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1
Introduction

This thesis consists of five essays in the field of time series economet
rics, presented in Part 2. The chapters in Part 2 are self-contained
entities and can be read independently of one another. The purpose
of the first part of the thesis is to give an orientation and a intro
duction to the main topics covered, whereas Chapter 2 to provides
an overview of the thesis.

1.1 Computer intensive statistical methods

In the last decade the tools of econometrics has become more com
plex, in the sense that inference in economic models no longer is asso
ciated with $imple analytical solutions. Consequently, new methods
to solve these complex problem has also been developed. On way to
account for more'complex numerical difficulties, that recently has
shown high potential, is to use simulation based inference. The topic
of simulation base inference is very broad, i.e. from numerical esti
mation of moments to construction of empirical distributions. Hence,
the bootstrap techniques applied and discussed in this thesis is just
.a very small part of a topic that in the future probably will increase
substantially in importance.
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1.1.1 The Bootstrap

The main problem discussed in this thesis could be described as the
lack of coherence between the test statistic and its reference distri
bution. There are, in principle, two distinct routes to alleviate the
problem; either for given test statistic correct the reference distri
bution, or, for given reference distribution correct the statistic in
use. In the latter case analytical correction, as Bartlett adjustment,
is commonly used. In the former situation, a corrected distribution
for the test statistic could be considered, that is replace the critical
values of the limit distribution with such that will generate an ac
tual test size closer to the nominal one. Analytically this amounts
to Edgeworth expansions, or related techniques, of the distribution
function, see Barndorrf-Nielsen and Cox (1989), Field and Ronchetti
(1990) or Hall (1992) for overviews.

The bootstrap is a plausible numerical alternative to analytical
calculations, to give a approximation or when the asymptotic distri
bution is known, a more accurate one for small samples. The simple
idea is to treat the known sample as if this was the population for
which the distribution of interest is to be evaluated. This can account
for an approximation of the distribution of interest that is at least as
accurate as a first order asymptotic approximation. The Bootstrap
hypothesis testing can in fact be expressed and interpreted in terms
of Edgeworth expansions as shown by HalL

The simple idea can be exemplified with a data set consisting of in
dependent and identically distributed observations, Xl, . .. ,Xn , hav
ing the realized sample Xl = Xl, ••• ,Xn = Xn . The bootstrap resam
pIe are a random sample drawn with replacement from the observa
tions Xl, ••• ,xn , realized into Xi, ... ,X~. From the original sample
the estimator of the sample mean, o(Xl , ... ,Xn ), and the the estima-

[
A,] 1/2

tor of the standard deviation u= Var B(X1' ... ,Xn ) can be cal-
culated, using the bootstrap one resampling yields, similar as above,

,.. [,..]1/2
the estimators B(Xi, ... ,X~) and Uboot = Var B(Xi, ... ,X~) .
Hence, by repeating the bootstrap resampling and the calculations
of estimators, an empirical bootstrap distribution can be generated.

The resampling is usually the critical step in the implementation
of the bootstrap. The original non-parametric bootstrap suggested
by Efron, see for instance Efron and Tibshirani (1993), is designed
for iid observations. Such resampling can in itself be done in sev-
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eral ways, for example as above, probably tIle most common; a non
parametric resampling which is based directly on the observations,
and the observations are random draws with replacement. A second
example is a simple parametric algorithm which makes use of a dis
tributional assumption for the observations. This implies that the
bootstrap observations are independent draws from a prespecified
distribution, where the moments of the distribution are estimates
from the sample at hand.

These simple resampling procedures usually fails for dependent
observations, such that we have in e.g. time series analysis, since
the order of the observations is affected. However, there are sev
eral approaches to generalize the bootstrap for dependent data. One
can allowing for dependences in the observations and use a proce
dure that account for the dependences, e.g. a blockbootstrap see for
instance Ktinsch (1989) or a bootstrap that resample the spectral
densities see Hjorth (1994) for an overwieve. Another way, common
in econometric applications, is to implement a model structure, and
resample the iid residuals non-parametrically or parametrically. In
such situations the specified model may not always capture all the
structure in the process, and thus the residuals are not independent.
Moreover, in this case the residuals may exhibit some structure such
as ARCH effects, kurtosis or skewness and the resampling must be
carried out in a way that suitably captures these features, depending
on the plITpOSe of the bootstrap.

An accessible introduction to the bootstrap is Efron and Tibshi
rani (1993), and in need of a more theoretical foundation and in a
econometric framework see Hall (1992), Horowitz (1995) and David
son and MacKinnon (1996a,1996b).

1.1.2 Hypothesis testing

Traditionally, the bootstrap techniques has frequently been consid
ered for measures of statistical errors such as standard deviation,
bias, prediction error and confidence intervals. The relation between
confidence intervals and hypothesis testing in standard inference is
well established. Also in the context of bootstrap similar issues are
of interest, such as the issue of pivotalness relating to the order of ac
curacy in the adjustment. However, there is a conceptual difference
in' how to implement the bootstrap in a hypothesis testing situa
tion. Most important, is to base the test on a resample that satisfy
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the null-hypothesis, even if the population fails to satisfy the null
hypothesis. If this is satisfied the power of the original test will not
be distorted and in generally close to the power of the size adjusted
asynlptotic test, see Davidson and MacKinnon (1996b). The trade
off between power and a correct level of a test does not need to be a
problem when the bootstrap test is considered. Since the bootstrap
procedure only corrects the level, and the power of the test depends
on the power of the asymptotic test.

The objective of the test is to compute the p-value function,

p(f) =p(r 2:: flwo,T), (1.1)

where \lIo is the true data generating process (DGP) under the null
hypothesis, T is the sample size and f is a realized value of the
test statistic r based on the original sample x = [Xl, ... ,XT]' . The
DGP \lIo is characterized by an unknown specification. Since the null
model, and hence \lIo, is unknown the estimated (bootstrap) DGP
~o is employed to create the bootstrap samples. The basic idea is
to create a large number of such samples which all obey the null
hypothesis and, as far as possible, resemble the original sample.

If B bootstrap samples, each of size T, are generated in accordance
with ~o and their respective test statistics f* are calculated using
the same test statistic r as above, the estimated bootstrap p-value
function, one-sided, is defined by the quantity

B

p*(f) =B-1LI(f* 2::f), i=l, ... B, (1.2)
i=l

where I (.) equals one if the inequality is satisfied and zero otherwise.
The null hypothesis is rejected when the selected significance level
exceeds p* (f).

The bootstrap testing procedure is a general tool and can be
applied to all tests that allow for the inlplenlentation of the null
hypothesis in the bootstrap. One caution should be noted, that the
bootstrap should not be expected to work if a first order expan
sion does not, see Hall (1992). Otherwise, Davidson and MacKinnon
(1996a) show that the size distortion of a bootstrap test is of the
order T- l / 2 smaller than that of the corresponding asymptotic test.
A further refinement of the order T- l / 2 can be obtained in the case
of an asymptotically pivotal statistic, Le. a statistic whose limiting !

distribution is independent of unknown nuisance parameters.
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When testing in econometrics it is common that a well-defined
statistical model forms the null-hypothesis thus the dependencies in
data can be maintained in the bootstrap resamples by using a model
based bootstrap. In this case the specified statistical model works as
the bootstrap DGP q;o, and the resampling can be done through a
simple residual resampling as discussed in previous section.

1.2 Time series processes

1.2.1 Fractional integrated models

Although most analysis of non-stationarity in univariate time series
is devoted to unit roots, fractional integrated models introduce a
more diverse method for analysis. The fractionally integrated process
permits representations between 1(0) and 1(1), which imply series
with differel1t long run predictions and effects of shocks compared
with conventional macroeconomics. This model is a generalization
of the ARIMA class of models, and allows the order of differencing
to take non-integer values. As an introductiol1, consider the simplest
case of fractional integrated white noise, disregarding the AR(p) and
the MA(q) parts that allow for the low frequencies,

(1 - B)dXt = ct

where ct is white noise and B the backshift operator. The differencing
parameter, d, can be any real value and consequently the differencing
polynomial is defined by an infinite binomial expansiol1,

(1 - B)d = 1 - dB - !d(l - d)B2
- ~d(l - d) (2 - d)B3

- ••.•

The effect is that the coefficients diminish very slowly, and thus a au
toregressive approximation includes a large number of lags. Granger
and Joyeux (1980) and Hosking (1981) show that if Idl < ! the
_process is stationary and invertible with finite variance. Hence, if
d < ! the process is stationary with an infinite moving average rep
resentation and if d > -! the process is invertible with an infinite
autoregressive representation. The autocorrelation for a fractional
noise series is then defined as

~i r(l-d)r(i+d)
Pi = ~o = r (d) r (i + 1 - d) ,

2 Gredenhoff
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where r (.) is the gamma function. Consequently, if the differencing
parameter is positive, the autocorrelations are positive and the ACF
declines at a slow hyperbolical rate; compare with the exponential
decay of an AR(1). When d ~ ! the process has infinite varial1ce and
is thus non-stationary but it will nevertheless be mean reverting. If
d = 0 the process collapses to white noise.

The fractional integrated model has been used in various appli
cations, as a small sample; in macroeconomics to model persistence
in GNP see Diebold and Rudebusch (1989) and Sowell (1992), mod
elling of long term volatility in the financial market see Ding, Granger
and Engle (1993), testing for long memory in stock market see Lo
(1991). For a broader survey see for instance Baillie (1996).

1.2.2 Cointegrated vector autoregressive models

Multivariate time series models are important tools for economic
analysis to day, mainly due to innovations in multivariate analysis of
long-run economic relationships. Since Sims (1980), the basic model
used in multivariate econometrics has been a stationary vector au
toregressive model with independent Gaussian errors. This model is
in itself rather restricted for economic analysis but it yields straight
forward statistical analysis, thanks to the relatively easy likelihood
function. Furthermore, the statistical analysis can be done in similar
ways for a variety of restrictions and generalizations. One of the most
important generalizations is the possibility to analyze stationary and
non-stationary variables in the same model, in order to describe the
long-run relations as well as the short-run dynamics. For this purpose
maximum likelihood cointegration analysis has become increasingly
popular in applied work. One reason for this is the straightforward
treatment of multivariate aspects of the estimation problem, Le. the
simultaneous estimation of two or more long run relations. Another
reason is the possibility of inference for the elements of the cointe
grating vectors that generate the long-run economic relationships.

The base-line econometric specification for maxinlUffi likelihood
cointegration is a VAR-representation of an n-dimensional time series
Xt according to

II(L)Xt=€t, (t=1,2, ... ,T), (1.3)

where II (L) is an n xn matrix polynomial of order p given by II (A) =
In - L::}=1 IljAj, where L is the lag operator and Aa complex number.
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Since we focus on integrated processes Xt, an assumption regarding
the roots of II (L) is 11ecessary, i.e. III (A)I = 0 if and only if IAI > 1
or possibly A = 1. The error term ct is assumed to be iid Nn (0, ~).

A slight reparameterization of (1.3) yields a vector error correc
tion, VECM, representation for Xt suitable for estimation of the
cointegrating relationships. Letting r (A) = In - I:f::1 riAi where
ri = - I:~=i+l IIj and a(3' = II = -II (1) we get

r (L) ~Xt = a(3'Xt-l + ct, (t = 1,2, ... ,T) , (1.4)

where ~ is the first difference operator. Writing a(3' = II reflects
an assumption of reduced rank r < n for II, implying that a and
(3 are n x r matrices. Johansen (1991), in a version of the Granger
representation theorem, state conditions such that (3'Xt and flXt are
integrated of order zero and Xt is integrated of order one. When
r > 0, Xt is cointegrated of order (1,1). The cointegrating vectors
are found in the r columns of (3, whereas the rows of a have an
interpretation as "adjustment coefficients" that determine how (3'Xt

enters in the n equations.
Maximum likelihood estimation of (1.4) implies reduced rank re

gression, and in particular, finding solutions to an eigenvalue prob
lem, see Johansen (1991, 1992) for details. Inference for the cointe
grating rank r in (1.4) is carried out by use of a likelihood ratio test,
the trace test. This test has a non-standard asymptotic distribution
and simulated critical values are used in practice. For given rank r,
however, the likelihood ratio principle leads to standard inference,
Le. test statistics for linear restrictions 011 (3 have asymptotic X2

distributions, see Johansen and Juselius (1992). They discuss three
classes of hypotheses. In the first class the hypotheses under con
sideration can be expressed as: II = a<p'H', that is (3 = H <p where
H (n x s), r ~ s ~ n, is a known matrix that specifies the restric
tion that is imposed on all cointegrating vectors. The test statistic
is given by

WLR,l = Ttln [((-X~'))] ,
i=l 1 - Ai

where 'XHi and 'Xi are the eigenvalues found as solutions to the eigen
value problem implied by maximum likelihood estimation of the re
stricted and unrestricted models. WLR,l is asymptotically X2 with
r (n - s) degrees of freedom.
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In the second hypothesis class, rl of the r cointegrating vectors {3 =
(H, 'l/J), are considered known (typically given by economic theory)
and specified by the matrix H (n x rl), whereas the remaining r2 =
r - rl relations are estimated without restrictions. In this case the
test statistic is

WLR,2 = T [t,1n(1 - ).C.H,i)

+ t,1n(l-).H,i) - t,ln(l-).i)], (1.6)

-.. -.. -..
where Ac.H,i' AH,i and Ai are the eigenvalues found as solutions t.o the
eigenvalue problem inlplied by maximum likelihood estimation of the
concentrated likelihood, the restricted model, and the unrestricted
nl0del, respectively. WLR,2 is asymptotically X2 with rl (n - r) de
grees of freedom.

The third class of hypothesis is formulated for some arbitrary re
strictions on rl of tIle cointegrating vectors {3 = (H<p,'l/J), and the
remaining r - rl relations are estimated without restrictions. Thus,
H (n x rl) is known and the maximum likelihood solution is found
by an iterative algorithm, see Johansen (1995), which gives the test
statistic as

WLR,3 - T [t,ln(1 - ).C.H,i)

+t,ln (1 - ).H,i) - t,ln (1-~) ] , (1.7)

where 'XC.H,i are the eigenvalues when {3 is concentrated with respect
to H <p,and 'XH,i are the eigenvalues for the restricted model, and ~i
the eigenvalues for the unrestricted model. The test statistic is also
in this case asymptotically distributed as X2 but with (n - s - r2)rl
degrees of freedom. The last hypothesis can easily be extended to a
nlore general form, given as {3 = (H1'P, H2'l/J) where HI is restrictions
of the first rl cointegrating relations, and H2 are the restrictions on
the remaining relations.
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Empirical applications of cointegrated relations are presently in
creasing in numbers, the Swedish contributions in this topic can be
exemplified with this sample of studies; Vredin and Warne (1991)
studied the correlation between balance of current account and sav
ings/investments, Mellander, Vredin and Warne (1992) examined if
the growth rate in consumption, investment, output and terms of
trade can be explained by technology innovations, Jacobson, Vredin
and Warne (1997) discuss the hysteresis effect in Scandinavian un
employment, Jacobson, Vredin and Warne (1998) analyzed the re
lation between Swedish real wage and unemployment in different
time frames, Jacobson and Ohlsson (1994) studied private and public
wages setting in Sweden, Jacobson and Ohlsson (1996) examined the
potential of work-sharing as a policy tool with respect to unemploy
ment, Nessen (1996) tests long-run purchasing power parity, Becker
(1997) treats Ricardian equivalence, and investigates how expected
changes in the budget of the US public sector influence the private
consumption, with cointegrated vectors based on intertemporal bud
get restrictions for the public and the private sector, Becker and Pal
zov (1997) analyzes similar problems on Swedish data and Bergman
(1995), finally, implement a comparative analysis with respect to
output and inflation for five countries, Sweden, Great Britain, USA,
Japan and Germany.

1.2.3 Fractional cointegration

In the common cointegrated setting, discussed in previous section,
a time series process Xt is said to be cointegrated of order CI (8, b)
if the variables of Xt individually are integrated of order I (8), while
a linear combination of the variables, denoted (3'Xt, is 1(8 - b). The
variables are in equilibrium if (3'Xt equals some constant /-L, but in
most time periods Xt is not in equilibrium and the quantity Zt = (3'Xt
may be called the equilibrium error. Commonly in applied work 8
arid b are both equal to unity, but there are examples of analysis of
I (2) processes.

The 8 = b = 1 case is appealing to empirical economists since
it provides a framework to estimate long-run steady states, given
by economic theory, using stationary linear combinations of non
stationary variables. However, the notion of cointegration may be
generalized to real values, that is allowing for fractional 8 and b.
The theory of fractional integration was introduced by Granger and
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Joyeux (1980) and Hosking (1981), and is considered when modelling
persistence in time series, se introduction in section 1.2.1. The dis
tinction between I (0) and I (1) is rather arbitrary; the relevant con
cept is mean-reversion in the equilibrium error. Mean-reversion does
not require a strictly I (0) process; the effect of a shock also dies out,
although at a slow hyperbolic rate, for an I (d) process witll d < 1.
Moreover, a similar interpretation as in the 6 = b = 1 case is possible
within the fractional framework. If 8 > 1/2 and 8 2: b > 8 - 1/2 the
variables are non-stationary (their variances are infinite) but there
exists a stationary linear conlbination (a long-run relationship) of
the variables.

Fractional cointegration is presently a rather unknown topic, hence
empirical applications are rare. Still, one example is Cheung and Lai
(1993), who applied the theory of fractional cointegration on the
long-run purchasing power parity hypothesis, in an attempt to cap
ture a wider range of mean-reverting behavior than standard coin
tegration analysis can analyze.



2
Summary of Papers

The thesis begins by discussing time series econometrics in a uni
variate setting and further on extends the framework to a multi
variate. The common topic in both frameworks is the analyzis of
long-run properties in economic data. In the univariate framework
Paper 1 and 2 focus on how to improve testing for persistence in data,
through a bootstrap procedure. Paper 3-5 are studies of multivari
ate time series models. Paper 3 consider the identification problem of
the basic stationary vector autoregressive model, which is the base
line econometric specification for maximum likelihood cointegration
analysis. In paper 4 the multivariate framework is expanded to allow
for components of different integrating order and in this setting the
paper discusses how fractional cointegration affects the inference in
maximum likelihood cointegration analysis. The last paper consid
ers once again the bootstrap testing approach, now in a multivariate
application, to correct inference on long-run relations in maximum
likelihood cointegration analysis.

Paper 1-2: The fractionally integrated autoregressive moving av
erage processes generalize linear ARlMA models by allowing for non
integer differencing powers and thereby provide a more flexible frame
work for analyzing persistence in time series data. This flexibility
enables fractional processes to model stronger data dependence than
that allowed in stationary ARMA models without resorting to non-
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stationary unit-root processes. However, estimators of the fractional
model exhibit larger bias and are computationally more demand
ing. It is therefore beneficial to discriminate fractionally integrated
processes from ARIMA specifications in a first modelling step, tllat is
to test the null-hypothesis of an integer differencing power against a
fractional alternative. For this purpose the literature frequently uti
lizes the Geweke and Porter-Hudak (1983) test, the modified rescaled
range test of Lo (1991) and Lagrange multiplier tests, see e.g. Agiak
loglou and Newbold (1994). The size and power of these asymptotic
tests are investigated by Cheung (1993) and Agiakloglou and New
bold. One finding in their studies is the existence of non-negligible
small-sample size distortions.

To improve inference, classical statistical theory employs expan
sions to provide analytical corrections. By numerical means, similar
corrections can be given by bootstrap methods. While analytical
corrections modify the test statistic to approach the asymptotic dis
tribution more rapidly, the bootstrap adjusts the critical values so
that the true size of the test converges to its nominal value.

The first paper applies a parametric bootstrap testing procedure.
In the paper it is shown that for normally distributed autoregres
sions and moving averages processes the bootstrap testing procedure
has better size properties than the original tests, that is the boot
strap corrects existing size distortions without introducing new ones.
All bootstrap tests are close to exact, with an exception for MA(l)
processes with a large positive root.

In the second paper the investigation of improving tests for frac
tional integration is extended to consideration of characteristic fea
tures such as non-normality (i.e. with excess skewness and kurtosis)
and conditional heteroskedasticity. Empirical evidence shows that
many financial time series display such characteristic features, for
instance Ding, Granger and Engle (1993) report evidence of autocor
relations between distant lags for long lags in the absolute returns
of the Standard and Poor 500, S&P500, composite stock index. Fur
thermore, Granger and Ding (1995) show that the absolute value of
the rate of return for a variety of stock prices, commodity prices and
exchange rates exhibit excess skewness and kurtosis.

The previous study implemented a bootstrap method, in order to
size-adjust fractional integration tests. Again the bootstrap is used
to correct for size distortions. Furthernl0re, a comparison of para-
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metric, non-parametric and heteroscedasticity invariant resampling
algorithms is also done. The aim of the paper is to find tests that
are robust to non-normalities and ARCH effects in data, and thus
are suitable when testing for long-memory in financial and economic
time series. The results suggest that the perfornlance of a bootstrap
testing procedure depends to some extent on the chosen resampling
algorithm. However, all (but one) bootstrap tests are superior to the
original version of the tests, in the sense that the bootstrap tests
have better size properties. The main conclusions are that the boot
strap tests are remarkably well-sized (whereas the originals are not)
and robust to non-normalities and ARCH effects, and that reliable
testing for fractional integration ill many cases requires a bootstrap
test, or some other refinement.

Paper 3: It is well known that inference in vector autoregressive
models depends crucially on the choice of lag-length. Various lag
length selection procedures have been suggested and evaluated in
the literature. In these evaluations the possibility that the true model
may have unequal lag-length has, however, received little attention.
In practice it is not kllOwn if tIle true model has equal lag-length or
not and there is little evidence in the literature of the losses made
by falsely assuming an equal lag-length or using an "unnecessarily"
general procedure when the assumption holds. Using all equal lag
length procedure and consistent information criteria will, of course,
asymptotically select the true or maximum lag-length. This is, how
ever, less clear with the sample sizes common in empirical work.
This paper extends the existing literature by investigating the per
formance of equal and unequal lag-length selection procedures when
the true model has equal, as well as unequal, lag-length. In doing
this we consider a variety of data generating processes designed to
replicate salient features of macroeconomic data.

Choosing the lag-length in VAR models is not an easy task and
the cost of using a mis-specified model depends on the illtended
use of the model. If inference and hypothesis testing is the primary
concern it is important to avoid under-parameterization. In a fore
casting application, on the other hand, the bias introduced by under
parameterization may well be offset by the reduction in the variance
of the estimates.

When choosing a lag-length selection strategy it is wise to keep
these issues in mind. The BIC criterion is highly parsimonious and
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underestimates the true lag-length in almost all cases considered
here, even for large sample sizes. The BIC criteria may thus be use
ful in forecasting applications, but should be avoided when inference
is the prinlary concern. The AIC and HQ criteria are less parsi
monious and estimate the correct lag-length better than BIC. AIC
underestimates the lag-lel1gth less frequently than HQ and may thus
be the preferred criteria when performing inference.

The main concern of this paper is the distinction between lag
length selection strategies which assume equal lag-lengths and pro
cedures which allow for different lag-lengths.

In smaller Models, in terms of the number of parameters, the dif
ference in performance between the equal and unequal lag-length
procedures is small.

For the larger models, the equal lag-length procedure performs
reasonably well and selects the maximum lag-length correctly in a
majority of the replicates when AIC or HQ is used. The difference
in performance between the equal and unequal lag-length models is
very small for the equal lag-length procedure.

It is thus difficult to give clear guidelines for the choice between
equal and unequal lag-length procedures. The performance seems to
be highly model dependent. A tentative conclusion is that the equal
lag-length procedure works well with equal lag length models as well
as unequal-lag length models with a relatively simple lag structure.
For models with more complicated lag structures, with holes in the
lag polynomials, the unequal lag-length procedure may be a better
choice.

Paper 4: This paper investigates the maximum likelihood cointe
gration procedure when the process is fractionally cointegrated. For
the sake of comparison, the common case of cointegrated series is also
included in the study. The results suggest that the likelihood ratio
test for cointegration also has high power against fractional alterna
tives, and hence possesses the ability to detect slow mean-reversion in
the equilibrium error. However, if fractional cointegration is present,
the usual maximum likelihood procedure may lead to incorrect infer
ence since persistence in the equilibrium error will then be modelled
by an I (0) instead of an I (d) specification.

The high power of the LR test against fractional alternatives and
the severely biased ML estimates under fractional cointegration sug
gest that the standard likelihood based approach should be used
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with caution. In particular, if the equilibrium error is likely to be
ruled by persistence we recommend that a secondary test should
be used to separate fractionally cointegrated series from series that
are cointegrated of an integer order. This may be conducted by the
Engle-Granger procedure combined with the bootstrap tests as in
paper 1-2, which are robust to AR and MA components.

Paper 5: Distributional results within the maximum likelihood
cointegration model rely on asymptotic considerations; likelihood
ratio testing for cointegrating rank, the number of cointegrating
vectors in the system, leads to a non-standard inference situation,
whereas conditional likelihood ratio testing, for given cointegrating
rank, is standard in the sense that test statistics are asymptotically
X2 • Hence, it is important to study the behavior for small to moder
ate samples of sizes empirical research usually encounters, say 50 to
200 observations. The number of simulation studies evaluating small
sample properties is rapidly growing, but the majority concern es
timation of cointegrating vectors and testing for cointegrating rank.
To the best of our knowledge, only two papers deal with testing of
linear restrictions on the cointegrating vectors for given rank; Ja
cobson (1995) and Podivinsky (1992). Both papers convey rather
optimistic pictures regarding the size distortion problem in small
sample. Possibly due to the very simple Data Generating Processes
(DGP's) considered with two or three cointegrated series, a mini
mum number of lags and just one cointegrating vector and, hence, a
small number of parameters.

In contrast, Jacobson, Vredin and Warne (1998) consider an em
piricallabor market model involving four endogenous variables, two
stationary exogenous variables, four lags, two cointegrating vectors
and a set of seasonal dummies. Their results indicate that inference
based on the asymptotic approximation ofax2-distribution, for a
reasonably large empirical sample, can be severely misleading.

