Tables 4.8 to 4.11.

SKPSS (Model 4) is to prefer in some cases, whereas pre-testing with
HEGY (Model 3) seems to be a better strategy in other cases. For example,
HEGY fails if DGP7 is used and if the test concerns zero frequency cointe
gration (Table 4.2), whereas SKPSS fails if DGPl is used and the objective
is to test for cointegration at the biannual frequency (Table 4.3). SKPSS is
slightly better in the cases when the root for which cointegrating is tested for
is not present in Y2t, while HEGY seems to have better power when there in
fact should be cointegration.

The size for Modell and 2, when testing the true null hypothesis of r = 1,
tends to the nominal with sample size and is fairly close to the nominal. Pre
testing with SKPSS seems to work except in DGPl where it is greatly oversized
(zero and annual frequencies, Tables 4.5 and 4.7) or very undersized (biannual
frequency, Table 4.6). The size when pre-testing with HEGY is diverging from
the nominal for DGP2 and DGP7 at the zero frequency, while it works better
for other DGPs, see Table 4.5. Similar results can be found in the columns
for DGP2, DGP4 and DGP5 if the biannual frequency is considered, see Table
4.6, but also at the annual frequency in some cases.

For Models 1 and 2 the MSE of the parameter estimates decreases uni
formly with sample size. This is also true for SKPSS, except for IT3 when
using DGP1, see Table 4.10. Pre-testing with the HEGY, on the other hand,
either increases MSE with sample size or slowly decreases it. The use of Model
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2 sometimes results in much higher MSE as compared to the other methods,
see for example the MSE for II2 when DGP3 and DGP6 are considered in Ta
ble 4.9. This last result depends on the estimation of a nonzero rank matrix,
where Y2t is stationary, see discussion above.

The results of the forecasting exercise are almost always the same, regard
less if the determinant or the trace of the MSE matrix is used. In Table 4.12 we
present the ranking of the models after averaging over the 12 forecast periods,
and the measure used is the determinant of the MSE matrix. The ranking is
quite stable over sample sizes and DGPs. The model that allows for all unit
roots (Model 2) comes as a good second after the true model (Modell) in
most cases. Model 5 Le. the VAR model in annual differences seems to be a
better choice than using models resulting from the two pre-testing methods in
most cases. Model 5 has actually a better performance than Model 2 in some
cases when T = 40. This is most likely due to trA(' parameter uncertainty when
estimating Model 2 in small samples. Models resulting from SKPSS tests per
forms better than those based on HEGY tests, except for DGPI and DGP5
with T = 80 or T == 120. Forecast MSE often decreases with sample size for
Modell, Model 2 and Model 4, while the opposite is true for Model 3 and
sometimes for Model 5 (not shown here). This is still valid when looking at
the trace of the MSE matrix, but for both types of measurements it is within
the Monte Carlo error bounds.

4.6 Conclusions

We propose a seasonal cointegration model for quarterly data which includes
variables with different nUIrlbers of unit roots and thus need to be transformed
in different ways to yield stationarity. A Monte Carlo simulation is carried out
to investigate the consequences of specifying a SECM in annual differences in
this situation. We compare the true model ~nd the model where annually
differenced variables are included to model ;. r ~cifications suggested by pre
tests for the numbers of unit roots. We consider two seasonal unit root tests
in this analysis. One is the so called HEGY test, proposed by Hylleberg et
al. (1990) and the other is the seasonal KPSS tests, proposed by Lyhagen
(2000). We use seven different DGPs which all are based on estimates of
quarterly observed income and consumption data for Japan, previously used
in Engle et al. (1993). The True SEeM, the SEeM in annual differences
and the two specifications suggested by the HEGY and the SKPSS tests are
compared when the aim is to tests for cointegration. We consider tests for
rank zero against full rank (rank two) and tests for rank one against full rank
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at all frequencies. Size and power properties are evaluated by estimating the
proportion of rejections for each frequency. To evaluate the estimates of the
parameters in the II matrices we use the mean of the mean squared error
[MSE] for the same models. In the forecasting exercise we include a VAR
model in annual differences. The results indicate that, in all practical cases
where the true model is not known, a seasonal error correction model in annual
differences may be a better choice, than relying on models which are specified
according to seasonal unit root tests. This result holds true for both inference,
as well as for estimation and forecasting. The second best choice when the true
model is not known and when the aim is to forecast, is a VAR model in annual
differences. These results extend those in Clements and Hendry (1997) where
it was found that univariate models in annual differences may generate more
accurate forecasts than models transformed according to HEGY test results.
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Appendix

