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Introduction and summary

This thesis consists of four essays, three in the field of random effects models
and one in the field of GARCH. Although these fields are not directly re-
lated they reflect my diverse interests in econometrics. This chapter gives a
brief introduction to random effects models and GARCH models as well as a
summary of the essays.

In many cases data is available on a cross section of households, countries,
firms etc. over several time periods. In this situation a plausible specification
may be a random effects model

Yit = o + X;t,@-i-é‘it

where ¢ = 1,..., N denotes the cross section dimension whereas t =1,...,T
denotes the time dimension. The parameter « is a scalar, 3 is a k x 1 vector
and X;; is the it : th observation on the k£ explanatory variables. The error
term, &;; is a sum of components. In the one-way model with individual effects,

€it = Wi + Vit
whereas in the one-way model with time effects,
Eit = At + Vit

where p, is the individual specific effect, A; is the time specific effect and v;;
is the idiosyncratic error term. A model which nests both of these one-way
models is obtained by letting the error term be a sum of three components.
That is,

Eit = [y + At + Vit

This model is referred to in the literature as the two-way random effects model.

The first essay in this thesis, ?Maximum likelihood based inference in the
two-way random effects model with serially correlated time effects”, considers
maximum likelihood estimation and inference in the two-way random effects

vii



viii INTRODUCTION AND SUMMARY

model with serial correlation. We derive a straightforward maximum likeli-
hood estimator when the time-specific component follow an AR(1) or MA(1)
process. The estimator is also easily generalized to allow for arbitrary sta-
tionary and strictly invertible ARMA processes. In addition we consider the
model selection problem and derive tests of the null hypothesis of no serial
correlation as well as tests for discriminating between the AR(1) and MA(1)
specifications. A Monte-Carlo experiment evaluates the finite-sample proper-
ties of the estimators, test-statistics and model selection procedures.

The second essay, ” Asymptotic properties of the maximum likelihood es-
timator of random effects models with serial correlation”, considers the large
sample behavior of the maximum likelihood estimator of random effects mod-
els with serial correlation in the form of AR(1) for the idiosyncratic or time-
specific error component. Consistent estimation and asymptotic normality as
N and/or T grows large is established for a comprehensive specification which
nests these models as well as all commonly used random effects models. When
N or T' — oo only a subset of the parameters are consistent and asymptotic
normality is established for the consistent subsets. In addition we consider
the properties of the maximum likelihood estimator under error component
misspecification.

The third essay, ”Specification and estimation of random effects models
with serial correlation of general form”, is also concerned with maximum like-
lihood based inference in random effects models with serial correlation. Allow-
ing for individual effects we introduce serial correlation of general form in the
time effects as well as the idiosyncratic errors. A straightforward maximum
likelihood estimator is derived and a coherent model selection strategy is sug-
gested for determining the orders of serial correlation as well as the importance
of time or individual effects. The methods are applied to the estimation of
a production function using a sample of 72 Japanese chemical firms observed
during 1968-1987.

The fourth essay in this thesis is concerned with GARCH. GARCH models
are designed to capture the dynamics of the conditional second moment of a
time series. It is assumed that the data generating process is

Yt =€y

where {g;} is a discrete-time stochastic process, e; = z:hy and 2 ~ itd (0,1).
It is the dynamics of h?, the conditional variance at time ¢, that the GARCH
models wish to capture. The GARCH model is commonly used in its most
simple form, the GARCH(1,1) model, in which the conditional variance is
given by

h? = a4 ae? | +bh?_,
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This fourth essay, entitled ” A simple efficient GMM estimator of GARCH
models”, considers efficient GMM based estimation of GARCH models. Suffi-
cient conditions for the estimator to be consistent and asymptotically normal
are established for the GARCH(1,1) conditional variance process. In addition
efficiency results are obtained for a GARCH(1,1) model where the conditional
variance is allowed to enter the mean as well. That is, the GARCH(1,1)-M
model. An application to the returns to the SP500 index illustrates.
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Random Effects Models






Essay 1

Maximum likelihood based
inference in the two-way
random effects model with
serially correlated time effects

1.1 Introduction

Following the influential work of Lillard and Willis (1978) there has been a con-
tinued interest in error component models which allow for dynamics in the form
of a serially correlated error component. As in Lillard and Willis, Anderson
and Hsiao (1982), MaCurdy (1982) and Baltagi and Li (1991, 1994) consider
a one-way error component model with individual specific effects and serially
correlated idiosyncratic errors. King (1986) studies a one-way model with
correlated time specific effects and independent idiosyncratic errors whereas
Magnus and Woodland (1988) consider a multivariate panel data model where
both the time specific effects and the idiosyncratic errors are correlated. See
Baltagi (1995, ch. 5) for a review of the literature.

In this essay we consider the two way random effects model with serially
correlated time specific effects. That is, the serially correlated component is
common to individuals and can be taken to represent common or macro effects
not accounted for by the explanatory variables. More specifically, the model

*Co-authored with Sune Karlsson.
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of interest is

Yyt = a+xg4B+ein (1.1)
Eit = it A+
with A\; an AR(1),
Ar = pAi—1 + Uy, (1.2)
or MA(1),
At = U + Hut_l, (13)

process. This model introduces the empirically plausible phenomena of some
factors affecting all individuals observed in the same time period and that
these factors tend to persist over time. Examples of such factors are numerous
and include business cycles, oil price shocks and economic policies that tend
to persist during several of the periods for which the data are collected.

Revankar (1979) studied this model and gave a rather cumbersome two-
step estimator for the special case where ); follows an AR(1) process. We offer
a computationally straightforward maximum likelihood estimator which is eas-
ily generalized to arbitrary stationary and strictly invertible ARMA processes
for ;. In addition we consider the model selection problem and give tests for
autocorrelation in A\; as well as tests that allow us to discriminate between the
autoregressive and moving average specifications.

The organization of the essay is as follows. Section 1.2 presents the max-
imum likelihood estimator of the model. Section 1.3 derives the specification
tests. Section 1.4 contains results from a Monte-Carlo experiment and section
1.5 concludes.

1.2 The maximum likelihood estimator
In matrix form the two way model (1.1) is written as

y = Zbé+e
e = Zuyp+Zx+v

where Z# = (IN ® LT), Z, = (LN ®IT), Z = [LNT,X], 6 = [a,,@’]’, ,LL, =
(g vty )y X = (A1,., A7) and ey is a vector of ones of dimension N.
Throughout we will maintain the assumption that vy ~ N (0,03), My~
N (O,Uﬁ), u ~ N (O,U%) independent of each other and X. In addition
we assume that p,# € (—=1,1) that is the AR process (1.2) is stationary and
the MA process (1.3) is strictly invertible.
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The covariance matrix of the combined error term is given by

Y = E(ee') = Z,E(u)Z, + ZE(AN)Z) + E(w/')
= (IN®JT)+U (InQ®) +0i(Iy @ I7)

where Jr = ¢t/ a T x T matrix of ones and ¥ is the covariance matrix of
(1.2) or (1.3) with unit innovation variance. When the distinction between the
two types of processes is important we will refer to the covariance matrix of
the AR(1) process as ¥, and the covariance matrix of the MA(1) process as
Wg. More generally ¥ can be the covariance matrix of an arbitrary stationary
and strictly invertible ARMA(p, ¢) process.

Direct inversion of X is clearly impractical even for panels of moderate
size and the usual spectral decomposition ”tricks” employed in the panel data
literature are not directly applicable here. For maximum likelihcod estimation
to be practical convenient expressions for £~! and || must be found. To this
end, let Er = Iy — Jp, Jr =J7/T, 0% = TUfL + 02 and

A = Ji(IN & JT) + UIZ,(IN ®IT) =Iy® (UiJT + UEIT)
= Iy® (O’%:TT + UEET)

be the covariance matrix of the one-way model with individual specific effects.
We can then write

Y= A4+02(in R I7)¥(dy @ I7)
Using a well known result from matrix algebra

5 o= AT A Ny @ Ip)[o 2 + NA*]"l(:JN QIr)A™! (1.4)
= IN®A" = iy @ Ao 201 4 NA* 1 (Ly ® A¥)
= IN®A* —0 (v ® A%) [Ir + No2 @A ] 7 ¥(y ® A%)

where

Al =1y ® (a Er + JT) =Iy® A"
We obtain the determinant of X in a similar fashion as

|3 IA* | N|o2 w0 2w + NA¥| (1.5)

oIN TGV I + NoZ WA

i
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Using these results we have the log-likelihood function as

6,v) = ——%h?w — N—(TQ_—D—

1 1
—5¢' (Iv@ A%) e — Sl [Ir + Noy @ A*|

Ino? — %ln (Tai + UZ) (1.6)

2
—l—%EI(LN ® A") [Ip + No2WA*] " Uy ® A%)e

where ~ is the vector of covariance parameters, (Ui,ag,ai,p) for (1.2) and

(Uﬁ, o2, 02, 0) for (1.3). Evaluating the likelihood requires numerical calcula-
tion of the determinant and inverse of the T' x T matrix I + No2WA* which
for the modest time series dimensions common in panel data applications is
both speedy and accurate!. The theorem below shows that the models (1.1,
1.2) and (1.1, 1.3) are locally identified in the sense of Rothenberg (1971). The

proof is given in appendix B.

Theorem 1 Assume that —1 < 7 < 1 where T = por7 =6, and 0 <
Uf“ 02,02 < C < oo for some finite constant C. The dynamic two way random
effect models (1.1, 1.2) and (1.1, 1.3) are then locally identified in the sense

of Rothenberg (1971) when N,T > 2.

The elements of the score are given in appendix A.l and the information
matrix in appendix A.2. The use of an analytic score is strongly suggested
in applications since numerical derivatives performed poorly in the Monte
Carlo experiment. Variance estimates can be based on either a numerical
approximation to the Hessian matrix or the information matrix given in the
appendix.

1.3 Specification tests

1.3.1 Testing for autocorrelation in A;

To derive an LM-statistic to test the null hypothesis Hy : p = 0 against p # 0
in the AR(1) specification, we need the score and the information matrix
evaluated at the two-way model with A, = u; ~ N(0,02). The information
matrix and the relevant element of the score vector evaluated under the null

'If an analytic inverse and determinant is available for ¥ it is more convenient to work
with 072® "1 + NA* (line 2 of (1.4), 1 of (1.5)) since the computations are much more
efficient for symmetric positive definite matrices than for general matrices.
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hypothesis are obtained from appendix A.2 and A.l respectively by setting
¥ =1I; and L = G, where G is a bidiagonal matrix with bidiagonal elements
all equal to one. The LM-test is computed as
(1.7)
p=0

ol ' ol
= —_ I4>4 s
o ( op P=0> ( op

where Z%* is the (4,4) element of the inverse information matrix for the vari-
ance parameters, 7, -, evaluated at the null hypothesis. Since the information
matrix is block-diagonal between § and -y it is sufficient to obtain this block.

Inspection of the score vector for the MA(1) model shows that g%|g:0 =
g—élpzo. It follows that (1.7) is also the LM-test against an MA(1) alternative.

The hypothesis of no autocorrelation can, of course, also be tested using
Wald or LR-tests. In addition to requiring the use of slightly more complicated
estimators, these tests require the choice of a specific alternative. In general
we expect Wald or LR-tests against the correct alternative to have more power
than the LM-test and the Wald or LR-tests against the wrong alternative to
have lower power than the LM-test.

1.3.2 Testing AR(1) vs. MA(1)

Having rejected the null of no serial correlation using one of the tests discussed
in the previous section, the next step is to decide wether to model A; as
an AR or MA process. In this section we develop formal tests which allow
us to discriminate between the AR(1) and MA(1) specifications. Testing is
complicated by the hypotheses being non-nested and test results will frequently
be inconclusive. Model choice can then be based on less formal criteria, such as
comparison of p-values or information criteria. Note that in the case of AR(1)
vs. MA(1), the choice of information criteria to use is irrelevant since they all
boil down to a simple comparison of the likelihoods for the two specifications.
In order to develop formal tests we nest the two hypothesis in the compre-
hensive ARMA(1,1) specification for A\;. Since estimation of the comprehensive
model is complicated we do not consider Wald or LR-tests and concentrate
on LM-tests. The test of the hypothesis that the true process for A; is AR(1)
then corresponds to testing Hg : 8 = 0 in the ARMA(1,1) specification. We
will refer to this test as the LM-AR test. Correspondingly, testing the null
that the true process for A; is MA(1) is equivalent to testing Hy : p = 0 in the
ARMAC(1,1) specification. We refer to this test as the LM-MA test.

Using the standard block diagonality between regression and variance pa-
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rameters we have the test statistic for Hp: 7 =0 as

ol N\ .. [dl
62,7- B <5; T:O) a4 (5; T:U)

where 7 is 6 if the null hypothesisis AR(1) and p if the null hypothesis is MA(1)
and Z77 is the appropriate element of the inverse information matrix for the
variance parameters, evaluated under the null hypothesis. The elements of
the score and the information matrix evaluated under the null hypothesis are
given in appendix B.

The LM-tests are relatively complicated and as an alternative we consider
two tests which can be computed using only the within estimates of the stan-
dard two-way model. These tests are based on the same ideas as the BGT
tests of Baltagi and Li (1995), to test implications of the process for A; being
AR(1) or MA(1).

Let A; be the dummy variable estimates of A¢. Then

~ 1 T ~ o~
Cj = ? 2 )‘t)‘t—j
t=j+1

is a consistent estimator of {; = cov(Ay, Ai—j). Under the null of MA(1)
we have (5 = 0 and /T (ZQ —§2> LN N(O,{% +2§%) under Hp and the

normality assumption. An asymptotically N (0, 1) test statistic for the null of
MA(1) is thus given by

V Co -+ 2¢;
Under the alternative of AR(1), {; > 0 and we reject in the right tail only in

order to maximize power. We refer to the test (1.8) as the BGT-MA test.
Let 7; = corr (A;A;—;), under the null hypothesis of an AR(1) process

Mo — (771)2 =0

whereas under the alternative of an MA(1) process 7y = 0. The test statistic

€4 = VT (i~ (111)*)/ (1~ 72) (1.9)

is asymptotically N(0,1) under the null hypothesis and we reject in the left
tail in order to maximize power against MA(1). We refer to the test (1.9) as
the BGT-AR test. To get a test for which size approaches zero asymptotically
when |n;]| > 1/2 and the true process can not be an MA(1) we may also accept
the null hypothesis if 7j; > § + ﬁ, see Baltagi and Li (1995).
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1.4 Monte-Carlo study

1.4.1 Design

We generate data from the two way model

Yt = O+ Pry+ey
€t = M+ A+ Ui

where & = 0, 3 = 1 and with A; an AR(1) (1.2) or MA(1) (1.3) process. The
regressors, z;; are generated as

it = 0.6T4—1 + 1

where 7;; is 74d N(0,1) and is held constant over the replicates of y;. The
variance parameters takes the values as az, o2 =(1/6,2/6,3/6,4/6) and 0% =
(1- az ~02) for feasible combinations of O'Z and o2. That is 02 = 0% (1 — p?)
for the AR(1) specification and 02 = 1-:_%7 for the MA(1) specification. This
choice of variance parameters holds the explanatory power of the model con-
stant with an R? of 0.6. Finally p, @ takes the values (—0.8,—-0.4,0,0.4,0.8).
For each combination of parameter values we generate 10,000 samples of
N = (10,20) and T" = (25,50). Normal pu;, ut, € and n; are obtained
from the normal random number generator in GAUSS and initial values of the
AR(1) process are obtained from the stationary distribution of A;.2

Due to the large amount of output from the simulation experiment it is
necessary to conserve on space. We only present results for the sample sizes
N =10,T7 = 25 and N = 20,7 = 50. A full set of results can be obtained

upon request.

1.4.2 Parameter estimates

The bias of parameters are small and the only potentially troublesome para-
meter to estimate is . The estimated variance of 6 is very large for estimates
close to one, which comes from the fact that the information matrix is singu-
lar at || = 1. Restricting |#| below one led to serious convergence problems.
Instead estimates above one in absolute value are transformed back to the
invertibility region. The near singularity of the information matrix close to
the invertibility boundary is however still reflected in the poor performance of
the information matrix estimate of the variance.

®Gauss code implementing the estimators and test statistics is available from
http://swopec.hhs.se/hastef/abs/hastef0383.htm.
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We experienced some convergence problems with the MA(1) model when
the true model was AR(1) with |p| = 0.83. This is not too surprising since the
MA(1) model cannot match the moments of the AR(1) process for high values
of |p|.

Figure 1.1a shows the empirical distributions of parameters for N = 10,T =
25 in the MA(1) model when true model is MA(1) with § = 0.8. Figure 1.1b
depicts the corresponding case for the AR(1) model when true model is AR(1)
with p = 0.8. Normal densities with the same means and variances as the em-
pirical distributions are superimposed. Pictures for negative values of p and
6 are similar and corresponding pictures for N = 20,T = 50 improves on the
negative skewness of the empirical distributions of variance parameters as well
as centering the empirical distributions of p and # around their true values.

1.4.3 Hypothesis tests

In each replicate we compute the LM-test of the null of no serial correlation
as well as the LR and Wald-tests of the null of no MA(1) or AR(1). The
Wald-tests are computed using a numerical approximation to the Hessian.
Wald-tests based on the information matrix given in the appendix A.2 failed
in the MA(1) model for |#| = 0.8 due to near singularity of the information. In
addition we compute the tests for discriminating between the two specifications
i.e. the LM-MA, LM-AR as well as the BGT-MA and BGT-AR tests.

In reporting our Monte-Carlo results for the test-statistics we use the
graphical methods advocated by Davidson and McKinnon (1998). The size
discrepancy graphs plot the difference between estimated size and nominal
size against the nominal size of the tests. The size-power graphs plot power
against the nominal size of the tests.

Tests of the null hypothesis of no serial correlation

Size Figure 1.2 shows the nominal size (x-axis) and size discrepancy (y-
axis) with 95% Kolmogornov-Smirnov ”confidence bands” for the LR, Wald
and LM-tests®. For N = 20,7 = 50 the size properties are very good for
the LM-test and the Wald and LR-tests against an AR(1) alternative (Figure
1.2a-1.2c). When testing against an MA(1) alternative the LR and, especially

A replicate was dropped from the simulation if convergence was not achieved after 100
iterations. This reduces the effective number of replicates to between 8,467 and 10, 000.

“In the graphs we refer to the parameter values of crﬁ,cr?, as mi, ¢ = 1,..,4 and vy,
j = 1,..,4 respectively. For example mlv4 refer to 0% = 1/6,02 = 4/6 and m2vl refer to
02 =2/6,0% =1/6.
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the Wald test suffer from size distortion and are sensitive to the choice of
variance parameters (Figure 1.2d-1.2e).

For N = 10,7 = 25 the Wald and LR-tests against the alternative of
MA(1) have serious size problems and are sensitive to the choice of variance
parameters. Due to the serious size problems with these tests they will not
be considered further. This is in contrast to the LM-test and Wald and LR-
tests against an AR(1) alternative which performs reasonably well even for
the smaller sample sizes (Figure 1.2{-1.2h).

Power Since power results for negative and positive values of p and 6 are
similar, we only report results for positive values of p and 4. For N = 20,7 =
50 the LR-test typically has the highest power, but power differences are not
large. Figure 1.3a-1.3c shows the nominal size (x-axis) and power (y-axis) for
the LM, Wald and LR-tests in the AR(1) model with p = 0.4 and Figure 1.3d-
1.3e shows the size and power of the LM-test in the MA(1) model. The picture
is similar for the Wald and LR-tests. The tests are relatively insensitive to the
choice of variance parameters, though a small reduction in power is achieved
by decreasing ai (increasing ai + %), which is not surprising since a low ai
makes it harder to detect the AR(1) or MA(1) structure. Furthermore for
fix cri power is decreasing with increasing 0. Comparing Figure 1.3c and
1.3d it appears that the LM-test has lower power against MA(1) than AR(1)
alternatives. It should however be kept in mind that the AR(1) process with a
high value of |p| is more persistent than the MA(1) process with 6 = p and we
would expect more power against the AR(1) process due to it being further

away from the null hypothesis.

In the case of N = 10,7 = 25 power is obviously lower, but it is also
more sensitive to the choice of variance parameters. As for N = 20,7 = 50
the LR-test typically has the highest power and power in the AR(1) model
is larger. Still, the power differences between the tests and the models are
relatively small. Figure 1.3f shows the size and power of the LM-test in the
AR(1) model with p = 0.4.

Tests for discriminating between the AR(1) and MA(1) specifica-
tions

Size of BGT-AR and LM-AR Figure 1.4a-1.4d shows the size discrepancy
of the BGT-AR and LM-AR tests for N = 20,7 = 50. The BGT-AR test
is undersized at usual significance levels and the size is also sensitive to the
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Figure 1.2 Size discrepancy of tests of no serial correlation

a) LR AR(1), N=20,T=50 b) Wald AR(1), N=20,T=50 ¢) LM, N=20,T=50
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Figure 1.3 Power of tests of no serial correlation

a) LR, p = 0.4, N=20,T=50

b) Wald, p = 0.4, N=20,T=50

o o
[} o
=) )
© @
o <)
~ ~
=] o
© ©
o <3
ol off;
<1l «h
off off

{ 3
" "
IS o
o o
<3 <3
c a
Ol ol
© 0.05 0.10 0.15 0.20 0.25 © 0.05 0.10 0.15 020 0.25
d) LM, 6 = 0.4, N=20,T=50 e) LM, 6 = 0.8, N=20,T=50
o o
= e PR
@ o a
=} of g o

-~
© © .
=} sifi/
~ ™ /l
o o
f

L] @ i
S ol
n olf
<} I3
< *
<3 I3
ML s
=3¢ S
o N
o o
S S
ol ol
© 0.05 010 0.15 0.20 0.25 © 0.05 0.10 0.1 0.20 0.25

¢) LM, p = 0.4, N=20,T=50

0.2 0.3 04 05 06 07 &8 0.9

0.0 0.1

G5 510 0.5 0.20 625
LM, p = 0.4, N=10,T=25

L)
~

<
@
o
«
=}
™~
IS =
prc i
o i
o vz
2 o
0 .
) Z E -
5] /,,’/:‘ =
77 .
. A P
o W -
7‘1' -
e . B
o 2 ”
P

o 4/
ot 1/~

-/,

f
g4
478
off

1

e
o 0.05 0.10 0.15 0.20 0.25




1.4. MONTE-CARLO STUDY 15

choice of variance parameters®. A low 0?\ with a relatively large o2 makes

the BGT-AR test more undersized. For |p| = 0.4 the LM-AR test has correct
size, and the size is insensitive to the variance parametrization. For |p| = 0.8
the LM-AR test is slightly undersized but still performs much better than the
BGT-AR test.

Figure 1.4e-1.4f shows the size discrepancy of the LM-AR test for N =
10,7 = 25 with p = —0.4 and p = —0.8. The picture is similar for positive
values of p. The size properties of the BGT-AR test has not changed much for
these smaller sample sizes. The LM-AR test is now undersized for |p| = 0.4
as well, but not by much. For |p| = 0.8 the size problem is more serious, but
not as severe as for the BGT-AR test.

Power of BGT-AR and LM-AR Figure 1.5a-1.5d compares the power
functions for N = 20,7 = 50. The LM-AR test is typically more powerful
than the BGT-AR test at usual significance levels. In fact the power curves
cross and the crossing point moves to the right with decreasing (7?\. Similar to
the tests of the null of no autocorrelation power is generally reduced for a low
0% and high o2.

Figure 1.5e¢ compares the power functions for N = 10,7 = 25, The power
of the LM-AR test is still higher than the BGT-AR test at usual significance
levels. For |6} = 0.4 we have no useful power with either of these tests.

Size of BGT-MA and LM-MA Figure 1.6a-1.6d shows the size discrep-
ancy of the BGT-MA and LM-MA tests for N = 20,7 = 50. The BGT-MA
test is insensitive to the choice of variance parameters, but severely undersized
with the more severe cases occurring for positive §. Given the sign of 4, the
size of the BGT-MA test appears to be unaffected by the magnitude of . The
LM-MA test is also undersized but not by as much as the BGT-MA test, on
the other hand it is slightly more sensitive to the variance parametrization for
|8] = 0.8. The LM-MA test also has better size properties for negative 6.