One could describe the problem as one of lacking coherence be
tween the test statistic and its reference distribution and there are,
in principle, two distinct routes to alleviate the problem; either for
given test statistic correct the reference distribution, or, for given
reference distribution correct the statistic in use.

This paper proposes use of bootstrap hypothesis testing as a tractable
way to improve inference for linear restrictions. A numerical method
to correct the limit distributiol1, that in fact can be expressed and
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interpreted in terms of Edgeworth expansions as shown by Hall. Al
though the consistency of bootstrapping in the unit root context is
still unclear, Harris (1992) has evaluated bootstrapping of Dickey
Fuller unit root tests and Giersbergen (1996) has recently presented
promising results for the multivariate maximum likelihood trace test
for cointegrating rank.

The Monte Carlo experiments is based on a complex data gen
erating processes as given by the empirical monetary vector error
correction model estimated in Juselius (1997). One purpose of the
analyses is to establish how tIle complexity of the model, in terms of
number of dimensions, lags,and cointegrating vectors, is related to
the size of the test conditional on sample size.

From a response surface regression analysis it is clear that the
asymptotic distribution is not a satisfactory approximation for fi
nite samples. Even for a VECM with relatively few parameters, the
finite-sample distributions are not anywhere close to the asymptotic
distribution for Ranlple sizes smaller than 200 observations. Conse
quently, for a model with richer parametric structure deviations from
the asymptotic distribution are even larger.

The results in the paper demonstrates that a parametrically boot
strapped likelihood ratio test is, more or less, unaffected by size
distortions. Moreover, tIle power of the bootstrap test turns out to
be almost as good, or bad, as size adjusted power for the asymptotic
test.

To further show the implication of size distortions an empirical
application demonstrates how inference about long-run economic re
lationships may shift when asymptotic tests are substituted for boot
strap analogues. This is done through a re-evaluation of the asymp
totic tests of the hypotheses of linear restrictions on cointegrating
relations in Juselius (1997).
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3
Bootstrap Testing for Fractional
Integration

ABSTRACT: Asymptotic tests for fractional integration, such as the
Geweke-Porter-Hudak test, the modified rescaled range test and La
grange multiplier type tests, exhibit size distortions in small samples.
This paper investigates a parametric bootstrap testing procedure, for
size correction, by means of a computer simulation study. The boot
strap provides a practical method to eliminate size distortions in the
case of an asymptotic pivotal statistic while the power, in general, is
close to the corresponding size-adjusted asymptotic test. The results
are very encouraging and suggest that a bootstrap testing procedure
does correct for size distortions.
KEY WORDS: Long-memory; ARFIMA; Parametric resampling; Small
sample; Monte Carlo simulation; Size correction
JEL-CLASSIFICATION: C15; C22; C52

3.1 Introduction

The fractionally integrated autoregressive moving average (ARFIMA)
model has recently received considerable attention in economics, and
also in other research areas. ARFIMA processes generalize linear
ARIMA models by allowing for non-integer differencing powers and
thereby provide a more flexible framework for analyzing time series
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data. This flexibility enables fractional processes to model stronger
data dependence than that allowed in stationary ARMA models with
out resorting to non-stationary unit-root processes. However, esti
mators of the fractional model exhibit larger bias and are compu
tationally more demanding. It is therefore beneficial to discriminate
fractionally integrated processes from ARIMA specifications in a first
modelling step, that is to test the null-hypothesis of an integer differ
encing power against a fractional alternative. For this purpose the
literature frequently utilizes the Geweke and Porter-Hudak (1983)
test, the modified rescaled range test ofLo (1991) and Lagrange mul
tiplier tests, see e.g. Agiakloglou and Newbold (1994). The size and
power of these asymptotic tests are investigated by Cheung (1993)
and Agiakloglou and Newbold. One finding in their studies is the
existence of non-negligible small-sample size distortions.

To improve inference, classical statistical theory employs expan
sions to provide analytical corrections. By numerical means, similar
corrections can be given by bootstrap methods. While analytical
corrections modify the test statistic to approach the asymptotic dis
tribution more rapidly, the bootstrap adjusts the critical values so
tllat the true size of the test converges to its nominal value. This
paper applies a parametric bootstrap testing procedure. According
to Davidson and MacKinnon (1996a), the size distortion of such a
procedure, based on parameter estimates under the null, will be at
least one full order, O(T-1), smaller than the distortion of the as
ymptotic test. Thus, the bootstrap is said to provide a trustworthy
technique to perform inference in snlall samples and yields, under
regularity conditions, exact or close to exact tests. The purpose of
this paper is to examine this claim.

The paper is organized as follows. Section 2 briefly describes the
tests and Section 3 introduces the bootstrap testing procedure. Sec
tion 4 contains the Monte Carlo simulation study, where the size
and power of the tests are compared with their bootstrap analogues.
Section 5 concludes tIle paper.
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3.2 Testing for Fractional Integration

A time series {Xt} follows an ARFIMA(p, d, q)1 process if

cP (B) (1 - B)d Xt == () (B) at, (3.1)

where {at} is a series of independently and identically distributed
disturbances with mean zero and variance (T~ < 00, and cP (B) and
() (B) are the autoregressive and moving average polynomials in the
backshift operator B. If the roots of cP (B) and e(B) are outside the
unit circle and d < 10.51, Xt is both stationary and invertible. When
d > 0, Xt is persistent in the sense that the autocorrelations are
not absolutely summable. Thus tllere exists a region (0 < d < 0.5)
where the ARFIMA model is capable of generating stationary series
which are persistent.2 If d i= 0 the process displays long-memory
characteristics, such as a hyperbolic autocorrelation decay, while the
stationary ARMA model exhibits a faster geometrical decay (given
the existence of AR parameters).

If d is integer-valued, the ARFIMA process reduces to an ARIMA
process. The tests are applicable on stationary and invertible series,
and the series are subsequently differenced or sum~ed until this is
satisfied. d = 0 is thus a natural null-hypothesis when testing for
fractional integration.

3.2.1 The Periodogram Regression Test of Geweke and
Porter-Hudak

Geweke and Porter-Hudak (1983), henceforth referred to as GPH,
proposed the following non-parametric periodogram regression:

for the estimation of the fractional difference parameter. Ix (Wj) is
the periodogram at the harmonic frequencies Wj = 27rjIT, where
j = 1, ... ,9 (T). With a proper choice of 9 (T) , the ordinary least
squares (OL8) estimator of d is consistent and the distribution of

1The properties of the fractionally integrated ARMA model are presented by Granger
and Joyeux (1980) and Hosking (1981).

2Persistence is commonly found in Economic time series, i.e. real exchange rates and
unemployment.
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(dOLS - d) j8E (dOLS) is asymptotically normal. The known vari

ance of v, 1[2/6, is used to increase the efficiency of the test and 9 (T)
is commonly selected as T 1/2.

3.2.2 The J..i.lodified Rescaled Range Test

The rescaled range statistic was proposed by Hurst (1951) and has
been refined by Mandelbrot (1972) and MacLeod and Hipel (1978).
A version of the statistic, which is robust to short-range dependence
in data, was suggested by Lo (1991). This modified rescaled range
(MRR) statistic is defined by the ratio

- RT
QT = itT (k)' (3.3)

where the range and standard error are calculated by

i i

RT max '""" (Xt - x) - min '""" (Xt - x) (3.4)
O<i<TL....J O<i<TL....J

- t=l - t=l

k T ( .)
it}(k) = it2+2?=.~ 1- k~l (Xi- X)(Xi_j-x)(3.5)

3=11,=3+1

The truncation lag k depends on the short-term correlation structure
of the series and is set, according to Andrews' (1991) data dependent

1 ~

formula, to the integer part of (3T/2)3 {2p/(1-p2)}3, where p
denotes the sample first-order autocorrelation coefficient and 0-2 the
maximum likelihood variance estimate. Asymptotic critical values of
the MRR test are given by La (1991).

3.2.3 A Lagrange Multiplier Test

The LM test, denoted REG, of Agiakloglou and Newbold (1994) is
carried out through the likelihood based auxiliary regression

p q

itt = L {3iWt-i+ L "/jZt-j + 8Km + Ut, (3.6)
i=l j=l

where
m

K m =L j-1at_ j , lJ (B) Wt = Xt, (} (B) Zt == at and Ut is iid normal.
j=l
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at and iJ (B) are the estimated residual and MA polynomial from the
ARFIMA specification (3.1) under the null-hypothesis.

The autoregressive and moving average orders p and q are es
timated by the Bayesian information criterion (BIG) of Schwartz
(1978). According to Agiakloglou and Newbold a small value of the
truncation lag m is preferable, therefore m is set equal to five. The
equation (4.12) is fitted by non-linear least squares (the IMSL rou
tine DNSLSE) over the time period t = m+ 1, ... ,T. The usual t-test
of the hypothesis 6 = 0 together with asymptotically normal critical
values constitutes the LM test.

3.2.4 The Size and Power of the GPH, MRR and REG tests

Cheung (1993) presents size and power for the MRR and GPR tests.
This is done for a variety of AR(1), MA(l) and ARFIMA(O,d,O)
processes with positive and negative parameter values. The MRR
test is conservative for autoregressions, that is the empirical size is
smaller than the nominal, for almost every parameter value and ser
iallength. For large positive AR parameters, the GPR test is severely
over-sized, whereas it is well-sized for the remaining parameter val
ues. Rejection frequencies of both the MRR and GPR are notably
larger than the nominal significance level when the MA parameter
is close to -0.9.

The empirical size of the REG test is similar to the asymptotic
size according to Agiakloglou and Newbold (1994). In contrast to the
thorough investigation of the MRR and GPH tests, the size of the
REG test is only computed for 4> = 0.5 and 0.9, and T = 100. Under
the unrealistic assumption of a known AR order, the REG test ex
hibits high rejection frequencies when the true process is fractionally
integrated. A lower power is expected when the lag-order is unknown.
The MRR test has difficulties in detecting positive fractional inte
gration, especially in moderate sample sizes. Independently of the
serial length, the GPH test displays a low rejection frequency for
weakly persistent processes. Our study confirms these conclusions
and extends them for the REG test.
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3.3 The Bootstrap Test

The finite-sample distribution of a test statistic may not always co
incide with its asymptotic distribution. One feasible way to estimate
the small-sample distribution is through a bootstrap procedure, see
for instance Horowitz (1995) for an introduction and overview. The
size distortion of a bootstrap test is of an order T-1/ 2 smaller than
that of the corresponding asymptotic test. A further refinement of an
order T- 1/ 2 can be obtained in the case of an asymptotically pivotal
statistic, Le. a statistic whose limiting distribution is independent of
unknown nuisance parameters. This is achieved without the complex
derivations of analytical higher order expansions. If the significance
level of a test is calculated using a bootstrap procedure, an exact
or close to exact test is often the result, which enables more reli
able inference in finite samples. Following Davidson and MacKinnon
(1996a), such a procedure will be referred to as a bootstrap test.

The objective of the test is to compute the p-value function,

p(f)=p(r2::fl'11o,T), (3.7)

where '110 is the true data generating process (DGP) under the null
hypothesis, T is the sample size and f is a realized value of the test
statistic r based on the original sample x = [Xl, ... ,XT]' . The DGP
\lIo is characterized by an unknown ARMA(p, q) specification. Since
the null model, and hence Wo, is unknown the estimated (bootstrap)
DGP ~o is employed to create the bootstrap samples. The basic
idea is to create a large number of such samples which all obey the
null-hypothesis and, as far as possible, resemble the original sample.

In this paper we use a parametric bootstrap algorithm3 , for which
the DGP ~o is based on parameter estimates under the null, that is
retrieving q;o from the estimated ARMA(p, ij) model,

(1- ¢lB - ... - ¢pBP) Xt = (1 + (hB + ... +OqBq) ~, (3.8)

where at is the residual at time t. Alternatively, the re-sampling
model may be estimated by

(1- ¢B - ... - ¢pBP) Xt = Cit, (3.9)

3 The use of a parametric bootstrap is motivated by the assumed normality of the
data. Further resampling procedures are evaluated by Andersson and Gredenhoff (1998).
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which can be regarded as tIle estimated AR representation of the"
bootstrap DGP. The models (3.8) and (3.9) are estimated, condi
tional on stationarity and invertibility conditions, by the BIC and
non-linear least squares and OLS (the IMSL routines DNSLSE and
DRLSE) respectively. The orders p and q are allowed to a maximum
lag of five for the ARMA model, whereas a maximum lag p of 30 is
allowed for the AR specification.4

The bootstrap samples, each denoted x;, r == 1, ... , R, are created
recursively using

X;,t == ¢* (B)-l ()* (B) at, (3.10)

where ¢* (B) and ()* (B) are the estimated polynomials of ~o. The
values for {at} are independent draws from a normal distribution
with mean zero and variance s~ or s~.

If R bootstrap re-samples, each of size T, and their respective test
statistics T: are generated, the estimated bootstrap p-value function,
for a two-sided test, is defined by

R

p* (f) = R-1 L I (IT:I 2:: If\) ,
r=l

where I (.) equals one if the inequality is satisfied and zero otherwise,
and the number of bootstrap replicates R is chosen as 1000. The null
hypothesis is rejected when the selected significance level exceeds
p* (f).

Davidson and MacKinnon (1996b) show that the power of a boot
strap test, based on a pivotal statistic, is generally close to the size
adjusted asymptotic test. Even if the statistic is only close to pivotal
this is generally true.

3.4 The Monte Carlo Study

The experiment covers first order autoregressions and moving aver
ages, and fractional noise series of lengths T == 50, 100, 300 and 500.
We generate T + 100 normally distributed pseudo random numbers,
using the IMSL routine DRNNOA, and discard the first 100 obser
vations to reduce the effect of initial values. The AR and MA series

4 Preliminary results suggest that no significant AR parameters enter the estimated
polynomial after the 30th lag when the true process is an MA(l) with () = 0.9.
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are then constructed recursively and the fractional noise series are
generated using the algorithm of Diebold and Rudebusch (1991).

The Monte Carlo study involves 1000 replicates (series), where
each series is tested for fractional integration using the tests de
scribed in Sections 2 and 3.

The bootstrap resamples are created by the ARMA (3.8) and AR
(3.9) specifications. Reported results are based on the AR resampling
model, due to its better performance. The AR specification works
better than a pure MA resampling model even when the true process
is a moving average, regardless of parameter values.

Estimated size and power of the different processes in the study
are computed as the rejection frequencies of the non-fractional null
hypothesis.

3.4.1 AR and MA Processes

The empirical sizes of the tests are examined for the specifications

(3.12)

and

(3.13)

where the members of {at} are iid N(O,l). The AR and MA pa
rameters ¢ and () are set equal to ±0.1, ±0.5 and ±O.9. Table 3.15

presents the sensitivity, at a nominal 5% level of significance, of the
empirical size with respect to AR and MA parameters.

The estimated size of the MRR test for both AR and MA processes
differs, in general significantly at the 5% level, from the nonlinal size.
Significant differences, based on a 95% acceptance interval, are ob
tained when the rejection frequencies lie outside (3.6,6.4). The MRR
test is in general over-sized for both AR and MA processes, for large
negative parameters, and conservative for large positive parameters.
Exactly as in Cheung (1993), AR series with parameter ¢ == -0.5
lead to very low rejection frequencies. The MRR test is always con
servative for autoregressions near the unit circle for larger sample
sizes (T = 300 and 500), whereas the rejection frequencies increase

5 All results are approximately valid for the 1% and 10% nominal significance level
and for T=300 and 500.
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TABLE 3.1. Rejection percentage of the nominal 5 percent fractional inte
gration test when the data follow an AR(l) or MA(l) process of length T.

MRR GPH REG
¢IB Orig. Boot. Orig. Boot. Orig. Boot.

T==50 AR (1) Processes
-0.9 18.9 2.2 4.7 5.4 6.9 4.7
-0.5 0.9 3.1 4.7 5.3 6.2 4.1
-0.1 6.7 4.5 5.3 5.1 5.8 3.9
0.1 5.0 3.8 5.5 4.8 5.7 4.1
0.5 2.5 3.1 8.2 5.1 6.8 4.7
0.9 1.2 4.1 63.6 3.6 7.8 4.8

T==100
-0.9 6.4 2.1 6.4 5.6 5.6 4.8
-0.5 0.8 5.0 5.7 5.0 5.1 4.6
-0.1 6.6 4.8 4.9 4.5 6.2 3.6
0.1 6.8 5.9 4.9 5.2 6.9 5.1
0.5 2.3 4.8 8.3 4.7 6.4 4.7
0.9 0.8 3.9 71.8 3.7 5.1 4.7
T==50 AfJi(1} Processes

-0.9 4.8 5.4 41.2 25.8 9.3 9.5
-0.5 5.5 5.0 7.7 5.0 3.3 1.6
-0.1 7.3 4.5 5.0 4.5 6.6 5.4
0.1 6.7 4.9 4.3 4.0 7.4 5.3
0.5 3.7 4.3 4.4 4.8 4.0 4.4
0.9 2.0 3.2 5.2 3.7 10.0 6.3

T==100
-0.9 9.9 10.5 50.1 36.3 8.0 7.2
-0.5 4.2 4.8 7.9 5.6 2.8 2.8
-0.1 6.6 5.1 4.9 5.5 5.6 4.3
0.1 5.4 4.7 5.0 5.4 5.2 4.1
0.5 3.2 5.7 5.4 5.7 2.7 4.0
0.9 2.3 4.8 6.0 4.4 6.8 4.4

The number reported in the table is the rejection percentage of
the two-sided 5% test. Numbers in bold face denote significant de-
viations from the nominal size. Under the null hypothesis of no
fractional integration, the 95% acceptance interval of the rejection
percentage equals (3.6, 6.4). In the table head, Orig. denotes the
original test and Boot. the corresponding bootstrap test.
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with T for moving averages with () == -0.9. The GPH test is well
sized, except for highly short-term AR/MA dependent series with
positive roots6 . Agiakloglou et al. (1993) show that large positive
AR and MA roots bias the periodogram (4.8), resulting in biased
estimates of d and hellce large test statistics. These results are close
to those of Cheung.

Extending the results of Agiakloglou and Newbold (1994), we find
the REG test well-sized, compared with the other tests, for the entire
AR parameter space when T == 100. However, the test is over-sized
for T == 50 and I¢I close to unity. This over-sizing tendency, close
to the unit circle, is enhanced for moving average processes. This is
most pronounced for series of length T == 50, where large empirical
sizes also occur for small parameters. The performance of the REG
test improves with the serial length (considering also T == 300 and
500).

The simulation results suggest, in general, that the bootstrap test
ing procedure is !1ble to improve the tests. Moreover, every bootstrap
test has better size properties than any of the original tests. In more
detail, the bootstrap MRR test is found conservative when ¢ == -0.9,
whereas () == -0.9 leads to higher rejection frequencies than the nom
inal significance level. Over the parameter space, the dispersion of
the sizes for the bootstrap test is smaller than that for the original
test. The bootstrap procedure improves the MRR test, that is only
two out of twelve (AR and MA) empirical sizes differ significantly
from the nominal size at sample size 100, compared to nine for the
original test.

The size problems encountered by tIle GPH test for autoregressions
are adjusted by the bootstrap procedure. In particular, the bootstrap
correction is remarkable for cP == 0.9 processes. The bootstrap is also
able to correct for size distortions due to intermediate positive MA
roots and can partly adjust the size for large positive roots. The
empirical size for () == -0.9 is unfortunately still very 'large for the
bootstrap GPH test. One might think that this is due to the AR
resampling, but the size adjustment is even smaller when using a
pure MA resampling. Furthermore, the bootstrap procedure does
llot impose distortions where the original GPH test is well-sized. In

6 Positive values of ¢ imply positive roots and positive values of () negative roots.
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TABLE 3.2. Rejection percentage of the nominal 5 percent fractional in-
tegration test when the data follow an ARFIMA(O,d,O) process of length
T=100.

MRR GPH REG
d Orig. Boot. Orig. Boot. Orig. Boot.

-0.45 14.6 16.5 21.8 21.0 43.9 41.0
-0.25 11.3 13.6 8.3 11.1 27.8 37.6
-0.05 3.7 6.1 3.9 5.3 3.8 6.7

0 5.0 5.3 5.0 5.0 5.0 6.0
0.05 5.8 6.9 4.4 5.3 10.8 8.0
0.25 14.7 14.3 17.0 16.5 35.3 25.9
0.45 4.0 18.6 40.9 11.8 22.5 19.6

See note to Table 3.1. The original tests are size adjusted.

general, the bootstrap GPH test works considerably better than the
original test.

The bootstrap procedure corrects the size distortions of the REG
test for autoregressive processes, that is the rejection frequencies of
the bootstrap REG test are always within the acceptance bounds.
The bootstrap also corrects when the process is an MA with e >
-0.5, whereas e :::; -0.5 processes lead to significant size distortions
for all serial lengths. Except for these cases, the bootstrap REG test
is correctly (on the 95% level) sized and more robust than its original
version, in particular for MA series.

3.4.2 Fractional Processes

The power of the tests against ARFIMA(O, d, 0) is studied using data
constructed by

(1 - B)d Xt = at, (3.14)

where the fractional differencing parameter, d, is set equal to ±O.05,
±O.25 and ±O.45. Table 3.2 presents the power of the tests as a func
tion of d.The simulation results verify that the power of the bootstrap
tests are close to the power of the size-adjusted asymptotic tests. We
find the dispersion of the different power functions least pronounced
for the REG test, which relates to the small .size improvements of
the bootstrap. The REG tests and the original MRR test reduce in
power when the true d is close to 0.5 compared to a slightly lower d
value, which is not the case for the bootstrap MRR.
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When specifying the auxiliary regression (4.12) for the REG test,
a large true fractional differencing power is illterpreted as a large
autoregressive order, yielding decreased rejection frequencies for the
test. For the MRR test, the truncation lag k in (4.9) increases with
d, i.e. too many autocorrelations are included in the variance correc
tion term (4.11), resulting in a negatively biased estimate of the d
parameter which lowers the power of the original test.

A substantially lower power is found for the bootstrap GPH com
pared to its original version when d = 0.45. A large differencing
power results in a rich parameter structure of the ARMA resam
pIing model in the bootstrap procedure. The rich parametrization
implies that the resample periodograms resemble the periodogram
of the original, highly persistent process. Thus, the bootstrap GPH
test will have difficulties in distinguishing fractional processes from
ARMA specification, which can be seen in Table 3.2.

The power properties suggest that the REG test is superior when
testing for fractional integration in small samples. In larger samples
the MRR test is more powerful when d < 0, and the GPH test is
more powerful when d > O.

3.5 Conclusions

The bootstrap testing procedure has better size properties than the
original tests, that is the bootstrap corrects existing size distortions
without introducing new ones. All bootstrap tests are close to exact
on the 95% acceptance level, with an exception for MA(1) processes
with a large positive root.

In general, the power of the bootstrap tests are close to the power
of the corresponding size-adjusted asymptotic tests. The REG test is
the most powerful test in small samples and by using the bootstrap
version we get a test which is robust to ARMA components and
has power properties similar to those of the original test. In larger
samples the bootstrap MRR and GPH have higher power, when the
alternative hypothesis is one-sided.

We conclude that a bootstrap testing procedure provides a prac
tical and effective method to improve existing tests for fractional
integration.
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4
Robust Testing for Fractional
Integration using the Bootstrap

ABSTRACT: Asymptotic tests for fractional integration are usually
badly sized in small samples, even for normally distributed processes.
Furthermore, tests that are well-sized under normality may be severely
distorted by non-normalities and ARCH errors. This paper demon
strates how the bootstrap can be implemented to correct for such size
distortions. It is shown that a well-designed bootstrap test based on
the MRR and GPH tests is exact, and a procedure based on the
REG test is nearly exact.
KEY WORDS: Long-menl0ry; Resampling; Skewness and kurtosis;
ARCH; Monte Carlo; Size correction.
JEL-CLASSIFICATION: C12; C15; C22; C52.

4.1 Introduction

Many financial time series display characteristic features such as ob
servations that are non-normally distributed (i.e. with excess skew
ness and kurtosis), conditionally heteroskedastic and ruled by long
memory. For instance Ding, Granger and Engle (1993) report evi
dence of autocorrelations between distant lags for long lags in the
absolute returns of the Standard and Poor 500, S&P500, compos
ite stock index. Furthermore, Granger and Ding (1995) show that

4 Gredenhoff
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the absolute value of the rate of return for a variety of stock prices,
commodity prices and exchange rates exhibit excess skewness and.
kurtosis.

.Long-memory is usually described by fractionally integrated spec
ifications, hence testing for long-memory may be performed via a
test for a fractional differencing power. For this purpose, several tests
have been proposed and some of the most popular are thoroughly
investigated by Cheung (1993), who also studies the influence of
ARCH disturbances. Andersson and Gredenhoff (1997) implement a
bootstrap method, in order to size-adjust fractional integration tests.
The bootstrap provides a trustworthy technique for estimation of the
small-sample distribution of a statistic. When using a bootstrap test
the null-distribution is retrieved by bootstrap methods and 11ence
the critical values are adjusted to give exact tests.

This paper investigates sonle fractional integration tests when the
data are non-normal or the residuals are heteroskedastic. Again, the
bootstrap is used to correct for size distortions. Another extension is
a comparison of parametric, non-parametric and heteroskedasticity
invariant resampling algorithms. The aim of the paper is to find tests
that are robust to non-normalities and ARCH effects in data, and
thus are well-suited when testing for long-memory in financial and
economic time series.

The results suggest that the performance of a bootstrap testing
procedure depends to some extent on the chosen resampling algo
rithm. However, all (but one) bootstrap tests are superior to the
original version of the tests, in the sense that the bootstrap tests
have better size properties.

The paper is organized as follows. Section 2 describes the boot
strap testing procedure and Section 3 contains a Monte Carlo sim
ulation study where the sizes of the tests are presented for normal
and non-normal data and processes with ARCH errors. Section 4
concludes the paper.