APPENDIX

If we consider the seven cases presented in Section 4.4 the true filters for the
second variable in the DGPs are:

(1- L) (1 + L) (1 + iL) (1- iL)Y2t
(1 - L) (1 + L) Y2t

(1 - L) (1 - iL) (1 + iL) Y2t
peL) = (1+L)(1-iL)(1+iL)Y2t

(1 + L) Y2t
(1 - iL) (1 + iL) Y2t

(1 - L) Y2t

Note that P (L) is not as defined in (4.9). Here it only concerns Y2t and
the various filters are ordered after the DGP cases in (4.15). To test for
cointegration at the zero and at the biannual frequency we use the following
the true filters, for Y2t, found from:

Pm(L)L
Zmt == n ( ) Y2t,

Tm Zm Zm

Zit ==

(I+L)(l+iL) (l-iL)L
4 Y2t

(I+L)L
2 Y2t

(l+iL)(l-iL)L
2 Y2t

(l-L)(l+iL)(l-iL)L
4 Y2t

(I-L)Ly- 2 2t

(l+iL)(I-iL)L
2 Y2t

-LY2t

Finally, the true filters for variable two at the annual frequency are:

(I-L)(I+L)(l-iL)L
4i Y2t

(l-L)(l-iL)L
2(i+l) Y2t

(l+L)(l-iL)L y2(i-l) 2t

(l-iL)L
2i Y2t

(l-L)(1+L)(1+iL)L
4i Y2t

_ (l-L)(l+iL)L
2(i-1) Y2t

_ (1+L~{1+iL)Ly
2 i+l) 2t

(l+iL)L
- 2i Y2t
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Tables

Table 4.1 Roots inside the unit circle of the companion matrix.

DGP
1 2 3 4 5 6 7

0.92 0.23+0.22i 0.65 0.53 0.96 0.97 0.25
-0.19+0.16i 0.23-0.22i 0.46 O.16+0.18i 0 0.21 0
-0.19-0.16i 0 -0.09 0.16-0.18i 0 0 0

0.38 0 0 0 0 0 0
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Table 4.2 Probability of rejecting Ho: r = 0 at t:h.e zero frequency.
DGP: [1] [2] [3] 4 5 6 [7]

T Model
40 1 0.58 0.82 0.98 0.97

2 0.58 0.57 0.98 0.44 0.10 0.29 0.63
3 0.53 0.71 0.93 0.09 0.05 0.34 0.04
4 0.83 0.70 0.79 0.00 0.16 0.21 0.87

80 1 0.90 1.00 1.00 1.00
2 0.90 0.98 1.00 0.95 0.08 0.51 0.99
3 0.84 0.82 0.95 0.12 0.04 0.57 0.00
4 0.91 0.85 0.86 0.00 0.17 0.36 0.95

120 1 0.99 1.00 1.00 1.00
2 0.99 1.00 1.00 1.00 0.10 0.72 1.00
3 0.90 0.79 0.95 0.14 0.04 0.77 0.00
4 0.95 0.89 0.90 0.00 0.21 0.47 0.97

