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1 Applied General Equilibrium
Analysis and Model Integration

1.1 INTRODUCTION

The aim of the study

This is a study in applied, or computable, general equilibrium
analysis, with applications to the economics of energy, especi-
ally electricity. Applied general equilibrium analysis refers

to the use of numerical and, generally, computer implemented
Arrow-Debreu-Walras models for economic analysis and policy
evaluations. Although it is not an entirely new approach -

- its roots go back to Leontief (1941, 1953) and Johansen

(1960) - it has been a very active field of research in the

last few years.1) It is also during these years that the approach
has become known as applied, or sometimes computable, general

equilibrium modeling.

The basic theme of the present study is an issue which I have
called model integration. By this I mean the merger of two

or several originally independent models to one coherent model.
In particular I have in mind the integration of a detailed,
numerical model of a single sector in the economy with a com-

putable general equilibrium of the whole economy.

Dervis, de Melo and Robinson (1982), Scarf and Shoven (1984) and Shoven
and Whalley (1984) provide introductions to this field as well as surveys
of major works.



The model integration issue arises because of the existence
of different types of models used for different purposes in
applied economic analysis. One type is the applied general
equilibrium models which focus primarily at the allocation
of resources between various parts of the economy. Another
type is the models of individual sectors which focus at the
allocation of resources within a sector. The former type of
models have in most cases a fairly aggregated and compact
representation of individual sectors. They are usually repre-
sented by single production or cost functions, or functional
relations derived from such functions. The sector models on
the other hand often have a more disaggregated and explicit

representation of, inter alia, the production technology.

It is often fruitful to use different types of models for
different purposes. But model integration is of interest for

at least two reasons.

One reason is to extend the range of applications for an applied
general egquilibrium model by exploiting the richer information
of a sector model. An integrated model allows for instance
explicit analyses of the general equilibrium effects of restric-
tions on the use of various concrete sectoral production tech-

nologies.

A second reason is to evaluate the validity of the partial
equilibrium exercises in which the sector models usually are
employed. Through model integration the sector model is embedded
in a general equilibrium framework. It is then possible to

check whether the exogenous variables in the sector model

are approximately unaffected by its endogenous variables when
potential general equilibrium effects are accounted for. More-
over an integrated model also allows the estimation of the
effects on the rest of the economy, and of the induced feed-
back effects, which result from changes within the sector

model.



This study has three distinct purposes. The first is to propose
and motivate a particular approach to model integration. The
approach is based on the use of optimization methods for the
solution of the integrated model. It is particularly useful
when the sectoral model is an activity analysis model, which

is a very common case.

The second purpose is to illustrate the proposed model in-
tegration approach with an application to a model of the Swedish
electricity and heat sector and a general equilibrium model

of the Swedish economy.

This particular illustration is motivated by the third purpose
of this study which is to analyse some aspects of the role

of nuclear power in the Swedish electricity market and in

the Swedish economy. The electricity power system has changed
rather dramatically in the last decade, from a power system
predominantly based on hydro power to a mixed thermal-hydro
system with nuclear power as the major thermal technology.

And with the present nuclear power discontinuation policy
further large changes seem to lie ahead since the nuclear

power plants shall be replaced by other thermal power technolo-

gies.

The analysis of the role of nuclear power is devoted to two
issues: the economic consequences of a nuclear power disconti-
nuation and the extent to which the investments in nuclear

power have contributed to an excess power capacity during

the 1980's. These issues are best analyzed in a framework

where the choice of different electricity production techno-
logies and its effects on the electricity market and the rest

of the economy can be explicitly assessed. It is for this

reason I have applied the model integration approach to a

sector model of electricity and heat production and a computable

general equilibrium model of the Swedish economy.



An outline of the study

Chapter 2 is concerned with the first of these three purposes.
First model integration is defined more precisely and different
possible approaches are briefly discussed. It is stressed

that model integration primarily is a computational issue.

Then the suitability for model integration of four different
solution methods for general equilibrium models is discussed.
The use of optimization methods in this context is then pro-
posed. The optimization methods are however based on the equi-
valence between competitive equilibrium allocations and effi-
cient allocations. This approach therefore appears less useful
when the models to be used contain elements which destroy

this equivalence property, for instance if they contain com-
modity taxes and similar distortions. In the final part of
Chapter 2 I show that even though commodity taxes and similar
distortions destroy the equivalence property, the optimization
approach may still be used, provided that a slight modification
is introduced. This result extends considerably the usefulness

of the optimization approach.

In Chapter 3 the approach proposed in Chapter 2 is applied
to a sectoral model of electricity and heat production and
a computable general equilibrium model of a small open economy.

Both models are applied to Swedish data.

Chapters 4 and 5 contain two exercises with the integrated
model. The first, presented in Chapter 4, is an evaluation
of the present Swedish nuclear power policy. The objective
is to shed some light on how the nuclear power discontinuation
policy will affect electricity production and electricity
prices and on whether it will have any stronger repercussions

on the rest of the economy.

The second exercise, contained in Chapter 5, is an evalua-
tion of the large nuclear power investment programme in Sweden.

Between 1972 and 1985 twelve nuclear power reactors have been



built and taken into operation. Their total production capacity
amounts to roughly half the current electricity demand. It

has been argued that the massive nuclear power investments

have resulted in an excess power capacity. This exercise is

an attempt to investigate the extent and likely duration of

the excess capacity as well as its effects on the electricity

market and on the rest of the economy.

Chapter 6 contains a summary of the main results of the study

and some suggestions for future research.

Since this is a study in applied general equilibrium analysis
the remaining part of Chapter 1 is devoted to a discussion

of this approach and of its applications, including applications
to energy economics. I conclude this chapter with some comments

about some other work on model integration.
1.2 APPLIED GENERAL EQUILIBRIUM MODELING

The Walrasian general equilibrium model of the competitive
economy, generalized and definitely formulated by Arrow and
Debreu, is one of the central tools of modern economic theory.
Although it is mainly employed in theoretical inguiries, it

has also begun to be more frequently used in applied, quantita-
tive resource allocation studies., There are in particular

three areas - development studies, tax analysis and energy
economics - where applied general equilibrium models are much
in use. They are in fact becoming so established as working
tools that a new speciality in economics - applied, or comput-

able, general equilibrium modeling -~ seems to gradually emerge.2

Several works have recently been published about applied general equi-
librium modeling which are at least as much concerned with problems
and approaches in modeling as with the results of model applications.
See for instance Dervis, de Melo and Robinson (1982), Ginsburgh and
Waelbroeck (1980) and Scarf and Shoven (1984). Johansen's book on his
multisectoral growth model (Johansen (1960, 1974)) is one of the ear-
liest examples of this kind of studies.



The Arrow-Debreu-Walras general equilibrium model has five
essential ingredients.3 (1) It distinguishes between two cate-
gories of economic agents: consumers (or households) and pro-
ducers. (2) The households are characterized by their initial
endowments of commodities and factors of production and by
their preferences. (3) The producers are characterized by
their production possibility sets. (4) The fundamental behav-
ioural assumptions are profit maximization by producers and
utility maximization by households - in both cases the prices
are outside the agents' own control. (5) The equilibrium prices
are such that, for each commodity and factor of production,

the total supply is at least as large as the total demand.

Although there hardly exists a precise, generally agreed upon,
definition of an applied, or computable, general equilibrium
model, it can broadly be characterized as a model which is
based on these five essential ingredients and where in addition
the model representations of preferences and production possi-
bilities have been parameterized and where model parameters

and variables have been assigned numerical values. Consequently
the equilibrium allocation and the equilibrium prices can

be computed numerically. The models are usually relatively
large in terms of sector and commodity disaggregation so the

numerical calculations must be performed on a computer.

The Arrow-Debreu-Walras model is concerned with the real side
of the economy; the allocation of production factors between
different sectors, the determination of the production of
various commodities, the distribution of this production between
households and other final users, for instance the government
sector, and the establishment of a set of relative prices
which makes the equilibrium allocation compatible with decent-
ralized behaviour based on these prices. The applied general
equilibrium models have consequently been applied to resource
3 The standard references for the Arrow-Debreu-Walras model and the asso-
ciated theory are Debreu (1959) and Arrow and Hahn (1971).



allocation issues, often in a medium term or long run perspec-
tive. Typical examples are studies of economic growth and

the structure of the economy (often in the context of developing
countries), studies of the incidence of different tax systems,
studies of tariffs and international trade, and studies of

the economic impacts of disruptions on the supply side, like

for instance higher energy prices.

The general equilibrium framework is useful in these contexts
because it emphasizes two essential aspects which are important
and common to all of them. The first is the interdependence
between the different parts of the economy, which implies

that a change somewhere, such as a change in the tax system,
in general will transmit itself through the whole economic
system and also induce feed-back effects. The second is that
it provides some content to the concept of "market forces".
Producers and consumers make their economic decisions on the
basis of market prices. These are endogenously determined

so that decentralized economic decisions become compatible
with each other. Moreover, the equilibrium prices will reflect
the marginal returns to commodities in different uses and

the economic agents' optimization behaviour tends to equalize

these returns.