For N = 10,7 = 25 Figure 1.6e-1.6f shows the size discrepancy of the
LM-MA test for positive values of . The size of the LM-MA test is quite
sensitive to the choice of variance parameters and undersized. The BGT-MA
test continues to be insensitive to the choice of variance parameters. The size
distortion is however still greater than for the LM-MA test.

5 All references in the text and in the graphs refer to the unadjusted BGT-AR test i.e.
the statistic (1.9) without size adjustment.
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Figure 1.4 Size discrepancy of BGT-AR and LM-AR
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Figure 1.5 Power of BGT-AR and LM-AR
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Figure 1.6 Size discrepancy of BGT-MA and LM-MA

a) LM, 6 = 0.4, N=20,T=50 b) BGT, 8 = 0.8, N=20,T=50 c¢) LM, § = 0.8, N=20,T=50
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Power of BGT-MA and LM-MA Figure 1.7a-1.7d shows the size-power
curves for N = 20,7 = 50. The power of the BGT-MA test is typically
higher than the power of the LM-MA test at usual significance levels. At lower
significance levels the power of the LM-MA test is higher and the crossing point
of the power curves depends on o3, specifically the crossing point moves to the
right with decreasing 0% as for the BGT-AR and LM-AR tests. Furthermore
|p| = 0.8 is needed to get large power with either of these tests.

For N = 10,T = 25 the relative power properties are similar to the N =
20,T = 50 case, except that the crossing point of power curves occurs at higher
significance levels. Figure 1.7e illustrates the crossing point for p = —0.8. The
LM-MA and BGT-MA tests have power equal to size at usual significance
levels for |p| = 0.4.

1.4.4 Model selection

In the previous section we saw that for small sample sizes (small T') and/or
small values of |p| and |0| test results for discriminating between the AR(1)
and MA (1) specification may very well be inconclusive. A decision can then be
based on information criteria or comparison of the p-values of the tests. Fur-
thermore some researchers advocate the use of information criteria for model
choice rather than hypothesis tests, see for example Granger, King and White
(1995).

In this section we briefly consider the small-sample properties of model
selection criteria for (i) the two-way model with A; an AR(1) or MA(1) process
and (ii) overall model selection criteria for choosing between the standard two-
way model and the two-way models (1.1, 1.2) and (1.1, 1.3). In the first case
the choice of model selection criteria to use is irrelevant and model choice can
simply be based on a comparison of likelihoods of the two specifications, or
p-values of the discriminating tests. In the second case the choice of model
selection criteria matters and we consider the AIC criterion of Akaike (1974)
and the BIC criterion of Schwarz (1978). These two criteria are compared to
a hypothesis testing/p-value approach based on the LM-tests.

Discriminating between the AR(1) and MA(1) specifications

Discrimination is based on comparing the log-likelihoods (LL criteria) and p-
values of the LM-tests (LM-p strategy) conditional on the LM-test of the null
of no autocorrelation rejecting the null at the 5% level. We do not consider di-
crimination based on the p-values of the BGT-tests due to their disappointing
size properties.
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Figure 1.7 Power of BGT-MA and LM-MA
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Table 1.1 Frequencies of correct classification of the AR(1) or MA(1) model,
0% =2/6, 02 =2/6, N =20,T =50

Model LL LM-p LM-tests

p=-08 098 098 0.83
p=-04 070 068 014
p=04 068 067 0.3
p=08 096 096 0.77

§=-08 094 091 0.51
§=-04 066 0.65 0.14
=04 0.69 067 0.15

=0.8 096 0.93 0.59

Table 1.1 shows the frequencies of correct classification of the AR(1) or
MA(1) model for N = 20,7 = 50 with Ui = 2/6,02 = 2/6. For comparison
we also include the frequencies of correct classification with the discriminating
LM-tests, based on the 5% significance level.

For N = 20,T = 50 the LL criteria and the LM-p strategy are insensitive
to the choice of variance parameters. The LL criterion performs slightly better
than the LM-p strategy. The rather low frequencies of correct classification
for the LM-tests are mainly due to a large inconclusive region and illustrates
the need to resort to the LL criteria or LM-p strategy if a decision must be
made.

Corresponding frequencies for N = 10,7 = 25 are obviously lower, but also
more sensitive to variance parametrization. For example, the frequencies of
correct classification with the LL criteria and LM-p strategy are only slightly
above 0.5 for some variance parametrizations (low o2 and high ¢2) with a '
small |p| or |6].

Overall model selection

The AIC and BIC criteria are compared to a hypothesis testing/p-value ap-
proach denoted the LM/LM-p strategy. The first step in the LM /LM-p strat-
egy strategy is to apply the LM-test of the null of no autocorrelation. If the
null is not rejected at 5% significance level the standard two-way model is
favored. If the null is rejected, the AR(1) ot MA(1) process is choosen based
on the p-values of the discriminating LM-tests.

As for the LL criteria and LM-p strategy considered above the AIC and
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Table 1.2 Classification frequencies for the standard two-way model (2-way),
AR(1) and MA(1) models, 02 = 2/6, 02 = 2/6, N = 20,T = 50

AIC BIC LM/LM-p
Model
2-way  AR(1) MA(Q) 2-way AR(1) MA(1) 2-way AR(1) MA(1)

p=-08 0 0.98 0.02 0 0.98 0.02 0 0.98 0.02
p=—-04 0.09 0.60 0.31 0.43 0.40 0.17 0.25 0.51 0.24
p=04 0.13 0.56 0.31 0.49 0.35 0.16 0.29 0.48 0.23
p=0.8 0 0.96 0.04 0.01 0.96 0.03 0 0.96 0.04
27,08=0 0.81 0.08 0.11 0.99 0 0.01 0.95 0.03 0.02
g=-08 O 0.06 0.94 0.04 0.06 0.90 0.07 0.08 0.85
60=-04 0.12 0.25 0.63 0.52 0.15 0.33 0.40 0.22 0.40
0=04 0.13 0.23 0.64 0.54 0.13 0.33 0.40 0.20 0.40
g =0.8 0 0.04 0.96 0.03 0.04 0.93 0.07 0.06 0.87

BIC criteria and the LM /LM-p strategy are more or less sensitive to variance
parametrization. Generally the performance deteriorate with decreasing 03
and increasing o2.

Table 1.2 shows the classification frequencies for the standard two-way
model (2-way), AR(1) and MA(1) models for N = 20,T = 50 with o2 =
2/6,02 =2/6.

BIC favors the standard two-way model whereas AIC favors the AR(1) or
MA(1) model. This behavior is expected since the BIC criterion penalize extra
parameters harder than AIC. The LM/LM-p strategy is typically intermediate
to AIC and BIC in performarce.

For N = 10,T = 25 frequencies of correct classification of the AR(1) and
MA(1) models are lower, but the relative performance of the AIC and BIC
criteria and the LM/LM-p strategy is similar to the N = 20,7 = 50 case.

1.5 Conclusions

In this essay we have derived a straightforward maximum likelihood estimator
of the two-way model with a serially correlated time-specific effect. In addi-
tion we have considered specification tests as well as various model selection
strategies.

When testing for the null of no serial correlation we recommend the LM,
Wald (based on Hessian) and LR-tests against an AR(1) alternative since they
have the best size properties. Furthermore the power loss compared to the
corresponding Wald and LR-tests against MA(1) is small. In practice the LM



1.5. CONCLUSIONS 23

test may be preferred since it is simple to compute, requiring only estimation
under the null hypothesis of the standard two-way model.

To discriminate between the AR(1) and MA(1) process we have consid-
ered LM-tests as well as BGT-tests requiring only the within estimates of the
standard two-way model. The LM-AR test typically performs better than the
BGT-AR test. The size of the LM-AR test is not so sensitive to the choice of
variance parameters as the BGT-AR test and the LM-AR test has the highest
power at usual significance levels. In contrast the BGT-MA test is less sensi-
tive to variance parametrization than the LM-MA test and typically has the
highest power at usual significance levels. We can however not recommend
the BGT-MA test due to its disappointing size properties. Large values of |p|
or || are needed for discrimination with these tests and test results may very
well be inconclusive. One possible way to ”split the tie” is to simply compare
likelihoods or p-values of tests. Of these the likelihood comparison performs
best.

Information criteria can also be used to discriminate between the standard
two-way model and the two-way model with A; and AR(1) or MA(1) process.
We have considered model selection based on the AIC and BIC criterions as
well as an LM/LM-p strategy. The AIC criterion performs best when AR(1)
or MA(1) is the true process. BIC favors the standard two-way model and the
LM/LM-p strategy is typically intermediate in performance. The ranking is
reversed when the standard two-way model is the true model.






Appendix A

Score and Information

A.1 The score vector

This appendix derives the elements of the score vector for the models (1.1,
1.2) and (1.1, 1.3). For the regression parameters we have the standard result
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and for the variance parameters the score is given by
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2
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A.2 The information matrix

This appendix derives the elements of the information matrix for the models
(1.1, 1.2) and (1.1, 1.3). For the first element we have the result

Iss = 2'27'7
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and for the elements Is ., we have the familiar block-diagonality result
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- L {NT_ 2N (vpB~her) + N? (L'TB_IA*ZB”ILT)}
0'

1
207 1

e = 502 () (35)
N ( LT‘I’LT —2N? (L B~ 1A*\I'LT)
2 [ +N3 L B‘IA*\I’A*B“le) }
1 ox
v = 2 ()2 ()
o (¢pLer) —2N? (B~ 1A*LLT)
2_;1[ +N3 (BT A*LA*B~\er) ]

54
01

where L is L, or Lg defined in appendix A.1. For the relevant Ly, elements

1 ox ox
e (5) 2 (3]
2 r[ 074 g
1[ NtrA*2 —2Ntr (B1A*3)
2 +N2 tr (B—IA*ZB—IA*Z)

7. =

Y2572



A.2. THE INFORMATION MATRIX 29

L1, (o2
T T 2 572 073
1
2

- Ntr(A*@TA*) -2N?tr (B7!A*?WA*)
B +N3tr (B71A*2B-1A*WAY)

_ 1 1 (0 1 (O
T = QU[E (5‘72>2 (5‘74)}

_ o4 [ Ntr(A*LA*) —2N?tr (B~1A*2LA")
+N3tr (BTLA*2B~1A*LA*)

2

Finally for the elements involving 73, v, we have

“[=(3) = (@)

N2tz ((A*®)?) ~2N%tr (BT AT WA DA”)
EN4tr ((B—lA*\IIA*)Q)

_ 1 1 (9 1 (OF
T = tr[z <573>E <574>}

2
os [ N?tr (A*WA*L) -2N%tr (B"!A*TA*LAY)
2 +N*tr (BT'A*WA*BTA*LA*)

_ L g1 (0 e (0%
IM’M - QU{E <6’Y4>2 (574”

ot [ N2t ((A*L)2> N3t (B—l(A*L)2A*)
2 +N*er ((BIA'LA")?)

Y3573

~
]
NN

N —






Appendix B

The LM-test against
ARMA(1,1)

This appendix derives the score and information matrix for the LM test against
ARMA(1,1). Under ARMA(1,1) disturbances we have the covariance matrix
as

1= A+ 2y @I (y ®1I7)

with inverse

Yl=Iy Q@A — iy ® A*)B ey ® AY)

where B! = o2 (Ir + Na,i]f‘A*)_1 I’ and T is the covariance matrix of an

s 2 Jt—s]—1
ARMAC(1,1) process with elements Iy, = %%QE and I'y; = (p+9)(1ffi)2"
for t # s. To derive the LM-test we need the score and information matrix

evaluated under the null hypothesis § = 0 or p = 0. The score needed is given

by
1 _ 04
T:0>j| N 56,21}:0 ( 87—

ol

or or

)
= ~—%tr {Eiizo <~8~—~1

—1
> 21,1'::06
7=0 T=0

where 7 =6 or 7 = p and
BTl = Iv® A" —02(y @A) [Ir + No2®A*| ' U(ly @ A7)
where ¥ is given by ¥, if 7 =0 and Wy if 7 = p, that is

Sl = IN®A -0y ® AY) [Ir + No2BeA™] 7 Wyt ® A¥)
= IN®A*— (v ®A")B; Ly ® A”).

31
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Also B_EL‘T —o =02 (JN ® ‘T 0) =02 (Jy ® K,) where Kj has —%2' on the
main diagonal and ﬁp—ﬂ%L on the off-diagonal elements and K, has 26

on the main diagonal, 1+ 6% on the subdiagonal and 6 on the subsubdiagonal.
For testing Hp : p = 0 we get

tr{ 27! —821
Op |0

) = t1(2702 (In®K,))

= No2tr(A*K,)-N?0c%tr(A*K,A*B,")

~1 [ 0% - _ -
= 1(3,7 O)z = 2702 (IyeK,)x ™!
.
(Iv ® A*K,A%)
_ 2 ~N (Jy ® A*K,A*B;'A%)
oo —N (Jy ® A*B;TA*K,A%)
+N? Iy ® A*B;'A*K,A*B; ' A¥)
and
8l O-q% * 2 %* * —1
Bl = =N tr(ATK,)+N? tr(A"K,A"By )
p:

+e'eke — Ne¥'efe + N%e¥ (Iy ® K,) €7

where €, €* are defined in appendix A.1 and £¥r = (/y ® K,A*)e. The
information matrix evaluated under the null hypothesis is obtained as

1 e)> o%
Loy = 5 {E 1 <<9’7-1 "’:O> > <3’71 “"O)}
7 ¥

where v now is defined as ¥ = (02,02%,02,p,0)". By noting that (B—ELIP 0) =

%—f? for elements not involving p the only elements needed apart from those
derived in appendix A.2 for the MA(1) specification are those containing p.

We have
-1 8_21 »-1 @_1
8‘71 p:O 8p p:O

02 [ N(hpKper) —2N? (4K, A*Bgle)
+N? (L A*B;'K,A*B; ler)

Iyp = 3t
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=

I’Y21p = 5 tr

0%,
> =
( 074

)= (%)
p=0 op p=0
o2 [ Ntr (A*?K,) —2N?tr (K,A*B;'A*2)
N 7[ +N3tr (K,A*B; " A*?B;1A%) }

»1 %
p=0 8,0 p=0

_ oL [ N2tr(A*WAK,) —2N3tr (K,A*B, ' A*WA*)
2 +N*tr (K,A*B;'A*ZA*B, ' A*)

[\

0%,
>l =
( 573

I’YB P = 5 tr

1 (0% [ 0%
L = —tr| X = )l et
T 2 <674 p=0 ) ( op ﬂ=0>
_ou [ N?tr(A"LyA*K,) —2N3 tr (K,A*B, ' A*LgA*)
2 +N4tr (K,A*B;'A*LyA*B, ' A*)
and
1 p) p)
Top = =tr|B7 9%y ol e
2 9p | p=0 0p |0
1 [ N2t ((ATK,)°) —2N° i (K, A'B; ' ATK, A7)
2 +N4ir ((K,A'B; A7)

The corresponding expressions for testing Hy : 8 = 0 are obtained by
replacing K, Be_ and Ly with Kg, B and L, respectively.






Appendix C

Proof of theorem 1

It is trivial to show that the information matrix is block-diagonal

I:<% Iv>

and that I; is of full rank under standard assumptions on the explanatory
variables. The information matrix of the variance parameters is for the i, j

element
15)> ox
w2 (5)= (5]
{ 0v; a’Yj

1

2

1 oz’ o
_ = 2—1 —1 Dt

e (a) B om e ()]

The conditions on the v parameters ensures that 3 is of full rank. That 7 is
of full column rank then follows from the full column rank of

W = ec—a—z— eca—2 Vec-a—z veca—z
T 1\ 802 )\ B0z )\ B0z ) Br

Suppose there exists a vector a # 0 s.t.Wa = 0, then this must also hold for
the submatrix W* consisting of rows 1,2, 7+ 1 and T'+ 2 of W. For 7 = p

1-p* (102"
p 20up Ty
W* = VO oF o e
- 0 0 1 20‘3;7
1-p* 2(1—p272 )
P 20p Ty
0 0 2 (1_p2)2+1_p2
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For W*a = 0 it is clear that we must have a; = a; = 0 and that a3 and a4
are determined by rows 3 and 4. When p = 0,W*a =0 iff a3 = a4 = 0 as
well giving a contradiction. For p # 0 we normalize a4 to 1 and use row 3 to
. 2 2\ 2 . . . .
obtain ag = —202p/ (1 — p*)”. Substituting into row 4 yields
—9g2 22 2
(1-p" (@=p5)" l=p

which again contradicts the premise. The proof is similar for 7 = 6.
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Essay 2

Asymptotic properties of the
maximum likelihood
estimator of random effects
models with serial correlation

2.1 Introduction

Ever since the seminal work of Balestra and Nerlove (1966) there has been a
large interest in and use of random effects models. An important further de-
velopment was the generalization of the one-way model with individual effects
to allow for serial correlation by Lillard and Willis (1978). This model cap-
tures correlation in the data at the individual level and has been elaborated
by, among others, Anderson and Hsiao (1982), MaCurdy (1982) and Baltagi
and Li (1991, 1994). This is, however, not the only conceivable source of cor-
relation. It is quite reasonable to expect random time effects to be correlated
as well — reflecting serial correlation in the variables driving unobserved time
specific heterogeneity. There are, consequently, a number of variations on ran-
dom effects models allowing for correlation in the time effect. King (1986)
studies a one-way model with serially correlated time effects, Magnus and
Woodland (1988) consider a one-way model with both serially correlated time
effects and idiosyncratic errors in a multivariate setting and Revankar (1979)
proposed a two-way model with serially correlated time effects. Essay 1 de-
rived a straightforward maximum likelihood estimator as well as hypothesis

*Co-authored with Sune Karlsson.
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tests for the latter model.

While random effects models with serial correlation in the error compo-
nents are being used extensively in empirical work the theoretical aspects
are less well developed. Anderson and Hsiao (1982) consider the consistency
properties of the one-way model with individual effects and serially correlated
idiosyncratic effects. Amemiya (1971) proves the consistency and asymptotic
normality of the maximum likelihood estimator of the standard two-way model
as both N and T grows large. This essay extends the work of Anderson and
Hsiao and Amemiya by establishing the asymptotic properties of a comprehen-
sive random effects specification which nests the one-way models with serial
correlation as well as the two-way model with serial correlation. More specif-
ically, the model of interest is

yie = a+xu0+dim+hiT+ey (2.1)
€t = My +At+ Vit
with A; an AR(1),
At = paAt—1 + U, (2.2)
and vy an AR(1),
Vit = PyUit—1 + €it, (2.3)

where X;; varies over both individuals and time, d; is individual-invariant
and h; is time-invariant. If there are no time effects we obtain the one-way
model with individual effects and serially correlated idiosyncratic errors and if
there are no individual effects we obtain the one-way model with both serially
correlated time effects and serially correlated idiosyncratic errors. Setting
p, = 0 obtains the two-way model with serially correlated time effects and
setting p, = 0 obtains a model not discussed previously in the literature.
That is, the two-way model with serially correlated idiosyncratic errors and
independent time effects. The standard one-way models and the standard
two-way model are, of course, nested in this specification as well.

In contrast to the earlier literature we consider both consistency and as-
ymptotic normality with traditional large N and fixed T" as well as with large
T fixed N and both N and T large. We also pay special attention to the effects
of including time or individual-invariant explanatory variables in the model.

The organization of the essay is as follows. Section 2.2 presents the com-
prehensive specification and the corresponding maximum likelihood estimator.
Section 2.3 derives the asymptotic properties and section 2.4 concludes with
some final remarks. All the proofs are in appendix B.
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2.2 The comprehensive specification
In matrix form the comprehensive model is written

y = Zd+e
e = Zyp+Z\A+v

with Z, = (Iy ® ¢t7), Zx = by ® Ip), Z = (ent, X, D, H), where X is
ki-dimensional, D = (ty ® d), d =(dy,...,dr)" is ky-dimensional and H =
(h®e¢r), h = (hy,...,hy) is k3-dimensional, k = Z?:l ki, 6 = (o, 8,7, 'r')l,

= (g, piy)s X = (A1,.., A7) and ey is a vector of ones of dimen-
sion V. Throughout we will maintain the assumption that e;; ~ N (0,0'2),
w; ~ N (0,0’i), U~ N (O, J%) independent of each other and X, d and h. In
addition we assume that py,p, € (=1,1).

The covariance matrix of the combined error term is given by

Y = E(eg') = Z,E(pp')Z, + ZyE(AXN)Z) + E(vv') (2.4)
= (IN®JT)+O' (JN®‘IJ)\)+0'(IN®\I’)

where J7 = vref, a T x T matrix of ones and 02W, is the covariance matrix
of A and 02W,, is covariance matrix of v.

Let A be the covariance matrix of the one-way model with individual
specific effects and serially correlated v;;. We can then write

Y= A-}-O’Z(LN ® IT)‘IJ)\(L}V ® Ir)
where
A=0.(In®@Jr)+0ol(Iy @ ¥,) =Iy® (c2Jr + ol W,)

Following Baltagi and Li (1991) let C be the Prais-Winsten transformation
matrix for ¥, and write

C'C(02Ir +02%,)C'CT = C7' (62 (Cir) (Cep) +oir)CT
= C! (Uij; + UEE;) cT
where 02 = d*o% (1 - p) + 02, j; =130y /d* 1§ = (a,tp_y) = (Cur)’ and

Ef =1 - J; w1thd2—t, g=a?+ (T —1),a=+/(1+p,)/(1~p,). We
then have

Al=Iy@C (0% T7+ 0.’ E;) C=Iy ® A”
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As in the first essay we can then write

27 o= AT AN en @) o728+ NAY T ey @ Ir) AT
= IN® A"~ ey @ Ao 20 L + NA T iy ® AY)
= IN®A* — 02ty @ A%) [Ip + NoZW A" 7 Wy (Ly © A%)
and
12| = |A* "N I + NoZ ¥, A"
Which gives the log-likelihood as

I(6,v) = ——?ln%r - M—TZ——D

1
—EEI (In®A*)e — %ln Ir + NUfL\Il,\A*[

Ino? + % In|C|* — g Ino? (2.5)

2

+%e'(LN ®A%) [Ir + No2W,A"] " W, (Ly ® A)e

where & = (o, 8/, 7, T’)I and 7y is the vector of covariance parameters, (0,2” o2,
2
Pu> Oy ,0,\) :
Evaluation of the likelihood requires numerical computation of the deter-
minant and inverse of the T' x T matrix Iy + N Uﬁ‘IJ AA*. The elements of the

score for the comprehensive log likelihood (2.5) are given in appendix A.l and
the information matrix in appendix A.2.

2.3 Asymptotic properties

Establishing consistency and asymptotic normality is complicated due to the
fact that the likelihood contains terms of different orders. Furthermore the
likelihood cannot be evaluated analytically which complicates matter further.

2.3.1 Assumptions

The following assumptions are sufficient for the results

(a) p; ~ N (O,aﬁ) ,ug ~ N (0,02), ei ~ N (0,02) independent of each other
and X, d and h. In addition X, d and h have full column ranks kq, ko
and kg respectively where (X1, ..., X1, hy) is iid across 1,1 =1,...,N
and (Xit,...,Xne,de) is strictly stationary and ergodic across t, t =
1,...,T with E|Xul* < 00,7 =1,...,k, Eldy* < 00,1 =1,... ks
and E’|hs¢|2 <oo,8=1,...,ks



2.3. ASYMPTOTIC PROPERTIES 43

(b)©={0:8'0<c<00,0<03, <07 <0, ~1<pp<p<piwy <1},
where ub,lb denote upper and lower bound respectively and j = p,u,e,
1= A\, v with By the true parameter vector belonging to the interior of ©

(¢c) The normalized moment matriz, TVITZIZ’ converge in probability to a finite
posttive-definite matriz as N — 00,7 — 00 or N,T — oo. In addition
there exists a diagonal matriz, say Y, such that the normalized gquadratic
form

Y-lz/s-lzy!

converge in probability uniformly on © to a finite positive-definite matriz
as N — o0, T — o0 or N,T — o0

The normality assumption on g, us and e; in (a) is certainly not necessary
for consistency arguments. It is well-known that maximizing a normal log-
likelihood even though the errors are non-normal will in general give consistent
estimates given some moment conditions on g, ut,e;. Inference is however
more complicated so it is convenient to stay in the Gaussian framework.

