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1. Introduction

In economic time series modelling, we frequently have to model dynamic

relationships where the explanatory variables influence the dependent variable over

more than one time period. In traditional econometric models, this usually means

inclusion of one or more lagged values of the explanatory variables as well as current

values. Such dynamic relationships are found in business cycle forecasting with

leading indicators, in marketing models describing the relationship between

advertising and sales (carry-over effects) and in many traditional econometric

models. There are different ways to model the lag structure. In econometrics, this

has traditionally been done by using Almon lags, Koyck schemes or rational lag

distributions (e.g., see Johnston 1984, Ch. 9).
In most cases, there is little or nothing in the economic theory that could be used

to specify, or in time series terminology, identify the model. In such cases,

trial-and-error must be used to obtain a reasonable description of the dynamic

relationship. When estimating the identified model, it is often found that the

residuals are autocorrelated.

The transfer function model approach proposed by Box and Jenkins (1976)

includes methods for identification of the transfer function model as well as coping

with the negative effects of autocorrelated residuals. The ordinary single equation

regression model is found to be Ii special case of the more general transfer function
model.

Box and Jenkins mainly discuss identification of the single-input transfer func­

tion and give very little attention to the more general multi-input model identifica­

tion. It is therefore interesting to investigate methods for multi-input identification.

The main purpose of this thesis is to describe and evaluate a two-step regression

approach proposed by the author (Edlund, 1984). This method is intended for preli­

minary estimation of the transfer function weights for multi-input transfer function

models.

Section 2 gives an introduction to transfer function models and their identifica­

tion. In Section 3 the two-step regression model is presented and explained. Section

4 summarizes the results from three simulation studies that have been performed to

evaluate the regression approach. An empirical comparison between the regression

approach and the prewhitening and the cross spectral approaches is presented in

Section 5. Finally, some concluding remarks and suggestions for further research are

given in Section 6.

[preliminary Estimation of Transfer Function Weights - A Two-Step Regression Approach)
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2. Transfer function models

The transfer function-noise model proposed by Box and Jenkins (1976) is

lAJ{IJ)
Yt = C + D7HJ X,.../I + nt

where Y
t

is the dependent variable, C is a constant term, xt is the independent

variable, n
t

is an error term which represents all the 'missing' x variables plus the

pure noise, B is the ordinary lag operator, w(B) is a 'moving average' operator, 6(B) is

an 'autoregressive' operator, b is a pure delay parameter which represents the number

of complete time intervals before a change in xt begins to have an effect on Yf (The Y

and x variables are assumed to be differenced/transformed to be mean and variance

stationary.)

The transfer function II(B) is a rational lag structure

II(B) = !fZ5 B
b or II(B) = (110 + 1I1B + 112Il- + ... )B

b

that may beused to represent any form of linear dynamic relationship between xt and

Yt to any specified degree of accuracy. The weight IIi is called the impulse response

weight at lag i.

The noise term, nt' may be expressed as an ordinary ARMA(p,q) model of the

form

n = :fZ5 at t

where OrB) is a moving average operator of order q, ¢J(B) is an autoregressive ope­

rator of order p, and at a white noise variable.

The single--input model is easily generalized to an m-input transfer function

model,

m w.(B) :fZ5v, = C + .E1-l-:nn xj,fr-/l. + at
J= "jl'-J1 J

with m input variables x
1t

' Xu ..., :l:
mf

The ordinary multiple regression model,

Yt = C+ 1I10x1t + 1120:l:2t + ...+11mOxmt+ at

is a special case of the more general multi-input transfer function model.

[preliminary Estimation of Transfer Function Weights - A Two-Step Regression Approach)
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2.1 Identification of transfer function models

To identify the order of the operators O(B), w(B) and b two stages are performed.

First, the impulse response weights II ~ are preliminarily estimated. Then the pattern,
of the weights is used to specify the order of the operators (see Box and Jenkins 1976

Fig. 10.6, P 349).
To simplify the work of guessing the suitable order of the operators it seems

reasonable to try to get the 'best' possible preliminary estimates of transfer function

weights. In this thesis, only the first stage of the identification procedure will be

discussed.

2.2 Preliminary estimation of transfer function weights

Box and Jenkins suggested different methods for preliminary estimation of the

transfer function weights. They preferred the prewhitening cross-correlation

approach for the one-input model. They showed that the weights could also be

estimated by Ordinary Least-Squares (OLS) but that these estimates have several

deficiencies (see Section 3). For the multiple-input case, Box and Jenkins gave a

cross-spectral estimator (Box and Jenkins 1976, Ch. 11). This estimator has been

investigated and made operational by Pukkila (1982).

Priestley (1971) proposed the covariance contraction method, which is similar to

the prewhitening cross-correlation method but where all variables are prewhitened

separately. The above methods are described in paper [A) Section 2.2. Haugh and

Box (1977) presented a method similar to Priestley's method. Both methods are

suitable for the one-input model, but Fask and Robinson (1977) extended Priestley's

method to multiple-input models. Tsay (1985) suggested the use of a VAR model

which would avoid prewhitening and allow for non-stationary variables. This

approach would also be useful for testing the hypothesis of unidirectional causality.

The VAR approach is also suitable for identification of multi-input models.

Another approach not requiring prewhitening of the variables is the Maximum

Entropy-Generalized Least-Squares (ME-GLS) estimator proposed by Rahiala

(1986). First, the residual model part of the transfer function model is estimated

from estimates of the cross-spectra of the variables by a maximum entropy method.

The impulse response weights are then estimated by an ordinary GLS estimator.

Of all these approaches the regression estimator (OLS) has the advantage of

being rather simple to use, but there are a few estimation problems that have to be

taken care ofin order to improve the estimates.

[preliminary Estimation of Transfer Function Weights - A Two-Step Regression Approach]
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3. The two-step regression method

The one-input transfer function-noise model in Section 2 may also be expressed

as

This model resembles the ordinary regression model even though there are some

differences: the number of parameters to estimate may be infinite and the residuals

may be autocorrelated. Also the explanatory variables are functionally related

through the autocorrelation function of the x variable. If it would be possible to

assume that v . I:l 0 for j > K, the model could be estimated by ordinary regression
1

methods. Unfortunately, the estimates would have low precision due to

multicollinearity caused by the autocorrelation structure of the independent variable.

There would also be a loss in efficiency due to the autocorrelation structure of the

residuals.

The simple regression model can easily be extended to include more than one

input variable, which would make it suitable for preliminary estimation of impulse

response weights in multi-input models. In this case, there will be a secondsource of

multicollinearity among the explanatory variables: cross correlation between the

input variables.

Pukkila (1980) investigated the regression method without dealing with the

multicollinearity and the autocorrelated residuals. His results were quite promising

even though the multicollinearity was not very strong. Liu and Hanssens (1982)

solved the multicollinearity problem by transforming the y and x variables by a

common filter. The filter was constructed to eliminate AR factors with roots close to

1 in the ARMA processes for the x variables. Then generalized least-squares were

used to avoid the effects of autocorrelated residuals. Erickson (1981) used the ridge

estimator to directly estimate the transfer function weights but did not adjust his

estimates for the autocorrelated residuals.

There are several biased regression estimators that can be used to decrease the

effects of multicollinearity. Among them are the principal component estimator and

the ridge estimators. The principal component estimator works by reducing the rank

of the XIX matrix (or correlation matrix of the x variables) by omitting one or more

principal components. There are different ways of choosing the components that

should be dropped, see paper [A], Section 3.2.1. The ridge estimator retains all

variables; reduction of the multicollinearity is accomplished by adding a small

quantity k to the diagonal elements of the correlation matrix before inversion. This

[preliminary Estimation of Transfer Function Weights - A Two-Step Regression Approach]
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makes the computations numerically more stable, but at the same time the estimates

will be biased, see [A] Section 3.2.2.

There are several ways to adjust the estimates for autocorrelated residuals.

Apart from Generalized Least-Squares (GLS) there are transformation methods as

the Cochrane-Orcutt's method and Durbin's method (e.g. Johnston, 1984). These

methods assume that the autocorrelation structure can be described by a low order

AR model (e.g. an AR(l) model). The AR model is estimated and used to transform

the variables. The regression residuals will then be uncorrelated and the efficiency of

the estimates increases.

In paper [A] Section 4, a two-step procedure is described that will use biased

regression and transformation of variables to reduce the effects of multicollinearity

and autocorrelated residuals respectively.

Step 1: Identification, estimation and checking of the noise model and trans­

formation of the input and output fJ4riables.

To identify the noise model an estimate of the noise series nt is needed. The

noise series is estimated from

m

nt = Yt- c-i:/(B)Xit = Yt- c-vIOxlt-vllXl,t_l - ... -vmrm,t-K

where the 11 weights are estimated by biased regression. From the estimated nt' an

ARMA model can be identified, estimated and checked using the ordinary

Box-Jenkins procedures. The estimated model

• e(B) •
n = a
t (l(B) t

is then used to transform the original variables

e(B)y~ = (l(B)Yt all t and e(B)~t = (l(B)xjt j=l, ...,m, all t

Step 2: Estimation ofthe impulse response function from the transformed variables

V, and z'jf

In the second step, the impulse response weights are re-estimated by biased

regression on the transformed variables (the transformations do not alter the

relationship between x and y)

Y~ = c' + 1I1OXit + lI11xi,t-l + ... + 11mr~t-K+ at

Now the residuals at will be close to white noise. By using this approach, the

[Preliminary Estimation of Transfer Function Weights - A Two-Step RegreBBion Approach)
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estimate of the residual variance will be unbiased and the estimates of the impulse

response weights, v ..will be less influenced by the multicollinearity. The significance
IJ

of the weights can be tested by a t-test. In case the residuals are not white noise, the

t/ weights in the second step can be used to compute the residuals as in the first step.

Then the rest of step 1 and 2 can be repeated until the residuals are sufficiently close

to white noise.

4. Simulation studies of biased regressionestimators

In this Section the three simulation studies in papers [A], [B] and [C] are

presented. The first two papers compare principal component and ridge estimators to

the ordinary least-squares estimator (OLS) for similar experimental designs. The

third paper compares five different ridge estimators over 5000 different two-input

models, drawn from a large set of possible transfer function models.

4.1 Principal component VB. ridge estimators

The simulation study in paper [A] is an enlarged version of the study by Edlund

(1984). The purpose of the study is to investigate the proposed two-step method by

comparing one ridge and one principal component estimator to the OLS estimator, .

The results are obtained both for transformed and untransformed data (Step 1 only).

The study is limited to one model

Y
t
= (2+4B+.B2)x

lt
+ (1-{).6B)-lB 3X2t

+ nt
where

The processes a
lt

, a2t and at are normal white noise processes such that at is

uncorrelated with alt and a2t, while a
lt

and a
2t

are correlated (with covariance

matrix E).
This two-input model has been used both by Pukkila (1980, 1982) and Damsleth

(1979) and can be seen as a model neither too difficult nor too easy to identify. It

contains both AR and MA operators in the transfer functions.

The ridge k value is computed by the Lawless & Wang (1976) method, i.e., k =
p82/E>.. iH, where p is the number of explanatory variables, 6-2 is OLS estimate of the

1 1

[preliminary Estimation of Transfer Function Weights - A Two-Step Regression Approach]
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standardized q2 for the nt process, Ai is the dh eigenvalue of the correlation matrix
of the independent variables, and a~ is the OLS estimate of a~ (a. is the dh

1 1 1

coefficient from regression on principal components). The principal component

estimator chooses the first r principal components corresponding to the r largest

eigenvalues. The value of r is chosenso that the r components explain at least 99.5 %
of the variance of the standardized x variables.

The experimental design covers three different levels of multicollinearity and

three levels of signal-to-noise ratio. The degree of multicollinearity is determined by

varying the correlation between au and 4
2t

(p = .58, .87 and .98). The
signal-to-noise ratio is determined by varying the residual variance (q2 = .01, 1 and
25). 100 observations have been generated for each time series. For each variable,

coefficients for lag 0-10 are estimated 50 times for each combination of p and q2. To

simplify the computations, the true rather than estimated model for the residuals is

used to transform the yand x variables.
The optimal way of comparing the estimators would be to measure their ability

to make the forecaster specify the correct transfer function model in the second stage
of the identification procedure. Since the choice of model is rather subjective, it is

impractical to include such a measure in a simulation study. Therefore, as a proxy,

the MSE is used to measure the closeness between the estimated and the true 11

weights. It is then assumed that estimates close to the true weights improve the

probability of identifying the true model. The following statistics will be used in
Tables 4.1 and 4.2. For each estimator

where,

and

22
MSFX.ii) = E MSE(ii)./22

f.=; 1 1

22
5{ii) = E 5(ii)./22

f.=;1 1

50
MSE(ii). = E (ii.;-1I.)2/50

1 i=1 '1 1

50
S(ii). = E 8..150 j = 1, ...,22

1 i=1 Ij

where 8 .. is the estimated standard error of regressioncoefficient j in replication i­
'1

The computational algorithm is described in [A] Section 5.4. In [A] Section 5.5

the results for a singlereplication are described.
Table 4.1 shows the total results from the simulations in terms of average MSE

for each estimator relative to the MSE for the OLS estimator for untransformed

variables (no correction for autocorrelated residuals). There are several interesting

results. The ridge estimator is the best estimator for all combinations of p and q2.

[preliminary Estimation of Transfer Function Weights - A Two-Step Regression Approach)
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Estimated ratios of MSE(v) for each estimator relative to

MSE(v) OLS" (PC =Principal component, t = transformed)

p = .58 P = .87 P = .98
Estimator q =.1 q = 1 q = 5 q =.1 q = 1 q = 5 q =.1 q = 1 q = 5

OLS 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
Ridge 1.00 0.96 0.57 0.99 0.89 0.33 0.99 0.53 0.08
PC 25.21 1.21 0.82 81.04 1.49 0.29 152.48 1.71 0.09
- - - -- ---------- ---------- ----------
OLS(t) 0.64 0.82 0.82 0.72 0.83 0.83 0.83 0.85 0.85
Ridge(t) 0.64 0.79 0.50 0.72 0.76 0.32 0.82 0.52 0.08
PC(t) 76.54 2.00 0.73 86.50 1.70 0.44 188.79 2.11 0.10

MSE(V)OLS .0001 .009 .217 .0003 .021 .053 .001 .133 3.320

Table 4.2 Estimated ratios of average standard error, S(v) for each estimator

relative to S(v)OLS" (PC =Principal component, t = transformed)

p = .58 P = .87 P = .98
Estimator q =.1 q = 1 q = 5 q =.1 q = 1 q = 5 q =.1 q = 1 q = 5

OLS 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
Ridge 1.00 0.97 0.66 1.00 0.91 0.44 0.99 0.61 0.17
PC 1.29 0.77 0.76 0.96 0.38 0.37 0.90 0.15 0.12
- - - -- ---------- ---------- ----------
OLS(t) 0.68 0.71 0.71 0.70 0.71 0.71 0.70 0.70 0.70
Ridge(t) 0.68 0.69 0.53 0.70 0.67 0.38 0.70 0.52 0.14
PC(t) 1.81 0.66 0.63 1.47 0.49 0.47 0.60 0.11 0.09

S(v)OLS .013 .117 .587 .019 .183 .915 .046 .457 2.286

Transformation of the variables reduces the MSE for the ridge and OLS estimators.

This is not necessarily true for all models. In some cases the transformation may

increase the multicollinearity. The relative MSE for the ridge estimator decreases as

the multicollinearity increases when a = lor 5 but increases as a =.1. The pattern

for different a when holding p constant is less clear even though the lowest relative

MSE is found for a = 5. The reduction in MSE for the most difficult case when

[Preliminary Estimation of Transfer Function Weights - A Two-Step Regression Approach]



9

p = .98 and (J = 5 is most impressive for the ridge estimator, a 92 % reduction. In

that case, the aLS on untransformed variables is totally useless, the average MSE is

3.320 compared to the size of the transfer function weights, of which most are less

than 1 in absolute value. The principal component estimator gives low MSE values

only when (J = 5. When the residual variance is low this estimator gives considerably

larger MSE values. This may be due to the way the principal components are chosen.

The choice of components is not sensitive to the residual variance or the orientation

of the coefficient vector relative to the eigenvectors.

As a second measure of performance the average estimated standard error of the

coefficients is shown in Table 4.2. The average s.e. of the aLS and ridge estimators

decreases after transformation and has minimum S values when estimation is difficult

(strong multicollinearity and/or large residual variance). The pattern for the

principal component estimator is more difficult to describe. In some cases the values

are larger after transformation, in other cases lower. The values decrease as the

multicollinearity increases and/or signal-to-noise ratio decreases. The reduction in

s.e. is quite substantial in the most difficult cases, the s.e. of the ridge estimator is

reduced to only 14 % when p = .98 and (J = 5. The main benefit from transformation

is that we obtain unbiased estimates of the residual variance, (J2. The average

estimates of the residual standard deviation for the aLS estimator for estimation on

untransformed and transformed data are given in Table 4.3. As can be seen in the

table, the transformation gives practically unbiased estimates of the residual

standard deviation. (It should be noted that the true rather than estimated models

for the residuals were used.)

The results from this simple simulation study are encouraging for the ridge

estimator and for the two-step procedure. The results for the principal component

estimator indicate that it might be quite dangerous to use it, especially for cases

where the multicollinearity is weak and the signal-to-noise ratio is high. As the

negative results for the principal component estimator may be dependent on the way

the components were chosen, further studies of the two-step method are called for.

In paper [BJ the number of estimators has been increased, as well as the number

of models. The models now include both a one-input and a three-input model as well

as the same two-input model as in [AJ

Modell: v, = {2+4B+B2)X
lt

+ nt

Model 2: v, = (2+4B+B2)X1t + (l--o.6B)-I B3X2t + nt

Model 3: v, = (2+4B+B2)X1t + (l--o.6B)-I B3x2t + 2(l--o.8B)-IB5X3t + nt

[Preliminary Estimation of Transfer Function Weights - A Two-Step Regression Approach]
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Estimated residual standard deviation for OLB on untransformed

and transformed data.

True
standard
deviation

(J = .1

(J = 1

(J = 5

where

Correlation
between
alt and a2t

p = .58
P = .87
P = .98

p = .58
P = .87
P = .98

p = .58
P = .87
P = .98

Data series
Untransformed

0.136
0.129
0.123

1.214
1.213
1.214

6.062
6.063
6.071

Transformed

0.108
0.103
0.100

0.992
0.992
0.991

4.957
4.956
4.958

To further investigate the principal component estimator two new estimators

were added to the one in [A]. The first estimator, introduced by Lott (1973),

maximizes the adjusted R2 for the regression of Y
t

on the principal components. The

second estimator chooses components with significant regression coefficients in the

principal component regression, see Massy (1965).

Even though the Lawless and Wang (1976) ridge estimator performed well in

[A], it is interesting to test other estimators to see if further improvement is possible.

In this study, two new estimators are included: Hocking, Speed and Lynn (1976),

k= a-2E>.~aVE>.~a\ and Hoed, Kennard and Baldwin (1975), k= pij2/lli~." " ,
The experimental design is more complicated than in [A], as it now also contains

such factors as number of input variables (different models), length of time series and

number of lags. The p values are slightly different from those in [A]. The variances

and covariances have been changed to correspond to the covariance matrix used by

Pukkila (1982). To reduce the computational burden, only two factors at a time are

varied while the other factors are held constant at their default values.

[Preliminary Estimation of Transfer Function Weights - A Two-Step Regression Approach)
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Estimated ratios of MSE(ii) for each estimator relative to

MSE(ii)OLS (RR = Ridge regression, PC = Principal component,
t = transformed, L W = Lawless and Wang, HSL = Hocking, Speed

and Lynn, HKB = Hoed, Kennard and Baldwin, E = The r first PC,

t>2 = Significant PC:s, MAX = Maximum adjusted R2) 100

observations.

(J = .1 (J = 1 (J = 5
Estimator p=.61 p=.79 p=.94 p=.61 p=.79 p=.94 p=.61 p=.79 p=.94

OLS 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
RR LW 1.00 1.00 1.00 0.93 0.89 0.74 0.49 0.37 0.18
RR HSL 1.00 1.00 1.00 1.00 0.99 0.98 0.92 0.88 0.73
RR HKB 1.00 1.00 0.99 0.91 0.84 0.64 0.49 0.38 0.24
PC E 45.55 67.93 66.54 1.40 1.56 1.04 0.68 0.51 0.16
PC t>2 0.97 1.34 2.21 1.42 1.37 0.87 0.91 0.57 0.42
PC MAX o 96 1.24 1.73 1.32 1.26 0.91 0.91 0.58 0.47
- - - -- ---------- ---------- ----------
OLSt 0.71 0.74 0.80 0.83 0.82 0.81 0.83 0.82 0.81
RRt LW 0.71 0.75 0.80 0.81 0.79 0.69 0.50 0.38 0.19
RRt HSL 0.71 0.74 0.80 0.83 0.82 0.80 0.79 0.76 0.65
RRt HKB 0.71 0.75 0.80 0.82 0.79 0.70 0.53 0.42 0.25
PCt E 73.18 91.10 66.25 1.92 2.04 1.16 0.75 0.61 0.29
PCt t>2 0.73 0.80 0.83 1.11 1.22 1.15 0.83 0.65 0.51
PCt MAX 0.75 0.93 0.80 0.95 1.02 0.99 0.81 0.65 0.56

MSE(V)OLS .0002 .0004 .0010 .015 .023 .065 .360 .576 1.625

In Table 4.4, the results are given for different combinations of multicollinearity

and signal-to-noise ratio corresponding to values in Table 4.1. (As the focus of

interest here is multicollinearity, the columns are in different order compared to

Table 4.1). We can note that the relative MSE for the ridge estimators tends to

decrease as p increases, except when (J =.1. In these cases, the MSE is very small

compared to the size of the weights. There is then very little to gain from using ridge

regression and the gain decreases as p increases. The performances of the L Wand

HKB estimators are very similar and in most cases these estimators are superior to

the HSL estimator. The k value of the HSL estimator is usually the smallest, which

makes this estimator very close to the OLS estimator.

The principal component estimators are in some cases superior to the OLS

estimators but in some cases much worse. Even though the two new estimators have

a more stable performance than the estimator in [A], they never outperform the best

[Preliminary Estimation of Transfer Function Weights - A Two-Step Regression Approach]
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ridge estimators.
A more complete presentation ofthe results for the other factors is found in [B].

The main conclusions drawn from the simulation study are that the ridge estimators

perform well, relative to OLB and that even though the new principal component

estimators perform well relative to the old one, they may still be worse than the OLB

estimator in some cases and thus cannot be recommended. Among the ridge

estimators the L Wand HKB estimators generally perform better than the HBL

estimator, which seems to be too close to the OLB estimator. The proposed two-step

method with the L Wand HKB estimators will in the more difficult cases (strong

multicollinearity, low signal-to-noise ratio and short series) reduce the MBE

substantially compared to OLB as well as giving unbiased estimates of the residual

variance.

4.2 Ridgeestimators

Since the ridge estimators in papers [A] and [B] performed well relative to OLB,

it is interesting to see if there are other ridge estimators that may perform even better

for transfer function models. The choice of an optimal ridge estimator is not easy;

there seems to be no generally superior way of determining the value of the shrinkage

factor k. Almost every published simulation study seems to favor a different

estimator. To some extent, this may be explained by differences in experimental

design. It is therefore of interest to compare some of the more well known estimators

(that have performed well in other simulation studies) for the particular case of

transfer function weight estimation. In this particular case, there are usually a large

number of explanatory variables that are auto- and cross correlated and we know

that at least some of the estimated weights should be zero. In most simulation

studies, the number of explanatory variables has been rather limited and the

estimated weights have all been different from zero.

In the study in paper [C], four ordinary ridge estimators and two related

estimator are compared. From paper [A] and [B], the Lawless and Wang (1976) and
the Hoed, Kennard and Baldwin (1975) estimators are chosen. The other two

ordinary ridge estimators are the RIDGMestimator proposed by Dempster, Schatzoff

and Wermuth (1977) and the "Correct Orthogonal Variance" (COV) or

"Normalization Ridge Regression" estimator proposed by Miller and Tracy (1984)

and Bulcock, Lee and Luk (1981) respectively. The RIDGMestimator is obtained by

choosing k so that }; a~/[u2/ k+u2/AJ = p. The COVestimator is found by choosing k
to satisfy}; \/(\+k) = P(~O). The fifth estimator is the "Orthogonalizing Ridge"

[Preliminary Estimation of Transfer Function Weights - A Two-Step Regression Approach]
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Average and median MSEvalues for the estimators.

Estimator Average MSE Median MSE

Hoerl et aI, lll\B
Lavless-Wang, LW
Dempster et a'l , RIDGM
Bulcock/Miller et aI, COV
Leskinen, OR
Krishnamurthi et aI, Equity
Optimal, Opt
Minimum, Min

.45

.45

.43

.78

.46
1.25

.36

.41

.34

.31

.30

.37

.33

.35

.25

.27

(OR) estimator proposed by Leskinen (1980). It is not an ordinary ridge estimator

since it does not shrink all o:s. In the study, only>. .:S < 1 are shrunk. The shrinkage
I I

factor is a lll\B-type k value. The last estimator is the "Equity" estimator proposed

by Krishnamurthi and Rangaswamy (1987). This estimator is not a ridge estimator

even though its effects are similar. It uses a square root transformation of the

eigenvalues A,before inversion to reduce the negative effects of small eigenvalues. To
I

see how close these estimators come to the optimal MSE, two optimal ridge

estimators are computed. The first minimizes the expected MSE given knowledge of

the true parameters and the second minimizes the observed MSE.

The simulation study in [e] has a different design compared to the studies in [A]

and [B]. The design allows us to study the performance of the estimators under a

wide range of possible models. The basic model is the same in all replications but the

order of the operators as well as the values of the parameters varies for each

replication. The basic model is

WI(B) b w2(B) b
v, = T;7JJJ B lX l t + T7J1l B 2X2t + EtI U 2 ( U ;

where

°1(B)
Xlt =q;;TJJJ alt'

and

The polynomials w.(B), S.(B), O.(B) and <p.(B) are all of order 0, 1 or 2. The pure
2. 2. 2. t

delay varies between 0 and 3 periods. For practical purposes the II weights are

truncated after lag 10 for both variables which means that a total of 22 regression

coefficients are estimated. The simulation procedure is described in more detail in

[Preliminary Estimation of Transfer Function Weights - A Two-Step Regression Approach]
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Number oftimes (in %) minimum and maximum MSEvalues for the

estimators.

Estimator

Hoerl et aI, }[}(B
Lawless--Wang, L W
Dempster et a l , RIDGM
Bulcock/Miller et al , COV
Leskinen, OR
Krishnamurthi et al , Equity

Minimum MSE

11.8
20.9
28.8
11.3
17 .1
10.2

Maximum MSE

31.1
2.9
5.6

20.5
11.0
29.0

[C]. A total of 5000replications of the model are computed with estimates for the six

estimators and the two optimal estimators. A number of statistics are computed for

each estimator and each replication. Some of these statistics are summarized in

Tables 4.5 and 4.6. The replications are also grouped according to the degree of

multicollinearity, signal-to-noise ratio and orientation of the coefficient vector

relative to the eigenvector corresponding to the smallest eigenvalue. These results

are given in [C].

As can be seen in Table 4.5, the distribution of MSE:s for the Equity and COV

estimators is rather skew with the mean MSE more than three times as large as the

median MSE for the Equity estimator and approximately twice as large for the CO V

estimator. For the other estimators, the difference between mean and median values

is much smaller. We also note that the RIDGM and L W estimators come closest to

the Min and Opt estimators, even though the distance to the other estimators is not

too large.

Table 4.6 shows the percentage of times each estimator has the minimum and

maximum MSE among the estimators. Again the RIDGM and L W estimators show

their strength, they rank best in both categories which means they are relatively safe

to use, often the minimum MSE and very seldom the maximum MSE.

When the replications are grouped according to the degree of multicollinearity,

signal-to-noise ratio and orientation of the coefficient vector the results from the

analysis of all the above replications still hold true, with a few exceptions. When the

signal-to-noise ratio is high (a < .13) the RIDGM and L Ware not superior, but as

the ratio decreases (estimation becomes more difficult) they perform better than the

other estimators.

This simulation shows that among the six investigated estimators the RIDGM

and L Westimators overall rank as the top two estimators.

[Preliminary Estimation of Transfer Function Weights - A Two-Step Regression Approach)
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5. Empirical investigationofridge! prewhitening and
cross-spectral estimators

The purpose of paper [D] is to compare the RIDGM and L W ridge estimators to

other estimators on real data. As alternative estimators the prewhitening cross­

correlation and cross-spectral analysis methods are chosen. The prewhitening

method is, despite its theoretical deficiencies, used by practitioners (see McLeod,

1982) and is the standard method in AUTOBOX, a well-known software package.

The cross-spectral analysis method was suggested by Box and Jenkins (1976) as a

method appropriate in the multi-input case.

Business cycle forecasting with leading indicators is chosen as a suitable area for

building transfer function models. Here we assume that there is a constant lagged

relationship between the leading indicators and a reference series. The Swedish index

for industrial production (lIP) is chosen as the reference series, and as leading

indicators the Ml, Yield of long term government bonds and Share prices at the

Stockholm Exchange are chosen. They constitute the set of financial indicators used

by OECD for forecasting the Swedish business cycle. Data are collected from the

Main Economic Indicators database at Statistics Sweden for the period January 1960­

December 1979 (240 monthly observations). Results from OECD (1987) and

Westlund and Claesson (1989) indicate that the pure delay between the indicators

and reference series may vary over time. In the period chosen the relationship

between the variables appears to be rather stable. The following notation has been

used:

Y
t
= Swedish index for industrial production

X 1t = Ml (with minor adjustments) deflated by the CPI

X2t = Yield of long term government bonds

X 3t = Share prices at the Stockholm Exchange

To obtain stationarity the variables are differenced once. It should be noted that

both Yt and Xlt are seasonal. For each series a univariate ARIMA model is

identified, estimated and checked:

Vt2Yt = (1--0.597B)(I--o.372B24)at' if a = 0.03111

(l+0.145B--o.304B2--Q.297 B4)V t2X1t = (1--0.755Bt2)alt, if at = 0.00847

x2t = 0.00324 + a2t , if a2= 0.02001

x3t = a3t , if a3= 0.03892

where Y = VYand z. = VX ..
I I

[Preliminary Estimation of Transfer Function Weights - A Two-Step Regression Approach]
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Table 5.1 Estimated impulse response weights, v, between prewhitened IIP

and filtered Money supply, MI and between prewhitened IIP and

Yield of long term government bonds and between prewhitened IIP

and filtered Share prices. Weights larger (absolute value) than

1.640" are marked with + and larger than 1.960" with ++.

.079

.021

.094

.154+

-.145

.020

-.081

-.135

Money supply, zIt

Lags 0-7 -.118 .104 .219 -.883++ .209 .558 -.354 .682+

Lags 8-15 -.485 .019 .226 .194 .252 .017 .209 -.626+

Lag 16-23 -.114 .558 -.213 .163 -.037 .036 -.307 -.283

Yield oflong term government bonds, Z2t (prewhitening with respect to seasonality)

Lags 0-7 -.048 -.246 .303 -.321+ .047 .144 .179 -.156

Lags 8-15 -.288 .115 .215 .084 -.093 -.183 .136 -.279

Lags 16-23 -.044 .136 .274 -.047 -.513++ -.086 .350+ .010

Share prices, Z3t (prewhitening with respect to seasonality)

Lags 0-7 -.094 -.083 .109 .046 -.169+

Lags 8-15 .170+ -.198++ -.107 .250++ -.136

Lags 16-23 -.195++ -.018 .196++ -.010 .153+

Table 5.2. Estimated impulse response weights, v, between IIP and Money

supply, MI, Yield of long term government bonds and Share prices

using cross spectral analysis.

Money supply, zIt

Lags 0-7 .027 -.053 .403 -.648+ .014 .524 -.020 .488

Lags 8-15 -.508 -.230 .102 .559 .521 -.389 -.275 .240

Lags 16-23 -.048 -.033 -.322 .473 .020 -.430 .129 .261

Yield oflong term government bonds, Z2t

Lags 0-7 -.136 -.295+ .160 .022 .165 -.226 -.048 .146

Lags 8-15 .045 -.062 .022 .036 -.110 -.201 .118 -.048

Lags 16-23 .154 -.198 .114 .136 -.152 -.046 .048 .055

Share prices, Z3t

Lags 0-7 -.038 .073 -.094 .004 .054 -.007 -.053 -.067

Lags 8-15 .201++ -.012 -.141+ .082 -.035 .118 -.149+ .008

Lags 16-23 .033 -.047 .012 -.054 .147+ .029 -.113 .055

[Preliminary Estimation of Transfer Function Weights - A Two-Step Regression Approach]
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In [D] three different models are built, with one, two and three input variables.

Here only the three-input model will be discussed. The following estimation

procedures are used:

For the prewhitening estimator, AUTOBOX is used to prewhiten each input

series (one at a time) and the output series, and then to compute the estimated cross

correlation function and the impulse response weights.

For the cross-spectral estimator a computer program (by the author) is used to

filter the series, compute relevant spectra, then re-color the spectra and estimate the

impulse response weights and their standard errors.

The ridge estimators are computed in two steps. First the impulse response

weights are estimated by the ridge estimators. Then the residuals are computed and

modeled using AUTOBOX. The estimated ARMA model for the residuals is then

used to transform all variables. Then ridge estimation is used to re-estimate the

impulse response weights.

Prewhitening

Both the Yield variable and the Share prices variable have been seasonally

differenced to take care of the seasonality in lIP. The estimated weights are given in

Table 5.l.

After looking for significant weights with the expected sign the following model

is proposed:

with V12Nt = (1-0B)(1-6B24)at as a starting model for the residuals.

Cross spectral

The cross-spectral estimates of the weights are given in Table 5.2. For the

three-input case the M1 variable has no significant weight with the expected sign.

Therefore the following model is proposed:

Yt = w20x2 t-1 + w30x3 t--8+ Nt, ,

with V12Nt = (l-OB)(l--E>B24)at as above.

[Preliminary Estimation of Transfer Function Weights - A Two-Step Regression Approach)
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Table 5.3. Estimated impulse response weights, V, between lIP and Money

supply, M1, Yield of long term government bonds and Share prices

using ridge regression, L Wand RIDGM. Weights larger (absolute

value) than 1.640" are marked with +and larger than 1.960" with ++.

Money supply, zIt

Lags 0-7 .064 .081 .044 -.064 .040 .135++ .113 .201 ++

Lags 8-15 -.002 .024 .065 .062 .064 -.009 -.001 .008

Lags 16-23 -.029 -.004 -.002 -.017 .044 .004 -.111 -.074

Yield of long term government bonds, ~t

Lags 0-7 -.02'7 -.059++ .028 .005 .035 -.001 -.006 .027

Lags 8-15 -.015 .018 .021 .016 -.022 .003 -.015 -.000

Lags 16-23 .003 .008 .040 .024 -.049+ -.051+ .016 -.008

Share prices, Z3t

Lags 0-7 .022 -.004 -.021 -.020 .001 .011 .002 .008

Lags 8-15 .002 .013 .015 .009 -.010 .018 -.009 .010

Lags 16-23 -.013 -.006 .002 -.004 .029++ .031++ -.010 -.000

Ridge regression

In Table 5.3 the ridge estimates for the Lawless and Wang estimator are given

(The RIDGM estimates are similar, see [D] Table 10). Using the two-input model as

a starting point and adding the significant weights for the Share variable, the

proposed model is:

v, = w10x1 t-7 + (w20-w21B)x2 t-20 + (w30-w31B)x3 t-20 + Nt, , ,

Estimated models

Using AUTOBOX the proposed models are estimated. In the model identified

using prewhitening the weight for the Share variable is not significant. The

prewhitening model is reduced to the two-input model. In the cross-spectral model

none of the weights are significant. Estimation of the ridge regression model shows

that the second weights for the Yield and Share variables are insignificant.

Re-estimation of the model with only one weight for each variable gives the following

results:

[Preliminary Estimation of Transfer Function Weights - A Two-Step Regression Approach]
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Yt = .826X1,t_7 - .132x2,t-20 + .074X3,t_20+ Nt'

V12Nt = (1-.772B)(1-.339Bl2.....605B24)alt Ua = .02732

The model seems to be an adequate model for the data series. The reduction in

residual variance compared to the univariate model for lIP is approximately 23 %.
This may be an indication that the input variables have a rather predictable pattern

that is included in the historical values of IIP, or it may be a sign of a poor model.