With this emphasis the general equilibrium framework can provide
insights in many resource allocation problems. It can do this
partly because the institutional setup of the model economy

is kept quite simple which makes the model analytically manage-
able. Markets work smoothly and economic agents are fully
informed and behave competitively, i.e. as price takers. The
general equilibrium model thus stresses the economy as an
interdependent system and the key role of relative prices,

while other aspects are given a simplified treatment or perhaps

are neglected.

Of course this also means that while the general equilibrium
framework may be a useful analytical tool in certain contexts,

it is not universally applicable. Similarly, in those cases



where 1t can be usefully applied it cannot be expected to
account for all relevant aspects of the problem. It is important
to bear this in mind when these models are applied and when

the results of the model applications are interpreted.

Most constructors of applied general equilibrium models allow
themselves to deviate from the strict principles of the Arrow-
Debreu-Walras model. The empirical data which provide the

data base for an applied general equilibrium model often have
some features which are hard to reconcile with the theoretical
Arrow-Debreu~Walras prototype model. This is often true for
savings and investment data and for data on foreign trade.

To get what one considers to be reasonable results for such
variables, more or less ad hoc model elements are often intro-
duced. Tt is important to remember however that if this is
carried too far one of the attractive features of the general
equilibrium approach may soon vanish. It is based on a well-
developed theory which makes it comparatively easy to understand
and to interpret the results of model applications. A lot

of ad hoc elements will obscure the theoretical understanding
of the model and make it more difficult to interpret and assess

the results.

The origins of applied general equilibrium models

The applied, or computable, general equilibrium models are

the latest development in a tradition that originated with

the static and dynamic input-output analysis introduced by
Leontief (Leontief 1941, 1953). The input-output analysis

can in principle be regarded as a general equilibrium model
albeit with a quite peculiar demand side (essentially completely
inelastic final demand functions). The main motivation for

the input-output analysis was however the interdependencies

in production between different sectors and not the equilibrat-
ing role of relative prices. In this capability the input-
-output framework still remains an important building-block

in most applied general equilibrium models.



Johansen (1960, 1974) extended the basic input-output framework
by relaxing the fixed proportions assumption for capital and
labor. Instead he allowed substitution between capital and
labor and employed sectoral neoclassical production functions.
He retained however the fixed coefficients assumption for
intermediate inputs. Johansen also introduced a more flexible
demand side by incorporating price dependent demand functions
for private consumption. However, to be able to estimate the
parameters of his model, Johansen was confined to a very limited
set of functional parameterizations. He essentially used a
single data point - a set of national accounts for a single
year - for the estimation and as a result only a limited set

of parameters could be estimated. This estimation procedure

was of course also a part of the input-output tradition, since
input-output coefficients in general are obtained from the

flow of intermediate deliveries during a single period of

time.

Many of the properties of Johansen's model have been preserved
in the majority of the modern applied general equilibrium
models. The production technology is generally modelled as

an input-output system for intermediate inputs, whereas capital
and labor (possibly with some disaggregation into different
types of capital and labor) are flexible inputs and the sub-
stitution between them is modelled by neoclassical produc-

tion functions. In models designed for energy studies energy

is usually also treated as a flexible input.

Similarly, on the demand side, the demand for private con-
sumption is represented by a set of price dependent demand
functions consistent with utility maximization. In contrast
to Johansen, who worked with a single aggregated household
sector, several of the modern applied general equilibrium
models distinguish between different types of consumers or
households. This is particularly typical of tax incidence
models and models of international trade (where each country

is represented by at least one household).
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A third similarity with the Johansen approach is the model
parameter estimation procedure employed in most applied general
equilibrium models. It is generally referred to as "model
calibration". It means that except for a few key parameters,
typically substitution elasticities, rates of technical change
in the production functions and demand elasticities, the model
parameters are chosen so that the model is able to replicate

a given base year allocation.4 The latter is generally assembled
from the national accounts of the base year, although they
often must be amended and modified to account for all exogenous
and endogenous variables, as well as to comply with the equi-
librium conditions of the general equilibrium model. The "model
calibration" approach makes it necessary to impose very restrict-
ive assumptions on technology and preferences so that the
parameter estimation is feasible. In practice it means that
production functions and preference functions almost exclusively
are parameterized as Cobb-Douglas or CES-functions. With a
Cobb-Douglas production function, for instance, all parameters
can be estimated from information about the cost shares of

the production factors and a choice for the unit measurement

of output. For the somewhat more general CES-functions the
distribution and scale parameters can also be estimated from
the same data, provided however, that some value has been
assigned to the elasticity of substitution. The latter can
namely not be inferred from a base year allocation. Instead,
one has to rely on other sources of information, such as eco-
nometric estimates reported in the literature. In general

one can say that the base year allocation data determine a
point through which the production function (or preference
function etc.) shall pass, but to the extent the chosen func-
tional form allows several possibilities for the slope or
curvature in that point, one must make additional assumptions
about the numerical values of, typically, elasticities.

4 The model calibration approach is thoroughly discussed by Mansur and

Whalley (1984). They also discuss some problems encountered in econo-
metric estimations of general equilibrium models.
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The merits of applied general equilibrium models

The use of applied general equilibrium models has two aspects.
The first is the competitive general equilibrium approach.
Its usefulness in applied analyses stems from its emphasis
of the economy as an interdependent system and of the key
role of relative prices. The former in a sense means that
the analysis is complete. In principle no variables are kept
constant outside the analysis, as in a partial equilibrium
analysis, unless they truly are independent of all the endo-
genous variables. Of course, in any applied analysis, the
partition into exogenous and endogenous variables must be
based on practical feasibility, which makes the distinction
between partial and general equilibrium analysis less trans-
parent. But the gist of the latter is still that most major

variables shall be determined within the model.

The competitive economy framework also gives the applied general
equilibrium approach a sound theoretical underpinning. It

makes it possible to understand and interpret the mechanisms

at work in the model and thus to explain the results of model
applications. At the same time the theoretical body imposes

a degree of intellectual restraint on model construction and

applications so that too much of ad hoc analysis can be avoided.

The second aspect of applied general equilibrium models is
that they are quantitative, i.e. they are numerically speci-
fied. The obvious reason is that they are supposed to provide
quantitative estimates of the effects of, for instance, a
policy experiment. These estimates are then typically used

to support arguments concerning the consequences for the actual
economy of the same policy. But there are also other good
reasons to work with a numerically specified model. It makes
it possible to extend the realm of experiments in comparative
statics. With a non-numerical, non-parameterized model compa-
rative static exercises are in general confined to small per-

turbations of an initial equilibrium. The applied general



equilibrium model in contrast facilitates the evaluation of
non-marginal changes in exogenous variables or policy variables.
Furthermore, qualitative comparative static results are some-
times indeterminate unless more specific assumptions about

key parameters, for example elasticities, are introduced.

The applied general equilibrium model is in this respect a
comfortable tool for assessing the implications of different

assumptions.

Another advantage with a numerically specified and computer-
based model is that it facilitates a disaggregated analysis
and thus can provide better information concerning effects

on the pattern of resource allocation, the structure of rela-

tive prices and perhaps also income distribution.

Thus it is not correct to regard the applied general equilibrium
models as something to use only for forecasts or projections.
This can in some cases be an important task. But it should

be kept in mind that it is difficult to assess the descriptive
reliability of a model if its performance has not been compared
to the performance of the actual economy which it is a model
of. Such a comparison can be accomplished either if the model
is econometrically estimated, and thus also tested against
actual data, or if it is used to simulate historical events,

so that the simulations can be evaluated against what actually
happened. But few of the present generation of applied general
equilibrium models have been econometrically estimated.5 There
is also a striking lack of attempts to assess the models'

descriptive reliability by counterfactual simulations.6 As

5 The model developed by Hudson and Jorgenson (1975) is one of the few
exceptions. Another is the later versions of Johansen's multisectoral
growth model of the Norwegian economy (see Bjerkholt et al. (1983)).

6

Such counterfactual simulations have been carried out by Kelley, William-
son and Chetham (1972), Kelley and Williamson (1980) and Karlstrdm (1980).
These authors were however concerned with analyses of historical economic
developments and not primarily with model reliability.



a result it can be difficult to relate projections of the
development of the model economy to the actual economy which

it is a model of.

Against this background it would be overly naive to consider
this type of models to be tools which primarily provide con-
ditional projections, or forecasts, i.e. answers to the fol-
lowing sort of questions: If the exogenous variables would
have the following realizations, what would be the outcome

of the policy experiment (or some other disturbance which

we are interested in)? Instead, one should be clear about

the fact that these models emphasize certain properties of

an economy by abstracting from several others. The perfectly
legitimate reason for this is to provide insights through
abstraction and simplification. Comparative static analyses
with the model, complemented with a generous number of sensiti-
vity analyses and tests of alternative model parameter assump-
tions, should provide insights into the effects and quantita-
tive importance of these properties for a certain policy ex-
periment or some other exogenous disturbance. Since also the
properties which the model abstracts from can affect the final
outcome, the model projections cannot unqualified be interpreted
as projections for the actual economy. On the other hand,

when the model is applied in a certain context, and we believe
that the properties it does emphasize are particularly impor-
tant, the results produced by the model should also convey

information about likely effects for the actual economy.