A unit root at the zero frequency exists for Y2t in DGP 1, 2, 3 and 7.
These DGPs are within brackets. *A hyphon indicate that no II matrix
exists for Modell at this frequency. Underlined numbers, for Model 2,
indicate that Y2t is a stationary variable in the DGP at this frequency.
See a summary of the various model specifications in Section 4.4.
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Table 4.3 Probability of rejecting Ho: r = 0 at the biannual frequency.
nGP: [1] [2] 3 [4] [5] 6 7

T Model
40 1 0.79 1.00 1.00 1.00

2 0.79 0.76 1.00 0.97 0.86 1.00 0.60
3 0.70 0.94 0.00 0.92 0.89 0.00 0.05
4 0.11 0.66 0.00 0.39 0.52 0.00 0.00

80 1 1.00 1.00 1.00 1.00
2 1.00 1.00 1.00 1.00 1.00 1.00 0.99
3 0.77 0.92 0.00 0.88 0.83 0.00 0.00
4 0.20 0.75 0.00 0.52 0.65 0.00 0.00

120 1 1.00 1.00 1.00 1.00
2 1.00 1.00 1.00 1.00 1.00 1.00 1.00
3 0.72 0.90 0.00 0.85 0.80 0.00 0.00
4 0.25 0.80 0.00 0.59 0.73 0.00 0.00

A unit root at the biannual frequency exists for Y2t in DGP 1, 2, 4 and
5. These DGPs are within brackets. See * in Table 4.2.

Table 4.4 Probability of rejecting Ho: r = 0 at the annual frequency.
DCP: [1] 2 [3] [4] 5 [6] 7

T Model
40 1 1.00 1.00 1.00 1.00

2 1.00 0.84 1.00 1.00 0.98 1.00 0.81
3 0.92 0.01 0.88 0.83 0.01 0.88 0.10
4 0.45 0.00 0.70 0.96 0.00 0.93 0.00

80 1 1.00 1.00 1.00 1.00
2 1.00 1.00 1.00 1.00 1.00 1.00 1.00
3 0.88 0.01 0.90 0.79 0.03 0.85 0.15
4 0.58 0.00 0.81 0.98 0.00 0.97 0.00

120 1 1.00 1.00 1.00 1.00
2 1.00 1.00 1.00 1.00 1.00 1.00 1.00
3 0.85 0.01 0.92 0.78 0.05 0.81 0.18
4 0.66 0.00 0.87 0.99 0.00 0.98 0.00

Unit roots at the annual frequency exists for Y2t in DGP 1, 3, 4 and 6.
These DGPs are within brackets. See * in Table 4.2.
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Table 4.5 Probability of rejecting Ho: r = 1 at the zero frequency.
DGP: [1] [2] [3] 4 5 6 [7]

T Model
40 1 0.12 0.06 0.10 0.06

2 0.12 0.06 0.11 0.07 0.02 0.08 0.07
3 0.08 0.04 0.10 0.02 0.01 0.08 0.00
4 0.22 0.05 0.12 0.00 0.02 0.07 0.05

80 1 0.10 0.06 0.08 0.06
2 0.10 0.06 0.08 0.07 0.02 0.09 0.06
3 0.07 0.02 0.08 0.02 0.01 0.09 0.00
4 0.17 0.05 0.09 0.00 0.02 0.06 0.05

120 1 0.09 0.06 0.07 0.06
2 0.09 0.06 0.07 0.06 0.03 0.09 0.06
3 0.08 0.02 0.07 0.03 0.01 0.10 0.00
4 0.16 0.05 0.07 0.00 0.03 0.06 0.05

A unit root at the zero frequency exists for Y2t in DGP 1, 2, 3 and 7.
These DGPs are within brackets. See * in Table 4.2.