The lead times are long enough to allow for reasonably safe predictions of the IIP; the

forecast error is approximately 2.7 %.

Conclusions

In OECD (1987) cross-eorrelation functions between the indicators and the IIP

are estimated. The time series are detrended and smoothed. Using their maximum

correlation lags the following model would be estimated:

Y~ = w10xi t-12 + w20x2t-15 + w30xi t--8 + ~, , ,
where Y~ and xi indicates detrended and smoothed series. The lags differ considerably

from those in the estimated model above. These deviations may, at least in part, be
explained by the different transformations used by the OECD (detrending and

smoothing) and/or the time period used by OECD (1960-1985).

There is a large variation in the number of significant weights for the estimators

(Tables 5.1, 5.2 and 5.3):

Estimator Ml Yield Share Total

Prewhitening 3 3 9 15

Cross spectral 1 1 4 6

Ridge regression

Lawless& Wang 2 3 2 7

RIDGM 3 3 2 8

From this table it appears as if the prewhitening estimator will give too many

significant weights, which may be suspected as the estimator does not consider the

simultaneous relationships between the input variables. The cross-spectral estimator

on the other hand, did not find the significant weights for the Yield and Share

variables. In the study the ridge estimators are somewhere in between and they

found all significant models. Among the ridge estimators, the L W gives more

reasonable estimates of the weights while the RIDGM shrinks the estimates too much

compared to the other estimators.

From this limited experience, it would be recommendable to use more than one

[Preliminary Estimation of Transfer Function Weights - A Two-Step Regression Approach]
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method for identification. In this way it should be easier to separate the weights that

are to be accounted for in the model from those that are spurious.

6. Concluding remarks andfurther research

The transfer function model can be seen as an important extension of the

ordinary single equation regression model. The first step in building a transfer

function model is to identify the order of the operators and the pure delay. Good

preliminary estimates of the impulse response weights should be of great help in

guessing the orders of the model. The prewhitening approach proposed by Box and

Jenkins (1976) is primarily suited for the single-input case, whereas in practice

multi-input models are of greater interest.

The proposed two-step ridge regression approach is fairly simple to use and

seems to compare well to other empirical methods as the prewhitening and

cross-spectral methods. The ridge approach is clearly superior to simple OLS

estimation of the impulse response weights, especially in computationally difficult

cases with strong multicollinearity and large residual variance. The ridge estimators

also compare favourably to the principal component estimators investigated, even

though these estimators in some cases come close to the ridge estimators in

performance. Among the ridge estimators, the RIDGM estimator proposed by

Dempster et al (1977) and the Lawless and Wang (1976) estimator have the best

overall performance both in terms of average MSE and largest number of times with

minimum MSE among the investigated estimators.

As the ridge estimators behaved well relative to the prewhitening and

cross-spectral methods in the study in paper [D], it would be interesting to perform a

simulation study covering these estimators. Such a study should cover a large

number of different models and situations, in line with the simulation study in paper

[C]. Even though it would probably be difficult to find an overall best method, it

would be possible to better specify under which conditions the different methods

should be chosen.

As some of the problems with finding reasonable transfer function models in

paper [D] could be due to time-varying lag structures further research to study the

behavior of the two-step method under different assumptions on time-varying lag

structures (pure delay and size of the weights) would be of interest. Such knowledge

would be most useful when one tries to build transfer function models for systems

that may not be stable over time. Examples of such systems can be found in business

cycle forecasting.

[Preliminary Estimation of Transfer Function Weights - A Two-Step Regression Approach]
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ON IDENTIFICATION OF
TRANSFER FUNCTION MODELS

by Per-Olov Edlund

SUMMARY

Different ways to identify (preliminarily estimate) the impulse response function

of the Box & Jenkins transfer function model are discussed. The discussion is based

on the situation when there are several input variables that are correlated with each

other. It is found that most of the methods proposed are unsuitable, some are not

reliable when there are correlated input variables, and some are expensive or difficult

to use. Therefore an extension of a regression approach used by Pukkila (1980) is

proposed. The new approach is based on the solution of some problems connected

with the application of the regression method in our particular situation, namely the

multicollinearity problem and the problem of autocorrelated residuals. It is found

that the use of biased regression estimators on variables transformed with respect to

the noise model should give better estimates than the usual ordinary regression

estimator. To test the new approach a simulation experiment has been designed and

performed. The results from the simulations indicate that the proposed method may

be of value to the practitioner. It gives estimates with smaller mean squared error

and lower estimated standard error.

This is a revised version of a paper presented at the workshop on "Time Series

Analysis in Management" at the European Institute for Advanced Studies in

Management, Brussels, November 26-27, 1981, and at the second "International

Symposium on Forecasting" held by the International Institute of Forecasters,

Istanbul, 6-9 July, 1982. An earlier version of the paper titled "Identification of the

Multi-input Box-Jenkins Transfer Function Model" has also been published in the

Journal of Forecasting, p 297-308, vol 3, 1984. The main additions here are found in

Sections 5.4 and 5.5.

KEY WORDS: Time series Transfer function model Identification procedure

Biased regression Monte Carlo
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1. INTRODUCTION

In economic time series analysis we frequently work with models where it is

necessary to include lagged values of the independent variables to make the model

realistic. If we e.g. study the relationship between advertising and sales it is

reasonable to assume that this month's sales will be effected not only by this month's

advertising but also by the advertising expenditures during previous months. In

econometrics this possible relationship between past and present advertising and

present sales could be represented by means of e.g. Almon-lags, Koyck schemes or

rational lag distributions (see e.g. Johnston, 1972, Ch. 10). (These schemes are called

"distributed lags").

If we do not have a relevant theory that explicitly tells us the shape of the lag

structure it has to be estimated by a trial-and-error method.

Even if an acceptable lag scheme is eventually found there will probably be

autocorrelated residuals which will violate the basic assumptions of the regression

model.

To avoid these difficulties the transfer function models described by Box and

Jenkins (1976) could be used. Their approach gives us a technique for identification

of a proper model and allows us to include a model for the residual structure.

Unfortunately their preferred identification procedure was developed for the case

when there is only one independent variable (or when the independent variables are

mutually uncorrelated). In economic time series analysis this is unlikely to be the

case and for that reason it is interesting to try to find another method for

identification which will work well when there are several independent variables

which are intercorrelated.

The purpose of this study is to investigate an extension of a regression method,

proposed by f Pukkila (1980), for preliminary estimation of the impulse response

function of the transfer function model in the identification phase of building a

transfer function model. This extended method will be useful when the input

variables are correlated. (Note: In the following, unless otherwise stated, the term

identification will be used as a synonym of preliminary estimation of the impulse

response function.)

To investigate the possible benefits of the extended method a simulation

experiment has been performed. The model used is from Pukkila (1980).
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Outline of the paper:

In Chapter 2 the Box-Jenkins transfer function approach is presented and some

methods for impulse response function identification are discussed. Chapter 3 deals

with the regression method and the solution of the multicollinearity problem by

biased regression, and how to adjust for autocorrelated residuals. A suggestion for an

extension of Pukkila's regression method, which could be used when the input
variables are correlated will be described in Chapter 4. To explore the possible

benefits of the new method a simulation experiment has been performed. The outline

of the experiment and the results will be reported in Chapter 5. Some concluding

remarks will finally be given in Chapter 6.
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2. TRANSFER FUNCTION MODELS

The use of univariate models for description and prediction of economic time

series has been criticized by econometricians because the ARMA models could be

used without understanding of the underlying economic system and that ARMA

models could not be used to predict future values of a series when the system has been

"shocked" (e.g. when an extreme value of an exogenous variable has occurred).

To overcome this criticism, Box and Jenkins transfer function models (1976, Ch.

11) may be used instead. These models resemble ordinary regression models but have

the advantage of an explicit noise model which allows the residuals to be

autocorrelated.

A transfer function model with one input variable, xt' may be split into two

components following Jenkins (1979),

where Yt is the dependent variable (suitably differenced/transformed to be mean and

variance stationary), ut contains that part of Y
t

which can be explained exactly in

terms of x
t

(suitably differenced/transformed to be mean and variance stationary)

and n
t
is an error term which represents all "missing" x variables plus the pure noise.

The relationship between xt and ut can be expressed by a linear dynamic relationship

of the kind,

i.e.,

where II(B) = 6~Zj Bb, B is the ordinary lag operator, w(B) is a "moving average"

operator, orB) is an "autoregressive" operator and b is a pure delay parameter which

represents the number of complete time intervals before a change in x
t

begins to have

an effect on Yf
The transfer function II(B) is a rational lag structure which may represent any

linear dynamic relationship between xt and Y
t

to any specified degree of accuracy.
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This formulation of the transfer function weights has also been used in econometrics,

see e.g. Jorgenson (1966). In general differently differenced input and output

variables may be used.

nt may be replaced by an ARMA(p,q) model of the form

where <p(B) is an autoregressive operator, OrB) a moving average operator and at a

white noise series. If n
t

is eliminated between the two expressions above a transfer

function-noise model is obtained,

(2.1)

When there are more than one input variable, say m variables x
lt

' xu' ..., x
m t

' the

expression above is easily generalized to

(2.2)

It is also possible to allow the series to be seasonal. It is easy to show that the

ordinary regression model is a special case of the more general model (2.2) above.

2.1 Identificationoftransfer function models

Box and Jenkins (1976, p. 378) suggest the following identification procedure:

(1)

(2)

Derive rough estimates o.of the impulse response weights.
J

Use the estimates V. to make guesses of the orders sand r of the right-hand
J

and left-hand operators, w(B) and o(B), and of the delay parameter b.

(3)

(2.3)

Substitute the estimates V.in the equations
J

v.=O
J

v.= 0lv. 1+ 02v. 2+"'+ °v . + woJ r: r: r;rr
v.= 0lv. 1+ 02v. 2+"'+ °u . - w. bJ r: r: r;rr r:
v.= 0lv. 1+ 02v. 2+"'+ °u.J ;r ;r rrr

j< b

j= b

i> b+1,b+2, ... ,b+s

i> b+s
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with values of r, sand bobtained from (2) to obtain initial estimates of the

parameters b'and win e(B) and w(B).

If the true u .values were known, b, rand s may be guessed using the following facts.
1

The response weights consist of

(1) bzero values vo' v1' ..., vlr-1

(2) a further s-r+1 values vb' vb+1' ..., vb+.t-r following no fixed pattern (only

if s ~ r)

(3) values v
j

with j ~ b+s-r+1 which follow the pattern of an roth order

difference equation which has rstarting values vb ' ..., Vb+ i'+4 .9-r+

In Fig. 2.1 some common forms of b(B) and w(B) and the corresponding v(B) =
w(B)fb(B) are shown. Usually the orders of b(B) and w(B) are 0,1 or 2.

When the noise model is included in the transfer function model, a combined

transfer function-noise model is obtained. The noise will of course "disturb" the

empirical response function in Fig. 2.1. We therefore need a "good" method for

estimating v(B), a method that will give efficient estimates of v(B). The method

should also be easy to use and not too expensive in computer time. The aim of this

study is to investigate some methods for estimating the impulse response function

(transfer function) that have been proposed. Of special interest is the case when there

are several correlated input (x) variables in the model.

The "true" identification problem of step 2 and 3 above can be solved in different

ways. That part of the identification phase will not be discussed further in this study.
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r,s,b Transfer function Impulse response, lIj lIj j

O,O,b Yt = woBbXt lIj~ ° ~ < b
I j Wo J = b

° i > b

O,l,b Yt (wo-wIB)BbXt lIj~j ° j < b=
Wo j = b

-WI j = b-I

° j > b-I

O,2,b Yt (wo-WIB-W2B2)BbXt lI
jW--J-j ° j < b= j = bWo

-WI j = b-]
-W2 j = b+2

° i > b+2

1,O,b (1-6 IB)Yt = woBbXt lIj~j ° j < b
Wo j = b
Olllj -I j > b

1,1,b (1-6 IB)Yt
b lIj~. ° j < b= (wo-wIB)B Xt j bWo =

b J oIWO-WI j= b+l

Olllj-I j> b+l

2,O,b (1-6IB-62B2)Yt woBbXt lIj~j ° j < b= j = bWo

Olllj -1+6 211j-2
j > b

2,2,b lI'~ ° j < b(1-OIB-6 2B2)Y = Jt . Wo j = b
(wo-WIB-W2B2)BbXt J 6lwo-wl j=b+l

(6~+W2)Wo-6IwI
-W2 j = b+2
6111j -1+0211j-2

i > b+2

Fig. 2.1. Examples of impulse response functions from transfer functions of

order (r,s,b), (1-61B-..-6
r
Br) yt =(wO-w1B-..-w,B')BbXf
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2.2 Methods for estimating the impulse response function

In their book, Box and Jenkins discuss three methods for estimating the transfer

function weights. Two of these methods are time domain methods, the regression

method (see Chapter 3) and the prewhitening-eross-eorrelation method (Section

2.2.1). The third method is a frequency domain method, the cross spectral analysis

method (Section 2.2.3). They found that the regression method had several

disadvantages and that the prewhitening-erosscorrelation method was to be

preferred. However, they only discuss the case when there is only one input variable.

There have also been some other methods proposed or used in practical applications.

Priestley (1971) proposed a method, the covariance contraction method (Section

2.2.2) that is similar to Box and Jenkins' prewhitening-erosscorrelation method. In

practical applications the transfer function model could be identified by fitting a

model that contains too many (or too few) parameters (Section 2.2.4). By trial-and­

error the "right" model will eventually be found.

2.2.1 The prewhitening-erosscorrelation method

In order to study the relationship between x and y, the cross covariance or the

cross correlation coefficients at different lags may be computed. The theoretical cross

covariance coefficient bet ween x and y at lag k is

(2.4) k = 0, ±1, ±2, ...

and between yand x at lag k

(2.5) k = 0, ±1, ±2, ...

In general, 'Y (k) f 'Y (k). However, since 'Y (k) = 'Y (-k) only one function 'Y (k)
zy yz zy yz zy

for k = 0, ±1, ±2, ... is needed. This cross covariance function is not in general

symmetric about k = 0. The function

(2.6)
'YZy(k)

P (k) = -
zy a » a

z y
k= 0, ±1, ±2, ...

is called the cross correlation function. In practice these functions are estimated from
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1n- k
- E (x-x)(y -V)
n t = 1 t t+k

1n+k
- E (y-y)(x -x)
nt= 1 t t-k

k= 0, 1, 2, ... , n-1

k = 0, -1, -2, ... , -n+1

where x and yare the means of the x series and y series, respectively. The cross

correlation function is then estimated by

(2.8) k= 0, ±1, ±2, ...

where s = c (0)1/2 and s = c (0)1/2. If z and yare ergodic processes, r (k) dies
z zz y yy zy

out fairly rapidly.

To obtain an estimate of lIk we could compute the regression coefficient of Yt on

x
t
_

k
. This coefficient may be a poor estimate of 1Ik' partly because of the

autocorrelation in the x variable. To overcome this problem Box and Jenkins

proposed the following method.

If the input follows a white noise process, the regression coefficient would be a

fairly good estimate of lI
k

. When the input follows some other process it could be

transformed to white noise by a linear transformation. If the same transformation is

applied to the output series both variables have been prewhitened.

It is assumed that the input process has been suitably differenced to be

stationary. Then the differenced series can be represented by an ARMA(p,q) model

(2.9)

or

<p (B)(xt-p, ) = e (B) at
z z z

(j1(BN (B)(xt-p,) = at
z z z

The noise series at is then a close approximation to an uncorrelated white noise series.

Applying the same transformation to the stationary series Yt gives

(2.10)

The transfer function-noise model may then be written as
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(2.11)

where f t = u:1(BN/B)nt is the transformed noise series. Since at is white noise and

nt is assumed to be independent of the input process, it is possible to obtain the

coefficients II. from
1

(2.12) k= 0, 1,2, ...

where 1QJk) is the cross covariance at lag k between a and {3. Alternatively (2.12)

can be written as

(2.13)
p

Q
(3 ( k)u(3

IIk = --'2:-
u-.I::..

Q

k=0,1,2, ...

In practice Ilk is estimated by

(2.14) k= 0,1,2, ...

When there are more than one input variable, the prewhitening technique can

again be applied, if the input processes are not cross correlated, to give the estimates

Vv for k = 1, 2, ..., m and j = 0, 1, 2, .... If some or all input processes are cross

correlated, the prewhitening technique is not directly applicable. For an example, see

Damsleth (1979).

In the case of one input variable, the estimate v
k

could be thought of as a

regression coefficient of Yt on the variable xt_k
. If xt is autocorrelated the x variables

xt' xt_1' ... , xt_k
' ... will be correlated. This means that we will have multicollinearity

between regressors. On the other hand, if the x variable is prewhitened as described

above, the regression variables xt' xt_ 1
' ... , xt_k

' ..• will be made orthogonal to each

other.

2.2.2 The covariance contraction method

This method suggested by Priestley (1971) is an approach similar to that of the

prewhitening method described above. Priestley suggests that both x
t

and Y
t

are
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prewhitened by fitting univariate ARMA models to each process. This leads to

(2.15)

and

(2.16)

at = fTl(B)¢J (B}(xt-p, )
z z z

where at and TIt are white noise processes. Now a transfer function model can be

fitted to the residuals

The corresponding transfer function model for x
t

and Y
t
is then given by

(2.18)

or

where

P(B}fTl(B)¢J (B}(yt-p, ) = Q(B}fTl(B)¢J (B}(xt-p, ) + ftY Y Y z z z

B(B} = P(B)¢J (13}0 (B)
y z

A(B) = Q(B)¢ (B}O (B)
z y

N;= 0iB}O/B}ft

The main reason for this approach is that the structures of the operators A(B), B(B}

depend on both the autocorrelation and cross correlation structure of x
t
and Yf When

individual models are fitted to x
t

and Yt the autocorrelation structures are removed

and, therefore, it is reasonable to assume that the form of the operators, Q(B} and

P(B}, will be much simpler than the form of A(B} and B(B}.

Then the fact that TIt and at are white noise processes is used when the cross

covariance function is used to indicate the forms of P(B} and Q(B) as follows. If

(2.19)
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then

(2.20)

The cross covariance function between ~t and Q
t
is given by

(2.21)

This means that the cross covariance function at lag k is simply the coefficient qkand

when Q(B) contains a finite number of terms, Pea( k) will be zero, except for lags k =
0, 1, 2, ... , m. On the other hand the cross covariance function between Tit and Qt'

P (k), will not in general vanish after a finite number of terms since the operator
71a

(P-l(B)Q(B)), in general, will produce an infinite series in powers of B. Luckily,

there is a simple relationship between p (k) and Pt (k),
1/a ~a

(2.22) e. (k) = P(B)p (k)
~ a 71a

(where the shift operator B acts on the variable k). Therefore, P(B) may be regarded

as the operator which "contracts" the cross covariance function, p (k), into the
71a

function pea( k).
In practice the estimated cross covariance function, r (k), is used and a suitable

71 a
form of P(B) can be found by seeking the filter which causes the function r (k) to

71a
decay quickly to zero.

When the form of P(B) is found, the form of Q(B) may be determined by

inspection of the contracted cross covariance function, 1'ea(k). (Only lags for which

1'ea(k) differs significantly from zero are of interest.)

If there is a pure delay between the two series, some of the first q. are zero.
I

When P(B) and Q(B) have been determined, the structure of B(B) and A (B) can be

found by polynomial multiplication.

This method does not seem to be superior to the prewhitening-cross correlation

method. In fact, the identification of P(B) seems to be a difficult task in practice (see

Liu and Hanssens, 1982).

Haugh and Box (1977) used a similar approach. They estimated at and Tit as

Priestley, but then they used the Box and Jenkins cross correlation method to obtain

an estimate of the impulse response function. The identified model was then

combined with the models for xt and Y
t

to obtain the transfer function model. Fask
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and Robinson (1977) generalized Priestley's approach to multivariate dynamic

models.

2.2.3 The cross spectral analysis method

Box and Jenkins (1976, Appendix A11.1) also give an identification method that

does not require prewhitening of the input. This method is based on spectral analysis.

It could also be extended to multiple (cross correlated) inputs.

They redefine the transfer function v(B) so that it could have non-zero impulse

response weights vk for k a negative integer, so that

(2.23)

Then if the transfer function-noise model is

(2.24)

the theoretical autocovariance function between x
t

and Yt is

(2.25)

Let

CD

'Y (k) = E v.'Y (lrr-J)
ZlI j=-ro J zz

k= 0, ±1, ±2, ...

(2.26)

denote the cross covariance generating function. Then, multiplying throughout in

(2.25) by Bk and summing gives

(2.27)

where 'Yzz is the autocovariance generating function. Substituting B = e-i2'K! into

(2.26) and (2.27) gives
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(2.28)

where

1 1--< f<-2 - 2

(2.29) v[e-i21r fJ = G(f)i21r¢J(J) = E v
lee-

i21rflc

1e=4D

p (f) is the cross spectrum between input and output. (2.29) is called the frequency
zy

response function of the system and is the Fourier transform of the impulse response

function. Since v(e- i 21t f) is complex it can be written as a product involving a gain

function G(f) and a phase function ¢J(f). If v(e-i 21t f) was known, it would be possible

to obtain the impulse response function vie from

(2.30)
1/2

vie = I v [e-
i21r1e

i21rf
df

-1/2

In practice, v(e»21tf) has to be estimated. The integral in (2.30) can be replaced by a

finite sum. It is also possible to estimate the noise autocovariance function 'Y (k).
nn

For multiple input transfer function models with m input variables it is possible

to extend the method above. Let us assume, that after differencing the transfer

function-noise model may be written as

(2.31)

Multiplying throughout by xl t-le' X2 t-le' ... , Xm t-Ie in turn, taking expectations and
forming the generating functions, the 'following system of equations is obtained:

(2.32)

Substituting B = e-i 21lf into (2.32) the spectral equations are obtained
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(2.33)

where H.(f) = 1I.(e-i 21l f) can be estimated and substituted into (2.30) to give the
J J

II
j k

- weights. This method has been described in Pukkila (1979). He has also

performed some simulations to investigate the properties of this method. From his

results it seems as if this method will work well even when the input processes are

cross correlated. One disadvantage with this method is the computational effort

needed. For the practitioner it could also be difficult to understand the method since

we are partly working in the frequency domain.

2.2.4 The under-/overfitting method

If we have a good theory it may be possible to specify a tentative model. We may

then estimate the model and test the coefficients and residuals to see if the model is

adequate. If not, it can be modified according to the result of the diagnostic checking.

A slightly different approach would be to overparametrize the model and then

delete the parameters that are non-significant. This approach may lead to a

non-parsimonious model, there can be common factors in 6(B) and w(B) which may

not be detected.

If, on the other hand, the model is underparametrized, parameters are added as

they are needed. Also in this case it is possible to stop before the "best" model is

reached.

If the number of input variables is large, there may be many models to be

estimated and we are not even sure we got the best one.
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3. THEREGRESSIONMETHOD

Box and Jenkins (1976, p 379) also discuss a simple regression method for

identification of the impulse response function without prewhitening. They write the

model (2.1) without a constant as

(3.1)

where Y
t
, x

t
and n

t
are stationary processes with zero means. Then, multiplying

throughout in (3.1) by x
t
_

k
for k = 0, 1,2, ... gives the following equations

Talftg expectations in (3.2), on the assumption that xt_k
is uncorrelated with nt for

all'the following set of equations is obtained

(3.3) 'Y (k) = /lo'Y (k) + /l1'Y (Ar-l) + ...zy zz zz k= 0,1,2, ...

Assuming that /I.::: 0 for k » K, then it is possible to write the first K+l equations of
J

(3.3) as

(3.4) '1 = r 11zy zz

where

'YZy(0) 'Yzz(O) 'Yzz(l) ... "( (K) /1
0zz

'Yzy(1) 'Yzz(1 ) 'Yzz(O) ... 'Y (K-l) /11
r zz

'Yzy= = 11=zz
'Yzy(K) 'Y (K) 'Y (K-l) ... 'Y (0) /lKzz zz zz

To estimate 11, 'Y (k) is replaced by c (k) and 'Y (k) by c (k).zz zz zy zy

Box and Jenkins point out that these equations,

a) do not in general provide efficient estimates

b) are cumbersome to solve

c) in any case require knowledge ofthe point Kbeyond which v.is effectively zero.
J

If there are more than one input variable equations (3.3) and (3.4) could easily
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be extended to include several input variables.

In addition to Box and Jenkins' remarks on this method it could be seen that if

the input variables are autocorrelated and/or cross correlated then the covariance

matrix r:l::I: will be multicollinear, i.e. if we view the lagged variables XI,t' ... , XI,t-K'

X2,t' ... , X2,t_K' ... , Xm,t' ... , Xm,t_Kas different variables these "independent" variables
will be correlated. Therefore the estimate v will have larger variance than if the

inputs were white noise and not cross correlated. Even if r is orthogonal there
:1::1:

would still be a problem with autocorrelated residuals from n
f

To avoid these problems, which may be of great importance when input

variables are auto- and cross correlated, the z variables could be transformed with

respect to the noise model and then some form of biased regression could be used to

reduce the effects of multicollinearity. The problem of multicollinearity and its

solution is discussed in the two following Sections. The problem of autocorrelated

residuals is discussed in Section 3.3.

From knowledge of the underlying system it may be possible to specify which

lags viemay be non-zero. This may decrease the order of the r matrix.
:1::1:

Pukkila (1980) investigated this regression method and found that the estimates

were surprisingly good for systems where the input variables were moderately cross

correlated. Therefore, it is of interest to study how this method works when the input

variables are more seriously cross correlated.

Liu and Hanssens (1982) solved the multicollinearity problem by transforming

the yand x variables by a common filter. This filter was constructed to eliminate AR

factors with roots close to one in the ARMA processes for the x variables. To avoid

the effects of autocorrelated residuals the transfer function weights were estimated

with generalized least squares (GLS) rather than ordinary least squares (OLS).
Erickson (1981) used the ridge estimator to estimate the transfer function

weights in a "direct lag model" for the famous Lydia Pinkham Data. He used only one

input variable and did not correct for autocorrelation in the residuals.

3.1 Multicollinearity

In general, there will be correlation between the variables Xl t' Xl t-l' ... , X2,t'
X2,t_I' ... , Xm,t' Xm,t_l' .... The correlations will be of two different kinds,'

a)

b)

autocorrelation between X't and x' t Ie i = 1,2, ... , m
'I, 'I, +

cross correlation between Xi,t and xi+1,HIe i = 1,2, ... , m, 1*0.
This means that the independent variables are not independent, i.e. there is a
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multicollinearity problem. The main consequences of this are (Johnston, 172, p 160):

The precision of estimation falls. This means that the specific estimates may

have very large errors; these errors may be highly correlated, one with another,

and finally, the sampling variances of the coefficients will be very large. (It is

also possible that the estimated coefficients have the wrong signs.)

We may be led to drop variables incorrectly because their coefficients are

non-signifi cant.

Estimates of coefficients become very sensitive to particular sets of sample data,

the addition of more data may produce large shifts in some of the coefficients.

Several ways to detect and test for multicollinearity in the data matrix have

been discussed in literature, see e.g. Webster et al (1974) and Haitovsky (1969).

Several "remedies" have also been proposed to decrease the bad effects of

multicollinearity, see e.g. Intriligator (1978, Ch. 6), Silvey (1969) and Farrar and

Glauber (1967). Some of them are not applicable when economic data are used, and

in particular not possible to use when estimation of the impulse response function is of

interest.

The author therefore proposes the use of biased regression to reduce the effects of

multicollinearity.

The basic idea of biased regression is that if a small bias is introduced in the

estimate it is possible to reduce the variance of the estimate considerably. Then the

mean squared error, MSE, will be lower for the biased estimator than for the OLS
(Ordinary Least-Squares) estimator. (MSE = E{(v-v)2} = E{((v-Ev)+(Ev-v))2} =
Variance + Square of bias.)

Various biased estimators have been described in literature. Among them the

principal component estimator and the ridge estimator seem to be of particular

interest. Other biased regression estimators have been proposed by Marquardt

(1970) (Generalized Inverse Estimator), James and Stein (1961), and Webster, Gunst

and Mason (1974) (Latent Root Estimator).

3.2 Biasedregression methods

In this Section two of the biased estimators that have been proposed and used to

decrease the effects of multicollinearity will be briefly described.
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The principal component estimator

If the independent variables are correlated then it is possible to describe most of

the variation in the dependent variable by a subset of the independent variables. In

principal component regression linear combinations of the z variables are constructed,

principal components, and then these new variables are used in the regression. The

principal components are chosen so that they are pairwise uncorrelated and that the

first component will have the maximum possible variance, the second the maximum

possible variance among those uncorrelated with the first, and so forth. The first

component can be written as,

(3.5)

where h = m- (K+l) (h is the number of independent variables, including lags of the

original variables). In matrix form,

(3.6)

Usually al is normalized by setting a{al = 1. This means that z{zl = -\a{al = -\
where -\ is the largest eigenvalue of the X'X matrix. Continuing in this way gives, in

matrix form,

(3.7) Z = X· A
(nxh) (nxh)(hxh)

where A = (aI' a2, ..., ah) is a matrix of eigenvectors and Z is a nxh matrix with h

principal components. Transformation of the x variables by the A matrix gives the

least squares solution of 1, the transformed coefficients, as

i = (Z'Z) -lZ'y or

(3.8)

i= A-1Z'y

where A is a diagonal matrix of size hxh.with -\' ).2' ... , \ on its diagonal. To obtain

vthe transformation is reversed and vis given as v= Ai. If X'X is orthogonal all )..
I

are equal to one. Even though the data matrix A is orthogonal the estimates in vare

as imprecise as before. To improve on the OLB estimates some of the principal
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components have to be deleted (meaning that the effective rank of X'X is reduced).

This will introduce a bias, but if the data are highly collinear the reduction in the

variance of the estimate vwill be larger than the effect of the bias. There are several

ways to determine the number of and which of the principal components to delete:

a) The 1 values could be plotted for different numbers of deleted variables. This

plot is called a Principal Component Trace by Vinod (1974). From this trace it

may be possible to find the point where the 1's are stabilized and choose the

corresponding number of principal components.

b) Marquardt (1970) discusses the principal component estimator and its

generalization to non-integer ranks. He calls his estimator the Generalized

Inverse estimator. He proposes a criterion for choosing an integer rank that will

include "substantially all" of the variation in the x variables. The criterion is

that the smallest value of rfor which

(3.9)

h
E A.

j=h-r J

h
EA.

j=l J

<w

is chosen, where \ > A
2

> ... > \. Typically w is selected to be 10-5, or in the

interval 10-1 to 10-7.

c) Massy (1965) gives two alternative criteria for deleting components,

(i) Delete the components with the smallest eigenvalues.

(ii) Delete the components that are relatively unimportant as predictors of y,

i.e. the components with the smallest value of 1 in equation (3.8) are

deleted.

There is no reason why the two criteria should give the same result because y

need not be highly correlated with components having large eigenvalues.

Greenberg (1975) summarizes this, "including components with small

eigenvectors increases variance, while including such components, if correlated

with y reduces bias".

The principal component method may be very useful in our case since there are a

large number of variables. If the rank of the X'X matrix is reduced it will be easier to

solve the equation (3.8) for 1.
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Hoed and Kennard (1970 a.b) introduced a biased regression method called

Ridge Regression. Their estimator may be written as,

(3.10)

i.e. a small quantity k » 0 is added to the diagonal elements of X'X before inversion of

the matrix. They showed that the sum of MSE:s for individual parameters of the

ridge estimator is always lower than the corresponding MSE for the OLS estimator

for some k < a2/'y 2 (where 'Y is the largest 'Y from regression on principal
rnaz rnaz

components as described in the previous Section). The summed MSE for the OLS

estimator is,

(3.11)

and for the ridge estimator

h 1
E(L~(v)) = a2 .E X":

1=1 1

(3.12)

where the first term on the right is the variance and the second is the squared bias.

As k -+ [JJ the variance -+ 0 and the bias -+ 11'11. The effect of increasing k is to force the V.
1

towards zero. k "shrinks" the vvector.

As can be seen from equation (3.11) the effect of multicollinearity is that the

MSE is greatly increased. For an orthogonal X'X \ = ... = \ = 1 and E( L~(v)) =
h· a2• When the multicollinearity is strong at least some 0 < A. << 1. Then

1

E(L~(v)) » li- a2• It may then be assumed that at least some Vi are too large. This

may also be seen from the expected sum of squared coefficients

(3.13)
h

E(v'v) = 11'11 + a2tr(X'X)-1 = 11'11 + a2 E 1
. 1 X":
1= 1

which will be larger than 11'11 on the average.

This estimator may then be used in our case. However, there is one problem that

has to be solved, the value of k has to be determined. Since its optimal value depends
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on the unknown parameters (J and 7 (or II) k has to be estimated from our data.

Unfortunately there is no guarantee that L~(iiR) < L~(ii) for our estimated k.

Therefore many techniques for estimating k have been proposed and a number of

simulation studies have been performed to investigate the relative merits of ridge

regression v. OLS regression and of the methods for choosing k. (See e.g. Dempster,

Schatzoff and Wermuth (1977), Wichern and Churchill (1978), Hocking, Speed and

Lynn (1976), Gunst and Mason (1977), Lawless and Wang (1976), Hoerl and Kennard

(1976), McDonald and Galarneau (1975)). Here only some of the methods are given:

i) Hoed, Kennard and Baldwin (1975)

(3.14) k= h·u2

~ '2
LJ '"1.

t

i. is the 0 LS estimate of '"1.
t ,

ii) Lawless and Wang (1976)

(3.15) k= h·u
2

E>. .i~t ,

iii) Bulcock, Lee and Luk (1981)

Choose k to satisfy

(3.16)

iv) Hocking, Speed and Lynn (1976)

(3.17)
E>'~i~

k=u 2 - -' - '

E>'~i~, ,

v) Hoed and Kennard (1976)

An iterative version of i) above

(3.18) k = h·u
2

o E '2'"1 j
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k -k
Stop when 4 t 5 8= 20(tr(X'X) -1/h)-1.30

t

vi) Hoed and Kennard (1970 b)

The Ridge Trace: 1
R

is computed for different values of k and plotted in a

diagram with k on the z-axis and 1
R

(k) on the y-axis. The optimal value of k is

then determined by inspection. The value of k for which the ridge trace has

stabilized is chosen.

In Leskinen (1980) the results from a simulation study are reported. He makes

the following conclusions (p 78-9): The ridge estimator is more favorable to the OLS

estimator when,

a) the number of explanatory variables increases

b) the degree of multicollinearity increases

c) the signal-to-noise ratio 1'1/ (J2 decreases

d) the direction of the parameter vector changes from the eigenvector corresponding

to the smallest eigenvalue of the X'X matrix to the eigenvector corresponding to

the largest eigenvalue of the X'X matrix.

The ridge method described above may be called the Ordinary ridge estimator.

The same value k is added to all diagonal elements of X'X. It is also possible as

pointed out in Hoed and Kennard (1970a p 63) to have a more general form of ridge

regression by replacing k- I
h

by K where K is a hxh. diagonal matrix with diagonal

elements equal to k., i.e. a k value is determined for each of the explanatory variables.
t

It is then possible to adjust the bias for each variable. This estimator is called the

Generalized ridge estimator. The optimal value of k, is k . = (J2/'Y~. As above (J2 and
t t t

'Y. are unknown so k. has to be estimated. Hemmerle (1975) and Goldstein and Smith
t t

(1974) have proposed a non-iterative and an iterative method for estimating the k,
t

respectively.

Since some of the ii. may be relatively unaffected by the multicollinearity it may
t

be wise to add a value k, only to those diagonal elements corresponding to variables
t

affected by the collinearity. Then the total bias will be reduced. This estimator, the

Directed ridge estimator has been proposed by Guilkey and Murphy (1975).
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3.3 Autocorrelated residuals

A basic assumption in regression analysis is that the residuals are uncorrelated.

If this is not true the OL5 estimates will not be efficient (minimum variance) and

ordinary tests of significance can not be used. There will also be a bias in the

estimation of the variance of the stochastic disturbance term. The OL5 estimates are

still defined, linear, unbiased and consistent. Since we want to test the significance of

individual regression coefficients it is important that tests for autocorrelation are

performed and if autocorrelation is found the estimates are corrected for this.