Applications

The modern computable general equilibrium models have mainly

been applied to three categories of problems:

- issues in international trade, growth, economic structure
and income distribution

- issues in public finance

- issues in energy economics.
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The first category contains single-country models of both
developed and developing countries as well as multi-country
models which explore issues on trade flows and their impact

on single countries or regions. The single-country models

are mostly devoted to resource allocation issues; growth and
structural change, the role of foreign trade in the growth
process and in several cases with the distribution of income.
Representative examples of such models for developed countries
are the now classical model by Johansen (1960, 1974), the

ORANI model for Australia (Dixon, Parmenter, Sutton and Vincent
(1982) and Dixon, Parmenter and Rimmer (1984)) and Zalai (1982)
for Hungary. There is a large collection of models in this
category which are concerned with development strategies in
developing countries. Examples are several studies by Dervis,
de Melo and Robinson (Dervis (1975) (Turkey), de Melo (1977)
(Colombia), Adelman and Robinson (1978) (Korea), Dervis and
Robinson (1978) (Turkey), de Melo (1979) (Sri Lanka), de Melo
and Robinson (1980) (Colombia) and Dervis, de Melo and Robin-
son (1982)). Other examples are Taylor and Black (1974) (Chile),
Serra-Puche (1984) (Mexico), Feltenstein (1980) (Argentina),
Lysy and Taylor (1980) (Brazil) and also the works by Kelley,
Williamson and Chetham (1972) and Kelley and Williamson (1980).

Another type of models in this category is the multi-country
models which focus on trade issues, particularly the effects
of international tariff agreements or proposals. Examples

are Deardorff and Stern (1981), Brown and Whalley (1980),
Miller and Spencer (1977) and Ginsburgh and Waelbroeck (1980).

The models in the second category, i.e. the public finance
models, are all descendants of the general equilibrium tax
incidence analysis introduced by Harberger (1962). He supple-
mented his theoretical analysis with a numerical application
to the United States. To be able to handle the model analyti-
cally, he was confined to a two commodity, two factor model
and to study marginal changes in the corporate income tax.
Shoven and Whalley (1972, 1973) and Shoven (1976) were the
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first to use the Scarf simplicial search algorithm to numeri-
cally solve disaggregated versions of the Harberger model.

With numerical solution methods it is also possible to consider
non-marginal tax changes. The early contributions by Shoven

and Whalley have now been further extended and elaborated

by several modellers, for example Piggott and Whalley (1976,
1982), Fullerton, Shoven and Whalley (1983), Ballentine and
Thirsk (1979), Keller (1980), Slemrod (1983), Auerbach and
Kotlikoff (1983) and Ballard, Fullerton, Shoven and Whalley
(1983). Shoven (1983), Fullerton, Henderson and Shoven (1984)
and Shoven and Whalley (1984) are useful surveys and overviews
of these works. Several of these studies have given a lot

of attention to the potential efficiency gains from an inte-
gration of the U.S. corporate and personal income tax, probably
because Harberger's original contribution examined the incidence
and efficiency loss of the U.S. corporate income tax. But
several other topics such as the replacement of income taxes
with a consumption tax, the size of the total efficiency cost
of present tax systems, the efficiency of various transfer
systems, such as housing subsidies and so on, have also been

studied.

The models designed for energy economic analyses, and which
form the third category of general equilibrium models disting-
uished above, are mainly focused at what has been called "energy-
economy interactions". After the first oil price shock in
1973-74 much of the attention was directed to the impact of
higher energy prices in general, and higher o0il prices in
particular, on the performance of the economy. Since energy

in one form or the other is an essential and important input

in all production activities, large increases in the cost

of energy, or substantial reductions in the availability of
various energy commodities, could have potentially serious
effects on economic activity, growth and the standard of living.
It became important to explore these issues, qualitatively

and quantitatively. Another, but related, reason for the inte-

rest in energy-economy interactiocns arose from the observa-



tion that partial equilibrium analyses of energy markets now

had to be done more carefully than before. The standard approach
in these studies had been to take GNP, the prices of non-energy
commodities and other indicators of the performance of the
non-energy part of the economy as independent of energy prices
and then to make projections of energy demand, energy production
and energy prices. This may have been a quite satisfactory
approach in the fairly stable environment of the fifties and

the sixties, but with the more volatile energy markets we

have experienced since the early seventies, it is necessary

to appreciate that there may also be strong feed-back effects

from the energy sectors to the rest of the economy.

Broadly speaking, one may distinguish two branches of research
on energy-economy interactions. In one the role of the energy
markets is studied in a framework of full utilization of factors
of production, flexible, market clearing relative prices and

an emphasis on the real side of the economy.

The other branch is more oriented towards macroeconomic adjust-
ments following "supply shocks" like higher energy prices.
Gordon (1975), Findlay-Rodriguez (1977) and Phelps (1978)
represent early contributions to the theory of macroadjustments
and macroeconomic policy responses to supply shocks. Other
contributions include Buiter (1978), Obstfeld (1980), Nordhaus
(1980), Rasche and Tatom (1981), Sachs (1982) and Darby (1982).
Macroeconomic simulation models have also been extended to
include energy aspects. A sample of such modeling efforts

is collected in Mork (1981).

The first branch of research has extensively used the computable
general equilibrium approach. One of the earlier contribu-

tions was the model by Hudson and Jorgenson (1975, 1978) of

the U.S. economy. In contrast to most computable general equili-
brium models the Hudson and Jorgenson model is econometrically
estimated. The production sectors, including several distinct

energy sectors, are represented by econometrically estimated
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translog functions.7 This model of producer behaviour means
that the input coefficients for intermediate as well as primary
inputs are price-dependent. In particular, there are substitu-
tion possibilities between different types of energy as well

as between energy and other production factors.

Also the final demand side of the model is econometrically
estimated and price dependent. The Hudson and Jorgenson model
thus allows the analysis of energy-economy interactions in

a context where different forms of energy are substitutable
against each other and against non-energy commodities in the
intermediate demand as well as directly and indirectly in

the final demand.

Other well-known models of energy-economy interactions in

the U.S. economy are the ETA-MACRO (Manne (1977)) and the
PILOT (Dantzig et al. (1978)) models. They are both intertem-
poral general equilibrium models. The ETA-MACRO model represents
the economic system in a cruder way than PILOT. It is a neo-
classical, aggregated one-sector growth model linked to a
fairly detailed process model of the energy sector. In the
PILOT model, on the other hand, the energy sector submodel

is linked to a dynamic input-output model of the economy,
which gives a richer description of the economic system, but
in this case at the cost of maintaining fixed coefficients

in the production technology.

In both models the energy sector is given a quite detailed
representation which, in contrast to the Hudson and Jorgenson
model, makes them suitable for energy technology assessments.
They also explicitly deal with the U.S. domestic energy re-
source base and the exhaustibility of certain forms of primary

energy.

7 The translog function was introduced by Christensen, Jorgenson and Lau

(1971, 1973).



Other models of energy-economy interactions in the U.S. economy
can be found in Hitch (1977), EMF (1977) and EPRI (1979).

Models of energy-economy interactions have also been constructed
for other countries. Far from all of these can be considered

to be compatible with Walrasian general equilibrium analysis.

In many cases they are hybrid models which combine elements

of neoclassical production theory, input-output analysis and
income-expenditure models of the final demand side. Examples

of such models can for instance be found in Strub (1979).

But there are also examples of the computable general equili-

brium approach.

For Norway, for instance, a recent version of Johansen's multi-
sectoral growth model has been extended to incorporate energy
aspects (see Bjerkholt et al. (1983)). In particular the supply
and demand of electricity have been given a detailed treatment

in the extended model.

Another example is the system of computable general equilibrium
models of a small open economy, developed by Bergman and Por
(Bergman and Por (forthcoming) and Bergman (1982)). It has

been used to analyse energy-economy interactions and energy

policy issues in the Swedish economy.

The issue of model integration

It is especially in connection with energy economic studies
that model integration has been of interest. Different aspects
of the supply and demand of energy have often been thoroughly
dealt with in separate models. The supplies of different forms
of energy and the use of various energy conversion technologies
are for instance dealt with in special energy supply models.
The level of technological detail and the commodity disaggre-
gation can be quite substantial in these models. Similarly,

the demands of different forms of energy for different purposes

have been dealt with in special energy demand models.



For the study of the interconnections between the demands
and supplies of different forms of energy and the relations
between the energy markets and the rest of the economy it
can often be useful to bring together the different aspects
collected in the various energy supply and demand models.
One way of doing this is to integrate different models to

a coherent structure. This has also been done by some modellers.

Thus, to improve the treatment of the energy supply in the
Hudson and Jorgenson model it was linked to the Brookhaven
Energy System Optimization Model, a very detailed model of
the U.S. energy system (Hoffman and Jorgenson (1977)).8 The
Hudson and Jorgenson model has also been linked to a model

of natural gas supply (see Bernanke and Jorgenson, 1975).