Assumptions (b) is standard whereas assumption (c) may require some
clarification. The first part of assumption (c) is the usual moment con-
dition on the explanatory variables encountered in the asymptotic analysis
of least squares models. The second part is concerned with the quadratic
form, Z'371Z. It amounts to assuming that the normalized quadratic form,
Y 1Z/%"1ZY !, have the required limit properties. Lemma 6 in appendix B
derives the scalings necessary for the block diagonal elements to converge to
positive definite matrices. It follows from this that the scaling matrix must be
given by

diag T = (min (\/N \/T) ,Fg,F,r,FT> (2.6)

where Fg is a vector containing k; V'NT, and F,,, F, are vectors containing ky
VT and k3 v/N respectively. Contrary to Amemiya (1971) we do not assume
that plimpy 7, 77 (tyvr, X)' 87! (en7,X) Is non-singular. This is not true
as can be seen from the form of the scaling matrix in (2.6). The constant needs
different normalization and to complicate matters further the appropriate nor-
malization depends on the relative rate of increase of N and 7". This indicates
a general problem with time-invariant and/or individual-invariant explanatory
variables and in this sense we can interpret assumption (c) as that the H and
D matrices contain variables with ”sufficient variation” in the N and T di-
‘mension respectively. In fact, plimy_, ., #H'S7'H and plimy_,,, #D'S"!D
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are null matrices whereas plimy_ ., H'S"1H and plimy_,., D’S7!D are ran-
dom matrices. The appropriate normalizations of these information elements
as both N and T grows large are % and % respectively and in contrast to
the constant term these normalizations do not depend on the relative rate of
increase of N and T'. This illustrates that the behavior of the quadratic form,
Z/%~'7, may differ sharply from that of the ”ordinary form”, Z'Z.

We might remark here that the normalization matrix given in (2.6) and
of course assumption (b) as well is only appropriate for the two-way model.
For the one-way model with individual effects D’S™'D =Nd’A*d and hence
plimpy_, o %D’E_lD is a random matrix. Similarly in the one-way model
with time effects plimp_, %H’ ¥~ !'H is a random matrix. The appropriate
normalizations of the information elements D'S~!D, H’S'H are ﬁ and
_le respectively in the one-way model with individual effects and % and ﬁ
respectively in the one-way model with time effects. The unique scaling matrix
for the one-way model with individual effects is obtained by letting the first
element of diag Y be replaced with v/N and F, a vector containing ko v/ NT.
For the time effects case this matrix is obtained by replacing the first element
of diag Y with /T and letting F, be a vector containing k3 v NT.

For the purpose of giving results for the one-way models we define ©®)
as the compact parameter space for the parameters of the individual effects
model, 60 — (6,’7@) A = (Ui,ag,pv). Correspondingly we define ©®) as
the compact parameter space for the parameters of the time effects model,
o) = (6,’7(’5)) A = (Gg,pv,ai,p)\) and make the following additional as-
sumptions

(bay) @@ = {89 : §'6 < c < 00,0 < 02, <02 <ok =1 <py < p, <

Pvub < 1}, where ub,lb denote upper and lower bound respectively and

j = u,e with 9((;) the true parameter vector belonging to the interior of

o®

(by) O = {f: 86 < ¢ < 0,0< o2y <02 < 0?1 <pgp < py <

Piwp < 1}, where ub,lb denote upper and lower bound respectively and

)

J = u,e, i = A\ v with Hgt the true parameter vector belonging to the

interior of ©®)

Unless otherwise indicated in the following results for the comprehensive
model use assumptions (a)-(c) and results for the one-way model with individ-
ual effects use assumptions (a), (b)), (c). Accordingly, results for the one-way
mode] with time effects use assumptions (a), (b)) and (c).
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2.3.2 Consistency

Our first result is for the comprehensive model specified by the log-likelihood
(2.5). Define 8 = (4,~) and let 6= (3,’7), 80 = (60,7yp) denote the estimator
and true parameters respectively

Theorem 1 (Comprehensive model)

(i) 65 6 on© as N, T — oo (it does not matter how)

(1i) B 5 By, 75 19 0n0 as N — oo and if in addition T > 2, ( 52 "3797))
(o3 10> 020+ Puo) 0 O as N — oo

(ii1) ﬂ ﬂo, 7 5wy on® as T — oo and if in addition N > 2, ( 02, Pus u,p,\)

P
- ( 0e0s Pv0, O u07p/\0) n an open nezghborhood Of( Te0s> Pv0> 0 uOvp/\O)

The proof proceeds by examining the probability limit of the log-likelihood
standardized by 1—\,17—, This method is not useful for dealing with the constant
term but it allows us to prove some global consistency results for the variance
parameters which are not easily obtained otherwise. The asymptotic proper-
ties of the constant term are essentially established in two lemmas, lemma 6

and lemma 7 given in appendix B. Lemma 6 shows that & = min {vV/N,/T

consistent and hence the constant is not consistently estimated if only N or
T — oo. Note that the inconsistency of the constant does not affect con-
sistency of the /N consistent parameters as N — oco. Nor does it affect
consistency of the /T consistent parameters as T' — oco. The intuition for this
is that these estimators do not (at least not asymptotically) use information
about the constant. Analogously, inconsistency of for example 7 (the parame-
ters of individual-invariant explanatory variables) as N — oo does not affect
consistency of the v/N consistent parameters!.

Note that we assumed T > 2 as N — o0 to achieve identification of the
variance parameters (o ( oz, pv) and N > 2 asT — oo to achieve identification
of the variance parameters (Ug, N p,\) A similar requirement appears in
assumption (a) and these conditions are frequently redundant when there are
time or individual-invariant variables in the model.

A number of special cases emerges from the above theorem. For example,
consistency results for the two-way model with serially correlated time effects
and the two-way model with serially correlated idiosyncratic errors follow as

'The phrase " inconsistent parameters” is used here to refer to parameters whose estimator
converge to non-degenerate random variables.
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direct corollaries from theorem 1. In addition if p, = py = 0 and we have
no time or individual-invariant explanatory variables theorem 1 (i) gives the
consistency result of Amemiya (1971) for the standard two-way model. The-
orem 1 (ii) and (iii) then gives consistency results as N — oo and T — oo
respectively not covered in Amemiya (1971)2.

Theorem 1 does not apply to the one-way model with both serially corre-
lated time effects and serially correlated idiosyncratic errors since we have not
allowed for O'z = (). Consistency results for this model are however straight-
forward to obtain

Corollary 1 (One-way model with time effects)

(i) CIRE Qét) on ©® as N, T — oo (it does not matter how)
(1) B4 By, T L T and (Eg,ﬁv) 2 (02, py0) on 0% as N — o0

(iti) & 5 o,B 2By, 7L moand T B 19 on 0®) as T — oo and if in
., ~D o~ A2 P 9 9 . .
addition N > 2, (Uevpvaguva) - (UeO7pv0,UanpA0) n an open nezgh-
2 2
borhood Of (Ue07 P40,9 40> pAO)

In contrast to the comprehensive model considered in theorem 1 it is in
this case possible to estimate all the parameters consistently as only T —
o0. This follows since there is no individual effect which confounds with the
constant term or the time-invariant explanatory variables. The constant is
accordingly v/T consistent no matter what the relative rate of increase of N
and T and T is accordingly V'NT consistent. The non-presence of individual
effects also implies that there is a somewhat weaker identification condition
on the variance parameters (ag, pv) as N — oo.

Finally we give consistency results for the one-way model with individual
effects and serially correlated idiosyncratic errors

Corollary 2 (One-way model with individual effects)

(1) 3% 9((;) on © as N, T — oo (it does not matter how)

(ii) @ 2, ao,B 2 Bo, T Loro and ® B wg on ©9 as N — o and if in
addition T > 2, (8;%,83,,’0‘”) S (aio,ago,pvo) on ©@ as N — oo

YFor the standard two-way model it is straightforward to prove global consistency of
52,62 asT — oo (assuming N > 2).
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Table 2.1 Consistency properties of random effects models

Model Case Case
2-way (p;, At,vit) N — o0 T = 0o
C NC C NC
At, Uit 11d B,7,0%,52 a,m, 02 B, X u, 2 o, 1,02
At AR(1),vip i2d ﬁ,‘r,ag, o2 a,m,02,p, B, 7,02, 05,0 2 a,‘r,ag
¢ tid, v AR(1) B,7,02,02,p, a, 7,02 ﬁ,‘n’,a?‘,ag,pv a, 7,0
At AR(1),viy AR(1) ,G,T,a#,ag,pv a, 7,02, py B, 7,02, 05,02, p, a,‘r,zfg

l-way (A¢,vse)

C NC C NC
At, Uit 1td B,7,02 a,mw, o2 a,B, 7, T a 02
At AR(1), vy 1id 8,702 a, 02, py o,B,7, T aﬁ,pé, o2
At iidyvit AR(]-) /BvTvo-gipv a"":a?‘ a:/grﬁ)‘r»ga?ugmgpv
)\t AR(]),U“ AR(]-) ,3,7',(72,/)1, a,‘lr,oﬁ,p,\ a:ﬁvﬁ:Tvgu) p)\vo-wpv
1-way (p;,vit)
C NC C NC
vt iid a, B, 7,7 a 02 ﬂ,ﬁ,gg a, 1,02
Vit AR(l) @, /3 T ‘IT,Uf“ e:p'u ﬁvﬂ'ageapv a77-70-p

Abbreviations: C=Consistent; NC=Not Consistent

(iii) B2 By, 7 B my and (G2,5,) B (0%, pyo) 01 O as T — oo

Since no time effect confounds with the constant or the individual-invariant
explanatory variables o and 7 are VN and v/ NT consistent respectively im-
plying that all parameters are consistently estimated as only N — co. We also
note that we do not need N > 2 as T' — oo to identify the variance parameters
CHYDE

The results in theorem 1 and corollaries 1 and 2 covers a number of in-
teresting models commonly used in practice and it is useful to summarize the
consistency properties obtained. This is done in Table 2.1.

2.3.3 Asymptotic normality
Comprehensive model

In this section our interest centers on the asymptotic distribution of the ap-
propriately scaled maximum likelihood estimator §= (3,’7) . Before the state-
ment of the main theorem it is useful to collect some preliminary results which
appear in lemma 6 and 7 in appendix B.

Recall that assumption (c) ensures that the part of the limiting informa-
tion matrix which belongs to the explanatory variables is a positive-definite
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matrix as either or both of the indices grow large. In case both N and T" — oo
this limiting matrix, denoted R, is obviously non-stochastic. A moments con-

sideration also reveals that this matrix depends on the behavior of the ratio
N

T

Lemma 1 If% — 0

1 pi)2 N2
Lol o0 ElEg 0
_ Rx 0 0
R= L Ed}dyY 0

= (Ehsh}—Fh;Eh})

where Rx = plimy 1,00 %5 X' S 71X and df = (d; — ppdi-1).
If 77\;— — 00

=~ 0 0 —>FEh]
K H
Rx 0 0
R= L Ed Y — U=2)" 4, Ea! 0
o2 HHE M o2 tLdy
<4 Eh;h]
m

Finally, of N,T — oo simultaneously

w 0 wEd; wEh]
Rx 0 0
R= L Ed}}) + v Ed,Ed] wEd, Eh!
;lﬁ-Ehih; -+ UgEhiEh;
_ 1 _ 1-py)? _ ~2
wherew—m,vl—w— ) and vg =w — 0,

The lemma shows that when both N and T — oo the variance formula,
and hence the amount of information in the sample, depends on the behav-
ior of the ratio % It is important to notice that this result does not re-
late to assumptions about the sampling behavior of the time-invariant and
the individual-invariant explanatory variables. In fact it holds regardless of
wether the time-invariant and the individual-invariant explanatory variables
are regarded as fixed or stochastic. Note however that if these variables are
centered then R reduces to a block-diagonal matrix that only depends on the
behavior of the ratio L}f- through the constant term.
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If only N or T — oo as in theorem 1 (ii) and (iii) part of the parame-
ter vector is not consistently estimated. In fact, only the subvectors §* =

(B,Try(“> AW = (02,02, p,) and 6" = (B,w,'r(t)> , YW = (02, p,,02, )
are consistently estimated as N and T — oo respectively. The limiting dis-
tributions of the subsets of consistently estimated parameters are of course
only interesting if they are information block-diagonal to the inconsistent pa-
rameters. The following lemma, which is a direct consequence of lemma 7 in
appendix B, is useful in this respect

Lemma 2 As N — oo the information matriz is block-diagonal between 6°
and (a,ﬂ",a%,pk) and as T — oo the information matriz is block-diagonal
between 6° and (a,T’,ai)

Motivated by this lemma the theorem below applies a mean-value expan-
sion to the part of the score vector which belongs to the consistent subvectors.
In addition the elements of the limiting information matrix relating to the
consistently estimated subvectors does not depend on the nuisance parame-
ters (a,ﬂ",ai,pA) as N — oo nor on the nuisance parameters (a,T’,ai) as
T — oo. This fact is important since it implies that we can obtain useful
approximate variance formulas for the subsets of consistently estimated para-
meters.

We now obtain the main result of this section. For this purpose define
Fyr, Fy and Fr as diagonal matrices with

diag Fyp = {min(ﬁ,ﬁ),Fg,Fﬂ,FT,\/—J\?,\/ﬁ,\/ﬁ,ﬁ,ﬁ}
diagFy = {Fg,FT,\/N,\/FT—,\/NT}
diagFp = {Fﬁ,FW,\/NT,\/TVT\/i\/T}

We shall also need notation for limits of submatrices of the quadratic form
in assumption (c). Let Zy=(X,H), Zr=(X,D), Yy and Y7 diagonal such
that

diagTn = (FﬁaFT)

diag Y7 = (FﬁaFTr)

with
}V)hm YLZNET'ZNYY = Ry
plim Y7'Z757'Z7 Y7 = Ry

T—o00
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and we further let 6 denote a sequence such that plim 8 = g

Theorem 2 (Comprehensive model)

(t) Fnr (5— 90> <, N (0,V (8y)) as N,T — oo, where

_ . 1 (O%(6,y - R 0
V7 (o) = - plim {FN%F (7&99—'—)‘@) FNlT} - [ 0 V-1(6) }
, —00 ’y

a finite non-singular matriz, with R = R (6y) a Z?:l ki +1 dimensional
matriz given in lemma 1 and V1 (00)., is a diagonal matriz with

diagV_l (00)7 _ { 1 1 1 1 1 }

20;410’ 204, (1 — 930) 20t (1 — p?\o)

(1) Fn </9\Z — 96) 4N (0,Vn (64)) as N — oo (assuming T > 2), where

1 (pi . _ (9%1(8,7) - Ry v
Vi ) = - pim B3 (TGE e ) = L Y v
—00 i

a finite non—singulq,r matriz, with Ry = Ry (96) a k1 + ks dimensional
matriz and V 5t (96)7@) given by

—1 L
Vi (96)7(1')
2
2 2 2 (1_ 2
() v o partg
1 u0% a0 a0 a0
= = T-1 s
%40 tr (A*L, )

where 025 = 025 — 02,

(iii) Fr @t - 96) AN (0,Vy (65)) as T — oo (assuming N > 2), where

_ . _ 821(6,’7) _ RT 0
Vi (%) = ~ phim [FTI ( 86' 00" ‘?) FTl} 0 VR(8h).0
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a finite non-singular matriz, with Rt = Rr (96) a ki + ko dimensional
matriz and V;l (96)7(0 given by

Vit (60) 0
1 vt 1 y+ YN

Ve, w, ZVi,e, o Ve, 5 Ve, L,
a2,vVN
_ m L Vi L, %VLU,% —5 VL, L,
T—o0 2T N2y Z?wgzv
o5 L2V 5N ol Ly, &5
049N2
L Te0 VL)\,L)\ -

where

Vrp = tr((¥,'F¥,'P) (Ir — 2M)) + tr (¥ 'FME;'PM)
1

Vip = U <(‘I’51F‘1’51P) (IT - %M>> + 5 1 (T 'FME ' PM)

-1
ond M = (Ir + 2840, W, ¥} ?)
u0

Corresponding asymptotic normality results for the standard two-way model
and the two-way model with serially correlated time effects or serially corre-
lated idiosyncratic errors follow directly from theorem 2.

One-way models

Asymptotic normality results for the one-way models considered in corollary 1
and 2 can be derived quite easily given theorem 2. We concentrate on the one-
way model with individual effects in this section, corresponding qualitative
results for the one-way model with time effects follow similarly.

The limiting information matrix is, as in the two-way model, block-diagonal
between consistent and inconsistent parameters. This allows us to obtain the
marginal limiting distribution of the consistently estimated parameters when
T — oo in the same manner as for the two-way model. Also, the limiting in-
formation matrix for the consistently estimated parameters does not depend
on the inconsistent nuisance parameters, ensuring that we can estimate the
limiting variance consistently in the 7" — oo case. In contrast to the two-way
model all parameters are consistent as N — oo and we obtain joint asymptotic
normality for the full parameter vector under N — oo as well as N, T — oo.
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Make the following definitions

diag F§). = {%ﬁFmFmFHJNAMHZVNT}
diag FY) = @%I%VNQVNT}

where F%)T,Fgf) are diagonal matrices and F, is as in assumption (C(i)). We

also define 8t = (,B,ﬂ', 'y(i)t) Lyt = (O'g, pv) and with some further obvious
notation we have

Corollary 3 (One-way model with individual effects)

(1) FS\Z,)T (g(i) — Gg)> <N (O,V(i) (96”)) as N,T — oo, where
o))" = - gom [0 (288000 ()]

R® 0
[ e

a finite non-singular motriz, with R® = R® (99) a Z?:l ki +1 di-
mensional matriz given by

i
|
=
8

% 0 0 % Eh;
Iz Iz
) 3)
RO Ry R;Dz 0
LEdydy — U0 Bd) Ed, 0
“ Ehlh;
M

where Rgé) = pth,T—»ooﬁZ'fil X;A*Xz) R;?,D = plimN,T—»ooﬁlT_

A -1
SV XLA*, dY = (d; — p,di—1) and {V(i) (96”) (‘J is a diagonal
774

matriz with

-1
dlag {V (90 >7(i)] { 20_;%()5 20_307 (1 — p30>
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(11) F%)T (5(1') - HE)i)) <\ N <O,V%) (96”)) as N — oo (assuming T > 2),

where
[V%) (eg))rl _ _181_1,1?0 (st,)T> (%l((?—(’;;((g,)]yi)) (FS\if)T)_I:I

a finite non-singular matriz, with R = Rsz,) (9((;)) a 25’21 ki +1 di-

mensional matriz and [V%) (9(()1)) (_)} given by
,y 12

Vi ).,

< UzggA ) (- P;Q) La,A*‘I’vL% gg(l Puo) LalA*L L%

1 71090 aOVT 2 ovVT
= = T-1 * *
2 ot L—ngo) 720 tr (A", A*L,)

4
a * 2
2 tr (A*Ly,)
2 _ 2 2
w0 — a0 — Te0

(111) F(l) ( wr Og)t) 4N <O,V§f) (Og)tn as T — oo, where

W = -pn 09)" (S ) )]

where o

a finite non-singular matriz, with RY = Rg,f) (98“) a ki + ko dimen-

stonal matriz and [Vg) (961”) o } s a diagonal matriz with
¥ 1)t

-1
[ (g b
T e
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Comparing the results in the corollary above to the results in theorem 2
we note that

Property 1 In contrast to the comprehensive model the information elements
of a, and T does not depend on the behavior of the ratio % as both N and
T grows large

Property 2 As N — oo (or N,T — o) the variance matriz of the variance
parameters ¥V is the same in both models

That is we have the same large N asymptotics for the variance parameters,
4@ in the one-way model with individual effects and the two-way model. Not-
ing that the one-way model with individual specific random effects is typically
used in situations where large N asymptotics are appropriate this indicates
that it is asymptotically costless to variance robustify by including time spe-
cific random effects as well. If in addition h is centered and X is centered in
the N dimension we have the same large N limiting variance in these models
for the parameter vectors 3 and 7 as well.

2.3.4 Misspecification

It is well-known that in the framework of the classical linear model misspeci-
fication of the variance does in general not affect consistency of the regression
parameters, only efficiency. Unfortunately, in the present situation this need
not be true. As indicated by the results in theorem 1 and corollaries 1 and
2 problems arise since the true and the perceived error component structure
need not agree on the appropriate probabilistic orders®. The theorem below
illustrates what can happen

Theorem 3 (Misspecification of error components) Suppose that the as-
sumptions (a), (b) and (c) holds and the true model is the comprehensive model
considered in theorem 1 but the estimated model is the one-way model with in-
dividual effects considered in corollary 2. Then, for k; =1,1=1,2,3

(1) "?(’)t 1s inconsistent as N — 0o,T — oo or N, T — oo and Ei is incon-
sistent as N — oo

$Misspecification of the error components imply that the variance of the score and the
negative expected hessian need not be equal. In addition they need not have the same
probabilistic orders.
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(i) As both N, T — oo (it does not matter how)g 2 80 0n© and as T — oo

(ﬁ,ﬁ) s (By,ma) on © whereas @ and T are inconsistent. In case of

N — oo both (@,T) are inconsistent, the situation for (E,?) requires us
to distinguish between if plimy_, . & > Xith; is zero or not. If non-zero,
B 2 By or T 2 70 (or both) on © iff h is centered and X is centered
in the N dimension. If zero, B RS By on © iff X is centered in the N
dimension and T 5 1o on © iff h is centered

Part two of the theorem might seem counterintuitive in the light of stan-
dard theory for linear regression. The key to understanding the result is to
note that it is the case N,T — oo, where all regression parameters are esti-
mated consistently, that corresponds to the standard theory. In the NV — oo
case we may think of the time effects as dummy variables erroneously excluded
from the model. Consistent estimation of the remaining regression parameters
then requires that the corresponding explanatory variables are orthogonal to
the excluded variables, hence the need for centering. Although centering of
the data recovers some of the consistency properties for the mean parameters
of a correctly specified one-way model it does not, and in contrast to the ro-
bustification result in property 2, lead to the same asymptotic distribution®.
There is a loss of efficiency and a sandwich-type variance-covariance estimator
should be used since the information matrix equality fails to hold. Also note
that the driving force for the result is the presence of the time specific effects
per se. Theorem 3 holds wether A, is serially correlated or not.

2.4 Final remarks

Panel data models which allow for serial correlation are extensively used in
applied econometrics. This essay has explored the large sample theory for a
comprehensive specification which nests most of the models used in practice®.
In contrast to the previous literature we have treated the constant term ap-
propriately as well as allowed for both time or individual-invariant random
variables.

“The reader may notice that although we are only able to recover some of the consistency
properties of the mean parameters in a correctly specified one-way model we obtain exactly
the same consistency properties of the mean parameters as for the two-way model.

30Of course, none of the results in this essay are special to models with serial correlation.
In addition the results for the variance components and the ordinary explanatory variables
do not depend on the presence or non-presence of individual or time-invariant explanatory
variables.
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In terms of the consistency properties obtained our results reveal an inter-
esting and, perhaps, unexpected difference between ordinary explanatory vari-
ables and explanatory variables that are time or individual-invariant. Whereas
the parameters of ordinary explanatory variables are always estimated consis-
tently whenever N or T' — oo the consistency properties of the parameters
of time or individual-invariant explanatory variables depend crucially on the
model. The source of this difference was attributed to confounding with time
effects and/or individual effects and, of course, if there are neither individual
nor time effects these parameters have the desirable properties of the parame-
ters of ordinary explanatory variables.

Our results on asymptotic normality revealed a useful characterization of
the limiting information matrix. The set of consistent parameters (as N or
T — oo) are information block-diagonal to the set of inconsistent parame-
ters and the set of consistent mean parameters are always information block-
diagonal to the set of consistent variance parameters. In addition the elements
of information of the consistent parameters do not depend on the inconsistent
parameters, ensuring that the variance matrix of consistently estimated para-
meters can be consistently estimated.