In regression there have been several methods proposed for dealing with

autocorrelation. These methods, e.g. Durbin's method and Cochrane-Orcutt's

method (see e.g. Johnston, 1972), assume that the residuals can be described by an

AR model of low order (often an AR(I) model). The technique is to assume and

estimate the noise model and then transform the x and Y variables according to the

noise model. The difficulty is to identify and estimate the noise model. The two

methods mentioned above are of two different kinds. Durbin's method is a two-step

procedure and Cochrane-Orcutt's method is an iterative method where the iteration

is on the estimation of v and the noise model.

Box and Tiao (1975) used the transformation technique in a case study where

they wanted to estimate an intervention function model. In the case of transfer

function-noise models the variables can be transformed (if the true model was

known) as,

¢(B)Yt = O(B)yf all t

(3.19)

¢(B)x· t .= O(B)x'·t .
~, -) ~, -}

i= 1, , m
j= 0, , k

where Y
t
' and x'. t . are the transformed variables. Equation (2.2) can then be written

~, -}

as

(3.20)
m w.(B)

Yt' = c' + E -l-nn x'. t-b + at
j=l "/LJj}, j

This model may then be estimated by one of the biased regression methods of the

previous Section.

[On Identification of Transfer Function Models)



51

4. A TWO-STEP PROCEDURE FOR THE IDENTIFICA­
TION OF THE IMPULSE RESPONSE FUNCTION
WHEN THE INPUT VARIABLES ARE CORRELATED.

In this Chapter a biased regression method is presented. The method can be

used to identify the impulse response function when the input variables are correlated

and when the noise model can be described by a (seasonal) ARMA model. As has

been shown in the previous Chapter it is possible to deal with multicollinearity and

autocorrelated residuals by biased regression and transformation respectively.

Therefore in the first step the noise model is estimated and the x and y variables are

transformed, in the second step the impulse response function is estimated by a biased

regression estimator as e.g. the principal component estimator or the ridge estimator.

4.1 Step one: Identification, estimation and checking of the
noise model and transformation of the input
and output variables

To identify the noise model, Box and Jenkins (1976, p 384) suggest that the noise

series n
t
is estimated by

(4.1)

where the OrB) are preliminary estimates of the impulse response function. Formula

(4.1) may easily be modified to include several input variables. From the noise series

nt an ARMA model (or a seasonal ARMA model) can be identified by the standard

procedure of Box and Jenkins. To estimate the impulse response function it is

suggested that one of the biased regression methods described in Section 3.2 is used.

Those estimators do in general give better estimates of 11 and better predictions of

future values than the ordinary least-squares estimator. The identified model is then

estimated by e.g. Marquardt's (1963) non-linear estimation method. The results are

checked and if the model is inadequate it has to be modified and re-estimated till it is

found acceptable. The so obtained model

(4.2) • orB) •n = a
t NB) t

is then used to transform the original variables Y
t
, xlt' ..., x

mf
This gives
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(4.3) O(B)Y~ = (J(B)Yt all t

o(B)Xjt= (J(B)xjt j= 1, ..., m all t

4.2 Step two: Estimation of the impulse response function
from the transformed variables Y~ and xjt

In the second step

(4.4)

is estimated by a biased regression method. In (4.4) the residuals at will be (almost)

white noise and by using biased regression the bad effects of multicollinearity are

decreased. The estimates Y.. will then hopefully be good estimates of II .. and the
~ ~

significance of the coefficients can be tested by the standard t-test. From the

estimated values Y.. the transfer function model can be identified as described in
I)

Section 2.1.

If it is believed that the estimated noise model is inadequate, i.e the estimated

residuals, at' in (4.4) are not white noise, step one can be repeated with the estimates

Y.. from (4.4) substituted into (4.1). The noise model is then re-identified and
I)

re-estimated, the variables transformed and (4.4) re-estimated. This procedure can

be repeated until the estimated residuals, at' in (4.4) are white noise.
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5. EVALUATIONBYSIMULATION

Since it is not possible to evaluate the proposed identification method of Chapter

4 by analytical methods the author has chosen to perform a simulation study.

5.1 The model

Of course it is an impossible task to make a complete evaluation of the proposed

procedure by the use of simulation techniques. The results may be dependent on the

model chosen and its parameter values. Therefore the aim is not at a complete

evaluation, but merely at showing the effects for one model. The model chosen is from

Pukkila (1979) and has also been used in Damsleth (1979) and Pukkila (1980).

Pukkila considers two similar models, here the two input processes model has been

chosen

(5.1)

where

Yt = (2+4B+B2)X
1

t + (l-.6B)-lB3X
2 t + nt, ,

The processes a
1t,

a2t and at are normal white noise processes such that at is

uncorrelated with a
lt

and a
2t,

and a
1t

and a
2t

are correlated with the covariance

matrix E.

If we expand the model we obtain

(5.2) v, = 2X1,t + 4X1,t_ l + X1,t_2 + X2,t- 3 + .6x2,t-4 + .36x2,t_5 +
... + .0279936x2,t_ l O+ ... + nt

We are interested in trying to estimate the coefficients in eq. (5.2) by the use of the

regression methods presented in Chapter 3.

5.2 Criteria forcomparingestimators

The most commonly used criterion is the MSE criterion which may be computed

for each coefficient or for the whole vector of coefficients.

We have
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h
MSE(v) = E(li-V)'(li-V) = E E(V.-1I.)2

i=l "

where v is the estimated vector of coefficients. The mean squared error may be

thought of as the sum of two components, bias2 + variance. In this study main focus

has been on the total MSE(v) as in (5.3). The MSE has also been computed for each

coefficient .

Another possible criterion is the generalized mean squared error

(5.4) GMSE(v) = E(li-v)'G(li-v)

where G is a symmetric positive semi-definite matrix of order hr h: If G = I
h

we obtain

the MSE(v) in (5.3). Usually G = X'X so that the GMSE(v) is a measure of the

predictive ability of the v.:s. Since the primary interest is not in prediction this,
criterion will not be used.

When the impulse response weights are estimated by regression methods not only

the true values of the V.:S are of interest, but also their standard errors (for testing,
their significance). Therefore estimators which give low standard errors for the

estimated coefficients are of interest. As a measure of the ability to identify the

significant coefficients the standard error ofthe v.:s have been computed.,

5.3 Selected estimators

In Chapter 3 several biased regression estimators were discussed. For this study

two of the more well known estimators have been selected; the principal component

estimator and the ridge estimator.

For the ridge estimator the k-value has been computed by the method of Lawless

and Wang (1976), i.e.

(5.5) k= h·82

E). .'p, ,

where i. is the OLS estimate of 'Y., ).. is the i:th eigenvalue and 8 2 is the OLS estimate, , ,
of the standardized 0'2.
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The principal component estimator uses the first r principal components

corresponding to the r largest eigenvalues. The value of r has been determined so that

the r components contain at least 99.5 % of the variance of the 22 standardized x

variables. Another way of choosing the principal components is to choose the

components which contributes significantly to the explanation of y. There may be

some of the components with small eigenvalues that have significant 1:s. This would

have been more time consuming in terms of CPU time.

As a standard of comparison the OLS estimates have also been computed.

For these three estimators, estimates are computed both for the original data and

for the transformed data.

5.4 The experimental design

As was noted in Section 3.2.2 the ridge estimator is more favorable to the OLS

estimator when

a) the number of explanatory variables increases,

b) the degree of multicollinearity increases,

c) the signal-to-noise ratio 1'1/a2 decreases,

d) the direction of the parameter vector 1 changes from the eigenvector

corresponding to the smallest eigenvalue of the X'X matrix to the eigenvector

corresponding to the largest eigenvalue of the X'X.

In this experiment the effects of changes in b) and c) have been studied by varying

the degree of multicollinearity by using different values of the covariance between a
1

t

and a
2t

and by varying the signal-to-noise ratio by using different values of (f2.

The number of explanatory variables is 22, since lags up to 10 for each variable

have been used. (As can be seen from eq (5.2) the value of v
2

,l O ~ 0, i.e. the cut-off is

after lag 10.). More x variables could have been included by using more explanatory

variables or by using a larger lag for each variable. Since the ridge estimator is known

to be more superior to the OLS estimator when the number of variables increases,

there is no need to include more variables at this preliminary stage.

It would be more interesting to experiment with different orientations of the

parameter vector 1 but that is left for a later study. (The number of possible

combinations of levels on the multicollinearity, signal-to-noise ratio and parameter

vector orientation would soon become very large.)

The degree of multicollinearity may be varied in two different ways. First, the

intra correlation (autocorrelation) may be changed by changing the parameters of the
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two input processes. The coefficient of xl t-l could e.g. be changed to, say, .9. Then

the autocorrelation for the x
l t

series would be increased, i.e. the correlation between

xl t and xl t-k would increase etc..
, The s'econd way is to change the inter correlation (cross correlation) between the

two variables. This is done by changing the off-diagonal element of the covariance

matrix I:, i.e. the correlation between alt and a
2t

is changed.

Since the prewhitening technique seems to be less efficient when the cross

correlations are strong, it is interesting to see if the proposed method may be an

improvement in such situations, and therefore only the latter way to change the

multicollinearity in the XIX matrix has been used.

In the experiment the following I: matrices were used

which gives the following approximate correlations between alt and a2t ; .58, .87 and

.98 respectively. (The variance for al and the covariances are not the same as in

Pukkila (1979). He used only one I: matrix with the correlation coefficient .612.)

The second factor considered in this experiment is the signal-to-noise ratio. The

ratio has been changed by using different values of (]"2. (]"2 = .01, 1 and 25 were used.

Fifty replications were made for each combination of I: and (]"2.

The practical work has been carried out as follows:

(The program was written in FORTRAN-77 and run on a PRIME 750 computer. All

real variables have been declared in double precision (REAL*8). NAG-routines have

been used to generate random normal deviates and to compute correlations,

eigenvalues and eigenvectors.)

a) 150 random normal deviates were generated for each of the two z-variables and

for 50 series of a
f

b) The xl-series was computed from the normal deviates. Only the last 100+k

values have been used where kis the lag.

c) For each covariance matrix

1) the x
2
-series was computed

2) the correlation matrix was computed

3) the eigenvalues and eigenvectors were computed

4) the number of principal components to be used was determined so that the

components correspond to 99.5 %of the variation in the e-variables.

d) For each value of the residual variance and for each replication

1) Yt was computed
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2) the coefficient vectors and the corresponding variances were estimated. In

matrix form the following relations were used

OLS:

70 LS = A-lZ'y, vOLS = TA70LS where T is a diagonal matrix

with the scale factors 8 /8 on
11 z·

(S.6) its diagonal J

1-7' 7,'y
V( " ) - "2 TAA -lA'T' h " 2 _ OLfJ

v OLS - aOLS were a OLS - 100-22

Ridge:

where K is a diagonal matrix

with A./(A .+k)on its diagonal• •
(S.7)

1-7' Z'y-k7' 7
V( " ) "2 TAKA-1K'A'T' h " 2 RR RR RR

VRR = a RR were aRR = 100-22

Principal component:

7pC = A;lA~X'y, Vpc = TAr7pC where A;l and A r contain the

first r (largest) eigenvalues

(S.8) and eigenvectors respectively

1-7'7, 'y
V(" ) "2 TA A-1A'T' h"2 PCTr"rc = (fPC r r r were a pc= 100-22

e) The x variables and the y variable were transformed with the true, rather than the

estimated, noise model

(S.9)

and

(S.lO)
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This was done in order to simplify the computations. Of course, in practice the

noise model has to be estimated as described in Chapter 4.

f) For each estimator and for each coefficient, j, the following statistics were

computed

(5.11)

(5.12)

50
MSE(ii).= E (ii.~I1.)2/50 i> 1, ... ,22

] i=l I] ]

50
BIAS(ii).= E (v.~I1)/50 j= 1, ... , 22

] i=l I] j'

(5.13)
50

S(v).= E s./50
] i=l I]

j=1, ...,22

where s .. is the estimated standard error of regression coefficient j in the i:th
I]

replication.

Then the following statistics were computed

(5.14)

(5.15)

(5.16)

22
MSE(ii) = E MSE(ii) /22

i=l ]

22
Bm( Ii) = E BIAS( Ii) /22

i=l

22
S(Ii) = E S(Ii) ./22

i=l ]

MSE(ii) measures the average MSE over all coefficients and all replications,

Bm(ii) measures the average bias over all coefficients and all replications, and

S(v) measures the average standard error of the estimate for all coefficients and

over all replications.

In order to compare the suggested procedure and its estimators the ratios

(5.17)
MSE(ii)

MSE = m

m MSE(v)OLS

S(ii)
and S = m

m S(ii)OLS

where m = RR, PC, OLS(t), RR(t) and PC(t) were computed (t = transformed).
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By using the same time series for variable xl for all simulations and the same time

series for variable x
2

for all replications with a given combination of values of E and (J2

the variance of the estimators have been reduced. This means that the comparisons

between different combinations of E and (J2 will be less influenced by the fact that only

50 replications were made. By this technique we will also avoid the problem of having

stochastic x variables.

5.5 Resultsofsimulations

Before presenting the summarized results from the simulations the results for one

replication where p = .87 and (J2 = 1 are presented.
a,a2

For this replication the y variable was computed from the two x series (x
lt

and

x
2t

) and from a residual series. The two x series remained the same for all replications

with a given combination of p and (J2. Different sets of residuals where used for
a,a2

each replication.

All series were transformed by the true residual model (see Section 5.4) to reduce

the autocorrelation in the residual series and to make the estimated residual variance

from OLS regression an estimate of the true variance of the residual series. The true

models for the transformed variables, x1tand x2tare,

i.e. the orders of the two AR processes have increased from AR(l) to AR(2) and from

AR(2) to AR(3) respectively.

The simulated series are shown in Fig. 5.1. Apart from the Xl series the original

and transformed series look very much the same. Please note that the scales are

different, the transformed series have lower variances. The series are given in

Appendix 1.

In Table 5.1 the autocorrelation and cross correlation functions are given for x
l t

'
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Irensrcrmed time series

Xl series, transformed

Trcnsformed lime series

X
2

series, original x
2

series, transformed

Original time series fi-ensformed time series

y series, original

:1

.t ~ ~ ,~,~,\A,.f VVWi'l v: , I",
-30 ~ 10 ZII )0 .0 " 10 '. 10 to ,o0

oo,.rvcl,onno

y series, transformed

Fig 5.1. Simulated series, xl' x
2

and y, original and transformed.
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Table 5.1. Simulated (r) and theoretical (p) autocorrelation and cross
correlation functions for original and transformed variables.

Original variables Transformed variables
ZIt Z2t Zit Zit

lag k r(k) p(k) r(k) p(k) r(k) p(k) r(k) p(k)

0 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
1 0.74 0.70 0.71 0.71 -0.03 -0.11 0.52 0.51
2 0.53 0.49 0.11 0.14 0.55 0.53 0.13 0.16
3 0.36 0.34 -0.44 -0.36 -0.04 -0.08 -0.45 -0.39
4 0.23 0.24 -0.68 -0.55 0.26 0.28 -0.56 -0.45
5 0.14 0.17 -0.56 -0.42 -0.05 -0.06 -0.52 -0.39
6 0.14 0.12 -0.20 -0.11 0.12 0.15 -0.12 -0.06
7 0.18 0.08 0.20 0.17 0.08 -0.04 0.16 0.15
8 0.22 0.06 0.44 0.30 0.07 0.08 0.41 0.28
9 0.25 0.04 0.46 0.25 0.20 -0.02 0.36 0.20

10 0.22 0.03 0.29 0.08 0.01 0.04 0.25 0.07

a) Simulated (r) and theoretical (p) autocorrelation functions.

Original variables Transformed variables
lag k rzz(k) pzz(k) r, ,(k) pz'z,(k)

1 2 1 2 z1z2
1 2

-10 0.19 0.02 0.13 0.02
-9 0.14 0.02 0.08 -0.01
-8 0.05 0.03 0.04 0.05
-7 -0.04 0.05 -0.06 -0.01
-6 -0.08 0.07 -0.02 0.09
-5 -0.05 0.10 -0.09 -0.01
-4 0.05 0.14 0.09 0.16
-3 0.18 0.20 0.04 0.00
-2 0.29 0.28 0.29 0.31
-1 0.40 0.41 0.09 0.04

0 0.52 0.58 0.55 0.59
1 0.33 0.42 0.09 0.13
2 0.01 0.09 0.09 0.15
3 -0.27 -0.20 -0.28 -0.23
4 -0.36 -0.32 -0.19 -0.16
5 -0.27 -0.25 -0.24 -0.21
6 -0.01 -0.07 0.02 0.00
7 0.27 0.10 0.16 0.05
8 0.41 0.18 0.29 0.14
9 0.34 0.15 0.23 0.08

10 0.12 0.05 0.06 0.04

b) Simulated (r) and theoretical (p) cross correlation functions.
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x2t, Xit and x2f They correspond fairly well to their theoretical values. (The

autocorrelation and cross correlation functions for other values of p are given in
41 4 2

Appendix 2 (simulated) and Appendix 4 (theoretical).) When estimating the impulse

response weights these correlation functions determine the correlation matrix (the XlX

matrix).

This can be seen in Fig. 5.2 and 5.3 where the correlation matrices for the original

and transformed variables are shown. Fig. 5.2 shows the correlation between the

original 22 variables (x
lt

,... ,x
lt

_
10

, Xu ... , x
2t

-
10

) and Fig. 5.3 the corresponding

XI X
2

,,1 ,,2 '.J ,., '-5 t·. t-7 e-s t·' t-IO t t-1 t-2 t·J ,., t-5 ,-. ,-7 ',8 1-·9 t-IO

1.00 .74 .53 . J. .2J .1' .1' .18 .n .25 .n .52 .• 0 .2' .18 .05 -.05 -.OB -.04 .05 .11 .19
1.00 .74 .53 . J. .2J .15 .15 .20 .23 .26 .]l .53 .41 .2' .17 .0' -.06 -.07 -.03 .06 .11

l.00 .7] .52 .35 .23 .16 .17 .21 .25 .OJ .34 .53 .41 .27 .16 .OJ -.05 -.06 - .02 .06
1.00 .74 .53 .35 .23 .15 .16 .21 -.27 .00 .34 .54 .41 .27 .I. .OJ -.05 - .06 -.02

1.00 .74 .52 .34 .20 .11 .13 -.36 -.29 -.01 .34 .54 .41 .29 .16 .02 ~.O'} - .07
1.00 .7] .51 .31 .17 .0' -.27 -. )1 -.29 -.02 .34 .54 .43 .29 .14 .00 -.08

1.00 .7] .50 • .10 .17 -.01 -.26 -. J7 -. ]0 -.02 . n .54 .43 .29 .11 .on
1.00 .7] .51 .32 .27 .01 -.25 -. JB -. J) -.04 .32 .54 .41 .29 .14

1.00 .75 .53 .41 .2' .0J -.25 -.40 - .]) - .06 .32 .54 .43 .28
1.00 .76 .34 .43 . JO .01 -.29 -.42 -r , J4 -.04 .J2 .53 .40

1.00 .12 • J6 .44 .2' -.02 -. Jl -.43 -. ]) -.0] .32 .51

1.00 .71 .11 -.44 -.68 -.56 -.20 .20 .44 .46 .29
1.00 .71 .1"0 -.45 -.69 -.57 -.19 .21 ,45 .45

1.00 .70 .08 -.46 -.69 -.56 -.18 .21 .44
1.00 .70 .09 -.45 -.69 -.57 -.19 .21

1.00 .70 .10 -.45 -.71 -.59 -.20
1.00 .71 .10 -.46 -.71 -.58

1.00 .70 .09 -.46 -.71
1.00 .71 .10 -.46

1.00 .70 .09
1.00 .70

1.UIl

Fig 5.2. The correlation matrix for the original variables when p ~.87
4 142

t-I t-2 t-3 t·4 e-s t-6 t-7 t-8 t-9 t-IO t t-l t-2 t-3 t-4 t-5 t-6 t-7 t-8 t-9 t-IO

LOO -.OJ .55 -.04 .26 -.05 .12 .08 .07 .20 .01 .55 .os .2' .0' .0' -.09 -.02 -.06 .0' .08 .Il

1.00 -.02 .55 -.04 .27 -.05 .12 .08 .0' .20 .0' .54 .os .2' .0' .os -.10 -.02 -.05 .05 .0'
].00 -.02 .54 -.04 .27 -.04 .13 .10 .10 .0' .10 .55 .10 .28 .OJ .08 -.09 -.01 - .05 .05

1.00 -.02 .55 -.05 .27 -.04 .14 .11 -.28 .os .11 .55 .ns .27 .02 .07 -.09 - .01 -.OS

1.00 -.02 .55 -.06 .27 -.06 .1] -.19 -.28 .08 .11 .56 .10 .2' .02 .07 -.10 -.01

1.00 -.02 .54 -.06 .2' -.06 -.24 -.19 - .29 .07 .10 .55 .11 .2' .01 .05 - .11
].00 -.0] .54 -.08 .23 .02 -.25 -.19 -.30 .08 .11 .56 .11 .29 .01 .05

LaO -.02 .54 -.06 .16 .0' -.23 -.19 -.31 .06 .0' .55 .11 .2' .00

].00 .00 .55 .2' .17 .05 -.2] -.20 -. J2 .05 .0' .5. .12 .29
).00 .OJ . 23 .J> .1 s .05 -.26 -.23 -.H .05 .10 .55 .11

1.00 .06 .,. .n .20 .0' -.27 -.24 -.]3 .06 .12 .55

1.00 .52 .13 -.45 -.56 -.52 -.12 .16 .41 .36 .25
).00 .53 .Jl -.45 -.56 -.53 -.12 .17 .42 .36

1.00 .52 .r: -.47 -.57 -.52 -.Il .17 .41
1.00 .51 .10 -.47 -.57 -.52 -.lJ .17

1.00 .52 .12 -.46 -.57 -.54 -.12
1.00 .53 .12 -.47 -.59 -.54

1.00 .5] .Jl -.47 -.58
1.00 .53 .12 -.47

1.00 .51 .11
1.00 .52

1.00

Fig 5.3. The correlation matrix {or the transformed variables when p ~.87.
4
142
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Table 5.2. Some measures of multicollinearity for the two correlation
matrices of Fig 5.2 and 5.3.

Original variables Transformed variables

). % E% ). % E%
1 1

1 5.964 27.1 27.1 1 4.758 21.6 21.6
2 4.935 22.4 49.5 2 3.893 17.7 39.3
3 4.796 21.8 71.3 3 2.942 13.4 52.7
4 1.997 9.1 80.4 4 2.589 11.8 64.5
5 1.109 5.0 85.5 5 1.808 8.2 72.7
6 0.875 4.0 89.4 6 1.343 6.1 78.8
7 0.462 2.1 91.5 7 0.930 4.2 83.0
8 0.364 1.7 93.2 8 0.660 3.0 86.0
9 0.301 1.4 94.6 9 0.648 2.9 89.0

10 0.233 1.1 95.6 10 0.521 2.4 91.3
11 0.186 0.8 96.5 11 0.492 2.2 93.6
12 0.173 0.8 97.2 12 0.468 2.1 95.7
13 0.164 0.7 98.0 13 0.271 1.2 96.9
14 0.143 0.7 98.6 14 0.183 0.8 97.8
15 0.129 0.6 99.2 15 0.121 0.5 98.3
16 0.091 0.4 99.6 16 0.096 0.4 98.7
17 0.034 0.2 99.8 17 0.077 0.4 99.1
18 0.012 0.1 99.9 18 0.074 0.3 99.4
19 0.009 0.0 99.9 19 0.045 0.2 99.6
20 0.009 0.0 99.9 20 0.042 0.2 99.8
21 0.007 0.0 100.0 21 0.021 0.1 99.9
22 0.007 0.0 100.0 22 0.Ql8 0.1 100.0

22.000 100.0 22.000 100.0

Sum of variance inflation factors:

E 1/). = 672.40 E 1/). = 217.86
1 1

The spectral condition number:

\/)22 = 848.52 )1/)22 = 267.82

Determinant of the correlation matrix:

IX'XI = )1· ... ·)22 = 4.90423.10-17 IXIXI = )1· ... ·)22 = 3.73064.10-11

Haitovskys test variable:

Xl,(231) = 0.000 Xl,(231) = 0.000
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Table 5.3. Estimates of impulse response weights for all estimators and the
corresponding theoretical weights.

Untransformed variables Transformed variables Theoretical
OLS Ridge PC OLS Ridge PC weights

v
10

2.15 2.16 2.35 2.07 2.07 2.27 2.00

v
11

3.90 3.88 3.76 3.97 3.93 3.81 4.00

v
12

1.03 1.01 0.79 1.03 1.01 0.78 1.00

v
13

-0.09 -0.05 0.20 -0.12 -0.08 0.21 0.00

v
14

-0.12 -0.12 -0.07 -0.09 -0.06 0.00 0.00

v
15

0.11 0.10 -0.02 0.15 0.13 -0.16 0.00

v
16 0.24 0.22 0.09 0.17 0.16 0.23 0.00

v
17 -0.03 -0.02 0.20 0.00 0.02 0.19 0.00

v
18

-0.22 -0.20 -0.01 -0.08 -0.08 -0.12 0.00

v
19

0.03 0.01 -0.25 -0.08 -0.09 -0.16 0.00

ZlllO 0.08 0.08 0.12 0.05 0.05 0.06 0.00

------------------------------------
v

20
-0.07 -0.08 -0.24 -0.07 -0.07 -0.23 0.00

v
21

0.01 0.02 0.17 -0.01 0.02 0.19 0.00

v
23

-0.07 -0.05 0.08 -0.06 -0.06 0.04 0.00

v
23

1.02 0.97 0.61 1.04 1.01 0.67 1.00

v
24

0.57 0.59 0.75 0.52 0.54 0.66 0.60

v
25 0.32 0.32 0.39 0.30 0.32 0.53 0.36

v
26 0.05 0.05 0.07 0.12 0.11 -0.10 0.22

v
27 0.25 0.23 0.04 0.18 0.16 0.11 0.13

v
28 0.15 0.14 0.07 0.04 0.04 0.14 0.08

v
29

-0.22 -0.20 0.06 -0.05 -0.04 -0.05 0.05

Zl
210

0.14 0.13 -0.06 0.03 0.03 -0.01 0.03

MSE 0.015 0.013 0.032 0.006 0.005 0.032
Bias -0.010 -0.012 -0.016 -0.016 -0.015 -0.018
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Table 5.4. Estimates of standard errors for the estimated impulse response
weights for all estimators.

Untransformed variables Transformed variables
s·

II .. OLB Ridge PC OLB Ridge PC'J

1,0 0.16 0.15 0.09 0.13 0.12 0.09
1 0.20 0.18 0.11 0.13 0.12 0.11
2 0.20 0.18 0.10 0.16 0.15 0.09
3 0.20 0.19 0.11 0.16 0.15 0.10
4 0.20 0.19 0.11 0.16 0.15 0.11
5 0.20 0.19 0.11 0.16 0.15 0.10
6 0.20 0.18 0.11 0.16 0.15 0.11
7 0.20 0.18 0.10 0.16 0.15 0.08
8 0.20 0.18 0.10 0.13 0.13 0.11
9 0.16 0.15 0.10 0.11 0.11 0.09
10 0.10 0.10 0.09 0.08 0.08 0.08

----------------------------
2,0 0.14 0.13 0.06 0.11 0.11 0.08

1 0.21 0.19 0.04 0.12 0.11 0.10
2 0.22 0.20 0.04 0.13 0.12 0.08
3 0.23 0.20 0.04 0.14 0.13 0.06
4 0.23 0.20 0.04 0.14 0.13 0.09
5 0.23 0.20 0.05 0.14 0.13 0.09
6 0.22 0.20 0.04 0.14 0.13 0.09
7 0.22 0.19 0.03 0.14 0.13 0.06
8 0.22 0.19 0.03 0.11 0.10 0.08
9 0.19 0.17 0.03 0.11 0.10 0.10
10 0.12 0.11 0.05 0.09 0.09 0.08

matrix for the transformed variables.

As can be seen in Fig. 5.2 the "upper" triangle contains the autocorrelations of

variable x
lt

and the "lower" triangle the autocorrelations of x
2f

The "square" shows

the cross correlations between the two variables.

The effects of transforming x
1t

and Xu may be seen in Fig. 5.3 where some of the

correlations drop significantly. The transformation may be viewed as a sort of

differencing. The effect in this case is a reduction of the multicollinearity. For the two

correlation matrices the eigenvalues and some other interesting measures of

multicollinearity are shown in Table 5.2. (All correlation matrices and eigenvalues for

the simulated series are given in Appendix 3. Their theoretical values are given in

Appendix 5). From the results in Table 5.2 the following maybe noted:

a) The sum of variance inflation factors are much larger than for an orthogonal

matrix of the same order, about 29 and 8 times resp.

b) The spectral condition number is 1 if the correlation matrix is orthogonal. This
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measure also shows that the XIX matrices are illconditioned, especially the first

one.

c) Haitovskys test variable is effectively zero for both matrices. This means that

there are ~ 100%multicollinearity in the matrices.

d) A relatively low number of principal components may represent most of the

variation in the x variables. In order not to introduce too much bias in the

principal components estimator the number of retained components were chosen

so that they correspond to at least 99.5%of the variation in the x variables.

The estimated regression coefficients for all estimators together with their

theoretical values are shown in Table 5.3.

We can see that the ridge estimators are better than the corresponding OLS

estimator in terms of MSE and that the principal components estimators are rather

poor compared to the other estimators even though the bias is of the same order. Both

the OLS and ridge estimators are much better on the transformed variables than the

original variables. OLS on untransformed variables overestimated the true residual

standard deviation (1.28 vs 1.00). On transformed variables the residual standard

deviation was 1.01 which is very close to the true value. The principal component

estimator used 16 components for the untransformed variables and 19 components for

the transformed variables.

The estimated standard errors are shown in Table 5.4. We can again observe that

the ridge estimator is at least as good as the OLS estimator. We can also notice that

the principal components estimator now has much lower values that the other

estimators.

Now the results for all simulations will be presented. The results have been

summarized in tables to ease comparisons.

In Table 5.5 the average MSE values are presented. It may be noted that:

a) The MSE for the OLS estimator increases roughly proportional to the residual

variance for a given value of p.

b) The ridge estimator (RR) used is always better than (or equal to) the

corresponding OLS estimator. The principal component estimator (PC) is better

than the corresponding OLS estimator when the signal-to-noise ratio is low «(j =
a

5). The RR estimator is with one exception always better than the PC estimator.

The largest reductions in MSEfrom using RR are obtained when the average MSE

is large (signal-to-noise ratio is low) and when the correlation between a
lt

and a
2t

is high (strong multicollinearity).
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Estimated ratios of MSE( Ii) m to mFJ( Ii) OLS'

MSE p = .58 p = .87 p = .98m
Estimator (J =.1 (J =1 (J =5 (J =.1 (J =1 (J =5 (J =.1 (J =1 (J =5

OLS 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
RR 1.00 0.96 0.57 0.99 0.89 0.33 0.99 0.53 0.08
PC 25.21 1.21 0.82 81.04 1.49 0.29 152.48 1. 71 0.09
- - - -- ---------- ---------- ----------
OLS(t) 0.64 0.82 0.82 0.72 0.83 0.83 0.83 0.85 0.85

RR~t~ 0.64 0.79 0.50 0.72 0.76 0.32 0.82 0.52 0.08
PC t 76.54 2.00 0.73 86.50 1. 70 0.44 188.79 2.11 0.10

"

MSE(v)OLS 0.0001 0.009 0.217 0.0003 0.021 0.530 0.001 0.133 3.320

c) The estimates on transformed variables are always better (or equal to) estimates

on original variables for OLS and RR.

d) The PC estimator performs very poorly except when the signal-to-noise is low.

This may be an effect of the criteria used for selecting principal components. In

Table 5.6 the number of principal components used for different correlations

between alt and a
2t

are shown. In Table 5.7 the average number of deleted

significant principal components are shown for different combinations of

correlation and residual standard deviation.

From Table 5.7 it is quite clear that the effect of deleting components is most

serious when the residual standard deviation is low. We may therefore expect that the

PC estimator would do much better if the components that are significant are selected

rather than the r components with largest eigenvalues (which is based only on the

correlation matrix and not on the residual standard deviation).

Table 5.8 shows the average bias for the estimators. As may be expected, on the

average the absolute value of the bias increases as the multicollinearity increases and

the signal-to-noise ratio decreases. Still, the largest average bias is not more than

0.0184 which is small compared to the values of most of the coefficients. For

individual coefficients the bias may be much larger than the averages given above.
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The number of principal components, r, used for different
correlations between au and au

Correlation

p = .58
p = .87
p = .98

Data series
Untransformed

19
16
13

Transformed

21
19
13

Table 5.7. Average number of deleted significant principal components for
different combinations of correlations between att and a2t and
residual standard deviations.

Correlation True Data series
between standard Untransformed Transformed
att and a2t deviation no % no %

p = .58 (J' = .1 3.00 100 1.00 100
(3 and 1 pc (J' = 1 0.10 3 0.76 76
deleted) (J' = 5 0.02 1 0.08 8
-------------------------
p = .87 (J' = .1 4.34 72 3.00 100
(6 and 3 pc (J' = 1 0.82 14 1.12 37
deleted) (J' = 5 0.20 3 0.20 7
-------------------------
p = .98 (J'= .1 5.86 65 7.88 88
(9 pc dele- (J'= 1 2.34 26 2.56 28
ted) (J'= 5 0.86 10 0.76 8
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Table 5.8. Estimated average bias for the estimators (x10-4) .

BIAS p = .58 p = .87 p = .98
Estimator 11 =.1 11 =1 11 =5 11 =.1 11 =1 11 =5 11 =.1 11 =1 11 =5

OLS -3 8 55 4 17 75 12 38 154
RR -3 4 -16 4 13 7 11 25 -4
PC -5 6 53 -24 -9 57 -79 -78 -75
- - - -- ---------- ---------- ----------

O~f:~r
-7 6 66 1 17 87 10 42 184

RR t -7 -2 -108 1 12 -29 10 38 26
PC t -31 -18 41 -19 -3 68 82 82 81

From Table 5.9 belowit may be noted that:

a) The average standard error for the OLS estimator increases roughly proportional

to the residual standard deviation for a given value ofp.

b) When we look at the average standard error for the coefficients we find the same

relationship between OLB and RR as before, but that the PC estimator nearly

always is the best estimator in its class (original vs transformed data). It is

interesting to notice that the reduction in S(ii) is largest when the

multicollinearity is strong and when the signal-to-noise ratio is small. As may be

seen from the bottom row of the Table it is almost impossible to obtain any

significant coefficient from the OLB estimator when p = .98 and a = 5. The

average s.e.Js then about 2.3 as compared with the coefficients of which some are
\

less than 1 and the largest 4. If we then use the RR estimator on the transformed

variables the average s.e. decreases to about .3. The RR is of course a much

better estimator in this situation since we are interested in identifying significant

coefficients.

c) The estimated s.e. from the transformed data are in general lower than the

corresponding estimate from the original data when the multicollinearity is large

and/or the signal-to-noise ratio is low. This is to be expected since when we have

autocorrelated residuals the estimate of the variance of at will be biased (too

large). The transformation procedure will then give a practically unbiased

estimateof oa. (and unbiased estimates of the s.e. of Vi)' This also gives us the
possibility to use the standard t-test to test the significance of the estimated

coefficients, see Table 5.10.
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Table 5.9. Estimated ratios of S(v)m to S(v)OLS"

s o = .58 o = .87 o = .98m
Estimator u =.1 u=1u=5 u =.1 u = 1 u = 5 u =.1 u = 1 u = 5

OL8 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
RR 1.00 0.97 0.66 1.00 0.91 0.44 0.99 0.61 0.17
PC 1.29 0.77 0.76 0.96 0.38 0.37 0.90 0.15 0.12
- - - -- ---------- ---------- ----------
OL8(t) 0.68 0.71 0.71 0.70 0.71 0.71 0.70 0.70 0.70

RRft~ 0.68 0.69 0.53 0.70 0.67 0.38 0.70 0.52 0.14
PC t 1.81 0.66 0.63 1.47 0.49 0.47 0.60 0.11 0.09

3'(")OL8 0.013 0.117 0.587 0.019 0.183 0.915 0.046 0.457 2.286

Table 5.10. The estimated residual standard deviation for OLB on
untransformed and transformed data.