4.2 The Bootstrap Testing Procedure

The bootstrap, see for instance Efron and Tibshirani (1993), provides
a feasible method for estimation of the small-sample distribution of
a statistic. The basic principle is to approximate this distribution by
a bootstrap distribution, which can be retrieved by simulation. In
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short, this is done by generating a large number of resamples, based
on the original sample, and by computing the statistics of interest
in each resample. The collection of bootstrap statistics, suitably or
dered, then constitutes the bootstrap distribution.

4.2.1 The Bootstrap Test

The objective of a general (two-sided) test is to compute the p-value
function

p (f) = P (ITI 2:: Ifllwo, T) (4.1)

(4.2)

where \lIo is the data generating process (DGP) under the null hy
pothesis, and f is the realized value of a test statistic T based 011 a
sample of length T. Since Wo is unknown this p-value function has to
be approximated, which is regularly done using asymptotic theory.
For asymptotic theory to be valid it is required that p (f) should not
depend on Wo and T, which is usually not true in small samples. An
alternative to an asymptotic solution is to estimate the finite-sample
DGP by the bootstrap DGP ~o, that is to use a bootstrap test.
According to Davidson and MacKinnon (1996a), a bootstrap test
is understood as a test for which the significance level is calculated
using a bootstrap procedure.

If R bootstrap samples, each of size T, are generated in accordance
with \Ii0 and their respective test statistics T: are calculated using
the same test statistic T as above, the estimated bootstrap p-value
function is defined by the quantity

R

p* (f) = R-1 L I (IT:I ~ lTD ,
r=l

where I (.) equals one if the inequality is satisfied and zero otherwise.
The null hypothesis is rejected when the selected significance level
exceeds p* (f).

The bootstrap testing procedure is a general tool and can be
applied to all tests that allow for the implenlentation of the null
hypothesis in the bootstrap. Davidson and MacKinnon conclude that
tIle size distortion of a bootstrap test is of the order T-l/2 smaller
than that of the corresponding asymptotic test. A further refinement
of the order T-l/2 can be obtained in the case of an asymptotically
pivotal statistic, i.e. a statistic whose limiting distribution is inde
pendent of unknown nuisance parameters.
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This paper employs the bootstrap technique on fractional inte
gration tests. In order to handle non-normal or conditionally het
eroskedastic data, we refine the bootstrap testing procedure of An
dersson and Gredenhoff (1997) to include these cases. The bootstrap
tests are based on the periodogram regression test of Geweke and
Porter-Hudak, GPH, (1983), the modified rescaled range, MRR, test
(Lo, 1991) and the Lagrange multiplier REG test of Agiakloglou and
Newbold (1993).1

A fractionally integrated autoregressive moving average (ARFIMA)
time series process is described by

¢ (B) (1 - B)d Xt == () (B) at, t == 1, ... ,T (4.3)

where the roots of ¢ (B) and () (B) have all roots outside the unit
circle and at is iid with mean zero and variance O'~ < 00. The dif
ferencing parameter d is allowed to take any real number, but if d
is restricted to the set of integers the specification (4.3) reduces to
an ARIMA process. The sample autocorrelation function of a long
memory process may be approximated by a fractionally integrated
model, hence testing for long-memory can be done by a test on d.
Such tests are applied to stationary and invertible series and d == 0
is thus a natural null-hypotllesis.2

When testing for fractional integration, the DGP \lTo is character
ized by an unknown ARMA(p, q) specification. Since the null model,
and consequently wo, is unknown, the estimated (bootstrap) DGP
~o is used to create the bootstrap samples.

4.2.2 Construction of the Bootstrap Samples

The original non-parametric bootstrap of Efron (1979), designed for
iid observations, usually fails for dependent observations, e.g. time
series, since the order of the observations is affected. Dependencies in
data can be maintained in the bootstrap resample by using a model
based bootstrap, which is the natural way to proceed in our case
since a well-defined model forms the null-hypothesis. A nlodel free
procedure, such as a moving blocks bootstrap or a spectral resam
pIing scheme, may also preserve dependencies. However, model free

1 These tests are briefly described in Appendix A.
2 Stationarity and invertibility require that d < 11/21. The ARFIMA model is pre

sented in greater detail by Granger and Joyeux (1980) and Hosking (1981).
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approaches deviate from the bootstrap testing idea of Davidson and
MacKinnon (1996a, b), in the sense that the resemblance between
the bootstrap samples and the original sample is sacrificed. This is
due to the implementation of the null-hypothesis, which in this sit
uation is done by filtering the series through the long-nlemory filter

(1- B)d, where d is an estimate of the differencing parameter. A
further drawback is that the bootstrap test would then in general be
sensitive to the estimate of d.

For the bootstrap fractional integration tests we use the resam
pIing model,

(1 - 1>0 - 1>IB - ... - 1>pBP) Xt = fLt, (4.4)

which clearly obeys the null-hypothesis and can be regarded as the
estimated AR representation of the process. The autoregressive order
p is selected from the values (0, 1 ... ,5) for the size evaluation and up
to 25 for the power, by the Bayesian information criterion (BIG) of
Schwartz (1978) , and the parameters are estimated by ordinary least
squares (OL8). The use of the BIC is motivated by comparisons, not
reported in the paper, with the Ale of Akaike (1974). Furthermore
Andersson and Gredenhoff (1997) use the AR approximation as well
as an ARMA resampling model, and find that the former performs
better.

The bootstrap samples x;, r = 1, ... , R, are created recursively by
the equation

* ~(B)-l *xrt = 0/ at,, (4.5)

where ¢ (B) is the polynomial of (4.4) and at are the bootstrap
residuals. In this study the number of bootstrap replicates is R ==
1,000.

Four resampling algorithms are utilized to generate the bootstrap
residuals at. The first algorithm, b1, makes use of a normality as
sumption for the disturbances at in (4.3), and is denoted the simple
parametric bootstrap. In this resampling the residuals at are in
dependent draws from a normal distribution with mean zero and
variance s~.

A second similar but non-parametric resampling scheme (denoted
b2) does not impose distributional assumptions but is directly based
on the estimated residuals at. The bootstrap residuals are drawn,
with replacement, from the recentered and degrees of freedom cor-
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rected residual vector. One typical bootstrap residual is constructed
as

* rr- Aat =y~xas,

where s is U (ft + 1,T) distributed.
The third and fourth resampling algorithms are constructed to

preserve ARCH(I) dependence in the residuals. ARCH is introduced
to the autoregression, c/J (B) Xt == at, by the equation at == yWict,
where the conditional variance is given by Wt == f30 + {31a;-1- The
assumed normality of ct allows joint estimation of the parameters
through maximization of the log-likelihood function

For the optimization, we use the numerical method of Davidon,
Fletcher and Powell, see for instance Press et ale (1992). The re
samplings are based on a parametric or a non-parametric algorithm,
similar to those above. In the parametric case (denoted b3 ) , a resid
ual series ~t is created by independent draws from a N (0, s~) dis
tribution. For the non-parametric (b4 ) scheme the members of {~t}

are drawn from the degrees of freedom adjusted elements of {et}.
The bootstrap residuals are then built by imposing the estimated
conditional dependency, according to the equations

" " 2
Wt == f30 + {31at-l

and

at == ~tA·

This implies that at has an unconditional variance of 730/ (1 - 731) ·

4.3 The Monte Carlo Study

The Monte Carlo study involves 1000 replicates (series), where each
series is tested for fractional integration using the original tests and
the different bootstrap tests described in Section 4. The rejection
freque11cies of the non-fractional null-hypothesis, Le. the empirical
sizes, are evaluated and compared. The power of a bootstrap test
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is in general close to that of the size adjusted asymptotic test (see
Davidson and MacKinnon 1996b). In particular, for the asymptotic
tests in this study and normal processes, Andersson and Greden
hoff (1997) demonstrate this for a bootstrap test with the simple
parametric resampling scheme.

To evaluate the size of the tests first order autoregressions,

(4.6)

of length T = 100 are generated and the parameter ¢ is set equal
to the values {a, 0.1, 0.5, 0.7, 0.9}. To reduce the initial-value effect,
an additional 100 observations are generated. We construct the data
in order to display three different characteristics: normality, non
normality (skewness and excess kurtosis) and ARCH errors. The
characteristics are introduced via the disturbances at.

4.3.1 Normal Processes

The experiment examining the empirical size of the tests under nor
mality is based on the process (4.6) where the disturbances {at}
are iid normally distributed with nlean zero and variance equal to
unity. Table 4.1 presents the sensitivity of the empirical size with
respect to the investigated AR parameters for a nominal 5% level
of significance. Significant differences from the nominal size are ob
tained when the rejection frequencies lie outside the 95% acceptance
interval (3.6,6.4).

The estimated size of the original MRR test always differs signif
icantly from the 5% nominal level. In particular, the MRR test is
strongly conservative for large positive parameters. The GPH test is
severely over-sized for highly short-term dependent series, which is
explained by a biased periodogram regression estimate due to large
positive AR roots, see Agiakloglou et al. (1993). Compared with the
other original tests the REG test is well-sized; only one significant
size-distortion can be found. A more detailed presentation of the
tests is given in Andersson and Gredenhoff (1997).

The results suggest that the MRR and GPH bootstrap tests, re
gardless of resampling, give exact tests in the sense that the esti
mated sizes of the tests coincide with the nominal. The bootstrap
REG test based on the simple parametric resampling is almost exact~

whereas the non-parametric resampling (which does not incorporate
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TABLE 4.1. Rejection percentage of the nominal 5 percent fractional in
tegration test when the data follow an AR(l), of length 100, with normal
errors.

Test 0.0 0.1 0.5 0.7 0.9
MRR 0 7.6 6.8 2.3 1.3 0.8

b1 5.3 5.9 4.8 4.7 3.9
b2 4.5 4.2 4.9 5.0 4.4
b3 6.2 6.4 6.0 5.2 3.9
b4 6.0 6.4 5.5 5.3 4.3

GPH 0 4.9 4.9 8.3 17.9 71.8
bi 5.0 5.2 4.7 4.3 3.7
b2 5.0 5.1 4.6 4.2 4.0
b3 5.3 5.8 5.0 4.4 3.6
b4 5.4 5.5 5.0 4.4 3.6

REG 0 5.9 6.9 6~4 5.1 5.1
bi 6.0 5.1 4.7 4.2 4.7
b2 4.5 3.7 5.6 7.9 19.2
b3 5.0 4.6 3.7 3.3 3.4
b4 4.8 4.8 3.6 3.5 3.5

The nun1ber reported is the rejection percentage
of the two-sided 5% test. Bold face denotes a sig
nificant deviation from the nominal size. Under
the null-hypothesis of no fractional integration,
the 95% acceptance interval of the rejection per
centage equals (3.6, 6.4). 0 denotes the original
test and b1 - b4 the bootstrap testing procedures
described in Section 4.

the normality) produces notably large sizes for strongly dependent
AR processes. The resamplings that account for the (non-existing)
ARCH effects have resonable estimated sizes, however conservative
for ¢> equal to 0.7 and 0.9.

4.3.. 2 Non-Normal Processes

III the non-normal case, the disturbances at are distributed with
mean, variance, skewness and kurtosis equal to 0, 1, 7s and 7k respec
tively. The members of {at} are generated by the transformation,

at rv N (0,1) , (4.7)

proposed by Fleichmann (1978). In this situation, the sequence {at}
will have a distribution dependent upon the constants Ci, which can
be solved for using a non-linear equation system specified as a func
tion of selected skewness and kurtosis. 'Ys and 'Yk are chosen to gen-
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TABLE 4.2. Rejection percentage of the nominal 5 percent fractional inte-
gration test when the data follow an AR(l)" of length 100, with non-normal
errors.

¢
Test 0.0 0.1 0.5 0.7 0.9

MRR 0 7.7 6.0 2.2 2.0 0.5
b1 5.0 5.5 5.3 5.4 4.8
b2 4.7 4.8 4.4 4.8 4.6
b3 4.9 6.0 5.5 4.2 4.2
b4 4.7 6.0 5.2 4.5 3.8

GPH 0 4.9 5.6 8.0 16.3 72.2
b1 4.2 4.2 3.7 4.5 3.9
b2 4.4 4.3 5.0 4.7 3.6
b3 4.2 5.4 5.3 5.0 3.7
b4 4.4 5.4 5.1 5.2 4.1

REG 0 5.5 7.3 7.7 6.6 8.7
b1 4.9 5.0 3.8 4.7 2.4
b2 5.1 3.9 4.5 6.9 13.8
b3 3.9 5.8 4.5 3.1 1.5
b4 3.8 4.7 4.2 1.8 1.1

See note to Table 4.1. The skewness and kurtosis
of the disturbances are selected in order to give
a skewness of 2.0 and a kurtosis of 9.0, for all
processes.

erate series Xt with a skewness and kurtosis of 2 and 9 respectively.3
The empirical size of the tests under non-normality is reported in
Table 4.2.

The original MRR and GPH tests are robust to excess skewness
and kurtosis, in the sense that the results are similar to the normal
case. This does not imply that the tests are well-sized, since the
distortions of the MRR test are slightly more articulated and tIle
GPH test is still severely over-sized for large parameters. In contrast
to the other tests, the original REG test is sensitive when the data
do not fulfill the normality assumption. The difference between the
empirical al1d nominal size is in general significant.

The estimated sizes of all bootstrap MRR and GPH tests never
differ significantly from the nominal 5%. The bootstrap REG tests
behave as in the normal case. That is, the parametric b1 works well,
the non-parametric b2 is over-sized for large parameters and b3 and
b4 are conservative for the same parameters.

3The expressions for the determination of Ci, i = 0, ... ,3 and how the residual skewness
and kurtosis depend on those of the time series process are given in Appendi~I; B.
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4.3.3 Processes with ARCH Errors

For the final set of processes the assumption of identically and inde
pendently distributed errors is relaxed. Instead we consider the effect
of heteroskedasticity of ARCH(l) type, which implies that the dis
turbances are conditionally distributed as atlt-l rv N (0, Wt), where
Wt = 1 - {3 + {3a;-l and {3 < 1. The parametrization implies that
the unconditional variance of at equals unity, and the parameter {3
is selected as 0.5 and 0.9. The 0.9 parameter imposes a strong con
ditional dependence in the disturbances, but the fourth moment of
the disturbance process does not exist. As a complement, the weaker
ARCH dependence of {3 = 0.5 is also investigated.

Results in Table 4.3 show that the MRR test is quite robust also
against conditional heteroskedasticity. However, compared with the
case of uncorrelated data, cf. {3 = 0, the test tends to be more conser
vative as the ARCH parameter increases. The GPH test is unaffected
by ARCH in the disturbances. In short, these tests have the same
size problem as with uncorrelated disturbances. On the other hand,
the usually well-sized REG test is very sensitive to ARCH effects
and exhibits a seriously distorted size for {3 = 0.5 and in particular
for {3 = 0.9.

The robustness of the MRR and GPH tests against ARCH effects
call be detected in the bootstrap tests. As a result all bootstrap MRR
and GPH tests are exact for all generated combinations of {3 and ¢.

The disappointing size of the original REG test is partly irlherited
by bl and b2. Furthermore, the increasing pattern with the AR para
meter for b2 is still present. However, the size distortions of b1 and b2
are smaller for the lower value of {3. The REG test, overall, requires
that the resampling scheme allows for ARCH effects. This is exactly
what bootstraps bg and b4 do, and despite a few conservative values
these bootstraps are not only superior to the original test, but also
much better than b1 and b2 .

4.3.4 Size Comparisons and Power

Table 4.4 supplies an overview of the tests that exhibit the best size
properties, judged by the number of significant results based on the
95% acceptance region, for the respective processes. All bootstrap
MRR and GPH tests work well and have equivalent size properties,
for all processes investigated. The simple non-parametric bootstrap
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TABLE 4.3. Rejection percentage of the nominal 5 percent fractional in-
tegration test when the data follow an AR(l), of length 100, with ARCH
errors.

¢
Test 0.0 0.1 0.5 0.7 0.9

(3 == 0.5
MRR 0 5.5 4.0 2.4 1.8 0.6

bI 4.4 4.8 5.1 3.9 3.8
b2 4.3 4.8 4.7 4.3 4.1
b3 5.1 5.1 4.8 5.4 3.9
b4 4.7 4.9 4.1 5.2 3.8

GPH 0 4.5 4.3 5.7 17.6 71.6
bI 4.0 4.1 4.0 3.9 3.6
b2 3.8 4.2 4.0 3.6 4.1
b3 3.8 3.5 4.0 4.5 4.2
b4 4.0 3.8 3.9 4.8 4.5

REG 0 9.8 9.7 9.0 7.4 10.4
bI 7.6 8.5 5.4 4.6 7.3
b2 8.7 4.6 6.6 4.6 25.2
b3 4.3 3.8 3.9 3.9 3.7
b4 4.2 4.0 3.9 3.7 4.0

(3 == 0.9
MRR 0 3.4 3.1 1.4 0.8 0.7

bI 3.7 3.8 4.0 4.0 5.3
b2 4.0 3.6 4.1 3.7 3.7
b3 5.2 5.4 4.8 4.3 4.2
b4 5.1 5.3 4.8 4.0 4.3

GPH 0 4.7 5.0 6.5 16.8 70.9
bI 4.7 5.0 4.1 4.2 4.1
b2 5.4 5.3 4.7 3.8 3.8
b3 4.0 4.7 4.2 6.2 4.7
b4 4.0 4.7 4.4 6.4 4.6

REG 0 28.6 29.3 29.5 29.2 33.4
bI 7.9 8.4 7.3 7.1 7.3
b2 9.2 6.8 8.8 14.4 24.9
b3 3.1 3.8 3.5 3.8 4.3
b4 3.6 3.8 3.3 4.1 4.4

See note to Table 4.1. The error processes follow an
ARCH process with parameter (3.
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TABLE 4.4. Best test based on size properties.
Normal Non - normal ARCH Overall

MRR bl - b4 bl - b4 bl - b4 bl - b4

GPH bl - b4 bl - b4 bl - b4 bl - b4

REG bI , (0, b3 , b4) b1 , (b3 , b4) b4 (b3 ) b3 , b4

The Table reports the best test based on the smallest number of
significant size distortions. The test within brackets is regarded as
almost equivalent to the ones without.

REG test is badly sized when the generated process has an AR pa
rameter close to the unit circle, regardless of the characteristics of
the disturbance process. Otherwise, all REG tests, even the original,
perform well under normality, whereas for non-normality the simple
parametric bootstrap is best. When ARCH errors are introduced,
the bootstraps -tllat account for the heteroskedasticity clearly adjust
the size of the REG test better. Since these resamplings also work
for uncorrelated errors, b3 and b4 exhibit the best REG performance
overall.

A bootstrap MRR or GPH test is shown to be exact, and a well
designed bootstrap test based on the REG test nearly exact. Fur
thermore, the stylized DGPs of this study are quite well-behaved,
whereas in empirical situations they are not. Consequently, the as
ymptotic tests are likely to be more distorted and the gain from a
bootstrap test to be even larger.

Davidson and MacKinnon (1996b) show that the power of a boot
strap test, based on a pivotal statistic, is generally close to the size
adjusted asymptotic test. Table 4.5 presents the power of the tests for
fractionally integrated white noise, (1 - B)d Xt = at, where the mem
bers of {at} have a normal, non-normal4 or heteroskedastic distrib
ution. Only the parametric bootstraps are reported, because of the
similar power properties of the corresponding non-parametric resam
plings. However, combined with the REG test the simple parametric
bootstrap bI exhibits, at positive differencing parameters, notably
better power properties than the simple non-parametric resampling
b2.

4 The skewness and kurtosis of the residuals as functions of the time series moments
are given in Appendix B.
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TABLE 4.5. Rejection percentage of the nominal 5 percent fractional inte-
gration test when the data follow fractional noise of length 100.

d
Test -0.45 -0.25 -0.05 0.0 0.05 0.25 0.45"

Normal processes
MRR 0 14.6 11.3 3.7 5.0 5.8 14.7 4.0

bl 16.5 13.6 6.1 5.3 6.9 14.3 18.6
bg 13.6 12.4 4.4 6.2 6.6 11.9 12.3

GPH 0 21.8 8.3 3.9 5.0 4.4 17.0 40.9
b1 21.0 11.1 5.3 5.0 5.3 16.5 11.8
b3 17.6 9.3 4.8 5.3 5.3 7.1 12.2

REG 0 43.9 27.8 3.8 5.0 10.8 35.3 22.5
b1 41.0 37.6 6.7 6.0 8.0 25.9 19.6
b3 19.9 23.9 3.1 5.0 5.6 16.1 14.1

Non-normal processes
MRR 0 6.9 8.7 5~0 5.0 6.8 15.8 6.8

b1 10.8 8.2 4.7 5.0 5.4 11.8 18.6
b3 8.0 8.7 5.3 4.9 6.0 11.6 18.4

GPH 0 25.9 10.8 6.1 5.0 7.0 15.4 40.8
b1 20.4 10.5 4.5 4.2 5.3 8.4 10.0
bg 19.7 9.2 5.6 4.2 6.6 7.9 8.9

REG 0 42.9 32.6 4.2 5.0 10.8 37.9 22.5
b1 42.2 37.7 5.5 4.9 6.1 27.1 15.8
b3 23.1 30.2 4.2 3.9 5.3 20.4 16.7

ARCH processes
MRR 0 10.8 8.0 4.9 5.0 6.0 19.1 17.1

b1 8.3 5.7 3.1 3.7 4.8 11.2 20.3
bg 9.4 7.3 4.3 5.2 5.2 13.0 13.7

GPH 0 21.1 10.1 5.9 5.0 6.0 14.8 40.7
b1 19.4 11.4 5.6 4.7 4.9 8.9 12.7
b3 17.0 9.2 5.5 4.0 5.8 7.7 10.6

REG 0 31.7 16.6 4.5 5.0 7.0 21.2 10.9
b1 35.9 25.1 9.5 7.9 9.5 21.6 18.7
b3 11.6 9.3 2.8 3.1 2.4 9.3 7.5

The" number reported is the rejection percentage of the two-sided
5% test. 0 denotes tIle original test, and b1 and b3 the bootstrap
testing procedures described in Section 4.
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The power of the MRR and GPH tests are preserved by all boot
strap procedures, except for processes with d = 0.45. In this case
too many autocorrelations are included in the variance correction
term of tIle MRR test, resulting in a negatively biased estimate of
the fractional differencing parameter which lowers the power of the
original test. This phenomenon is not experienced by the bootstrap
tests, which have well-behaved power curves. For the GPH test a
large differencing parameter results in a rich parameter structure of
the resampling model, which implies that the resample periodograms
resemble the periodogram of the highly persistent original process.
Thus, the bootstrap GPH test has difficulties in distinguishing frac
tional processes from AR specifications. The power of the REG test
is preserved by the simple parametric bootstrap, whereas the ARCH
resamplings have a lower power throughout.

On the basis of the estimated power, two major situations are
detected. If we cannot rule out ARCH effects in the disturbances,
the highest power is given by a simple bootstrap MRR or GPH test.
However, if there are no ARCH effects (in theory or data) then the
simple parametric REG test clearly outperforms all other testing
procedures.

4.4 Conclusions

The concept of bootstrap testing for fractional integration works ex
traordinarily well. If the significance level is calculated by a bootstrap
procedure an exact test is almost always the result. However, the
choice of resampling algorithm may affect the degree of size adjust
ment. For instance, if the original test is sensitive to distributional
assumptions, in particular ARCH effects, this should be accounted
for when specifying the resampling model. However, if the test is ro
bust to ARCH errors, the choice of resampling is not very important
for the size properties of that test.

Since economic and financial data are often heteroskedastic we
recommend the use of the parametric ARCH resampling scheme for
the REG test. However, if prior information suggests that the in
vestigated series does not have ARCH effects, the simple parametric
bootstrap has equivalent size properties and a higher power, and
should thus be used.
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The MRR and GPH tests, which are robust to deviations from
the iid normality of the disturbances, have nice size properties for all
bootstrap procedures. Due to the simplicity and the slightly higller
power of the simple algorithms, they are preferred when bootstrap
ping the MRR and GPH tests.

The main conclusions are that the bootstrap tests are remark
ably well-sized (whereas the originals are not) and robust to non
normalities and ARCH effects, and that reliable testing for fractional
integration in many cases requires a bootstrap test.
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Appendix A: Tests for Fractional integration

Consider the regression equation

In {Ix (Wj)} = Q - dIn {4sin2 (wj/2) + Vj} , (4.8)

where Ix (Wj) is the periodogram at the harmonic frequencies Wj =
21Tj/T, and j = 1, ... ,g(T) = T 1/ 2 . The ordinary least squares
(OLB) estimator of d is then consistent and the distribution of

(dOLS - d) jSE (dOLS) is asymptotically normal. This is the pe-

riodogram regression estimation/testing procedure of Geweke and
Porter-Hudak (1983).

Lo (1991) proposes a modified rescaled range (MRR) statistic
when testing for fractional integration. This modified rescaled range
is defined by the ratio

- RT
QT = o-T (k)'

where the range and the standard error are calculated by

i i

RT = max~ (Xt - x) - min ~ (Xt - x)
O<i<TL....J O<i<TL....J

- t=l - t=l

(4.9)

(4.10)

k T ( .)o-} (k) = 0-2+ 2 L L 1- J!- (Xi - x) (Xi-j - x). (4.11)
. I" . 1 + 1J= ~=J+

The truncation lag, k, is set, to the integer part of

, where p denotes the sample first-order autocorrelation coefficient
and 0-2 the maximum likelihood variance estimate. Asymptotic crit
ical values of the MRR test are given by Lo (1991).

The LM type test, denoted REG, of Agiakloglou and Newbold
(1994) is carried out through the likelihood based auxiliary regression

p q

fLt =L ,BiWt-i+ L rjZt-j + 8Km +Ut,
i=l j=l

(4.12)
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where

m

K m = L j-liLt_j, e(B) Wt = Xt, e(B) Zt = iLt and ut is iid normal.
j=l

at and e(B) are the estimated residuals and MA polynomial under
the null and m is a prespecified truncation lag. The equation (4.12)
is fitted by OLS over the time period t == m + 1, ... ,T and the usual
t-statistic for the null hypothesis 8 == 0 follows an asymptotic N(O,l)
distribution.