As an application of the results obtained we considered the consequences
of error component misspecification. In this situation it is useful to work with
deviations from means to guard (incompletely) against possible inconsistency
of the mean parameters and indeed the idea of centering is also useful in the
context of robustification.

Possible extensions of our results include introducing dynamics in form
of a lagged dependent variable as well as allowing for time trends commonly
ernployed in practice. Given the present results one would suspect that a linear
time trend is 7°%/2 consistent in the two-way model and the one-way model
with time effects but v/ NT%/2 consistent in the one-way model with individual
effects. However these and other issues are left for future work.



Appendix A

Score and Information

A.1 The score vector

This appendix derives the elements of the score vector. For the regression
parameters we have the standard result

ol

- - le—l
86 ©
and for the variance parameters the score is given by
ol 1 0% 1 0%
- _— 2—1 - 12——1____2—-1
9v; 2 r ‘9’71') - 26 07 ©

—(~2 42 2
where %Y _(0p7 Oes Pys T p/\)

For Ui we have

0%
tr <2 803) tr (27" (Iy ® I7))

= tr(In® A*J7) —tr [y ® A*) B! (y ® A*J7)]
NQQ-p)?d® N(1-p)?
— ( pv) _ ( pv) L%’A*B_lb%

2 2
Ta O

where B~ = 02 (I7 + No2W,A%) " 0,
1 0%

-
803

>l = 2 (Iyedr)x?
= IN®@A*J7A*) — Iy @ A*JrA*B1AY)
—(INn®A*BIA*IrAY)
+NIy ® A*B1A* T A*B1AY)

o7
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Hence

ol N(l_pv)2d2 N(l —pv)2 al A *x—1, «a
67‘-2 _ — 20'(21 + 202 LT/A B LT

1 - N
+§s' (In @ A*JpA*) e—s’JT'§+—2—§’JT§

where € = (t)y ® A*)e and € = (t)y ® A*B"1A*) e. For o2 we have

o

tr(Iy @ A*W,) —tr [(by @ A*)B™! (Uy ® A*T,)]
Ntr(A*¥,) — Ntr (A*¥,A*B™1)

and
) YN _ -
by 13732 ' = 3l Iyevw,)xn!
= IN®A* T, A* — (Iy @ A*T,A*B7 1A%
Iy ® A*B7LA* T, AY)
+NINy® A*B AT, A*B71A")
with
ol N * N * *—1
;9?2 = —?tl‘(A ‘I’U)+'§tr(A ‘I’vAB )
1 ! * * ~t —_ N——I —
+§s (In @ A P,A")e—¢ \Ilvs+35 5
For 02 we have

U

15))
w(2g) = eEUvew)

= Ntr(A*¥,) — N2 tr(A* ¥, A*B™Y),
102 _ _
¥ 16732 U = ' anew)x!
= (INQA" VA" - NIy @ A*B71A*T,A%)
~NJy ® A*U,A*B1AY)
+N% Iy ® A*BTIA*T,A*BTTAY)
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and

ol N N?
— —tr(A* — tr(A*T, A*B!
502 5 T(A*W,) + 5 (AW, )

u

Ty o N?
—{—56/‘1’,\6—]\76/‘1’,\?—?—-—2—5[‘1&\?

Finally for the parameters in ¥y and ¥, let L) = % = 1—3%7‘11,\ +1—_1;gD
where D is a band matrix with zeros on the main diagonal and z'pf\’l on the
ith subdiagonal and define L, similarly, we then have

ol oiN o2N?
— = -2 t1(A'L * — tr(A*LyA*B !
N 5 tr{(ATLy) + —5—tr(ATLy )
2 N2 2
+%E’L,\E—03N'§’LAE+ QU“E’L,\E

and
oL _ _oN tr(A*Ly) + oeN tr(A*L,A*B™)
op, 2 K 2 K
2 2

. _ N
—f—%s’ (Iy ® A*L,A") e—02F' L5+ 2(" e E'L,E

A.2 The information matrix

This appendix derives the elements of the information matrix. For the first
element we have the result
Tss =227

and the elements Zs ., are simply computed as

- Z’g—l_ag

. !
Vi 8,)/ €

Is
i
Next the elements of the information matrix for the « parameters are

obtained as

1

4,02
I’Yﬂj = 5 tr[z 1(

0;

>2—1<%§>}

For the elements involving aﬁ

NoZ4d* (1 - pv)4 —2No4d? (1 - pv)4 L%’A*B_lb%
TNt (L= p) F ATB T ATB g
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where B™! is defined in appendix A.1.
No72(1—p,)° A W08
202 =3 —2No;% (1 — p,) LY A*B TA W%
| +N%072(1 - p,)* ¥ A* B TA* W, A* B 1% |

No2(1—p)* ¥ A* W g

Qa

1
Tp0t =5 —2N%0,2 (1 - p, ) LY A*B LA 14
| +N3%03% (1 - p,)> YA B IA*U,A*B 1 |
2 [ Nog? (1 - p,)* ¥ A"Lae§
n = —2N%52 (1 - p) 2 Y A* B TA LS
L +N3%072(1 - p,) 2 ¥ A*B ALy A" B g
o2 | NoZ?(1—p,)" 1§ ALyt
Tozp, =5 ~2No;2(1— p,) 2 ¥ A*B 1A Ly
| +N%0,2(1 - p,) > ¥ A* B 1AL, A*B 1§

with Ly and L, defined in appendix A.1. Next for the relevant Iggﬁj elements
_ 1| Ntr (A*\Lli!v)2 — 2N tr (A*\I'vA*B“lA*\I'v)
het T +N2tr (BT1A*T,A%)?

7. L[ Ntr(A*W,A*W,) —2N% tr (A*W,A"BTIAY,)
I +N3tr (BTLA*W,A*B L A* W, A%

7. 08 [ Ntr(A"®,A"Ly) —2N?tr (AW, A*B1ALy)
e T +N3tr (BTLA* W, A*B 1AL A%)

02 [ Ntr(A*W,AL,) — 2N tr (A*¥,A*B 1AL,
+N2tr (B1A*W,A*B1A*L,A%)

0=

Finally for the elements involving 02, p, and p, we have

T2 02 = =
A +N4tr (BLA* W, A%)?

urr u

1 [ N2tr (A*W,)? —2N3tr (A" W, A*B-1A"Y,) }

02 [ N2tr (A*W,A*Ly) — 2N% tr (A*¥, A*B 1ALy
+N4tr (BLA*W,AB 1AL A*)

TP = 7
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7, 0 [ Ntr(A"W,AL,) - 2N%tr (AW, A*B'A"L,)
oLpe T +N3tr (B~ A*W, A*B~TA*L,A%)
;7 _ 04| Ntr(ALy)? - 2Nt (A'LLA'BTIATLy)
ProPx T 9 —|—N4 tr (B_lA*L)\A*)Q
7 _ 0w [ Ntr(A*LyA*L,) — 2N?tr (A"LyA"B'A”Ly)
v 2 +N3tr (B"'A*LyA*B7A*L,A%)

;  _ot| Nu (A*L,)* — 2N tr (A*L,A*B"1A*L,)
PusPy 2 +N2 tr (BwlA*LvA*)Q






Appendix B

Proofs

A number of expressions involving the components of the variance matrix X
appear frequently in the proofs. A series of lemmas below summarizes some
basic results for these expressions. Unless otherwise indicated in case of joint
convergence (N,T — oo) no restriction on the indices are needed and joint
limits can also be computed as sequential limits by letting 7" — oo followed
by N — 00, see Phillips and Moon (1999, corollary 1).

Lemma 3 Let C be the Prais-Winsten transformation matriz for an AR(1)
process with parameter p, ¥ the variance covariance matriz of an AR(1)
process with parameter T and unit variance and let 15 be a vector with first
element \/(1+ p) / (1 — p) and remaining T — 1 elements unity.

2 2AT-1) (T-2)

i (C¥C) = ==+ —s (P +1)
.1 (,02 + 1) —2rp
Th_r)rgo—tr (C‘I’CI) = _]_——7“2

tr (COC1ey) = (FCOC "1}

T-2
1 1 .
_ L <—-—+ p) (1- ,02) + ——2662 (—+ '0> r?

a \1-p Y \1-p) &
T-1
€3 (T—l) 2 (/0(7‘/0_7‘2) (T j),r]—2
c1 c +(r —p) =
]_.
1 1
lim =t¥CPCs = — (1~ 2 — —r? —
Jim FHOUCE = (=20 i?) = o (0(a ) )
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where ¢; = (1 —1%), co = (r—p) (1 — p2)1/2 and c3 = (1 —2rp+p?). Note
that theses matrices are independent of N and that the limits hold when
N, T — oo as well.

Lemma 4 Let A* = C’ (0523—% + U(:QE%) C and consider vech A* we then
have elementwise convergence of vech A* to the infinite sequence vech (0—12 @;;)

at the rate T~! as T — oo.

Let B = \11;1 + No2A* we then have

v,00
T—o0 !

-1
lim vech B™! = vech (\Iliio + Nolo 2w ) )

lim vechB™! = 0
ﬁ&% By = 0
: 1 o *—1,c
%LII;OELT,A B 1LT = 0,Vp> 1
lim tr (A*"B7'A*¥) = 0
N—-oo
BT =0
. o -1 —_
pim 7 (BT =0
1 -1 .
and
1 -1
lim —mn|B | =0
1 -1
o L B

Proof. To obtain the elementwise convergence of vech A* we write

1 LaLal LaLal
A= T"T +0.—2<IT__ TT) C
(d%'i (1-p) 402 & °° @
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and note that t§'C = ( (H'pllpl_‘ﬂ) = Pus L= Py L= py, 1) . The elements

of %C"3¥C — 0 as T — oo since d® = o + (T —1). Next the es-
tablished limit for vechB~! as T — oo follows from the elementwise con-
vergence of vech A* as T — oo and limy_,. vechB™! = O follows since
limpy o T{I—B = aiA* elementwise. Then limy_o L%’A*B % = 0 and
limpy_ oo tr (A*B“IA*\II) = 0 follows 1rnmed1ately from limy_,0o vech B~1 =

0. To establish the T' — oo limit of %L%’A*B ¢7 =0, p > 1 we note that
for N fix and T — oo vech B™! converges elementwise to the infinite sequence

vech (‘Il;(l)o + Naﬁa;Q\Il;})o> which has the form of the inverse of a MA(1)
covariance matrix, that is the off-diagonal elements decay exponentially. Since
A* converges elementwise to a band-diagonal matrix it follows that A*B~!
converges elernentwise to a matrix with exponentially decaying off-diagonals.
Hence Tl,%’ A*B~1.% converges to a constant since this is the sum of the ex-
ponentially decaying elements in A*B~! and

1
Th_»r& —pL%’A*B_lL% =0,p>1
follows.

To establish the limits for ‘B“l
definite which implies that |B| >

we note that B—‘I’;1 = No2A*is positive
Tl =1-p3 and B} < |U,] = —fl_lp
In addition (B‘l} > 0 since B is positive definite and the results follow.

For In ‘B_l‘ we have ln ‘B“li < —1In (1 — p?\), a lower bound is obtained
from the Hadamard determinant theorem,

<[]~

":1%

W] + No, ]J]

1

Il

J

—Tln (1 +p/\ +Nk) where k& = maxaj;. Note that k depends on T and
approaches o7 (1 + p/\) Jo2asT — oo m

implying In|B~ > =37 In [wf n Naia;j} > YT In(1+p% + Nk) =

Lemma 5 Let 3 be the variance matriz 3 evaluated at 6y. Then

1 1
].. _— -1 = 1—— Ze0
Pl s b 5 o ( ) 1— p2,

(,012; + 1) - vaOpv}
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where Po = (NoZyWso + 02)We) , P = (No2¥, +028,).

1 o? o2
li -1 _ w0 21 2 e0 /
Jim tr 713, ———ngd (1—p,)" + Tol tr (C¥,,C')
2 (0*2 —0?

;“d2 £ )L%/C‘I’voclb%

with tr (CW¥,0C’) and 13 C¥,0C't% evaluated in lemma 3, and

+

1 o2
lim —tr Y713, = =0
NT—oc NT 0 O'g

Proof. Standard matrix algebra yields

1 1
NT tr 78, = ?020052(12 (1— pv)2
2 (=2 _ -2
+2<0 (U;dQ Ze )L%'C‘I’voc'l,%
2 —2 -2
O-’U.O O'a — O'e a a
+ ( Td2 )LTIC‘I’)\OCILT

1
fU?LOO'e_Q tr (C‘I’)\oc,)

1 — 2 « -1, a
—fUZOUiUQQ(l—Pv) F A BTG

1
+:70§0<7g2 tr (C¥,C') +

1
—Tazoaﬁ tr(A*BTATW,)

1
—fNaian tr( A*BTIA*W )
To establish the limit as 7" — oo note that for the first term

1
Jim 02072 (1—p,)? =0

since Uioo'gde (1—p,)*> =0O(1). For the next two terms

1
lim ?U;Qd—%%'c\pjocu% = 0,j=\v

T—oo

1
lim i;d_QL%IC‘I’joC,L% = 0,j=Av

T—oo

follows from lemma 3 since 02 = O (T) and d? = O (T). The limits as T — oo
of the fourth and fifth term follow from lemma 3 and lemma 4 established
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that the sixth term converges to zero. For the last two terms we have by the
elementwise convergence of vech A* and vech B~! established in lemma 4

lim %tr (A*B7TA*T )

T—oc

= Yllrréo%tr (0;2\11;1 (wy! +Naﬁo;;2\I';1)_1 0;2\1151\1'9-0>
which is well defined (and non-zero) since the diagonal elements of the ma-
trix are O (1). Repeatedly applying elementary results on inverses of sums
(Dhrymes (1984, p. 39)) to these last two terms and then collecting terms
obtains the expression given in the theorem. This completes the proof of the
T — oo case.

Now consider the case when N — oco. Since all but the three last terms
are independent of N we need only consider these. Then

1
A}i_r}réo—j;aioaﬁaf(l—pv)zl,%’A*B"lL% = 0
1
Nlim Taﬁoaitr(A*B*lA*\Il,\o) = 0
—00

follows from lemma 3, and

Jim %Naﬁoai tr(A*B™IA* W) = %o—iotr(\pmA*)
follows since impy_,oo NB™1 = (UZA*>_1 elementwise. Collecting terms as in
the T'— oo case then gives the result.

Finally the result for N,T — oo follows by taking sequential limits and
using lemma 3 m

The following lemma gives some basic limit results for the expressions
2’7 te, VypEliny, D’S7ID and H'E71H. In the proof of the results in
this lemma we make extensive use of elementary results on inverses involving
sums (Dhrymes (1984, p. 39)), applying them repeatedly to obtain manage-
able expressions.

Lemma 6 As N — 00, T —- o0 or NNT —»
1
lim —X'27 e =
plmNTXE e=0
If both N, T — oo and if & — oo

1
plim TLlNTE_lFJ =0

N,T—c0
lim ll,’ >l = 1 (1—py)?
NT—eo T NT o? A
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If both N,T — oo andif—;‘s——»oo

plim —tyrX7te = 0
N, T—o0
_ 1 _ 1
N,l.ll‘rilooﬁLINTz ILNT N U_l%
If N,T — oo simultaneously
plim ibl ¥l = plim l/,' > le =0
NT—oo N VT NTooo T T
1 1 1
lim —dyr X heyr = lim —typE teny = —
NT—oo N NT NT—oo T NT o'l%—y-o'% (1——[0)\) 2

AsT — oo or N, T — o0
: 1 I§v—1
phmTDE e=0
As N — oo 1
plim WD/E_IE: 0
As N - o or N,T — o0
: 1 I5—1
pthHE €=
AsT — oo 1
plim WH’E“le: 0

If both N, T — o0 and if%—»oo

plim lps-ip

I

5~ plim Z (de — pade—1) (de — prdi—1)’

N,T—o0 T 0 T—o0 t=9
1 1
pim —H'E'H = —5 plim —h Enh
N,T—o0 y, N—oo N

where Ey = Iy — Ty, In = Fently. If both N, T — co and if & — oo

plim lps-ip =

N,T—o0 T—»ooT 2

1 1
plim NH/2—1H = — plim Lyn
N,T—o0 O"u N—oo
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where Sy = (T3L, (de — padi-1) (di = prdir) = SR ST 5T dvd ).
Finally, if N,T — oo simultaneously

T-1T-1
1 1
plim =D'Y"!D = plim —=S, + plim d.d.
NT—oo T T—oo T i T2 (02 + T“?) t; ;
1 _
plim iH'E‘lH = plim — z ——h'Eyh + plim h'Jyh
N, T—o0 N N—oo N N—ooo N (0-2 + ___u._2>
(2 P,\)
Proof. To obtain the limit results for ﬁ%X’E_le we write
T N
1 - (1—py)
—— X'yl = 22 X; ; B.1
NT € NTo2 ;; e (B-1)
(1-p.) T N N 1 T N N
— e Xitrip; + XitCrphs

+
ZIH
~
N
MH
INg
I
S
B

,3
Il
—
o+
Il
N
"
i
—

2[\') e
=

M~
M~
™=
M=

,3
I
A
i
L

.
I
A
i
A

*
Xi,tAt’TUj,r

t,r
Xi’tL ’ Vi r

+
H'H
MH
N
M=
NE

._.
-
Il
o
.
il
s
o
1
il

,3
il
A
o
I
-
-
Il
—_

M= 5
MH
M-
ks

T

>

+
2~ 2
~

where 7; denotes the ¢ : th element of C'ty and c¢; denotes an element of

-1
the T' x 1 vector (NO'%‘I’)\ + (A*)'1> tr. Further L denotes the tr : th

-1
element of the T x 7" matrix L™ = (NO'Z‘I’)\ + (A*)_l> and A}, denotes

the tr : th element of the T x T matrix A*.
First we consider the probability limits of the terms involving p,

NT 2 ZZXltTt:U“z =0

& t=1 i=1
T N N

phrn N2T 2 ZZZXMTW] = 0

9o 121 j=1 im1
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as N — 00,T — oo or N,T — oo are straightforward to show since C'¢% is a
constant vector. To establish corresponding results for

T N N

plim —— N2T ZZZX’ tCLIL; (B.2)

t=1 j=1 1i=1

we need to consider the properties of ¢;. First, since ¢; is the ¢ : th element of
Lir = 0,%(1 — p,) B71C"t2 and B! converges elementwise to a matrix with
exponentially decaying off-diagonals, every element of Ler is an exponentially
decaying sum. Secondly, by the properties of B™! every element of Lir is
O ((NT)"1>. This shows that (B.2) is zero as either or both of the indices
grows large.
For the elements involving the idiosyncratic errors, v

T

plim LZ

MH

Z ZtAtrUIT = 0

i
I\

ﬂ
2|'

MHE

N
plim s Y Kaadie = 0
r=1 t=1 j=1 i=1

as N — 00, T — oo or N,T — oo holds since A* = C’ (U;’Zj; +a;2E§f) C,
C'C is band-diagonal and C't% is a constant vector. To be able to write

N N
N?TZ ZZX,tL "vir =0 (B.3)

as N — oo, T — oo or N, T — oo we need to establish some properties of
L. For this purpose we let C¥,C’ = I, Q be the eigenvectors of ¥, in the
metric of ¥,,. That is, C¥,C’'= QA where A is diagonal and Q is orthogonal.
Further let W = C'Q we can then write

I W—llw—l — C—lQQlc—ll
‘I’)\ — C—lQAqlc——ll — W—llAw—-l

ll

and

L = W YW (NolW®, +0.J7 +0.%,) WW™
= WV D+ (62 -02)Tp) W
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where T}) = Q’j;Q is idempotent, D =No2A + o217 is diagonal. Since A is
diagonal with bounded constant elements setting A =plIr will not change the
order properties of L~!. Hence, defining E;f =1r— J? we obtain

1w 1

Li1~W|{———F —_— ] W
No2p +02) T + No2p +02)° T
uP e uP P

which shows that L~ is similar to A* except that the elements of L™! are
O (N~1). This shows that (B.3) holds.
Finally for the term involving A

1
plim — Xit LA =0

N—ooo NT

Mz

9

ﬂ
HMH
I

I

i

I

follows since the elements of L~} are O (N “1). Next

1
plim —

X«L' Lt’r>\7- =0
Tmoo NT *

]~
]~
M=

ﬂ
l
o
o
It
o
-
I
NS

since )¢ have zero mean and by the properties of L. It follows that the
probability limit is zero as both N and T' — oo as well. This completes the
proof of the first result in the lemma. We consider next the limits of the terms
involving the constant.

To obtain results for ¢\ X7 te we let X;; = 1 Vi,¢ in (B.1). This gives

T N
2 le =(1-p,) Zthpl—%ZchlH—Nth)\t

t=1 =1 t=1 i=1

If % — 00 we normalize by % to obtain

limuiic . = 0
15_*00 T t=1 i=1 e
T N
JI\?ETO?ZZCtUi’t = 0

N
plim plim T thkt = 0

T—00 N—oo
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as a consequence of the properties of ¢;. To obtain corresponding results for
L’NTE_ll,NT write

1 B 1 & - x
Wx'z: X = WZXQA NZT;;X’A

Nszle L™,

7j=1i=1

and note that if X; = ¢7 Vi we arrive at
-1
IytE Ny = NipL7lep = Nibp (NO%‘I’)\ + (A*)"l) Lr
1—p,) Nijp (NUZ\II,\A* +Ir) 7 Ol

2(
2072 (1 - p,) dh (BAA") it 4 0 (V)
22072 (L—p,) tp (A1 ETICG + O (N7

since 7, = tpC™ 1% = \/10‘:05 Z]TZO o+ Zj:() (T -35) 0 =0(T)

a

Oq
0'
g

UntE Nt
1— 2 -2
— ( 2 pz’u) {Tc—l (UadZO' L%LT +(721T> Cﬁl,‘Il;lCIL%
= 0202 ( (1—p,)2 +U2L§~C—1) CVwlCg
+0 (N7
hence if both N,T — oo and AT’ — 00
lim lim iy 5 yr = lim 7 (1-p) g C VO IC 4
T—oo N—oo T’ NT T—o00 TO'ZO'2 v T A T
2
— 2 'C ~lrqy—1 v
B TlfioTaZ ;7 (1= ) GO0
— B8 /
- iy () O
1 2
= —(1—
U% ( pA)
where Lgl = L;«C sy and C, is the Prajs-Winsten transformation matrix for

W¥,. Alternatively this can be derived by noting that limy., vech (—11\7L) =



73

vech (O’?L‘Il ) and hence limy_ o TLTL ——3— — g——&— as T —
f4 >

T
plim plim Z cep; = 0
;

N—oooT—ox
plim — Z Z vy = 0

T_’OO t=1 i=1

ZHMZ

For X7 Yeny we arrive at
. / -1 _ ! 2 2 2 -1
Th—I»I;o LY LNT = Th_r&N@ (NO'U‘I’)\ + o, dr + O'e‘I’U) Lt
and hence proceeding by induction

1 1
lim  lim ey~ =—
im [m N LNT LNT

N—oooT—oo 0’%
Finally if N,T — oo simultaneously we obtain
: 1 / -1 : 1 li -1
plim —iyrX e = plim —tpyrX e =0
NuT_’OO N N,T—)OO T
1 1 1
lim —tyrZ hayr = lim =ity Z ey =
NT—oo N NT NT—co T T 0'}214—0'121’ (1 —p)\)—z

This completes the proof for the terms involving the constant and we proceed
to consider the limit results for the terms involving time-invariant explanatory
variables or individual-invariant explanatory variables.

To prove that

1 1 1 & N
: Isv=1. _ 1 p~1 P T =lg. 1 aliv 2V i —1
plim TDE s_phmT;dL LT’ui+phmTzldL v;+plim TdL A
1= 1=
is a null vector as either T'— oo or N, T — oo it suffices to note the properties
of L=, By the properties of L™ we similarly have pth_,c>o Td’ L1\ # 0
and plimp_, ., %d’L_l/\ = 0. Results for plim + +H'Y e and plim WH'Z €
can be shown analogously. Remaining results can be derived by noting that
LD'S1D =¥d'L-1d, and LH'S'H d—il—;w—h'E h+ X TTvh W
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The next and final lemma gives some important results about the limit
behavior of the information cross-elements for the mean parameters, § and
the elements Zs .. Limit results for the elements 7., appear in theorem 2.
To summarize some of the content in this lemma we can say that the set
of consistent parameters (as N — oo or T — o0) are information block-
diagonal to the set of inconsistent parameters and that the set of consistent
mean parameters and the set of consistent variance parameters are always
information block-diagonal.