True Correlation
standard between Data series
deviation alt and a2t

Untransformed Transformed

a = .1 P = .58 0.136 0.108
P = .87 0.129 0.103
P = .98 0.123 0.100

a = 1

a = 5

p = .58
P = .87
P = .98

p = .58
P = .87
p = .98

1.214
1.213
1.214

6.062
6.063
6.071

0.992
0.992
0.991

4.957
4.956
4.958
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The average estimated value of k in ridge regression on
untransformed and transformed data.

Correlation
between
a
lt

and a
2t

p = .58

p = .87

p = .98

True
standard
deviation

(J = .1
(J = 1
(J = 5

(J = .1
(J = 1
(J = 5

(J = .1
(J = 1
(J = 5

Data series
Untransformed

0.00001
0.00117
0.02813

0.00001
0.00101
0.02449

0.00001
0.00093
0.02259

Transformed

0.00003
0.00214
0.05055

0.00002
0.00186
0.04438

0.00002
0.00172
0.04108

In Table 5.11 the values of the shrinkage parameter k for the ridge estimator are

given. The values are proportional to the residual variance of the simulated series as

can be seen from eq. (5.5). Except when (J = 5 the value of kis very small.

If any recommendations are to be made from this study it would be to advice the

practitioner to start by studying the eigenvalues of the correlation matrix. If these

show clear signs of multicollinearity or if it is believed that the signal-to-noise ratio is

low, then the ridge estimator should be used after the transformation of the original

variables. If the signal-to-noise ratio is high it may still be wise to use the ridge

estimator on the transformed variables, even though the gain in terms of MSEmay not

be so dramatic.
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6. CONCLUDING REMARKS

In this paper different ways to estimate the impulse response function weights in

the Box-Jenkins transfer function model have been discussed (Chapter 2). The

discussion was based on the case when there are several input variables that are

correlated with each other. It was found that most of the methods proposed are

unsuitable, some are not reliable when there are correlated input variables, and some

are expensive or difficult to use. Therefore an extension of a simple regression

approach used by Pukkila (1980) was proposed. The new approach is based on the

solution of some problems in connection with the application of the regression method

in our particular situation, namely the multicollinearity problem and the problem of

autocorrelated residuals. It was found that the use of biased regression estimators on

variables transformed with respect to the noise model should give better estimates

than the ordinary regression estimator (Chapter 4).

To test the new approach a simulation experiment was designed and performed.

The results from the simulations indicate that the proposed method may be of value

to the practitioner (Chapter 5).

It seems as if the greatest benefit of the proposed method is the possible

reduction in the s.e, of f).. The use of biased regression decreases the risk of obtaining
I

too large estimates of the coefficients. This reduces the risk of over-parameterization

of the identified transfer function model. The method should be easy to apply since

almost all computer systems have programs for biased regression.

It was noted that the two criteria used gave somewhat different results. This

indicates that the results may be dependent on the criteria chosen. One other

criterion that may be of interest is the proportion of times that the different

estimators were better than the OLS estimator. In Bulcock et al (1981) some other

criteria are discussed.

Since the results of the simulation study are very promising further studies will

be made in the following areas:

a) Lawless and Wangs method of determining k was used. Several other methods

have been proposed and some of them may be particularly suitable for this type

of data. Further research is needed in this area. It is also interesting to

investigate other criteria for choosing r, the number of components in the PC

estimator. This may have changed the conclusions regarding the benefits of the

PC estimator, especially in terms of the MSE.
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b) A comparative simulation study including some of the other methods discussed

in Chapter 2. Then different models (different orientations of the parameter

vector) would be used. Other relevant aspects to study are the effects of varying

the number of lags included (including too few lags), the length of the time

series, effects of seasonality, other distributions for the independent variables

and the residual model.

c) Some real world applications to study the practical use ofthe proposed methods.

When drawing conclusions from this study it should be remembered that the

conclusions are based on simulations of one model (under different conditions). Even

though the results are in line with what may be expected one should be very careful to

say anything about the gain in MSEfrom using the proposed method. It is likely that

the proposed method gives smaller or equal MSE than ordinary least-squares but

that the gain in MSE may vary between models.

When we evaluate the results of the simulation study we should keep in mind

that in real world applications we face problems like how many, and which, x

variables to be included (the missing variables problem) and measurement errors. It

is also possible that the transfer function model is not providing good fit. It may

therefore be better to start with a multivariate model to make sure of the direction of

causality, before choosing the transfer function model.

Finally it is noted that even if we may identify a suitable transfer function it

may still be difficult to obtain meaningful estimates if the input processes are

correlated. On the other hand, with the proposed method we may delete variables

that are not to be included, and then reduce the effects of multicollinearity on the

remaining variables. This may be the greatest advantage with the proposed method

compared to OLS.
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APPENDIX 1. Original andtransformed time seriesusedin
the numerical examplein Section5.5.

v, x
lt

x
2t v, x

lt
x
2t

1 -3.994 -2.368 -4.219 51 0.798 -0.743 2.193
2 -7.524 0.262 0.985 52 -1.996 -2.200 0.214
3 -4.072 0.447 4.604 53 -3.624 -0.181 1.353
4 -7.008 -0.299 5.643 54 2.462 -0.417 2.212
5 -0.364 2.245 8.451 55 0.773 -0.413 1.633
6 12.750 1.911 5.357 56 -0.984 -0.300 -0.280
7 11.913 -0.916 -1.559 57 4.788 1.925 0.724
8 9.321 -0.274 -7.359 58 17.881 3.665 1.277
9 6.828 -1.773 -8.954 59 23.849 2.713 2.315

10 -3.764 -0.902 -3.685 60 21.033 2.452 2.886
11 -18.346 -4.919 -1.668 61 16.014 0.770 0.133
12 -34.255 -2.717 1.403 62 9.166 0.607 -0.411
13 -25.222 -0.289 6.533 63 10.419 0.476 -1.150
14 -11.614 0.561 8.055 64 10.985 1.169 -0.345
15 -5.467 -1.429 3.093 65 8.966 0.424 0.461
16 0.553 0.320 0.511 66 0.392 -0.707 -1.282
17 13.010 0.750 -1.839 67 -0.422 2.119 0.555
18 9.921 -1.775 -4.145 68 13.236 3.242 2.925
19 -5.582 -2.350 -7.267 69 25.944 6.449 6.782
20 -17.292 -4.259 -7.459 70 35.488 4.145 5.801
21 -24.318 -2.130 -3.402 71 29.385 2.054 1.735
22 -22.114 -0.538 3.181 72 21.335 0.842 -2.927
23 -14.535 1.041 7.533 73 16.387 1.373 -5.145
24 -3.344 1.879 8.459 74 13.177 -0.930 --6.530
25 6.111 0.763 4.912 75 -0.026 -0.324 -3.058
26 5.309 -1.805 -0.314 76 -1.812 2.301 6.332
27 1.722 -0.860 -4.276 77 5.659 2.179 8.914
28 4.844 -1.198 -5.478 78 9.561 2.765 8.015
29 -3.628 -3.650 -8.443 79 23.406 4.423 5.584
30 -15.159 0.214 -3.!:l59 80 40.201 4.948 2.028
31 -9.931 -0.618 2.435 81 52.154 6.903 1.863
32 -13.006 1.005 8.062 82 66.850 10.008 5.791
33 -10.441 -1.082 6.179 83 70.441 6.850 5.350
34 -10.060 -1.313 1.045 84 51.629 3.270 0.421
35 -5.178 -2.335 -5.179 85 33.036 1.881 -2.922
36 -3.138 -1.106 -5.717 86 26.055 2.663 -2.430
37 -3.821 -1.692 -4.336 87 24.341 2.628 -0.450
38 -11.325 -0.109 2.243 88 16.865 1.293 1.871
39 -4.796 2.109 7.080 89 8.510 1.730 4.379
40 2.793 1.768 7.169 90 2.947 -1.176 1.091
41 8.682 1.718 3.377 91 -4.248 -0.852 -2.293
42 18.001 1.748 -1.823 92 -0.445 -1.150 -3.731
43 20.673 0.275 -4.825 93 -2.227 -0.887 -2.531
44 13.190 0.379 -3.329 94 -4.161 -0.282 0.867
45 -0.610 -2.394 -2.755 95 -7.061 -0.274 2.827
46 -15.254 -1.034 -0.180 96 -12.270 -2.037 -0.279
47 -11.237 1.535 4.456 97 -14.402 -2.047 -2.954
48 --6.547 -1.843 2.633 98 -5.690 0.766 -2.109
49 -10.192 -0.181 1.975 99 3.689 0.855 -1.665
50 -2.728 -0.163 2.500 100 4.793 1.471 0.172

[On Identification of Transfer Function Models]



78

y' Xit x2t ~ Xit x2tt

1 -3.234 -2.161 -1.994 51 -0.740 0.251 1.383
2 -5.099 1.883 2.480 52 -1.441 -2.388 -0.823
3 -0.248 -0.965 2.743 53 -2.543 1.611 1.971
4 -6.822 0.425 3.585 54 4.369 -1.625 0.734
5 4.752 1.926 5.763 55 -2.504 0.806 1.083
6 9.186 0.467 1.035 56 0.894 -0.904 -1.092
7 5.024 -1.267 -2.336 57 4.117 2.603 1.542
8 5.553 0.676 -5.607 58 14.793 1.713 0.120
9 2.663 -2.281 -4.749 59 12.755 1.428 2.225

10 -5.761 0.809 -0.123 60 11.467 1.381 1.217
11 -14.025 -5.525 -1.575 61 7.414 -0.266 -0.780
12 -23.736 1.427 2.585 62 3.605 0.807 0.175
13 -7.420 -1.359 4.594 63 7.715 -0.129 -1.281
14 -6.049 1.580 4.609 64 5.199 1.266 0.616
15 -0.930 -2.614 -0.364 65 5.066 -0.525 -0.001
16 1.251 2.281 0.783 66 -3.407 -0.313 -1.281
17 12.071 -0.961 -2.426 67 2.134 2.354 1.515
18 0.868 -1.055 -2.325 68 11.636 1.477 1.788
19 -6.233 -1.559 -5.523 69 17.217 5.342 5.441
20 -12.617 -3.090 -3.317 70 22.575 0.139 1.720
21 -14.855 0.187 -0.914 71 12.453 1.950 0.444
22 -10.973 -0.678 3.866 72 11.995 -0.620 -3.260
23 -6.305 1.550 4.634 73 7.391 1.838 -2.701
24 1.385 0.717 4.983 74 7.634 -2.309 -4.504
25 5.072 0.226 1.175 75 -5.751 1.407 0.320
26 1.505 -1.974 -1.195 76 2.502 1.246 6.092
27 0.594 0.620 -3.380 77 3.783 1.245 4.345
28 4.398 -1.663 -2.943 78 6.724 1.831 4.756
29 -6.927 -2.403 -6.235 79 18.363 3.050 2.017
30 -9.963 2.016 0.717 80 26.429 2.660 0.515
31 -2.458 -2.130 1.898 81 32.332 4.907 1.477
32 -11.162 2.602 6.639 82 42.601 6.327 4.683
33 -2.070 -3.033 1.200 83 38.491 2.105 1.838
34 -8.508 0.962 0.145 84 22.761 1.691 -0.958
35 1.203 -3.057 -5.288 85 15.965 0.613 -2.204
36 -4.041 1.186 -1.751 86 14.081 2.204 -0.777
37 -0.790 -2.581 -3.022 87 13.780 0.975 0.133
38 -10.733 1.827 4.510 88 6.530 0.562 1.771
39 3.254 0.739 3.698 89 3.612 1.308 3.051
40 0.353 1.214 4.395 90 0.238 -2.157 -1.198
41 8.417 0.808 0.080 91 -4.426 0.766 -1.395
42 11.688 1.142 -1.883 92 2.875 -1.725 -2.685
43 11.907 -0.581 -3.413 93 -4.383 0.407 -0.518
44 4.260 0.815 -0.769 94 -0.874 -0.587 1.255
45 -3.805 -3.005 -2.178 95 -6.406 0.166 1.886
46 -12.400 1.220 1.453 96 -7.465 -2.161 -1.693
47 -1.937 0.620 3.366 97 -8.803 -0.426 -1.684
48 -5.094 -2.309 0.109 98 0.913 1.085 -0.846
49 -6.371 1.550 1.893 99 3.005 0.041 -1.030
50 2.050 -1.326 1.080 100 2.539 1.440 0.945

[On Identification of Transfer Function Models]



79

APPENDIX 2. Autocorrelation andcross correlation functions
for simulated processes.

p ~ .58
Pa1~

~ .98
a
1

a
2

xl x2 x' x' xl x2 x' x'
1 2 1 2

lag k r(k) r(k) r(k) r(k) r(k) r(k) r(k) r(k)

0 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
1 0.74 0.68 -0.03 0.43 0.74 0.73 -0.03 0.57
2 0.53 0.06 0.55 0.10 0.53 0.17 0.55 0.18
3 0.36 -0.45 -0.04 -0.47 0.36 -0.39 -0.04 -0.40
4 0.23 -0.63 0.26 -0.45 0.23 -0.68 0.26 -0.58
5 0.14 -0.45 -0.05 -0.41 0.14 -0.61 -0.05 -0.56
6 0.14 -0.10 0.12 0.00 0.14 -0.27 0.12 -0.21
7 0.18 0.19 0.08 0.12 0.18 0.16 0.08 0.15
8 0.22 0.31 0.07 0.30 0.22 0.47 0.07 0.42
9 0.25 0.27 0.20 0.15 0.25 0.53 0.20 0.47

10 0.22 0.16 0.01 0.16 0.22 0.37 0.01 0.31

r rz'z' r rz'z'zlz2
1 2 zlz2

1 2
lag k r(k) r(-k) r(k) r(-k) r(k) r(-k) r(k) r(-k)

0 0.27 0.27 0.32 0.32 0.63 0.63 0.64 0.64
1 0.16 0.17 0.01 -0.01 0.41 0.51 0.14 0.15
2 -0.05 0.10 0.03 0.11 0.05 0.38 0.12 0.38
3 -0.21 0.08 -0.21 0.01 -0.28 0.22 -0.29 0.05
4 -0.25 0.03 -0.10 0.05 -0.40 0.06 -0.23 0.10
5 -0.17 -0.01 -0.18 -0.05 -0.30 -0.06 -0.26 -0.11
6 0.03 -0.04 0.07 0.01 -0.04 -0.09 -0.01 -0.03
7 0.25 -0.04 0.12 -0.06 0.25 -0.04 0.17 -0.05
8 0.34 0.00 0.28 0.03 0.40 0.07 0.26 0.04
9 0.23 0.05 0.12 0.00 0.36 0.18 0.28 0.13

10 0.02 0.09 0.04 0.09 0.17 0.23 0.07 0.13
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APPENDIX 3. Correlation matrices and eigenvalues for simu­
lated processes.

1.00 0.74 0.S3 O. JI; 0.23 0.101 0.14 0.18 0.22 0.25 0.22 0.21 0.17 0.10 0.08 0.0] -0.01 -0.04 -0.04 0.00 0.05 0.09
0.74 1.00 0.74 O.'5J O. )6 0.23 0.15 0.15 0.20 0.23 0.26 0.16 0.28 0.18 0.10 0.08 O.OJ -0.02 -0.04 -O.OJ 0.01 0.05
0.'5] 0.74 1.00 0.7) 0.52 O. JS 0.23 0.16 o.f t 0.21 0.25 -O.OS 0.16 0.29 0.18 0.10 0.07 0.02 -0.02 -0.04 -0.01 0.00
0.36 0.5) 0.73 1.00 0.74 0.5) O. JS 0.23 0.15 0.16 0.21 -0.21 -0.05 0.16 0.29 0.19 0.10 0.07 0.02 -0.02 -O.OJ -O.OJ
0.21 0.36 0.52 0.74 l.00 0.74 0.'52 0.34 0.20 0.11 0.1] -0.25 -0.22 -0.08 0.15 0.29 0.19 0.12 0.08 0.01 -0.0) -0.04
0.14 0.23 0.35 0.53 0.74 1.00 O.71 0.51 O. )l 0.17 0.09 -0.17 -0.26 -0.25 -0.09 0.15 0.29 0.20 0.12 0.07 0.00 -0.04
O. J4 0.15 0.:13 o. ]'5 0.52 0.1] 1.00 0.7) 0.50 0.30 0.11 0.03 -0.11 -0.26 -0.25 -0.10 0.14 0.29 0.20 0.12 0.06 -0.01
o.ue 0.15 0.16 0.23 0.34 0.51 0.13 1.00 0.71 0.51 0.32 0.25 0.04 -0.16 -0.27 -0.26 -0.11 O.ll 0.29 0.20 0.1l 0.05
0.22 0.20 0.17 0.15 0.20 O. J1 0.50 0.71 1.00 0.75 0.53 0.34 0.25 0.05 -0.17 -0.28 -0.27 -0.12 0.13 0.29 0.19 0.09
0.25 0.23 0.21 0.16 O.ll 0.17 0.30 0.51 0.75 1.00 0.76 0.23 0.34 0.26 0.04 -0.18 -0.29 -0.28 -0. J1 0.13 0.26 0.15
0.22 0.26 0.25 0.21 0.13 0.09 0.11 0.32 0.51 0.76 1.00 0.02 0.24 0.35 0.25 0.02 -0.20 -0.30 -0.27 -0.10 0.12 0.24

0.27 0.16 -0.05 -0.21 -0.25 -0.17 0.03 0.25 0.34 o.a t 0.02 LOO 0.68 0.06 -0.45 -0.63 -0.45 -0.10 0.19 O. J1 0.21 0.16
O. J7 0.28 0.16 -0.0" -0.7.2 -0.26 -0.11 0.04 0.25 0.34 0.24 0.68 LOO 0.68 0.05 -0.41 -0.63 -0.45 -0.09 0.19 0.30 0.25
0.10 0.18 0.'9 0.16 -0.08 -0.25 -0.26 -0.16 0.05 0.26 0.15 0.06 0.68 1.00 0.&7 0.03 -0.48 -0.64 -0.44 -0.10 O. J7 0.29
o.ue 0.10 O.IA 0.'9 0.15 -0.09 -0.25 -0.21 -0.17 0.04 0.25 -0.45 0.05 0.61 1.00 0.67 0.03 -0.48 -0.64 -O ....s -0.11 0.16
O.OJ 0.08 0.10 0.19 0.'9 0.15 -0.10 -0.26 -0.29 -0.18 0.02 -0.61 -0.47 0.03 0.61 1.00 0.67 0.04 -0.48 -0.f)5 -0.47 -0.12

-0.01 0.03 0.07 0.10 0.19 0.29 0.14 -0.11 -0.21 -0.29 -0.20 -0.45 -0.61 -0.48 O.OJ 0.67 LOO 0.67 0.04 -0. ,,~ -0.65 -0.47
-0.04 -0.02 0.02 0.07 0.12 0.20 0.29 O.ll -0.12 -0.28 -0.30 -0.10 -0.45 -0.64 -0.48 0.04 0.67 1.00 0.67 0.04 -0.41 -0.64
-0.04 -0.04 -0.02 0.02 0.08 0.12 0.20 0.29 O.ll -0.11 -0.21 0.19 -0.09 -0.44 -0.64 -0.48 0.04 0.67 1.00 0.61 0.05 -0.41
0.00 -0.03 -0.04 -0.02 0.01 0.07 0.12 0.20 0.29 o.ra -0.10 O.ll 0.19 -0.10 -0.45 -0.65 -0.48 0.04 0.67 1.00 0.61 0.04
O.OS 0.01 -O.OJ -O.OJ -O.OJ 0.00 0.06 0.11 0.19 0.26 0.12 0.21 O.JO 0.17 -0.11 -0.47 -0.65 -0.47 0.05 0.61 1.00 0.67
0.09 0.05 0.00 -0.03 -0.04 -0.04 -0.01 0.05 0.09 0.15 0.24 0.16 0.25 0.28 0.16 -0.12 -0.41 -0.64 -0.41 0.0" 0.61 1.00

Correlation matrix for the original variables when p III .58.
4

142

1.00 -0.01 0.55 -0.04 0.26 -0.05 0.12 0.08 0.07 0.20 0.01
-0.01 1.00 -0.02 0.S5 -0.04 0.27 -0.05 0.12 0.08 0.09 0.20
fl."'; -0.02 1.00 -0.0' 0.54 -0.04 0.27 -0.04 0.13 0.10 0.10

-0.04 0.55 -0.02 1.00 -0.02 0.55 -0.05 0.27 -0.04 0.14 0.11
0.26 -0.04 0.54 -0.02 1.00 -0.02 0.55 -0.06 0.21 -0.06 0.11

-0.05 0.27 -0.04 0.55 -0.02 1.00 -0.02 0.54 -0.06 0.24 -0.06
0.12 -0.05 0.21 -0.05 0.55 -0.02 1.00 -O.OJ 0.54 ·0.08 0.23
0.08 0.12 -0.04 0.27 -0.06 0.54 -0.01 1.00 -0.02 0.54 -0.06
0.07 o.oe O.ll -0.04 0.27 -0.06 0.54 -0.02 LOO 0.00 0.55
(l.20 0.09 0.10 0.14 -0.06 0.24 -0.08 0.54 0.00 1.00 0.03
0.01 0.20 0.10 0.11 0.13 -0.06 0.23 -0.06 0.55 0.03 1.00

0.J2 -0.01 0.11 0.01 0.05 -0.05 0.01 -0.06 O.OJ 0.00 0.09
0.01 0.32 0.00 0.12 0.01 0.06 -0.05 0.01 -0.06 0.04 0.00
0.01 0.02 0.32 0.00 0.11 0.01 0.05 -O.OS 0.01 -O.Of. 0.0.1

-0.21 0.01 O.OJ 0.]] 0.00 0.11 0.00 0.04 -0.05 0.01 -0.06
-0.10 -0.22 0.02 0.02 0.34 0.00 0.12 0.01 0.0" -0.05 0.02
-0.18 -0.10 -0.24 0.01 0.01 O.H 0.01 0.11 0.00 0.03 -0.06

~:~~ -~:~~ =~:~~ =~::~ -~:~~\\~:~~ ~:~~ ~:~~ ~:~; ~:~~ -~:~:
0.28 0.12 0.08 -0.17 -0.11 -0.26 0.00 0.00 0.34 0.02 0.12
0.12 0.28 0.13 0.08 -0.20 -0.12 -0.27 0.00 0.01 0.31 0.00
0.04 0.13 0.29 0.14 0.08 -0.20 -0.14 -0.27 0.00 0.01 n.rn

O. J2 0.01 O.OJ -0.21 -0.10 -0.19 0.07 0.12 0.29 0.12 0.04 LOO 0.43 0.10 -0.47 -0.45 -0.41 0.00 0.12 O. JO 0.15 0.16
-0.01 0.J2 0.02 0.01 -0.22 -0.10 -0.18 0.07 0.12 0.29 O.lJ 0.43 1.00 0.43 0.10 -0.47 -0.46 -0.41 0.01 0.12 0.30 0.15
0.11 0.00 0.32 0.03 0.02 -0.24 -0.11 -0.18 0.09 0";.1',3 0.29 0.10 0.43 LOO 0.4] 0.09 -0.49 -0."6 -0.41 0.01 0.11 0.29
0.01 0.12 0.00 O.H 0.02 0.01 -0.24 -0.11 -0.17 0.0' 0.14 -0.47 0.10 0.43 1.00 0.41 0.07 -0.49 -0.46 -0.41 0.00 0.10
0.05 0.01 0.11 0.00 0.34 0.01 0.01 -0.25 -0.11 -0.20 0.09 -0.45 -0.47 0.09 0.41 1.00 0.41 0.09 -0.49 -0.47 -0.42 -0.01

-0.05 0.06 0.01 0.11 0.00 0.33 0.01 0.00 -0.26 -0,.,2 -0.20 -0.41 -0.46 -0.49 0.07 0.41 1.00 0.42 0.10 -0.49 -o ....e -0 .... 1
0.01 -0.05 0.05 0.00 0.12 0.01 O.H 0.00 0.00 -0.27 -0.14 0.00 -0.41 -0.46 -0.49 0.09 0.42 LOO 0.42 0.09 -0 ....9 -0."7

-O.Of. 0.01 -0.05 0.04 0.01 0.13 0.01 0.)] 0.00 0.00 -0.21 0.12 0.01 -0.41 -0.46 -0.49 0.10 0.42 1.00 0.42 0.10 -0 ....8
0.03 -0.06 0.01 -0.05 0.04 0.00 O.lJ 0.02 0.J4 0.01 0.00 0.30 0.12 0.01 -0.41 -0.47 -0.49 0.09 0.42 1.00 0.42 0.09
0.00 0.04 -0.06 0.01 -0.05 0.03 0.00 0.12 0.02 o.sr 0.01 0.15 0.30 0.11 0.00 -0.42 -0.48 -0."9 0.10 0.42 ].00 0.41
0.09 0.00 O.OJ -0.06 0.01 -0.06 O.OJ -0.01 0.12 0.00 D.J1 0.16 0.J5 0.29 0.10 -O.OJ ·0.43 -0.41 -0.48 0.09 0.41 1.00

Correlation matrix for the transformed variables when p lij .58.
4
142
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Somemeasures of multicollinearity for the two simulated correlation matrices with
p l:j .58.

a
1

a
2

Original variables Transformed variables

).i % E% ).i % E%

1 4.983 22.6 22.6 1 3.783 17.2 17.2
2 4.506 20.5 43.1 2 3.220 14.6 31.8
3 4.037 18.3 61.5 3 2.825 12.8 44.7
4 1.973 9.0 70.5 4 2.365 10.7 55.4
5 1.673 7.6 78.1 5 1.652 7.5 62.9
6 1.106 5.0 83.1 6 1.336 6.1 69.0
7 0.855 3.9 87.0 7 1.118 5.1 74.1
8 0.505 2.3 89.3 8 0.920 4.2 78.3
9 0.394 1.8 91.1 9 0.721 3.3 81.5

10 0.391 1.8 92.8 10 0.597 2.7 84.3
11 0.319 1.5 94.3 11 0.529 2.4 86.7
12 0.277 1.3 95.5 12 0.508 2.3 89.0
13 0.229 1.0 96.6 13 0.491 2.2 91.2
14 0.176 0.8 97.4 14 0.472 2.1 93.3
15 0.166 0.8 98.1 15 0.306 1.4 94.7
16 0.157 0.7 98.9 16 0.293 1.3 96.1
17 0.101 0.5 99.3 17 0.249 1.1 97.2
18 0.039 0.2 99.5 18 0.223 1.0 98.2
19 0.031 0.1 99.6 19 0.143 0.7 98.9
20 0.031 0.1 99.8 20 0.129 0.6 99.5
21 0.025 0.1 99.9 21 0.063 0.3 99.7
22 0.024 0.1 100.0 22 0.056 0.3 100.0

22.000 100.0 22.000 100.0

Sum of variance inflation factors:

E 1/).. = 221.02 E 1/),. = 79.17
1 1

The spectral condition number:

\/).22 = 204.53 \/).22 = 67.22

Determinant of the correlation matrix:

IX'XI = ).1· ... ·).22 = 4.73826.10-12 IX'XI = \· ... ·).22 = 1.63570.10-6

Haitovskys test variable:

XJl231) = 0.000 XJl231) = 0.000
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l.00 0.74 0.5) 0.36 0.2] 0.1" 0.14 0.19 0.22 0.25 0.22 0.63 0.51 0.38 0.22 0.06 -0.06 -0.09 -0.04 0.07 0.18 o.:n
0.14 1.00 0.74 0.53 0.36 0.23 0.15 0.15 0.20 0.23 0.26 0.41 0.63 0.52 0.38 0.21 0.04 -0.07 -0.09 -0.02 0.08 0.18
0.5] 0.74 1.00 O.7J 0.S2 0.]5 0.23 0.16 0.17 0.21 0.25 0.05 0.42 D.6} 0.51 O. ]5 0.19 0.04 -0.07 -0.07 -0.01 0.09
0.36 0.';) 0.13 1.01) 0.74 0.5) 0.]5 0.2] 0.15 0.16 0.21 -0.28 0.04 0.41 0.63 0.50 O. ]5 0.19 0.04 -0.07 -0.01 -0.01
0.71 0.16 0.')2 0.74 1.00 0.74 0.52 0.34 0.20 D.ll O.D ~O.40 -0.28 O.OJ 0.42 0.6] 0.51 0.36 0.19 0.02 -0.01'1 -0.08
0.14 0.23 O. ]5 0.5) 0.74 1.00 0.7) 0.51 0.11 0.17 0.09 -0.10 -0.40 -0.29 O.OJ 0.42 0.64 0.52 O. ]6 0.17 0.00 -0.09
0.14 0.15 0.2] O. JS 0.52 0.73 1.00 0.7) 0.50 0.10 0.17 -0.04 -0.29 -0.40 -0.29 O.OJ 0.41 0.64 0.52 0.36 0.11 0.00
0.1f1 O.I~ 0;16 0.23 O. ];I 0.5) 0.13 1.00 0.73 0.51 0.32 0.25 -O.OJ -0.21 -0.40 -D.H 0.01 0.39 0.63 0.52 O. J7 0.11
0.22 0.20 0.11 0.15 0.20 0.3) 0.50 0.7] 1.00 0.15 0.53 0.40 0.28 0.01 -0.28 -0. oil -O.ll -0.01 0.l9 0.64 0.51 0.36
0.25 0.23 0.21 0.16 0.11 0.17 0.30 0.51 0.75 1.00 0.76 0.36 0.41 0.10 -0.01 -0.32 -0.45 -0.14 0.00 0.40 0.63 0.51
0.7.2 0.26 0.25 0.21 0.13 0.09 0.17 0.32 0.53 0.76 1.00 0.17 0.39 0.44 0.28 -0.05 -0.15 -0.46 -0.32 0.02 0.41 0.62

0.63 0.41 0.05 -0.28 -0.40 -0.10 -0.04 0.25 0.40 0.36 0.17
0.51 0.63 0.42 0.04 -0.28 -0.40 -0.29 -0.01 0.28 0.43 0.39
0 ..18 0.52 0.63 0.41 O.OJ -0.29 -0.40 -0.27 0.01 0.30 0.44
0.22 0.39 0.51 0.63 0.42 O.Ol -0.29 -0.40 -0.29 -0.01 0.28
0.06 0.21 0.35 0.50 0.63 0.42 0.03 -O.ll -0.43 -0.32 -0.05

-O.Of; 0.04 0.19 0.35 0.51 0.64 O.·t! 0.01 -O.JJ -0.45 -0.35
-0.09 -0.01 0.04 0.19 0.36 0.52 0.6'1 0.39 -0.01 -0.34 -0.46
-o.n .. -0.09 -0.01 0.04 0.19 0.16 0.'31 0.63 0.39 0.00 -0.32
0.01 -0.02 -0.07 -0.01 0.02 0.17 0.J6 0.52 0.64 0.40 0.02
0.18 0.08 -0.01 -0.07 -0.08 0.00 0.17 0.J7 0.53 0.63 0.41
0.23 0.18 0.08 -0.01 -0.08 -0.09 0.00 0.17 0.36 0.51 0.62

1.00 0.7] 0.17 -0.39 -0.68 -0.61 -0.27 0.16 0.47 0.53 0.31
0.73 1.00 0.74 0.16 -0.40 -0.69 -0.62 -0.26 u.j a 0.48 0.53
0.17 0.74 1.00 0.72 0.14 -0.41 -0.69 -0.61 -0.24 0.19 0.48

-0.19 0.16 0.72 1.00 0.12 0.15 -0.41 -0.69 -0.61 -0.:0'5 0.19
-0.68 -0.40 0.14 0.72 1.00 0.13 0.16 -0.41 -0.10 -0.62 -0.2S
-0.61 -0.69 -0.41 O.lS 0.13 1.00 0.13 0.15 -0.42 -0.11 -0.62
-0.27 -0.62 -0.69 -0.41 0.16 0.73 1.00 0.7] 0.14 -0.42 -0.11

O.lfi -0.26 -0.61 -0.69 -0.41 O.IS 0.71 Loa o.n 0.14 ·(l.4"
0.41 0.18 -0.24 -0.61 -0.10 -0.42 0.14 0.13 1.00 0.73 n.14
0.51 0.48 0.19 -0.25 -0.62 -0.71 -0.42 0.14 0.71 Lao 0.13
0.37 0.53 0.48 0.19 -0.25 -0.62 -0.71 -0.42 0.14 0.73 1.00

Correlation matrix for the original variables when p ~ .98.
°1°2

t .00 -0.0] 0.55 -0.04 0.26 -0.05 0.12 0.08 0.07 0.20 0.01
-0.0] 1.00 -0.02 0.55 -0.04 0.27 -O.OS 0.12 0.08 0.09 0.20
0.5'; -0.02 1.00 -0.02 0.54 -0.04 0.27 -0.04 0.1) 0.10 0.10

-0.04 0.5'; -0.02 1.00 -0.02 0.55 -0.05 0.27 -0.04 0.14 0.11
11.:1"" -0.04 0.54 -0.02 1.00 -0.02 0.55 -0.06 0.27 ·0.06 O.ll

-u.os 0.21 -u.oe 0.S5 -0.02 1.00 -0.02 0.S4 -0.06 0.24 -0.06
0.12 -0.05 0.27 -0.05 0.55 -0.02 1.00 ·0.0] 0.54 -0.08 0.2]
0.08 0.12 -0.04 0.21 -0.06 0.54 -0.01 1.00 -0.02 0.54 -0.06
0.07 0.08 0.13 -0.04 0.27 -0.06 0.54 -0.02 1.00 0.00 0.S5
o.zo 0.09 0.10 0.14 -0.06 0.24 -0.08 0.54 0.00 1.00 0.03
0.01 0.20 0.10 0.11 0.13 -0.06 0.2l -0.06 0.55 0.0] 1.00

n.M fl.14 0.12 -0.:19 -0.23 -0.26 -0.01 0.17 0.26 0.28 0.07
0.15 0.63 0.15 0.12 -0.30 -0.22 -0.26 0.01 0.18 O.lO 0.29
0.19 0.15 0.64 0.16 0.11 -0.30 -0.23 -0.24 0.02 0.21 0.32
0.0'; 0.]8 O.IS O.M O.IS 0.11 -0.]0 -0.23 -0.24 0.02 0.21
0.10 0.05 0.]6 0.14 0.64 0.15 0.12 -O.lI -0.23 -0.28 0.01

-0.11 0.10 0.0] 0.35 O.lS 0.63 0.16 0.09 -0.32 -0.21 -0.29
-0.0] -0.11 0.09 0.0] 0.36 0.16 0.64 0.14 0.08 -0.34 -0.28
-0.05 -0.0) -0.11 0.09 0.02 0.]6 0.16 0.63 0.14 0.09 -0.33
0.04 -0.05 -0.03 -0.11 0.08 0.02 0.35 0.17 0.64 0.15 0.09
0.13 0.05 -0.04 -0.02 -0.12 0.06 0.01 0.]6 0.17 0.64 0.11
O.ll O.ll 0.05 -0.03 -0.02 -c.r s 0.06 0.01 0.]6 0.17 0.64

0.64 0.15 0.38 0.05 0.10 -0.11 -0.0] -0.05 0.04 0.1] O.ll
0.14 0.63 0.15 0.38 0.05 0.10 -0.11 -0.0] -0.05 0.05 0.1]
0.12 0.15 0.64 O.I~ 0.]6 0.03 0.09 -0.11 -0.03 -0.04 0.05

-0.29 0.12 0.16 0.64 0.14 0.]5 0.01 0.09 -o.u r -0.02 -0.0]
-0.23 -0.30 0.11 O.lS 0.64 0.15 0.]6 0.0:0' 0.09 -0.12 -0.0"
-0.26 -0.22 -0.10 0.11 0.15 0.61 0.16 0.]6 0.02 0.06 -0.1)
-0.01 -0.26 -0.2] -0.]0 0.12 0.16 0.64 0.16 0.35 0.01 0.06
0.17 0.01 -0.24 -0.23 -c.m 0.09 0.14 0.6] 0.17 0.]6 0.01
0.26 0.18 0.02 -0.24 -0.2] -0.32 0.08 0.14 0.64 0.17 0.]6
0.28 0.]0 0.21 0.02 -0.28 -0.21 -0.34 0.09 0.15 0.64 0.17
0.07 0.29 O. J2 0.21 0.01 -0.29 -0.29 -0. JJ 0.09 0.11 O.M