The ETA-MACRO and PILOT models can be viewed as models where
detailed energy supply models have been integrated with models
of the rest of the economy. Another case is the various supply
and demand models developed within the Project Independence
Evaluation System (PIES) in the U.S. (FEA (1974)). They were
integrated through an energy market equilibrium model to an

integrated model structure.

These are a few examples of model integrations. In the case

of the Hudson and Jorgenson model the integrations were achieved
by formalized iterations between the general equilibrium model
and the sector models. For the PIES the market equilibrium

was also computed through iterations between the various energy
demand and supply models and a special integrating model

which monitored the iterative process. For the ETA-MACRO and
PILOT models, however, the energy sector models were directly
integrated with a general equilibrium model to one common

model structure. As a result it was not necessary to iterate
between the original models.

8 The Brookhaven model is described by Hoffman (1973) and Cherniavsky

(1974).
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The latter approach is also the one I adopt in the follow-
ing. The main reason is that it, in contrast to the iterative
approach, must not be unigquely designed for the particular
models under consideration. The basic approach can be employed
for many different sectoral models and thus provides more
flexibility.
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2 Model Integration and the Use of
Optimization Methods for
Computing General Equilibria

2.1 INTRODUCTION

The primary aim of this chapter is to propose a specific com-
putational approach to model integration, i.e. the merger

of two or several originally separate models. In particular,
the approach is intended to be used to integrate a linear
programming type of sector model with a general equilibrium

model.

The applied general equilibrium models discussed in Chapter

1 often have a relatively aggregated representation of, for
instance, individual production sectors. They are typically
described by single, neoclassical production or cost functions,
or by supply and demand functions derived from the former.

This is quite natural since these models have been designed

to emphasize the allocation of resources between different
sectors and not primarily the allocation within individual

sectors.

At the same time more detailed sectoral models are construct-
ed for partial equilibrium sector studies. Such models often
have a more disaggregated and explicit representation of,

inter alia, the production technology.
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It is useful and often necessary to use different models for
different purposes. Through model integration it is however
also possible to jointly apply several models to the same
issue. Especially it makes it possible to determine the allo-
cation of resources within a sector model simultaneously with
the allocation of resources in a general equilibrium model.

This is valuable for at least two reasons.

Sometimes there can arise a need to check a partial equilibrium
analysis in a general equilibrium context. In certain cases

it is important to examine whether the exogenous variables

in a partial equilibrium model really are approximately un-
affected by its endogenous variables when the potential general
equilibrium effects are accounted for. And if they are not
unaffected, it would obviously be useful to estimate the feed-
back effects on the endogenous variables as well as the impact
on the rest of the economy. One way of doing this is to inte-

grate the general equilibrium and the sector models.

Another reason for model integration is to exploit the richer
information of a sector model. An integrated model can extend
the range of applications for a general equilibrium model,
for instance by allowing explicit analyses of restrictions

on the use of various concrete sectoral production technologies.

The chapter is organized as follows. In Section 2.2 model
integration is first defined more precisely and then different
possible approaches are briefly discussed. It is stressed

that model integration does not involve any principal or con-
ceptual difficulties. It is primarily a computational issue.
For this reason it is useful to briefly review various compu-
tational methods for computing general equilibria and their
suitability in the context of model integration. This is done

in Section 2.3. One possible computational approach, which
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also seems to be useful in the context of model integration,
is the optimization approach. It means that numerical optimiza-
tion algorithms are applied in order to identify efficient
allocations in the general equilibrium model. According to

the fundamental equivalence theorems of competitive analysis,
the equilibrium allocation can then be found among these.
However, the reliance on the equivalence theorems is also

a major limitation of the optimization approach. It is not
unusual that applied general equilibrium models contain fea-
tures which imply that the equivalence theorems are not valid,
i.e. the competitive equilibrium is not necessarily an effi-
cient allocation. One important example is the existence of
commodity taxes and similar distortions in the general equili-
brium model. In Section 2.4 I show however that the optimiza-
tion approach still may be applied in this case, provided

that a slight modification is introduced. The result extends

considerably the usefulness of the optimization approach.

In the remainder of this section a fairly general, but quite
simple, formal representation of the general equilibrium model
is introduced. This formal structure is the central workhorse

in Sections 2.2 and 2.3.

The general equilibrium model

T

Let z (p) = (z1(p), zz(p), ... z {p)) be a vector of excess
T

demands at the prices p~ = (p1, ;2, P pn), let VT = (v1,
Vor sees vn) be a vector of the total initial endowments of
the economy and let A be an nxk activity matrix and yT = (y1,
Yor «eer yk) a vector of activity levels. The prices p* are
equilibrium prices and the activity levels y* are equilibrium

activities if
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z(p*) - Ay* < v
p*T-[Z(p*) — Aey* - v] =0
AT.p* < 0 and y*"aT.p* = 0
y* > 0 and p* > 0

The first two conditions are that the total supply of each
commodity shall be at least as large as the total demand and

if the excess supply for some commodity is strictly larger

than zero, the corresponding price shall be zero.1 The third
condition is that no activity shall make a positive profit

and if an equilibrium activity is strictly positive, its profit
shall be zero. Finally, only nonnegative values for y and

p are permissible equilibrium values.

An activity analysis part is incorporated in (1) because it
is useful to be able to explicitly consider linear production
technologies in the discussions of model integration and com-

putational methods later on.

The representation in (1) is sufficiently general to allow
several different interpretations with respect to the more
precise structure of the underlving general equilibrium model.
To illustrate some possibilities, let d(p) denote the con-
sumers' excess demand vector at the prices p and let x(p)
denote the firms' excess supply vector at the prices p. One
possibility is that the excess demand functions z(p) summarize
the consumers' demand decisions, i.e. z(p) = d(p), while the
activity matrix represents the production technology of the

whole economy so that x = - Ay.

As usual, negative entries in A denote net inputs and positive entries
net outputs.
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Another possible interpretation is that the functions z(p)
summarize both the individual consumers' demand decisions

and the producers' output and input decisions, i.e. z(p) =

= d(p) - x{(p). In this case the activity matrix representa-
tion is not required. This is of course still compatible with
the structure in (1) if we let A contain elements which are
all zero. In this case, the presumption is that the production
decisions are single-valued functions of the commodity prices.
At first glance this may appear rather restrictive, since

the important class of models with constant returns to scale
in the production technology cannot yield single-valued output
and input decisions. But this complication can be circumvent-
ed. In these models the commodities can often be divided into
commodities which are produced, on the one hand, and primary
factors of production, such as capital and labor on the other.
Let (p1, p2) be the corresponding partition of the n commodity
prices and let c(p1, p2) be the vector valued cost function
for the produced commodities. Suppose that the consumption
demand is such that there must be a positive production of

all produced commodities in equilibrium. As a result, the
relations p, = c(p1, p2) must hold. They determine the prices
p, as functions of the prices Pys say py = f(p2). Now, because
of the constant returns to scale, the outputs of the produced
commodities are completely demand determined, say as xT(p1,
p2) where x1(p1, p2) now denotes the gross outputs of the
produced commodities. Suppose finally, that the input demands
for the non-produced commodities per unit of output of the
produced commodities are given by the input matrix a(p1,

pz), where each element is a single-valued function of the
commodity prices. If d2(p1, p2) denote the consumers' demands
for the non-produced commodities, the excess demand functions
can now be defined as z(pz) = a(f(pz), p2)'x1(f(p2)’ p2) +

+ d2(f(p2), py).

Thus also this class of models can in general be fitted in

the formal structure of the conditions in (1). In fact, for



26

these models the search for equilibrium prices is often greatly
facilitated since it can be confined to a less-dimensional
subspace of R". In the not uncommon cases where n is of the
order of 20 to 40 whereas the number of non-produced commodities
is only two (labor and capital for instance) this is a sub-

stantial advantage.

A third possible interpretation is that the activity analysis
matrix only pertains to some firms. Their excess supply vector
is thus given by - Ay. If we now let x(p) denote the excess
supply vector of the remaining firms z(p) is in this case
given by z(p) = d(p) - x(p). The discussion of model integra-
tion in the next section will be concerned with this third

interpretation.

Before we proceed there are two things to note about the con-
ditions in (1). Since each consumer is constrained by his
budget constraint, i.e. the value of his share of the initial
endowments and his share of the total profits in the economy,
the value of the excess demands must be equal to the value

of initial endowments plus profits (at given activity levels),
i.e. [z(p) - Ay -~ V]T-p = 0. This is of course Walras' law,
which holds for all permissible price vectors. Consequently
the second condition in (1) is in fact implied by Walras'

law and it does not impose any additional constraint on the
equilibrium prices. As usual Walras' law implies that the
market equilibrium conditions are not independent: if the
values of the total excess demands are zero in each of n-1
markets it must also be zero in the n:th market. Thus, it

is always possible to exclude one equilibrium condition in,

for instance, numerical computations of equilibrium prices.