Appendix B: Generation of Non-normal Data

Appendix B.l:The Skewness and Kurtosis Relationship

Under the assumptions in Section 4 the skewness and (raw) kurtosis
for the disturbance process are given by

(1 - 4>3)
'Ys == r s -(-'---2)........3/-21-4>

and
fk (4)2 + 1) - 64>2

'Yk == 1 - 4>2 '

where r 1 and r2 are the corresponding moments of the AR(l) process.
In the fractionally integrated case the disturbance skewness and

kurtosis are given as

00

2: 8r
i=O

'Ys == r s 3/2 ( )var x

'Yk = { (rk - 3)~ 8; +3~~ 8J8~ } /var
2

(x) ,

where 8i is the ith weight in the moving average representation,

00

Xt =L 8iCLt-i,
i=O
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for the fractionally integrated process. The weights are given by

80 - 1

81 d

8i - ;Oi-l (i - 1 - d) , for i > 1.
tt

Appendix B.2: The Fleichmann Algorithm

The constants in (4.7) are given as the solutions to the following
system of equations,

co -C2

'Yk = 24 [C1 C3 + ~ (1 + cr + 28c1C3) +
c~ (12 + 48clC3 + 141c~ + 225c~) ]

"'Is
C2 =

2 (c~ + 24c1C3 + 105c~ + 2)

and

2

2 = 2cf + 12cIC3 + "Is 2 + 30~.
(c~ + 24cIC3 + 105c~ + 2)
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Lag-length Selection in VAR-models
Using Equal and Unequal Lag-Length
Procedures

ABSTRACT: It is well known that inference in vector autoregressive
models depends crucially on the choice of lag-length. Various lag
length selection procedures have been suggested and evaluated in
the literature. In these evaluations the possibility that the true model
may have unequal lag-length has, however, received little attention.
In this paper we investigate how sensitive lag-length estimation pro
cedures, based on assumptions of equal or unequal lag-lengths, are
to the true model structure. The procedures are based on informa
tion criteria, we give results for AIC, HQ and BIC. In the Monte
Carlo study we generate data from a variety of VAR models with
properties similar to macro-economic time series. In summary, we
find that the commonly used procedure based on equal lag-length
together with AIC and HQ performs well in VAR models up to a
lag-length of 3. The proGedure (due to Hsiao) based on unequal lag
lengths produces reasonable results when the true model has unequal
lag-lengths. The Hsiao ,procedure also tends to do better in models
with a more complicated lag structure.
KEYWORDS: Vector autoregression, Order selection, Information Cri
teria, Monte Carlo simulation.
JEL CODES: C32, C51, C53
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5.1 Introduction

Consider a time series Yt '= (Ylt, . .. ,Ykt)' generated by a stationary
VAR(p) model

p

Yt = v +L A j Yt-j +Ut

j=l

with constant parameters (v, A l , ... , Ap,~) and lit rv iid N [0, ~].
In practice, the order, p, of the VAR model is unknown and nlust
be chosen on the basis of the available data. Mis-specification of the
order will result in either a model with false zero restrictions and
inconsistent estimates, or an over-parameterized model resulting in
a loss of efficiency.

The choise of lag-length is thus a critical step in the estimation
procedure and affects the inference in the VAR model: Hsiao (Hsiao
1979, Hsiao 1981) demonstrates that the acceptance or rejection of
a null hypothesis in many cases depends on the selected lag-length.
Boswijk and Franses (1992) show that for cointegration tests, an un
derestimated lag-length will lead to a substantial increase in size,
and an over-parameterization results in a loss of power. Cheung and
Lai (1993) find similar results in a study of the- Johansen trace test.
DeSerres and Guay (1995) find that a too short. lag-length in a struc
tural VAR model can lead to a significant bias in the estimates of the
permanent and transitory components. Kunitomo and Yamamoto
(1985) show that the prediction mean square error of a fitted model
is always larger than that of the -true model when the fitted order
overstates the true lag-length.

The performance of various lag-Iengtll selection strategies and in
formation criteria has been studied extensively. Unfortunately, the
vast majority of these studies have dealt with strategies based -on
the assumption of equal lag-length and evaluated the procedures on
equal lag-length models. In addition, previous studies have mainly
consider small, 2 variable, models. See, for example, Nickelsburg
(1985), Lutkephol (1985) and Jacobson (1995). Nickelsburg consid
ers true models with unequal lag-length and a maximum lag of 4 and
finds that no information criteria performs well in "reasonable" sam
ple sizes. Specifically, all the criteria, including Ale, tend to under
estimate the true (maximum) lag-length. Llitkepohl differs in that he
only considers models of lag-length 1 and 2 but varies the parameter
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values of the models extensively. The conclusions drawn by Liitke
pohl also differ; he finds that BIe and HQ perform best, with little
tendency to underestimate the lag-length. This result may be due in
part to the short true lag-lengths and the correspondingly smaller
scope for underfitting. Jacobson studies 2 variable Cointegrated sys
tems with lag order 2 and finds that the HQ criterion performs well
in conjunction with the multivariate Box-Pierce portmanteau test to
protect against underestimation of the lag-length.

Due to the simplicity of the equal lag-length procedures, the choice
of lag-length is usually made under this assumption. If the assump
tion of equal lag-length is invalid, the assumption of equal lag-length
will lead to either the imposition of false zero restrictions or an over
parameterized model. That is, even if the true lag-length (the max
imum lag-length for the entire model) can be estimated, this model
will be over-parameterized since at least on of the parameter matrix
(Ap, Ap-l, ...) will contain zeros. Alternatively, the lag-length is un
derestimated and at least one variable with lag p is falsely excluded
from the model when the A p matrix is left out.

Hsiao (1979) suggested a lag selection procedure that allows for
different lag-lengths. The Hsiao procedure can be expected to per
form better than procedure based on the equal lag-length assumption
when the true model have unequal lag-lengths. On the other hand,
it is reasonable to expect the equal lag-length procedures to have an
edge when the assumption of equal lag-length holds.

In practice it is not known if the true model has equal lag-length
or not and the~e is little evidence in the literature of the losses made
by falsely assuming an equal lag-length or using an "unnecessarily"
general procedure when the assumption holds. Using an equal lag
length procedure ,and consistent information criteria will, of course,
asymptotically select the true or maximum lag-length. This is, how
ever, less clear with the sample sizes common in empirical work.
This paper extends the existing literature by investigating the per
formance of equal and unequal lag-length selection procedures when
the true model has equal as well as unequal lag-length. In doing this
we consider a variety of data generating processes designed to repli
cate salient features of macroeconomic data. To our knowledge, this
is also the first systematic study of the performance of the Hsiao
procedure.
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In Section 2 we briefly discuss the lag-length selection strategies
and the information criteria. Section 3 describes the Monte Carlo
design. Section 4 presents the results and Section 5 concludes the
paper.

5.2 Lag-length selection strategies

Under the assumption of equal lag-length the identification proce
dure is straightforward, using a multivariate information criteria or a
sequential test procedure. The common lag-length is simply chosen
as the one wich minimizes the information criteria. Identification
procedures allowing for different lag-lengths are more complicated
and are discussed in Section 2.2.

5.2.1 Information criteria

The Akaike (Akaike 1969, Akaike 1974) Information Criterion (Ale),
is given by

(5.2)

where T is the number of observations, k the dimension of the time
series, p the estimated number of lags and ~p the estimated white
noise covariance matrix. Shibata (1976) proves that the AIC crite
rion, in the Ullivariate AR(p) representation, is inconsistent in the
sense that asymptotically it overestim.ates the true order" with a non
zero probability.

In contrast to Ale, HQ and BIC behave more parsimoniously
and are known to be consistent, that is the probability of choosing
tIle true lag-length goes to one asymptotically. The Schwarz (1978)
criterion (BIC) ,

I
.... I k2plnT

BlO(P) = In ~p + T ' (5.3)

is strongly consistent for a standard VAR model, see Geweke and
Meese (1981). The Hannan and Quinn (1979) criterion (HQ),

(5.4)
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is consistent for AR processes in the univariate case, and strongly
consistent if k > 1. The multivariate representations, assuming equal
lag-length, of AIC, HQ and BIC are as in equations (5.2) to (5.4),
and for the equal lag-length procedure the order, 0 ::; P ::; P, is
simply chosen to minimize one of these criteria.

Some small sample properties of BIC, HQ and AIC were estab
lished by Liitkephol (1985). BIC is the most parsimonious criterion,
p(BIC) ::; p(HQ) for all T and p(BIC) ::; p(AIC) for T 2:: 8 .
For T 2:: 16, HQ is more restrictive than AIC. Moreover Liitkepohl
finds that the BIC and the HQ criteria underestimate, and the AIC
criterion over-estimates the order in finite samples.

As an alternative to information criteria, a sequential test-procedure
may be used. Given the assumed maximum lag-length, P, the suc
cessively more restrictive hypotheses, Ap = 0, Ap-I = 0, ... , are
tested until the null is rejected, or Al = 0 is accepted. If the signifi
cance levels are allowed to vary for the individual tests it is possible
to set the significance level in such a way that the outcome is iden
tical to the one obtained from the use of an arbitrary information
criterion, see Terasvirta alld Mellin (1986) for univariate models. In
practice, sequential test-procedures are, in general, used with a com
mon significance level. Note that the overall significance level will be
considerably larger than the level for the individual tests.

5.2.2 Lag-length selection procedures without assumptions of
equal lag-length '

Relaxing the equal lag-length restriction and allowing for more flex
ibility in the model specification complicates matters since the num
ber of possible combinations of lag-lengths increases dramatically.
Consider one equation in a possibly unequal lag-length VAR model,

Yi,t = Vi + ai 1,IYI,t-1 + .. ·+ ai I,P1YI,t-Pl + ·.. (5.5)

+aik,IYk,t-1 + ... + aik,PkYK,t-Pk + Ui,

and tIle task of selecting the k lag-lengths, PI, ... ,Pk. If the largest
lag-length considered is P there are (P + l)k different combinations
of lag-length in one equation to investigate. For the whole system
there are (P + l)k

2
possible specifications to investigate. If every

possible combination of lag-lengths is to be investigated, we have
to restrict ourselves to small models. This is rather unsatisfactory,
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TABLE 5.1. Modified Hsiao procedure.
Step 1: Calculate the information criterion for lags 0 to P of the

dependent variable. Choose the lag that minimizes the
criterion.

Step 2: Calculate the information criterion for lags 1 to P for each
of the variables not yet included in the modeL Choose the
combination of variable and lag which gives the lowest
value for the criterion, and add the variable to the model
if the criterion is lower than in the previous step. Repeat
until no more variables are added.

and in order to simplify the conlputations, variations of the Hsiao
(1979) procedure together with univariate information criteria are
frequently used.

The first step in the Hsiao procedure is to rank the variables ac
cording to their potential predictive power for each dependent vari
able. Then we consider one equation at a time and investigate the
lags of the variables in the order implied by the ranking. This ap
proach reduces the number of regressions to be estimated to at most
(2k - l)(P + 1). To rank the variables according to their potential
predictive power can sometimes be difficult, and Edlund and Karls
son (1993) avoid the ranking .of variables at the cost of increasing the
number of regressions to be estimated. In the modified procedure the
first step selects the number of lags of the dependent variable. In the
second step the variables not yet included in the equation are evalu
ated up to P lags. The combination of variable and lag-length with
the smallest information criteria is added to the equation if this leads
to a reduction in the information criteria for the equation. This is
repeated until no more variables are added. With tllis modification,
the maximum number of regressions to be estimated is k(k + 1)P/2.
The procedure is summarized in Table 5.1.

The Hsiao procedure does not investigate all combinations of lag
length. Consequently there is no guarantee that the correct spec
ification is tried. Therefore the method is not consistent, even if
consistent information criteria are used.
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TABLE 5.2. Properties of the generated VAR models.

Model Lag- Variables Dynamics Lag Structure
Length

1 1 3 Real roots Unequal lag-length
2 2 2 Compex roots: Unequal lag-length

period 7.5
3 3 3 Complex roots: Equal lag-length

period 5 & 2.5
4 3 3 Complex roots: Equal lag-length

period 20 & 4
5 3 3 Same as 3 Unequal, 'friangu-

lar
6 3 3 Same as 4 Unequal,

Triangular
7 4 3 Real roots Unequal, zero coef-

ficients in all para-
meter matrices

5.3 Model selection and design of the Monte Carlo
simulation

The Monte Carlo simulation is designed to analyze and compare the
properties of the different lag-length selection strategies and infor
mation criteria in finite samples. We use seven VAR models, spec
ified to mimic various aspects of the dynamics typically displayed
by macro-economic time series. The true lag-length varies from one
to four lags, with both equal and unequal lag-length structure. The
properties of the models are summarized in Table 5.2 and the full
specification is given in Table 5.3. Note that models 3 and 5 and
models 4 and 6, respectively, have the same dynamic properties, Le.
the same dominating roots.

The first two models are provided as a reference to the smaller
models with lag-lengths 1 and 2 previously investigated by Liitkephol
(1985). Model 2 has complex roots corresponding to a cyclical com
ponent with a cycle length of 7.5 observations. Models 3 to 6 are a
group of lag-length models that are specified to mimic the salient
features of (stationary) macroeconomic time series. Models 3 and 5
have been specified with cycle components of lengths 5 and 2.5 obser-
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vations, and models 4 and 6 have cyclical components with lengths
of 20 and 4 observations. That is, models 3 and 5 correspond to
yearly data with a business cycle component and models 4 and 6
correspond to quarterly data with business cycle and seasonal com
ponents. Of these, Models 3 and 4 have equal lag-length and Models
5 and6 have "triangular", unequal lag-length, lag structures. Model
7 has a maximum lag-length of 4 and a more complex lag structure.
The lag structure is not triangular and contains zero elements in
various positions. The estimation of lag-length for this model should
be more challenging task for the procedures.

For each VAR model, two sets of 1000 samples are generated.
One set is obtained using a diagonal variance-covariance matrix (the
identity matrix, I) in the innovations Ut, and the second from a
non-diagonal variance-covariance matrix. The non-diagonal variance
covariance matrices are

~ == [ 0.09
2 0.03

0.03 ] [ 2.25
0.04 and ~3 = ~:~

0.2
1.0
0.5

0.8 ]
0.5
0.74

for tIle two and three variable models, respectively.
The RAN1 subroutine of Press, Teukolsky, Vetterling and Flan

nery (1985) and a transformation routine (GASDEV) are used to
generate the standard normal pseudo random numbers. The first
100 observations are discarded, and the samples of size 50, 100 and
200 used in identification and estimation are obtained from the re
maining observations.

5.4 Simulation results

Tables of results are presented in Appendices A, Band C. In Ap
pendix A, Tables 5.4-5.17, present numbers of correct, under- and
overestimated lag-lengths for the equal and the unequal procedures,
estimated for a sample size of 50 observations. Corresponding tables
for sample sizes 100 and 200 are given in appendix Band C. For
the Hsiao (unequal lag-length) procedure we report the number of
correct, under and overestimated lag-lengths for each equation and
variable. With the equal lag-length procedure, the selected lag-length
is common to all equations and variables and the correct lag-length
is taken to be the largest lag in the VAR model.
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TABLE 5.3. Parameter values of Model of the generated VAR-models.
Al A2 A3
Model 1

0.5 0 0
0.1 0.1 0.3
0 0.3 0.3

Model 2

I
0.5 0.1

I O.~5
0

0.4 0.5 0
Model 3
-0.90 0.60 1.00 -0.90 0.60 1.00 0.05 -0.09 0.16
-0.27 0.56 1.74 -0.27 0.56 1.74 0.26 -0.32 -0.40
0.30 0.16 0.68 0.30 0.16 0.68 -0.08 0.11 -0.12

Model 4
-0.09 0.24 0.91 -0.30 -0.09 0.045 0.03 -0.10 0.21
0.23 0.25 1.86 0.18 -0.62 0.18 0.30 -0.40 0.56
0.07 0.29 0.65 -0.07 0.063 -0.50 -0.09 0.14 -0.16

Model 5
-0.11 0 0 -0.34 0 0 -0.38 0 0
2.23 -0.85 0 -0.16 -0.29 0 -1.06 -0.03 0
-1.82 1.07 1.30 0.13 -0.08 -0.44 0.32 0.03 0.03

•Model 6
-0.29 0 0 -0.62 0 0 -0.49 0 0
-0.26 -0.20 0 -0.77 -0.36 0 -1.24 -0.07 0
-0.66 0.75 1.30 0.30 -0.4 -0.44 0.36 0.05 0.03

Model 7
0 -1.00 0 1.13 -0.10 0 0 0.30 0
0 0.70 0 0 0.38 0 0 -0.24 0

0.20 0.90 0.8 1.20 -0.50 -0.25 -0.30 0 0
A4
-0.31 0 0

0 0 0
0 0 0
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In addition to the AlC, BIC and HQ information criteria we also
used the Final Prediction Error (FPE) criterion (Akaike 1969) to se
lect the lag-lengths. We do not report the results for FPE since they
are very similar to the ones for AIC. For small sample sizes the AIC
criterion overestimates the lag-length slightly nlore than FPE, while
for larger sample sizes the results are almost identical. The latter is
in agreement with Ltitkephol (1985), who found that the two crite
ria are asymptotically equivalent, i.e. in a Taylor expansion it can be
seen that they orlly differ by a term of order T-2. Finally, we only
report results for VAR models generated using the identity resid
ual variance-covariance matrix, since the results using non-diagonal
varial1ce-covariance matrixes are very similar.

5.4.1Result for T = 50

When discussing the results of the simulation study we concentrate
on the results for T = 50, which is the most challenging sample
size in the Monte Carlo study. In Section 5 we discuss the effects of
increasing the sample size.

5.4.1.1 Simulation results for Modell and Model 2

Modell and Model 2 are small, unequal lag-length models. In Model
1 we have three variables and a maximum lag-length of 1"while Model
2 has 2 variables and lag-length 2. "

For Model 1 and the equal lag-length procedure (Table 5.4) the
BIC and HQ criteria estimate the correct order in almost all repli
cates. The AIC overestimates the order in 10% of the replicates.

If an unequal lag-length procedure is used with Model 1 (Table
5.5 in Appendix A), AIC and HQ give the best overall performance.
However, the BIC criterion estimates the zero lag-lengths better than
AIC and HQ. In Equation 2 all the variables enter with lag-length
1 (the maximum lag-length in the model). This poses a challenge to
the unequal lag-length procedure and all three information criteria
frequently underestimate the lag-lengths in this equation.

When the equal lag-length procedure is used with Model 2 (Table
5.6) all criteria underestimate the lag-lengths to a greater extent, than
in Model 1. The AlC criterion estimates the correct maximum lag
length most frequently and underestimates less often than either BIC
or HQ. AIC is also the criterion that overestimates the lag-length
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most frequently. The BIC criterion underestimates the lag-length in
almost all replications and HQ in 63% of the replications.

Using the unequal lag-length procedure, AIC and HQ perform best
with Model 2 (Table 5.7). Again, BIC underestimates the lag-length
most frequently and the AlC overestimates most frequently. With
Model 2 the first equation is the most challenging and all criteria tend
to underestimate the lag-length of the second variable. This can be
explained by the second variable having a small absolute parameter
value on the last (and only) lag. The effect of dropping the variable
from the equation is thus relatively small and the unequal lag-length
procedure has difficulties picking up this effect.

5.4.1.2 Simulation results for the large models

Models 3 and 4 are equal lag-length VAR models with a lag-length
of 3 and Models 5 and 6 are their unequal lag-Iengtll counterparts,
also with a maximum lag-length of 3. Model 7, finally, is a more
complicated unequal lag-length model with a maximum lag-length
of 4.

Thrning first to the equal lag-length models and the equal lag
length procedure, the HQ and AIC criteria give the best results. HQ
has a tendency to underestimate the lag-length and AIC tends to
overestimate. For Model 3 (Table 5.8) they select the correct lag
length equally often. With Model 4 (Table 5.10) HQ selects the
correct lag-length in 85% and AIC in 68% of the replicates. BIC
consistently underestimates the lag-length and selects the correct
lag-length in less than 1% of the replicates.

Using the unequal lag-length procedure (Tables 5.9 and 5.11) all
criteria underestimate the true lag-length to a large extent. With
the exception of a few combinations of equation and variable, BIC
underestimates the lag-length in more than 90% of the replicates.
AIC alld HQ estimate the correct lag-length in equally often, 3%
40% of the replicates depending on variable and equation. In line
with their general tendency, AlC overestimates the lag-length to a
greater extent and HQ underestimates more frequently than AlC.
As with the equal lag-length procedure, the performence is slightly
better with Model 4 than with Model 3.

For the lag-length 3, unequal lag-length, Models 5 and 6 the per
formance of the equal lag-length procedure (Tables 5.12 and 5.14) is
very similar to the equal lag-length Models 3 and 4. For Model 6 all
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criteria perform better than with Model 5, AIC and HQ underesti
mate the lag-length in 2% of the replicates and BIC estimates the
correct lag-length in 29% of the replicates. This is similar to Model
4 which also has a cyclical component with long period which leads
to larger lag-lengths being selected.

Turning to the unequal lag-length procedures it is worth noting
that Models 5 and 6 are triangular systems. For equation 1, where
only the dependent variable enters, both AIC and HQ perform very
well. They identify the zero coefficients and estimate the true lag
length for the dependent variable in over 60% of tIle replicates. As
can be expected, BIC identifies the zero coefficients but also tends
to underestimate the lag-length of the dependent variable. The un
derestimation is most severe in Model 5; for Model 6 BIC underes
timates the lag-length in only 19% of the replicates. For Equation
2, where two variables enter the equation with lag-length 3, the re
sults differ markedly between the models. In Model 5 AIC and BIC
overestimate the lag-length of the depelldent variable in over 90% of
the replicates. For Model 6 they estimate the lag-length correctly in
about 50% of the replicates and underestimate more frequently than
they overestimate. The lag-length of variable 1 is estimated correctly
in a majority of the replicates and more frequently in Model 6, where
the lag-length is never underestinlated, than in Model 5. In tIle third
equation all three variables enter with 3 lags and the results are very
similar to the results for the equal lag-length models.

For the relatively complicated, unequal lag-length, Model 7 the
equal lag-length procedures fails, estimating the correct lag-length
in less than 10% of the replicates. There is a clear tendency to un
derestimate the lag-length even for AIC. With the unequal lag-length
procedure the variables not entering into the equations (variable 3
in Equation 1 and variables 1 and 3 in Equation 2) are identified in
the majority of the replicates even for AIC. Variable 1 in Equation 3
is the only case where we have a lag-length of 4 and this is identified
correctly in a majority of the replicates, except" for BIC which under
estimates the lag-length. For the remaining combinations of variable
and equation the true lag-length is 2 or 3 and these are estimated
less well. The lag-length of the dependent variable is overestimated
and the lag-length of other variables is underestimated.
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5.4.2 Increasing the sample size

As can be expected, increasing the sample size to 100 and 200 obser
vations improves the performance of both the equal and the unequal
procedure. Consequently, we will restrict ourselves to a discussion
of the differences between the procedures and criteria as the sample
size increases.

Using equal lag-length procedures, tIle performance of Ale and
HQ improves for all models although AIC overestimates the lag
length ill about 10% of the replicates even for large samples. BIC
consistently underestimates the lag-length even for T == 200 when
the true lag-length is greater than 1. Exceptions to this are Models
4 and 6. For ~odel4 there is a dramatic inlprovement for BIC when
going from T == 100 to T == 200 and in Model 6 BIC estimates
the lag-length correctly in 94% of the replicates even for T == 100.
For Model 7 there is little improvement with the increase in sample
size; only AIC shows a marked improvement, selecting the correct
lag-length in 42% of the replicates when T == 200.

In the unequal lag-length procedure the frequency of underesti
mated lag-lengths decreases whereas the frequency of overestimates
changes little when the sample size increases for Models 1, 2, 3 and
6. The pattern with"difficult" equations where all criteria tend to
underestimate the lag-length of one or more variables remains, even
if the frequency of underestimation decreases compared to T == 50.
HQ a~d AIC tend to overestimate the lag-Iengtll of tIle dependent
variable to a greater extent as the sample size increases. This is es
pecially so in Models 4 and 5, where even BIC tends to overestimate
the lag-length of the dependent variable for large T. BIC, on tIle
other hand, tends to underestimate the lag-length of variables other
than the dependent even for T == 200. The results for the third
equation in Models 5 and 6 show a markedly different pattern. The
lag-length of the second variable is underestimated by all three cri
teria in almost all replicates and the lag-length of the first variable
is overestimated in over 60% of the replicates. For Model 5 the lag
length of the dependent variable tends to be underestimated by HQ
and BIC, whereas AIC and HQ overestimate in Model 6. With Model
7 there is a gradual improvement with tIle increase in sample size,
but the same general pattern as for T == 50 emerges. In particular
we note" that the lag-length of the dependent variable in the third
equation is always overestimated by all three criteria.

6 Gredenhoff
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5.5 ConcIusions

Choosing the lag-length in VAR models is not an easy task and the
cost of using a mis-specified model depends on the intended use of
the model. If inference and hypothesis testing is the primary con
cern it is important to avoid under-parameterization. In a forecast
ing application, on the other hand, the bias introduced by under
parameterization may well be offset by the reduction in the variance
of the estimates.

When choosing a lag-length selection strategy it is wise to keep
these issues in mind. The BIC criterion is higllly parsimonious and
underestimates the true lag-length in almost all cases considered
here, even for large sample sizes. This is contrary to the finding of
Ltitkephol (1985) that BIC estimates the lag-length correctly more
frequently than other criteria. This discrepancy is due to Ltitkepohl
only considering models with lag-lengths 1 and 2, where the scope for
underestimating the lag-length is small. The BIC criteria may thus
be useful in forecasting applications, but should be avoided when
inference is the primary concern.

The AIC and HQ criteria are less parsimonious and estimate the
correct lag-length better than BIC. For larger models we can see
a tendency for HQ to select the correct lag-length more frequently
than AIC. TIle performance of AIC and especially HQ also improves
faster with increasing sample size than BIC. Ale underestimates the
lag-length less frequently than HQ and may thus be the preferred
criteria when performing inference.