1.00 0.57 0.18 -0.40 -0.58 -0.56 -0.21 O.lS 0.42 0.-17 0.1I
0.57 1.00 0.58 0.18 -0.41 -0.59 -0.59 -0.21 0.16 0.44 0.41
0.18 0.58 1.00 0.58 0.15 -0.4] -0.60 -0.51 -0.19 0.18 0.44

-0.40 0.18 0.58 1.00 O.'H 0.14 -0.43 -0.60 -o.ve -O.let 0.18
-0.58 -0.41 0.15 0.57 ].00 0.58 0.16 -0.42 -0.61 -0.58 -0.19
-0.56 -0.59 -0.4) 0.14 0.58 1.00 0.59 0.16 -0.4] -0.62 -0.5e
-0.21 -0.58 -0.60 -0.43 0.16 0.59 1.00 0.58 0.15 -0.44 -0.l'2
0.15 -0.21 -0.57 -0.60 -0.42 0.16 0.58 1.00 0.58 O.IS -0.44
0.42 0.16 -0.19 -0.56 -0.61 -0.4] 0.15 0.58 1.00 0.59 0.15
0.41 0.44 0.18 -0.19 -0.58 -0.62 -0.44 0.15 0.59 l.00 0.58
0.31 0.41 0.44 0.18 -0.19 -0.58 -0.62 -0.44 0.15 0.58 1.00

Correlation matrix for the transformed variables when p ~ .98.
°1°2
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Some measures of multicollinearity for the two simulated correlation matrices
with p ~ .98.

a! a2

Original variables Transformed variables

Ai % E% Ai % E%

1 6.333 28.8 28.8 1 5.153 23.4 23.4
2 5.201 23.6 52.4 2 4.180 19.0 42.4
3 5.078 23.1 75.5 3 2.954 13.4 55.9
4 1.986 9.0 84.5 4 2.770 12.6 68.4
5 0.915 4.2 88.7 5 1.910 8.7 77.1
6 0.717 3.3 92.0 6 1.338 6.1 83.2
7 0.421 1.9 93.9 7 0.837 3.8 87.0
8 0.337 1.5 95.4 8 0.627 2.9 89.9
9 0.261 1.2 96.6 9 0.566 2.6 92.4

10 0.198 0.9 97.5 10 0.492 2.2 94.7
11 0.175 0.8 98.3 11 0.463 2.1 96.8
12 0.169 0.8 99.1 12 0.408 1.9 98.6
13 0.148 0.7 99.7 13 0.214 1.0 99.6
14 0.022 0.1 99.8 14 0.024 0.1 99.7
15 0.017 0.1 99.9 15 0.016 0.1 99.8
16 0.012 0.1 100.0 16 0.013 0.1 99.8
17 0.005 0.0 100.0 17 0.010 0.0 99.9
18 0.002 0.0 100.0 18 0.009 0.0 99.9
19 0.001 0.0 100.0 19 0.006 0.0 100.0
20 0.001 0.0 100.0 20 0.006 0.0 100.0
21 0.001 0.0 100.0 21 0.003 0.0 100.0
22 0.001 0.0 100.0 22 0.002 0.0 100.0

22.000 100.0 22.000 100.0

Sum of variance inflation factors:

E 1/A. = 5069.50 E 1/A. = 1516.92
J J

The spectral condition number:

\/A22 = 7306.35 \/A22 = 2120.83

Determinant of the correlation matrix:

IXIX I = \ ..... A22 = 2.34242·10 -25 IXIXI \ ..... A22
2.73348.10 -19

Haitovskys test variable:

XJl231) = 0.000 XJl231) 0.000
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APPENDIX 4. Autocorrelation andcrosscorrelation functions
for theoretical processes.

p i:j .58 P i:j .98
4

142
4

142

Xl x2 x' x' xl x2 x' x'1 2 1 2
lag k p(k) p(k) p(k) p(k) p(k) p(k) p(k) p(k)

0 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
1 0.70 0.71 -0.11 0.51 0.70 0.71 -0.11 0.51
2 0.49 0.14 0.53 0.16 0.49 0.14 0.53 0.16
3 0.34 -0.36 -0.08 -0.39 0.34 -0.36 -0.08 -0.39
4 0.24 -0.55 0.28 -0.45 0.24 -0.55 0.28 -0.45
5 0.17 -0.42 -0.06 -0.39 0.17 -0.42 -0.06 -0.39
6 0.12 -0.11 0.15 -0.06 0.12 -0.11 0.15 -0.06
7 0.08 0.17 -0.04 0.15 0.08 0.17 -0.04 0.15
8 0.06 0.30 0.08 0.28 0.06 0.30 0.08 0.28
9 0.04 0.25 -0.02 0.20 0.04 0.25 -0.02 0.20

10 0.03 0.08 0.04 0.07 0.03 0.08 0.04 0.07

P Pz'z' P Pz'z'zl z2 1 2 zl z2
1 2

lag k p(k) p(-k) p(k) p(-k) p(k) p(-k) p(k) p(-k)

0 0.39 0.39 0.39 0.39 0.66 0.66 0.67 0.67
1 0.28 0.27 0.09 0.03 0.48 0.46 0.15 0.04
2 0.06 0.19 0.10 0.21 0.10 0.32 0.17 0.35
3 -0.14 0.13 -0.15 0.00 -0.23 0.26 -0.26 0.01
4 -0.21 0.09 -0.11 0.11 -0.36 0.16 -0.18 0.18
5 -0.17 0.07 -0.14 -0.00 -0.28 0.11 -0.24 -0.01
6 -0.05 0.05 -0.00 0.06 -0.08 0.08 -0.01 0.10
7 0.07 0.03 0.03 -0.00 0.11 0.05 0.05 -0.01
8 0.12 0.02 0.09 0.03 0.20 0.04 0.16 0.05
9 0.10 0.02 0.05 -0.00 0.17 0.03 0.09 -0.01

10 0.03 0.01 0.03 0.02 0.06 0.02 0.05 0.03
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APPENDIX 5. Correlation matrices and eigenvalues for theor­
etical processes.

1.01l 0.70 0.49 O. III 0.2-1 0.17 O. J 2 C.OP 0.06 0.04 0.01 0.39 0.21 0.19 D.ll 0.09 0.01 O.OS O.OJ 0.02 0.02 0.01
D. Tn 1.00 0.71) 0.49 O. J4 0.2-1 0.17 0.12 0.09 0.06 0.04 0.28 O. )9 0.27 0.19 0.11 0.09 0.01 0.0') O.OJ 0.02 0.02
0.49 0.70 1.00 0.70 0.49 0.31 0.24 0.11 0.12 0.08 0.06 0.06 0.21' 0.39 0.27 0.19 0.1) 0.09 0.07 0.05 O.OJ 0.02
(1.)11 0.49 0.70 1.00 0.70 0.49 O.H 0.24 0.17 0.12 0.08 -0.14 0.06 0.28 O. ]9 0.27 0.19 O.ll 0.09 0.07 0.05 O.OJ
0.74 O.H D.4'J 0.70 1.00 0.70 0.49 0.34 0.24 0.17 0.12 -0.21 -0.14 0.06 0.28 O. )9 0.27 0.19 O. ]) 0.09 0.07 0.05
0.11 0.24 0.34 0.4<;1 0.70 1-00 0.70 0.49 0.34 0.24 0.17 -0.17 -0.21 -0.14 0.06 0.28 0.39 0.27 0.19 0.]] 0.09 0.07
0.12 0.17 0.24 0.34 0.49 0.70 1.00 0.10 0.49 0.34 0.24 -0.05 -0.17 -0.21 -0.14 0.06 0.28 0.39 0.27 0.19 0.13 0.09
0.08 0.12 0.17 0.24 O.H 0.49 0.70 1.00 0.70 0.49 0.34 0.07 -0.05 ·0.17 -0.21 ·0.14 0.06 0.28 0.39 0.27 0.19 0.J3
0.06 0.08 0.12 0.11 O.H O.H 0.49 0.70 1.00 0.70 0.49 O. J2 0.07 -0.05 -0.11 -0.21 -0.14 0.06 0.28 0.39 0.27 0.J9
0.04 0.06 0.08 0.12 0.17 0.24 0.34 0.49 0.70 1.00 0.70 O. JO 0.12 0.07 -0.05 -0.17 -0.21 -0. J4 O.M 0.28 0.19 0.27
0.0] 0.04 0.06 0.08 0.12 0.11 0.24 0.34 0.49 0.70 1.00 0.03 0.10 0.12 0.07 -0.05 -0.17 -0.21 -0.14 0.06 0.28 0.39

O. ]'} o.ce 0.06 -0.14 -0.21 ·0.17 -0.05 0.07 O. J2 0.10 0.03 1.00 0.71 0.14 -0.36 -0.55 -0.42 -0.11 O. J1 0.30 0.25 0.08
0.71 0.J9 O. <'8 0.0(, -0.14 -0.21 -0.11 ·0.05 0.01 0.J2 0.10 0.11 1.00 0.71 0.14 -0.36 -0.55 -0.42 -0.11 0.17 0.3f) n.25
0.19 0.27 0.3'} 0.2B 0.06 -0.14 -0.21 -0.17 -0.05 0.07 0.12 0.14 0.71 1.00 0.71 0.14 -0.36 -0.55 -0.42 -0.11 0.17 0.30
0.13 0.19 0.27 0.]9 0.211 0.06 -0.14 -0.21 -0.11 -0.05 0.07 -0. ]6 0.14 0.71 1.00 0.11 0.14 -0. ]6 -0.5'5 -0.42 -o.r i 0.17
0.09 0.13 0.19 0.21 0.39 0.28 0.06 -0.14 -0.21 -0.17 -0.05 -0.55 -0.36 0.14 0.71 1.00 0.71 0.14 -0.36 -0.55 -0.42 -0.11
0.07 0.09 0.1 ) 0.19 0.27 0.39 0.28 0.06 -0.14 -0.21 ·0.17 -0.42 -0.55 -0.36 0.14 0.11 1.00 0.11 0.14 -0.]6 -0.55 -0.42
0.1l5 0.07 0.09 0.1] 0.19 0.27 O. ]9 0.28 0.06 -0.14 -0.21 -0.11 -0.42 -0.55 -0. ]6 0.14 0.71 1.00 0.71 0.14 -0. ]6 -0.55
0.0] 0.05 0.07 0.09 0.1] 0.19 0.27 0.39 0.28 0.06 -0.14 0.11 -0.11 -0.42 -0.55 -0.36 0.14 0.71 1.00 0.71 0.14 -0.36
0.02 0.0] 0.05 0.07 0.09 0.13 0.19 0.27 0.39 0.28 0.06 0.30 0.17 -0.11 -0.42 -0.55 -0.36 0.14 0.11 1.00 0.71 0.14
0.02 0.02 0.03 0.05 0.07 0.09 0.13 0.19 0.27 0.]9 0.28 0.25 0.30 0.17 ·0.11 -0.42 -0.55 -0. ]6 0.14 0.71 1.00 0.71
0.01 0.02 0.02 O.OJ 0.05 0.07 0.09 0.13 0.19 0.21 0.39 O.OB 0.25 0.30 0.17 -0.11 -0.42 -0.55 -0.36 0.14 0.11 1.00

Correlation matrix for the original variables when p ::: .58.
G

lG2

l.on -0.11 0.53 -0.08 0.28 -0.06 0.15 -0.04 0.08 -0.02 0.04
-0.11 ).00 -o.f t 0.')] -0.08 0.28 -0.06 0.15 -0.04 0.08 -0.02
£1.5.1-0.11 l,(lO-O.lI 0.5)-0.OA 0.28-0.06 0.15-0.04 0.08

-O.OA 0.5J -0.11 1.00 -0.11 0.53 -0.08 0.28 -0.06 0.15 -0.04
0.2A -0.08 0.53 -o.r i 1.00 -on r 0.53 -0.08 0.28 -0.06 O.JS

-0.06 0.l8 -O.OB 0.53 -0.11 1.00 -o.ur 0.5] -0.08 0.28 -0.06
0.15 -0.06 0.28 -0.08 0.53 -0.11 Loa -0.11 0.53 -0.08 0.28

-0.04 0.]5 -0.06 0.28 -O.OB 0.5] -o.j i 1.00 -0.11 0.53 -0.08
O.OA -0.04 0.]') -0.(16 0.2B -o.ne 0.S3 -0.11 LaO -0.11 0.53

-0.02 0.08 -0.04 0.15 -0.06 0.2e -0.08 0.53 -0.11 1.00 -0.11
0.04 -0.02 0.08 -0.04 0.15 -0.06 0.2e -a.oa 0.53 -n.Lt 1.00

0.39 0.09 0.10 -0.15 -0.11 -0. J4 0.00 0.03 0.09 0.05 0.03
0.03 0.39 0.09 0.10 -0.]5 -0.11 -0. )4 0.00 0.03 0.09 0.05
0.21 0.03 0.39 0.09 0.10 -0.15 -0. J1 -0.14 0.00 O.OJ 0.09
0.00 0.21 0.03 0.39 0.09 0.10 -0.15 -0.11 -0.14 0.00 0.03
0.11 0.00 0.21 0.03 0.39 0.09 0.10 -0.15 -0.11 -0.14 0.00
0.00 0.11 0.00 0.21 0.03 0.39 0.09 0.10 -0.15 -0.11 -0.14
0.06 0.00 0.11 0.00 0.21 0.03 O. J9 0.09 0.10 -0.15 -0.11
0.00 0.06 0.00 0.11 0.00 0.21 0.03 0.39 0.09 0.10 -0.15
0.03 0.00 0.06 0.00 0.11 0.00 0.21 0.03 0.39 0.09 0.10
0.00 0.03 0.00 0.06 0.00 0.11 0.00 0.21 0.03 0.39 0.09
0.02 0.00 0.03 0.00 0.06 0.00 O. J1 0.00 0.21 0.03 0.39

0.39 0.03 0.21 0.00 0.11 0.00 0.06 0.00 0.03 0.00 O.Ol
0.09 0.]9 0.03 0.21 0.00 0.11 0.00 o.ne 0.00 0.03 0.00
0.10 0.09 0.39 0.03 0.21 0.00 O. J1 0.00 0.06 0.00 0.01

-0.15 0.10 0.09 0.39 0.03 0.21 0.00 0.11 0.00 0.0f) o.no
-0.11 -0.]5 0.10 0.09 0.39 O.OJ 0.21 0.00 0.11 0.00 o.os
-0.14 -O.ll -O.IS 0.10 0.09 0.39 0.0] 0.21 0.00 0.11 0.00

0.00 -0.14 -0. J1 -0.]5 0.10 0.09 0.39 O.OJ 0.21 0.00 0.11
0.03 0.00 -0.14 -0.1I -0.15 O. JO 0.09 0.39 0.0) 0.21 0.00
0.09 O.OJ 0.00 -0.14 -0.11 -0.15 0.10 0.09 O..J9 O.OJ 0.21
0.05 0.09 0.03 0.00 -0.14 -0.11 -0.15 O. )0 0.09 a. J9 0.0]
0.03 0.05 0.09 0.03 0.00 -0.14 -0.11 -0.15 0.10 O.O'} O.l,}

1.00 0.51 0.16 -0.39 -0.45 -0.39 -0.06 0.15 0.28 0.20 0.07
0.51 1.00 0.51 0.]6 -0.39 -0.45 -0.39 -0.06 0.15 0.28 0.20
0.16 0.51 1.00 0.51 0.16 -0.39 -0.45 -0.39 -0.06 0.10; 0.2e

-0.39 0.16 0.51 1.00 0.51 0.16 -0.39 -0.45 -0.39 -0.06 0.!5
-0.45 -0.39 0.16 0.51 1.00 0.51 0.16 -0.39 -0.45 -0.39 -0.06
-0.39 -0.45 -0.39 0.16 0.51 1.00 0.51 0.16 -0.39 -0.45 -0.J9
-0.06 -0.39 -0.45 -0.39 0.16 0.51 1.00 0.51 0.16 -D.]'} -0.45

0.15 -0.06 -0.39 -0.45 -0.39 0.16 0.51 1.00 O.SI O.lfi -0.]9
0.28 0.15 -0.06 -0.39 -0.45 -0.39 0.t6 0.51 ].00 0.51 0.16
0.20 0.28 0.15 -0.06 -0.39 -0.45 -0.39 0.16 0.51 1.00 0.51
0.07 0.20 0.28 0.15 -0.06 -0.39 -0.45 -0.J9 0.16 0.51 1.00

Correlation matrix for the transformed variables when p ::: .58.
G

l
G
2
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Some measures of multicollinearity for the two theoretical correlation matrices with
p ~ .58.

a
1

a
2

Original variables Transformed variables

Ai % E% Ai % E%

1 4.786 21.8 21.8 1 3.684 16.7 16.7
2 4.425 20.1 41.9 2 3.208 14.6 31.3
3 3.914 17.8 59.7 3 3.111 14.1 45.5
4 2.517 11.4 71.1 4 2.329 10.6 56.1
5 1.352 6.1 77.2 5 1.773 8.1 64.1
6 0.925 4.2 81.4 6 1.474 6.7 70.8
7 0.754 3.4 84.9 7 1.000 4.5 75.4
8 0.627 2.9 87.7 8 0.802 3.6 79.0
9 0.489 2.2 89.9 9 0.725 3.3 82.3

10 0.461 2.1 92.0 10 0.558 2.5 84.8
11 0.331 1.5 93.5 11 0.482 2.2 87.0
12 0.280 1.3 94.8 12 0.445 2.0 89.1
13 0.248 1.1 95.9 13 0.429 2.0 91.0
14 0.224 1.0 97.0 14 0.415 1.9 92.9
15 0.201 0.9 97.9 15 0.384 1.7 94.6
16 0.189 0.9 98.7 16 0.331 1.5 96.1
17 0.123 0.6 99.3 17 0.219 1.0 97.1
18 0.061 0.3 99.6 18 0.205 0.9 98.1
19 0.036 0.2 99.7 19 0.131 0.6 98.7
20 0.024 0.1 99.8 20 0.120 0.5 99.2
21 0.019 0.1 99.9 21 0.089 0.4 99.6
22 0.016 0.1 100.0 14 0.086 0.4 100.0

22.000 100.0 22.000 100.0

Sum of variance inflation factors:

E l/A. = 245.69 E u», = 71.00
1 1

The spectral condition number:

\/A22 = 300.76 \/A22 = 42.75

Determinant of the correlation matrix:

IXIXI = A
1

• ... ·A
22

= 1.04877.10-11 IXIXI A
1

• ... ·A
22

= 1.89621.10-6

Haitovskys test variable:

XJf231) = 0.000 XJf231) 0.000
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1.00 0.70 0.49 0.14 0.24 0.17 0.12 0.08 0.06 0.04 0.03 0.58 0.41 0.29 0.20 0.14 0.10 0.01 0.05 0.03 0.02 0.02
0.70 1.00 0.10 0.49 0.34 0.24 0.17 0.12 0.08 0.06 0.04 0.42 0.5e 0.41 0.28 0.20 0.14 0.10 0.01 0.05 0.03 0.02
0.4';1 0.70 1.00 0.70 0.49 O. J4 0.24 0.17 0.12 0.09 0.06 0.09 0.42 0.59 0.41 0.28 0.20 0.14 0.10 0.07 0.05 0.03
O.H 0.49 0.70 1.00 0.70 0.49 O.H 0.24 0.17 0.12 0.08 -0.20 0.09 0.42 0.58 0.41 0.28 0.20 0.14 0.10 0.07 0.05
O. :i'4 0.]11 O.4~ 0.70 1.00 0.70 0.49 0.34 0.24 0.17 0.12 -0.32 -0.20 0.09 0.42 0.58 0.41 0.28 0.20 0.14 0.10 0.07
0.17 0.24 0.31 0.49 0.70 1.00 0.70 0.49 0.34 0.24 0.11 -0.25 -0. ]2 -0.20 0.09 0.42 0.59 0.41 0.28 0.20 0 •• 4 O. ]0
D. );I: 0.17 0.24 D.H 0.49 0.70 1.00 0.70 0.49 0.14 0.24 -0.01 -0.25 -0. ]2 -0.20 0.09 0.42 0.59 0.41 0.28 0.20 0.14
(1.08 0.12 0.11 0.24 O. J4 0.49 0.70 1.00 0.70 0.49 0.34 0.10 ~0.07 -0.2S -0.32 -0.20 0.09 0.42 O. S8 0.41 0.28 0.20
O.Ofi 0.08 0.12 o.f t 0.24 O. J4 0.4g 0.70 1.00 0.70 0.49 0.18 0.10 -0.07 -0.2S -0.32 -0.20 0.09 0.42 0.S8 0.111 0.28
0.0-1 0.06 0.08 0.12 0.17 0.24 O. J4 0.49 0.70 1.00 0.70 0.15 0.18 0.10 -0.07 -0.25 -0. )2 ~0.20 0.09 0.42 0.58 0.41
O.OJ 0.04 0.06 O.OFJ 0.12 0.17 0.24 0.34 0.49 0.70 1.00 0.05 0.15 0.18 0.10 -0.07 -0.25 -0.32 -0.20 0.09 0.42 0.58

O.<;A 0.42 0.09 -0.20 -0.32 -0.25 -0.07 0.10 0.18 0.15 0.05 1.00 0.71 0.14 -0.36 -0.55 -0.42 -0.11 0.17 O. JO 0.25 0.08
0.,11 0.<;8 0.11' 0.09 -0.20 -0. J2 -0.25 -0.07 0.10 0.18 0.15 0.71 1.00 0.71 0.14 -0.16 -0.55 -0.42 -0.11 0.17 0.10 0.''''
0.2f1 0."1 0.S8 0.11' O.Og -0.20 -O.H -0.25 -0.07 0.10 0.J8 O. J4 0.71 1.00 0.71 0.14 -0.16 -0.55 -0.42 -0.11 0.17 0.30
0.7Q 0.28 0.41 O.SR 0.4' 0.09 -0.20 -0.32 -0.25 -0.07 0.10 -0.36 0.14 0.71 1.00 0.71 0.14 -0.36 -0.55 -0.42 -0.11 0.17
0.111 0.20 0.28 0.111 o.se 0.112 0.09 -0.20 -0.32 -0.25 -0.01 -0.55 -o. ]6 O. J4 0.71 1.00 0.71 0.14 -0.]6 -0.55 -0.42 -0.11
0.10 0.14 0.20 0.28 0.41 0.58 0.42 0.09 -0.20 -0.32 -0.25 -0.42 -0.55 -0.]6 0.14 0.71 1.00 0.71 0.14 -0.36 -o.ss -0.42
n.ot 0.10 O. '" 0.20 0.29 0.111 0 ....1J 0.42 O.OlJ -0.20 -0.]2 -0. J1 -0.42 -0.S5 -0. ]6 0.14 0.7t Lao 0.11 0.14 -0. If. -0.55
O.O'j 0.07 0.10 0.1-1 0.20 0.28 0.41 0.'58 0.42 0.09 -0.20 O. J7 -0. J1 -0.42 -0.55 -0.36 0.14 0.71 1.00 0.1) n.14 -0. J(,
0.01 0.05 0.07 0.10 0.14 0.20 0.28 0.41 0.58 0.42 0.09 0.30 0.17 -0.11 -0.42 -0.'55 -0. ]6 0.14 0.71 l.00 0.71 0.14
0.02 0.01 0.0<; 0.01 0.10 0.111 O.:W 0.2R 0.41 0.'58 0.42 0.25 0.30 O. t1 -0.11 ~0.42 -0.S5 -0.36 0.14 0.71 1.0n 0.71
0.0] 0.02 0.03 0.05 0.07 0.10 0.14 0.20 0.28 0.41 0.58 0.08 0.25 0.30 0.17 -0.11 -0.42 -0.55 ~O. 16 0.14 0.71 1.00

Correlation matrix for the original variables when p ::: .87.
a
1a2

I.on -0.11 0.53 -0.0101 0.28 -0.06 O.lS ~0.04 0.09 -0.02 0.04
-0.11 1.00 -0.11 O.5l -0.08 0.]8 -0.06 0.15 -0.04 0.08 -0.02
o.SI -0.11 1.00 -0.11 0.53 -0.08 0.]8 -0.06 0.15 -0.04 0.08

-0.(111 a.';] -0.1I 1.00 -0.11 0.'53 -0.08 0.:28 -0.06 0.15 -0.04
0.211 -0.08 0.53 -0.11 1.00 -0.11 0.5] -0.08 0.28 ~0.06 0.J5

-0.0f, 0.28 -0.01'1 0.5] -0.11 1.00 -0.11 0.53 ~0.08 0.28 -0.06
0.15 -0.06 0.28 -0.08 0.53 ~O.JI 1.00 -0.11 0.53 -0.08 0.28

-0.04 O.lS -0.06 0.28 -0.08 0.53 -O.H 1.00 -O.H 0.5] -0.08
0.013 -0.011 O.IS -0.06 0.28 -0.08 0.53 -0.11 1.00 -0.11 0.5]

-0.02 0.08 -0.04 0.15 -0.06 0.28 -0.08 0.53 -0.11 1.00 -0.11
O.oot -0.0] O.OA -0.04 0.15 -0.06 0.28 ~0.08 0.53 -0.11 1.00

0.59 0.04 0.31 0.00 0.16 -0.01 0.09 -0.01 (1.0S -O.OJ 0.02
0.)] 0.59 0.04 0.11 0.00 0.16 -0.01 0.09 -0.01 0.05 -0.01
0.15 0.1] 0.59 0.04 O.ll 0.00 0.J6 -0.01 0.09 -0.01 0.05

-0.23 O.IS 0.13 0.59 0.04 0.3J 0.00 0.16 -0.01 0.09 -0.01
~0.16 -0.2] 0.15 0.13 0.59 0.04 O.ll 0.00 O.H; -0.01 0.09
-0.21 -0.16 -0.23 0.J5 O.ll 0.59 0.04 0.31 0.00 0.16 -0.01
0.00 ~0.2J -0.16 -0.23 0.1'5 0.13 0.59 0.04 O.H 0.00 0.16
0.05 0.00 -0.21 -0.16 -0.23 0.15 0.13 0.59 0.04 0.31 0.00
0.14 0.05 0.00 -0.21 -0.16 -0.23 0.J5 O.ll 0.59 0.04 0.]1
0.09 0.14 0.05 0.00 -0.21 -0.16 -0.23 O.IS D.ll 0.59 0.04
0.04 0.08 0.14 0.05 0.00 -0.21 -0.16 -0.21 0.15 0.1) 0.59

(l.,;q O.lJ 0.1'5 -0.21 -0.16 -0.21 0.00 0.05 0.14 0.08 0.04 1.00 0.'51 0.16 -o.os -0.45 -0.19 -0.06 0.15 o."'~ O.:W 0.01
0.04 0.'i9 0.13 O.IS -0.21 -0.16 -0.21 0.00 0.05 0.14 0.08 0.5J 1.00 0.51 0.16 -0.39 -0.4S -0.39 -0.06 0.1'5 0.28 0.20
n.lI 0.011 0.<;9 0.13 0.15 ~0.]3 -0.16 -0.21 0.00 0.05 0.14 0.16 0.51 1.00 0.51 0.16 -0.39 -0.45 -0.39 -0.06 0.1'; 0.28
0.00 0.31 0.04 0.59 0.1J 0.15 -0.23 -0.16 -0.21 0.00 0.05 -0.39 0.16 0.51 1.00 0.51 0.16 -0.39 -0.45 -0.39 -0.06 0.15
0.16 0.00 0.31 0.04 0.S9 0.1l 0.15 -0.2] -0.J6 -0.21 0.00 ~O.45 -0.39 0.16 0.51 1.00 0.51 0.J6 -0.39 -0.45 -0.39 -0.06

-0.01 0.16 0.00 O.H 0.04 0.59 D.lJ 0.J5 -0.23 -0.16 -0.21 -0.]9 -0.45 -0.]9 0.16 0.51 1.00 0.51 0.16 -0.39 -0.45 -0.l9
0.09 -0.01 0.16 0.00 0.31 0.04 0.59 O.lJ 0.1.5 -0.23 -0.16 -0.06 -0.39 -0.45 -0.39 0.16 0.51 1.00 0.51 0.16 -0.l9 -0.45

-0.01 0.09 -0.01 0.16 0.00 0.31 0.04 0.59 o.r i 0.15 -0.23 0.15 -0.06 -0.l9 -0.45 ~0.39 0.16 0.51 1.00 0.51 0.16 -0.l9
0.05 -0.01 0.09 ~0.01 0.16 0.00 O.H 0.04 0.59 O.ll 0.15 0.28 0.15 -0.06 -0.39 -0.45 -0.]9 0.16 0.51 1.00 0.51 0.16

-0.01 O.OS -0.01 0.09 -0.01 0.16 0.00 0.31 0.04 0.59 0.13 0.20 0.28 0.15 -0.06 -0.39 -0.45 -0.39 0.J6 0.51 1.00 0.51
0.02 -0.01 0.05 -0.01 0.09 -0.01 0.16 0.00 0.31 0.04 0.59 0.07 0.20 0.28 0.15 -0.06 -0.l9 -0.45 -0.39 0.16 0.51 J.OO

Correlation matrix for the transformed variables when p ::: .87.
a
1a2
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Some measures of multicollinearity for the two theoretical correlation matrices
with p ~ .87.

a
1

a
2

Original variables Transformed variables

Ai % E% Ai % E%

1 5.187 23.6 23.6 1 3.905 17.7 17.7
2 4.855 22.1 45.6 2 3.439 15.6 33.4
3 4.355 19.8 65.4 3 3.354 15.2 48.6
4 2.705 12.3 77.7 4 2.602 11.8 60.5
5 1.227 5.6 83.3 5 2.008 9.1 69.6
6 0.844 3.8 87.1 6 1.604 7.3 76.9
7 0.575 2.6 89.8 7 1.086 4.9 81.8
8 0.401 1.8 91.6 8 0.816 3.7 85.5
9 0.324 1.5 93.1 9 0.671 3.0 88.6

10 0.273 1.2 94.3 10 0.543 2.5 91.0
11 0.239 1.1 95.4 11 0.503 2.3 93.3
12 0.219 1.0 96.4 12 0.475 2.2 95.5
13 0.213 1.0 97.3 13 0.299 1.4 96.8
14 0.200 0.9 98.3 14 0.147 0.7 97.5
15 0.190 0.9 99.1 15 0.136 0.6 98.1
16 0.096 0.4 99.6 16 0.127 0.6 98.7
17 0.043 0.2 99.8 17 0.075 0.3 99.0
18 0.021 0.1 99.8 18 0.070 0.3 99.4
19 0.013 0.1 99.9 19 0.043 0.2 99.6
20 0.009 0.0 99.9 20 0.040 0.2 99.7
21 0.007 0.0 100.0 21 0.029 0.1 99.9
22 0.006 0.0 100.0 22 0.029 0.1 100.0

22.000 100.0 22.000 100.0

Sum of variance inflation factors:

E l/A. = 642.09 E l/A. = 181.66, ,

The spectral condition number:

\/An = 915.50 \/A22 = 135.66

Determinant of the correlation matrix:

IXIXI = \· ....A
22

= 9.42407.10-16 IXIXI AI' .... A
22

= 1.70391· io-»

Haitovskys test variable:

XJt(231) = 0.000 XJt(231) = 0.000
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1.00 n.70 O.4Q 0.31 O.H 0.11 0.12 0.09 0.06 0.04 0.0) 0.66 0 .... 6 O. J2 0.2) 0.16 0.11 O.OA fl. 0<; 0.0'1 0.01 0.02
0.70 l.llO 0.70 a."'!} n . )1 0.2'1 0.17 0.12 0.08 0.06 0.04 0.48 0.66 0.46 0.12 0.23 0.16 0.11 0.01" 0.00; 0.04 0.01
n.4q 0.70 1.00 0.70 0.41 O. )It 0.24 0.17 0.12 o.oa 0.06 0.10 0.48 0.66 0 .... 6 O. J2 0.:13 0.16 0.11 n.ne 0.04
n,J1 0.-19 0.70 1.(10 0.10 0.49 0.1'1 0.2'1 0.17 0.12 0.08 -0.23 0.10 0.48 0.66 0.41'; 0.11 0.21 0.16 0.11 n.oe 0.0<;
O.H O.H 0.49 0.70 1.00 0.10 0."19 0.340 0.24 0.17 0.12 -0.36 -0.23 0.10 0.48 0.66 0.46 0.12 0.23 0.16 0.1\ O.OR
0.11 0.701 O. JiI 0.119 0.70 1.00 0.70 0.49 D.H 0.24 0.17 -o.ce -0.36 -0.23 O. to 0.48 0.66 0.46 O. J2 0.23 0.16 0.11
o.f a 0.11 O.H O.H 0.49 0.70 l.00 0.70 0.49 O. J4 O.H -0.08 -0.28 -0.36 -o.z r 0.10 0.48 0.66 0.46 0.12 o.:n 0.16
0.(18 0.12 0.17 0.24 0.34 0.49 0.70 1.00 0.10 0.49 0.34 0.11 -0.08 -0.28 -0.36 -0.23 0.10 0.48 0.66 0.46 0.32 0.23
0.06 0.08 0.12 O. I 7 0.24 0.3'1 0.49 0.10 1.00 0.70 0.49 0.20 0.11 -0.08 -0.28 -0.36 -0.23 0.10 0.48 0.66 0.46 0.32
0.04 0.06 0.08 O. J 2 O. I 1 0.24 0.3'1 0.49 0.70 1.00 0.70 0.17 0.20 0.11 -0.08 -0.28 -0.36 -0.21 0.10 0.48 OJ,f, 0.41',
n.03 0.04 0.06 0.08 O. I 2 0.17 0.24 0.34 0.49 0.70 1.00 0.06 0.17 0.20 0.11 -0.08 -0.28 -0.36 -0.23 0.10 0.48 0.66

0.(,6 II. oil!! 0.10 -0.'l3 -0.36 -0. ;19 -0.01l 0.11 0.20 0.17 0.06 l.00 0.71 0.14 -0.36 -0.55 -0.42 -0.11 O. t 1 0.30 0.2<; 0.09
0.46 0.66 0.48 0.10 -0. ]] -0.3(, -0.28 -0.08 0.1I 0.20 0.11 0.11 1.00 0.71 0.14 -0.36 -0.55 -0.42 -0.11 0.11 0.30 0.2<;
n. ]2 0.46 0.66 0.41l 0.10 -0. <'.1 -0 . .16 -0.28 -0.08 0.11 0.20 0.14 0.11 l.00 0.11 0.14 -0. ]6 -0.55 -0.42 -0.11 0.11 O. .10
n.<'3 O. J2 0.46 0.66 0.48 0.10 -0.23 -0.36 -0.28 -0.08 0.11 -0. ]6 0.14 0.11 1.00 0.11 0.14 -0.36 -0.55 -0.42 -0.11 0.17
0.16 0.23 O. ]2 0.46 0.66 0.48 0.10 -0.2] -0.36 -0.28 -0.08 -0.55 -0.36 0.14 0.11 1.00 0.11 0.14 -0.36 -0.55 -0.42 -0.11
0.11 0.16 0.23 0.32 0.46 0.66 0.48 0.10 -0.23 -0. ]6 -0.28 -0.42 -0.55 -0.36 0.14 0.71 1.00 0.71 0.14 -0.36 -0.55 -0.42
n.na 0.11 0.16 0.]] 0.32 0.46 O.(,fi 0.48 0.10 -0.13 -0.36 -0. I I -0.42 -0.0;'; -0. Hj 0.14 0.71 1.00 0.71 o. J.1 -0.11'; -0.0;<;
11. or; 0.011 0.1I 0.16 0.;1'] O. J2 0.46 0.66 0.48 0.10 -0.23 0.11 -0. II -0.42 -0.';5 -0.36 0.14 0.11 1.00 0.11 0.14 -0.1(,
f).04 0.00; O.OS 0.11 0.16 0.2] O. ]2 0.46 0.66 0.48 0.10 0.30 0.17 -0.11 -0.42 -0.5S -0.36 0.14 (1.71 1.00 0.71 0.14
0.01 0.04 0.05 0.08 0.11 0.16 0.23 0.32 0.46 0.66 0.48 0.25 0.30 0.17 -0. J1 -0.42 -0.55 -0.36 (1.14 0.71 LOO 0.71
0.0;1 0.03 0.04 0.05 0.08 0.11 0.16 0.23 0.32 0.46 0.66 0.08 0.25 0.30 0.17 -0. J1 -0.42 -0.55 -0.36 0.14 0.11 1.00