Lemma 7 As either or both of N and T — oo the cross-elements (prop-
erly normalized of course) Iy (y oy, Iy (11120 Tr (varya) 07 Loy, s com;erge el-
ementwise to zero in probability (or in exrpectation), where v, = o#, Yo =
(o e,pv) and 3 = ( u,p/\) As N — oo (no matter what T is) this holds for
L, (ayrimivg)s Lrgrvss Lpr and as T — oo (no matter what N is) for L, (q r.7.)>
Ty, g and I .. We now concentrate on mainly the non-zero cross elements

of interest. If only N — oo

1 (1—=p)) o
—"Ia T = ——==d
VT 02T

where C\Cy, = \11;1, (1-py) LE; = Cytr, hence if N,T — oo such that % —

0.9]

plim

: 1 _ (1 p/\) 1 !
plim ?I(M = T plim — T Z d;

T—o0 =2

and if T — oo or N,T — oo such that]—’{;——>oo

1
Zox=0

\/_T )

plim

If N,T — oo simultaneously

li 1I lim
1m — = -
e = o (1= o) P+ 02 Fvo T

If only T — oo
1 1
lim —=Z4,=—=—= Y h!
P VN 7 \/NJ%HZ

hence if N, T — oo such that % — 00

1
plim =Z,, = phrn — h/
T = o7 plim Z
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and if N — oo orN,T—»oosuchthat%—»oo

plim —l—I =0

\/—]\7 o, T
If N, T — oo simultaneously
N
1 1 1
plim—Z,, = — plim = ) h;
N 0% (1~ py) 2 + 0% Nooo N 5

1=
T-1 N

1 1
P NT ag<1—pA)‘2+o,%p NT; t;

and otheruise for the last term

. 1
plim \/—N_TLW =0

Proof. These results can be proved with exactly the same methods as in
lemma 6. In fact the same matrices are involved in the expressions and the
proof is therefore omitted m

Next we give the proofs of the theorems in the text.

Proof theorem 1. The method of proof is to examine the probability
limit of the standardized log-likelihood. It is however not useful for dealing
with the constant. In fact, the constant drops out of the analysis. The reason
for adopting this method is that we can (in most cases) prove global consis-
tency results for the other parameters which are not easily obtained otherwise.
Asymptotic properties of the constant term are established separately at the
end of the proof.

The negative of the log likelihood is up to an irrelevant term given by

$(8,7) = %Vln |A*| + %m 17 + NoZ W, A*| (B.4)
b3y~ 28) B (y — 20)
= %Vln A + %m lIr + No2 @\ A*|
+3 (B0—0) 257 2(60-9)
1

+§E’E_1e+ (60—08) 2’5 e

By theorem 4.1.1 of Amemiya (1985) we need to verify that (i) the parameter
_space © is a compact subset of the Euclidean K-space, (ii) ¢(d,7) is continuous



76 APPENDIX B. PROOFS

in 6 € O for all (y,X) and is a measurable function of (y,X) for all § € ©,
(iii) W—1¢(8,~) converges to a nonstochastic function, say ¢, in probability
uniformly in 8 € © as W — oo and ¢ is uniquely minimized at 6p. Since (i)
follows from assumption (b) and (ii) is trivial it remains to show (iii). This
involves finding the limit of W~14(8,v) as W — co with W = N, W =T
and W = NT respectively.

First we consider the uniform probability limit of (B.4) as N,T — oo.
Note that

Ee'y e =tr 271y,

where 3¢ denotes 3 evaluated at 8. Hence using lemma 5, lemma 6 and 7
and assumption (c)

i L i 1 2 ; 1 2.2 2 2
(6 - _ = 1 B
Jlim 576(3,7) Jim o= In[Cf*+ lim —In (@02 (1= p,)? +0?)

+ lim NI 1)
NT—oc 2NT

+ lim In |I7 + NoZ W, A¥|

NT—oc 2NT
Ugo (p12; + 1) - 2pv0pv
202 1-p

2
Ino?

1
+3 (Bo—B) Rx (Bo—8) +
with Rx = plimy 7_,, 77 X' 271X, since |C| = O (1),

lim ——l—

2 *| __
im somn[Ir + Nob @, AT| =0

and using lemma 4 we arrive at

2

1 1 . 2
5102+ 2 (By—B) Rx (Bo-B) + 753

e

(B.5)

(p121 + 1) - 2pv0pv
1—pl

and it is straightforward to verify that (B.5) is uniquely minimized at 8= 3,
02 = 0% and C = Cj. Having established the consistency of maximum
likelihood estimators 3, 35, P, as N, T — oo we obtain the uniform probability

limit of (B.4) as N — oo with 7" > 2 a fix constant. For this purpose let



77

¢= (3,7

I

1
LA+ Jim In [T + No2®,A"|

m o e ONT

1 gl s1—
+££2W(C0—C) ZNE 2y (Co—¢)

1
lim —&(8
plim NT¢( )

1
: E 12—1
TN sNT e e

. 1 ! ! —1
+181_1,TONT(CO ) ZyX e

UiodZ (1 - pv)z
2T (dQUi (1—p,)*+ a%)

1 «
+ ﬁazo tr (A" W)

where we have used lemma 5 to evaluate limy_, o ﬁEs’ Y leg, lemma 4, 6
and lemma 7 and that ¢ is uniquely identified with { = {,. We then have

. 1 1 2 1 2
JI\?I—I»TO—]\F—]: (6,v) = ~57 In(1-p2)+ 5111% (B.6)

L o o1 L 2

+§erae T tr (CW,0C') — oT Ino;
1 — d“2 o o

—aazoae QTLTIC‘I’UOCILT

+§1:I: In (d2ai (1—p,)* + a?)
1 02yd? (1 - p,)? + 0%d 2§ CTCug
T (@or-p) b

Evaluating tr (C¥,0C’) and +3C¥,C'tg as in lemma 3 we can show that
(B.6) is uniquely minimized at p, = p,o,02 = 0% and o2 = 0% This
establishes the consistency of B,Ez,'ﬁy as N — oo as well as the consistency
of&ﬁ,?asN—»ooor N, T — .

Consider next the uniform probability limit of (B.4) as N > 2 is fix and
T — oo. Noting that lemma 6 and 7 and assumption (c) ensures that @ =
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(8, )' is uniquely identified we have

: 1 : 1 * : 1 2 *
plim (&) = i gp AT i g il + Nowtha|
: -1
AN NT T

using lemma 5 and after some matrix manipulation we arrive at

plim —1~¢(5,7) = (l — —1—> Ino? (B.7)

Tooo NT 2 2N
(Lo LN ok | (et D) ~ 2pu0p,
2 2N/ o2 1 - p2,
+= Jim lln‘Nch\Il,\+02\Il |
2N T—oo T v erv

1 . 1 _
+—2—N TIE'I;O ? tr (P()P 1)

where Pg and P are given in lemma 5. The first and second row of (B.7)
are uniquely minimized at 02 = 02, p, = p,o- However we cannot evaluate
the last two rows analytically which complicates showing uniqueness globally®.
We can prove the existence of a consistent root though (cf. Amemiya (1985,
theorem 4.1.2)). Applying matrix differentiation to (B.7) using standard re-
sults for interchanging the limit and the derivative e.g. Rudin (1976, p 152)
it is straightforward to show that the true parameters are a solution to the
first order condition. Of course then we also need to verify that the second
derivative matrix is positive-definite when evaluated at the true parameters.
But this is straightforward to do as well. This proves the global consistency
of B,ﬁ' as T'— oo (and also the global consistency of @ as N, T — oo) and
the existence of a local consistent root for 2,5,,52,7, as T — oo. Since
the information matrix is positive definite over the full parameter space when
N,T — oo (as shown in theorem 2) this also proves the global consistency of
62Dy as N, T — oo.

'Tn case of p, = p, =0 (B.7) reduces to

1 1 2 1 1 UEO
<2 2N>ln”e+<2 2N> 2
1 2 2 1 NoZg+02
+WID(NUU_+O'€)+2N NU%+U%

which is globally minimized at the true parameters if N > 2.
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Finally we obtain results for the constant term. To obtain a local consis-
tency result for & as N, T — oo it suffices to consider lemma 6. In fact @ can
be shown to be globally consistent as N,T — oo by the results in lemma 6
and lemma 7 and the fact that the information matrix is positive definite over
the full parameter space for the remaining parameters. As a special case of
lemma 6 we obtain the inconsistency of @ as only N - coor T — co B

Proof theorem 2. We first derive the results when N,T — oo and
hence the full parameter vector is consistently estimated. For the purpose
of establishing asymptotic normality of 8 it is useful to structure & as § =
(a, L NG 1 )/ and we will do so below. By the mean value theorem for random
functions Gourieroux and Monfort (1995, p 400)

A8, ~ al(8,~ Q*U(b,y), (4
(ae Yl = (ae )"’”%’_)'5 (6-#) (B8)

where 8 belongs to the segment (/9\, 90) with probability 1. Define Fyr as a
diagonal matrix with

diag Fyp = {min (\/J_\/' \/f) F.,F.,Fs,v/N,vNT,VNT,VT, \/T}

where Fg is a vector containing k1 vV NT and F,F. are vectors containing k;
VT and ky /N respectively. We can then write

Fnr (’é - 90) =— {F!‘V} <§Z§%’ly§> F;V&f] - [F,‘VIT <82<§9’7) |90)} (B.9)

From theorem 4.1.3 of Amemiya (1985) we need to show that (in addition

to local consistency Amemiya (1985, theorem 4.1.2)) (i) I(8,7) € C? in a

convex neighborhood of 6y, (ii) {Fxﬁr (%g—(’;—)lg) F]'\,}I] converges to a finite

non-singular matrix

- . _1 (8%1(8,7) _
V7)== Jm B [FN? (W'Ho) FNIT]

in probability for any sequence  such that plim 6 = 6y and (iii)

Fvr (81((;557) 190) 5 N (0, V7 (60))

where

I —o00

VT (8) = Jm B [F;V{r (al(gé7) leo> (81(3(;7) l(,O)IF;V;]
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a finite non-singular matrix. Note that (i) is trivially satisfied and by assump-
tion (a) (ii) follows if the convergence is uniform. Further note that

(257 -

is straightforward to verify from appendix A.1l, and

Vi (6) =V (8)

follows from the information matrix equality. To show (ii) we take uniform
limits of the appropriately scaled elements of the information matrix obtained
from appendix A.2. The limits for the variance parameters are straightforward
to derive using lemma 4 and repeatedly using elementary results on inverses
involving sums. For the elements I"ﬁ ~; We have

lim —~7 ~ lm - & (1—p,)*
NT—oc N 0‘2"0%‘ - N,TI’HOOQ ng P
2 4
— Z lim (CX2—|—(T—1)) (1_1011)
- 2 NT— 2
*((@+@-1))021-p)+02)
1
N 207,
1 L 7, 0
m
N,Tl’—boo N\/T Uﬁ’og
1
N}Il"Illoo\/_N—_?IaﬁU% 0
) 1
N,l%rﬂoo \/—YV:TIUE"P 2 =0
1

L o =
N oo Ny/T 4%
and for the elements 7,2 ,_
erlj

s 1 . 1 * 2
N,ljl"goo N—TI"E"72 B N,IYI’IEOO " (AT.)
. 1
204

e

1
li —7, =0
M
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1i =
N:Zl—’rgoo \/—T enD/\ O

1
lim ——T,, = li
N Do NT 98P = N 1500 202T

tr (¥, 'Ly) =0

Finally, for the elements involving o2, p,, p,,

1
lim =72 _,=—
N,T—oo T TuTu 20’%

) 1 1 1
wim 7 oo = im oot (V5
P . 1 -1
= — A 1 — 1 (7D
o2 (1 —p2) i NS oo 202T (1 - p32) t(¥3°D)
P P
= —=——+ 1 —_—2——(1-T)=0
o2 (1_p§) NT o0 JQT(l—pA)( )
Nlil’ril»oo \/_T =0
and with
1 : 1 1 2
NITI"IEOO TIp/\,p/\ - N,lql"rgoo ﬁ i (‘I’}\ L}\)
2
- 2;0)\ 1
= lim ——tr [ ¥T1 A+ D
NT5e0 2T < A ((1 —p?) (1—p3) ))
202 1
. A+ lim 5 tr (¥5 D)
(1-p3)" MT==2T (1- %)
_ 1
(1-p3)
1 ! 7 0
N%IBOO \/NT PxsPy
lim = —7 = lim U—étr (A*L,)* = lim —l—tr (c’'cL )2
NTSc0 NT PP NT—oo 2T YT NT S0 2T Y
1 1
= 1 — tr (P! —_—
wam ot (T )’ = 11— p2)
where we have used that Ly = %—fﬁ = - PA)‘I"\ + = )D with D a band

matrix with zeros on the main diagonal and ip}~ ! on the i:th subdiagonal and
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tr (¥5'D) = 2p, (1 =T), tr (¥5'D)? = 202 (T — 1) + 2(T — 1). Hence we
arrive at (using assumption (c), lemma 6 and lemma 7)

¢ 0 0
V1) =] 0 Rx 0
0 0 v—! (00)

5
where Rx = plimy 1_,o, ﬁX'E—IX, and with
1-py0)° 1 T-1
( U%)(\Jo) ( PA Zt = d/ 0
¢ = plim —TT; _pdpd 0
T—oo . —
;%—0_ pth—»oo %hIENh
1
lf% — 00 Where dg‘: (dt_p)\dt—l) EN—IN ']N,JN— LNLN
1 1 N 1y
E 0 NoZ, 2 im by
. . 1
d) = 181_12.10 phmT—»oo —T—UZ—O-S)\ 0

1 1
NUEOh h

£ F = oo where 8= (YE, iy - Ol ST ST audr), and

T
w T ZT 1 dl %{ 1 7{\71 h]lv
¢ = plim SA + WTz Z Z dtdl T Dt Qe Do by
#Teo —Nglgh’ENh +wxh'Iyh
if N,T — oo simultaneously, where w = L =, 2 = = N or T and

Uio“‘(l—/’xo) 9o
v-! (60)., is a diagonal matrix with

11 1 1
diagV‘l(Qo)vz{ ; ! }

2‘7;‘10, 2‘7307 (1 —Pgo) 2‘7%7 (1 _P?\o)

To show (iii) note that the elements of the score for & is a linear combina-
tion of the normal & and the score for the variance parameters, <y are linear
combinations of quadratic forms in normal variates i.e. they can be written as

b+ ¢'Pe

for suitable choice of b and symmetric matrix P. We then apply the following
lemma adapted from Amemiya (1971) to the quadratic forms in appendix A.1
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Lemma. Let an n-component vector random variable u ~ N (0,A), G
be a non-negative definite symmetric matriz with rank v < n. Then u'Gu
is distributed as > ._, ;X2 (1), where the ¢'s are T non-zero characteristic
roots of AG and each x? (1) is an independent chi-square. If H is another
non-negative definite symmetric matriz, cov (0'Gu,u'Hu) = 2tr (GAHA).

Asymptotic normality of the appropriately normalized score vector can
then be shown by establishing sequential weak convergence results in case
£ — 0o or L — oo (see Phillips and Moon (1999, section 3.3)) and in case
N,T — oo simultaneously a multivariate CLT for triangular arrays may be
applied.

To establish the results as only N or T' — oo we apply the expansion
(B.9) to the consistent subvectors §* = (,B,T,’y(i)) AW = (O'/%,O'g,pv> and
ot = (,B,Tl',’)/(t)) A = (02,p,,0%,py) as N and T — oo respectively. This
gives

~ [, [0%1(8,7) 17 old,v), \]
i\ _ 1 ) _ 1 1 , .

and

5 oot (00, \po1] [por (018, Y]
FT (9 —96) = — FT <W'pt FT LFT 89t |96

where F,Fr are diagonal matrices with
diag Fy = {Fﬁ,FT, VN,VNT, \/NT}
diagFr = {Fg,Fr,VNT,VNT,VT,VT}

To show (ii) for these cases we need to examine the convergence of the
information matrices as N and 1T' — oo respectively. As N — oo we find
(using assumption (c), lemma 6, lemma 7 and straightforward computations)

. 1 [ 0%(8,7) _ Ry 0
lim F|FH | ——=, |F = 1
Noso [ N ( 06'90" I"O) N } 0 Vi (6),0

where

2_ 2 2 2 2
Oa—0¢ (1_ [o% * e} Uﬁ_’v_l_ o] * o]
. < o ) —v—gg% (S AT, (53\/%) (2 A* Ly
) Lot +(T-1)o4) % i (A", A"L,)

Ze tr (A*L,)?
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with V! (06) iy Positive-definite by theorem 1 and standard results of mul-
ol
tivariate calculus.

As T — oo we have (using assumption (c), lemma 6, lemma 7 and straight-
forward computations again)

%EI;OE[F <"ae_(ael)|> I}ZHT \& @m}

with
~1 (pt
Vr (90)7@)
[ 1 x/N 1 N VN oivN 1
‘ag“Tun,wu agTVLu,‘I’u U4TV‘I'v,‘I'A U4T Vo, L,
1x7N g 3,
e ].lm - TVLU,LU UETVLW\I’/\ o’ T VLvyLA
- NQ 2N2
o0 2 Tol ¥V 5%, 77“4_T_VLA L2
¢ U‘EN2
L TUZ VL>\7L)\ ]
where

Vep = tr(( S 'FUP) (Ir — 2M)) + tr (¥, 'FMY, 'PM)
2

1
Vip = T 'FYP) (IT - NM)) + 5t (T, 'FM¥, ' PM)

and M = (IT + %’%\If,\\lfv\lff) 1. The positive-definiteness of V:Fl (06)7@)
then follows from theorem 1.

These results show that the information elements of the subsets of consis-
tent variance parameters do not depend on the inconsistent nuisance parame-
ters as N — oo and T — oo respectively. To show this for the information

elements of the subsets of consistent regression parameters as well we write,
as in lemma 6,

1 _ . X
ﬁx'z X = NTZX/AX —NQTZZX’A

=1 =1
NZT Z ZX/ “IX

j=11=1
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where L = (Naﬁ\l',\ + (A’*)d)_1 = O (N~!). Hence

. 1 I5—1 ! * /
— = ol _§ i — E E A*
Ehm TXE X plim NT X;A™X phm NZTJ .2 1X X;

= R, (96)
and as T — oo we find

1
?ETO ﬁX’z:—lx =R, (6})
since A* = C' (037237 + 072E$) C where 02 = O(T). Similarly one can
show that cross-elements as well as information elements of time-invariant
explanatory variables and individual-invariant random variables do not depend
on nuisance parameters as N and T — oo respectively. Finally, asymptotic
normality of the limiting score vectors (suitably normalized of course) follows
from applying a suitable multivariate CLT =

Proof theorem 3. The negative of the log-likelihood is (apart from a
constant term) given by

o6,7) = N SSINE (50—5)’ Z (Iy ® A™) Z (60—6)
+%s (Iy @ A™) e+ (80—08) Z/ (Iy @ A™) e

Since the parameters py, p,, play no role in what follows we assume py = p,, = 0.
To prove (i) note that

N (Tod,+0%) N(T-1)0%  No2,  N(T-1)c
(To2 + o?) o2 (Tof, +a?) &

€

tr (3715 =

Wthh contradicts a consistent root of au,a as N — oo and a consistent root
of 02 as T — oo or N,T — oo (and hence also of p, as N — 00,T —
oo or N,T — o0). To show (ii) we need to investigate the behavior of

Z (Iy®A*)Z,Z' (Iy ® A*) e which are explicitly written as

7' (Iy® A*)Z
% —:E 1LTX LVELTd —EZ

YN XAK, YN XA —gzi IX'LTh
Nd'A*d —gz  d'urhs
—fovlhi
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and

Z (Iy® A% e
;TE Zf\; ey + gg ZtT:1 At + ;% ZtT=1 Zﬁq Vit
BTSN, X+ TR XA TN XA,
,,L% Sy o i+ N A A+ YN d A,
% Soisy haps + ,,Lg Yors e Y A+ }1? Yoty Tiy vichy

with 02 = Tcri + 2. Proceeding as in the proof of theorem 1 then obtains the
results in (ii) =
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Essay 3

Specification and estimation
of random effects models with
serial correlation of general
form

3.1 Introduction

In the econometric analysis of panel data unobserved heterogeneity is typi-
cally handled by including fixed or random effects in the model. In the fixed
effects model the individual and time effects are assumed to be fixed para-
meters to be estimated and in general correlated with the regressors. In this
case the differences across individuals and time can be captured by differ-
ences in the constant term. In the random effects approach the individual and
time effects are assumed to be stochastic and uncorrelated with the regressors.
The random effects formulation allows for the inclusion of time-invariant or
individual-invariant explanatory variables and for the number of parameters
to be reduced to only two, the mean and the variance. While the choice of
random effects has the advantage of providing many degrees of freedom, it also
complicates the treatment of two estimation problems, that is heteroskedas-
ticity and serial correlation. Mazodier and Trognon (1978) generalized the
one-way model with individual effects to the case where the individual effects
are heteroskedastic. An alternative heteroskedastic model keeps the individ-
ual effects homoskedastic while allowing for heteroskedasticity in idiosyncratic

*Co-authored with Sune Karlsson.
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error terms or allows them both to be heteroskedastic, see Randolph (1988).

This essay is concerned with the second problem, namely, serial correla-
tion. As in the heteroskedastic case serial correlation can be introduced in
two distinct ways. First, through serially correlated idiosyncratic errors and
secondly through serially correlated time effects. Serial correlation in the idio-
syncratic errors introduces a time series type of correlation at the individual
level whereas serial correlation in the time effects introduces the empirically
plausible phenomena that some of the factors driving the unobserved time
specific heterogeneity are serially correlated. Examples of such factors include
business cycles, oil price shocks and economic policies that persist during sev-
eral time periods. Lillard and Willis (1978), Baltagi and Li (1991, 1994),
King (1986), Magnus and Woodland (1988), essay 1 and essay 2, among many
others, contain further discussion of serially correlated period effects and/or
serially correlated idiosyncratic errors.

The essay is organized as follows. In section 3.2 we present the model and
discuss its relation to models previously suggested in the literature. Section
3.3 is concerned with estimation and inference issues. A maximum likelihood
estimator, feasible in the presence of a large individuals dimension, is derived
and the estimation problem is discussed. In this section we also consider model
selection procedures for determining the orders of serial correlation as well as
the significance of time and individual effects. Section 3.4 contains an appli-
cation of the proposed model and the associated model selection procedures
to the estimation of a production function for the Japanese chemical industry.
Section 3.5 concludes.

3.2 The model

Consider the panel data regression model
yit:Z:;t(s-‘—Eit 2:1,,N, t-_‘—l,...,T (31)

where 6 is a k x 1 vector of regression coefficients including the intercept and
in addition z;; may contain time invariant or individual invariant explanatory
variables. The error term, ¢; follows a two-way random effects model, see
Baltagi (1995, ch. 3),

Eit = My + Ay + Vi (3.2)

where p,; ~ iid (0,0'Z) denotes the unobservable individual effect, A\; denotes

the unobservable time effect and v;; is the idiosyncratic error term. Following
Revankar (1979), essay 1 introduce serial correlation in the time effects via an
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AR(1),
At = prAi—1 + Uy, (3.3)

or MA(1),
At = up + Orup—q

process for A\;. In addition one can not rule out the possibility that the idio-
syncratic errors are serially correlated as well. In an asymptotic analysis essay
2 introduce serial correlation in the time effects and idiosyncratic errors via
an AR(1) process for A (3.3), and v

Vit = PpVit—1 + €4t (3.4)

In practice serial correlation need however not be restricted to AR(1) processes,
or MA(1) processes for that matter. Viable alternatives include the AR(2) or
MA(2) or even the general ARMA(p, q) specification. Consequently we adopt
a general approach, allowing both the time effects and the idiosyncratic errors
to have an arbitrary serial correlation form.