The excess demand functions are homogeneous of degree zero
in prices. Consequently, if p* is an equilibrium price vector

so is Ap* for all A > 0, which is easily verified from the
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conditions in (1). As usual, a general equilibrium model with
n commodities only determines n-1 relative prices. Thus one
commodity may be chosen as a numeraire for the price system
or the search for equilibrium prices may be confined to a
subset of the positive orthant in Rn, for instance the unit
simplex defined by S = {p: ? Py = 1.

2.2 MODEL INTEGRATION

The general equilibrium model and sector models

Suppose that the general equilibrium model is such that it

is possible to single out a subset of producers which produce
- and supply to the rest of the economy - a limited number,
say m, of the n commodities in the economy. These producers
are the only ones who can produce these m commodities and
they cannot produce any of the remaining n-m commodities.
Then this group of producers can unambiguously be treated

as a distinct sector of the economy, where the sector is de-
fined by its m outputs. The activity analysis production tech-
nology is now assumed to pertain to this sector only, while
the excess demand functions z(p) in (1) summarize the demand
and supply behaviour of the rest of the producers and of the

consumers.

To make this structure more apparent it can be explicitly
introduced in the equilibrium conditions in (1). For this
purpose let pm denote the prices of the m sector outputs and
pn the prices of the remaining commodities. In a similar way
the excess demand functions can be partitioned into the two
sets zm(p) and zn(p) for the two groups of commodities and
the initial endowments in the two sets v" and v". The activity
technology matrix can be partitioned into A" and An, where

A" is the mxk matrix containing the rows of the sector commo-
dities and A" the (n-m)xk matrix containing the rest of the
rows. The equilibrium conditions in (1) can now be rewritten

as
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zm(pm, pn) - Am-y < v
Zn(pm, pn) _ An-y < e
mem n m
p [z (p, p)-Awy-v1]=0
nTnm n n n (1')
p [z(p, p)-BA.vy -v]=0
m m
T T | p T T [P
[Am,Ani\ <0 yT[Am,An] =0
n|{ - - J] n
P |_p_
y 20 P2 0 p" 2 0

In this framework z" is the total demand in the economy for
the m sector outputs, Am-y is the supply and An-y is the sec-
tor's input demand for commodities from the rest of the eco-

nomy .

Consider now the prices pm and pn as given and concentrate
on the choice of activities y. Now 7 = AmT-pm is the revenue

" is the cost vector when all activities

vector and ¢ = - AnT-p
are operated at unit levels. Thus we have the following simple
sectoral model of activity choices: max(n-c).y. Of course

this is a meaningful problem only if L < Civ i=1,2,...,k,
i.e. no activity yields a strictly positive profit. If this
condition is satisfied, however, the equilibrium values for
the activities in (1') are also one of the solutions to this

sectoral model.

The sectoral model can be used to analyse the choice of acti-
vities y for different assumptions about the revenue and cost
parameters 7 and c. Of course, the sectoral model becomes
really interesting first when there are explicit interrela-

tions between activities and restrictions on their utiliza-
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tion, both which may be introduced as linear constraints on
the choices of activity levels y. Such constraints are quite
compatible with the conditions in (1'). One can, for instance,
have the case where a subset of the n-m commodities not pro-
duced within the sectoral model are not proper commodities

in the usual sense, but rather represent specific resources,
or requirements, for the production within the sectoral acti-
vity analysis technology, for instance capacity reguirements.
In this case the corresponding excess demands from the rest
of the economy are by definition always zero and the corre-
sponding elements in v represent initial capacities. If we
let A" and v" denote the rows in A" and the elements in v'
which represent such special commodities, the sectoral model

can now be written as

max (m-c)-y
(2)

subject to - in-y o

[|7aN

Note that in order to write the sector model in this way,

the prices related to the special commodities shall be dropped
in the calculation of the cost vector c. These prices are

now instead given by the shadow values for the constraints

of the sectoral model.

The model given by (2) is a fairly general form of the sort
of linear programming models which frequently are used in

sectoral studies.

So far I have, through a particular interpretation of the
equilibrium model (1) shown how a sectoral model of a linear
programming type can be deduced from it. It is now time to
turn to the issue of model integration, i.e. the merger of
a model like the one in (2) and a general equilibrium model

as in (1).
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There is no principal difficulty in doing this. Precisely as
the model (2) can be deduced from the general equilibrium model
(1') it is of course always possible to set up a structure like
(1') around the partial equilibrium model so that prices and

activity levels are consistently determined.

In practice, however, the option is rarely that of creating

a general equilibrium structure around a given sectoral model.
Instead, the model user has available a set of models designed

for different purposes, such as sectoral models for more detailed
studies of individual sectors and economy-wide models of a general
equilibrium type which primarily focus on the interdependencies
between individual sectors. The latter ones often have a more
aggregated and compact representation of individual sectors,

for example as single supply and demand functions. In such a

more compact form the general equilibrium model (1') could for

instance be expressed as

2", p™) - ™™, pM) < v
2 (p"™, p™) - ™™, p™) < V"
T ("ll)
pm [zm(pm' pn) _ Sm(pm’ pn) _ VII'I] - 0
nT n m n m n
p [z(p,p)-sA{p,p)-v]=0

n) m n)

where now the net supply functions sm(pm, P and sn(p y P

have replaced the activity analysis sectoral representation.

The model integration issue can then be stated as follows: Given
models (1") and (2), how can one ensure that the equilibrium
prices and quantities in (1") are consistent with the prices

and chosen activities in (2)?
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This is obviously tantamount to a requirement that the sectoral
model (2) and [sm(pm, pn), sn(pm, p™) 1 shall be the same in
the sense of giving the same sectoral supply and demand re-

sponses to the same set of prices.

Direct integration

The obvious way of ensuring mutually consistent solutions

in the two models is to directly integrate the sector model

(2) in (1"), letting it replace the net supply functions sm(pm,
pn) and sn(pm, pn). There is no principal difficulty in doing
this. The potential problems are practical. The general equili-
brium model must be such that it is practically feasible to
apply numerical solution methods which can handle weak in-
equalities and complementary slackness. Such methods are dis-

cussed in Section 2.3.

Another practical problem which can arise has to do with diffe-
rent commodity classifications in the sector model (2) and

in the general equilibrium model. Since the two models usually
have been more or less independently developed one rarely

has exactly the same commodities in the two models. Typically,
the sector model has a more disaggregated commodity list since
it is especially designed for a more detailed analysis of

a single sector in the economy. In order to incorporate the
sector model in the general equilibrium model it is necessary
to introduce a commodity aggregation interface between the

two models.

In the general equilibrium model the commodities can be divided
into two groups depending on whether they are sector outputs
or not. The first group consists of the m sector outputs while

the second group consists of the n-m remaining commodities.

To integrate the two models the demands for the m aggregated

sector outputs derived from the general equilibrium model
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must be transformed to demands for the more disaggregated

outputs of the sector model.

In a similar way the sector model's demands for inputs from
the rest of the economy must be transformed to the n-m more

aggregated commodities of the general equilibrium model.

The simplest way of accomplishing these transformations is

to use a fixed coefficient aggregation/disaggregation. In

this case there are two possible aggregation principles. The
first is that of strictly complementary commodities, i.e.
aggregated good is composed of single goods in fixed propor-
tions. The second is the Hicksian aggregation i.e. the relative
prices of the single goods are constant so that the aggregated
good can be measured as a weighted sum of the single goods
using the relative prices as weights.2 Thus, in this case

the single goods are perfect substitutes in the construction

of the aggregated good.

Consider now first the case of transforming the demands for
the m sector outputs of the general equilibrium model to the
demands for the sector model's outputs. In this case the fixed
proportions aggregation/disaggregation seems most reasonable.
Then the aggregated sector demands in the general equilibrium
model can easily be transformed to demands for the sector
model's outputs and the latter will be produced in fixed pro-
portions to each other. Of course to the extent that there

are substitution possibilities in the demand for the sector
model's outputs, the integrated model will exaggerate the
inflexibility of the demand when the fixed proportions aggre-
gation is used. On the other hand with the opposite extreme,
the Hicksian aggregation, the sector model's outputs would

be treated as perfect substitutes, i.e. any combination of
them which sums to the aggregated demand of the general equili-

brium model would do. With a linear model this would in general

See Hicks (1946) pp. 312-313.
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lead to extreme output specializations. This would obviously
exaggerate the flexiblity of the final demand for the sector
model's outputs. Moreover, in this case it would be necessary
to use a set of constant relative demand prices in order to
construct the aggregated goods and thus the relative prices
of the sector model's outputs would be exogenous in the in-

tegrated model.

Consider next the transformation of the sector model's input
demands to the n-m commodities of the general equilibrium
model which are not sector outputs. In this case the Hicksian
aggregation seems more appropriate. The aggregated commodities
in the general equilibrium model can hardly be considered

to consist of the sector model's inputs in fixed proportions
since the input proportions of the sector model in general

are endogenous. It is instead better to regard the n-m aggregat-
ed commodities supplied by the general equilibrium model as
Hicksian aggregates of goods which are produced at constant
relative costs. The input demands of the sector model can

then be aggregated to these Hicksian commodities using the

relative costs as weights.