Table 4.6 Probability of rejecting Ho: r = 1 at the biannual frequency.
DGP: [1] [2] 3 [4] [5] 6 7

T Model
40 1 0.06 0.07 0.07 0.07

2 0.06 0.07 0.07 0.07 0.07 0.08 0.07
3 0.04 0.04 0.00 0.04 0.04 0.00 0.00
4 0.00 0.03 0.00 0.02 0.03 0.00 0.00

80 1 0.06 0.06 0.07 0.06
2 0.06 0.06 0.07 0.07 0.07 0.07 0.06
3 0.03 0.02 0.00

I

0.02 0.00 0.000.03
4 0.01 0.03 0.00 0.02 0.03 0.00 0.00

120 1 0.06 0.06 0.06 0.06
2 0.06 0.06 0.06 0.06 0.06 0.06 0.06
3 0.04 0.02 0.00 0.02 0.02 0.00 0.00
4 0.01 0.03 0.00 0.02 0.02 0.00 0.00

A unit root at the biannual zero frequency exists for Y2t in DGP 1, 2,
4 and 5. These DGPs are within brackets. See * in Table 4.2.
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Table 4.7 Probability of rejecting Ho: r == 1 at the annual frequency.
ncp: [1] 2 [3] [4] 5 [6] 7

T Model
40 1 0.07 0.07 0.07 0.07

2 0.07 0.06 0.07 0.07 0.07 0.07 0.06
3 0.05 0.00 0.03 0.01 0.00 0.03 0.01
4 0.03 0.00 0.05 0.04 0.00 0.06 0.00

80 1 0.06 0.06 0.06 0.05
2 0.06 0.06 0.06 0.06 0.06 0.06 0.05
3 0.07 0.00 0.02 0.01 0.00 0.02 0.01
4 0.09 0.00 0.06 0.05 0.00 0.05 0.00

120 1 0.06 0.06 0.05 0.05
2 0.06 0.05 0.05 0.05 0.05 0.06 0.05
3 0.10 0.00 0.02 0.01 0.00 0.02 0.01
4 0.15 0.00 0.06 0.05 0.00 0.05 0.00

Unit roots at the annual frequency exists for Y2t in DGP 1, 3, 4 and 6.
These DGPs are within brackets. See * in Table 4.2.

Table 4.8 Mean of MSE, ITl.
ncp: [1] [2] [3] 4 5 6 [7]

T Model
40 1 0.06 0.07 0.02 0.04

2 0.06 0.12 0.03 0.47 0.06 0.02 0.11
3 0.18 0.11 0.04 0.04 0.05 0.04 0.33
4 1.04 0.22 0.09 0.00 0.15 0.02 0.07

80 1 0.01 0.03 0.01 0.02
2 0.01 0.04 0.01 0.37 0.01 0.01 0.04
3 0.22 0.09 0.03 0.03 0.01 0.03 0.35
4 1.03 0.15 0.05 0.00 0.03 0.00 0.03

120 1 0.01 0.02 0.01 0.01
2 0.01 0.03 0.01 0.34 0.01 0.00 0.02
3 0.30 0.09 0.02 0.04 0.00 0.04 0.35
4 1.01 0.12 0.04 0.00 0.02 0.00 0.02

A III matrix does not not exists for Modell when DGP 4, 5 and 6 are
used. Other DGPs are within brackets. See * in Table 4.2.
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Table 4.9 Mean of MSE, IT2.
DGP: [1] [2] 3 [4) [5] 6 7

T Model
40 1 0.15 0.09 0.08 0.01

2 0.15 0.22 2.15 0.27 0.20 1.67 0.60
3 0.84 0.17 0.00 0.37 0.22 0.00 0.02
4 1.03 0.53 0.00 1.67 0.71 0.00 0.00

80 1 0.06 0.04 0.04 0.00
2 0.06 0.09 2.09 0.11 0.08 1.63 0.50
3 0.70 0.16 0.00 0.43 0.27 0.00 0.00
4 0.95 0.38 0.00 1.31 0.51 0.00 0.00

120 1 0.04 0.02 0.02 0.00
2 0.04 0.06 2.06 0.07 0.05 1.62 0.46
3 0.66 0.17 0.00 0.48 0.29 0.00 0.00
4 0.87 0.30 0.00 1.11 0.40 0.00 0.00

A II2 matrix does not not exists for Modell when DGP 3, 6 and 7 are
used. Other DGPs are within brackets. See * in Table 4.2.