The present model does away with an arbitrary restriction on the time
independence of period effects and idiosyncratic errors which is commonly
encountered in applications. But more importantly it does so in the framework
of the two-way model (3.1,3.2). This is in contrast to previous empirical and
theoretical work on random effects models with serial correlation which focus
on one-way models. That is, the one-way model with individual effects,

Eit = H; + Vit (3.5)
and serially correlated v, or the one-way model with time effects,
it = At + Vit (3.6)

and serially correlated A; and/or vy. Lillard and Willis (1978) consider a first-
order autoregression in the one-way model with individual effects (3.5) whereas
Baltagi and Li (1991, 1994) consider AR(2), AR(4) or MA(q) processes as
well and Galbraith and Zinde-Walsh (1995) allow for general ARMA(p, q)
disturbances in a semi-parametric framework. King (1986) consider serially
correlated time effects and independent idiosyncratic errors in (3.6) whereas
Magnus and Woodland (1988) consider both serially correlated time effects
and serially correlated idiosyncratic errors.

The two-way model with serially correlated A; and v;; nests both of these
models since we have neither imposed the auxiliary assumption of no time
effects in (3.5) nor the auxiliary assumption of no individual effects in (3.6).
Indeed the existence of such effects should be part of a hypothesis to be tested
and not an assumption.
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3.3 Estimation and model specification

3.3.1 Likelihood

In matrix form we can write the model (3.1,3.2) as

y = Zéd+e¢
€ = Zup+2Zy\+v

where Z, = (INn ® t7), Zy = (tn QI7), p/ = (pg oy i), X = (A1, 00, A7)
and ¢y is a vector of ones of dimension N.

Under the assumption that p,, A\; and v;; are independent of each other
and the explanatory variables we obtain the covariance matrix of the combined
error term as

Y = E(ee')=Z,E(uu)Z, + ZYEAN)Z)\ + E(w/')
= o,(Iy ®Jr) + 0L (In ® ) + X (Iy @ Ty)

where J7 = v a T x T matrix of ones and 02W, is the covariance matrix
of A and 02W, is covariance matrix of v. Both o2W¥, and ¢?W¥, may be
the covariance matrix of any stationary and strictly invertible ARMA(p, q)
process.

Maximum likelihood estimation requires a specific distributional choice
and throughout we will maintain the assumption that u, ~ N (0,02), u ~
N (0,0’%) and e; ~ N (O, O'g). However, maximum likelihood also requires
evaluation of the inverse and determinant of the NT x NT matrix 3. Di-
rect inversion of X is clearly impractical even for panels of moderate size and
the usual spectral decomposition ”tricks” employed in the panel data litera-
ture are not directly applicable here. Our method of solution is to reduce the
amount of numerical computation necessary. As in essay 1 and 2 this is ac-
complished by using elementary results on inverses and determinants involving
sums (Dhrymes (1984, p. 39-40)). This yields,

»1 o= AT AN w9 In) 02 + NA T Uy @ ID) AT (3.7)
Iv® A" — (ty @ A")[o ¥ + NAT ey © AY)
= IN®A" —02(ty ® AY) Iy + NU%‘I’,\A*]_1 U, (Ly ® A*)

and
2| = |A* 7V [Ir + No2 W, A (3.8)
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where Ey = Iy — Iy, In = In/N, A* = (6237 + 028,) " and Iy = enty
is a IV x N matrix of ones.

The present form of the inverse and determinant of 3 has reduced the
amount of numerical computation to the T'xT matrices A* and I+ N 03‘1’ AA*X.
This is useful since in a typical panel the individuals dimension is large whereas
the time dimension is small. In addition we can obtain further simplification
in some special cases of interest. The matrix A* is readily recognized as the
T-dimensional part of the inverse variance matrix of the one-way model with
individual effects and serially correlated v;;. Baltagi and Li (1991), extend-
ing the Wansbeek and Kapteyn (1982, 1983) "trick”, show how to obtain a
spectral decomposition of this matrix in case of an AR(1), AR(2) or AR(4)
process for v; and Baltagi and Li (1994) contain an extension to the MA(q)
case. As pointed out in Baltagi and Li (1991) we can however obtain a spec-
tral decomposition as long as there exists a simple known matrix C such
that the transformation (Iy ® C)r has mean zero and variance O’EINT. A
leading special case is of course an AR(1) process for vy (3.4) where A* =
C’ (Uggjf} + Uggﬁf}) C with C the Prais-Winsten transformation matrix for
an AR(1) process, 02 = d*02 (1 — po)? + 02, Tp = g Jd?, W = (o, 1)
and E7 = Iy — J7 with d? = (1§=a? + (T - 1), a = /(1 +p,) /(1 — p,)-
The references given above contain further details about the transformation
and an extension to more general time series processes.

Finding a spectral decomposition of the matrix It + No2 ¥, A* is however
more difficult. In the special case of ¥y = ¥, we can use the method of
Baltagi and Li (1991, 1994) since

Ir + No2 W, A* = LA*

where L = (NoZ + 02) ¥, -+ 02J7 is of the same form as the inverse of A*.
This, of course, includes the standard two-way model where ¥y = ¥, = Ip
and for which the inverse and determinant of 3 reduces to

_ 1 — 1= - 1 = 1=
> = E = = J — FEr + —=J

v g 05

_(N— —(T- _
o= @ () A
- v 0% O’%-—TO’% 0%

with 02 = o2 + Tori7 03 = 0% + Nori. In the case of serially correlated time
effects and/or Wy # W, the inverse of Ir+No2 W, A* as well as its determinant
can be computed numerically. For the modest time series dimensions common
in panel data applications this is both speedy and accurate.
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Using the results in (3.7) and (3.8) we can write the log-likelihood as

V-1

TN
19 = —Tln27r+ In |A*| (3.9)

1 1
—5 Iy + Noy @ A%| - o' (Iy @ A%)e
2

+U—2u€,(LN ® A*) [IT + NO’?L‘I’AA*] - ‘I’,\(LIN ® A%e

where 0 = (5’,7) and ~ is the vector of covariance parameters including the
serial correlation parameters of A; and v;;. When a spectral decomposition of
A* is available In |A*| simplifies accordingly. For example, in the AR(1) case

In|A*|=—(T-1)Ino2+1n(1-p2) —Ilno?

In practice iterative methods are used to obtain the maximum likelihood
estimate, say €, and these methods require us to supply the first derivatives
of the log-likelihood as well. In our experience numerical derivatives perform
poorly, especially if there is serial correlation in A; and/or v, leaving analyti-
cal derivatives the preferred choice. The score vector for the mean parameters,
4 is straightforward to obtain and following Hartley and Rao (1967) or Hem-
merle and Hartley (1973) the elements of the score vector for the variance
parameters, <y are obtained as

o) 1. 0%, 1 ,..,0%
By = 2tr()’.) 67)+ e’

2—1
2 0y €

i i
Variance estimates can be based on either a numerical approximation to the
hessian matrix or the information matrix. The elements of the information
matrix are computed as (see Harville (1977))

1 ox

_ o
I’Yﬂj = Etr[z l(a,y.

)2_1(5—%)}

Note that if 02 = 0 in (3.9) it reduces to the log-likelihood of the one-way
model with individual effects and serially correlated v;; whereas if ai = 0,
A* = 07201 and (3.9) reduces to the log-likelihood of the one-way model
with serially correlated A\; and v;;. For estimation purposes there are there-
fore no reason to employ strict inequality restrictions, (0/21 > 0,02 > O), weak
inequalities, (O’Z >0,02 > O), are sufficient.
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3.3.2 Model selection

Model selection can be based on either hypothesis tests or model selection
criteria, e.g., the AIC criterion of Akaike (1974) and the BIC criterion of
Schwarz (1978), or possibly a mixture of the two approaches. This section is
concerned with the hypothesis tests approach and our focus is on hypothesis
tests on the variance parameters, . More specifically, in the framework of the
model (3.1,3.2) we propose simple methods and a straightforward strategy for
determining the orders of serial correlation in the time effects and idiosyncratic
errors as well as the significance of individual and time effects.

Determining the orders of serial correlation in A\; and vy

For obvious reasons a strategy for determining the orders of serial correlation
in both A; and v;; might be expected to encounter serious difficulties. In par-
ticular, we may not know if the test for serial correlation in A; rejects the null
due to misspecification of serial correlation in v; and vice versa. A first step
towards resolving could be to try to establish the presence or absence of a local
robustness property, that the tests lack local asymptotic power against serial
correlation in the other component. Considered alone such a local property
would, however, be of rather limited value. This is because in practice mis-
specifications are global in nature, typically rendering the variance-covariance
matrix estimator employed in the test-statistic inconsistent. A much more
useful situation would emerge if we could establish that the test for serial cor-
relation in A; or v;; that ignores the misspecification is in some sense equivalent
to the test that takes the serial correlation into account and/or the test that
employs a robust variance-covariance matrix estimator. Indeed this turns out
to be the case here. More specifically, we have the following situation which
we state for the LM (score) test although we expect similar results to hold for
the other classical tests (Wald and LR) as well.

Property 1 Denote by €1, the LM test for serial correlation in Ay that

takes into account the (global) serial correlation in vy and let ELMA be the
corresponding LM test that fails to take into account the serial correlation in
vit but employs a robust variance-covariance matriz estimator. Finally, denote
by €1ar, the LM test that fails to take into account the serial correlation in
vyt and does not employ a robust variance-covariance matriz estimator. Using
similar notation for the corresponding LM tests for serial correlation in v i.e.
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§Lm, ELMv and £7 5y, Tespectively we have

~ . L (VT
‘éLMA _fLMA} 50 and &0r, — €L, | 50 if (F —0
and,

\gLMu _ELMU’ 50 and €], =&, | 50 if (g) —0

where the different rates of convergence are due to the different probabilistic
orders of the serial correlation parameters of As and vy respectively.

A sketch of the proof of this property is given in appendix A. Tt is perhaps
worth pointing out that the local result alluded to above, i.e. lack of local
asymptotic power against serial correlation in the other component, holds as
well. In addition this result does not require conditions on the relative rate of
convergence of NV and 7. The present result is a global one. It has reduced
the problem of determining the orders of serial correlation in both A\; and v
to a procedure employed for models with only one serially correlated error
component. That is, one can keep v;; itd when testing for serial correlation in
A+ and one can keep A; itd when testing for serial correlation in v;;. This is
so because the LM test for serial correlation in A; or vy keeping vy and A iid
respectively is asymptotically equivalent to the LM test taking the serial cor-
relation into account and the LM test employing a robust variance-covariance
matrix estimator. The usefulness of this property in practice depends entirely
on the small-sample performance of the LM test that ignores the misspec-
ification of serial correlation. To evaluate the performance we conducted a
limited Monte-Carlo experiment with an AR(1) process for A; and v;; and
with T'= 20, N = 70. The results where encouraging, we observed no signifi-
cant difference between the test that takes the serial correlation in the other
component into account and the test that ignores the serial correlation in the
other component. The situation is thus quite similar when testing for serial
correlation in A; and vi. In both cases we can ignore serial correlation in the
other component. The only difference of importance is the different asymptot-
ics for the test-statistics. Parameters involving \; are /T consistent and £} M,
converges to a x2 at the rate v/T whereas parameters involving v;; are VNT
consistent and £7 5, converges to a x? at the rate V/NT. Due to the similarity
of the testing situation we discuss tests for serial correlation in general terms.
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Testing ARMA(p,q) against ARMA(p+r,q) LM testing is quite
attractive when general ARMA(p, ¢) models are considered. Primarily because
we do not need to estimate the alternative, but also because we can be less
specific about the alternative we are testing against. That is, the well-known
property that the LM test of the null of ARMA(p, ¢) against ARMA(p +r,q)
is identical to the LM test against ARMA(p,q + r) holds here as well. The
drawback is that it is not clear which alternative to choose when the null is
rejected.

To discriminate between ARMA(p +7,q) and ARMA(p, ¢ + r) processes
with LM tests we need to consider non-nested hypotheses. For example, in
the case of deciding between AR(1) or MA(1) a test of the hypothesis that
the process is AR(1) amounts to testing the null hypothesis of AR(1) in the
ARMA(1,1) specification. Correspondingly, testing the null that the process
is MA(1) amounts to testing the null hypothesis of MA(1) in the ARMA(1,1)
specification. Essay 1 consider non-nested LM tests for discriminating between
an AR(1) or MA(1) process for \; in an extensive Monte-Carlo experiment.
This procedure worked well for large sample sizes but for small sample sizes
(small T') and/or small values of the AR or MA parameters test results are
frequently inconclusive. A decision can then be based on information criteria
or a comparison of the p-values of the tests.

Pure AR models In practice attention is frequently based on pure AR
models. In this case the order of serial correlation in A; or v;; can be determined
with sequential hypothesis tests. That is, we test the following nested sequence

for A (vir)

Hy : M r~iid
Hl B )\t [ AR (1)
Hy : M~ AR(2)

H, : M~ AR(p)

As is well-known tests of hypotheses in such a sequence of nested hypotheses
has a very interesting property. Asymptotically, under Hy, the test of Hy
against H; is independent of the test of H), against Hs, both of these are
independent of the test of Hy against Hs and so on. This has the useful
implication that we can compute the overall asymptotic significance level and
that the test of Hp against Hs is equal to the sum of the tests of Hy against
H, and H; against H.
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Testing the null hypothesis of no individual or time effects

Having decided on the orders of serial correlation we also want to test the null
hypothesis of the one-way model with time effects, Hy : Ui = 0, and the null
hypothesis of the one-way model with individual effects, Hy : 02 = 0'. Both
of these hypotheses involve a parameter on the boundary of the parameter
space. Tests that require estimation of the alternative when a parameter is
on the boundary will in general not have a x? distribution under the null.
The breakdown of conventional theory for these tests reflect the fact that
they involve the unrestricted maximum likelihood estimator for which the
continuity of the asymptotic distribution is violated if a parameter is allowed
to be on the boundary. In contrast, the LM test is not affected by the fact
that a parameter lies on the boundary, see Godfrey (1988, sec. 3.5.2) and the
references therein.

The null hypothesis of the one-way model with time effects is uncompli-
cated. On the other hand the null hypothesis of the one-way model with
individual effects is complicated if A; is serially correlated. This is so because
under the null hypothesis the serial correlation parameter(s) of A; are not iden-
tified, so even the LM test have a non-standard distribution. This ”nuisance
parameter” problem is treated in Davies (1977, 1987) and more recently by
Andrews and Ploberger (1994) and Hansen (1996). Hansen (1996) suggests
a bootstrap procedure to simulate the asymptotic distribution of the LR test
and Hansen (1999) contains an application to treshold effects in the one-way
model with fixed individual effects.

Similar to Hansen we consider a bootstrap procedure to obtain an estimate
of the asymptotic p-value. Andersson and Karlsson (1999) evaluates several
algorithms for bootstrapping random effects models in the context of boot-
strap tests on the regression parameters. They find little difference between
non-parametric and parametric procedures, assuming normality, even in the
presence of non-normality. Since the parametric bootstrap is straightforward
to implement we use a slight modification, taking account of serial correla-
tion in vy, of the parametric bootstrap of Andersson and Karlsson (1999).
See Efron and Tibshirani (1993) for a general discussion of the bootstrap and
Davidson and MacKinnon (1999) for bootstrap testing in particular.

The bootstrap procedure we suggest consists of the following steps:

1. Estimate under the null hypothesis of the one-way model with individual

'The local asymptotic power results of Bera, Sosa-Escudero and Yoon (2001) in the one-
way model with individual effects indicate that it is important to specify the serial correlation
correctly when testing for random effects. However their results seem to apply only for large
N, i.e. when holding T fix.
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effects to obtain an estimated Data Generating Process (DGP) with
parameters &g, 7, under the null hypothesis.

2. Generate bootstrap samples from the DGP. That is, generate the boot-
strap sample, €}, = uf + v}, with uf ~ N (0,55 ), v, an ARMA(p,q)
process with innovation e}, ~ N (0,55’0) and parameters from the null

model and create y}, = z,80 + €%,
3. Calculate the test-statistic using the bootstrap sample.
4. Repeat steps 2 and 3 B times

5. Calculate the percentage of draws for which the simulated statistic ex-
ceeds the actual. This gives the bootstrap estimate of the p-value.

The implementation of the above procedure with either LR or Wald tests
might be quite time consuming since they both require estimation of the al-
ternative. But more seriously, due to the breakdown of continuity in the as-
ymptotic distribution of the unrestricted estimator, one can suspect that the
bootstrap procedure suggested above does not yield a consistent estimate of
the asymptotic p-value with either of these tests, see Andrews (2000). Hence,
one should consider the LM test in step 3 above. However, under the null
hypothesis the score and information matrix depends on the serial correlation
parameter(s) of A\; and so the LM test is not computable in the presence of
these unknown nuisance parameters. As in Davies (1977, 1987) we consider a
supremum LM test, where the supremum term indicates that we are taking
the supremum with respect to the serial correlation parameters of A; as they
vary over the parameter space. Denoting by = the parameter space of the
serial correlation parameters of A; the supremum LM test is computed as

!/
) 10w < 812 ) (3.10)
020 903 | 520

where 77.%% is obtained from the generalized inverse variance matrix eval-
uated at the null hypothesis. The generalized inverse is needed here since
the information is singular under the null hypothesis. Computationally this
corresponds to inverting the positive-definite submatrix of the information,
obtained by discarding the elements of information that belongs to the uniden-
tifled parameters. In addition by the standard (asymptotic) block-diagonality
between the mean and variance parameters it is sufficient to only consider the
block of the information matrix for the variance parameters.

ol
fsup LM — Sgp 80’%
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Table 3.1 Summary statistics

Variable Mean Std. deviation Minimum Maximum
Y 87653.00 124621.01 2750.00 810887.00
K 70771.66 107797.26 1153.00 646335.00
L 12417.50 14123.84 732.00 90798.00

M 69362.31 103496.98 1812.00 663145.00

A model specification strategy

To summarize, the considerations above leads to the following sequence of
specification tests for two-way random effects models where both A; and vy
are allowed to be serially correlated:

1. While keeping v;; iid, test for serial correlation and determine the order
of the ARMA process for A;.

2. While keeping ) iid, test for serial correlation and determine the order
of the ARMA process for v.

3. Conditionally on the chosen orders for A\; and v;; test for the presence of
individual effects.

4. Conditionally on the chosen orders for A; and v; and the outcome of the
test for individual effects test for the presence of time effects.

3.4 Application

3.4.1 The model and data

In this section we apply the proposed methods to the estimation of a pro-
duction function using a sample of 72 Japanese chemical industries observed
annually over the period 1968-1987. In the econometric analysis of produc-
tion functions one is, naturally, concerned with serial correlation. The data
contain information on output (Y) and inputs, labor (L), capital (K) and
material (M) used?. Summary statistics of the input and output quantities
are given in Table 3.1.

!See Kumbakhar, Nakamura and Heshmati (2000) for a detailed description of the data.
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To approximate the unknown production function we consider the tran-
scendental logarithmic specification (Christensen, Jorgenson and Lau (1973))

NN

k ko k
Inys =a+Y B;InXpm+5Y Y don X ln Xy + ear (3.11)
j=1 s=1j=1

where ¢,; = ¢;,. This function is quadratic in the logarithms of the variables
and reduces to the familiar Cobb-Douglas case if ¢,; = 0 for all s, j.

Estimates of the returns to scale are obtained from the sums of the logarith-
mic derivatives with respect to the inputs, X;,j = 1,...,k. The technology
exhibits constant returns to scale if the sum is unity and increasing and de-
creasing returns to scale if the sum is above or below unity respectively. By
including time as a component of the input vector we can also obtain estimates
of the rate of technical change. The rate of technical change can further be
decomposed into neutral technical change (no interaction with the inputs) and
non-neutral technical change (interaction with the inputs).

3.4.2 Specification of the error components

Table 3.2 gives results from the LM-tests for serial correlation. For comparison
Table 3.4 reports the AIC and BIC criteria for some of the estimated models?.
First we test for serial correlation in A; while keeping v; t2d. We reject the
null of no serial correlation in A; at the 12% level which is not overwhelming
evidence in favor of serial correlation in A;. The test is however consistent in T°
alone and the simulation evidence of essay 1 show that for small values of 7" we
can expect low power from this test. This motivates us to consider an AR(1)
or MA(1) process for A;. The LM test of the null hypothesis of AR(1) against
ARMA(1,1) yields a p-value of 0.07 whereas the LM test of the null hypothesis
of MA(1) against ARMA(1,1) yields a p-value of 0.63. The obtained p-values
thus suggest that an MA(1) process is appropriate. Next we consider tests for
serial correlation in the idiosyncratic errors, v;; while keeping A; ¢éd. Table 3.2
shows that we strongly reject the null of ¢id v;; in favor of an AR(1) or MA(1)
process. Unfortunately we experienced convergence problems with the MA(1)
model for v;; and hence the LM test of the null of MA(1) against ARMA(1,1)

¥All the models are estimated with analytical derivatives using the Newton algorithm.
Variance constraints are imposed as o2 > 0 as well as oﬁ > 0 and/or o2 > 0. AR para-
meters are restricted according to the stationarity condition whereas MA parameters are
not restricted. Instead estimates that do not satisfy the invertibility condition are mapped
back to the invertibility region. In case variance estimates are used they are based on the
information matrix.
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could not be computed. However the LM test of the null of AR(1) against
ARMA(1,1) is not rejected at reasonable levels. Since the MA(1) process
cannot match the moments of an AR(1) process for high absolute values of
the AR(1) coefficient the convergence problems with the MA model is not too
surprising in view of the estimated AR(1) coefficient of approximately 0.75.
Hence, we conclude that an AR(1) process is sufficient to capture the serial
correlation in v;*.

Having decided on the orders of serial correlation, that is A; is MA(1) and
vt is AR(1), we proceed to consider the significance of individual and time
effects. Table 3.3 shows that the LM-test of the null of no individual effects,
Hy: O'i = 0, rejects the null at the 1% level and the bootstrap p-value of the
supremum LM-test of the null of no time effects, Hp : 02 = 0, indicates that
the time effects cannot be rejected at any significance level. The bootstrap
p-value of the supremum LM-test is based on B = 399 bootstrap replicates.

To evaluate the size properties of the bootstrap test we conducted a small
Monte-Carlo experiment with the null model as the DGP. Figure 3.1 plots
the size discrepancy (estimated size minus nominal size) against nominal size
obtained from 200 Monte-Carlo replicates, using B = 99 for the bootstrap
p-values, together with 95% Kolmogornov-Smirnov ”confidence bands”. In-
spection of Figure 3.1 shows that the size properties of the supremum LM-test
are very good.

Overall, the specification tests suggest that the appropriate random effects
specification is two-way with A; an MA(1) and vy an AR(1) process. From
Table 3.4 this choice is supported by the AIC criterion whereas the BIC crite-
rion prefers the one-way model with serially uncorrelated time effects and v;;
an AR(1). The BIC criterion, although consistent, is however well-known to
underestimate the true parametrization in finite samples.

3.4.3 Elasticities and returns to scale

Table 3.5 gives the overall mean of the input elasticities and returns to scale
and Figure 3.2a-3.2d plots the elasticities and returns to scale over time. The
elasticity of output with respect to capital, reflecting percent changes in output
due to one percent change in capital, is 0.086. It is interpreted as one percent

*For comparison the LM test of the null hypothesis of iid ¢ against AR(1) with v;; an
AR(1) yields a test statistic of 2.605 and the LM test of the null of iid v;; against AR(1)
with Ay an AR(1) yields a test statistic of 540.4. The values of these test statistics are very
close to the corresponding values of the test statistics for the case when vis is iid and A; is
7id respectively. Similar results are obtained for the other tests in Table 2 as well, showing
that the simple procedure for determining serial correlation in both A; and v;; works very
well in practice.
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Table 3.2 LM tests of serial correlation

Null Alternative Statistic p-value

Vi, Ay id vy tid, Ay AR(1) 2.458  0.117
vit 4id, Ay AR(1) vy tid, Ay ARMA(1,1) 3.184  0.074
Vit, )\t 11d Vit AR(].), )\t 1id 540.5 0.000
vit AR(1), )\ 4id vy ARMA(1,1), ) iid  0.977  0.323

Table 3.3 LM tests of no individual or time effects for the two-way model, A\
MA(1) and v;z AR(1)

Null Alternative Statistic p-value

=0 02#0 7932  0.004
0 02+#0 5731¢ < 0.001°

¢supremum LM test.
Yhootstrap p-value, B = 399.