The main concern of this paper is the distinction between lag
length selection strategies which assume equal lag-lengths and pro
cedures which allow for different lag-lengths. In the small Models 1
and 2, the difference in performance between the equal and unequal
lag-length procedures is small. These are unequal lag-length mod
els and the equal lag-length procedure tends to underestimate the
maximum lag-length in the model. The unequal lag-length procedure
estimates most of the individual lag-lengths correctly in a majority
of the cases, but there are also one or more combinations of equation
and variable where the lag-length is rarely estimated correctly.

For the larger 3 variable, 3 lag, Models 3 to 6, the equal lag-length
procedure performs reasonably well and selects the maximum lag
length correctly in a majority of the replicates when Ale or HQ is
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used. The difference in performance between the equal and unequal
lag-length models is very small for the equal lag-length procedure.
The unequal lag-length procedure identifies the zero lag-lengths in
the unequal lag-length models and in general performs well in equa
tions where one or more variables are excluded. In equations where
all variables enter and in the equal lag-length models the unequal
lag-length procedure performs less well.

With the more complicated Model 7, the equal lag-length proce
dure underestimates the lag-length. The unequal lag-length proce
dure identifies the zero lag~lengths ·and estimates the correct lag
length with a high frequency for about half of the variables. In most
of the remaining combinations of equation and variable there is a
clear tendency to underestimate the lag-length.

It is thus difficult to give clear guidelines for the choice between
equal and unequal lag-length procedures. The performance seems to
be higllly model dependent. A tentative conclusion is that the equal
lag-length procedure works well with equal lag length models as well
as unequal-lag length models with a relatively simple lag structure,
such as Models 5 and 6. For nl0dels with more complicated lag struc
tures, such as Model 7 where there are holes in the lag polynomials,
the unequal lag-length procedure may be a better choice.

In practice, it is not certain that the data generating process is
a VAR model. The issue then chances from one of finding the true
model to one of finding the best approximation within the class of
VAR models. It is unclear how the results in this paper apply to the
latter issue. Although we have made general commellts about desir
able properties of the lag-length selection procedure when performing
inference and when forecasting, it is unclear how the actual choice of
lag-length selection procedure affects inference and the forecasting
performance. These and other issues are left for future research.
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Appendix A: Selection of lag-lengths, T=50

Tables in Appendix A give the frequencies (out of 1000 replicates)
of correct-, under and over-estimation of the lag lengths for T==50.
Results are given for both the equal al1d the unequal lag length
procedures, using the AIC, HQ and BIC information criteria.
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TABLE 5.4. Selected lag-lengths: Modell, equal procedure,T = 50.

1 lag, Correct estimation Overestimation
AIC 895 105
HQ 987 13
BIC 1000 0

True model has unequal lag-lengths with maximum
lag equal to one.

TABLE 5.5. Selected lag-lengths: Modell, unequal procedure, T = 50.

Under- Correct Over-
estimation estimation estimation

Crit. Eq. Variable Variable Variable
1 2 3 1 2 3 1 2 3

AIC 1 24 0 0 718 696 718 258 304 282
2 507 296 433 282 482 361 211 222 206
3 0 463 64 686 372 696 314 165 240

HQ 1 50 0 0 796 833 850 154 167 150
2 630 410 541 263 471 361 107 119 98
3 0 559 99 824 351 780 176 90 121

BIC 1 276 0 0 716 991 991 8 9 9

2 931 834 810 67 166 189 2 0 1
3 0 823 425 990 176 572 10 1 3

True model has unequal lag-lengths with maximum lag equal to
one.
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TABLE 5.6. Selected lag-lengths: Model 2~ equal procedure, T == 50.

Under- Correct estimation Over-
estimation (2 lags) estimation

AIC 391 470 249
HQ 631 332 47
BIC 996 4 0

True model has unequal lag-lengths with maximum
lag equal to two.

TABLE 5.7. Selected lag-lengths: Model 2, unequal procedure, T == 50.

Crit.

Ale

HQ

BIC

Eq.

1
2
1
2
1
2

Under
estimation
Variable
1 2
25 735

154 0
44 830

226 0
221 984
654 4

Correct
estimation
Variable
1 2

727 111
608 666
829 98
630 786
776 15.
334 978

Over
estimation
Variable

1 2
248 154
248 334
127 72
144 214

3 1
12 18

'frue model has unequal lag-lengths with maximum
lag equal to two.
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TABLE 5.8. Selected lag-lengths: Model 3, equal procedure, T == 50.

AIC
HQ
BIC

Under
estimation

124
368
1000

Correct
estimation

599
598
o

Over
estimation

277
144
o

True model has equal lag-length of three.

TABLE 5.9. Selected lag-lengths: Model 3, unequal procedure, T == 50.

Under- Correct Over-
estimation estimation estimation

Crit. Eq. Variable Variable Variable
1 2 3 1 2 3 1 2 3

AlC 1 489 669 295 88 87 186 432 244 519
2 484 515 171 174 172 345 342 313 484
3 779 816 532 129 51 216 92 133 252

HQ 1 673 829 508 73 70 148 254 101 344
2 665 707 263 151 145 339 184 148 398
3 824 916 625 117 31 195 59 53 180

BIC 1 998 994 999 1 5 1 1 1 0
2 834 983 874 166 15 52 0 2 74

3 987 1000 986 12 0 14 1 0 0

True model has equal lag-length of three.
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TABLE 5.10. Selected lag-lengths: Model 4, equal procedure, T==50.

Under- Correct Over-
estimation estimation estimation

AIC 19 682 299
HQ 114 848 38
BIC 991 9 0

True model has equal lag-lengths with maximum lag
equal to three.

TABLE 5.11. Selected lag-lengths: Model 4, unequal procedure, T==50.

Under- Correct Over-
estimation estimation estimation

Crit. Eq. Variable Variable Variable
1 2 3 1 2 3 1 2 3

AIC 1 537 693 182 227 192 126 236 115 692
2 342 88 169 305 101 368 356 811 463
3 750 596 345 75 105 87 175 299 568

HQ 1 741 635 318 190 199 99 69 166 583
2 534 177 240 294 140 393 172 683 367
3 920 691 548 38 85 84 42 224 368

BIC 1 992 938 972 8 61 5 0 1 23
2 975 729 645 24 186 126 1 85 229
3 997 982 968 1 3 21 2 15 11

True model has equal lag-lengths with maximum lag equal to
three.
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TABLE 5.12. Selected lag-lengths: Model 5, equal procedure, T = 50.

Under- Under- Correct Over-
estimation estimation estimation estimation

(1 lag) (2 lags) (3 lags) (2: 4 lags)
Ale 0 73 630 363
HQ 0 227 734 39
BIC 234 764 2 0

'!rue model has unequal lag-lengths with maximum lag
equal to three.

TABLE 5.13. Selected lag-lengths: Model 5, unequal procedure, T == 50.

Under- Correct Over-
estimation estimation estimation

Crit. Eq. Variable Variable Variable
1 2 3 1 2 3 1 2 3

AIC 1 95 0 0 622 729 670 283 271 330
2 119 3 0 532 43 546 349 996 454
3 42 651 600 229 107 126 729 242 274

HQ 1 179 0 0 673 837 807 148 162 193
2 187 6 0 628 91 712 185 903 288
3 57 767 760 317 108 112 625 125 128

BIC 1 825 0 0 172 961 993 3 39 7
2 501 342 0 406 281 983 93 377 17
3 340 968 979 528 23 15 132 9 6

'!rue model has unequal lag-lengths with maximum lag equal to
three.
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TABLE 5.14. Selected lag-lengths: Model 6, equal procedure, T==50.

Under- Under- Correct Over-
estimation estimation estimation estimation
(1 lags) (2 lags) (3 lags) (2::4 lags)

AIC 0 1 699 300
HQ 0 2 943 55
BIC 192 521 287 0

Thue model has unequal lag-lengths with maximum
lag equal to three.

TABLE 5.15. Selected lag-lengths: Model 6, unequal procedure, T==50.

Under- Correct Over-
estimation estimation estimation

Crit. Eq. Variable Variable Variable
1 2 3 1 2 3 1 2 3

Ale 1 0 0 0 683 719 643 317 281 357
2 0 267 0 654 449 575 346 284 425

3 86 532 204 118 214 236 796 254 560

HQ 1 23 0 0 802 863 801 175 136 199
2 0 383 0 800 477 750 200 140 250

3 135 663 322 138 199 299 727 138 379

BIC 1 189 0 0 704 981 985 107 19 15
2 3 811 0 977 185 987 30 4 13

3 758 951 914 60 44 72 182 5 14

True model has unequal lag-lengths with maximum lag equal to
three.
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TABLE 5.16. Selected lag-lengths: Model 7, equal procedure, T == 50.

Under- Undert- Correct Over-
estimation esimation estimation estimation

(2 lags) (3 lags) (4 lags) (2: 5 lags)
Ale 574 134 81 211
HQ 913 64 10 13
BIC 1000 0 0 0

'!rue model has unequal lag-lengths with maximum
lag equal to four.

TABLE 5.17. Selected lag-lengths: Model 7, unequal procedure, T == 50.

Under- Correct Over-
estimation estimation estimation

Crit. Eq. Variable Variable Variable
1 2 3 1 2 3 1 2 3

AIC 1 65 635 0 586 101 604 349 264 396
2 0 374 0 664 367 702 336 259 298
3 594 271 5 125 305 21 281 424 974

HQ 1 122 809 0 668 83 785 210 108 225
2 0 438 0 807 330 814 193 232 186
3 748 409 17 106 344 29 146 247 954

BIC 1 509 998 0 481 2 970 10 0 30
2 0 957 0 980 42 961 20 1 39
3 980 886 249 14 91 60 6 23 691

'!rue model has unequal lag-lengths with maximum lag equal to
four.
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Appendix B: Selection of lag-lengths, T=100

Tables in Appendix B give the frequencies (out of 1000 replicates)
of correct-, under and over-estimation of the lag lengths for T=100.
Results are given for both the equal and the unequal lag length
procedures, using the Ale, HQ and BIC information criteria.
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TABLE 5.18. Selected lag-lengths: Modell, equal procedure, T=100.

1 lag, Correct estimation, Overestimation
Ale 936 64
HQ 009 1
BIC 1000 0

True model has unequal lag-lengths with maximum
lag equal to one.

TABLE 5.19. Selected lag-lengths: Modell, unequal procedure, T==100.

Under- Correct Over-
estimation estimation estimation

Crit. Eq. Variable Variable Variable
1 2 3 1 2 3 1 2 3

AIC 1 0 0 0 764 739 760 236 361 240
2 366 91 256 421 639 543 213 270 201
3 0 266 6 711 531 771 289 203 223

HQ 1 3 0 a 884 884 899 113 116 101
2 510 182 369 395 693 544 95 125 87
3 0 417 11 867 492 882 133 91 107

BIC 1 37 0 0 961 997 999 2 3 1
2 917 635 688 82 362 302 1 3 10
3 0 828 97 998 172 902 2 0 1

True model has unequal lag-lengths with maximum lag equal to
one.
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TABLE 5.20. Selected lag-lengths: Model 2, equal procedure, T==100.

Under- Correct estimation Over-
estimation (2 lags) estimation

AIC 144 716 140
HQ 405 577 18
BIC 995 5 0

True model has unequal lag-lengths with maximum lag equal to
two.

TABLE 5.21. Selected lag-lengths: Model 2, unequal procedure, T==100.

Under- Correct Over-
estimation estimation estimation

Crit. Eq. Variable Variable Variable
1 2 1 2 1 2

AIC 1 1 661 693 187 306 152
2 34 0 721 635 245 365

HQ 1 2 802 844 150 154 48
2 76 0 810 796 114 204

BIC 1 22 974 975 26 3 0
2 422 0 574 990 4 10

True model has unequal lag-lengths with maximum lag equal to
two.
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TABL~ 5.22. Selecte.d lag-lengths: Model 3, equal procedure, T==100.

Under- Correct Over-
,estimation e~timation estimation

AlC 9 908 85
HQ 87 911 2
BIC 998 2 0

True model has equaf" lag-lengths with maxi
mum lag equal to three.

TABLE .5.23. Selected lag-lengths: Model 3, unequal procedure, T===100.

Under- Correct Over-
estimation estimation estimation

Crit. Eq. Variable Variable Variable
1 2 3 1 2 3 1 2 3

Ale 1 416 677 91 71 131 197 513 192 712
2 294 332 41 364 197 492 352 471 467
3 698 748 355 155 127 311 147 125 334

HQ 1 630 872 215 ' 65 75 205 305 53 580
2· 503 563 79 293 198 561 204 139 360
3 794 903 581 154 47 305 52 49 114

BIC 1 992 984 987 7 14 4 1 2 9
2 774 984 582 215 12 174 11 4 244
3 969 1000 974 31 0 25 0 0 1

'!rue model has :~qual lag-lengths with maximum lag equal, to
three.

7 Gredenhoff



88 5. Paper 3

TABLE 5.24. Selected lag-Iength:s Model 4, equal procedure, T==lOO.

AlC
HQ
BIC

Under
estimation

o
2

855

Correct
estimation

897
991
145

Over
estimation

103
7
o

True model has equal lag-lengths with maxi
mum lag equal to three.

TABLE 5.25. Selected lag-lengths: Model 4, unequal procedure, T=100.

Under- Correct Over-
estimation estimation estimation

Crit. Eq. Variable Variable Variable
1 2 3 1 2 3 1 2 3

AIC 1 262 469 48 426 284 156 312 247 798
2 120 3 43 535 14 419 245 983 538
3 751 438 102 125 198 47 224 364 851

HQ 1 496 570 116 395 315 128 109 115 756
2 278 26 105 589 57 528 133 917 367
3 907 669 288 59 125 97 33 206 615

BIC 1 975 817 867 25 174 5 0 9 128
2 935 360 370 63 294 357 2 346 253
3 999 922 946 1 5 33 0 73 21

True model has equal lag-lengths with maximum lag equal to
three.
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TABLE 5.26. Selected lag-lengths Model 5, equal procedure, T==100.

Under
estimation
(1 lag)

AIC 0
HQ 0
BIC 0

Under
estimation
(2 lags)

2

33
974

Correct
estimation
(3 lags)

907
961
26

Over
estimation
(2::4 lag)

91
6
o

True model has unequal lag-lengths with maximum lag equal to
three.

TABLE 5.27. Selected lag-lengths Model 5, unequal procedure, T==100.
Under- Correct Over-

estimation estimation estimation

Crit. Eq. Variable Variable Variable
1 2 3 1 2 3 1 2 3

AIC 1 6 0 0 726 782 733 268 218 267
2 12 0 0 683 0 640 305 1000 360
3 1 757 471 88 102 210 911 141 319

HQ· 1 25 a a 859 ,900 882 116 100 118
2 32 0 0 842 10 843 126 990 157
3 1 894 718 172 73 166 827 43 116

BIC 1 412 0 a 584 982 999 4 18 1
2 299 15 0 697 214 993 4 761 7
3 35 982 987 657 17 11 308 1 2

True model has unequal lag-lengths with maximum lag equal to
three.
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TABLE 5.28. Selected lag-lengths: Model 6, equal procedure, T==100.

Under- Under- Correct Over-
estimation estimation estimation estimation
(1 lag) (2 lags) (3 lags) (2::41ags)

AIC 0 0 906 94
HQ 0 0 991 9
BIC 0 60 940 0

True model has unequal lag-lengths with maximum
lag equal to three.

TABLE 5.29. Selected lag-lengths: Model 6, unequal procedure, T==100.

Under- Correct- Over-
estimation estimation estimation

Crit. Eq. Variable Variable Variable
1 2 3 1 2 3 1 2 3

AIC 1 0 0 0 720 795 709 280 205 291
2 0 111 0 705 609 641 295 280 359
3 15 575 41 117 239 207 868 186 752

HQ 1 1 0 0 880 913 878 119 87 122
2 0 197 0 878 686 857 122 117 143
3 50 723 85 143 216 331 807 61 574

BIC 1 35 0 0 961 999 996 4 1 4
2 0 670 0 996 327 998 4 3 2
3 461 937 728 158 58 232 381 5 40

True model has unequal lag-lengths with maximum lag equal to -
three.
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TABLE 5.30. Selected lag-lengths: Model 7, equal procedure, T==100.

Under
estimation
(2 lags)

AIC 468
HQ 878
BIC 1000

Under
estimation
(3 lags)

337
111
o

Correct
estimation
(4 lags)

157
11
o

Over
estimation
(25 lags)
38
o
a

True model has unequal lag-lengths with maximum lag equal to
four. The Correct estimation is conditional on the lag -length
restriction.

TABLE 5.31. Selected lag-lengths: Model 7, unequal procedure, T==100.

Under- Correct Over-
estimation estimation estimation

Crit. Eq. Variable Variable Variable
1 2 3 1 2 3 1 2 3

AIC 1 4 493 0 544 284 711 452 323 289
2 a 144 0 732 578 788 268 278 212
3 584 97 0 202 552 1 214 351 999

HQ 1 19 732 0 706 212 888 275 56 112
2 a 291 0 882 589 895 118 120 105
3 769 195 a 154 647 1 77 158 999

BIC 1 187 0 0 795 0 983 15 1000 17
2 0 853 0 992 147 986 8 0 14
3 980 680 35 17 312 12 3 8 953

True model has unequal lag-lengths with maximum lag equal to
four.
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Appendix C: Selection of lag-lengths, T=200

Tables in Appendix C give the frequencies (out of 1000 replicates)
of correct-, under and over-estimation of the lag lengths for T=200.
Results are given for both the' equal and the unequal lag length
procedures, using the Ale, HQ and BIC information criteria.
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TABLE 5.32. Selected lag-lengths: Modell, equal procedure, T==200.

1 lag, Correct estimation, Overestimation
AIC 946 54
HQ 1000 0
BIC 1000 0

True model has unequal lag-lengths with maximum
lag equal to one.

TABLE 5.33. Selected lag-lengths: Modell, unequal procedure, T==200.

Under- Correct Over-
estimation estimation estimation

Crit. Eq. Variable Variable Variable
1 2 3 1 2 3 1 2 3

AId 1 0 0 0 760 763 748 240 237 252
2 156 7 59 618 611 736 226 382 205
3 0 95 0 725 698 753 275 207 247

HQ 1 0 0 0 910 916 900 90 84 100
2 285 27 129 628 788 795 87 185 76
3 0 185 1 893 745 906 107 70 93

BIe 1 0 0 0 1000 1000 1000 0 0 0
2 823 264 540 172 730 459 1 6 1
3 0 691 5 998 309 995 2 0 0

'frne model has unequal lag-lengths with maxiinum lag equal to
one.
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TABLE 5.34. Selected lag-lengths: Model 2, equal procedure, T=200.

Under- Correct estimation, Over-
estimation (2 lags) estimation

AIC 14 854 142
HQ 137 853 10
BIC 962 38 0

True model has unequal lag-lengths with maximum lag equal to
two.

TABLE 5.35. Selected lag-lengths: Model 2, unequal proGedure, T==2QO.

Under- Correct Over-
estimation estimation estimation

Crit. Eq. Variable Variable Variable
1 2 1 2 1 2

AIC

HQ

BIC

1 0 547 563 271 437
2 0 0 758 552 232
1 0 678 770 ..' 267 230
2 2 0 902 752 96
1 1 950 989 50 10
2" 141 0 859 989' 0

172
448 .,

55
248

o
11

'fiue model has unequal lag-lengths with -maximum lag equal to
two.



5. Paper 3 95

TABLE 5.36. Selected lag-lengths: Model 3, equal procedure, T==200.

AIC
HQ
BIC

Under
estimation

o
o

829

Correct
estimation

953
999
171

Over
estimation

47
1
o

True model has equal lag-lengths with maxi
mum lag equal to three.

TABLE 5.37. Selected lag-lengths: Model 3, unequal procedure, T==200.

Under- Correct Over-
estimation estimation estimation

Crit. Eq. Variable Variable Variable
1 2 3 1 2 3 1 2 3

AIC 1 231 583 9 33 250 176 736 167 815
2 61 137 1 613 164 566 236 699 423
3 675 552 130 186 284 378 139 164 492

HQ 1 540 818 36 38 151 217 422 31 747
2 217 332 6 555 211 685 228 457 409
3 782 813 340 183 121 449 35 66 211

BIC 1 987 994 755 8 6 27 5 0 218
2 889 950 172 65 40 474 46 10 454
3 921 1000 933 78 0 67 1 0 0

True model has equal lag-lengths with maximum lag equal to
three.
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TABLE 5.38. Selected lag-lengths: Model 4, equal procedure, T==200.

AIC
HQ
BIC

Under
estimation

o
o

131

Correct
estimation

946
999
869

Over
estimation

54
1
o

True model has equal lag-lengths with maxi
mum lag equal to three.

TABLE 5.39. Selected lag-lengths: Model 4, unequal procedure, T==200.

Under- Correct Over-
estimation estimation estimation

Crit. Eq. Variable Variable Variable
1 2 3 1 2 3 1 2 3

AIC 1 41 413 6 493 364 88 466 223 906
2 5 0 1 696 0 343 296 1000 656
3 642 416 3 186 302 6 178 282 991

HQ 1 150 572 18 621 343 134 229 85 848
2 31 0 3 852 1 590 135 999 407
3 887 647 49 82 237 39 31 116 912

BIC 1 894 698 481 105 284 42 1 18 477
2 597 59 249 402 139 677 1 802 74
3 999 747 816 1 13 80 0 240 104

True model has equal lag-lengths with maximum lag equal to
three.
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TABLE 5.40. Selected lag-lengths: Model 5, equal procedure, T==200.

Under
estimation
(2 lags)

Ale 0
HQ 0
BIC 550

Correct
estimation
(3 lags)

937
998
450

Over
estimation
(2::4 lags)

63
2
o

True model has unequal lag-lengths with maximum
lag equal to three.

TABLE 5.41. Selected lag-lengths: Model 5, unequal procedure, T==200.

Under- Correct Over-
estimation estimation estimation

Crit. Eq. Variable Variable Variable
1 2 3 1 2 3 1 2 3

AIC 1 0 0 0 710 798 766 290 202 234
2 0 0 0 713 0 684 287 1000 316
3 0 787 276 19 99 240 981 134 484

HQ 1 0 0 0 897 919 921 103 81 79
2 0 0 0 912 0 875 88 1000 125
3 1 943 579 31 39 241 968 18 180

BIC 1 0 0 0 964 994 999 36 6 1
2 45 0 0 954 15 997 1 985 3
3 1 998 975 384 1 25 615 1 0

True model has unequal lag-lengths with maximum lag equal to
three.
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TABLE 5.42. Selected lag-lengths: Model 6, equal procedure, T==200.

Under
estimation
(2 lags)

AIC 0
HQ 0
BIC 0

Correct
estimation
(3 lags)

942
997
1000

Over
estimation
(~4 lags)

58
3
o

True model has unequal lag-lengths with maximum
lag equal to three.

TABLE 5.43. Selected lag-lengths: Model 6, unequal procedure, T==200.

Under- Correct Over-
estimation estimation estimation

Crit. Eq. Variable Variable Variable
1 2 3 1 2 3 1 2 3

Ale 1 0 0 0 718 815 715 282 185 285
2 0 14 0 724 676 700 276 310 300
3 0 655 0 51 190 79 949 155 921

HQ 1 0 0 0 897 938 918 103 62 82
2 0 40 0 905 833 875 95 127 125
3 1 792 5 84 169 190 925 39805

BIC 1 0 0 0 997 999 1000 3 1 0
2 0 348 a 996 651 997 4 1 3
3 73 864 208 220 135 589 707 1 203

True model has unequal lag-lengths with maximum lag equal to
three.
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TABLE 5.44. Selected lag-lengths: Model 7, equal procedure, T==200.

AIC
HQ
BIC

Under
estimation
(2 lags)

88
571

1000

Under
stimation
(3 lags)

444
382
o

Correct
estimation
(4 lags)

419
47
o

Over
estimation
(~5 lags)
49
o
o

True model has unequal lag-lengths with maximum lag equal to
four. The Correct estimation is conditional on the lag -length
restriction.

TABLE 5.45. Selected lag-lengths: Model 7, unequal procedure, T==200.

Under- Correct Over-
estimation estimation estimation

Crit. Eq. Variable Variable Variable
1 2 3 1 2 3 1 2 3

AIC 1 0 218 0 347 539 747 653 243 253
2 0 17 0 766 718 813 234 265 187
3 487 3 0 280 667 0 233 330 1000

HQ 1 1 441 0 533 488 902 466 71 98
2 0 49 0 941 869 934 59 86 66
3 693 15 0 249 850 0 58 135 1000

BIC 1 23 949 0 920 51 997 57 0 3
2 0 539 0 994 461 994 6 0 6
3 968 329 0 32 670 0 0 21 1000

Thue model has unequal lag-lengths with maximum lag equal to
four.
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6
Power and Bias of Likelihood Based
Inference in the Cointegration Model
under Fractional Cointegration

ABSTRACT: This paper investigates how fractional cointegration af
fects the comnl0n maximum likelihood cointegration procedure. It is
shown that the likelihood ratio test of no cointegratiol1 has consider
able power against fractional alternatives. In contrast to the case of a
cointegrated system, the usual maximum likelihood estimator gives
severely biased estimates of the long-run relation under fractional
cointegration. This suggests that the standard likelihood approach
should be used with caution and that a test to separate fractionally
cointegrated series from series that are cointegrated of an integer
order should be executed prior to estimation.
KEY WORDS: Error correction; Likelihood ratio test; Maximum like
lihood; Fractional integration.
JEL-CLASSIFICATION: C12; C32

6.1 Cointegration and Fractional Integration

A time series process Xt is said to be cointegrated of order CI (8, b)
if the variables of Xt individually are integrated of order I (8), while
a linear combination of the variables, denoted {3'Xt, is 1(8 - b). The
variables are in equilibrium if {3'Xt equals some constant IL, but in
most time periods Xt is not in equilibrium and the quantity Zt = {3'Xt
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may be called the equilibrium error. Commonly in applied work 8
and b are both equal to unity, but there are examples of analysis of
I (2) processes.