To illustrate the aggregations/disaggregations discussed above
let m as before be the number of the sector outputs in the
general equilibrium model but let now m' denote the corre-
sponding number for the sector model's outputs. Similarly,

let n' be the number of the inputs to the sector model.

Let B™ be a m'xm matrix which disaggregates the m aggregated
sector commodities of the general equilibrium model to the
m' outputs of the sector model. A column in B™ thus contains
the fixed proportions of the single goods which belong to
the corresponding aggregated commodity. Let B” be a (n-m)xn'
matrix which aggregates the sector model's input demands to
the n-m aggregated commodities in the general equilibrium

model which are not sector outputs. A row in B" thus contains
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the weights (i.e. the relative costs) of the single goods

which belong to the corresponding aggregated commodity.

The sector model can now be incorporated in the equilibrium
model through the two matrices B" and Bn, yielding the following

commodity balance relations

This approach of direct integration, using a fixed coefficient
aggregation interface is the one I use in Chapter 3. The par-
ticular solution method I adopt is to state the general equi-
librium model as an efficiency problem and to apply a general
nonlinear optimization algorithm. This approach, both in terms
of model integration and solution method, is quite similar

to the one used by Manne (1977). He integrates a detailed
energy sector model (see Manne (1976)) with an intertemporal,

one-sector general equilibrium model of the U.S. economy.

Other approaches

If it is not practically feasible to directly integrate the
sector model in the general equilibrium model there are other

approaches to ensure consistency between the two models.

One possibility is to use the sector model (2) to estimate

m, p") and sn(pm, p").

the supply and demand relations sm(p
By solving (2) many times for different sets of prices, a

data set of output and input decisions is generated. It can
then be used to econometrically estimate supply and demand
relations which can be fitted into the general equilibrium
model. Such estimations have been carried out by Griffin

(1972, 1977, 1979) and Kopp and Smith (1981) (but for different

purposes than model integration). A somewhat related approach
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was used by Bernanke and Jorgenson (1975) to incorporate natural
gas supply functions derived from the natural gas model by
MacAvoy and Pindyck (1973) in the Hudson and Jorgenson general
equilibrium model of the U.S. economy (Hudson and Jorgenson
(1975)).

Yet another approach is to indirectly integrate the two models
through iterative solutions and modifications rather than

to actually integrate them into a common formal structure.

This was, for instance, the approach adopted by Hoffman and
Jorgenson, in integrating the Hudson & Jorgenson model and

the Brookhaven Energy System Optimization Model, a very detailed
model of the U.S. energy system.3 Such an iterative procedure
could be anything from a quite sophisticated computerized
scheme, as in the Hoffman and Jorgenson case, to simple model

comparisons "by hand" by the model user himself.

2.3 SOLUTION METHODS FOR COMPUTABLE GENERAL EQUILIBRIUM
MODELS

In the previous section I have discussed model integration.

I have emphasized that it is a computational issue. For this
reason I shall here briefly discuss four major computational
methods which are commonly used to solve general equilibrium
models. They are the standard iterative methods, for instance
Newton-methods, for solving systems of nonlinear equations,

the fixed-point method introduced by Scarf, optimization methods
which essentially compute efficient allocations and then among
these identify the equilibrium allocation(s) and finally a

method based on a sequential linear complementarity algorithm.

The purpose of this discussion is to convey the basic ideas
behind the methods and to identify those of them which are
suitable in the context of model integration. In the case

of a direct integration of an activity analysis sector model

3 The Brookhaven model is described by Hoffman (1973) and Cherniavsky (1974).
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with a general equilibrium model it is necessary to use a
computational approach which can handle weak inequalities

and complementary slackness. Since an integrated model also
tends to be rather large, it is also important that the method

of computation is reasonably efficient.

Iterative solution methods for nonlinear equations

For some equilibrium models, weak inequalities and complementary

slackness in the equilibrium conditions (1) are not very rele-
vant. The latter are, by model construction, known to hold

as equalities at strictly positive prices, for instance. In
these cases, the equilibrium conditions in (1) may be expressed

as a set of nonlinear equations
z(p) = 0 (4)

To compute the equilibrium prices, i.e. to numerically solve
such a set of nonlinear equations, there exists a multitude
of iterative solution algorithms which can be used.4 For an
economist, a natural candidate would perhaps be the Walrasian
tdtonnement process given by

k+1

P =pk+<1>[z(pk)

] (5)

where ¢: R" > R" is a sign-preserving function and pk denote
the prices at the k:th iteration.5 But the economist would

also be well aware of the rather discouraging results regarding
the stability of the tAtonnement process.6 One of the few

4

An exhaustive presentation of such methods can be found in Ortega and
Rheinboldt (1970).

> Since the model only determines n-1 relative prices, the iterations should
really be defined only for n-1 prices while the remaining price is used
as a numeraire. But I neglect this minor aspect here to avoid additional
notation.

6

See Arrow and Hahn (1971) chapters 11 and 12.
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positive results is that the price adjustment rule given by
(5) is globally stable if the excess demand functions dis-
play gross substitutability between all commodities at all
positive prices.7 This is a fairly strong condition and for
more complex models where the excess demand functions cannot
be explicitly represented it is also hard to verify. Although
the rule (5) is appealing to the economist's intuition, there

are no strong arguments for it as a computational approach.

From a computational view the tdtonnement rule (5) is a par-
ticular version of a one-step Jacobi-Newton iterative method.8
This is, for the system of excess demand equations (4), given
by

e k92,00 .

P =p; - —ggz——— z,(p,) i=1,2, ..., n (6)

If all the own-price partial derivatives are negative then (6)
is precisely a tédtonnement process with @i(z) = (—8zi/8pi)-zi,
i=1,2, ..., n. But for computational purposes there is
no reason to limit the process to sign-preserving @i—functions,
i.e. to increase (decrease) the price if the corresponding
excess demand is positive (negative). Nor is it necessary
to associate the price adjustment of the i:th price to the
i:th excess demand equation. Whether the i:th price adjustment
should be associated with the i:th or some other excess demand
equation should rather be based on how it affects the perfor-

mance of the iterative process.

A major advantage with the Jacobi iterative methods is their
relative simplicity. The computational requirements are limited
to evaluations of the function values z(p) and perhaps the
diagonal elements of the Jacobian. It is not necessary to

Two goods, i and j, i#j, are gross substitutes at p when azi(p)/apj >0

(see Arrow and Hahn (1971) p. 221).

See Ortega and Rheinboldt (1970 pp. 220-221).
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compute all the elements in the Jacobian, nor is any matrix

inversion involved.

This is however in general required for the Newton methods
which often are used to compute solutions to equilibrium models.

In the present context the Newton method is given by

k+1 k

p =p —Dz(pk

) ) (7)

where Dz(p) is the Jacobian for z(p).

The idea of the Newton method is thus to make a linear approxi-
mation of the excess demand functions at a point pk and then

to solve for the new price iteration pk+1

by setting the linear
approximations equal to zero. Compared to Jacobi iterations

the Newton methods use more information about the (local)
properties of the eguation system. Consequently, it is also
computationally more demanding since the whole Jacobian and

its inverse are required.

Jacobi iterations and Newton methods are only two among a

multitude of iterative solution methods which may be used

to numerically solve a system of nonlinear equations, but

they seem to be the most commonly used in the context of equi-

librium models.9 They are fairly simple to use and the modeller

can tune them to the needs of his specific model. On the other

hand, there is no guarantee that they always will converge

to a solution.10 They are also not well suited to handle models

where inequalities and complementary slackness conditions

can be important. Thus these methods are not suitable for

a model integration where the sector model is an activity

analysis model.

’ Ginsburgh and Waelbroeck (1980 ch. 7 and 8) discuss at length the use of
Jacobi iterations and related methods in equilibrium models, and Dervis,

de Melo and Robinson (1982, Appendix B) briefly outline the use of Newton
methods.

The work on global analysis and regular differentiable economies by Smale
and others (see for instance Smale (1976, 1981) and Debreu (1976)) indicates
however that it is possible to devise a "global Newton" method for general
equilibrium models which always will converge to an equilibrium provided
that it exists.



39

Scarf methods

The equilibrium model given by (1) is homogeneous of degree
zero in prices. This means that the search for equilibrium
prices can be confined to a subset of Rn, for instance the
unit simplex. The Scarf methods are a class of algorithms

designed to systematically search over a simplex for equili-

M

brium prices. Unlike most of the other solution methods

discussed in this section, their outstanding property is gua-
ranteed convergence to a point which can be chosen to be as
close as desired to an equilibrium. And this property holds

for all conceivable equilibrium models provided only that

certain fairly weak conditions are satisfied.12

The main drawback of the Scarf methods is that they are in
general not as computationally efficient as several of the
other solution methods discussed in this section, at least
not at their present stage of development. But this is an

area of quite active research which could lead to improved

efficiency.13

It is not easy to give a brief presentation of the basic ideas
of the Scarf methods, mainly because it is necessary to intro-
duce a whole terminology concerning simplicial subdivisions
and their properties. The essential ideas may however be con-
veyed through a simple and concrete example of an exchange
economy .
[l The basic reference is Scarf (1973). His presentation is however conducted
in terms of primitive sets and not in terms of simplicial subdivisions,
a concept which is easier to grasp by geometric intuition and which now
is the standard approach in presentations of the Scarf methods. It is also
adopted by Scarf himself in later presentations of his methods, Scarf (1981),
(1984). A thorough review of these methods including the developments since

Scarf's original contribution is given by Todd (1976). See also Todd (1984).