Table 4.10 Mean of MSE, I13 .

DGP: [1] 2 [3] [4] 5 [6] 7
T Model
40 1 0.07 0.04 0.07 0.18

2 0.07 0.29 0.07 0.08 0.31 0.30 0.32
3 0.36 0.00 0.16 0.24 0.00 0.28 0.03
4 1.65 0.00 0.35 0.28 0.00 0.24 0.00

80 1 0.03 0.02 0.03 0.08
2 0.03 0.26 0.03 O.Q~ 0.28 0.12 0.28
3 0.49 0.01 0.12 Gi.~~" 0.02 0.19 0.05
4 1.82 0.00 0.21 0.18 0.00 0.10 0.00

120 1 0.02 0.01 0.02 0.05
2 0.02 0.25 0.02 0.02 0.27 0.08 0.27
3 0.68 0.01 0.09 0.26 0.03 0.19 0.07
4 1.99 0.00 0.15 0.15 0.00 0.06 0.00

A Il3 matrix does not not exists for Modell when DGP 2, 5 and 7 are
used. Other DGPs are within brackets. See * in Table 4.2.
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Table 4.11 Mean of MSE, II4.

DGP: [1] 2 [3] [4] 5 [6] 7
T Model
40 1 0.06 0.06 0.07 0.02

2 0.06 0.07 0.06 0.09 0.24 0.10 0.05
3 0.11 0.00 0.18 0.14 0.00 0.45 0.01
4 0.71 0.00 1.27 0.51 0.00 0.26 0.00

80 1 0.03 0.03 0.03 0.01
2 0.03 0.05 0.03 0.04 0.23 0.04 0.03
3 0.09 0.00 0.12 0.12 0.00 0.50 0.01
4 0.52 0.00 0.96 0.38 0.00 0.12 0.00

120 1 0.02 0.02 0.02 0.01
2 0.02 0.05 0.02 0.02 0.23 0.03 0.03
3 0.10 0.00 0.09 0.12 0.00 0.62 0.01
4 0.37 0.00 0.72 0.32 0.00 0.07 0.00

A II4 matrix does not not exists for Modell when DGP 2, 5 and 7 are
used. Other DGPs are within brackets. See * in Table 4.2.

Table 4.12 Ranking of forecasting performance (average over 12 periods).
The measure is the determinant of the MSE marix.

T=40 T=80 T=120

Mod. 2 3 4 5 1 2 3 4 5 2 3 4 5

DGP

1 1.3 1.3 3.9 5.0 2.6 1.0 1.0 4.0 5.0 3.0 1.0 1.0 4.5 4.5 3.0

2 1.0 2.0 3.6 4.1 4.3 1.0 2.0 5.0 3.3 3.8 1.0 2.0 5.0 3.3 3.8

3 1.0 2.0 4.9 4.1 3.0 1.0 2.0 5.0 4.0 3.0 1.0 2.0 5.0 4.0 3.0

4 1.3 2.5 5.0 3.7 2.5 1.3 2.3 5.0 3.7 2.8 1.1 2.3 5.0 3.7 3.0

5 1.3 3.9 3.2 4.4 2.2 1.0 2.6 3.9 4.5 3.0 1.0 2.3 3.9 4.1 3.8

6 1.5 3.0 5.0 3.4 2.1 1.0 2.0 5.0 3.3 3.7 1.0 2.0 5.0 3.2 3.0

7 1.0 3.0 5.0 2.0 4.0 1.0 2.1 5.0 2.9 4.0 1.0 2.0 5.0 3.0 4.0
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