The 8 == b == 1 case is appealing to empirical economists since
it provides a framework to estimate long-run steady states, given
by economic theory, using stationary linear combinations of non
stationary variables. However, the notion of cointegration may be
generalized to real values, that is allowing for fractional 8 and b.
The theory of fractional integration was introduced by Granger and
Joyeux (1980) and Hosking (1981), and is considered when mod
elling persistence in tinle series. The distinction between I (0) and
I (1) is rather arbitrary; the relevant concept is mean-reversion in
the equilibrium error. Mean-reversion does not reqtlire a strictly 1(0)
process; the effect of a shock also dies out, although at a slow llY
perbolic rate, for an I (d) process with d < 1. Moreover, a similar
interpretation as in the 8 == b == 1 case is possible within the frac
tional framework. If 8 > 1/2 and 8 2 b > 8 - 1/2 the variables are
non-stationary (their variances are infinite) but there exists a sta
tionary linear combination (a long-run relationship) of the variables.

Cointegrated systems, where 8 and b are integer-valued, are usually
analyzed using (consistent and efficient) likelihood based inference,
see Johansen (1995). The nice properties of the maximum likelihood
estimation (MLE) procedure are likely to be sacrificed when the
convergence to equilibrium follows the slow rate of a fractionally in
tegrated specification, due to mis-specification of the likelihood func
tiOl1. For such circumstances, this paper demonstrates that the ML
estimates of the long-run relationship are severely biased. Further
more, it is shown that the likelihood ratio test for no cointegration
has considerable power against both cointegrated and fractionally
cointegrated alternatives. Thus it is not possible, using the LR test,
to discriminate between cointegrated and fractionally cointegrated
systems.

The large bias and high power under fractional cointegration im
plies that the use of the standard likelihood based approach requires
careful consideration. It is therefore necessary to determine if the
system is fractionally cointegrated prior to estimation. This can be
done by testing for fractional integration in the equilibrium error.
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For power comparisons the Engle-Granger (1987) procedure with
the Dickey-Fuller (1979) and the Geweke and Porter-Hudak (1983)
tests are included in the study.

6.2 Testing and Estimation

Two common approaches in t4e literature when testing for coin
tegration and estimation of cointegrated models are the Engle and
Granger (1987) two-step procedure and the maximum likelihood pro
cedure. The testing procedure of Engle and Granger first estimates
the cointegrating relation, that is the linear combination

Xlt = r.pX2t + ''It·

The residual series 'fJt is interpreted as the equilibrium error. Cheung
and Lai (1993) show that the usual least squares estimator <p con
verges in probability to r.p also for fractionally integrated 'fJt. If the
series are not cointegrated, 'fJt contains a unit root. In the second step
we test the null-hypothesis of a unit root by the augmented Dickey
Fuller, ADF, test or the test for fractional integration of Geweke and
Porter-Hudak, GPH. In this study the GPH regression is based on TV
ordinates, where v ~quals 0.5 (the recommendation of GPH) and 0.9,
the value that maximizes the power when testing for cointegration
according to Andersson and Lyhagen (1997).

The maximum likelihood approach is based on the p-dimensional
vector error correction model (VEOM) ,

k-l

~Xt = ITXt-l+ L ri~Xt-i + It + et, t == 1, ... ,T, (6.1)
i=l

where II and ri are P x p param~ter matrices, ~ is an intercept
and et an iid N(O,O) error term. Using the maximum likelihood
estimation procedure of Johansen (1988), the long run properties
and ,short run dynamics are analyzed jointly and efficient inference
is possible. Following Johansen, the first step is to determine the rank
r of the cointegration space spanned by (3. If r == 0, the series are
1(1) but not cointegrated and if r = p then Xt is weakly stationary
and there are no unit roots. When 0 < r < p, tllere is reduced,rank
and the parameter matrix may be decomposed as IT = a{3', where a

8 Gredenhoff



104 6. Paper 4

and (3 are p x r matrices. Then (3'Xt is 1(0) and hence mean-reverting.
Given the estimated rank r, the model is estimated by maximization
of the likelihood function or equivalently by solving an eigenvalue
problem. Details of the estimation procedure are given by Johansen
(1995).

Testing for a reduced rank is performed by the trace statistic,
which is the likelihood ratio test statistic for the hypothesis of at
most r cointegrated vectors. The LR statistic is given by

p

-2 log (H (r) IH (P)) = -T L log (1- Ai) , (6.2)
i=r+l

where 1 > ~1 > ... > ~p > 0 are the eigenvalues that maximize
the likelihood function. The statistic has an asymptotic distribution
which can be expressed as functions of Brownian motions. The per
centiles of the asymptotic distribution are tabulated by Johansen
(1995).

6.3 The Power of the Tests

The experiment examining the power of the LR test is based, exactly
as in Chung and Lai (1993), on the bivariate system

XIt + X2t = Ult

XIt + aX2t = U2t,

(6.3)

where a equals two and (1 - B) Ult = cIt. U2t is generated as an
autoregression, (1 - </JB) U2t = c2t, or as the fractional specification
(1 - B)d U2t = c2t. The system is constructed so that 6 = 1 and
b = 1 - d. The members of {CIt} and {c2t} are iid N (0,1). When
¢ = 1 or d = 1 the processes are not cointegrated, whereas ¢ < 1
implies cointegration and d < 1 fractional cointegration.

Table 6.1 reports the power of the LR test against autoregres
sive alternatives at an exact! 5% level. The likelihood ratio test is
very powerful against AR alternatives when </J ~ 0.75 and T = 100,
whereas T = 50 requires a parameter of 0.55 to give a high power.

1 Empirical null distributions of the tests are given in Appendix A.
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TABLE 6.1. Power, in percent, of the cointegration tests against autore
gressive alternatives. The size of the tests equals five percent.

Test .95 .85 .75 .65 .55 .45 .35 .25 .15 .05
T=50

Ll
L2
G5
G9
A

5.9
5.9
6.1
6.4
7.2

13.5
11.8
11.9
14.2
18.4

30.3
23.1
21.6
30.8
39.2

55.6
39.1
32.1
52.3
62.1

79.5 93.8
55.9 71.0
41.1 47.5
72.5 86.4
79.9 90.3

T=100

98.8 99.8
82.2 90.0
51.6 53.3
93.6 97.3
95.8 98.2

100
94.8
54.3
98.8
99.2

100
97.1
53.5
99.5
99.6

Ll 9.0 42.0 86.1 99.3 100 100 100 100 100 100
L2 8.6 35.8 73.7 94.5 99.2 99.9 100 100 100 100
G5 8.2 26.6 46.5 59.9 65.5 67.2 67.0 65.8 63.9 61.7
G9 8.9 36.7 75.1 94.6 99.2 99.9 100 100 100 100
A 11.8 55.0 91.1 99.2 99.9 100 100 100 100 100
hi the Table margin, L1 and L2 denote the LR test where the number
of lags in (6.1) are 1 and 2 respectively. For the ADF (A) test, 1 is the
number of augmentation lags and TV the number of ordinates in the GPH
regression (G5 has v==0.5 and G9 v=0.9). All tests are size adjusted and
the power is obtained through 50,000 replicates.

The results also suggest that the test is sensitive to mis-specification;
a power loss is found when k == 2. This power loss decreases with the
serial length and significance level. Boswijk and Franses (1992) show
that an under-specified error correction model leads to considerable
size distortions and over-specification to a severe power loss. The
ADF test with augmentation lag one and GPH test with v == 0.9
each has a power similar to the LR test with k == 1. Moreover, at
serial length T == 200 all tests except the GPH with v == 0.5 are very
powerful already at ¢ == 0.85.2

Results in Table 6.2 show that the LR test also has quite high
power against fractional alternatives when d S 0.55 and T == 100.
However, for the shorter serial length a similar high power is not
experienced until d S 0.35. The power loss, due to over-specification
of the lag-length in the VECM, is more pronounced than ill the
autoregressive case. For fractional alternatives, the GPH test with
v == 0.9 has higher power than the LR and ADF tests.

The results suggest that the likelihood ratio test also has high
power for fractional alternatives, which implies that we cannot dis-

2Results for T = 200 and the 1% and 10% levels of significance are given in Appendix
B.
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TABLE 6.2. Power, in percent, of the cointegration tests against fractional
alternatives. The size of the tests equals five percent.

d
Test .95 .85 .75 .65 .55 .45 .35 .25 .15 .05

T=50
L1 5.3 8.8 16.8 31.5 51.8 67.6 92.7 99.2 100 100
L2 5.0 6.2 9.0 14.0 22.1 30.6 53.6 74.8 89.0 96.3
G5 6.2 8.9 12.1 16.6 21.8 26.1 34.4 42.1 47.4 51.6
G9 7.4 15.0 27.7 45.9 64.8 78.0 91.7 97.0 98.8 99.5
A 5.8 9.3 14.9 24.3 37.3 49.0 74.4 90.5 97.3 99.4

T=100
L1 5.7 12.9 30.4 57.4 81.5 91.0 99.8 100 100 100
L2 5.1 8.4 15.6 29.1 49.7 66.8 94.1 99.7 100 100
G5 6.3 9.8 14.0 20.5 27.9 34.0 45.7 53.0 57.5 59.6
G9 9.2 24.7 52.6 79.6 94.1 98.0 100 100 100 100
A 6.2 12.4 24.8 43.6 65.3 78.3 97.4 99.9 100 100
See note to Table 6.1.

criminate between cointegration and fractional cointegration using
the LR or any of the other tests.

6.4 Properties of the ML Estimator

As seen in the previous section, we are likely to find evidence of
(say CJ (1, 1)) cointegration when the true process is fractionally
cointegrated, CJ (1, 1 - d). To examine the estimation procedure we
again generate data according to (6.3). The bias and root mean
squared error (RMSE) are used to evaluate the maximum likeli
l100d estimator of the II matrix, i.e. the long-run relationship.

A general error correction representation for the system (6.3) is
expressed as

~Xt = IID (d, B) Xt + €t,

where D (d, B) - (1 - B)d - (1 - B) is a scalar operation on Xt.

The common 01 model is obtained when d = 0 since D (d, B) then
collapses to just the backshift operator B. In the autoregressive case
the true II matrix is given by

II=(a-1)-1[ (1-4» a(l-4»]
-(1-4» -a(l-4» ,

where cjJ is the AR parameter in the disturbance process U2t and a
is equal to two.
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When U2t is generated as a fractionally integrated process, II re
duces to

II= (Q_1)-1 [ 1 Q].
-1 -Q

Under both specifications the variance-covariance matrix n is given
by

E [ete~] = (a _1)-2 [_~ -~] E [ete~] [-~ -~ r
[_; -;], (6.4)

where the members of {et} are iid N(O,I).
Larger parameter values than those presented in the tables give

more biased estimates and a higher RMSE. Moreover, the opposite
is valid for parameters smaller than those reported. Setting k equal
to two does not alter the findings, we merely experience a higher
estimation bias and RMSE for all specifications.

In the autoregressive case, see Table 6.3, the bias of the estimated
II matrix is quite small for all specifications and decreases with the
sample size. To illuminate further, the relative bias (bias/1fij) is al
most identical for all estimates of the elements of II, and it decreases
rapidly with the distance between cP and the unit-circle.

According to the definition of the mean square error, the MSE
may be decomposed into the variance of the parameter estimate
and the square of the bias. In the autoregressive case, the variance
dominates the MSE and thus the RMSE. Table 6.3 shows that the
root of the mean squared error is fairly stable for each element of IT
(that is 7rij, i,j = 1,2), but increases slightly as cP decreases. How
ever, if the RMSE is adjusted for the size of the true parameter,
yielding the ratio RMSE/1fij, we notice that this quantity decreases
with cPo Moreover, the RMSE/7fij ratio for 7rll and 7r12 is notably
larger than those for 7r21 and 7r22; this is an effect of the design of
the disturbance covariance matrix (6.4).

Table 6.4 presents the bias and RMSE when the series are fraction
ally cointegrated according to a fractionally differenced white noise
process with paran1eter d. The absolute value of the bias of IT is very
large for the specifications presented, for instance when T = 100 and
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TABLE 6.3. Bias and RMSE for the maximum likelihood estimation proce-
dure when the equilibrium error follows an AR(l) process. The lag-length
k==l.

¢
T == 50

Test .85 .65 .55 .45 .25
7rl1

True .150 .350 .450 .550 .750
Bias .041 .048 .045 .041 .032
RMSE .253 .291 .305 .314 .327

7r12
True .300 .700 .900 1.10 1.50
Bias .104 .103 .095 .085 .065
RMSE .490 .579 .609 .627 .655

7r21
True -.150 -.350 -.450 -.550 -.750
Bias -.051 -.051 -.048 -.043 -.033
RMSE .167 .187 .193 .199 .206

1r22
'!rue -.300 -.700 -.900 -1.10 -1.50
Bias -.113 -.106 -.098 -.087 -.066
RMSE .324 .371 .385 .396 .410

T == 100
.85 .65 .55 .45 .25

7rl1

'!rue .150 .350 .450 .550 .750
Bias .027 .029 .024 .021 .017
RMSE .149 .188 .200 .210 .223

7r12
True .300 .700 .900 1.10 1.50
Bias .060 .060 .050 .043 .034
RMSE .297 .376 .401 .420 .447

7r21
True -.150 -.350 -.450 -.550 -.750
Bias -.030 -.029 -.025 -.022 -.017
RMSE .098 .120 .127 .133 .141

7r22
'!rue -.300 -.700 -.900 -1.10 -1.50
Bias -.063 -.059 -.050 -.044 -.033
RMSE .193 .239 .254 .265 .281
The simulation results are based on
50,000 replicates.
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TABLE 6.4. Bias and RMSE for the maximum likelihood estimation pro-
cedure when the equilibrium error follows a fractionally integrated process.

d
T=50

Test .75 .55 .25 .15 .05
7r11

True 1.00 1.00 1.00 1.00 1.00
Bias -.832 -.643 -.243 -.126 -.027
RMSE .879 .723 .417 .361 .335

1("12

True 2.00 2.00 2.00 2.00 2.00
Bias -1.62 -1.26 -.481 -.249 -.054
RMSE 1.71 1.41 .832 .721 .670

7r21
True -1.00 -1.00 -1.00 -1.00 -1.00
Bias .809 .628 .240 .125 .027
RMSE .832 .669 .326 .249 .211

7r22
True -2.00 -2.00 -2.00 -2.00 -2.00
Bias 1.60 1.24 .478 .249 .054
RMSE 1.64 1.32 .647 .494 .419

T= 100
.75 .55 .25 .15 .05

11"11
nue 1.00 1.00 1.00 1.00 1.00
Bias -.881 -.703 -.274 -.145 -.038
RMSE .897 .735 .359 .272 .233

11"12
True 2.00 2.00 2.00 2.00 2.00
Bias -1.74 -1.39 -.547 -.289 -.077
RMSE 1.77 1.45 .717 .544 .466

11"21
nue -1.00 -1.00 -1.00 -1.00 -1.00
Bias .868 .695 .273 .145 .038
RMSE .876 .713 .313 .208 .150

7r22

True -2.00 -2.00 -2.00 -2.00 -2.00
Bias 1.72 1.38 .545 .172 .090
RMSE 1.74 1.42 .625 .415 .299
See note to Table 6.3.



110 6. Paper 4

d = 0.75 we notice a bias of 86 - 88% of the true parameter. Further
more, the relative bias is constant over true II, decreases with d and
is not negligible until d equals 0.05, wl1ich is almost a white noise
process. Unlike in the AR case, the estimates become more biased as
the serial length increases (see also T = 200 in Appe~dix B). Thus
we find no evidence of consistency of the ML estimation procedure
under fractional cointegration.

Contrary to the AR case, the squared bias .dominates the RMSE
under fractional cointegration. Thus the effect of the variance of the
parameter esti~ates on the RMSEjs quite small, but increases as d
tends to zero. The impact of the bias to the RMSE· in1plies that the
RMSE/7rij ratios are similar for large d. For small d, the RMSE/1fij
ratios are slightly larger for 7[11 and 7[12, because of the smaller bias
and the design of the disturbance cov~riance matri:x;. Moreover, the
RMSE decreases with d, which is mainly an effect of the reduced
bias.

6.5 Conclusions

This paper investigates the m~~mum likelihoodcointegration pro
cedure when the process is fractionally cointegrated. For the sake
of comparison, the common case of cointegrated series is also in
cluded in the study. The results suggest that the likelihood ratio test
for cointegration also has high power against fraction~l alternatives,
and hence possesses the ability to detect slow meal1-reversion in the
equilibrium error. However, if fractional cointegration is present, the
usual maximum likelihood procedure may lead to incorrect inference
since persistence in the equilibrium error will then be modelled by
an I (0) instead of an I (d) specification. ,

The maximum likelihood procedure works well fo~ cointegrated
systems, that is the estimates exhibit a small bias and seem to be con
sistent. Unfortunately this appears not to be the case for fractionally
cointegrated series, where the likelihood function is incorrectly spec
ified. Consequently, the ML estimation technique produces strongly
biased estimates.

The high power of the LR test against fractional alternatives and
the severely biased ML estimates under fractional cointegration sug
gest that the standard likelihood based approach should be used
with caution. In particular, if the equilibrium error is likely to be
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ruled by persistence we recommend that a secondary test should
be used to separate fractionally cointegrated series from series that
are cointegrated of an integer order. This may be conducted by the
Engle-Granger procedure combined with the bootstrap tests of An
dersson and Gredenhoff (1997,1998), which are robust to AR and
MA components.
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Appendix A: Empirical Null Distribution of the
Tests

TABLE 6.5. Emprical distribution of the tests under no cointegration. Sam
ple size T==50.

Perc. LR,k=1 LR,k=2 GPH,v=0.5 GPH,v=0.9 ADF,l=1

0.5 1.0497 1.1254 -3.1229 -3.6328 -3.8556
1 1.2671 1.3542 -2.6974 -3.2466 -3.5844

2.5 1.6386 1.7715 -2.1527 -2.6889 -3.2217
5 2.0379 2.1935 -1.7367 -2.2022 -2.9124

10 2.5981 2.7883 -1.2983 -1.7007 -2.5858
20 3.4689 3.7039 -0.8144 -1.1292 -2.1982
30 4.2246 4.5121 -0.4948 -0.7314 -1.9338
40 4.9608 5.2966 -0.2339 -0.4104 -1.7135
50 5.7266 6.1059 0.0066 -0.1231 -1.5054
60 6.5816 7.0162 0.2402 0.1575 -1.2913
70 7.5854 8.0929 0.4875 0.4578 -1.0548
80 8.9151 9.4888 0.7753 0.7933 -0.7532
90 11.0113 11.6747 1.1821 1.2326 -0.2438
95 12.9535 13.7821 1.5203 1.5918 0.2107

97.5 14.8347 15.7109 1.8279 1.8942 0.6463
99 17.1305 18.3777 2.2011 2.2404 1.1485

99.5 18.8596 20.2265 2.4752 2.4776 1.5009
Mean 6.3772 6.7967 -0.0362 -0.1887 6.3772
Std 3.4448 3.6611 1.0015 1.1631 3.4448
Skew 1.1437 1.1698 -0.3298 -0.3749 1.1437
Kurt 4.8727 5.0755 3.8341 3.3923 4.8727

In the table head, k is the number of lags in (6.1) for the LR test.
For the ADF test, I is the number of augmentation lags and TV
the number of ordinates in the GPH regression. The distribution
is obtained through 100,000 replicates.
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TABLE 6.6. Emprical distribution of the tests under no cointegration. Sam-
ple size T==100.

Perc. LR,k=l LR,k=2 GPH,v=0.5 GPH,v=0.9 ADF,l=l
0.5 1.0209 1.0784 -3.1039 -3.5263 -3.6912

1 1.2337 1.2931 -2.7189 -3.1368 -3.4582
2.5 1.6019 1.6643 -2.1737 -2.6116 -3.1258

5 2.0033 2.0684 -1.7613 -2.1801 -2.8424
10 2.5569 2.6914 -1.3299 -1.6957 -2.5257
20 3.4051 3.5181 -0.8452 -1.1320 -2.1575
30 4.1351 4.2742 -0.5204 -0.7410 -1.8964
40 4.8553 5.0158 -0.2525 -0.4197 -1.6802
50 5.3955 5.7761 -0.0091 -0.1230 -1.4762
60 6.4466 6.6378 0.2273 0.1657 -1.2688
70 7.4243 7.6487 0.4772 0.4678 -1.0386
80 8.7218 8.9677 0.7670 0.8062 -0.7411
90 10.7265 11.0434 1.1691 1.2627 -0.2433
95 12.6053 13.0021 1.5019 1.6372 0.2235

97.5 14.3833 14.8694 1.8048 1.9502 0.6292
99 16.7144 17.2541 2.1749 2.3138 1.1133

99.5 18.3801 19.1332 2.4207 2.5459 1.4558
Mean 6.2341 6.4304 -0.0549 -0.1782 -1.4239
Std 3.3579 3.4623 1.0045 1.1644 0.9217
Skew 1.1663 1.1896 -0.3376 -0.2906 0.4035
Kurt 5.1207 5.2392 3.7438 3.2402 3.7767

See note to table (6.5).
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TABLE 6.7. Emprical distribution of the tests under no cointegration. Sam-
ple size T==200.

Perc. LR,k=l LR,k=2 GPH,v=0.5 GPH,v=0.9 ADF,l=l
0.5 1.0262 1.0352 -3.0609 -3.4473 -3.6608

1 1.2293 1.2613 -2.7011 -3.0866 -3.4108
2.5 1.6157 1.6472 -2.1863 -2.5678 -3.0801

5 1.9919 2.0324 -1.7877 -2.1556 -2.8062
10 2.5496 2.5817 -1.3593 -1.6846 -2.5037
20 3.3823 3.4343 -0.8731 -1.1241 -2.1335
30 4.1015 4.1762 -0.5426 -0.7388 -1.873
40 4.8019 4.8848 -0.2746 -0.4216 -1.6547
50 5.5405 5.6261 -0.0276 -0.1315 -1.4503
60 6.3614 6.4599 0.2133 0.1544 -1.2481
70 7.3321 7.4579 0.4681 0.4561 -1.0211
80 8.6036 8.7285 0.7571 0.8044 -0.7301
90 10.5889 10.7491 1.1601 1.2727 -0.2503
95 12.4654 12.6758 1.4956 1.6587 0.2029

97.5 14.2643 14.5313 1.7906 1.9744 0.6102
99 16.5892 16.8683 2.1472 2.3426 1.0963

99.5 18.2103 18.5489 2.3728 2.5939 1.4125
Mean 6.1687 6.2674 -0.0715 -0.1744 -1.4063
Std 3.3158 3.3702 1.0066 1.1596 0.9092
Skew 1.1776 1.1836 -0.3098 -0.2438 0.3893
Kurt 2.1635 2.1728 0.5581 0.2064 3.7846

See note to table (6.5).
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Appendix B: Additional Power, Bias and RMSE
Tables

TABLE 6.8. Power, in percent, of the cointegration tests against autore-
gressive alternatives. Sample size 50.

¢
Test 0.95 0.85 0.75 0.65 0.55 0.45 0.35 0.25 0.15 0.05

Size 1%
L1 1.3 3.3 9.0 23.0 45.7 70.6 88.8 96.9 99.5 99.9
L2 1.2 2.6 6.2 13.3 23.4 35.7 49.3 62.6 73.9 82.3
G5 1.3 2.5 5.4 9.0 12.7 15.9 18.6 20.1 20.8 20.8
G9 1.4 3.3 9.1 20.1 36.4 55.1 70.7 81.9 89.5 93.8
A 1.6 4.5 12.3 26.2 43.6 60.8 74.8 85.0 91.3 94.8

Size 5%
L1 5.9 13.5 30.3 55.6 79.5 93.8 98.8 99.8 100 100
L2 5.9 11.8 23.1 39.1 55.9 71.0 82.2 90.0 94.8 97.1
G5 6.1 11.9 21.6 32.1 41.1 47.5 51.6 53.3 54.3 53.5
G9 6.4 14.2 30.8 52.3 72.5 86.4 93.6 97.3 98.8 99.5
A 7.2 18.4 39.2 62.1 79.9 90.3 95.8 98.2 99.2 99.6

Size 10%
L1 11.7 24.1 47.1 73.5 91.1 98.1 99.7 100 100 100
L2 11.4 21.6 38.0 57.2 73.3 85.3 92.6 96.3 98.3 99.3
G5 12.1 22.0 36.0 49.4 59.0 65.2 68.8 70.4 70.8 69.9
G9 12.5 25.3 47.3 70.1 85.9 94.4 97.8 99.2 99.7 99.9
A 13.8 32.4 58.2 79.6 91.4 96.7 98.8 99.6 99.9 99.9
See note to table (6.1).
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TABLE 6.9. Power, in percent, of the cointegration tests against autore-
gressive alternatives. Sample size 100.

¢
Test 0.95 0.85 0.75 0.65 0.55 0.45 0.35 0.25 0.15 0.05

Size 1%
L1 1.9 14.6 53.5 90.8 99.4 100 100 100 100 100
L2 1.8 11.3 38.7 72.2 91.3 98.1 99.7 99.9 100 100
G5 1.7 6.7 15.8 24.2 29.8 32.1 32.3 32.0 30.8 29.6
G9 2.0 13.0 43.1 76.5 93.4 98.5 99.7 99.9 100 100
A 2.6 21.1 61.6 90.5 98.5 99.9 100 100 100 100

Size 5%
L1 9.0 42.0 86.1 99.3 100 100 100 100 100 100
L2 8.6 35.8 73.7 94.5 99.2 99.9 100 100 100 100
G5 8.2 26.6 46.5 59.9 65.5 67.2 67.0 65.8 63.9 61.7
G9 8.9 36.7 75.1 94.6 99.2 99.9 100 100 100 100
A 11.8 55.0 91.1 99.2 99.9 100 100 100 100 100

Size 10%
L1 17.0 60.1 94.8 99.9 100 100 100 100 100 100
L2 16.5 53.7 87.4 98.3 99.9 100 100 100 100 100
G5 15.9 42.4 64.3 75.4 79.6 80.8 80.4 79.2 77.5 75.5
G9 16.6 53.4 87.2 98.1 99.8 100 100 100 100 100
A 22.1 74.4 97.4 99.9 100 100 100 100 100 100
See note to table (6.1).