Correlation matrix for the original variables when p l:: .98.
/l1a2

1.00 -0.11 0.53 -n.ua 0.28 -0.06 0.15 -0.04 0.08 -0.02 0.04
-0.11 t.no -0.11 0."') -0.09 0.28 -0.06 0.15 -0.04 0.08 -0.02
0.5.1 -O.It 1.00 -0.11 0.53 -0.08 0.28 -0.06 0.15 -0.04 0.08

-0.08 0.<;3 -0.11 LaO -0.11 0.53 -0.08 0.28 -0.06 0.15 -0.04
n.2A '·0.08 0.53 ..(l.1I 1.00 -0.11 0.5] -0.08 0.28 -0.06 0.15

-0.06 0.28 -0.08 0.5] -0.11 1.00 -0.11 0.53 -0.08 0.28 -0.06
0.1'; -0.06 0.28 -0.08 0.53 -0.11 1.00 -0.11 0.53 -0.08 0.28

-0.04 0.15 -0.06 0.28 -0.08 0.53 -0.11 1.00 -0.11 0.53 -0.08
n.na -0.04 0.15 -0.06 0.28 -0.08 0.53 -0.11 1.00 -0.11 0.53

-(I.U2 0.08 -0.04 0.1'; -0.06 0.28 -0.08 0.5.1 -0.11 1.00 -0.11
n.na -0.02 0.08 -0.04 0.15 -0.06 0.28 -0.08 0.53 -0.11 1.00

0.,,] 0.15 0.17 -0.26 -0.18 -0.24 -0.01 0.05 0.16 0.09 0.05

0.<)4 0.67 0.15 0.17 -0.26 -0.18 -0.24 -0.01 0.05 0.16 0.09
0.15 0.04 0.67 0.15 0.17 -0.26 -0.18 -0.24 -0.01 0.05 0.16

0.01 O.H 0.04 0.67 0.15 0.17 -0.26 -0.18 -0.24 -0.01 0.05
0.18 0.01 0.35 0.04 0.67 0.15 0.17 -0.26 -0.18 -0.24 -0.01

-n.nt 0.18 0.01 0.35 0.0" 0.67 0.15 0.17 -0.26 -0.18 -0.24
0.10 -0.01 0.18 0.01 0.35 0.04 0.67 0.15 0.17 -0.26 -0.18

-0.01 0.10 -0.01 0.18 0.01 0.15 0.04 0.67 0.15 0.17 -0.26
0.0') -0.01 0.10 -0.01 0.18 0.01 0.35 0.04 0.67 0.15 0.17

-{LOI 0.0'; -0.01 0.10 -0.01 0.18 0.01 0.35 0.04 0.61 0.15
0.01 -0.01 0.05 -0.01 0.10 -0.01 0.18 0.01 0.35 0.04 0.67

0.67 0.04 0.35 0.01 0.18 -O.nI 0.10 -0.01 0.0') -0.01 O.OJ
0.15 0.61 0.04 0.1') 0.01 0.11'1 -0.01 0.10 -0.01 n.n<; -n.OI
0.17 0.15 0.67 0.04 0.3') 0.01 0.18 -(l.01 0.10 -0.01 0.0<;

-0.26 0.11 0.15 0.61 0.04 0.3'; 0.01 O.lA -0.01 0.10 -0.0)
-O.lA -0.26 0.17 0.15 0.67 0.04 0.35 0.01 0.18 -u.nt 0.10
-0.24 -0.18 -0.26 0.17 0.15 0.67 0.04 0.35 0.01 0.113 -n.m
-0.01 -0.24 -0.18 -0.217 0.17 0.15 0.67 0.04 0.]') 0.01 O.IA
0.05 -0.01 -0.24 -0.18 -0.26 0.17 0.15 0.67 O.M 0.35 0.01
0.16 O.OS -0.01 -0.24 -0.18 -0.26 0.11 0.15 0.67 0.01 0.1<;
0.09 0.16 0.05 -0.01 -0.24 -0.18 -0.26 0.17 0.1<; 0.1';7 0.0"
0.05 0.09 0.16 0.05 -0.01 -0.24 -0.18 -0.26 0.17 0.15 0.67

1.00 0.51 0.16 -0.39 -0.45 -0.]9 -0.06 0.15 0.28 0.;10 0.01
0.51 1.00 0.51 0.16 -0.]9 -0.45 -0.39 -0.06 0.15 0.2R 0.20
0.16 0.51 1.00 0.51 0.16 -0.39 -0.45 -0.39 -0.06 0.15 0.7R

-0.39 0.16 0.51 1.00 0.51 0.16 -0.39 -0.-15 -0.39 -0.06 0.15
-0.45 -0.]9 0.16 0.51 LOO 0.51 0.16 -0.39 -0.45 -0.]9 -0.06
-0.39 -0.45 -0.39 0.16 0.51 1.00 0.51 0.16 -0.]9 -0.45 -O.ll}
-0.06 -0.39 -0.45 -0.39 0.16 0.51 1.00 0.51 0.16 -0.:'19 -0.45
0.15 -0.06 -0.]9 -0.45 -0.]9 0.16 O.SI 1.00 0.51 O.H' -0.1'}
0.28 0.15 -0.06 -0.39 -0.45 -0.]9 0.16 0.51 1.00 0.51 0.16
0.20 0.28 0.15 -0.06 -0.]9 -0.45 -0.]9 0.16 0.51 1.00 0.':>1
0.07 0.20 0.28 0.15 -0.06 -0.]9 -0.45 -0.39 0.16 0.51 1.00

Correlation matrix for the transformed variables when p l:: .98.
/1

1/12
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Some measures of multicollinearity for the two theoretical correlation matrices
with p ::: .98.

a
l

a
2

Original variables Transformed variables

Ai % E% Ai % E%

1 5.367 24.4 24.4 1 4.008 18.2 18.2
2 5.047 22.9 47.3 2 3.547 16.1 34.3
3 4.545 20.7 68.0 3 3.464 15.7 50.1
4 2.799 12.7 80.7 4 2.721 12.4 62.5
5 1.239 5.6 86.3 5 2.104 9.6 72.0
6 0.757 3.4 89.8 6 1.660 7.5 79.6
7 0.569 2.6 92.4 7 1.131 5.1 84.7
8 0.402 1.8 94.2 8 0.844 3.8 88.5
9 0.309 1.4 95.6 9 0.689 3.1 91.7

10 0.255 1.2 96.8 10 0.544 2.5 94.1
11 0.224 1.0 97.8 11 0.516 2.3 96.5
12 0.206 0.9 98.7 12 0.430 2.0 98.4
13 0.194 0.9 99.6 13 0.244 1.1 99.6
14 0.031 0.1 99.7 14 0.021 0.1 99.6
15 0.029 0.1 99.9 15 0.019 0.1 99.7
16 0.014 0.1 99.9 16 0.018 0.1 99.8
17 0.006 0.0 100.0 17 0.011 0.0 99.9
18 0.003 0.0 100.0 18 0.010 0.0 99.9
19 0.002 0.0 100.0 19 0.006 0.0 99.9
20 0.001 0.0 100.0 20 0.006 0.0 100.0
21 0.001 0.0 100.0 21 0.004 0.0 100.0
22 0.001 0.0 100.0 22 0.004 0.0 100.0

22.000 100.0 22.000 100.0

Sum of variance inflation factors:

E 1/A. = 4310.49 E 1/A. = 1198.88
I I

The spectral condition number:

AI / A
22

= 6611.98 AI/A22 = 994.06

Determinant of the correlation matrix:

IXIXI = A
I

• ... ·A
22

= 2.17814.10-23 IXIXI = A
I

• ... ·A
22

= 3.93816.10-18

Haitovskys test variable:

XJJ231) = 0.000 XJJ231) = 0.000
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OnIdentification of Transfer Function Models
by Biased Regression Methods

PER-DLOV EDLUND

Stockholm School of Economics

Box 6501

S-11383 Stockholm, SWEDEN.

ABSTRACT

This paper investigates a biased regression approach to the preliminary

estimation of the Box-Jenkins transfer function weights. Using statistical simulation

to generate time series, 14 estimators (various OLS, ridge and principal components

estimators) are compared in terms of MSE and standard error of the weight

estimators.

The estimators are investigated for different levels of multicollinearity,

signal-to-noise ratio, number of independent variables, length of time series and

number oflags included in the estimation.

The results show that the ridge estimators nearly always give lower MSE than

the OLS estimator, and in the computationally difficult cases give much lower MSE

than the OLS estimator. The principal components estimators can give lower MSE

than the OLS, but also higher values. All biased estimators nearly always give much

lower estimated standard error than OLS when estimating the weights.

KEY WORDS: Time series, Transfer function models, Identification procedure,

Biased regression, Monte Carlo.

INTRODUCTION

In many statistical models used in economics and business the dependent vari­

able is a function of not only current values but also lagged values of the independent

variables. These models occur in business cycle forecasting with leading indicators as

well as in sales forecasting models, where sales is modeled as a function of present and

past levels of advertising expenditure and present and past price levels.

In these cases the transfer function models described by Box and Jenkins (1976)
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may be used to describe and identify dynamic relationships based on theoretical

models. Since theoretical models very seldom imply the exact nature of the lag

structure, there clearly is a need for an empirical method to identify these structures.

The method of identification proposed by Box and Jenkins seems to work well

only when there is one independent variable or when the independent variables are

mutually uncorrelated. In economic time series this is unlikely to be the case.

Therefore, an identification method is needed that works well even in the case of

several cross-correlated independent variables. One such method is the multiple

regression approach. Even though that approach was not recommended by Box and

Jenkins, studies by Pukkila (1980) and Edlund (1984) have shown that the regression

approach may be used with good results if the estimation problems can be solved.

The regression method also has the advantage of being quite easy to use and it is also

easy to find suitable computer software.

The aim of this paper is to further investigate a biased regression procedure

proposed by Edlund (1984). The procedure will be studied by means of statistical

simulation.

IDENTIFICATION OFTRANSFER FUNCTION MODELS

The transfer function-noise model proposed by Box and Jenkins (1976) is,

where Yt is the dependent variable, c is a constant term, xt is the independent

variable, nt is an error term which represents all the 'missing' z variables plus the

pure noise, B is the ordinary lag operator, w(B) is a 'moving average' operator, orB) is

an 'autoregressive' operator, b is a pure delay parameter which represents the number

of complete time intervals before a change in x
t

begins to have an effect on Y
f

(The Y

and x variables are assumed to be differenced/transformed to be mean and variance

stationary. )

The transfer function v(B) is a rational lag structure,

or
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that may be used to represent any form of linear dynamic relationship between xt and

Y
t

to any specified degree of accuracy. This formulation has also been used in

econometrics, see e.g. Jorgenson (1966).

The noise term, nt' may be expressed as an ordinary ARMA(p,q) model of the

form

where OrB) is a moving average operator of order q, ¢J(B) is an autoregressive ope­

rator of order p, and at a white noise variable.

The single-input model is easily generalized to an m-input transfer function

model,

m w.(B) ~B
Yt=c+ E >!-nnx· t_ b + at

j=l ujlL>J J, j

with m input variables xlt' x2t' ... , xmf The ordinary multiple regression model

is a special case of the more general multiple-input transfer function model.

If the true transfer function II(B) was known, suitable operators 8(B) and w(B)

and the pure delay parameter b could be identified. In practice the transfer function

has to be estimated before the operators and delay parameter can be guessed. This

preliminary estimation problem has led to different methods of identification. (The

identification phase of the transfer function model estimation work also includes the

guessing of operators and delay parameter. In this study only the preliminary

estimation of the transfer function weights, II. , will be considered. Good preliminary
J

estimation improves the conditions for reliable parameter identification.)

Box and Jenkins (1976, Chap. 11) discuss three methods for estimating the

transfer function weights. Two of the methods are time domain methods, the

prewhitening-eross correlation method and the regression method. The third method

is a frequency domain method, the cross-spectral analysis method. They found that

the regression method had several deficiencies and that the prewhitening-eross

correlation method was to be preferred. This may be true in the case of a single input

transfer function model, but for multiple input models with correlated input variables

the prewhitening-eross correlation method is not applicable. The cross-spectral
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analysis method may be used both for the single and the multiple input models, for an

example see Pukkila (1979). This method, however, is more demanding in terms of

knowledge in statistics and in computer time, than the regression method.

Other methods have been proposed or used in practical applications. Priestley

(1971) proposed a method similar to Box and Jenkins prewhitening-eross correlation

method, called the covariance contraction method. A similar method was also

proposed by Haugh and Box (1977). These methods are also intended for the

one-input model, even though an extension of Priestleys method to multiple-input

models has been given by Fask and Robinson (1977). Apart from these more

theoretical approaches one may try a stepwise procedure starting with too few or too

many lags and then add or delete lags to obtain a good model. Of course there is no

guarantee that this approach will give the best fitting model or the most

parsimonious representation of the model.

THE REGRESSION METHOD

The most natural way of obtaining preliminary estimates of the transfer function

weights, v . , is simply to estimate the weights by ordinary least-squares regression.
J

The simple transfer function may be written as,

(1)

where y, x, c and n are defined as above. If it is reasonable to assume that the weights

v .are ~ 0 for some lag k > K then (1) can be estimated by OL5 with K+1 independent
J

variables (lags 0 to K of the x variable). If there are m independent x variables

equation (1) can be expanded accordingly. This regression approach was tested by

Pukkila (1980) for a two-input and a three-input model. He found that the OL5

estimators yielded surprisingly good results in terms of average bias and standard

errors. In his study the input variables were only moderately cross correlated. In

general we may encounter several problems trying to estimate (1). First of all, we

need knowledge of the lag K at which the v .weights may safely be assumed to be zero.
J

Trying large values of K means that many degrees of freedom will be lost. Secondly,

the correlation matrix of the independent variables (including lagged variables) may

show strong multicollinearity. This collinearity may result from autocorrelated input

variables or/and cross correlation between the input variables. The third major

problem is the possibility of autocorrelated residuals, i.e. n
t

is not white noise. This
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will decrease the efficiencyof the regression estimates.

The first problem can usually be solved by finding some trade-off between the

risk of including too few lags (gives biased estimates) and losing too many degrees of

freedom. It seems wise to start with too many rather than too few lags in the model.

The multicollinearity problem is more difficult to solve. Liu and Hanssens (1982)

transformed the x and Y variables by a common filter. The filter was constructed to

eliminate AR factors with roots close to one in the estimated ARMA processes for the

x variables. Edlund (1984) used biased regression, ridge and principal components

regression, to obtain more accurate estimates. Autocorrelated residuals can be dealt

with by using generalized least squares (GLS) instead of OLS (see Liu and Hanssens)

or by transforming the x and y variables. The latter method has been used by Box

and Tiao (1975) and by Edlund (1984).

In Edlund (1984) the following two-step procedure was suggested and tested in a

simulation study:

Step one: identification, estimation and checking of the noise model and
transformation of the input andoutput variables

First the multiple regression model

(2)

is estimated by biased regression, ridge or principal components regression. Then the

estimated residuals are computed,

m

nt = Yt - c-i~l v/B)xit = Yt - C- v10xlt - v11 X1,t-l - ... - vmK Xm,t-K .

The noise model, nt = ~~~ at is then identified and estimated using the standard

Box-Jenkins procedure for ARMA models. The estimated operators are then used to

transform the original x and Y variables,

O(B)y~ = <P(B)yt, all t, and O(B)xjt = (J(B)xjt, j= 1,... ,m, all t.
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estimation of the impulse response function from the transformed

variables ~ and Xj,

In the second step equation (2) is re--estimated, by biased regression methods, using

the transformed x and y variables,

(3)

In (3) the residuals {at} should be almost white noise and by using biased regression

the bad effects of multicollinearity will be decreased. If so, the estimates v.. will be
I)

good estimates of the true values and could be used for guessing the orders of the

operators in the transfer functions. The significance of the v.. can be tested by the
I)

standard t-test. In case the estimated residuals in (3) are not white noise, step one

could be repeated using the estimated values of II .. in (3) for calculating the residuals
I)

n
t
. Step two is then performed again. In the end acceptable estimates of II .. will be

I)

obtained.

In order to test the proposed procedure a small simulation experiment was

performed in Edlund (1984). It showed that the proposed procedure may be of value

to the practitioner, especially when the multicollinearity is strong and when the

signal-to-noise ratio is low (large residual variance). The ridge estimator was nearly

always superior to the principal components estimator.

METHODOLOGY

In order to further investigate the properties of the two-step procedure in

Edlund (1984) an extended Monte Carlo study has been carried out. This study

covers more factors and estimators but also some modifications of the estimation

procedure. The design of the study is described below.

Models

In the simulations three basic models have been studied. The two- and three­

input models are from Pukkila (1979). They have also been used by Pukkila (1980),

and the two input model has also been used by Damsleth (1979) and Edlund (1984).

In addition to these models a single-input model was chosen. The models are nested,

the two-input model contains the one-input model, and the three-input model
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contains the two-input model. The three models exemplify different degrees of

complexity. In the one-input case the results can be directly compared to those from

the ordinary pre-whitening cross correlation method proposed by Box and Jenkins.

The models are,

Modell:

v, = (2 + 4B + Jil)xlt + nt

Model 2:

Yt = (2 + 4B + Jil)Xlt + (1- O.6B)-1 Ji3x2t + nt

Model 3:

Yt = (2 + 4B + Jil)X
lt

+ (1- O.6B)-1 Ji3x2t + 2(1- O.8B)-1 Jfx3t + nt

The processes alt' a2t, a3t and at are generated as white noise processes such that at is

uncorrelated with a
lt

, a2t and a3t, and a
lt

, a2t and a3t are correlated to give different

strengths of correlation between the x variables.

Criteria for comparing estimators

The performance of the estimators can be measured by two main categories of

statistics, the first measuring the closeness of the estimated coefficients to the true

values, the second measuring the forecasting performance of the model. Since the

object of the identification phase is to identify the "true" coefficients and a suitable

transfer function for them, the first category is of major interest. Therefore different

measures were computed describing the MSE of the coefficients for the estimators and

the standard error of the estimated coefficients. All mean value statistics were

averaged over all coefficients and over all replications.
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Selected estimators

The principal component estimator used in Edlund (1984) performed very poorly

in MSE when the signal-to-noise ratio was high. Therefore, in this simulation study

two other selection criteria for the principal components were used. The first

criterion was proposed and tested by Lott (1973). He developed a criterion which

maximizes the R2 for the regression of Y
t

on the principal components. The second

criterion used is a simple t-test of the regression coefficients in the principal com­

ponent regression, see e.g. Massy (1965). Components with a non-significant

regression coefficient at the 5 % level were deleted from the principal components

equation. As a standard of comparison the principal component estimator from

Edlund (1984) was computed.

The shrinkage factor k in the ridge estimator has been computed by three

different methods proposed by; Lawless and Wang (1976), Hocking, Speed and Lynn

(1976) and Hoerl, Kennard and Baldwin (1975). The estimator by Lawless and Wang

was used in the previous study and performed well. In addition to that estimator two

other estimators were used in order to see iffurther reduction in MSEis possible. The

estimators are all functions of the estimated regression coefficients and the residual

standard deviation. The value of kis computed by the following formulas,

Lawless and Wang:

Hocking, Speed and Lynn:

Hoerl, Kennard and Baldwin:

'" \ 2.2
2

.<.11\ .a .
k • t t
=(J"--

E).~a~
t t

.2
k = .l!!!..-

",.2
.<.Ia.

t

where p is the number ofindependent variables, 0-2 is the estimated residual variance,

). . is the i:th eigenvalue from the correlation matrix and a.is the OLS estimate of the
t t

i:th regression coefficient from regression on variables transformed by the

eigenvectors computed from the correlation matrix of the x variables.
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Experimental design

In this study the effects of some relevant factors on the properties of the different

estimators have been analyzed.

The factors considered in this simulation study have been the degree of

multicollinearity, the signal-to-noise ratio (residual variance), number of input

variables, length of time series and number of lags. Since it is computationally very

tedious to investigate every possible combination of levels on these factors, only two

factors have been varied at a time while the other factors have been set to their

default levels.

The degree of multicollinearity can be varied by either changing the

autocorrelation structure for the input variables or by changing the cross correlation

between the input variables. In this study only the latter method have been used.

For model 1 the variance of alt has been set to 2, 3 and 4 respectively with 3 as a

default value. For model 2 the following covariance matrices have been used to

generate the time series,

and for model 3,

[
4 2 2 ] [433] [443]E

1
= 2 5 1 E

2
= 3 5 2 E

3
= 4 5 3

215 325 335

where the first E matrix in model 2 and 3 is equal to the covariance matrix used by

Pukkila (1979, 1980). The second E matrix has been used as a default.

The signal-to-noise ratio has been varied by changing the value of the residual

variance, a2• The variance was set to 0.01, 1 and 25 respectively, with a2 = 1 as
a a

default.

The number of input variables have been altered by using the three different

models above, with model 2 as the default model.

The length of time series has been set to 50, 100 and 200 observations

respectively, with 100 observations as the default length. Modell could be estimated

with less than 50 observations but to obtain meaningful estimates, especially with

long lags, the number of observations must not be too small. Model 3 can not be

estimated with 50 observations unless the lags are rather limited.

The last factor considered is the number of lags included in the model. Here

different sets have been used to obtain cases where there are too few, a correct
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number or too many lags included. This reflects different prior beliefs about the lag

structure. The default values are lags 0 to 10 for xl and x
2

and lags 0 to 20 for x
3

.

The last three factors, number of variables, number of observations and number

of lags determine the degrees of freedom in each estimated model.

For all investigated combinations the number of replications has been 50.

During each replication (for all combinations) the time series for variable xl has been

held constant. Variable x
2

and x
3

have been recomputed when the covariance matrix

has changed, otherwise they have also been kept constant. The main source of

stochastic variation in this study has therefore been the residual series that has been

different in each replication (but constant between different combinations, apart from

variations in the residual variance). Thereby it has been possible to isolate the effects

of the disturbance term on the estimation method.

The processes at' a
l t,

a2t and a
3t

have been generated as normal white noise

processes using the Box and Muller (1958) method. The input variables have been

computed from the ait processes using a starting period of 50 observations. These

first 50 observations have not been used in the estimations. The x and y variables

have been transformed by the true noise model rather than the estimated model.

This has been done to obtain a significant reduction in computing time. To

investigate the effects of this simplification, checks have been done for some factor

combinations without observing any significant differences in terms of the relative

performance of different estimators. To obtain a starting value for the

transformations the original series have been forecasted backwards using Box and

Jenkins technique (1976, Ch.7).

RESULTS OFSIMULATION

The following measures have been computed for all investigated combinations of

factors and for all estimators:

l 50
MSE(v ). = E (Ii .. - v.Plt MSE(v) = E MSE(v )./50

m I j= 1 IJm J m i= 1 m I

where v.. is an estimate of the jth transfer function weight in replication i for
IJm

estimator m, 50 is the number of replications, t is the total number of estimated

transfer function weights. The MSE may be split into a bias term and a variance

term. In the simulations the bias term has been small relative to the variance

term. Therefore only the total MSE has been given.
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%[MSE(iim) $ MSE(iiOLS)] is the proportion of times the average MSE for

estimator m is not larger than the MSE for OLS. This measure may be used

instead of testing for significant differences in MSE between the OLS and the

other estimators.

50 l
S(ii ) = E E s.. /50.1.

m i=1 ;=1 13m

where s.. is an estimate of the standard error for estimator m when estimating
13m

weight jin replication i.

Average number of principal components (PC) used in estimation (for the

principal components estimators). This and the next measure were computed to

study the differences between the PC and ridge estimators.

Average value of the shrinkage factor, k (for the ridge estimators)

Average standard error of estimate (residual standard deviation). This measure

shows if the estimate is unbiased.

To simplify the evaluation of the 14 estimators the following ratios were

calculated

MSE(ii ) S(ii )
MSE m S = m

m MSE(ii OLB) m S(iiOLS)

where m = OLS, RR LW (Lawless and Wang), RR HSL (Hocking, Speed and Lynn),

RR HKB (Hoerl, Kennard and Baldwin), PCE (the h first principal components

corresponding to the h largest eigenvalues covering at least 99.5 % of the variance in

the correlation matrix), PC t>2 (principal components with a t-value larger than 2),
PC MAX (Lott's maximum R2 criterion). OLSt, RRt L W, RRt HSL, RRt HKB,

PCt E, PCt t>2, PCt MAX are estimators based on transformed variables.

In all, 10 different combinations of the five factors considered have been

evaluated for all estimators and for all measures above. Since the number of tables

clearly exceeds the space allowed in a journal only one set of tables will be given. The

contents of the other tables will be summarized in the text. A complete set of tables

can be obtained from the author.

Degree of multicollinearity

Tables I-VI show the results for different combinations of multicollinearity

(different E:s here denoted by the correlation, p, between a
1

and a
2

) and
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ITa = .1 ITa = 1 ITa = 5
Estimator p=.61 p=.79 p=.94 p=.61 p=.79 p=.94 p=.61 p=.79 p=.94

ULB 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
RBLY 1.00 1.00 1.00 0.93 0.89 0.74 0.49 0.37 0.18
RB HSL 1.00 1.00 1.00 1.00 0.99 0.98 0.92 0.88 0.73
RB HIB 1.00 1.00 0.99 0.91 0.84 0.64 0.49 0.38 0.24
PC ~ 45.55 67.93 66.54 1.40 1.56 1.04 0.68 0.51 0.16
PC t>2 0.97 1.34 2.21 1.42 1.37 0.87 0.91 0.57 0.42
PC IAI 0.96 1.24 1.73 1.32 1.26 0.91 0.91 0.58 0.47

ULSt 0.71 0.74 0.80 0.83 0.82 0.81 0.83 0.82 0.81
RBtLY 0.71 0.75 0.80 0.81 0.79 0.69 0.50 0.38 0.19
lilt HSL 0.71 0.74 0.80 0.83 0.82 0.80 0.79 0.76 0.65
RBt HIB 0.71 0.75 0.80 0.82 0.79 0.70 0.53 0.42 0.25
PCt ~ 73.18 91.10 66.25 1.92 2.04 1.16 0.75 0.61 0.29
PCt t>2 0.73 0.80 0.83 1.11 1.22 1.15 0.83 0.65 0.51
PCt IAI 0.75 0.93 0.80 0.95 1.02 0.99 0.81 0.65 0.56

ffl(v ULB) 0.0002 0.0004 0.0010 0.015 0.023 0.065 0.360 0.576 1.625

Table I. Estimated ratios, MSEm' of MSE(vm) to MSE(lIaLi Correlation (p)
between a

l
and a

2
vs. residual standard deviation (ITa). Model 2 with 100

observations, lag 0-10 for xl and x
2

.

signal-to-noise ratio (different ITa values).

From Table I it may be noted that:

The transformation of variables in this case nearly always leads to a reduction in

MSE for the ridge estimators. The relative MSE (MSE ) for the ridge estima-
m

tors tends to decrease as p increases, except when ITa =.1. In these cases the

MSE is very small compared to the size of the weights. Then there is very little

to gain from using ridge regression and the gain decreases rather than increases

as p increases.

The performances of the L Wand HKB estimators are very similar and in most

cases these estimators are superior to the HSL estimator. The HSL estimator

usually is more similar to the corresponding OLS estimator. The ridge estima­

tors give lower MSE than the OLS estimators, especially in computationally

difficult cases (when multicollinearity is strong and signal-to-noise ratio is low,

see e.g. when p = .94 and ITa = 5), which is to be expected.

The principal components estimators in some cases perform much better than

the OLS estimators, but in some cases much worse. There are no clear responses

to increases in p except when the signal-to-noise ratio is low (ITa = 5) where the

MSE for all estimators decreases as p increases. When ITa is small relatively few
m

[On Identification of Transfer Function Models by Biased Regression Methods)



105

components are deleted (see Table IV) and we may therefore suspect that there

are some random effects, on the margin, in choosing which components to delete.

The PC t>2 and PC MAX estimators have a more stable performance than the

PCE estimator. On the other hand the PCE estimator is clearly better than

the other estimators when the signal to noise ratio is low. These effects are due

to the insensitiveness of the PC E estimator to changes in the residual variance,

see Table IV.

ITa = .1 ITa = 1 ITa = 5
Estimator p=.61 p=.79 p=.94 p=.61 p=.79 p=.94 p=.61 p=.79 p=.94

RB LTt' 0.54 0.58 0.60 0.74 0.94 1.00 1.00 1.00 1.00
RB HSL 0.54 0.58 0.60 0.88 0.94 1.00 1.00 1.00 1.00
RB HiD 0.54 0.58 0.58 0.68 0.86 0.98 1.00 1.00 1.00
PC ~ 0.00 0.00 0.00 0.12 0.06 0.34 0.96 0.98 1.00
PC t>2 0.46 0.14 0.00 0.14 0.24 0.68 0.56 0.96 1.00
PC lAI 0.46 0.16 0.06 0.22 0.26 0.64 0.62 0.96 1.00

sis: 0.84 0.78 0.62 0.68 0.68 0.70 0.66 0.66 0.64
RBt LTt' 0.84 0.76 0.62 0.68 0.68 0.88 0.98 1.00 1.00
/lBt HSL 0.84 0.78 0.62 0.68 0.68 0.70 0.78 0.78 0.94
RBt HiD 0.84 0.76 0.62 0.68 0.64 0.88 0.98 1.00 1.00
PCt ~ 0.00 0.00 0.00 0.04 0.04 0.32 0.78 0.90 1.00
PCt t>2 0.82 0.66 0.64 0.44 0.36 0.34 0.68 0.90 0.94
PCt lAI 0.80 0.48 0.64 0.58 0.46 0.48 0.66 0.90 0.88

Tablell. Proportion of iterations where the MSE for an estimator is less than

or equal to the MSEfor the OLS estimator.

Table II shows that the ridge estimators have lower (or equal) MSEvalues than

the OLS estimator in more than 50 %of the cases. There seems to be a tendency for

the proportion to increase as p increases. The pattern is less clear when (Ja is small

which is consistent with the MSE results above. As pointed out above, the
m

performance of the PC estimators is more erratic, in some cases the proportion is

close to one and in other cases close to zero.

[On Identification of Transfer Function Models by Biased Regression Methods)



106

O"a = .1 O"a = 1 O"a = 5
Estimator p=.61 p=.79 p=.94 p=.61 p=.79 p=.94 p=.61 p=.79 p=.94

OLS 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
IlB u 1.00 1.00 1.00 0.91 0.87 0.74 0.50 0.42 0.27
NN RSL 1.00 1.00 1.00 1.00 0.99 0.98 0.92 0.88 0.74
IlB RiB 1.00 1.00 0.99 0.87 0.80 0.61 0.48 0.41 0.31
PC E 1.44 1.56 0.97 0.61 0.49 0.28 0.60 0.47 0.26
PC t>2 0.96 0.94 0.65 0.59 0.47 0.33 0.29 0.23 0.18
PC IiU 0.96 0.96 0.79 0.63 0.51 0.34 0.31 0.24 0.19

OLSt 0.69 0.69 0.70 0.66 0.65 0.64 0.66 0.65 0.64
IlBtLf 0.69 0.69 0.70 0.64 0.62 0.57 0.43 0.36 0.22
IlBt RSL 0.69 0.69 0.70 0.66 0.65 0.64 0.65 0.63 0.57
IlBt RiB 0.69 0.69 0.70 0.65 0.62 0.56 0.47 0.41 0.30
PCt E 2.30 2.29 1.28 0.67 0.60 0.39 0.62 0.55 0.37
PCt t>2 0.68 0.69 0.66 0.58 0.53 0.42 0.34 0.29 0.21
PCt IiU 0.68 0.70 0.67 0.60 0.56 0.47 0.37 0.32 0.25

A

"S(vOLS) 0.018 0.021 0.034 0.155 0.195 0.326 0.771 0.974 1.630

Table ill. Estimated ratios, S , of the standard error of transfer function
m

weights.

The relative standard errors in Table III generally decreases as p increases which

is also implied by the use of biased regression. The biased estimators will perform

relatively better as the multicollinearity increases. This is important since it becomes

increasingly more difficult to identify significant weights when the multicollinearity is

strong. The standard errors for the ridge estimators decreases after the

transformation. This is to be expected as the estimate of O"a is biased upwards when

the variables are not transformed.

ITa = .1 ITa = 1 ITa = 5
Estimator p=.61 p=.79 p=.94 p=.61 p=.79 p=.94 p=.61 p=.79 p=.94

E 18.00 17.00 15.00 18.00 17.00 15.00 18.00 17.00 15.00
t>2 20.98 20.42 17.98 15.98 15.04 14.84 9.12 8.28 7.28
IiU 21.00 20.78 19.26 16.88 15.62 15.04 9.60 8.28 7.64

E 21.00 20.00 17.00 21.00 20.00 17.00 21.00 20.00 17.00
t>2 21.04 21.62 20.32 18.88 18.04 17.12 10.80 10.18 9.82
IiU 21.00 21.00 20.80 19.46 18.94 17.94 11.96 11.04 10.76

Table IV. Average number of principal components
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In Table IV the number of PC:s decreases as p increases. More components are

used after transformation. This may be expected since the multicollinearity in this

case decreases after transformation and more components are retained as the multi­

collinearity decreases.

Estimator p=.61
ITa = .1 ITa = 1 ITa = 5
p=.79 p=.94 p=.61 p=.79 p=.94 p=.61 p=.79 p=.94

L/I .00003 .00002 .00002 .00225 .00202 .00180 .05470 .04942 .04408
RSL .00000 .00000 .00000 .00010 .00009 .00008 .00211 .00194 .00175
RiB .00005 .00005 .00005 .00386 .00396 .00386 .06330 .05453 .03076

L/I .00006 .00005 .00004 .00408 .00372 .00335 .09615 .08808 .07973
RSL .00000 .00000 .00000 .00018 .00017 .00015 .00334 .00312 .00289
RiB .00005 .00005 .00005 .00354 .00359 .00355 .06865 .06170 .04053

Table V. Average value of the shrinkage factor, k.

The k value in Table V for the L Wand HSL estimators decreases as p increases

and are larger after transformation. This is also expected since when the

multicollinearity decreases a smaller value of k is needed to reduce the MSE of the

weights. The HKB k value is rather unchanged as p increases, except when the

signal-to-noise ratio is low. The reason for this is that the HKB k value is computed

without respect to the eigenvalues (or multicollinearity). For low values of O'a the

estimates of 6 . (the OLS estimate of the i:th regression coefficient from regression on
I

variables transformed by the eigenvectors computed from the correlation matrix of

the x variables) are relatively unaffected by variations in p and therefore the k value is

more or less constant. When the multicollinearity is strong the 6.:s are affected and
I

hence the k value.

Table VI shows that the degree of multicollinearity does not affect the estimate.

The estimates for regression on untransformed variables are biased, as should be

expected. The size of the bias is determined by the true model for the noise process.

In this case we would expect the estimates from untransformed variables to be 25 %
larger than the true values. The bias is not to far from the expected value. It is

interesting to note that there is bias in the estimates even for transformed variables

when O'a is small.
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Original Transformed
variables variables

p 0.61 ITa = .1 0.137 0.118
P 0.79 ITa = .1 0.133 0.116
P 0.94 ITa = .1 0.126 0.113

P 0.61 ITa = 1 1.210 0.997
P 0.79 ITa = 1 1.211 0.998
P 0.94 ITa = 1 1.213 0.999

P 0.61 ITa = 5 6.040 4.972
P 0.79 ITa = 5 6.048 4.978
P 0.94 ITa = 5 6.061 4.988

Table VI. Average standard error of the estimate of ua .

For model 3 the MSE decreases as the multicollinearity increases for the ridge
m

estimators on untransformed data. After transformation there is no clear pattern.

The same is true for the PC estimators. The S decreases as the multicollinearity
m

increases for all estimators. The standard errors of the ridge estimates are lower after

transformation while the s.e. of the PC estimators increases. The other measures

show roughly the same patterns as above.