Figure 3.1 Size discrepancy of the supremum LM test
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Table 3.4 Model selection criteria

Model AIC BIC

One-way(At, Vit), vit, A tid —2.5181 —2.4559
One-way (¢, vt ), vyt 4d, Ay AR (1) —-2.5181 —2.4521
One-way (A, vit), vie did, e MA(1)  —25201 —2.4522
One-way(At, vit), vie AR(1), At iid —3.2902 —3.2248
One-way()\t, Uit)y Vit, /\t AR(].) —3.2909 -3.2214
One-way (A, vir), vie AR(1), Ay MA(1) —3.2930 —3.2234
OHG—W&Y()\t,UZt) Uit AR( ) )\t AR(Q) -3.2911 —3.2200
One-way(\;, vit), vie AR(2), s AR(1) —3.2907 -3.2185
One-way (A¢, it ), vit, Ar AR(2) -3.2917 -—-3.2167
One-way(p;, vit), vyt itd —2.6220 —2.5597
One-way(p;, vit), vt AR(1) —2.9981 —2.9322
One-way (1, i), vir AR(2) —3.0083 —2.9388
Two-way, vg, A¢ 1id —2.8198 —2.7538
Two-way, vi itd, \y AR(1) —2.8200 —2.7505
Two-way, vt id, A MA(L) ~2.8920 —2.7524
Two-way, vy AR(1), s iid —3.2936 —3.2240
Two-way, vit, Ay AR(1) -3.2939 —-3.2207
Two-way, vy AR(1),\e MA(1) ~3.2060 —3.2227
Two-way, v AR(1), \s AR(2) ~3.2044 —3.2175
Two-way, v AR(2), s AR(1) -3.2932 —-3.2163

Two-way, vit, A\t AR(2) -3.2038 —3.2133
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Table 3.5 Elasticities, returns to scale and technical change

Variable Elasticity Standard err. t-stat

K 0.0861 0.0084 10.250
L 0.1552 0.0121 12.826
M 0.7537 0.0089 84.685
RTS 0.9951 0.0049 203.08
7C 0.0092 0.0017 5.4117

change in capital will result in 0.086% change in value added for given, labor,
material and technology. The corresponding labor and material elasticities are
0.155 and 0.754 respectively. All three elasticities are statistically significant at
the 1% level and are of expected (positive) sign. The sum of input elasticities is
0.995, indicating on average constant returns to scale. Looking at the temporal
patterns of input elasticities (Figure 3.2) we find that the elasticity of capital
and labor are declining over time, indicating development of labor and capital
input saving technologies. The fluctuations in the elasticity of capital in the
beginning of the sample might be a consequence of the oil crisis of 1968 and
1973, resulting in increased capital intensity to introduce material (0il) saving
technologies. The changes in capital are reflected in the development of the
elasticity of material. The material input is constantly increasing over time,
reflecting increasing share of cost associated with the raw oil input in the
chemical industry. The returns to scale changes abruptly from increasing to
decreasing returns to scale in the beginning of the sample but is quite stable
after the oil crisis. Although Figure 3.2d provides a dramatic picture we should
keep in mind that the fluctuations are contained in a narrow band and the
returns to scale is never significantly different from unity.

3.4.4 Technical change

The last row of Table 3.5 gives the overall mean of total technical change and
Figure 3.2e and 3.2f plots non-neutral and total technical change over time.
The average rate of technical change is 0.9% per annum with contributions
from the neutral and non-neutral components being —0.01% and 0.1% respec-
tively. The time patterns of non-neutral and total technical change reflect
changes in technology due to the oil crises, indicating substitution among in-



106

ESSAY 3. SPECIFICATION AND ESTIMATION

Figure 3.2 Elasticities, returns to scale and technical change
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puts. As a consequence of the affine neutral component we do not observe
major changes or any technical regress during the post oil crises period.

3.5 Conclusions

The purpose of this paper has been to provide a framework for specification
and estimation of two-way random effects models with serial correlation in
general form for both the time effects and idiosyncratic errors.

In addition to providing a straightforward maximum likelihood estimator
we have considered a model selection strategy for determining the orders of
serial correlation as well as the significance of time and individual effects.

By relying on large sample theory results it has been possible to reduce the
potential complexity of determining the order of serial correlation in both time
effects and idiosyncratic errors to a standard procedure suitable for two-way
models with only one serially correlated error component.

Conditional on the appropriate orders of serial correlation we considered
an LM test of the null of no individual effects as well as an LM test of the null
of no time effects. The LM test of the null of no time effects typically have
non-standard distribution and we have suggested a simple bootstrap procedure
to obtain an estimate of the p-value of the test.

An application to the estimation of a production function for Japanese
chemical firms has illustrated the proposed methods.

Acknowledgement We thank Professor Shinichiro Nakamura for provid-
ing us with the data set and Almas Heshmati for helpful comments.






Appendix A

Proof of property 1

This appendix contains a sketch of the proof of property 1. To avoid unnecce-
sary complication and to be able to cut down on details by referring to the
results of essay 2 we concentrate on the AR(1) case for both A\; and v;; (with
serial correlation parameter p, for A; and serial correlation parameter p, for
Uz’t)-

To introduce some notation let [ (1,0, 7) denote the data generating process,
where 7= (O’Z,O’?,O’i) and 7 is interior to a compact subset of (—1,1)!. Now
let I(r,p,0) be the model under consideration. Then r represents a mis-
specification of the serial correlation in v; or A;. That is, r = p,, if there is
misspecification of serial correlation in vy and r = p, if there is misspecifica-
tion of serial correlation in A; where, of course, p = p,, if r = p, and vice versa.
We are interested in the properties of the LM test under the null hypothesis,
Hy : p =0, and for this purpose it is useful to consider the behavior of the
score vector evaluated under the null hypothesis.

By a mean-value expansion of the score vector of the (joint) log-likelihood,
L(r,p,r) we have

where v = (7,p,7),y = (7,0,0),v9 = (7,0,7),%7 a mean value and F is
an appropriate scaling matrix (see essay 2 for details). To introduce some
notation for the information matrix we write F [—F“l (321(7) \7) F‘l} =7 (")

GOy’

!By theorem 2 in essay 2 we may ignore the mean parameters 8 for simplicity.
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in partitioned form as,

T,r Ty Tor
7 (7) = Ip‘r Ipp Ipr
Z- Irp L

1 . . . .
and solve for s72 (%?'ﬁ) in the expansion above, where s is an index ob-

tained from the scaling matrix, ¥. After some manipulation we can then
write

_1 (0l(v) ~1 (9 —1p-1 (O

S 2 <——a—p——h =8 2 a—p},-m +IpTI7-7-1F7— 1 Who +Iprv7-7'c (Al)

where ¢ is also an index obtained from the scaling matrix, F is the sub-scaling

matrix for T and Z,, , denotes the matrix Z,, — 7 L 2T,.. For example, if
VN

r = p, and p = p, then we obtain s =T, ¢ = T from the matrix F and
(A.1) becomes

7 (o)

1 ol(v) _ige1 [ O1)
- ﬁ(am '%)”"“I”Ff o7 110 ) T TespurpuVNT

whereas if 7 = p,, p = p, we obtain s = NT, ¢ = /T and,

(%)
1 (61(7)

VNT \ Op,

In contrast, the LM test with no misspecification (r = 0) is based on the score
vector

o (B) = oo (B Y gz (B2L)

To investigate if the score equations (A.1) and (A.2) are in some sense equiv-
alent it therefore suffices to consider the behavior of the term, Z,,, o,V NT
and the term, Ipvap)\ﬁ. By using the limit results of essay 2 it is straight-

11 Oy
|’Yo> +1, UTI‘r‘rlF‘r1 <%)|’10> +Ipuﬂ>‘>7'p)\ﬁ

forward to show that Z,, , - and Z, ,, r shrink towards zero at the rate N3,
Hence, Z,,, +p,V NT shrinks to zero if (%@) — 0 and Ipuph.r,o)\ﬁ shrinks
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to zero if (%) — 0. By using similar reasoning, and essentially the same
N
limits as above, one can show that the score equation (A.2) is for large N

equivalent to the score equation that takes into account the serial correlation.
Now, considering the quadratic form of the LM test, we are done if we can
show that the information matrix equality holds for the relevant block of the
variance matrix employed in the LM test. A first step in the proof of this
would be to show that the limit of the negative of the expected hessian ma-
trix (suitably normalized of course) is block-diagonal between the parameters
(Ui,ag,pv) and the parameters (02,p,) as N — oo. This is accomplished
by theorem 2 in essay 2. In addition theorem 2 shows that for large IV the
information of the parameters (02,02, p,) does not depend on the parameters
(012“ p/\) and vice versa. This is in fact the key to the result since, for example,
misspecification of serial correlation in v; does not change the probabilistic
order of the variance of the score and hence not the large N limit of the vari-
ance of the score for the block of time-specific parameters, (0’,[2” p/\). Hence,
rendering the information matrix equality valid for this block. We omit the
details of this result since it is mainly algebraic, using the limit results of essay
2. Combining what we have obtained so far gives the results in property 1.
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GARCH
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Essay 4

A simple efficient GMM
estimator of GARCH models

4.1 Introduction

Unconditional return distributions are characterized by the ’stylized facts’ of
excess kurtosis, high peakedness and are often skewed, see Mills (1999, ch
5). But the conditional distribution is also characterized by excess kurtosis
and skewness when the ARCH model of Engle (1982) or its generalization
to GARCH by Bollerslev (1986) are fitted to return series, see e.g. French,
Schwert and Staumbaugh (1987), Engle and Gonzales-Rivera (1991).

GARCH models are typically estimated by the method of maximum like-
lihood applied to the normal density, regardless of whether the conditional
distribution is assumed normal or not. This may of course result in a large loss
of efficiency relative to the true but unknown maximum likelihood estimator.
In response Engle and Gonzales-Rivera (1991) introduced the semi-parametric
maximum likelihood estimator of GARCH models. The semi-parametric es-
timator is a two-step estimator. In the first step consistent estimates of the
parameters are obtained and are used to estimate a non-parametric condi-
tional density. The second step consists of using this non-parametric density
to adapt the initial estimator. The method has not been applied much in the
literature though. This may be because the estimator is not so simple to com-
pute, furthermore a choice of density estimator is required and specification
testing is not straightforward.

This essay is concerned with efficient GMM estimation of GARCH models.
In particular we show that efficient GMM is a feasible alternative to the quasi-
maximum likelihood and semi-parametric estimators. Compared to the semi-
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parametric estimator efficient GMM has the advantage of being simple to
compute and specification testing is straightforward. As a competitor to the
common quasi-maximum likelihood estimator efficient GMM is asymptotically
efficient with the coefficient of skewness and excess kurtosis of the conditional
density being important in explaining the differences.

The organization of the essay is as follows. In section 4.2 we define the
estimator in case of a GARCH(1,1) conditional variance model and give suffi-
cient conditions for the estimator to be consistent and asymptotically normal.
That is, to have the CAN property. Asymptotic relative efficiency compari-
son to the quasi-maximum likelihood estimator shows that efficient GMM is
asymptotically more efficient under asymmetry of the conditional density and
a small Monte-Carlo experiment confirms that the finite-sample gain can be
substantial. Section 4.3 is concerned with efficient GMM estimation of the
GARCH(1,1)-M regression model of Engle, Lilien and Robins (1987). It is
shown that the introduction of a conditional mean makes the coefficient of
excess kurtosis as well as of skewness important for explaining the relative ef-
ficiency gains of efficient GMM. In this section we also consider efficient GMM
based specification tests. These tests are locally more powerful than the corre-
sponding Bollerslev and Wooldridge (1992) robust classical tests whenever the
efficient GMM estimator is asymptotically more efficient than quasi-maximum
likelihood. Section 4.4 illustrates efficient GMM estimation and hypothesis
testing with an application to the daily returns to the SP500 index, (1928-
1991) and section 4.5 concludes. Proofs can be found in the appendix.

4.2 A GARCH(1,1) conditional variance process

4.2.1 The efficient GMM estimator

Consider the data generating process

& = Zth'Ota 2t~ ’L’Ld(o, 1) (41)
hgy = oo+ aiely +Fhiy
where the | : th conditional moment of the &; process is E[el|'™1] = vk,

=1 is the information generated up to t —1 and v; = E (zﬁ) In practice we

observe a finite segment of the process (4.1) and the objective is to estimate
the parameters 6y € © where 8y = (ag, a1, )" and O is a compact parameter
space. To this end, define the (raw) vector

r = [eg, (67 — A7) (4.2)
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and the generalized vector,
g = Fire

where F; is an instrumental variable function.

The GMM estimator of a parameter vector 6 is the solution to (cf. Hansen
(1982))

T !
argminge@ T—lzg{l WT

t=1

T
T—lzgt]
t=1

with Wy = 7! Z;le ‘W, an appropriate weighting matrix.

Efficient GMM corresponds to choosing Fy = % (60’) and W; = 69 )E_
x (8%) where 3 = var(r;|*!) and (Z5) is the Jacobian matrix, see Newey and
McFadden (1994). The objective function for an operational efficient GMM
estimator is then given by

e (E0) (o] e

where Ay = gg} is a parameter dependent weighting matrix. The elements of
the generalized moment and the weighting matrix are given by

o - 38 (- ()
= B8 [ (- )

with A = (vy — 1) — 02l

By construction the objective function (4.3) is exactly identified and it is
well-known from the literature that the choice of weighting matrix above is
sufficient but not necessary for asymptotic efficiency. In fact asymptotic theory
does not discriminate between a parameter dependent weighting matrix and
a weighting matrix based on an initial consistent estimator of 6y, or for that
matter the identity matrix. Simplicity suggests that the identity matrix might
be a good choice in applications. However finite-sample evidence indicates
that allowing the weighting matrix to be parameter dependent is preferred
and since the weighting matrix in (4.3) is typically constructed for inference
little additional effort is needed for this choice.

To put quasi-maximum likelihood in the GMM framework choose W; =
sts;, where s, = %let with [; the normal quasi-loglikelihood for observation t

lBy definition 3 is positive definite which implies (v4 — 1) — v§ > 0.
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and Fir; = s;. By noting that gy = —U:—flst for v3 = 0 the GMM objective
function can be written

T ! T
T} Z sf} A;l 7! Z st]
t=1 t=1

where Ap =T Z?:l s¢s; and the asymptotic equivalence of efficient GMM
based on (4.2) and quasi-maximum likelihood follows in case of symmetric 2.
Note however that in general efficient GMM requires an initial guess on the
kurtosis and skewness of the rescaled variable. A guess on kurtosis can be

4
based on the mean of hTE%—), similarly the guess on skewness can be based on
+ T

3 ~
the mean of hngj’ where 67 is some initial estimator.
+ \VT

4.2.2 Asymptotic properties

All the asymptotic results below are derived with a parameter dependent
weighting matrix., Compared to basing the weighting matrix on an initial
consistent estimator of 8 or simply the identity matrix no additional restric-
tions are needed. The latter estimators are of course special cases of the results
given below. Furthermore allowing for a parameter dependent weighting ma-
trix is unimportant for the asymptotic distribution.

The following assumptions are sufficient for the results

a) z ~ 11d(0,1) and (2, h#) stochastically independent

b)E(z?):’U4<OO

In contrast to Lee and Hansen (1994) and Lumsdaine (1996) we do not
allow for IGARCH. Besides giving a simpler asymptotic theory this means
that we do not have to consider further restrictions on the parameter space as
is necessary in the case of IGARCH. In particular the present framework can be
used to establish consistency and asymptotic normality of the quasi-maximum
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likelihood estimator of the GARCH(1,1) process without restrictions on the
parameter space.

Define 67 as the sequence of minimizers of the objective function (4.3)
and suppose some initial estimators U3, 74 are available and that these initial
estimators only requires assumptions (a)-(e). We then have

Theorem 1 Suppose assumptions (a)-(e) hold and that V3 2 (N 2 vy,
Then 67 5 6 on © regardless of v§ = vz or vy = v4 as long as both v3, vy are
finite

That is, O is consistent for finite arbitrary guess on v3,vs. In practice we
are of course interested in obtaining asymptotically valid inference about 61
and for this purpose we need consistent initial estimators of vg and v4. But
this result has a useful consequence in terms of the asymptotic distribution of
HT;\ In particular we will be able to conclude that the asymptotic distribution
of 61 is the same regardless of wether vz and v4 are known or estimated.

Let Ag = EA¢ (6p) and Go = EGy (6) where G (0) = &

Theorem 2 Suppose assumptions (a)-(e) holds and that Vs L 03,01 B vy or
vs, Vs are known. Then T1/2(§T —6p) 4N (O, (GOAEIGO)_1> >N (O,Agl)
where " 27 denotes equality in distribution

The above result allows us to compare asymptotic variances of efficient
GMM and quasi-maximum likelihood. Taking expectations of Ay, (BtAt_ lBt)

and evaluating them at 6y, where B, = %591 and A; = s;s] we obtain

_ Oh, 0h3 N1
Vo = [EAc (6] = [(u—1) —of] | B (GEG%)| 4

and

Vomre = [(EBt(QO) [EAt(Qo)]_lEBt(QO)ﬂ
= 1oa- 0 [ (2B 2E)] g

1Y n2
The relative efficiency ratio is seen to depend only on (1)‘(11;4—1-)1;1 and is
strictly decreasing in w3z. That is, efficient GMM is strictly more efficient
than the quasi-maximum likelihood estimator when the conditional innova-

tions have a skewed distribution.
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4.2.3 Finite-sample properties

A small Monte-Carlo experiment is conducted to evaluate the finite-sample
properties of the estimators?. We generate data from the GARCH(1,1) process
(4.1) with two sets of parameter combinations close to what one commonly
encounters in applying GARCH(1,1) to real data, 8p; = (0.1,0.2,0.7)" and
fo2 = (0.05,0.05,0.9) where g = (ap, a1, 8)". The sample sizes considered are
T = 1000 and 5000. Initial values were chosen arbitrarily as (0.1,0.25,0.67)’
and (0.05,0.07,0.87)’ for each set of parameters.

All the efficient GMM estimations are performed with the parameter de-
pendent weighting matrix. Efficient GMM estimators with the weighting ma-
trix provided by the initial consistent estimator, 87 (where 6 is the quasi-
maximum likelihood estimate) and the identity matrix respectively performed
less well. The performance was especially poor with the identity matrix where
we experienced serious convergence problems.

Symmetric densities

For many financial return series a t-distribution with a few degrees of freedom
fits the empirical density of z; quite well. The question is if we can improve
on quasi-maximum likelihood with the efficient GMM estimator when the
rescaled variable, 2, has a fat-tailed density. The rescaled variable is assumed
to follow a t-distribution with 5 degrees of freedom which gives true kurtosis
of 9. The t(5) distributed random variable is generated as the ratio of a
standard normal and \/x2/5 variate. To obtain a (0,1) variable we divide by
the standard deviation. Results are given in Table 4.1.

For the parameter combinations considered efficient GMM typically has a
variance that is smaller than or equal to that of quasi-maximum likelihood, the
gain is substantial for the case of Ayo and T = 1000. Furthermore the efficient
GMM estimator has less bias than the quasi-maximum likelihood estimator in
this case. The bias of the quasi-maximum likelihood estimator is small for 8¢
but increases for the parameter vector fgs. It appears that this tendency is
not so strong for the efficient GMM estimator. For T = 5000 efficient GMM
and quasi-maximum likelihood are equivalent for both 8p; and gs.

?Both estimators use the Newton algorithm. The efficient GMM estimator use Con-
strained Optimization (CO) module in GAUSS and quasi-maximum likelihood use the Con-
strained Maximum Likelihood (CML) module. In both cases analytical derivatives are used
and constraints are imposed as 1071% < ag,a1 and 0 < b < 1. All the results are based on
5000 replications and 100 initial values of the conditional variance process were discarded
to avoid initialization effects. Quasi-maximum likelihood estimates are used to initialize a
guess on vz and va for the efficient GMM estimator.
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Table 4.1 Finite sample comparison of efficient GMM (GMM) and quasi-

maximum likelihood (QMLE), z; ~ t(5)

T = 1000
o1
ag
a1

o2
ag
a1

T = 5000
to1

ao

a)

o2
aQ
ai

b

GMM
bias std(1)

0.010 0.045
0.005  0.066
-0.018  0.083
0.011  0.051
0 0.030
-0.013  0.073
0.002 0.020
0.001  0.030
-0.005 0.037
0.003 0.022
0.001 0.013
—-0.005  0.030

QMLE

bias std(2)
0.011  0.046
0.005 0.068
—0.018 0.085
0.027 0.081
0.005 0.032
—0.034 0.104
0.002 0.020
0.001  0.030
—0.005 0.037
0.004 0.021
0.001  0.013
—0.006  0.029

ratio (1)/(2)
0.978
0.970
0.976
0.629

0.938
0.702

1.04

1.03
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Table 4.2 Finite sample comparison of efficient GMM (GMM) and quasi-

maximum likelihood (QMLE), 2z; ~ Gamma(2)

GMM QMLE

T = 1000 bias std(1) bias std(2) ratio (1)/(2)
o1

ao 0.008 0.050 0.012 0.045 1.11

a1 0.002 0.049 0.004 0.061 0.803

b -0.013 0.074 —-0.02 0.085 0.870
o2

ag 0.011  0.046 0.029  0.090 0.511

a 0.002 0.021 0.004 0.029 0.723

b —0.015 0.059 —0.035 0.111 0.531
T = 5000
fo1

ag 0.001 0.013 0.002 0.018 0.722

a, 0 0.020 0 0.026 0.789

b —0.003 0.026 —0.005 0.035 0.743
o2

ag 0.002 0.013 0.004 0.018 0.722

a, 0 0.008 0.001  0.011 0.727

b —-0.004 0.019 —-0.005 0.026 0.730

Asymmetric densities

Unconditional return distributions are characterized by the ’stylized facts’ of
excess kurtosis, high peakedness and are often skewed. But the distribution of
the rescaled variable as well is characterized by excess kurtosis and skewness
when GARCH models are fitted to data see e.g. Engle and Gonzales-Rivera
(1991). To consider asymmetric densities we generate z as Gamma-distributed
with mean and variance parameter equal to 2. The Gamma(2) distributed
random variable is obtained from rndgam in GAUSS and standardized by
subtracting 2 from it and dividing by 2!/2. It has true kurtosis and skewness
given by 6 and 2/v/2 respectively. Results are given in Table 4.2.

As for the case of symmetric z; with T" = 1000 the bias of the efficient GMM
estimator seems to be smaller and the gain is larger for 8go. For T = 5000 the
efficient GMM estimator has smaller variance than quasi-maximum likelihood
for both 691 and 8g which is what we expect since it is asymptotically more
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efficient. In fact the estimated standard deviation ratios are quite close to the
theoretical ratio of approximately 0.775.

4.3 Extension to models with a conditional mean

4.3.1 The GARCH(1,1)-M regression model

The GARCH(1,1) conditional variance process considered in section 4.2 may
be somewhat restrictive in practice. Here we consider some practical details of
estimating more general models with the efficient GMM estimator introduced
in section 4.2.1. The model of interest is the GARCH(1,1)-M regression model
introduced by Engle et al. (1987)

yr = Xip+6f(hi)+e (4.4)
Er = Ztht
h: = ag+ayel | +bhZ

where f(h?) is a function of the conditional variance and in addition to section
4.2.1 we assume that 2z is independent of X;. Sufficient conditions for con-
sistency and asymptotic normality are, to the authors knowledge, not known
even for the quasi-maximum likelihood estimator. In what follows we sim-
ply assume that such conditions are satisfied. More specifically, we assume
that the CAN property holds for both quasi-maximum likelihood and efficient
GMM.