TABLE 6.10. Power, in percent, of the cointegration tests against autore-
gressive alternatives. Sample size 200.

¢
Test 0.95 0.85 0.75 0.65 0.55 0.45 0.35 0.25 0.15 0.05

Size 1%
L1 5.6 72.7 99.9 100 100 100 100 100 100 100
L2 5.3 62.4 98.4 100 100 100 100 100 100 100
G5 3.9 28.5 52.1 62.1 65.5 65.1 63.0 60.1 57.1 53.6
G9 4.6 52.5 94.7 99.8 100 100 100 100 100 100
A 8.3 83.5 99.8 100 100 100 100 100 100 100

Size 5%
Ll 21.1 95.4 100 100 100 100 100 100 100 100
L2 20.1 90.9 99.9 100 100 100 100 100 100 100
G5 16.2 62.9 82.5 87.6 88.6 87.6 86.2 83.9 81.2 78.1
G9 16.8 81.2 99.4 100 100 100 100 100 100 100
A 30.0 98.4 100 100 100 100 100 100 100 100

Size 10%
L1 35.5 99.0 100 100 100 100 100 100 100 100
L2 33.9 97.3 100 100 100 100 100 100 100 100
G5 27.7 78.1 91.2 94.0 94.4 93.9 92.8 91.4 89.4 87.1
G9 28.5 90.6 99.8 100 100 100 100 100 100 100
A 47.7 99.7 100 100 100 100 100 100 100 100
See note to table (6.1).
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TABLE 6.11. Power, in percent, of the cointegration tests against fractional
alternatives. Sample size 50.

d
Test 0.95 0.85 0.75 0.65 0.55 0.45 0.35 0.25 0.15 0.05

Size 1%
L1 1.1 2.2 5.1 12.4 26.3 42.5 75.5 93.8 99.1 99.9
L2 0.9 1.1 1.9 3.6 6.6 10.9 24.3 42.2 62.0 79.3
G5 1.2 1.8 2.6 3.9 5.3 6.7 10.0 13.1 16.1 19.3
G9 1.6 3.6 8.1 16.9 29.7 44.2 65.3 80.3 88.7 93.6
A 1.1 2.1 4.0 7.7 14.3 22.7 43.6 65.8 83.1 93.4

Size 5%
L1 5.3 8.8 16.8 31.5 51.8 67.6 92.7 99.2 100 100
L2 5.0 6.2 9.0 14.0 22.1 30.6 53.6 74.8 89.0 96.3
G5 6.2 8.9 12.1 16.6 21.8 26.1 34.4 42.1 47.4 51.6
G9 7.4 15.0 27.7 45.9 64.8 78.0 91.7 97.0 98.8 99.5
A 5.8 9.3 14.9 24.3 37.3 49.0 74.4 90.5 97.3 99.4

Size 10%
L1 10.5 16.0 27.5 45.1 65.7 78.3 96.7 99.8 100 100
L2 9.9 12.2 16.6 24.1 35.0 45.5 70.0 87.0 95.7 99.0
G5 12.1 16.7 22.2 29.0 36.5 42.0 52.0 59.8 65.0 68.7
G9 14.2 26.0 43.2 63.2 79.8 88.5 96.9 99.1 99.7 99.9
A 11.2 16.6 24.7 37.0 51.8 62.9 85.6 96.2 99.2 99.9
See note to table (6.1).

TABLE 6.12. Power, in percent, of the cointegration tests against fractional
alternatives. Sample size 100.

d
Test 0.95 0.85 0.75 0.65 0.55 0.45 0.35 0.25 0.15 0.05

Size 1%
L1 1.2 3.7 12.6 33.5 63.1 81.2 99.1 100 100 100
L2 1.1 1.9 4.5 11.1 24.8 41.8 79.2 96.9 99.8 100
G5 1.2 2.1 3.1 4.9 7.3 9.8 15.2 19.9 24.0 27.1
G9 2.1 7.7 23.6 51.3 77.8 91.6 99.1 99.9 100 100
A 1.4 3.4 8.7 20.3 40.2 58.5 90.0 99.2 100 100

Size 5%
L1 5.7 12.9 30.4 57.4 81.5 91.0 99.8 100 100 100
L2 5.1 8.4 15.6 29.1 49.7 66.8 94.1 99.7 100 100
G5 6.3 9.8 14.0 20.5 27.9 34.0 45.7 53.0 57.5 59.6
G9 9.2 24.7 52.6 79.6 94.1 98.0 100 100 100 100
A 6.2 12.4 24.8 43.6 65.3 78.3 97.4 99.9 100 100

Size 10%
L1 11.1 21.7 43.1 69.3 88.2 94.1 100 100 100 100
L2 10.3 15.2 25.7 42.4 63.5 77.4 97.4 99.9 100 100
G5 12.1 18.1 24.9 34.1 43.7 51.0 63.2 69.6 72.7 74.1
G9 16.9 38.6 68.2 89.0 97.1 99.0 100 100 100 100
A 12.0 21.4 37.3 57.6 76.1 85.3 98.8 100 100 100
See note to table (6.1).
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TABLE 6.13. Power, in percent, of the cointegration tests against fractional
alternatives. Sample size 200.

d
Test 0.95 0.85 0.75 0.65 0.55 0.45 0.35 0.25 0.15 0.05

Size 1%
L1 1.4 6.5 26.4 62.1 87.2 94.8 100 100 100 100
L2 1.2 3.1 10.4 29.5 59.4 79.1 99.3 100 100 100
G5 1.5 2.6 5.1 9.1 15.7 23.0 36.0 45.0 50.5 52.3
G9 2.9 17.9 56.9 89.8 98.4 99.6 100 100 100 100
A 1.6 5.5 17.9 43.3 71.3 85.1 99.6 100 100 100

Size 5%
L1 6.3 18.7 48.4 79.6 94.0 97.9 100 100 100 100
L2 5.6 11.4 27.3 53.3 78.4 89.7 99.9 100 100 100
G5 6.7 11.8 20.0 31.5 44.5 55.6 70.3 76.4 78.3 77.4
G9 11.4 42.4 81.4 96.R 99.5 99.9 100 100 100 100
A 7.2 17.3 39.4 66.6 85.2 92.4 100 100 100 100

Size 10%
L1 12.2 28.7 60.3 86.3 96.2 98.8 100 100 100 100
L2 11.2 19.7 39.9 66.0 85.8 93.3 100 100 100 100
G5 13.1 21.2 33.4 47.8 61.5 71.6 83.2 86.7 87.6 86.7
G9 20.1 57.2 89.1 98.2 99.7 99.9 100 100 100 100
A 13.3 27.4 52.1 76.3 89.9 95.0 100 100 100 100
See note to table (6.1).

9 Gredenhoff
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TABLE 6.14. Bias and RMSE for the maximum likelihood estimation pro-
cedure when the equilibrium error follows an AR(l) or a fractionally inte-
grated process. The lag-length k=l.

T=200
(fj

Test .85 .65 .55 .45 .25
1rll

True .150 .350 .450 .550 .750
Bias .015 .014 .014 .011 .008
RMSE .094 .127 .137 .145 .156

7f12
True .300 .700 .900 1.10 1.50
Bias .032 .029 .027 .023 .015
RMSE .189 .254 .274 .291 .311

7f21
'lIue -.150 -.350 -.450 -.550 -.750
Bias -.016 -.014 -.013 -.012 -.008
RMSE .061 .081 .087 .092 .098

7f22
True -.300 -.700 -.900 -1.10 -1.50
Bias -.033 -.029 -.027 -.023 -.016
RMSE .122 .161 .173 .184 .197

d
.75 .55 .25 .15 .05

7r22
'lIue 1.00 1.00 1.00 1.00 1.00
Bias -.914 -.751 -.295 -.160 -.045
RMSE .920 .765 .336 .227 .168

7f22
True 2.00 2.00 2.00 2.00 2.00
Bias -1.81 -1.49 -.589 -.320 -.090
RMSE 1.83 1.52 .671 .455 .335

7f22
True -1.00 -1.00 -1.00 -1.00 -1.00
Bias .907 .747 .294 .159 .045
RMSE .910 .765 .314 .191 .112

7f22
'lIue -2.00 -2.00 -2.00 -2.00 -2.00
Bias 1.81 1.49 .587 .319 .090
RMSE 1.81 1.51 .627 .381 .223
See note to Table 6.3.
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Bootstrap Testing and Approximate
Finite Sample Distributions for Tests
of Linear Restrictions on
Cointegrating Vectors

ABSTRACT: This paper considers computer intensive methods to in
ference on cointegrating vectors in maximum likelihood cointegration
analysis. The likelihood ratio test statistics used in the literature are
known to have an asymptotic X2-distribution. However, previous
simulation studies show that the size distortion of the test can be
considerable for small samples. Typically the nominal significance
level, say 5%, is much smaller than the attained actual level, and
as a consequence, too many true null hypotheses will be rejected. It
is demonstrated how a parametric bootstrap can be implemented,
frequenly resulting in a nearly exact a level test. Furthermore, re
sponse surface regression is used to examine small sample properties
of the asymptotic likelihood ratio test. The estimated equations can
be used as approximate finite-sample corrections, allowing rough,
but easily applied, corrections of the LR test.
KEY WORDS: Likelihood ratio test, Bootstrap hypothesis testing,
Small sample corrections, Response surface regressions, Monte Carlo
simulations
JEL CLASSIFICATION: C12; C32.
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7.1 Introduction

Estimation of long-run economic relationships by maximum likeli
hood cointegration analysis has become increasingly popular in ap
plied work.1 One reason for this is the straightforward treatment of
multivariate aspects of the estimation problem, i.e. the simultane
ous estimation of two or more long run relations. Another reason is
the possibility of inference for the elements of the cointegrating vec
tors that generate the long-run economic relationships. However, all
distributional results within the maximum likelihood cointegration
model rely on asymptotic considerations; likelihood ratio testing for
cointegrating rank, the number of cointegratillg vectors in the sys
tem, leads to a non-standard inference situation, whereas conditional
likelihood ratio testing, for given cointegrating rank, is standard with
test statistics being asymptotically X2• Hence, it is important to
study the behavior for small to moderate samples of sizes empirical
research usually encounters, say 50 to 200 observations. The number
of simulation studies evaluating small sample properties is rapidly
growing, but the majority concern estimation of cointegrating vec
tors and testing for cointegrating rank. To the best of our knowledge,
only two papers deal with testing of linear restrictions on the coin
tegrating vectors for given rank; Jacobson (1995) and Podivinsky
(1992). Both papers convey rather optimistic pictures regarding the
size distortion problem. For a nominal 5%-test using a small sam
ple size of T == 50, the two papers report empirical sizes of 0.0826
and 0.0898, respectively. Still, the size of a sample, whether small or
large, is not an absolute entity but must be judged in relation to the
complexity of tIle model one proposes to estimate, as well as the ap
propriateness of the specification. Both papers consider very simple
Data Generating Processes (DGP's) with two or three cointegrated
series, a minimum number of lags and just one cointegrating vector
and, hence, a small number of parameters.

In contrast, Jacobson, Vredin and Warne (1998) consider an em
piricallabor market model involving four endogenous variables, two
stationary exogenous variables, four lags, two cointegrating vectors

1 For an excellent introduction to the maximum likelihood cointegration method, see
Johansen and Juselius (1990). This reference also contains an instructive application on
Danish money demand. Theoretical results are found in Johansen (1988, 1991), and a
full account of the methods is provided by Johansen (1995).
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and a set of seasonal dummies. Resampling from the estimated model
based on an original sample of 104 quarterly observations, three tests
of null hypotheses involving restrictions on the cointegrating vectors
are evaluated in terms of en1pirical sizes. The results, 0.3170, 0.2895
and 0.3481 in comparison with a nomil1al size of 0.05, indicate that
inference based on the asymptotic approximation ofax2-distribution
can be severely misleading.2 So what would normally be thought of
as a reasonably large sample, T == 104, could for inference purposes
be quite inadequate due to the many estimated parameters in the
empirical model.

One could describe the problem as one of lacking coherence be
tween the test statistic and its reference distributiol1 and there are,
in principle, two distinct routes to alleviate the problem; either for
given test statistic correct the reference distribution, or, for given
reference distribution correct the statistic in use. Bartlett adjust
ment of likelihood ratio test statistics is one possibility to improve
inference that recently has received interest in this context. Consider
·a test statistic CT that converges to Coo, with an asymptotic error
of order T- 1 or smaller. Coo has a known distribution which pro
vides the critical values for the asymptotic test. Now, we would like
to obtain a transformed test statistic CT' such tllat CT converges
to Coo, and only with error terms of order T-2 or less at play.3 In
other words, we want a correction of CT which eliminates the influ
ence of error terms of orders T- 1. Such a correctiol1 could be based
on the expectation of CT, recognizing that ;6r tends to ;0: as

T ---+ 00, and hence GT ~ EGT ;0:. Larsson (1998a) and Nielsen
(1997) considers Bartlett adjustment for a univariate counterpart of
the trace test for cointegrating rank, i.e. a test for the presence of a
unit root in a univariate autoregressive process. Whereas Johansen
(1998) derives a Bartlett corrected likelihood ratio test for linear re
strictions, i.e. the test situation that this paper addresses. Due to the
intricate analysis, Johansen treats a special case of the general, coin-

2 Jacobson et al. (1998) calculate the empirical test sizes for one of the null hypotheses
reported above for various sample sizes T. Even for T = 2000, the empirical and the
nominal sizes do not quite coincide. Some results are; T = 200 ¢:} 0.187, T = 400 ¢:}

0.103, T = 1000 ¢:} 0.068 and T = 2000 ¢:} 0.056.
3 Stictly speaking, this correction only applies to the mean, although higher mo

ments and fractiles can also be expected to be closer approximated by the asymptotic
distribution.
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tegrated vector autoregressive model that we consider. The results
are promising, but with limited applicability so far.

Alternatively, we could consider a corrected distribution for the
test statistic at h,and, that is replace the critical values of the limit
distribution with such that will generate an actual test size closer
to the nominal one. Analytically this amounts to Edgeworth expan
sions, or related techniques, of the distribution function, see Barndorrf
Nielsen and Cox (1989) or Hall (1992) for overviews. Bootstrap hy
pothesis testing is a plausible numerical alternative, which in fact
can be expressed and interpreted in terms of Edgeworth expansions
as shown by Hall. Although the consistency of bootstrapping in the
Ul1it root context is still unclear, Harris (1992) has evaluated boot
strapping of Dickey-Fuller unit root tests and Giersbergen (1996) has
recently presented promising results for the multivariate maximum
likelihood trace test for cointegrating rank. Larsson (1998b) uses sad
dlepoint techniques to approximate small sample corrections of the
lower tails of the distributions for some unit root test statistics.

This paper proposes use of bootstrap hypothesis testing as a tractable
way to improve inference for linear restrictions. The outline is the fol
lowing. Section 2 briefly introduces the maximum likelihood method
and, in particular, the likelihood ratio test of linear restrictions that
subsequently will be evaluated. Section 3 discusses aspects of sim
ulation based testing, i.e. the bootstrap hypothesis test. In Section
4 we present the design of the Monte Carlo experiments and the
complex data generating processes based on the empirical monetary
vector error correction model estimated in Juselius (1997) .We will
also examine small-sample properties of tIle asymptotic likelihood
ratio test by estimating response surface regressions. The objective
is to establish how the complexity of the model, in terms of number
of dimensions, lags,and cointegrating vectors, is related to the size
of the test conditional on sample size. Results are given in Section
5. Some concluding remarks will end the paper.

7.2 Maximum likelihood cointegration

The base-line econometric specification for maximunllikelihood coin
tegration is a VAR-representation of an n-dimensional time series Xt
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according to

II(L)Xt=ct, (t=I,2, ... ,T), (7.1)

where II (L) is an nxn matrix polynomial of order p given by II (A) =
In - E~=l IIjA; , where L is the lag operator and Aa complex number.
Since we focus on integrated processes Xt, an assumption regarding
the roots of II (L) is necessary, Le. III (A)I = 0 if and only if IAI > 1
or possibly A= 1. The error term ct is assumed to be i.i.d.Nn (0, E).

A slight reparameterization of (7.1) yields a vector error correc
tion, VECM, representation for Xt suitable for estimation of the
cointegrating relationships. Letting r (A) = In - Ef==-i riAi where
ri = - E~=i+l II; and a{3' = II = -II (1) we get

r (L) dXt = a{3'Xt-l + ct, (t = 1,2, ... ,T), (7.2)

where d is the first difference operator. Writing a{3' = II reflects
an assumption of reduced rank r < n for II, implying that a and
{3 are n x r matrices. Johansen (1991), in a version of the Granger
representation theorem, state conditions such that {3'Xt and D.Xt are
integrated of order zero and Xt is integrated of order one. When
r > 0, Xt is cointegrated of order (1,1). The cointegrating vectors
are found in the r columns of [3, whereas the rows of a have an
interpretation as "adjustment coefficients" that determine how [3'Xt

enters in the n equations.
Maximum likelihood estimation of (7.2) implies reduced rank re

gression, and in particular, finding solutions to an eigenvalue prob
lem, see Johansen (1991, 1992) for details. Inference for the cointe
grating rank r in (7.2) is carried out by use of a likelihood ratio test,
the trace test. This test has a non-standard asymptotic distribution
and simulated critical values are used in practice. For given rank r,
however, the likelihood ratio principle leads to standard inference,
Le. test statistics for linear restrictions on {3 have asymptotic X2

distributions, see Johansen and Juselius (1992). They discuss three
classes of hypotheses. In the first class the hypotheses under con
sideration can be expressed as: II = acp'H', that is [3 = H <p where
H (n x s), r ~ s :5 n, is a known matrix that specifies the restric
tion that is imposed on all cointegrating vectors. The test statistic
is given by

(7.3)
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where ~Hi and ~i are the eigenvalues found as solutions to the eigen
value problem implied by maxinlum likelihood estimation of the re
stricted and unrestricted models. WLR,I is asymptotically X2 with
r (n - s) degrees of freedom.

In the second hypothesis class, rl of the r cointegrating "vectors {3 =
(H, 'ljJ), are considered known (typically given by economic theory)
and specified by the matrix H (n x ifl), whereas the remaining r2 =
r - rl relations are estinlated without restrictions. In this case the
test statistic is

WLR,2 = T [t.1ll (1- ~C.H,i) +t,lll (1- ~H,i) - t,lll (1- ~i)] ,
(7.4)

where ~C.H,i' 5..H ,i and >"i are the eigenvalues found as soluti~ns to the
eigenvalue problem implied by maximum likelihood estimation of the
concentrated likelihood, the restricted model, and the unrestricted
model, respectively. WLR,2 is asymptotically X2 with rl (n - r) de
grees of freedom.

The third class ot hypothesis is formulated for some a~bitr~ry re
strictions on rl of the cointegrating, vectors {3 = (H'P, 'ljJ), and the
remaining r - rl relations are estim"ated without restrictions. Thus,
H (n x rl) is known and the nlaximum likelihood solutiton 'i~ fqund
by an iterative algorithm, see Johansen (1995), which gives the test
statistic as

WLR,3 = T [t. lll (1- ~C.H,i) +t,lll (1- ~H,i) - t,lll (1---, :Xi)] ,
(7.5)

where ~C.H,i are the eigenvalues when {3 is concentrated with ~espect

to H cp,and XH,i are the eigenvalues f~r the restricted model, an~ Xi
the eigenvalues for the unrestricted model. The test statistic is also
in this case asymptotically distributed as X2 but with (n - s - r2)rl
degrees of freedom. The last hypothesis can esily be extended to a
more general form, given as j3 = (HI'P, H21/J) where HI is restrictions
of the first rl cointegrating relations, and H 2 are the restrictions on
the remaining relations.
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7.3 Small sample correction by bootstrapping

The bootstrap approach provides a feasible method for estimation
of the small-sample distribution of a statistic.4 The basic principle is
to approximate this distribution by a bootstrap distribution, which
can be obtained by simulation. In short, this is done by generating
a large number of resamples, based on tIle original sample, and by
computing the statistics of interest in each resample. The collection
of bootstrap statistics, suitably ordered, then constitutes the boot
strap distribution.

7.3.1 The Bootstrap Test

The objective of a general (one-sided) test is to compute the,p-value
function

(7.6)

where \lIo is the DGP under the null hypothesis, and WLR is the
realized value of a test statistic WLR based on a sample of length T.
Since \lIo is unknown this p-value function has to be approximated,
which is regularly done using asymptotic theory. For asymptotic the-

ory to be valid it is required that p (WLR) should not depend on 'IT0

and T, which is usually not true in small samples. An alternative to
an asymptotic solution is to estimate the finite-sample DGP by the
bootstrap DGP ~o, that is to use a bootstrap test.

If B bootstrap samples, each of size T, are generated in accordance
with ~o and their respective test statistics WiR are calculated using
the same test statistic WLR as above, the estimated bootstrap p
value function is defined by the quantity

B

p* (WLR) = B-1 L I (WLR ~ WLR) , (7.7)
b=l

where I (.) equals one if the inequality is satisfied and zero otherwise.
The null hypothesis is rejected when the selected significance level

exceeds p* (WLR).

4Efron and Tibshirani (1993) is an accessible introduction, Hall (1992) is more of a
theoretical foundation.
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The bootstrap testing procedure is a general tool and can be
applied to all tests that allow for the implementation of the null
hypothesis in the bootstrap. Davidson and MacKinnon (1996a) con
clude that the size distortion of a bootstrap test is of the order T-l/2

smaller than that of the corresponding asymptotic test. A further
refinement of the order T-1/ 2 can be obtained in the case of an
asymptotically pivotal statistic, Le. a statistic whose limiting distri
bution is independent of unknown nuisance paranleters. Since the
test functions considered in this paper are asymptotically X2 , the
predicted refinements are thus of order T-1. For further teoretical
considerations, see Davidson and MacKinnon (1996a), and for other
examples on inlplementation of the bootstrap test, see Andersson
and Gredenhoff (1997, 1998).

7.3.2 Construction of the Bootstrap Samples

The original non-parametric bootstrap suggested by Efron (1979), is
designed for iid observations. It usually fails for dependent observa
tions, such that we have in e.g. time series analysis, since the order
of tl~e observations is affected. Dependencies in data can be main
tained in the bootstrap resamples by using a model-based bootstrap,
which is the natural way to proceed in our case since a well-defined
statistical model forms the null-hypothesis.

When testing for linear restrictions on cointegrating vectors, the
DGP \lIo is characterized by an unknown specification. Since the null
model, and consequently \lIo, is unknown, the estimated (bootstrap)
DGP q,o is used to create the bootstrap samples. In our case this
means that the estimated error correction model is used as the re
sampling model,

A _I

r (L) LlXt == a{3 Xt-l + 6t. (7.8)

This resampling model clearly obeys the null-hypothesis for e.g.
i3 == (H(P), Le. the linear restrictions on the cointegrating relations
stated in the null-hypothesis are satisfied. Resampling is done with
a simple parametric algorithm which makes use of the normality
assumption for the disturbances ct in (7.2). This implies that the
bootstrap residuals e; are independent draws from a normal distri
bution with mean zero and variance ~. The bootstrap samples xi,
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i == 1, ... , B, are then created recursively, through equation (7.8),
using the bootstrap residuals Ct.

7.4 Design of the Monte Carlo simulation
experiments

This section deals with the design of simulation experiments that
seek to evaluate the bootstrap test in terms of size accuracy and
power. However, before taking on the bootstrap test, we will examine
small-sample properties of the asymptotic likelihood ratio test of
linear restrictions in (7.3). The purpose is to provide a (very rough)
reference guide to the degree of test size distortion for models of
varying complexity and also to help interpretation of the simulation
results for the bootstrap test.

7.4.1 Response surface regression

It seems reasonable that in general the size accuracy of the asymp
totic likelihood ratio test will deteriorate as the number of dimen
sions, n, and lags, k, of the model increases. In order to quantify this
relationship, we propose fitting of response surface regressions with
simulation estimated empirical quantiles as regressands and func
tions of n, k, and cointegrating rank, r, as well as T, as regressors.
MacKinnon (1994) estimates approximate small sample distributions
for unit root test statistics using response surface regressions of the
following form:

(7.9)

where (}~ is pth quantile of the asymptotic distribution, which is
what MacKinnon is estinlating, and qP (Ti) is the estimated pth quan
tile in the ith experiment using a sample size Ti.

Since O~ is known to be a X~ (.) with r (n - s) degrees of freedom
for the likelihood ratio statistic in (7.3), we will model tIle deviation
between the small-sample estimate and the asymptotic value of the
pth quantile, qP (Ti) - X~ (.), as follows:

qP (Ti) - X~ (.) == 0lTi-1 + O~Ti-2 +OK! (ki)+ O~g (ni) +0th (ri) +Ci,

(7.10)



130 7. Paper 5

where f (.) ,9 (.) and h (.) are functions of the number of lags, dimen
sions, and cointegrating vectors in the model of the ith experiment
using a simplified version of the empirical model based data gener
ating process presented below.

7.4.2 Data generating process

In Monte Carlo evaluations of econometric methods it is common
practise to use stylized, simplified data generating processes. In the
case of cointegrated VAR-processes this usually means small num
bers of dimensions, lags and cointegrating vectors. There are obvious
advantages with this approach, a high degree of experimental control
since fewer parameters have to be accounted for, and less computing
time. The drawback is little scope to gain insights on the behav
iour of the methods in realistic situations such that we are likely to
encounter in empirical analyses. We will sacrifice control for real
ism and use a cvmplex data generating process; a Danish monetary
VECM estimated in Juselius (1997) and based 011 a sample that has
previously (in parts) been analysed in Johansen and Juselius (1990)
and in Juselius (1993, 1994). -

Whereas Juselius (1997) analyses both 1(1) and 1(2)-representations,
we will make use of the 1(1)-representation only. The sample covers
the period 1974:1-1993:4 for the following variables taken in loga
rithms: mt, the money stock measured as M3, Yt, income measured
as the real gross domestic product, Pt, prices measured as the implicit
gross domestic product price deflator, Rd,t, the average bank deposit
rate, and, finally, Rb,~, the effective bond rate. Juselius considers the
following orders of integration:

mt Yt Pt Rd,t Rb,t
1(2) 1(1) 1(2) 1(1) 1(1)'

and formulates her 1(1)-model in terms of the transformed variables

[ (mt - Pt) Yt D"Pt Rd,t Rb,t].