The pattern of the MSE for different number of observations, n, is as expected.
m

As the multicollinearity increases the MSE decreases independently of n (with a few
m

exceptions for the PC estimators). The S patterns are the same for all n and the
m

same as above. The number of PC:s, k and ua all show the same pattern as in the

tables above.

The number of lags included, t, seems to be an important factor. The main

results are:

When there are too few lags included, L= 5, MSE does not change when p is
m

increased for the untransformed variables. After transformation MSE de-
m

creases as p increases (with a few exceptions). When the number of lags is cor-

rect, l = 11, the same is true for the untransformed variables, but after trans­

formation the MSE increases as p increases. When lis too large (l = 22) MSE
m m

decreases as p increases both before and after transformation for the RR

estimators. The unpredicted behavior of MSE for l = 5 underlines the danger
m

of omitting relevant variables in regression analysis. When too may lags are

included the MSE behaves as predicted.
m

The S seems to be independent of p when L= 5 or 11 but decreasing as p in-
m
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creases when l = 22. The S is generally lower after transformation (except for
m

the PC estimators when l = 22).

The number of PC:s increases after transformation but show no specific pattern

when l = 5 or 11. When l = 22 the number of PC:s decreases as p increases.

The effects on k of increasing p is about the same as above for all estimators

irrespective of l.

The standard error of estimate, ua, is heavily biased when l = 5 even for trans­

formed variables and independently of p. This is well known from ordinary

regression analysis when relevant x variables are missing.

Signal-to-noise ratio

The signal-to-noise ratio has been varied by altering the residual standard

deviation, (]a; .1, 1 and 5. Since the true weights range from almost zero to four

setting (]a =.1 corresponds to a high signal-to-noise ratio and (]a = 5 to a low

ratio. The results may be summarized as follows:

For untransformed variables the MSE decreases as (]a increases. After trans­
m

formation the pattern is less clear. However, in most cases the MSE is lowest
m

when (]a = 5.

The S ratio decreases as (]a increases.
m

For the t>2 and MAX estimators the number of PC:s decreases as (]a increases.

The number of PC:s increase after transformation.

The shrinkage factor, k; increases as (]a increases.

The estimates of (]a are heavily biased when (]a= .1, even after transformation.

The estimates after transformation are unbiased for (]a = 1 and 5.

There are some exceptions to the general expected results above. For model 3

MSE after transformation is lowest for (]a =.1. Also the S ratio shows an irregular
m m

pattern after transformation. For model 1 the bias of ua is not increased when

(]a =.1. This is not so strange since the estimates has many more degrees of freedom

than for model 2 and 3.

When lis correct the MSE has its minimum when (]a=.1. When lis too small
m

the estimates of (]a are heavily biased when (]a = .1 and 1.
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Length of time series

The following general conclusions can be drawn regarding the effects of varying

the length of the time series:

As n is increased, the MSE for the ridge estimators is also increased. This
m

means that the benefit from using ridge regression is largest when the time series

are short. The L Wand HKB estimators have a similar performance and are

better than the HSL estimator. The ridge estimators are never worse than the

corresponding OLS estimator.

In some cases the PC estimators are much better than the OLS estimator,

especially when n = 50.

The S increases as n increases. This is also expected since the benefit from
m

using biased regression should be largest when it is most difficult to estimate the

weights.

The number of PC:s is increased when the length of the time series increases.

The k value decreases as n increases.

The estimate of residual standard deviation is practically independent of n.

There are a few exceptions to these results that should be pointed out:

When Ua = .1 MSE decreases as n increases for all estimators but the PC E
m

estimator. In these cases the MSE(v ) is very small (.0002 - .0011). The MSE
m m

values for the PCE estimator ranges between 16 and 104!

Even the Sm behave differently when Ua =.1. For the original variables there is

no clear pattern, and for the transformed variables the OLS and the ridge esti­

mators S decrease as n increases.
m

For the original variables the MSE :s behave as expected except when l = 5 and
m

for the PC estimators. After transformation there is no clear pattern, even

though the MSE :s are lowest when l = 5.
m

Number oflags

Three different cases have been investigated; too few lags, right number of lags

and too many (for model 2 this means l = 5, 11 and 22 lags respectively). The

following results were obtained:

For the untransformed ridge estimators, MSE for l = 5 and 11 were about the
m

same. With too may lags the MSE was lower. After transformation this
m

pattern disappeared. In many cases MSE was lowest when too few lags were
m
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estimated.

For the PC estimators no clear pattern could be found. For the untransformed

variables the t>2 and MAX estimators in many cases showed the largest MSE
m

(larger than 1) when the right number of weights were estimated. After trans­

formation the largest MSE (larger than 1) was found when too many weights
m

were estimated.

Before transformation too few or the right number of lags offer no significant

improvement over OLS while too many lags gives a substantial reduction in

MSE . After transformation the MSE :s are reduced. Too many lags still gives
m m

the lowest MSE but the differences are smaller.
m

The number of PC:s relative to l shows no clear pattern.

The shrinkage factor k is smallest when the right number of weights are esti­

mated, except when the signal-to-noise ratio is low (ITa = 5). In most cases the k

value is largest when too many lags are included for the L Wand HKB esti­

mators. The HSL estimator show low values when too few weights are esti­

mated.

When the number of lags is right or too large the estimated standard error of

estimate is unbiased for transformed variables. The estimates on untransformed

variables show the expected bias. However when too few lags are included the

estimates are severely biased even after transformation.

For models 1 and 3 there are some exceptions to the results above. For the untrans­

formed variables the ridge estimators have MSE :s close to one in model 1 and for
m

model 3 MSE is lowest when too few lags are included. The estimated S is lowest
m m

when the lags are too few for both models 1 and 3.

CONCLUSIONS

From the simulation study it seems quite clear that the proposed identification

procedure decreases the average MSE and the average standard error of the estimated

weights as well as giving unbiased estimates of the residual standard deviation. The

ridge estimators will in most cases give lower MSE than the corresponding OLS

estimator. The average MSE is in all but a few cases lower than the OLS estimator.

Of the ridge estimators the Lawless and Wang (L W) and the Hoerl, Kennard and

Baldwin (HKB) estimators nearly always perform better than the Hocking, Speed and

Lynn (HSL) estimator. The main reason for this is that the HSL estimator gives a
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very small k value. This means that the HSL estimates will be very close to the OLS

estimates. Of the L Wand HKB estimators it is difficult to choose the best since they

are very similar and neither of them is constantly superior to the other.

The principal components (PC) estimators are more erratic. In some cases the

PC estimators are much better than the OLS estimators, and in some cases even

better than the ridge estimators. The two new estimators, the "choose all significant

PC:s" (t>2) and Lott's maximum R2 criterion (MAX) give more stable results than

the old "choose h PC:s corresponding to the h largest eigenvalues" (~) estimator.

However, the new estimators will in some cases give very poor estimates and can thus

not be recommended. The poor performance of the ~ estimator is due to its lack of

adjustment to the level of the residual variance.

The transformation procedure seems to work well, in most cases the estimated

standard error of the weights will be smaller, but we will also obtain an unbiased

estimate of ITa. In some cases, depending on the interaction between the noise model

and the model for the input variables, the multicollinearity may increase after

transformation. Since an unbiased estimate of ITa is very important it is still

suggested that the variables are transformed by the estimated noise model.

An important question is what number of lags to include for each input variable.

The simulation results confirm results from ordinary regression analysis. It is

obviously more dangerous to include too few than too many lags. The proposed

estimation procedure will give reasonable estimates of the weights even if we include

twice as many lags as is needed. Therefore it is good strategy to start with too many

weights and by deleting non-significant weights reducing the number of lags in esti­

mation.

By altering the length of the time series and by changing the number of variables

it has been shown that the estimation procedure will give reasonable estimates in all

but a few cases and that the reduction in MSE and standard error of the weights are

very significant in the computationally difficult cases.
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ABSTRACT

In this paper ridge estimators are used to obtain preliminary estimates of the

impulse response weights in the Box-Jenkins transfer function model. Five ridge

estimators and the Equity estimator are evaluated in a Monte Carlo study covering

5000 different transfer function models. The results show that although the

differences between the estimators in most cases are rather small, the Dempster et al

estimator RIDGM and the estimator by Lawless and Wang are best in terms of low

average and median squared deviations from the true coefficient vector. The k values

by these estimators are most closely correlated with the optimal k (computed from

known true values) and also give the highest frequency of lowest squared error and

lowest frequency of highest squared error among the investigated estimators.

Introduction

Ever since the seminal papers by Hoed and Kennard (1970 a.b) several different

estimators of the ridge shrinkage factor, k, have been proposed and evaluated, see eg

Hoed, Kennard and Baldwin (1975), Lawless and Wang (1976), Hocking, Speed and

Lynn (1976), McDonald and Galarneau (1975).

Unfortunately, there seems to be no generally superior estimation method. The

performance is dependent on the orientation of the parameter vector relative to the

eigenvectors, the degree of multicollinearity, the signal-to-noise ratio and other

factors. A number of simulation studies have been carried out to investigate the

relative merits of the estimators under different conditions, see e.g. Gibbons (1981)

and the studies given above.
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Ridge methods have been used in preliminary estimation of weights in the Box

and Jenkins (1976) transfer function model, see Edlund (1984, 1988).

In the transfer function model identification phase we usually end up with a large

number of regression coefficients to be estimated. This is due to the unknown lag

structures we want to identify. For example, if we have two input variables each with

lags 0-10 we have 22 unknown parameters to estimate (not counting the intercept).

Typically, many of the true values are zero. In these cases the ridge estimation

technique may be of great value to ensure that the zero-value parameters are forced

towards zero.

The goal of this study is to shed some light on the performance of six different

biased estimators under the conditions typically encountered in estimating the

transfer function weights.

Preliminary estimation of transfer function weights

The Box-Jenkins transfer function model

The Box-Jenkins (1976) m-input transfer function model is,

m w/B} b.
v, = C+ igl T]IJ} B lXi t + f t

I

(1)

where Y
t

is the dependent variable, C is a constant term, Xit is the i:th independent

variable, f t is an error term representing all 'missing' x variables plus the pure noise

(f
t

may be autocorrelated), B is the ordinary lag operator, b
i

is a pure delay

parameter, w.(B} is a 'moving average' operator of order sand 5.(B} is an
I I

'autoregressive' operator of order r. It is assumed that the Y and x variables are

stationary (possibly after differencing). The above formulation has also been used in

econometrics, see Jorgenson (1966). Equation (1) may be re-written in a form more

similar to the ordinary multiple regression model,

Yt =c+ 1I
10

x
lt

+ II
U

x
lt

_
1

+ ... + II
mO

X
m t

+ ... + f t (2)

where the v-weights are computed from II(B} = w(B}. Bb
/ 5(B}. In equation (2) there

are, in the general case, an infinite number of parameters to estimate. In practice only

the K first v-weights for each input variable are significant. If s, rand b are all equal

to zero equation (2) becomes the ordinary multiple regression model, which is a

special case of the more general transfer function model,

Y
t
= C + 1I

1
xlt + 11

2
x

2 t
+ ... + IImXmt + f

t
(3)
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Identification of the transfer function model

To estimate the transfer function model efficiently we need knowledge of the

values of 5, rand b for all input variables. Box and Jenkins (1976) suggested that 5, r

and b could be guessed from the pattern of preliminary estimates of the z--weights.

There are several ways to estimate these weights, see Edlund (1988). The most simple

way is to use the ordinary least-squares (OLS) estimates of equation (2). The major

problem with OLS is multicollinearity between the z variables. Unless the z variables

are uncorrelated white noise processes there will be both autocorrelation between

lagged values of the same x variable as well as cross correlation between different z

variables.

In Edlund (1984, 1988) a two-step method was proposed to deal with the

multicollinearity problem and the possible autocorrelation structure in the error term.

The multicollinearity problem was solved by using biased regression. In simulation

studies of ridge and principal components estimators it was found that ridge

regression nearly always showed lower MSE than OLS and that the principal

components estimators in some cases were much worse than OLS.

The ordinary ridge estimator

The OLS estimate of the multiple regression model is in matrix form,

v= (XIX)-lX'y (4)

Let us assume that the variables have been scaled so that X'X is the correlation

matrix and X'y is the correlation vector between the x variables and y. The model can

also be expressed in a canonical form,

a = A-lZ'y (5)

where v= Va. A is a diagonal matrix with eigenvalues >'1 > >'2 ...> >., on the main

diagonal, V is a matrix of eigenvectors corresponding to the eigenvalues in A, Z is a

matrix with canonical variables: Z = XV.

The ordinary ridge estimator is then defined as,

vRR(k) = (X'X+kI)-lX'y (6)

where k is the shrinkage factor. In the canonical form computation of the ridge

estimators is particularly simple since, a)k) = >'/'.J(>'i+k) and vRR(k) = VaRR(k).

Ridge estimators included in the study

This study covers four ordinary ridge estimators and two related estimators. The

selection of estimators has been based on two criteria. The first, and most important

criterion, is the performance with respect to MSE relative to other estimators.
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Therefore only estimators that have performed well in other simulation studies have

been included. The second criterion is the complexity of computations needed to

estimate the shrinkage parameter. The estimates should not be to complicated to

obtain. In the following the estimators will be described.

The HKB Estimator

This estimator was suggested by Hoed, Kennard and Baldwin (1975). The HKB

estimator,

p
k -' 2/ E •2 (7)HKB - pa i=l(}i

was derived from two different results. First, ifthe xvariables are orthogonal then the

k
HK B

is the minimum MSE estimator. Secondly, for the generalized ridge estimator

(which has individual k values for each a.), k, = a2/ a 2 will minimize the MSE. The
~ ~ ~

k
HK B

is the harmonic mean of the ki:s with the unknown parameters replaced by their

sample estimates. The HKB estimator has been included in many simulation studies,

see e.g. Hoed and Kennard (1976), Lawless and Wang (1976), Lawless (1978),

Gibbons (1981) and Edlund (1988).

The LW Estimator

The LW estimator,

p
k -' 2/ E \ •2 (8)LW- pa i=l"Pi

was proposed by Lawless and Wang (1976). This estimator was derived using a

Bayesian approach. It has been studied by among others Lawless (1978), Wichern

and Churchill (1978), Gibbons (1981) and Edlund (1988). In the Edlund (1988) study

the LWand HKB estimators both performed well relative to OLS and the estimator

proposed by Hocking, Speed and Lynn (1976). None of the two estimators dominated

the other.

The RlDGM Estimator

Dempster, Schatzoffand Wermuth (1977) suggested to choose k so that,

p • 2 [0- 2 0- 2] _
igl(}J 7C + J:. - p

~

This estimator, kRIDGM' is also motivated by a Bayesian interpretation of the

ordinary ridge estimator. This estimator has been studied by, e.g. Gibbons (1981)

where it was among the best estimators and Miller and Tracy (1984).
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The COY Estimator

This estimator has been proposed both by Bulcock, Lee and Luk (1981) under the

name "Normalization Ridge Regression" and by Miller and Tracy (1984) as "Correct

Orthogonal Variance (COV) Ridge Estimator". They choose the kcov which

satisfies,

p

;~l\/(.\+k)2=p (k~O) (10)
The rationale for this estimator is that for orthogonal x variables the sum of variance

inflation factors for the standardized variables (~ 1/ A.) are equal to p, since all A .:S
I I

equal 1. By choosing kcov to satisfy (10) we force the sum of inflation factors for the

ridge estimator to be equal to the value for orthogonal variables. This estimator

differs from the other estimators by the fact that it is not dependent of sample values

(if we regard the x variables to be fixed). On the other hand the value of k will not

adapt to variations in the residual variance and different regression vectors. This

estimator is relatively new and has not been included in other simulation studies, but

the studies by Bulcock et al and Miller and Tracy indicate that this estimator may be

superior to the estimators above in some cases.

The OR Estimator

The Orthogonalizing Ridge estimator, proposed by Leskinen (1980), is not an

ordinary ridge estimator since only some of the a .:S will be shrunk,
I

{

a; , i=I, ... ,q
aOR .=

,1 A.a.f(A.+ (I-A.)k), i= q+l,oo.,p
I I I I

where qis the number of \ ~ 1. By shrinking only the ai:s with large variance ((J2/ \)
the lii:s will not shrink to zero as n -i (D. The value of k

OR
can be determined in a

number of ways. For this study a HKB-type of estimator has been chosen,

P
kOR = (p-q)0-2/~q+l (1-\)(a6L8,;-0-2/ \) (12)

The admissible region of k
OR

is [0, 1]. Values outside this interval are set to 1.

The Equity Estimator

This estimator, proposed by Krishnamurthi and Rangaswamy (1987), is not a

ridge estimator, rather it uses a square root transformation to the eigenvalues, A.,
I

before inversion to reduce the negative effects of small eigenvalues. We thus obtain,

Ii = C(VA-1/ 2V')X'y where c = y'X(VA-
1

/2V') 'X 'y (13)
EQ ylXX'y

c is a scalar to give the IiEQ the correct level. The performance of this estimator when
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using a squared error criterion is reported by Krishnamurthi and Rangaswamy to be

superior to the HKB estimator described above.

To study how well the above estimators perform relative to optimal ridge

estimation, two optimal k estimators have been included. Studies by Leskinen (1980)

and Gibbons (1981) show that the large potential decrease in MSEwill not be realized

for all estimators and not for all parameter settings. It is also useful to be able to

study the potential reduction in MSE as a function of the parameters in the study.

The first estimator, k t' is the k value minimizing the expected MSE given
op

knowledge of the true parameters,

p p

MSE(k) = 0'2~1 \/(\+k)2 + k2~1 a~/(.\+k)2 (14)

The second estimator, k ., is the k value minimizing the observed value of,
mm

p
'};1 (0 .-a.)2. (15)
z= I I

Monte Carlo simulations

In this simulation study the design parameters have been varied over the whole

range of possible conditions for the investigated model type. Most other simulation

studies of ridge estimators have been more limited in the choice of design parameter

values. Specific features of this study are the choice of structure in the correlation

matrix and the selection of the true parameter vector. The design of this study

resembles the design used by Krishnamurthi and Rangaswamy (1987).

Models considered

The basic model is,

(16)

or

(17)

where

(18)

and,
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The polynomials w.(B), 0.(B), 8.(B) and ¢ .(B) are all of order 0, 1 or 2. For practical
I I I I

purposes the II weights have been truncated after lag 10 for both variables which

means that a total of 22 regression coefficientshave been estimated.

Simulation procedure

Step 1. Choose the number of observations, n. n E U(50,150). This range cover

values likely to be encountered in practical business and economic applications. Since

we want to identify two lag structures, 50 observations seems to be a lower limit.

Step 2. Generate a correlation matrix of size 22><22. This is accomplished in

several substeps. First ARMA processes for Xl and x
2

are generated. The order of the

AR and MA processes are U{0,2). Given the order the parameters are generated so

that all outcomes have equal probability and the processes are invertible. Covering

nine different ARMA models from ARMA(O,O) (a white noise process) to ARMA(2,2)

it is believed that enough variation in the input processes is generated. Next the

theoretical autocorrelation functions are computed. Then the correlation between alt

and a
2t

is generated from U(-I,I). Using the cross correlation coefficient and the

computed 'l/J weights ('l/J(B) = 8(BJ/¢(B)) for the two input processes, the theoretical

cross correlation function is obtained. The correlation functions are then used to

create the correlation matrix.

Using theoretical rather than sample correlation matrices reduces the computing

time considerably. An experiment comparing the two approaches shows no significant

differences for the studied statistics. The only major difference seems to be a higher

average degree of multicollinearity for the sample matrices. A set of tables comparing

the two approaches may be obtained from the author.

Step 3. Eigenvalues and eigenvectors were computed for the correlation matrix

and sorted in descending order for the eigenvalues.

Step 4. The orders of w(B) and o(B) are generated from U{0,2). The o(B)
polynomials are generated in the same way as the ¢(B) and 8(B) polynomials in step

2. The w weights are generated from U(-2,2). The pure delay b. is generated from
I

U{0,3). Then the II weights are computed and normalized so that 11' 11= 1.0.

Step 5. The true standard deviation of the error term, a, is generated from

U{0.01,0.25). The interval has been chosen to give t values for the estimated

non-zero regression coefficients that are not too far from standard critical values. In

some studies the signal-to-noise ratio 11'111u2 has been varied from "the very

insignificant to the completely meaningless" (Draper and Van Nostrand (1979)). The

sample value of u 2 was generated from a X 2 distribution using a-2 = u2X2 I(n-p).
n-p n-p

Step 6. The true a vector is computed from a = VIII. Then sample values for a
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are generated from a.E N(a., 0'2/>'.).
1 1 1

Step 7. In the final step estimates of all estimators are obtained. For the

RIDGM, COY and OPT estimators the k value was obtained using a

Newton-Raphson algorithm. For the MIN estimator a quadratic interpolation

algorithm was used with the k t value as a starting point.
op

Steps 1 trough 7 were repeated 5000 times. Appropriate statistics were computed

and stored for later analysis. There were some deviations from the described

procedure:

Some of the generated correlation matrices were not positive definite, i.e. some

eigenvalues were negative, due to rounding errors. This occurred when the

generated input processes were close to non-stationarity. These matrices were

deleted and new matrices were generated.

To avoid cases with too high expected MSE, cases with E(MSE
o LS

) > 50 were

excluded from the simulation.

In some cases k
R ID GM

becomes very large giving estimated coefficients

practically equal to zero. To avoid those rather extreme cases k
R IDGM

was

limited to the interval [0, 5).

The simulation program was written in Microsoft Fortran v 4.01 and run on an

AT-eompatible micro computer. The random number generator was multiplicative

congruential z, = a-z; Imod m with a~ 1,220,703,125 and m= 235, see Jennergren
1 1-

(1984).

The above procedure will ensure that the model parameters are distributed

evenly over the parameter space and that the analysis of the performance of various

ridge estimators is not seriously affected by the choice of simulation model.

Performance measures

Since the estimated II coefficients are to be used for identification of the order of

the weB) and b(B)operators and the pure delay bit seems reasonable to put emphasis

on the use of a criteria that measure the closeness between the estimated and the true

II weights. The most commonly used criterion is then the squared error of the

coefficients E (Ii. - 11.)2. To compare different ways of estimating k some measure of
1 1

the average k value and standard deviation seems appropriate. Below is a list of the

estimated statistics:

1. For each sample, i, and for each estimator, i the following statistics were

computed:
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22
SE(J).= E (a

h
- a

h
)2 and M(J). = SE(J).fSE(OLB) ..

l h=l l l l

M(J) .was then averaged over all samples to obtain
l

m
M(J) = E M(J)'/m

i=l l

where m denotes the sample size for each category in the diagrams below.

The reason for averaging over the relative numbers M(J) rather than the original

values SE(J) is that the latter are affected by the residual variance and the

eigenvalues who vary from sample to sample. The M(J) statistic therefore

measures the average performance relative to OLS. The median of M(J). the
l

minimum and maximum values as well as the standard error of M(J) were also

computed.

2. The mean k value for the ridge estimators and the standard error of the mean k

value.

3. Correlation between the estimated k values and k t and k ..
op mm

4. Number of times the estimator has the minimum and the maximum SE.
5. Number of times the estimator has lower SE than OLS.

In addition to the estimated statistics the following values were collected for each

sample; <I> = A fA. (the spectral condition number), a and the correlation
ma:z: mm

between the 11 vector and the eigenvector corresponding to the smallest eigenvalue

Results ofthesimulations

The main results have been summarized in a set of graphs. (A complete set of

tables can be obtained from the author). Figure 1 shows results from the total sample

of 5000 replications. As can be seen from Figures la and Ib the distribution of M

values is skew for all estimators, but most severely for the COVand EQ estimators

which have some very large M values. The median values do not show much

dispersion among the estimators and the two best, the RIDGM and the L W

estimators, are not too far from the optimal estimators OPT and MIN. The average k

values differ a lot (Fig. lc). The average k
RID GM

is about twice as large as the

average k
L

W' but they still have very similar average and median M values. The

RIDGM and L W estimators, who perform well relative to the other estimators are

most closely correlated with the k
OPT

estimator (Fig. Id) and have the largest

number of times "minimum SE' (28.8 % and 20.9 % respectively) and smallest
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FIG 1. Results of the simulations for all 5000 replications.
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FIG 2. Results of the simulations for different levels of multicollinearity, <1>. 1000
replications in each group.

number of "maximum S8' (5.6 % and 2.8 % respectively). All estimators give lover

SE than OLS in about 70 % of the replications. From this overall comparison the

RIDGMand L Westimators seem to be the most reliable estimators.

To further investigate the behavior of the estimators the replications have been

grouped according to three important factors; the degree of multicollinearity, the

signal-to-noise ratio and the orientation of the coefficient vector II. In each case the

sample has been divided into four groups, each containing the first 1000 replications

falling within the class limits (since the number of replications available in each group

varies). Thus only 4000 of the 5000 replications have been used in Figures 2-4.

Degree of multicollinearity

The spectral condition number <I> = >. / >. . is a measure of the multi-
maz man

collinearity in the correlation matrix. As <I> increases we would expect the average SE
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FIG 3. Results of the simulations for different levels of residual standard
deviation, (J. 1000replications in each group.

of the OLS estimator to increase and the M values for the other estimators to decrease

as they become relatively more efficient to aLSo As can be seen in Figure 2 this is

true. The median M values all decrease as <I> increases (Fig. 2a). Although the

differences are rather small, the RIDGM and L Westimators are among the top three

for all values of <1>. The RIDGM estimator has the largest number of minimum SE

(Fig. 2c) and the L W the smallest number of maximum SE (Fig. 2d) for all <1>. All

estimators improve their number of times better than aLS as <I> increases, from 42 %
when <I> < 25 to about 91 %when <I> ~ 625.

Signal-t(}-noise ratio

The signal-to-noise ratio, v'v/ (J2, was generated from the interval 16 to 10000.

Since v'v was held constant the signal-to-noise ratio is represented by the residual

standard deviation, (J. Here we would expect the average SE for aLS to increase as (J
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FIG 4. Results of the simulations for different orientations of the coefficient
vector, r. 1000 replications in each group.

increases and the other estimators to improve relative to OLS as (J increases. As can

be seen in Figure 3a this holds for all estimators.

The Equity estimator was in the median worse than the OLS when the residual

standard deviation was low. Apart from the COVestimator the k values increase as (J

increases. This should be expected since a larger (J (or rather 0- 2) means a larger k

(except for kc o v). All estimators are superior to the OLS in around 31 % for the

smallest (J up to 98 %for the largest (J. The RIDGM and L W perform better relative

to the other estimators as (J increases and are definitely the best when (J ~ .13 (Fig.

3c).

Orientation of the coefficient vector

The orientation of the coefficient vector is important when we want to study the

estimators behavior relative to OLS. When vis strongly correlated to the eigenvector,

[Ridge Estimation of Transfer Function Weights]



130

tI, corresponding to largest (smallest) eigenvalue the ridge estimators will have their

best (worst) case relative to OLS. In this study the absolute value of the correlation

between v and tI . has been computed. In Figure 4a we can observe the expected
mm

behavior of increasing median M as the correlation increases. The RIDGM and L W

estimators are still among the top estimators, irrespectively of the value of the

correlation.

Conclusions

From the results above it is quite clear that ridge regression may offer a

substantial decrease in MSE in most cases which will help in identifying a suitable

transfer function model. This is especially true in cases where estimation is most

difficult.

In most cases the best estimators gave SEs not too far from the optimal

estimators. Even though the differences between the estimators in most cases are

small the RIDGM and L W estimators by Dempster et al (1977) and Lawless and

Wang (1976) seem to be the most reliable estimators. Both these estimators are

developed using a Bayesian approach and seem to be particularly useful for this kind

of model (where many true coefficients may be zero). They both give the minimum

SE a large number of times (together about 50 %of the cases) and the maximum SE a

small number oftimes (about 8 %).
The estimators proposed by Hoerl et al and Leskinen are not far from the two

best estimators, while the CO Vand Equity estimators in some cases give very large M

values. For the Equity estimator this is in contrast to the results of Krishnamurthi

and Rangaswamy (1987) who found that the Equity estimator were superior to the

HKB estimator in nearly all cases. The differences may, at least partially, be

explained by differences in models, allowed interval of spectral condition number and

residual variance. The Equity estimator performs better as the MSE of OLS increases.

The Krishnamurthi and Rangaswamy study includes larger MSE values for the OLS

estimator than the present study. They also use a different SE measure that gives

lower weight to large M values when MSE is small.--
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ABSTRACT

The first phase of transfer function model identification is preliminary
estimation of transfer function weights. Previous studies by the author have shown
that ordinary least-squares estimates in most cases can be improved significantly by
using ridge regression techniques. In particular the use of the RIDGM and Lawless
and Wang estimators are recommended. The main object of this paper is to compare
the ridge estimators to other relevant estimators on real data. For this purpose
business cycle data from Sweden have been collected and transfer function models
have been identified by ridge regression, prewhitening and cross-spectral analysis.
The results indicate that the ridge estimators compare favorable to the prewhitening
estimator. The prewhitening technique advocated by practitioners seems to generate
too many significant weights which complicates the search for a suitable model. The
theoretically correct cross-spectral estimator gives too few significant weights and
fails to identify two of the three models.
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1 Introduction

In business cycle forecasting with leading indicators the dependent variable is a

function of lagged values of the indicators. Since the theoretical model very seldom

imply the exact nature of the lag structures, there clearly is a need for an empirical

method to identify the lag structures.

The transfer function model approach described by Box and Jenkins (1976) is

particularly well suited to describe, identify and estimate the dynamic relationships

based on theoretical business cycle models. The dynamic relationship, the transfer

function, is not limited in shape as the shapes estimated by Koyck schemes, Almon

lags and other traditional econometric approaches to dynamic modeling. There are

also different ways of identifying, or preliminary estimating the transfer function.

In this paper only the identification phase of transfer function modeling will be

considered, with a special emphasis on preliminary estimation of the transfer function

weights.

Box and Jenkins proposed the prewhitening cross-eorrelation method for

preliminary estimation of the transfer function weights. This method seems to work

well only when there is one independent variable or when the independent variables

are mutually uncorrelated. In business cycle modeling with more than one leading

indicator, as well as in economic time series in general, this is unlikely to be the case.

There are some other methods for preliminary estimation of transfer function

weights, among them a cross-spectral method proposed by Box and Jenkins (1976,

p 413--6) and a two-step ridge regression approach proposed by the author (Edlund

1984, 1989a,b).

These methods seem to works well even in the case of several cross-eorrelated

independent variables. The regression method has the advantage of being quite easy

to use and it is also easy to find suitable computer software.

The main purpose of this paper is to compare the ridge regression approach to

the prewhitening and spectral methods of Box and Jenkins on identification of

different business cycle models.

Section 2 gives a short overview of business cycle forecasting. Then the transfer

function model is presented in Section 3 and different ways to preliminary estimate

the impulse response weights are described. In Section 4 the results of a small

empirical study of building transfer function models for the Swedish index of

industrial production are presented. Section 5 contains a brief summary of the results

and some concluding remarks.
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2 Business cycle forecasting

Business cycles play an important role in government decision making as well as

in corporate decision making. Traditionally interest has been focused on predicting

turning points in the economy, but also the value of the reference series used to

measure economic activity is of interest, e.g. what value will GNP reach at the next

peak.

There are various approaches to forecasting the business cycle. In Sweden the

official forecasts are based both on survey data of opinions, expert forecasts and on

economic time series. The forecasts are based both on qualitative judgment and on

some relatively simple econometric models. In the U.S.A. several large econometric

models are in use, but their forecasting abilities have not always been impressive

compared to simpler time series models like the ARIMA models. To overcome the

criticism of economists who prefer a theory based model to a simple time series model

but yet let the data help in specifying the model the transfer function approach may

be of interest. This class of models are particularly suitable for identifying and

estimating business cycle models with leading indicators as explanatory variables.

Business cycle theories comprehend many economic time series as e.g.

production, employment, investment. Many of these series show a cyclical pattern

that leads the chosen business cycle series. The theories do not explicitly state the

dynamic relationship between the leading indicator series and the business cycle

series, even though there are considerable empirical evidence about the dynamic

structures and approximate lead times. In practice the leading indicators are used

without much reference to the theories. OECD, e.g. combine several leading

indicators into a composite index that is related to the reference series. This index

will contain a mixture of different dynamic structures that may not be clear to the

user.

There are certain assumptions that are made when using leading indicators for

business cycle forecasting. First we assume that the dynamic relationships are stable

over time. This assumption is not well supported for Swedish data (see Westlund and

Claesson 1989). A second important assumption is that the dynamic structure is the

same both for upswings and down-swings in the economy. Violation of this

assumption leads to the need for two different lag structures. This assumption can be

tested by recursive estimation of the dynamic structure. In this study we will assume

that the relationships are stable, and similar, enough to be identified and estimated

by the ordinary transfer function techniques.
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Koch and Rasche (1988) examine a number of leading indicators included in the

U.S. Commerce Department "Composite Index of Leading Indicators" using the

transfer function approach described in the next Section. In this paper a similar

approach will be used to build a model for the Swedish Index of Industrial

Production, but here the main purpose of the study lies in evaluating different

methods of preliminary estimating the lag structure between the leading indicators

and the reference series.

3 Transfer function model identification

The transfer function-noise model proposed by Box and Jenkins (1976) is,

where Yt is the dependent variable, c is a constant term, xt is the independent

variable, n
t

is an error term which represents all the 'missing' x variables plus the

pure noise, B is the ordinary lag operator, w(B) is a 'moving average' operator,

fi(B) is an 'autoregressive' operator, b is a pure delay parameter which represents

the number of complete time intervals before a change in x
t

begins to have an effect

on Y
f

(The Y and z variables are assumed to be differenced/transformed to be

mean and variance stationary.)

The transfer function i/[B} is a rational lag structure,

that may be used to represent any form of linear dynamic relationship between xt
and Yt to any specified degree of accuracy. The weight vi is called the impulse

response weight at lag i.

The noise term, nt' may be expressed as an ordinary ARMA(p,q) model of the

form

where O(B) is a moving average operator of order q, <p(B) is an autoregressive ope­

rator of order p, and at a white noise variable.

The single-input model is easily generalized to an m-input transfer function

model,
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with m input variables x
l t

' Xu ... , xmt" The ordinary multiple regression model,

Yt = C + 1II Oxi t + 1I20x2t + ... + 11mOXmt + at

is a special case of the more general multiple-input transfer function model.

To identify the order of the operators 8(B) , w(B) and b two steps are

performed. First the impulse response weights, 11., are preliminary estimated. Then
I

the pattern of the weights is used to guess the order of the operators (see Box and

Jenkins 1976 Fig. 10.6, p 349). The Corner method can also be used to guess the

orders (e.g., see Tsay 1985).

When Box and Jenkins popularized the transfer function model (and the

univariate ARIMA model) they also suggested different methods for preliminary

estimation of the transfer function weights. For the one-input model they preferred

the prewhitening cross-correlation approach described below. They showed that the

weights also could be estimated by ordinary least-squares (OLS) but that these

estimates have several deficiencies. Later Pukkila (1980) showed that the OLS

estimator may be used even when there are more than one input variable with

reasonable results. The OLS estimator has been further improved by using a

two-step ridge regression approach (see Edlund 1984, 1987, 1989a,b). For the

multiple-input case Box and Jenkins gave a cross-spectral estimator (Box and

Jenkins 1976, Ch 11). This estimator has been investigated and made operational by

Pukkila (1979).

Priestley (1971) proposed the covariance contraction method which is similar to

the prewhitening cross-correlation method but all variables are prewhitened

separately. Later Haugh and Box (1977) presented a method similar to Priestley's

method. Both methods are suitable for the one-input model, but Fask and Robinson

(1977) extended Priestley's method to multiple-input models. Tsay (1985) suggested

the use of a VAR model which would avoid prewhitening and allow for

non-stationary variables. This approach would also be useful for testing the

hypothesis of unidirectional causality. The VAR approach is also suitable for

identification of multiple-input models.

Another approach not requiring prewhitening of the variables is the maximum

entropy-generalized least-squares (ME-GLS) estimator proposed by Rahiala (1986).

He begins by estimating the residual model in the transfer function model from

estimates of the cross-spectra of the variables by a maximum entropy method. Then
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the impulse response weights are estimated by an ordinary GLS estimator.