By using the (raw) vector (4.2) we can in analogy with section 2.1 define
the efficient GMM estimator of the model (4.4) as a solution to

T T
Y & th} (4.5)
t=1 t=1

where the parameter vector 6 is given by 8 = (v1,75) ,¥; = (ag,a1,b)" and
~9 = (6, 1) The generalized moment, g; is given by

!

argmingeg T2 A;l

Oh2 —2 £ 2
L[ (B [k ()]

TR @t - -u (G -1)] (46)

with A = [(vs — 1) — v§] and derivatives in (4.6) are computed recursively as

0f(hi_1)\ Ohi_,
on:, ) o0

o1
ol

= C¢-1 + <b — 2ba1e41
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where ¢; = (1,&%,h?, —2a12 f(h?), —2a16:X}), and

o 05001
80 — "t " onZ 06
with 7 = (0,0,0, — f(h?), —X}).
The equality of EA;(0g) and EGy (6p) is straightforward to verify from

(4.6) using the iid property of z; and hence the variance matrix of TY26 can
be consistently estimated by

AGl = (T"l ZAt> }

- £3)

where /A\t = A4 (QT and 28t 50 = M Inference based on ZA\T only involves

first derivatives of the conditional mean and the conditional variance function.
This is useful since estimation of GARCH models frequently rely on numerical
approximations to the analytical derivatives.

or

4.3.2 Asymptotic efficiency comparison

For the purpose of comparing the asymptotic variance matrices of efficient
GMM and quasi-maximum likelihood we let

— | p-10mg 28k,
5= [ hoy 738 Shor a8 ]

where h3, = h?(6p) and mq; = m4(fo) is the regression function and define the

matrices
1 0
< =[5 ]

b= ["’13 (U4v_3_1)}

_ _1_ (’{)4—1) —2’03
M= A{ —2’03 4 }

with L, K and M the ’weight matrices’ for the Ay, By and A; matrices respec-
tively. Define next

I, = E (SDS')
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for arbitrary positive semi-definite matrix D.
We can then write the difference between the inverses of the asymptotic
variance matrices as

\Ee VZ)zlvu:E =Ty — Mg g (4.7)

which is positive semi-definite for a general conditional density and the model
(4.4)3.

Note that v3 = 0, v4 = 3 implies K = L = M and hence Voumre = Vauum
if the conditional density is normal. In the case of excess kurtosis and/or
skewness of the conditional density, K # L # M. However a formal proof
that this is sufficient for efficiency gains is too difficult and we consider some
simple cases where positive results can be obtained.

Consider first the GARCH(1,1) regression model (§ = 0 in (4.4)). Im-
posing symmetry of the conditional density is not sufficient for Vouyrep =
Vg but for the conditional variance parameters, v, we have V(v,)omre =
V(~v1)emm. Some tedious but straightforward algebra shows that

4
Vi wemm -V (p)oure = Pu+ ———=Pi2— [P11+2P12] (4.8)

(U4 - 1)
X [P11 4 (v — 1) P1o] L [P11 + 2P10)
(vg — 3)° 1 -
(vg — 1)° Pri+ (vs — )P12

I ! ; -10 —
where P1; = Fay; 211 ¢ Pi; = Fays A1 ¢ with e = hOt %‘QL and ajg: =

1h0t2—Q‘ Note that (4.8) is positive definite for v4 > 3 and increasing in vy
1rnply1ng there is efficiency gains for the conditional mean parameters in case
of excess kurtosis.

A corresponding result for g and 4, under asymmetry of the conditional
density is more difficult since the block-diagonal structure of Vguyrr and
Vemm is lost. We can however allow for vg # 0 if we set o = 0. This gives
the asymptotic relative efficiency result for the GARCH(1,1) conditional vari-

ance model, that is, %—1_)?% obtained in section 2.2. In the GARCH(1,1)-M
model (4.4) the block-diagonal structure of Vourpr and Vgaras is lost even
under symmetry of the conditional density. Thus in this case the algebra is

too tedious to derive results such as (4.8) regardless of v3 = 0 or not. However

*The matrix difference on the right-hand side of (4.7) appears as part of the difference
between the inverse asymptotic variance matrices of the semi-parametric and maximum
likelihood estimators in Gonzalez-Rivera and Drost (1999). They prove that this difference
is positive semi-definite for the model (4 4)
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we conjecture that due to the absence of block-diagonal structure there is effi-
ciency gains for both conditional mean and variance parameters under excess
kurtosis. Similar considerations apply for an asymmetric conditional density.

4.3.3 Specification tests

As in the familiar maximum likelihood setting the classical LM (score), Wald
and LR-tests are available and derived with expansions involving the first and
second derivatives of the objective function (cf. Newey and West (1987)).
Under the null hypothesis, say Hg : a(fg) = 0, the LM (score) statistic is
given by

~ am e, o~ g~ 171~ ~
érv = VTgrAr'Gr (GrAT'Gr | GrATWTEr  (49)

where "™ denotes evaluated under the null hypothesis. Under our assumptions
on the rescaled variable, z;, we obtain the asymptotically equivalent form

T T
S =8 (Z gt@é) > & (4.10)
t=1 t=1 =1

which is simply T'R2 from the linear regression of 1 on g}. As an example of the
TR? form of the LM test consider the efficient GMM counterpart of the Engle
(1982) ARCH(m) classical LM test with no parameters in the conditional
mean, we have

1 _
Er = ZVV’IW2 (WoW5) WHW,

2
/ s €
where W{ = (w11, ..., wyr),, Wh = (wa1, ..., war) with wy; = ’Ug%t; -~ (xt- —~ 1>

——

—0 Bh? .
and wyy = h; 2791. Since

T € 62
i -1 —t_ 2
plimp_ T E {v;% (712 1)

t=1

= (vg —1) —v3

we can construct the asymptotically equivalent TR? form

W/ W, (WoW5,) I WHW,
W, W,

=T =TR?

where R2 is the unadjusted squared multiple correlation coefficient from a
regression of W1 on Wy. Under the null hypothesis of no ARCH(m) h? =



4.4. EMPIRICAL ILLUSTRATION 131

0% and Wy = (1,6 ,,¢} ,,...,e7_,,) so that the LM test of the null of no
ARCH(m) is computed by TR2 from the regression of [535‘5— - (g% — 1)} on

W, where 73 is the skewness of y;. That is, in contrast to the usual TR? form
of the ARCH(m) LM test (which is computed by TR? from the regression of

2
(% - 1) on W3) we have not imposed the auxiliary assumption of normality.

ESimilarly the Wald and quasi-LR statistics are available. The Wald statis-
tic has its usual form and the quasi-LR test is given by

for=T {QT@T) - QT@T)} (4.11)
In the exactly identified case Qr (ET) = 0 and hence

forr=T [QT(gT)} (4.12)

which is computed holding the parameters in the null hypothesis fixed at their
respective null hypothesis during the iterations. Note that {grr = £1ps in
this context.

As shown by Newey and West (1987) the LM, Wald and quasi-LR tests are
asymptotically equivalent under the null and local alternatives. Under the al-
ternative hypothesis H4 : a(fy) = T~1/2X these tests have the Xa (Camnr) dis-
tribution, where (aarar = N [A (60) Vi A (90)]_1 A is the non-centrality
parameter and A (6g) is the Jacobian matrix of the g x 1 vector function a(8) of
the px1 vector 8 with ¢ < p. It is useful to compare this non-centrality parame-
ter to the non-centrality parameter of the Bollerslev and Wooldridge (1992) ro-

bust classical tests which is given by (gprrp = X' {A (6y) Vé}VILEA (90)} A
From the results of the previous section it is clear that the GMM based tests
are more powerful in terms of local asymptotic power. In particular, whenever
efficient GMM is asymptotically more efficient than quasi-maximum likelihood.

4.4 Empirical illustration

In this section we apply the efficient GMM estimator to model the returns
to the daily SP500 index, (1928-1991) as a GARCH-M model. Inclusion of
a measure of volatility in the conditional mean of returns is an attempt to
introduce a measure of risk. It is an implication of the 'mean-variance hy-
pothesis’ of the returns and under this hypothesis large returns are expected
to be associated with high volatility.
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Table 4.3 Unconditional moments of returns to the SP500 index

Mean 0.01821
Variance 1.32377
Skewness —0.48725
Kurtosis 25.4164

The GARCH-M model has been applied by several researchers to model
the relation between risk and return e.g. French et al. (1987) applied the
GARCH-M model to subsets of the excess returns to the SP500 index and
concluded that the data was consistent with a positive relation between con-
ditional expected excess return and conditional variance. However Glosten,
Jagannathan and Runkle (1993) obtained a significant negative relation be-
tween the conditional mean and the conditional variance of excess returns on
stocks when the model was modified to allow positive and negative anticipated
returns to have different impact on the conditional variance.

The distributional properties of the returns to the daily SP500 index has
been analyzed in Mills (1999, ch 5) and Granger and Ding (1995) investigated
the properties of absolute returns. Table 4.3 gives the estimates of the first
four unconditional moments of the distribution of returns to the SP500 index.

The modelling strategy is to first specify the conditional mean and once sat-
isfactory, tests for the conditional variance specification are performed. Only
autocorrelation in the conditional mean is tested for and any possible non-
linearity of the conditional mean is disregarded. In tems of the conditional
variance specification we restrict ourselves to the GARCH(1,1) case.

Fitting an AR(5) model to the returns and computing the LM (4.10)
(quasi-LR (4.12)) test of the null hypothesis of no ARCH(4) gives a test-
statistic of 55.67 with a corresponding p-value of 7.2 x 10~1* and hence we
reject the null at any reasonable significance level. This leads us to estimate
the following GARCH(1,1)-M model for the returns

Yo = Ut WY1 + HRoYe—2 + H3Yi-3 + Hglt-a + psYi—5 + Oy + €y
R = ag+aje? ; +bhZ

where the choice of the conditional standard deviation specification of the
GARCH(1,1)-M term is of course arbitrary.

Table 4.4 gives the estimation results together with Box-Pierce statistics
of the levels and squares, Q(-) and Q?(-) respectively (Box and Pierce (1970))
and Table 4.5 gives the first four moments of the rescaled residuals. Quasi-
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maximum likelihood estimates are given for comparison?.

Inpsection of Table 4.4 shows that there is evidence for strong persistence
in the conditional variance. The sum aj + b is only slightly below unity for
both efficient GMM and quasi-maximum likelihood. The estimates of the
risk-premia term, § are positive for both efficient GMM and quasi-maximum
likelihood. Note however that the efficient GMM estimate is less than half the
estimate of quasi-maximum likelihood and in contrast it is not significant at
usual levels. Box-Pierce statistics of the levels and squares suggests that there
might be some dynamics left in the data. If we follow the recommendation of
Box and Pierce and compare with the x# and x?, distribution for the @(12)
and Q(24) statistics, respectively, they are significant at 5% level. The Q?(12)
and (Q?(24) statistics indicate that there might be some dynamics left in the
conditional variance as well.

To entertain the possibility that we need to differentiate between bad and
good news we consider a GJR-GARCH(1,1) specification for the conditional
variance (Glosten et al. (1993)). The GJR-GARCH(1,1) specification is

hi =ao+ (a1 +a2S; ) g5y +bhi (4.13)

where S;_; is an indicator function which takes the value 1 when ¢; < 0 and
value 0 when g¢ > 0.

An LM test of the null of no asymmetry against the alternative of the GJR-
GARCH(1,1) specification gives a test-statistic of 31.55 with a corresponding
p-value of 1.94 x 1078 suggesting that there is a need to differentiate beween
good and bad news.

Results from re-estimation with the GJR-GARCH(1,1) specification (4.13)
for the conditional variance yield only marginally different results from Table
4.4 and are not reproduced here. In summary the Box-Pierce statistics have
been reduced considerably and the GJR parameter is positive and strongly
significant but § is now close to zero and insignificant at usual levels for both
efficient GMM and quasi-maximum likelihood. These results offer no evidence
for a GARCH(1,1)-M formulation of the returns to the SP500 index but sug-
gests that it is important to allow for asymmetric GARCH.

“Both estimators use the Newton algorithm with analytic first derivatives of the condi-
tional mean and variance functions. The efficient GMM estimator use Constrained Optimiza-
tion (CO) module in GAUSS and quasi-maximum likelihood use the Constrained Maximum
Likelihood (CML) module. In both cases constraints are imposed which restricts ag, a1 from
zero and 0 < b < 1. Quasi-maximum likelihood estimates are used to initialize a guess on v
and v4 for the efficient GMM estimator.
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Table 4.4 GARCH(1,1)-M estimates of daily returns to the SP500, standard
errors in parentheses based on weighting matrix for GMM and Bollerslev-
Wooldridge robust standard errors for QMLE

GMM QMLE
4o 0.003194  —0.00172
(0.01586)  (0.01778)
gy 0.140646  0.140532
(0.00807)  (0.01015)

gy —0.05300  —0.04540
(0.00851)  (0.00982)

ps  0.01657 0.01715
(0.00846)  (0.01053)

py  0.01200 0.00854
(0.00840)  (0.01012)

us  0.01410 0.01850
(0.00808)  (0.01034)

§  0.02773 0.05700
(0.02196)  (0.02404)

ap  0.00754 0.00781
(0.00190)  (0.00103)

a1 0.08912 0.09082
(0.00546)  (0.00889)

b 0.90782 0.90652

(0.00627)  (0.00730)

Q(12) 18.53 16.91
Q(24) 35.15 33.87
Q2(12) 21.93 20.65
Q2(24) 32.10 30.88

Table 4.5 Conditional moments of rescaled residnals

GMM QMLE
Mean -—0.01129 —0.03466
Variance 1.00531 (0.99850
Skewness —0.51937 -—0.51623
Kurtosis 7.40892 7.41753
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4.5 Final remarks

This essay has introduced a feasible alternative to the common quasi-maximum
likelihood estimator and the semi-parametric estimator of GARCH models.
It has been shown that the efficient GMM estimator is simple to compute
and asymptotically efficient relative to quasi-maximum likelihood. Hence in
practice there is little reason not to prefer it over the common quasi-maximum
likelihood estimator. Compared to the semi-parametric estimator efficient
GMM has the advantage of being simple to compute and specification testing
is also straightforward. One expects that the efficient GMM estimator will
find its use in applications.






Appendix A

Proofs

We first give a series of lemmas that will be useful in the proofs of the theorems.
For a random variable X; let X7 denote T~ 37 X, ||X¢]|, the LP—norm
of X; and by ||X:|| the ordinary Euclidean norm.

Define the unobserved variance process, which is obtained by extending
the observed process into the infinite past history

oo
2 a0 k_2
htu = 1_-__.1) + ai ;}b Etml—k

Lumsdaine (1996) lemma 1 show that léf_u_h—% 1%%‘1—h‘2“ are naturally

bounded. The lemma below deals with the term ’——‘—h'Q" which i1s more

difficult

Lemma A.1 FE \@Lh"gu

< oo uniformly in 6 € © forall 1 < g < o0

Proof. By Minkowskis inequality
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and
21 21
ht—k—l ht—k—l

2u k i 2 2
h; 7% (=) +ar o0 g bief ;| +bFFIRZY,

( 1 > bk+1ht23k—1
= k+1 ag k 1 U
b 2% (L=01) + a1 YO0 el ;| +bR+Ihd,

< ( 1 ) YRz,
— bk+1 l_af_b (1 _ bk+1) + bk_HhtzEk—l

We then have, denoting v = % (b‘k — b) and for ¢; a strictly positive con-
stant
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where the first inequality follows from above, the second since 0 < b < 1 and
g > 1 and the third by Jensens inequality. Taking the limit, as ¢ — oo, of
the last term raised to the power of % shows that it is not uniformly bounded.
But for ¢ < co we have

(%i <01 (b*k1~b) +1>1/q>q <

k=0

uniformly in # € © and hence all finite-order moments exist =
2u
The following lemma bounds the expectation of the ratio J%‘QH((LQO))
formly in 6

uni-

Lemma A2 F ‘Eh;i& ! < oo uniformly in 6 € @ for all 1 < g < oo
t

Proof. We have for b > 3
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and for b < 3
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By a similar argument to that in lemma A.1
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where ¢ > 0 and the last term is convergent uniformly in 8 € © for all ¢ < 00
[ |
The lemma below concerns the convergence of the unobserved objective
function, Q% based on h?“ to the limiting objective function, Q
P
Lemma A.3 supyce |QF — Q] — 0

Proof. Applying the triangle and Cauchy-Schwarz inequalities to |Q% — Q]
as in Newey and McFadden (1994) theorem 2.1 we need to show uniform con-
vergence of ||g% — g|| and ||A% — A}| to zero. The method chosen here is to
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first establish a law of large numbers for all # € ©. Uniform convergence (and
continuity of the limiting function) will follow if we can establish stochastic
equicontinuity, see Andrews (1992, theorem 3 (a)). Under assumption (c) Nel-
son (1990) show that h2, is strictly stationary (and covariance-stationary) and
ergodic, hence g and A% are strictly stationary and ergodic since they are
measurable functions of hg;.

Note that (ignoring some constants)

ah%u 2u ah?u —2u 5t2
+\ae & (m)‘%eiht Pz

From lemma A.1 we have for the first term

ohp

lgis] < ’ 3, hy 2

OR2

—2u
08; e

<>

i

Applying lemma A.1 and A.2 to the second and third terms respectively, using
Holders inequality and the independence of z; we have E |g¥| < oc.

Consider next the cross-product

u U ah2u ah?u I —4u 5? 2
st = |(50) (56 5 ()
OhZeN [OhZ' 4, [ €2
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and again using lemma A.1, A.2, Holders inequality and the independence of

+2

< 00. This establishes a pointwise law of large numbers.

To show convergence is uniform and continuity of the hmltlng function we
establish that (a) supgeg £ \%ﬂ < oo and (b) supgee E|

a1 < oo for all
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1,7 and k. Consider (a)

Ag; < &*hj po2u &t 4 8h§”h_2u Oh" h—Zu &t
08;| — |00;00; " h} 08; ! 0; hi
8h2u
+

Oy O2h2 2
t —2u t u [ =t —2u [ St
g0, Ga, M (h“) +‘ae a6; " (h2“ ))
ah?u —2u 8ht —2u Etz
+<8(9iht )(aah 2w 1
8ht2u —2u 8h%u —2u EtZ
+ ( o0, ) ( 20, " iz

and hence we need to find convenient expressions for the second derivative
62}1%“ h“

. Differentiating h2* twice
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where we used that sf_k_z < aiuhffk_l. For the most demanding derivative
with respect to b
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which shows that supgcg £ )%}‘ < oo for all ¢, j by application of lemma A.1
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and A.2. Next for (b) we have

() (B (S (- -v)
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The next and final lemma is concerned with the convergence of the unob-
served objective function, Q% to the corresponding observed objective func-
tion, @

Lemma A.4 supgeg |Q% — Q7| 50

Proof. By the same argument as in lemma A.3 we need to show that
suppeo || — gr|| £ 0 and supgeg ||A% — Ar|| %, 0. First we observe some
properties of the conditional variance process

oo oo
h?u = h? + bt_l (al Z bkEZ_k + ap Z bk>
k=0 k=0
= hi+b7h

where hy = hyi(8) is the initial condition. Next
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since E supgee €7 < oo under assumption (c) and does not depend on ¢, which
in turn imply that supgee €7 < 0o. We also have

For some arbitrary %, j

T
U (A — Ad)
t=1

: ~2 o 1=b
since supgcg |95], SUPgee |git| are finite and h;* < “o.b> we must show that

8h2 B Oh [ ef
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uniformly in 6 for r = 0,1 or 2. For (¢) we have
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By lemma 3 of Lee and Hansen (1994)
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uniformly in &, hence for 7 = 1 and trivially for » = 0. Note that
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since
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Furthermore supgeg ( hm> < 00 holds from above, and
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which shows (7). Next for (4i) T~ Zthl |he 2 _ 2} £, 0 uniformly in 6 by
lemma 6 (c¢) of Lumsdaine (1996), and

Oh (er _(ef
o6; \hr \n2

is bounded in probability uniformly in # which shows (ii). Hence supgcg

|A% — Ar|| & 0 holds. Finally ||g% — gr|| 2 0 uniformly in @ follows from
(1) above m

We are now ready to give the proofs of the theorems in the text.

Proof theorem 1. By theorem 2.1 (Consistency theorem for extremum
estimators) in Newey and McFadden (1994) we need to establish that (i)
suppeo QT — Q| 2 0, (il) @ is continuous, (iii) © is compact (which holds by
assumption) and (iv) @ is uniquely minimized at 6. By the triangle inequality

sup |Qr — Q| < sup |QF — Q| +sup|Qr — Q7|
6co 6co 6co

where supgcg |@% — Q| — 0 was established in lemma A.3 and supgee QT —
Q%] — 0 was established in lemma A.4. This proves (i) and (ii) follows from
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lemma A.3 and continuity of multiplication. To finally show (iv) we note that

Lumsdaine (1996) lemma 5 prove that E [626 6;;, h"hﬂ is a positive definite

matrix for all § € ©. It follows that EA} is a positive definite matrix for
vg —v3 > 1, since
1 OhZ* OhZ* i~

EAY = 5 E
E (=1 —-v3 08 o¢

Identification holds if 8 is unique solution to lim7_,., Eg} = 0. By application
of dominated convergence theorem limy_,, Eg¥ = Ego, where gg = g(6o) and
since £ (%v;; — (% — 1>> = ( a consistent root exists at fg. In addition this
root exists for finite arbitrary initial guess on vs,vs ®

Proof theorem 2. First we note that the fact that a root exists at 8y for
finite arbitrary guess on vs,v4 ensures we can apply theorem 6.2 of Newey and
McFadden (1994) to obtain that the asymptotic distribution of the estimator
is independent of the guess on v, v4.

Consider the gradient of the efficient GMM objective function

%QT %% (A7'+ A7) gr + | (g ® &F) Qv—f%}i | (A.2)
= 2GpAT'gr - [(gér ® gr) (A7’ ® A7') 6\/2%],
with Gp = T1 Zt 1 89,, and the second derivative
agg%(;) _ 655 (AZ! + A7) %%F (A.3)
=g (A7 + A7) 01,) 57 |vec (B2 ) |+ oy(0)

= 2GpA;'Gr

_ _ 0 G!
+ (&7 (AT1 +ATY) O L) V_ea——(;/ L+ 0,(1)

where the 0,(1) term in (A.3)comes from the derivative of the second term

in the gradient. It assumes that % [QEC{)IAJ:]/ = 0p (T") uniformly in § € ©
which can be shown. The proof is complete if we can show that the last terms
of (A.2, A.3) are negligible asymptotically and the conditions of theorem 3.2
of Newey and McFadden (1994) holds (Asymptotic normality of minimum

distance estimators). Asymptotic normality holds (given consistency) if (i)
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SUPgeo ||AT —A|| & 0 and A is non-singular (which holds from above) (ii)
SUPgco H - GH — 0and G = E g, is non-singular (iii) g € int(O)
(which holds by assumption) and (iv) asymptotic normality of VTgr.

To prove (ii) note that we have already shown that H A GH 2 0in
the proof of theorem 1. As in lemma A.3 uniform convergence and continuity

u
Gi jt

of the limiting function follows if supgeg £ ’%@—[CL < oo for all 7,7 and k.

. . . Og:
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and in view of lemma A.1 and A.2 we need to consider the third derivative of
h?“. For the derivative with respect to b we have
) 3

and hence applying lemma A.1 and A.2 using Hélders inequality and the inde-
pendence of z; we conclude that convergence is uniform and G is continuous
on ©. Then suppeg ||Gr — G|| £ 0 holds if supyeg ||G% — Gr|| — 0 which
can be shown. It is straightforward to verify that EG;;(6p) = EAyjt (6p) for
all 7, j which shows the nonsingularity of G as well. Next (iv) follows since g;
is a stationary ergodic martingale difference sequence with finite variance and

hence T%gT 4N (0, A). It remains to show that the last terms in (A.2, A.3)
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are unimportant for the asymptotic distribution. We have from (A.2)

/

0 or = 261778 - | (gr o af) (A7 © A7) T

and scaling by T'/2, since T%/?gr is bounded in probability, supgeg || AT — Al
2 0 and ‘9"—?9,’31 = Op(1) uniformly in # € © we have the result. A similar
argument applied to the second term of (A.3) establishes the result here as well
since 3"2—%91 = Op(1) uniformly in § € ©. Applying a standard mean-value
expansion of the gradient vector as in Newey and McFadden (1994) theorem
3.2 then obtains the distributional result given in theorem 2 m
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