12 The Scarf methods are applicable whenever the eqguilibrium existence theorems

relying on fixed point arguments, like the Brouwer or Kakutani theorems,
are valid. These methods are namely algorithms for computing fixed points
of a continuous mapping (or an upper hemicontinuous correspondence) and
they will converge to an approximate fixed point provided such a point
exists.

13 Some of the results of this research are summarized and discussed in Todd

(1984).



40

Consider thus an exchange economy with three commodities and
a fixed, but arbitrary, number of consumers whose demand be-
haviour is summarized by the excess demand functions z(p).

The equilibrium conditions are, in explicit form

I~

o
It
o

z3(Pys Pyr P3) — vy Py (zy-vy)

22(p1! p2! p3) - V2 <0 p2‘(22—V2) =0 (8)
23(Pys Pyr P3) = vy €0 pyrlz3mvy) =0

The search for equilibrium prices can now be confined to the

two-dimensional unit simplex defined by s? = {p: p =_Z1aj-e],

aj > 0"§1uj = 1} and where e1, e2 and e3 are the unit vectors

for the Ehree—dimensional Fuclidean space. The simplex 52

can be further divided into subsimplices as is illustrated

in Figure 2.1.14

Figure 2.1 A simplicial subdivision of 52

satisfy two conditions. First the original simplex should be contained
in the union of all the subsimplices. Secondly, the intersection of any
two subsimplices should be either empty or a full common side of both of
them. (Scarf (1981) p. 1017.)

To be a proper simplicial subdivision the collection of subsimplices should
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Next the idea is to assign labels to each of the vertices

of this simplicial subdivision so that the labels carry some
information about the mapping under consideration. For our
three-commodity example we can use the scalar labels 1, 2

and 3. For a vertex p we assign an integer label i for which
zi(p) - vy < 0. By Walras' law the excess demands cannot be
strictly positive for all three commodities so this rule en-
ables us to label all vertices. Furthermore, for any price
vector p there must exist at least one price P > 0 for which
zi(p) - W, < 0 because otherwise every price p; > 0 would

be associated with zi(p) - w2 0 which clearly would violate
Walras' law. So for a vertex p we can choose among the possible
labels (i.e. those i for which zi(p) - vy < 0) one for which

the corresponding price is strictly positive.

The relation between the vertex labels and a fixed point (or

a point of equilibrium prices) is given by a combinatorial
lemma known as Sperner's lemma.15 It says that if the labeling
rule is such that for each vertex the assigned label i is

one of the indices for which the corresponding coordinate

(or price) P is strictly positive, then there exists a simplex
in the subdivision whose vertices have distinct labels. For
this complete simplex it holds that at the vertex indexed

by 1, z1(p1) - vy < 0, at the vertex indexed by 2 zz(pz) -

- v, < 0 and at the remaining vertex 23(p3) - vy < 0.

2

Now, by choosing a sufficiently fine grid for the simplicial
subdivision, the three vertices p1, p2 and p3 will be close
to each other and by continuity the excess demands for all
three commodities should remain strictly negative or be non-
negative, but approximately zero, for all price vectors con-
tained in the complete simplex. Thus the complete simplex
constitutes an approximation of the equilibrium price vector.

15 See Scarf (1981) p. 1021.
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The Scarf algorithm is a systematic search over the simplicial
subdivision for the complete simplex. It is easy to demonstrate
that, provided that certain initial conditions are satisfied,
the Scarf search must terminate at a complete simplex in a
finite number of iterations (see e.g. Scarf (1981) pp. 1019-
1024).

The Scarf algorithm is easily extended to the n commodity
case. It is applicable to continuous point-to-point mappings
of the simplex into itself. Many general equilibrium models,
however, yield point-to-set mappings, for instance because

of an activity analysis production technology. In this case
the simple scalar labelling illustrated above must be replaced
by vector labels for each vertex and the mechanics of the
Scarf algorithm become more complicated. But its basic ideas

illustrated above are still valid.

It is thus possible to handle weak inequalities and comple-
mentary slackness with the Scarf algorithms and in principle
they could be employed in the context of direct model integra-
tion. However, their computational inefficiency make them

less attractive.

Optimization methods16

One of the fundamental results of competitive economic analysis
is that an efficient allocation can, under proper conditions,
be sustained as a competitive equilibrium. Conversely, the
realized competitive equilibrium is also an efficient alloca-
tion. These results have a direct computational significance.
It is possible to compute a competitive equilibrium by first
computing the set of efficient allocations and then among

these identify the equilibrium allocation and the associated

16 . . . .
I am here not concerned with solution methods for nonlinear equation systems

based on optimization algorithms (see Ortega and Rheinboldt (1970) ch 8).
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price system.17 This is often relatively simple when there

is, explicitly or implicitly, only one consumer in the equili-
brium model. In partial equilibrium models this is often the
case (i.e. there is a single market demand curve) and there

is a voluminous literature on such models which are solved

by maximizing the sum of consumers' and producers' surpluses.

With several consumers the computational problem is more compli-
cated. Consider an economy with M consumers and N producers.
Each consumer is represented by a utility function ul(xl)

(where xl is consumer i's consumption vector), a vector vi

of initial endowments and a vector si of shares in the profits
of the N producers. The producers are represented by their
production possibility sets Yj and yj is the net output vector
of the j:th producer. Efficient allocations can now be computed
for this economy by solving the following mathematical programm-

ing problem for different values of the welfare weights o

Max z a; ut(xh)
i=1

subject to
M N M
z xt - z yj < z vt (9)
i=1 j= =

ey, V4
y ; j

As usual the Kuhn-Tucker multipliers associated with the commo-

dity balance constraints can be interpreted as prices. Their

values are functions of the chosen welfare weights a. Denote

them by p(a). For an arbitrary choice of a there is of course

no reason to expect each consumer to satisfy his budget con-

straint, i.e. to expect that

7 This is tantamount to solving the conditions in (1), where they now are
interpreted as the first order conditions of the efficiency problem. The
optimization approach is characterized by the application of general purpose

optimization algorithms to the optimization problem whichyields these first
order conditions.
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where xi(u) and yj(a) are the solution to (9) given a. Only

if M = 1 will the budget constraint (10) be automatically
satisfied since it then is equivalent to the commodity balance
constraint in (9). In this case the set of efficient alloca-
tions is equal to the set of competitive equilibrium alloca-

tions.

When M > 1 it can however be shown (Negishi (1960)) that there
exists a set of welfare weights a such that the efficient
solution of (9) also is a competitive equilibrium where the
budget constraints in (10) are all satisfied. Ginsburgh and
Waelbroeck (1980) discuss in detail various approaches to
compute these weights, or equivalent parameters, within the
computational framework given by (9) and (10). All these app-
roaches involve computing a segquence of mathematical programming
problems of a similar type as (9). Also Manne, Chao and Wilson
{1980) and Chao, Xim and Manne (1982) propose related compu-
tational approaches involving a sequence of mathematical pro-

gramming problems.

But the optimization approach is still most attractive in

the case of a single consumer when it is possible to avoid
computing a whole sequence of optimization problems. The main
drawback is of course that the identification of efficient
allocations with equilibrium allocations makes this approach
less useful whenever the equilibrium model contains distortions,
such as taxes, which destroy the efficiency properties of

the competitive equilibrium. In Section 2.4 I will however
discuss how a slight modification of the problem (9) allows

the incorporation of certain types of commodity taxes and

similar distortions.
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To solve (9) one can apply nonlinear mathematical programming
algorithms. They can of course also cope with linear technology
constraints as in the sector model (2). Thus the optimization
approach can, particularly for one consumer models, be used

for model integrations where an activity analysis sector model

is involved.

Sequences of linear complementarity problems

The equilibrium conditions given by (1) constitute a nonlinear
complementarity problem. In general form the complementarity

problem (CP) is18

find x € R® that solves F(x) > 0, x >0

and xTF(x) = 0 (CP)

This mathematical problem is obviously relevant for instance
in solving the first order conditions (i.e. the Kuhn-Tucker
conditions) for a mathematical programming problem. It is

a generalization of the linear complementarity problem given

by

find x € R® that solves g+ Mx >0, x >0
and xT[q+Mx] = 0 (LCP)

For the LCP numerical algorithms are available.19 By lineariz-

ing F(x) in the CP they are also applicable to that problem.
This is the basis for sequential LCP:s which have been suggested
by Eaves (1978) and Robinson (1979) for computing stationary
points of mathematical programming problems. This method has
been applied by Mathiesen (1983) to computable general equi-
librium models with very encouraging results.