In this study only the prewhitening cross-correlation method, the cross--spectral

method and the two-step ridge regression method will be considered.

3.1 The prewhitening cross-correlation method

Box and Jenkins noted that the most straight-forward way to preliminary

estimate the impulse response weights would be to use a simple OLS estimator using

present and lagged values of the input variables, x., as independent variables and y
I

as the dependent variable. They argue that the simple OLS estimator do not provide

efficient estimates, are cumbersome to solve and require knowledge of the lag K at

which the weights are effectively zero (p 379).

To solve the efficiency problem, at least partially, and to decrease the effects of

choosing K to small, Box and Jenkins suggest that both the input and the output

series are transformed by the linear filter that makes the input series white noise.

Then the correlation matrix of lagged input variables will be (almost) diagonal and

the estimates will not suffer from multicollinearity and possibly left out lags.

While this method works well for the single-input model it is not directly

applicable for the multiple-input case. If the input variables are cross-correlated the

estimates will suffer from multicollinearity. Damsleth (1979) reports experiences

from using this approach for a two-input model. To decrease the cross-correlation

problem it would be possible to compute the partial cross-correlation when holding

the effects of the other input variables constant.

According to representatives from the Gwilym Jenkins & Partners Ltd

consulting firm (with considerable experience from using the transfer function model)

it is quite safe to do the prewhitening for one input variable at a time, neglecting the

effects of the other input variables (see also McLeod 1982). The same approach is

also implemented in the the AUTOBOX software package from AFS Inc. This will

be the approach used in the empirical part of this paper.

3.2 The cross-spectral analysismethod

In an Appendix (p 413-6) Box and Jenkins briefly discuss identification of

multiple-input transfer function models. They consider the use of cross--spectral

analysis to estimate the impulse response weights. By taking a Fourier transform of

the impulse response function a frequency response function is obtained. The

frequency response function is estimated from the cross spectra of the time series.
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Then using an inverse transformation estimates of the impulse response weights are

obtained. This method is easily extended to multiple-input models.

This method do not require prewhitening, even though the estimates of spectra

are improved if the series are white noise and aligned (i.e. not leading/lagging each

other). Suitable filters for the series can be found by studying the autocorrelation and

the cross--correlation functions. Before estimating the frequency response function

the spectral estimates are 'recolored' so they correspond to the original variables.

Pukkila (1979) gives a description of the estimation procedure and discusses

identification of three different transfer function models. In Appendix 1 the

estimation procedure is outlined.

3.3 The ridgeregression method

As argued above, the most straight-forward way of obtaining preliminary

estimates of the transfer function weights, /I., is to estimate the weights by ordinary
}

least-squares regression. The simple transfer function may be written as,

where y, x, c and n are defined as above. If it is reasonable to assume that the

weights /I. are ~ 0 for some lag k > K then the above equation can be estimated by
}

OLB with K+1 independent variables (lags 0 to K of the x variable). The

equation above is easily expanded if there are m independent input variables.

If we try to estimate the regression equation we encounter several problems.

First, we need knowledge of the lag K at which the /I. weights may safely be
}

assumed to be zero. Using too many lags means that many degrees of freedom will be

lost, using too few lags gives us the missing variables problem. Second, the

correlation matrix of the independent variables (including lagged variables) may

show strong multicollinearity. This collinearity may result from autocorrelated input

variables or/and cross correlation between the input variables. The third major

problem is the possibility of autocorrelated residuals, i.e. n
t

is not white noise. This

will decrease the efficiency of the regression estimates.

The first problem can usually be solved by finding some trade-off between the

risk of including too few lags (gives biased estimates) and losing to many degrees of

freedom. It seems wise to start with too many rather than too few lags in the model.

The multicollinearity problem is more difficult to solve. Liu and Hanssens

(1982) transformed the x and y variables by a common filter. The filter was

constructed to eliminate AR factors with roots close to one in the estimated ARMA
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processes for the input variables. Edlund (1984, 1989a,b) used biased regression,

ridge and principal components regression, to obtain more accurate estimates.

Autocorrelated residuals can be dealt with by using generalized least squares

(GLS) instead of OLB (see Liu and Hanssens 1982, Rahiala 1986) or by transforming

the x and Y variables. The latter method has been used by Box and Tiao (1975)

and by Edlund (1984, 1989a,b) who suggested and used the following two-step

procedure in his simulation studies:

identification, estimation and checking of the noise model and

transformation of the input and output variables

First the multiple regression model

is estimated by ridge regression, k computed according to Lawless and Wang (1976)

or RIDGM (Dempster, Schatzoff and Wermuth, 1977). Then the estimated residuals

are computed,

m

nt = Yt - C-i~l v/B)xit = Yt - c-v10xl t - vllX1,t_l - ... - vmKXm,t-K .

The noise model, nt = ~~Zj tit is then identified and estimated using the

standard Box-Jenkins procedure for ARMA models. The estimated operators are

then used to transform the original x and Y variables,

O(B)y~ = $(B)yt, all t, and O(B)xjt = $(B)xjt, j= 1,... ,m, all t.

Step two: estimation of the impulse response function from the transformed

variables ~ and x'jt

In the second step the first equation is re-estimated, by ridge regression

methods, using the transformed x and y variables,

In the last equation the residuals {at} should be almost white noise and by

using biased regression the bad effects of multicollinearity will be decreased.

In case the estimated residuals are not white noise, step one could be repeated

using the estimated values of v.. in the last equation for calculating the residuals n
t

.
']

Step two is then performed again.
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4 Empirical results

This section describes identification of transfer function models for the Swedish

index for industrial production (lIP) based on Swedish financial data. The models

have been identified by the three methods presented above. The models have been

chosen to represent plausible relationships (with a satisfactory forecasting ability), as

well as different number of variables. Another major concern has been availability of

the data. The choice of models may be seen as a search for tentative models based on

different number ofleading indicators.

The following estimation procedures have been used:

Step 1: First the series have been plotted against time, see Fig 1-4. Then

with the aid of autocorrelation functions suitable order of differencing have been

decided for the variables.

Step 2: Using AUTOBOX PLUS (v 2.0 from AFS, Inc) univariate ARIMA

models for all series have been identified and estimated. Then for each model, Step

3-6 are repeated:

Step 3: For the prewhitening estimator AUTOBOX has been used to

prewhiten each input series (one at a time) and the output series, and then compute

the estimated cross correlation function and the impulse response weights.

Step 4: For the cross-spectral estimator a C program has been developed

(see Appendix 1 for details of the estimation method) and used to filter the series,

compute relevant spectra, then re-color the spectra and estimate the impulse

response weights and their standard errors. Different values of the spectral

computation number and lag window length have been tried to derive reasonable

estimates. The filters have been adopted from the univariate models from

AUTOBOX (in Step 2).

Step 5: The ridge regression estimator has been computed in two steps.

First the impulse response weights have been estimated by the two ridge estimators.

Then the residuals have been computed and modeled using AUTO BOX. The

estimated residual model has then been used to transform all variables. Back--easting

has been used to improve the estimates of the starting values of each series. Then

ridge estimation has again been used to estimate the impulse response weights. Again

the residuals have been checked for significant autocorrelations.

Step 6: The estimated impulse response weights and the identified models

have been compared to an estimated final transfer function model.
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Swedish Index of Industrial Production, lIP, for the period January 1960­

December 1979, 240 monthly observations.
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Yield of long term government bonds for the period January 1960 ­

December 1979, 240 monthly observations.
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4.1 Leading indicators

The leading financial indicators chosen constitute the set of financial variables

used by OECD to forecast the Swedish business cycle. Data have been collected from

the Main Economic Indicators database at Statistics Sweden. The period January

1960 - December 1979 (240 monthly observations) was chosen as it appears to be a

rather stable period. Results from OECD (1987) and Westlund and Claesson (1989)

indicate that there is a considerable variation in the lead times at the turning points

(The period 1960-1988 was studied) and estimated business cycle models (transfer

functions) vary considerable both with respect to structure and estimated values for

different subperiods. The following variables have been used:

Xl t = Ml (with minor adjustments) deflated by CPI (12 months)

X
2
't = Yield oflong term government bonds (15 months)

X
3

:t = Share prices at the Stockholm Exchange (8 months)

The values in parenthesis are lags at which the OECD found the maximum

cross-eorrelation between the lIP and the indicator. It should be noted, that the

OECD cross-eorrelation functions are computed from detrended and smoothed series.

According to OECD (1987) M1 may be seen as an "expansionary accomodating

stance of monetary policy". The Yield variable is an indicator of the "stimulus to

consume or invest" and the Share prices variable act as a "business confidence

proxy".

It seems reasonable to build models relating relative changes in the variables to

the relative change in the lIP, Y
f

Therefore the first regular difference of the

logarithm of each variable has been used. It should be noted that both Yt and Xl t

are seasonal series but that the other two series do not show seasonality. '

Table 1 shows the estimated autocorrelation and partial autocorrelation

functions for the x. t = Vln(X. t) series. The following univariate ARIMA models
I, "

were identified, estimated and checked:

V12Yt = (1--0.597B)(I--O.372B24)at, aa = 0.03111

(l+0.145B--o.304B2--Q.297B4)V12Xlt = (1--O.755BI2)alt' aal= 0.00847

X2t = 0.00324 + a2t, aa2= 0.02001

X3t = a3t , aaa= 0.03892
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Table 1. Estimated autocorrelation and partial autocorrelation functions for

Vln( Yt), Vln(X
lt

) , Vln(X2t) and Vln(X3t). + denotes a coefficient significant

at the 5 %level.

Vln( Y) Vln(X1) Vln(X2) Vln(X3)

Lag acf pacf acf pacf acf pacf acf pacf

0 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
1 -.446+ -.446+ -.376+ -.376+ -.044 -.044 .057 .057
2 -.026 -.280+ .368+ .263+ -.009 -.011 -.100 -.104
3 -.051 -.258+ -.259+ -.072 .007 .006 .100 .114
4 -.015 -.252+ .287+ .130+ .022 .022 .006 -.019
5 .009 -.236+ -.539+ -.448+ .077 .080 -.108 -.087
6 .058 -.145+ .468+ .238+ -.014 -.006 .077 .081
7 .009 -.080 -.511+ -.256+ -.014 -.014 -.035 -.069
8 -.014 -.049 .274+ -.039 .061 .059 -.034 .011
9 -.050 -.091 -.241+ .064 -.071 -.070 .009 -.015

10 -.024 -.148+ .293+ -.048 -.023 -.034 .081 .082
11 -.418+ -.929+ -.338+ .041 -.013 -.016 .050 .058
12 .941+ .262+ .748+ .572+ -.065 -.068 .016 .006
13 -.418+ .160+ -.338+ .069 .008 -.004 -.061 -.063
14 -.028 .078 .262 -.260+ .002 .015 -.060 -.064
15 -.046 .117 -.219 -.020 .012 .019 -.053 -.047
16 -.016 .125 .205 -.046 -.088 -.088 -.123 -.126
17 .009 .134+ -.498+ -.070 .102 .116 -.036 -.014
18 .052 .064 .378+ -.069 .004 .007 -.051 -.076
19 .009 .026 -.479+ -.147+ .107 .109 -.189+ -.174+
20 -.012 .015 .183 -.134+ -.084 -.072 -.OlD -.007
21 -.048 .003 -.247 -.132+ -.062 -.070 -.037 -.113
22 -.022 .012 .240 .022 -.056 -.095 -.097 -.065
23 -.389+ .080 -.304 .028 -.011 -.027 -.038 -.069
24 .875+ -.024 .648+ .154+ -.026 -.034 .102 .088

4.2 Money supply

For the first model, with one input, money supply, M1 has been chosen as

leading indicator. This gives us the following model:

lIPSWE,t = f(Ml SWE,r·,Ml SWE,fr-K)'

Prewhitening

The estimated ARIMA model for M1 in Section 4.1 was used to prewhiten the

lIP. Table 2 shows the estimated impulse response weights for lag 0 to 23. The

second largest coefficient and the only significant coefficient with the expected sign is

at lag 7. This is a considerably shorter lead than the OECD maximum cross-
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Table 2. Estimated impulse response weights, ii, between prewhitened lIP and

filtered Money supply, Ml. Weights larger (absolute value) than 1.640- are

marked with +and larger than 1.960- with ++.

Money supply, zIt

Lags 0-7 -.118 .104 .219 -.883++ .209 .558 -.354 .682+

Lags 8-15 -.485 .019 .226 .194 .252 .017 .209 -.626+

Lags 16-23 -.114 .558 -.213 .163 -.037 .036 -.307 -.283

correlation at lag 12. There may be two explanations to this: the OECD

cross-eorrelation function is estimated from detrended and smoothed series, not

prewhitened series, and/or the pattern may have changed during the later part ofthe

period. The tentatively identified model may therefore be expressed as:

v, = WOX1
,t_7 + Nt where V12Nt = (1-0B)(1-E>B24)at

with wo= 0.68 as a preliminary estimate of wOo

Cross spectral

The cross spectral analysis was performed with F = 60 (spectral computation

number) and a Parzen lag window with L = 45. To improve the spectral estimates

both variables were transformed by autoregressive filters to become white noise. The

Ml variable was lagged 7 months (aligned) to improve the estimates of the coherency

function. The results are given in Table 3. The pattern of the weights is similar to

the pattern in Table 2 and there is only one significant weight (at a = 0.1) with the

expected sign. In this case we would identify the same model as in the prewhitening

case, but with wo = 0.63 as our preliminary estimate of wOo Our tentative model

therefore is:

Yt = wOx1 t-7 + Nt,
where V12Nt = (1-0B)(1-E>B24)af

Ridge regression

The ridge estimates L W (Lawless and Wang) and RIDGM have been computed

using the two-step method described in Section 3.3. In the first step the estimated

residuals from both the L Wand RIDGM estimators were best described by a model

ofthe type:
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Table 3. Estimated impulse response weights, Ii, between lIP and Money supply, M1

using cross spectral analysis. Weights larger (absolute value) than 1.640"

are marked with + and larger than 1.960" with H.

Money supply, zit

Lags 0-7 -.005 .007 .436 -.639+ -.087 .429 .102 .632+

Lags 8-15 -.585 -.098 .324 .332 .288 -.306 -.096 -.032

Lags 16-23 -.073 .073 -.163 .387 -.065 -.268 .089 .319

nt = (l-lIB)(l-eB)af

The same model was also identified for all two- and three-input models below. Since

the estimates of e and e did not differ significantly between the models and

estimators, the variables were in all cases transformed by the estimated model:

(l-o.66B)(l-o.34B24)y~ = s, and (l-o.66B)(l-o.34B24)xit = x
i f

In the second step one significant autocorrelation coefficient was found at lag 36

for both estimators. The estimated k values in the second step was 0.0731 and 5.1524

(!) for the L Wand RIDGM estimators respectively.

As can be seen in Table 4 the estimated weights for the RIDGM are clearly much

more shrunk towards 0 than the LWweights (even though the pattern is the same).

Again the weight at lag 7 is significant with the expected sign, but the weights at lags

5 and 6 are also significant. In this case we may therefore tentatively identify the

model:

Estimated models

Using AUTOBOX the proposed models were estimated. For the fudge model,

the Wo and WI were non-significant, so the model was reduced to the same model as

identified by the other two methods:

v, = .632xI t-7 + Nf.
The residual model, was expanded to account for autocorrelation in the at series at

lags 12 and 36 to:

V12Nt = (1-.731B)(1-.259B1L.501B24)at a = .02850.
a
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Table 4. Estimated impulse response weights, V, between lIP and Money supply, Ml

using ridge regression, L Wand RIDGM. Weights larger (absolute value)

than 1.640" are marked with +and larger than 1.960-with ++.

Money supply, xIt

LW:

Lags 0-7 .061 .059 .017 -.066 .038 .144++ .120+ .204++

Lags 8-15 -.OlD .019 .067 .054 .068 -.006 .005 .002

Lags 16-23 -.017 .006 .021 .011 .078 .028 -.083 .104

RIDGM:

Lags 0-7 .020 .023 .015 .007 .029+ .054++ .052++ .067++

Lags 8-15 .025 .026 .032+ .026 .028 .015 .015 .012

Lags 16-23 .002 -.001 -.000 -.003 .012 .003 -.019 .014

The Ell and El
2

parameters are strongly correlated, but deleting one of them would

give autocorrelated residuals. The estimated model, has two just significant

cross--eorrelations at lags 4 and 6 between the estimated residuals and the

prewhitened input variable. This indicates a possible two-way causality. The

reduction in residual variance compared to the univariate model for lIP is

approximately 16 %, i.e. most of the information in Ml is already contained in the

lIP series. When we compare the different estimators, it is interesting to note that all

of them had a significant weight at lag 7 but the prewhitening and the cross-spectral

estimators turned up significant weights with wrong signs.

4.3 Moneysupply and Yield oflong term government bonds

As the second model for lIP we choose a two-input model with money supply,

Ml , and Yield of long term government bonds as leading indicators. This gives us the

following model:

IIPSWE,t = !(MlSWE,t, .. ·,MlSWE,t-K' YBSWE,t"" YBSWE,t-K)'

Prewhitening

Since we prewhiten each input variable and lIP separately the estimated weights

for Ml are the same as in the previous Section. The Yield variable is not seasonal,
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and using the developed model for x2t in Section 4.1 the seasonality in Yt is not

considered. The estimated weights are given in Table 5. They do not indicate any

significant relationship with Y
f

Therefore x2t was differenced seasonally and a model

was estimated for the over-differenced series. This model:

V12X2t = (1-.968B12)a2t

was then used to prewhiten both x2t and Y{

As can be seen in Table 5 estimates more in line with the other estimators

(Tables 6 and 7) are found. The significant coefficient at lag 20 is not too far from the

OECD maximum cross-eorrelation at lag 15. The following tentative model may

now be identified:

with V12Nt = (1-OB)(1-0B24)at as before.

Cross spectral

The Yield variable was transformed in the same way as the Money and lIP

variables to be white noise. The estimated weights are shown in Table 6. The

significant weight for Ml at lag 7 has now vanished. The Yield variable has a

significant weight at lag 1 month. This is far away from the OECD lag of 15 months.

Our model is then reduced to:

with V12Nt = (1-OB)(1-0B24)at as before.

Ridge regression

The L Wand RIDGM estimates in Table 7 for M1 is close to the bivariate model

above. It therefore seems reasonable to use the estimated model from Section 4.2.

For the Yield variable the weight at lag 1 is most significant but the significant

weights at lag 20 and 21 are closer to the OECD lag.

We therefore suggest:

Yt = w10x1 t-7 + (w20-w21B)x2 t-20 + Nt
I ,

with V12Nt = (1-0B)(1-0B24)at as a starting model.
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Table 5. Estimated impulse response weights, V, between prewhitened IIP and

filtered Money supply, M1 and between prewhitened IIP and Yield of long

term government bonds (prewhitening with and without respect to

seasonality in IIP). Weights larger (absolute value) than 1.6411 are marked

with +and larger than 1.9611 with ++.

Money supply, zit

Lags 0-7 -.118 .104 .219 -.883++ .209 .558 -.354 .682+

Lags 8-15 -.485 .019 .226 .194 .252 .017 .209 -.626+

Lags 16-23 -.114 .558 -.213 .163 -.037 .036 -.307 -.283

Yield oflong term government bonds, Z2t (prewhitening without regard to seasonality)

Lags 0-7 -1.115 .284 -1.364 -.140 1.434 .529 .039 -1.095

Lags 8-15 1.018 -1.205 .741 .870 -1.048 .214 -1.526 -.085

Lags 16-23 1.354 .484 .153 -.987 .808 -1.408 .869 .529

Yield of long term government bonds, x
2t

(prewhitening with regard to seasonality)

Lags 0-7 -.048 -.246 .303 -.321+ .047 .144 .179 -.156

Lags 8-15 -.288 .115 .215 .084 -.093 -.183 .136 -.279

Lags 16-23 -.044 .136 .274 -.047 -.513++ -.086 .350+ .010

Table 6. Estimated impulse response weights, V, between IIP and Money supply and

Yield of long term government bonds using cross spectral analysis. Weights

larger (absolute value) than 1.6411 are marked with +and larger than 1.9611

with ++.

Money supply, zit

Lags 0-7 -.082 .062 .377 -.637+ -.099 .538 .153 .408

Lags 8-15 -.536 -.172 .274 .451 .253 -.091 -.216 .030

Lags 16-23 -.015 .045 -.176 .288 .071 -.343 .018 .323

Yield of long term government bonds, ~t

Lags 0-7 -.062 -.247+ .134 -.072 .166 -.163 -.052 .132

Lags 8-15 -.001 .006 .079 -.095 -.059 -.148 .093 -.110

Lags 16-23 .160 -.084 .078 .155 -.175 -.064 .121 -.022

[On Identification of Transfer Function Models for Business Cycle Forecasting)



153

Table 7. Estimated impulse response weights, ii, between lIP and Money supply and

Yield of long term government bonds using ridge regression, L W and

RIDGM. Weights larger (absolute value) than 1.640" are marked with +

and larger than 1.960" with ++,

Money supply, zit

LW:

Lags 0-7 .056 .063 .022 -.076 .037 .146++ .115+ .205++

Lags 8-15 -.005 .034 .090 .062 .079 .007 .011 .006

Lags 16-23 -.019 .006 .018 -.004 .054 .004 -.115 .089

RIDGM:

Lags 0-7 .033 ,039 .020 -.014 .040 .097++ .087++ .128++

Lags 8-15 .027 .039 .059 .043 .049 .015 .018 .013

Lags 16-23 -.003 -.001 .003 -.005 .026 .002 -.055 .037

Yield oflong term government bonds, Z2t

LW:

Lags 0-7 -.034 -.064++ .034 .008 .040 .002 -.003 .036

Lags 8-15 -.021 .018 .028 .026 -.022 .005 -.016 -.001

Lags 16-23 .007 .018 .051+ .020 -.053+ -.050+ .021 -.011

RIDGM:

Lags 0-7 -.019 -.034++ .015 .007 .020 .001 -.004 .017

Lags 8-15 -.003 .015 .016 .017 -.006 .006 -.011 -.004

Lags 16-23 .002 ,011 .026+ .008 -.028+ -.028+ .004 -.011

Estimated models

As suggested by the identification above three models were estimated. The

model suggested by the cross-spectral estimator was not significant, i.e. the model

reduced to a univariate model for lIP, In the model suggested by the ridge

estimators, w
20

was not significant. This gives us the following two models:

v, = .689x1 t-7 - .129x2 t-20 + Nt'
, I

V12Nt = (1-.748B)(1-.337BI2-.599B24)at rJ a = ,02788

and

v, = .707x1 t-7 - .135x2 t-21 + Nt'
, I
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Table 8. Estimated impulse response weights, ii, between prewhitened IIP and

filtered Money supply, M1 and between prewhitened IIP and Yield of long

term government bonds (prewhitening with respect to seasonality in IIP)

and between prewhitened IIP and filtered Share prices (prewhitening with

respect to seasonality in IIP). Weights larger (absolute value) than 1.640"

are marked with + and larger than 1.960" with ++.

.079

.021

.175+

.094

.154+

-.145

.020

-.081

-.135

Money supply, Zu
Lags 0-7 -.118 .104 .219 -.883++ .209 .558 -.354 .682+

Lags 8-15 -.485 .019 .226 .194 .252 .017 .209 -.626+

Lag 16-23 -.114 .558 -.213 .163 -.037 .036 -.307 -.283

Yield of long term government bonds, ~t (prewhitening with respect to seasonality)

Lags 0-7 -.048 -.246 .303 -.321+ .047 .144 .179 -.156

Lags 8-15 -.288 .115 .215 .084 -.093 -.183 .136 -.279

Lags 16-23 -.044 .136 .274 -.047 -.513++ -.086 .350+ .0lD

Share prices, Z3t (prewhitening with respect to seasonality)

Lags 0-7 -.094 -.083 .109 .046 -.169+

Lags 8-15 .170+ -.198++ -.107 .250++ -.136

Lags 16-23 -.195++ -.018 .196++ -.OlD .153+

V12Nt= (1-.759B)(1-.329B1L.613B24)at a = .02778
a

Again, an extra parameter has been added to the residual model at lag 12. The two

seasonal MA coefficients are strongly correlated, but excluding one of them

introduces autocorrelation in the residuals.

Both models show a few significant correlations between at and the prewhitened

Xit ' but on the whole they seem to be adequate models for the data series. The

reduction in residual variance compared to the univariate model for IIP is

approximately 20 %, i.e. a minor reduction compared with the model with just M1 as

input variable. Comparing the different estimators, it is interesting to note that the

cross spectral estimator missed the significant weights at lag 20 and 21.

4.4 Money supply, Yield of long term government bonds
and Share prices

The third model for IIP is a three-input model with money supply, M1, Yield of

long term government bonds and Share prices at the Stockholm Exchange as leading

[On Identification of Transfer Function Models for Business Cycle Forecasting)



155

Table 9. Estimated impulse response weights, V, between lIP and Money supply,

M1, Yield of long term government bonds and Share prices using cross

spectral analysis. Weights larger (absolute value) than 1.640' are marked

with • and larger than 1.960' with ".

Money supply, x
It

Lags 0-7 .027 -.053 .403 -.648+ .014 .524 -.020 .488

Lags 8-15 -.508 -.230 .102 .559 .521 -.389 -.275 .240

Lags 16-23 -.048 -.033 -.322 .473 .020 -.430 .129 .261

Yield oflong term government bonds, x2t
Lags 0-7 -.136 -.295+ .160 .022 .165 -.226 -.048 .146

Lags 8-15 .045 -.062 .022 .036 -.110 -.201 .118 -.048

Lags 16-23 .154 -.198 .114 .136 -.152 -.046 .048 .055

Share prices, x3t
Lags 0-7 -.038 .073 -.094 .004 .054 -.007 -.053 -.067

Lags 8-15 .201++ -.012 -.141+ .082 -.035 .118 -.149+ .008

Lags 16-23 .033 -.047 .012 -.054 .147+ .029 -.113 .055

indicators. This gives us the following model

IIPSWE t=,

f(M1 SWE t"'.,M1SWE t-K' YBSWE e:: YBs WE t_K'SPSWE { .. ,SPSWE t-K)'
, , , t I ,

Prewhitening

As with the Yield variable the Share prices variable has been seasonally

differenced to take care ofthe seasonality in lIP. The following model:

V12X3t = (1-.965 BI2)a3t

was used to prewhiten x3t and Yf The results are given in Table 8.

With the OEeD lag of 8 months for the Share variable the weights at lag 8 and

11 are most interesting. Since the weight at lag 11 is much larger than the weight at

lag 8 the following model is proposed:

v, = w10x1 t-7 + w20x2 t-20 + w30x3 t-ll + Nt, , ,
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Table 10. Estimated impulse response weights, V, between lIP and Money

supply, M1, Yield of long term government bonds and Share prices

using ridge regression, L Wand RIDGM. Weights larger (absolute

value) than 1.640" are marked with • and larger than 1.960" with ...

Money supply, Xu
LW:

Lags 0-7 .064 .081 .044 -.064 .040 .135++ .113 .201 ++

Lags 8-15 -.002 .024 .065 .062 .064 -.009 -.001 .008

Lags 16-23 -.029 -.004 -.002 -.017 .044 .004 -.111 -.074

RIDGM:

Lags 0-7 .035 .041 .025 -.006 .038 .084++ .078++ .111++

Lags 8-15 .025 .030 .043 .034 .036 .007 .010 .010

Lags 16-23 -.008 -.005 -.004 -.010 .019 .003 -.044 .031

Yield oflong term government bonds,~t

LW:

Lags 0-7 -.027 -.059++ .028 .005 .035 -.001 -.006 .027

Lags 8-15 -.015 .018 .021 .016 -.022 .003 -.015 -.000

Lags 16-23 .003 .008 .040 .024 -.049+ -.051+ .016 -.008

RIDGM:

Lags 0-7 -.017 -.030++ .010 .003 .014 -.001 -.006 .011

Lags 8-15 -.002 .012 .012 .012 -.006 .004 -.009 -.003

Lags 16-23 .001 .007 .021 .008 -.024' -.025+ .002 -.010

Share prices, x3t
LW:

Lags 0-7 .022 -.004 -.021 -.020 .001 .011 .002 .008

Lags 8-15 .002 .013 .015 .009 -.010 .018 -.009 .010

Lags 16-23 -.013 -.006 .002 -.004 .029++ .031++ -.010 -.000

RIDGM:

Lags 0-7 .011 -.001 -.009 -.009 .002 .006 .004 .006

Lags 8-15 .001 .005 .010 .007 -.003 .009 -.001 .007

Lags 16-23 -.005 -.002 .000 -.002 .013+ .014+ -.006 -.004
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Cross spectral

The cross spectral estimates of the weights for the M1 and Yield variables in

Table 9 are approximately the same as in the two-input model. The Share variable

has one significant weight with the expected sign at lag 8 which is the same as the

OECD lag. Therefore the following model is proposed:

Yt = W20X2,t_ l + W30X3,t-a+ Nt

where Vl2Nt = (1-8B)(1-E>B24)at as before.

Ridge regression

Looking at Table 10 the ridge estimates for M1 and Yield suggest that the

previously identified model still may be appropriate. For the Share variable the

weights are more difficult to explain. There are no significant weights around the

OECD lag at 8 months, the significant weights at lags 20-21 are difficult to explain.

In this case the proposed model is:

Yt = W10X1,t_7 + (w20-w21B)x2,t_20 + (w30-w31B)x3,t_20 + Nt

with VI2Nt = (1-8B)(1-E>B24)at as usual.

Estimated models

Using AUTOBOX the proposed models were estimated. In the model identified

using prewhitening the weight for the Share variable was not significant. The

prewhitening model was reduced to the two-input model. In the cross-spectral model

none of the weights were significant. Estimation of the ridge regression model showed

that the second weights for the Yield variable and the Share variable were

insignificant. Re--estimation of the model with only one weight for each variable gave

the following results:

v, = .826x1 t-7 - .132x2 t-20 + .074x3 t-20 + Nt', , ,
VI2Nt = (1-.772B)(1-.339BIL.605 B24)a

lt
aa = .02732

The model seems to be an adequate model for the data series. The reduction in

residual variance compared to the univariate model for lIP is approximately 23 %.
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5 Conclusions

It is not an easy task to build a transfer function model for the Swedish Index of

Industrial Production. It appears that the dynamic structures are not as stable as we

had hoped for. The obtained delays in the models are not in concordance with the

OECD maximum cross-correlation lags. These deviations may, at least in part, be

explained by the different transformations used by the OECD (detrending and,
smoothing).

The estimated ARIMA model for lIP and the preferred one, two and three-input

models are:

V12Yt = (1-.597 B)(I-.372B24)at, a-a = .03111

v, = .632X1,t_7+ Nt' a-a = .02850

Yt = .707X1,t_7- .135X2,t_21 + Nt' a- a = .02778

Yt = .826X1,t_7- .132X2,t_20 + .074X3,t_20 + Nt' a-a = .02732

with the noise model being of the form V12Nt = (1-0B)(1-81B1L82B24)af The

reduction of residual variance is moderate as new variables are introduced,

approximately 23 % for the three-input model. This may be an indication that the

input variables have a rather predictable pattern that is included in the historical

values of lIP, or it may be a sign of a poor model. The lead times are long enough to

allow for reasonably safe predictions of the lIP; the forecast error is approximately

2.7 %. The Ml has a relatively strong influence on the IIPj a 1 %increase in the real

money supply will result in 0.8 %increase in the production volume, while the lIP is

much less sensitive to changes in the Yield of long term government bonds and Share

7

8

Total

15

6

2

2

Share

9

4

3

3

Yield

3

1

2

3

Ml

3

1

prices.

There is a large variation in the number of significant weights for the estimators

(Tables 8, 9 and 10):

Estima.tor

Prewhitening

Cross spectral

Ridge regression

Lawless & Wang

RIDGM

What conclusions can be drawn from this table? For this limited sample of transfer

functions it seems as if the prewhitening estimator will give too many significant

weights, which may be suspected as the estimator does not consider the simultaneous
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relationships between the input variables. The cross spectral estimator on the other

hand did not find the significant weights for the Yield and Share variables. In this

study the ridge estimators have been somewhere in between and found all significant

models. Among the ridge estimators, the LW gives more reasonable estimates of the

weights while the RIDGM shrinks the estimates too much compared to the other

estimators. The estimated k value for the RIDG M estimator varied between 5.15 and

1.79, while the L W k value was around .07 which is a more reasonable level.

From this limited experience it would be recommendable to use more than one

method for identification to find the weights that are to be accounted for in the model

and those who are spurious.

Appendix!

Estimation of transfer function weights by cross spectral
methods

The following description of the cross spectral estimator is based on Box and

Jenkins (1976, p 413-6) and Pukkila (1979).

We begin with the stationary m-input transfer function model,

v, = 111 (B)x1,t+ ... + IIm(B)xm,t + nt (1)

where II.(B) is the generating function of the impulse response weights relating x. t
3 ~

to the output. After multiplying Eq (1) throughout by xl t_1c""'Xm t-1c in turn, and

taking expectations an equation system of generating fun~tions is ~btained (see E,q

(A11.1.11) in Box and Jenkins). After substituting B = e-i}, and dividing by 211" the

spectral equations are obtained,

p (>') = H
1
(>.)p (>') + H

2
(>. )p (>') + ... + H (>.)p (>')

ZIY ZIZI ZIZ2 m ZIZrn

p (>') = H
1
(>. )p (>') + H

2
(>. )p (>') + ... + H (>.)p (>')

Z2Y Z2Z1 Z2Z2 m Z2Zm

. .
p (>') = H

1
(>.)p (>') + H

2
(>. )p (>') + ... + H (>.)p (>')

ZmY ZmZI ZrnZ2 m ZmZm

(2)

where p is the cross spectra between x. and z .. H
1c
(>.) is the frequency response

ZiZ' I 3
function wliere,

(3)
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The impulse response weights can now be computed from,

1 r~. .
v"i =2r J H,,(>.)e )d>., k = 1,...,m, J = 0, 1,2, ...

-r

The system of cross spectral equations above can be solved to obtain Hi>').
Let,

r

PZI")/>')PZIZ/>') ... PZIZ/>')

P~2ZP) PZ2Z/>') •.• P?Zm(>')

pzmz/>') PZmZ/>') ••• pzmZ/>')

(4)

r

e (>') e (>') . .. e (>')
ZIZI ZIZ2 ZIZm

e (>') e (>') . .. e (>')
Z2Z1 Z2Z2 Z2Zm. .. .

e (>') e (>') ... e (>')
ZmZI ZmZ2 ZmZm r

«,» qZlz/>') ... qZlz/>')

. qZ2ZP) qZ2Z/>') •.. qZ2Z/>')
-} . .. .

qzmz/>') qZmz/>') .•. qZmZ/>')

= C(>') -iQ(>')

where e (>') is the co-spectrum of x. and x. and q (>') is the quadratureZiZ' 1 ) ZiZj
spectrum of x. and x.. Further let e(>.) be a column vector with co-spectra of x.

1 ) 1

and y and q(>.) be a column vector with quadrature spectra of x. and y. Then let,
1

(5)

Now,

D(>') = [C(>') + Q(>.)G-I(>.)Q(>.)]-I

E(>') = -D(>')Q(>')C-I(>')

H(>') = [D(>.)e(>.) - E(>.)q(>.)] - i]D(>.)q(>.) + E(>.)e(>.)] (6)

where H(>') is a vector with HI(>.),... , H
m(>.).

Cross spectral estimates of v .. (Eq (4)) are obtained from,
I)

F-l
ii ..=2F

1
u.~O) + -F

1
E u.P,,) + 2F

1
U.{lr),

I) I) "=1 I) I)

i= 1,... ,mj j= 0,1,2

where >." = xk]F, k = 0, 1,... ,F (F is the spectral computation number) and

is computed from

m

u..(>') = [ E (d."(A)c,, (A) - e."(>.)q,, (>.))]cos(>.j)
I) "=1 1 Y 1 Y

m

+ [ E (d."(>.)q,, (>') + e."(>.)c,, (>.))]sin(>.j), i= 1,... ,m.
"=1 1 Y 1 Y
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c.P), q.,P), et.{>.) and e..(>.) are elements from the estimated c, q, D and E
I] I] I] I]

matrices as defined above.
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