In what follows we will construct the DGP's with the above 1(1)
vector evaluated in the VECM in (7.2) for various model specifica
tions. Except for the empirical application reported in the end of the
paper, all results throughout are for a test of the linear restriction
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(mt - Pt) = Yt· That is, that the quantity theory constant of pro
portionality between the real money stock and income is unity, f3' =
[1 - 1 0 0 0].

7.4.3 Experimental design

The Monte Carlo experiments are designed to evaluate the paramet
ric bootstrap test in terms of size accuracy and power. In particular
we want to see how the original and the bootstrap test perforn1S
under different specification of the VECM, conditional on sample
size. To do this, we base each data generating process on the em
pirical model from Juselius (1997) presented above. Each DGP is
constructed for a combination of system dinlension, lag-length, and
cointegrating rank. The following combinations are considered in the
following experiments:

• Size evaluation: n E {5, 4, 3, 2}, k E {4, 3, 2}, r E {3, 2, I}, and
T E {40, 60, 80, 100, 200}.

• Power evaluation: n E {5,4,3,2}, k E {4,2}, r E {3,2,1}, and
T E {60, 100, 200}.

• Response surface regressions: n E {5,4,3,2}, k E {4,3,2},
r E {3, 2, I}, and T E {40, 45, ... ,95, 100, 110, ... , 140, 150,
175,200,225,250,300,350,400,500,600,700,800,1000}

For the smaller models, n E {4, 3, 2}, we have eliminated the vari
ables Rb,t, Rd,t, and ilpt, and in that order.

The size and power evaluations concerll the second class of hypoth
esis; a test for the presence of rl known vectors in the cointegrating
space, along with r2 unrestricted vectors, {3 = (H, 'l/J), see (7.4). In our
case rl = 1, and as noted above H (n x rl) = [1 - 1 ° ° 0]'.

For the experiments evaluating test power, data has been gener
ated under the following three alternatives

HA,l : {3 = [1
HA,2 : {3 = [1
HA,3 : {3 = [1

- 1.1 0 0 0]
-1.3 0 0 0].

-1.5 ° ° 0]

Each Monte Carlo experiment is based on 1,000 replicates and all
bootstrap distributions are generated from resampling and calcula
tion of the test statistic 1,000 times, Le. B == 1, 000. Naturally, the
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level of accuracy could be improved using a larger number of Monte
Carlo replicates, a 95% confidence interval around a 5% nominal size
is [3.6 - 6.4] for 1,000 replicates. Even so, the number of replicates,
both in the Monte Carlo and in the bootstrap, seem adequate for
our purposes. Some pilot experiments were made to examine the
sensitivity of the size estimates for B E {500, 1000,2000, 5000} (not
reported), but no distinct patterns were found, perhaps due to an
inadequate number of Monte Carlo replicates (2,000).

7.5 Results

The outline of this section is: response surface regressions results,
followed by Monte Carlo simulation results on the size and power
properties of the bootstrap test, and finally, in an empirical appli
cation, we will present bootstrap test results for a set of hypotheses
evaluated in Juselius (1997).

7.5.1 Response surface regressions

We have followed MacKinnon (1994) very closely in the design of
these experiments. The input for the response surface regressions
presented below have thus been calculated as follows: for a given
combination of dimension, n , lag-order, k, and cointegrating rank,
r, 29 sample sizes, ranging from T == 40 up to T == 1000, have been
evaluated in 50 Monte Carlo experiments, with 5000 replicates in
each. We have, for a given sample size and specification, estimated
50 sets of 199 percentiles, i.e. ~T" i == 1, ... ,50. This construction

,~

of the Monte Carlo experiments is due to the fact that the vari-
ances of estimated percentiles are non-constant, for small sample
sizes T they tend to be relatively larger. Hence some procedure to
account for heteroscedasticity is desirable. MacKinnon (1994) uses
a form of generalized method of moments estimation, which has a
straightforward implementation for the estimation of (7.9). Using the
GMM-procedure, suitably adopted, leads to weighted least squares
estimation of the response surfaces. That is, the sample means ~,
calculated from 50 Monte Carlo experiments, are regressed according
to (7.10), using the inverse of the corresponding standard error a-pT

of each~ as weights.
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FIGURE 7.1. Cumulative distributions for varying sample sizes T, using
specification n = 3, k = 3, and r = 1.
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Studying the results, we will first consider two sets of simulated
cumulative distributions for model specifications with a common as
ymptotic ·distribution, a X2-distribution with 2 degrees of freedom.
Figure 5.1 and 5.2 present the empirical cumulative distribution
functions for a selection of finite-sample sizes and given by 199 per
centiles, "fh" calculated in the Monte Carlo experiments. These figures
are constructed directly from the estimated mean percentiles, so no
smothing function is used. The reference curve - a X2 (2) - is the
solid line to the very left. It is clear that the asymptotic distribution
is not a satisfactory approximation for small samples. In Figure 5.1
we can see that even for a VECM with relatively few parameters, the
finite-sample distributions are not anywhere close to the asymptotic
distribution for sample sizes smaller than 200 observations. Conse
quently, for a model with richer parametric structure as in Figure
5.2, deviations from the asymptotic distribution are even larger. For
the specification (n = 5, k = 4, r = 3), a sample size of at least 500
observations is needed.

The response surface regressions are constructed according to the
number of degrees of freedom in the asymptotic distribution, for
the different specifications of the VECM. This classification works
well for degrees of freedom equal to 2, 3, and 4. For these cases the
relationship between the system dimension, n, and size distortion is
nlore or less linear, but for d.f. = 1 the relationship seems to be non-
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FIGURE 7.2. Cumulative distributions for varying sample sizes T, using
specification n = 5, k = 4, and r = 3.

100

10 20 30 40

Critical value

linear. To improve the fit of the response surface regression for this
case, we have estimated one regression for each possible dimension.

In Figure 7.3 we can see that the fitted response surface regression
explains size distortion very well, in fact so well that the two series are
difficult to discern except for large T. The slope of the curve describes
the correction due to sample size and the texture is the correction
for lag-order. This correction increases as the sample size decreases.
Let us illustrate the effects in two simple examples for a test with
4 degrees of freedom, using the regression given in Table 5.1. For
a model with lag-order 3 and sample size T == 80, the regression
suggests a correction of 7.88, and for a model with the same lag
order, but a sample size of T == 100, we get a correction of 5.37. If
we instead fix the sample size to T == 100 and increase the lag-order
to 4, then the regression predicts a correction of 9.21.

7.5.2 Size

Tables 5.2-5.5 report the Monte Carlo estimated sizes for the like
lihood ratio test in (7.4) and its bootstrapped analogue. They are
organized according to the degrees of freedom in the asymptotic dis
tributions. In general we find that the asymptotic approximation
becomes worse as the degrees of freedom increase. This is also true
for the bootstrap test. But, whereas the asymptotic test needs T ==
200 observations and 1 degree of freedom in order for the estimated
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TABLE 7.1. Response surface regressions, conditional on the number of
degrees of freedom.

Parameter estinlates

d.!. =4 R2 = 98.9
l/t 1/t2 19/t2 l4/t2

165.55 26359.05 10840.15 49177.30
(6.8) (15.4) (7.5) (29.5)

d.!. =3 R2 = 99.3
l/t 1/t2 19/t2 l4/t2 ns/Vi r2/t

132.44 16346.40 5934.27 21475.69 12.54 -105.09
(11.5) (21.3) (12.1) (39.9) (5.5) (-4.9)

d.!. =2 R2 = 97.9
1ft 1/t2 19/t l4/t ng/Vi n4/Vi

242.80 9460.34 25.30 141.39 -12.03 -7.73
(4.7) (5.7) (2.4) (13.1) (-3.4) (-2.2)

ns/Vi r2/t2 rg/t2

36.30 -1804.06 -7167.15
(9.7) (-1.6) (-6.3)

d.!. = 1 R2 = 95.6
l/t 1/t2 l3/t l4/t ng/Vi n4/Vi

80.78 9956.20 36.88 9.66 2.38 3.78
(5.5) (11.3) (4.8) (1.3) (1.8) (2.8)

r2/t2 rg/t2

-4597.61 -3200.90
(-5.9) (-4.2)
n=4 R2 = 99.7

1ft 1/t2 19/t l4/t 19/t2 l4/t2
67.70 6189.83 171.83 142.50 -3452.00 -1528.40
(11.2) (16.6) (18.8) (15.8) (-6.4) (-2.8)

n=3 R2 = 99.9
l/t 1/t2 19/t l4/t l3/t2 l4/t2

57.15 8769.59 142.52 62.83 -5101.28 -6068.38
(16.6) (48.7) (29.6) (12.7) (-19.9) (-23.2)
n=2 R2 = 99.2
l/t 1/t2 19/t l4/t 19/t2 l4/t2

165.02 8539.08 -88.93 -96.73 2082.72 270.10
(14.6) (12.8) (-5.5) (-5.9) (2.1) (0.3)

Values presented within brackets are t-values of corresponding coefficient

10 Gredenhoff



136 7. Paper 5

FIGURE 7.3. Original series of percentiles for a test with 4 degrees of
freedom and the fitted response surface regression. Each cycle represents a
given sample size for three lag-orders.
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size to be anywhere near the nominal test size, it can be seen that the
size distortion for tIle bootstrap test is quite nlodest even for T == 40
and 4 degrees of freedom. 5 In fact, when T 2:: 60 we frequently find
that the bootstrap sizes are not significantly larger than the nominal
size.

The overall impression is that the size distortion for the bootstrap
test acts in a similar fashion as does the asymptotic test, only to a
much lesser extent. Thus, we find that the bootstrap test deteriorates
as the llumber of lags and cointegrating vectors increase. With some
caution, we may detect the same effect occurring as the dimension
of the system increases. However, for larger sample sizes and smaller
degrees of freedom, these patterns disappear and the nominal and
estimated sizes coincide.

7.5.3 Power

Tables 5.6-5.9 report Monte Carlo estimated power for the likeli
hood ratio test in (7.4) and its bootstrapped analogue. Again we
have organized the results according to the degrees of freedom in the
asymptotic distributions. The purpose of this set of simulations is to

5We intepret the size distortion for the bootstrap test as a reflection of an inade
quately estimated (bootstrap) DGP ~o in small samples.
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TABLE 7.2. Estimated size, in percent, for the original and the bootstrap
test at a nominal significance level of 5 percent. The asymptotic distribution
is a X2 (4).

T
n k r Test 40 60 80 100 200
5 4 1 Orig. 98.0 84:r~ 62.3 46.5 17.2

Boot. 13.7 10.7 7.3 7.4 6.5
5 3 1 Orig. 85.0 58.4 35.7 26.4 12.0

Boot. 11.2 9.5 6.1 7.1 4.6
5 2 1 Orig. 72.0 34.5 22.7 15.6 10.0

Boot. 9.9 5.6 4.8 4.8 5.6

TABLE 7.3. Estimated size, in percent, for the original and the bootstrap
test at a nominal significance level of 5 percent. The asymptotic distribution
is a X2 (3).

T
n k r Test 40 60 80 100 . 200

5 4 2 Orig. 95.6 78.1 57.0 38.6 14.9
Boot. 12.5 10.4 9.3 8.1 4.5

5 3 2 Orig. 87.5 62.8 39.
1

1 29.5 13.1
Boot. 10.5 9.6 8.2 8.0 5.2

5 2 2 Orig. 55.5 23.8 15.7 13.3 9.7
Boot. 8.3 6.0 5.4 5.5 5.8

4 4 1 Orig. 81.4 52.2 31.3 22.8 10.7
Boot. 11.4 8.9 5.8 5.3 4.4

4 3 1 Orig. 55.6 29.8 20.0 16.4 8.3
Boot. 9.2 5.3 4.3 5.9 5.0

4 2 1 Orig. 57.4 26.9 16.5 12.1 6.7
Boot. 8.3 6.3 5.0 5.0 4.8
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TABLE 7.4. Estimated size, in percent, for the original and the bootstrap
test at a nominal significance level of 5 percent. The asymptotic distribution
is a X2 (2).

T
n k r Test 40 60 80 100 200

5 4 3 Orig. 84.9 74.7 65.6 56.2 27.3
Boot. 3.5 8.5 8.3 8.3 5.2

5 3 3 Orig. 73.7 53.7 38.5 28.1 12.4
Boot. 7.5 7.4 6.6 6.8 5.2

5 2 3 Orig. 72.4 53.7 41.8 34.5 16.0
Boot. 7.0 5.1 7.0 6.2 5.2

4 4 2 Orig. 62.6 33.1 21.1 16.4 7.8
Boot. 9.1 5.5 4.0 6.5 5.1

4 3 2 Orig. 63.8 40.5 24.9 19.0 8.6
Boot. 9.4 8.1 5.6 5.7 4.5

4 2 2 Orig. 39.3 19.9 12.1 11.0 5.9
Boot. 7.6 6.6 4.5 5.8 3.6

3 4 1 Orig. 56.0 53.7 23.3 18.6 8.5
Boot. 8.8 7.3 7.0 6.9 4.5

3 3 1 Orig. 35.9 18.7 12.8 10.7 6.9
Boot. 6.8 6.3 4.7 5.0 4.8

3 2 1 Orig. 45.9 24.1 13.3 10.5 7.5
Boot. 8.0 6.7 4.5 4.9 5.9
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TABLE 7.5. Estimated size, in percent, for the original and the bootstrap
test at a nominal significance level of 5 percent. The asymptotic distribution
is a X2 (1).

T
n k r Test 40 60 80 100 200
4 4 3 Orig. 44.7 25.2 16.9 14.4 8.3

Boot. 7.4 5.9 6.1 4.5 4.9
4 3 3 Orig. 33.8 22.6 14.9 13.4 8.4

Boot. 5.3 7.5 5.2 6.3 5.8
4 2 3 Orig. 28.2 14.6 9.8 10.7 7.0

Boot. 5.4 4.9 5.0 5.5 5.1
3 4 2 Orig. 24.8 15.8 14.8 11.1 7.0

Boot. 6.6 6.3 6.3 5.1 5.0
3 3 2 Orig. 27·.7 18.8 13.5 12.5 7.9

Boot. 7.3 6.6 5.4 5.6 6.4
3 2 2 Orig. 34.0 18.4 13.2 10.4 6.3

Boot. 8.4 6.6 6.3 6.0 4.5
2 4 1 Orig. 31.0 15.8 13.6 9.9 7.5

Boot. 7.2 5.5 5.4 4.9 4.3
2 3 1 Orig. 34.9 18.6 12.3 9.5 5.5

Boot. 5.9 6.2 5.9 4.5 3.7
2 2 1 Orig. 40.1 30.8 16.2 13.4 6.5

Boot. 7.7 7.4 5.0 5.7 4.5

11 Gredenhoff
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establish the bearing of the theoretical prediction of Davidson and
MacKinnon (1996b), namely that power of the bootstrap test will,
for practical purposes, not be smaller than the size adjusted power of
the asymptotic test.6 In order to reduce the computational burden
we have chosen not to size adjust the bootstrap power estimates,
but in view of the modest size distortion reported above, this should
not hamper interpretability. Of course, the results will also provide
information, albeit limited, on wllat power we may expect for the
likelihood ratio test in a realistic test situation.

We find that the overall outcome supports Davidson and MacKin
nons' result, the bootstrap power is almost as good as the asymptotic
power on most occasions. It is sometimes, and for unknown reason,
dramatically worse. For instance, when p = 5 and r = 3, we see
that the bootstrap tests performs poorly for both lag-orders. Since
the asymptotic power also behaves strangely for these cases (e.g. a
smaller power for T = 200 than for T = 60 when k = 4), this may
be a reflection of tIle somewhat limited experimental control implied
by use of an empirical DGP.

Unlike the experiments regarding test size, it is difficult to detect
how the power is related to the size and complexity of the system.
However, in general, and as expected, the power increases with sam
ple size and distance between the null and the alternative. The power
for the larger sample size, T = 200, is reasonable, irrespective of
which alternative we use. For the sample size which is frequently at
hand in empirical applications, T = 100, the results are not very
reassuring. For the smaller sample size, T = 60, the power estimates
are only occassionaly significantly larger than the nominal test size.

7.5.4 Empirical application

The purpose of the following empirical application is to demonstrate
how inference about long-run economic relationships may shift when
asymptotic tests are substituted for bootstrap analogues. We have re
evaluated the asymptotic tests of the hypotheses labeled HI -7-lI2 in
Table 6.1 in Juselius (1997), moreover corresponding bootstrap tests
have been calculated, see Table 5.11. These hypotheses are examples

6The statement of Davidson and MacKinnon (1996b) is that the power of the boot
strap test is predicted to differ from the power of the size adjusted asymptotic test by
an amount of the same order in T , as the size distortion of the bootstrap test itself.



7. Paper 5 141

TABLE 7.6. Power, in percent, for the original and the bootstrap test at a
nominal level of 5 percent, presented for 4 df.

Alternative hypothesis
-1.1 -1.3 -1.5

n,k,r 60 100 200 60 100 200 60 100 200

5,4,1 10.0 10.7 88.4 9.7 40.2 100 12.9 83.6 100
Orig.
Boot. 10.3 8.5 86.8 10.2 29.8 100 11.4 58.5 100
5,2,1
Orig. 3.9 4.8 10.6 4.3 6.3 29.9 8.5 32.0 32.0
Boot. 5.1 4.8 10.7 5.6 6.2 26.6 6.7 28.0 28.0

TABLE 7.7. Power, in percent, for the original and the bootstrap test at a
nominal level of 5 percent, presented for 3 df.

Alternative hypothesis
-1.1 -1.3 -1.5

n,k,r 60 100 200 60 100 200 60 100 200

5,4,2
Orig. 25.8 15.4 70.5 27.0 33.7 100 31.2 67.0 100
Boot. 10.1 8.9 53.8 9.8 18.4 99.8 10.4 34.2 100
5,2,2
Orig. 5.6 6.4 33.1 5.4 12.9 100 6.7 19.1 100
Boot. 5.9 6.1 31.9 6.1 13.1 100 6.6 18.3 100
4,4,1
Orig. 5.4 5.4 84.9 7.2 19.3 100 9.0 18.5 100
Boot. 9.2 7.1 84.9 8.5 17.8 100 9.6 16.9 100
4,2,1
Orig. 5.5 5.3 15.9 9.1 16.0 96.1 21.0 42.6 96.8
Boot. 5.5 5.7 15.9 8.5 14.5 95.5 11.3 22.7 93.8



142 7. Paper 5

TABLE 7.8. Power, in percent, for the original and the bootstrap test at a
nominal level of 5 percent, presented for 2 df.

Alternative hypothesis
-1.1 -1.3 -1.5 /

n,k,r 60 100 200 60 100 200 60 100 200
5,4,3
Orig. 17.0 8.8 16.1 16.1 15.5 41.1 17.9 9.5 10.6
Boot. 8.3 8.9 13.9 9.3 11.9 21.3 8.3 8.5 11.0
5,2,3
Orig. 5.4 7.0 40.8 7.9 36.1 82.2 12.5 33.0 75.9
Boot. 5.7 6.7 29.1 9.6 17.5 29.9 10.2 13.1 22.4
4,4,2
Orig. 7.1 6.2 62.8 8.2 10.8 100 12.5 9.6 78.7
Boot. 5.3 6.1 62.4 6.2 9.9 100 6.7 7.4 77.2
4,2,2
Orig. 5.3 5.1 5.3 6.0 5.3 6.2 8.7 13.8 74.2
Boot. 5.8 4.9 5.4 5.9 5.1 5.9 7.3 12.1 72.5
3,4,1
Orig. 7.3 7.3 71.7 8.6 16.9 100 11.7 23.9 100
Boot. 7.2 6.2 69.2 8.0 14.0 100 8.7 17.2 100
3,2,1
Orig. 5.4 4.6 8.2 7.5 9.9 67.4 13.5 29.7 96.2
Boot. 5.5 4.7 8.0 8.1 9.3 66.1 9.3 21.0 92.1
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TABLE 7.9. Power, in percent, for the original and the bootstrap test at a
nominal level of 5 percent, presented for 1 df.

Alternative hypothesis
-1.1 -1.3 -1.5

n,k,r 60 100 200 60 100 200 60 100 200
4,4,3
Orig. 5.5 4.3 17.2 7.2 10.9 61.5 9.8 19.0 81.7
Boot. 5.0 6.5 17.5 7.0 11.6 60.0 7.5 16.8 75.8
4,2,3
Orig. 4.8 4.9 21.3 3.7 8.6 99.9 3.5 41.9 100
Boot. 4.2 4.7 21.5 3.2 8.6 99.9 3.1 41.0 100
3,4,2
Orig. 5.7 6.5 88.9 5.5 24.4 100 5.2 46.0 100
Boot. 5.5 6.0 88.3 5.0 22.1 100 4.4 42.4 100
3,2,2
Orig. 5.8 4.7 5.8 5.7 4.1 21.2 9.1 6.7 9.3
Boot. 5.0 4.8 5.8 5.5 4.7 21.0 6.9 5.3 8.5

of the third class, f3 = (Hcp,'ljJ), i.e. rl vectors are restricted and
remaining r - rl vectors are estimated unrestrictedly.

Hypotheses 1t3, 1tg, 1tII, and 1t12 cannot be rejected by either test,
likewise both tests reject hypotheses 1tI, 1t2, 1t6, and 1tIO, although
1t2 and 1tIO are borderline cases using the bootstrap test. Hypoth
esis 1t4 concerns the stationarity of the real bond rate and is not
rejected by the bootstrap test. Consequently 1t2 - the stationarity of
a linear combination of inflation and the nominal bond rate - is also
insignificant. Bootstrap testing of hypothesis 1t7 indicates that the
real deposit rate is also stationary, and so is a linear combination of
inflation and the nominal deposit rate implied by 1ts.

Finally, in a minor Monte Carlo experiment we examine the size
properties of the bootstrap tests applied in Table 5.11. For this ex
periment the restriction matrix H is set to

H (n x s) = [~ ~ ~ ~ ~1] I •

000 0

Due to the extensive computational effort involved (the maximum
likelihood solution has to be iterated), the experiment is restricted to



144 7. Paper 5

TABLE 7.10. Original and bootstrap test of liner restriction in the cointe-
grating space, the restriction on [3 are defined as [3 == ([31 H, 'ljJ) .

mt- original test Boot-test

Pt Yt ~Pt Rd,t Rb,t D83 X2 (v) pval per pval

7-l1 0 1 0 14.1 0 -.08 13.0(1) 0.00 10.7 0.03
7-l2 0 1 0 0 3.9 -.09 13.5(1) 0.00 12.4 0.04
7-l3 0 1 14.5 0 0 .08 0.53(1) 0.47 6.11 0.58

7-l4 0 0 -1 0 1 .001 14.8(2) 0.00 14.6 0.05

7-l5 0 0 1 0 -0.2 .014 7.23(1) 0.01 7.32 0.05

1i6 0 0 0 1 -1 -.011 11.5(2) 0.00 14.7 0.01

1i7 0 0 -1 1 0 -.011 5.4(2) 0.07 10.9 0.24

7-ls 0 0 -1.4 1 0 -.017 5.2(1) 0.02 7.53 0.11
7-lg 0 0 0 1 -0.5 -.003 0.07(1) 0.80 7.64 0.84

1iIO 0 0 1 -0.5 0.05 .017 7.8(1) 0.01 7.06 0.04

?-ill 1 -1 0 0 7.2 -.18 0.00(1) 0.96 6.66 0.97

7-l12 1 -1 a -14.1 14.1 -1.80 0.02(1) 0.89 5.98 0.90
per denots the 5% percentile of the bootstrap distribution. Compare
with X6.05 (1) == 3.84, X5.05 (2) = 5..99. The bootstrap-tests are based
one 5000 replicates.

the following cases: n == 4, k E {4, 3, 2}, r E {3,2} and T == 80. The
results in Table 5.12 show that there is no significant size distortion
for the bootstrap tests.

7.6 Conclusions

The likelihood ratio test statistics that are used for checking linear
restrictions on cointegrating vectors, are not X2 distributed in small
samples. Depending on the complexity of the empirical model, con
vergence towards the asymptotic distribution is attained for various
small sample sizes, but rarely for such that e.g. quarterly macro data
imply.

This paper demonstrates that a par~metrically bootstrapped like
lihood ratio test is, more or less, unaffected by size distortions. More
over, the power of the bootstrap test turns out to be almost as good,
or bad, as size adjusted power for the asymptotic test. These results
are based on Monte Carlo simulations using an empirical model as
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TABLE 7.11. Estimated sizes for testing an hypothesis of type [3 = (H 'P, 'lj;),
in percent, at a nominal level of 5 percent.

T=80
Test

n k r Orig. Boot.

4 4 3 16.1 4.6
4 4 2 24.5 4.7
4 3 3 17.1 5.3
4 3 2 24.8 6.4
4 2 3 11.8 6.0
4 2 2 13.6 6.2

data generating process. Hence, we believe that they have bearing
for the test behaviour in empirical models.

Extensive simulation experiments have provided input for response
surface regressions that seek to explain the size distortion of the as
ymptotic test in terms of system dimension, lag order, cointegrating
rank, and sample size. The fit for the regressions are extremely good,
and suggests that they could be used for inference purposes, albeit
being based on one particular empirical model.

The general conclusion is that bootstrap hypothesis testing is a
useful device for robust inference in this context. Obviously, further
work is needed to check sensitivity against model mis-specification
such as incorrect lag order and deviation from the normality assump
tion.
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