18

See Mathiesen (1983).

19 See Cottle and Dantzig (1968).
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Let xT = (yT, pT). By making a first order Taylor expansion around

p = p', the equilibrium conditions in (1) can be expressed

as the following linear complementarity problem

T T

find (y , p°) > 0 that solves
0 0o - aT y
u= + >0 (11)
v - (z(p')-Dz(p')p') A - Dz(p')j|p
and
(v, peu =0
where Dz(p') is the Jacobian of the excess demand functions

evaluated at p = p'.

The idea of Mathiesen's method is to solve the approximation

(11) of the original eqguilibrium model, using a LCP algorithm
due to Lemke. The approximative solution for p is then sub-
stituted in the original excess demand functions and the approxi-
mation errors are evaluated. When they are sufficiently small
according to some predefined norm, the solution to (11) is

also close to the solution to (1).

There are two potential problems with Mathiesen's method.
First, Lemke's algorithm is known to process the LCP (i.e.

to compute a solution or show that none exists) only for cer-
tain types of matrices M. The matrix in (11) does not belong

to this class of matrices other than perhaps in exceptional
cases. Thus, there is no guarantee that the algorithm will

find a solution to (11). Secondly, provided that the LCP algo-
rithm finds a solution at each iteration, there is no guarantee
that the sequence of LCP:s will converge to a solution of

the nonlinear complementarity problem.

In spite of these potential problems, Mathiesen has applied

his method to a variety of equilibrium models without running
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into these difficulties. Also in terms of computational effi-
ciency his results seem very encouraging. For most of the
equilibrium models Mathiesen tested, his sequential LCP method
performed considerably better than these models' original
solution methods which included Newton-methods, Scarf-algorithms

and optimization codes.

It should be noted that near a solution to (1) the solution
basis in (11) remains unchanged and only the values of the
basic variables change. In this phase the sequential LCP method

actually is equivalent to a Newton process.

Mathiesen's sequential LCP method is useful for equilibrium
problems where it is important to account for weak inequalities
and complementary slackness. In a sense it can be viewed as

an extension of Newton methods to include these aspects.

Solution algorithms and model integration

Whether one computational approach is better than another
depends on the particular model under consideration. In the
case of model integration, where an activity analysis sectoral
model shall be directly integrated with a general equilibrium
model, it is necessary to use a computational approach which
can handle weak inequalities and complementary slacks. This

is possible with the Scarf methods, with the optimization
approach and with the complementarity methods. Solution methods
based on iterative methods for nonlinear egquations are not
useful in this respect. The Scarf methods are not very efficient
and for this reason not very attractive in the case of model
integration. In the choice between the optimization approach
and the complementarity method the latter seems more promising
since Mathiesen's results so far indicate that it is more
efficient than at least some optimization codes. In the model

application in Chapter 3 I have however adopted the optimiza-
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tion approach. The reason is simply that Mathiesen's work is
quite recent (1983). At that time my work on model integration
using the optimization approach was well on its way. The opti-
mization approach also makes it possible to employ standard algo-

rithms, while Mathiesen's algorithm is not yet widely available.

2.4 GENERAL EQUILIBRIUM MODELS, COMMODITY TAXES AND OPTIMIZATION
METHODS

The discussion in the previous sections has, inter alia, suggested
that optimization methods can be a useful computational approach
to model integration. It is also the approach which I use in

the model integration application in Chapter 3, where a sector
model of electricity and heat production is integrated with a
general equilibrium model. This integrated model is then employed
in Chapters 4 and 5 to analyze the role of nuclear power on the

Swedish electricity market.

The optimization approach to the computation of competitive equi-
libria rests on the equivalence between efficient and competi-
tive equilibrium allocations. This equivalence can break down

for several reasons, for instance if the model contains noncon-
vex production technologies or preferences. Another, and more
important, case is when the model contains commodity taxes (and
also distortions which could be expressed equivalently as commo-
dity taxes). The fundamental equivalence theorems of competi-
tive analysis are then in general not valid. This is a serious
limitation of the optimization approach. It is important to be
able to account for taxes and similar parameters in applied general
equilibrium models even when they are not designed especially

for tax studies. The model data bases are often calibrated so
that the models can replicate a base year allocation bascd on
actual national accounts, which contain taxes, trade margins,
sectoral wage differences etc. To do this it is necessary to

use tax parameters in the model. This is for instance the case
for the general equilibrium model which is used in the model

integration application in Chapter 3.
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However, with unit taxes (and/or distortions which could formally
be expressed as unit taxes) it is possible to compute the equi-
librium at given taxes by a slight modification of the optimiza-
tion approach. In its original form the optimization approach
means that a standard Pareto problem is solved, i.e. a maximum

of a welfare function is computed subject to a number of market
equilibrium and production technology constraints. The modifi-
cation which is required to handle commodity taxes is that an
expression for total tax receipts should be subtracted from the
objective function of the Pareto problem. Otherwise it should

remain exactly the same as in the standard case without taxes.

The general result is proven and discussed below. It extends
considerably the usefulness of the optimization approach. As
an introduction, and to better understand the interpretation
of the result, a simple two-good illustration is first consi-

dered.

A two-good illustration

Consider a simple two-good economy where one good, denoted by
y, 1s produced using the other good, denoted by v, as input.
The production possibilities are given by the concave production

function

y = £(v) (12)

There is a single household, or consumer, represented by the
utility function u(x, V-v), where V is the household's endowment
of the input good v and consequently V-v is its net consumption
(i.e. leisure if we think of v as labour). The consumption of

the output good is denoted by x.

Without taxes the equilibrium allocation is at a point like A
in Figure 2.2 (assuming an interior solution in the supply of
the input good). The producers and the consumer face a common

price system, denoted by p for the output good and w for the
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input good. As usual, the scale of the prices is indeterminate
and the equilibrium relative price, w/p, is given by the slope
of the tangent common to the production function and the indiffer-

ence curve at A.

Figure 2.2 Equilibrium with and without a commodity tax

.y
A

ulx, V=v) = U,

w
p

y = fv)

u{x, V-v} = Ug

Let us now introduce commodity taxes. It can be done by unit
taxes or by ad valorem taxes. Of course, for given prices the
choice is arbitrary: a unit tax can always be reexpressed as

an ad valorem tax and vice versa. However, when the model is
used for experiments in comparative statics, at a given set of
taxes, the choice does matter. With unit taxes, the tax income,
in terms of some numeraire, per unit of the taxed good is kept
constant during the experiment while the tax rate (i.e. the unit
tax divided by the price of the taxed good) is endogenous. The

converse is true for ad valorem taxes; the tax rate is kept con-
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stant while the unit tax is endogenous. In general, the result

of the experiment is not independent of how taxes are represented.

The choice of how taxes should be represented should thus be
guided by the structure of actual taxes in the economy which

the model is intended to say something about. Actual taxes, how-
ever, are often a mixture of unit as well as ad valorem taxes.
Moreover, applied general equilibrium models are by necessity
based on aggregated national data and a limited number of model
tax variables shall account for net tax flows caused by a large
variety of actual taxes. Thus there is no evident reason to place
one representation of taxes before the other. The modification
of the optimization approach which is discussed here is however
only possible for the case of unit taxes. For this reason the

discussion in the following is based on this type of taxes.

Commodity taxes create wedges between consumer and producer prices.
It is well known from the theory of taxation that the producer
price system, on the one hand, and the consumer price system,
including any lump-sum income such as distributed profits etc.,

on the other, may be independently normalized. Consequently,

there is a degree of arbitrariness in the tax variables as long

as they are not related to some numeraire. One common practice

is to have an untaxed good, which serves as a common numeraire

for both price systems.

Actually an untaxed good does not imply any loss of generality.
The impact of commodity taxes on the equilibrium allocation is
determined by the relative distortions they imply, i.e. the extent
to which the ratio of the consumer relative price of any good

to the producer relative price of the same good, deviates from
unity. Since in an economy with n goods there are n-1 relative
prices, n-1 tax variables are also sufficient to generate any

set of relative tax distortions. The only case which cannot be
treated when one good is untaxed is a uniform relative tax rate

on all goods, which leaves the relative prices unaffected. However,
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as 1s also well-known from the theory of taxation, this is a

guite uninteresting case.20

Returning to our two-good example, let the input good be the
untaxed numeraire, i.e. w = 1, and let there be a specific tax
t > 0 levied on the output good. The equilibrium, given the tax,

is now at a point such as B in Figure 2.2.

The zero tax equilibrium A can be computed by the standard Pareto
problem, i.e. by maximizing the utility function subject to the
production constraint (12). But is it also possible to compute
the tax equilibrium corresponding to point B in an analogous

21
manner?

Let us begin by examining the equilibrium given the tax t (ex-
pressed in terms of the input good). The expenditure function
e(p + t,w,u) gives the least lump-sum income (again expressed

in the input good) required to achieve the utility u.22 Let
m(p,w) be the maximum profits at the producer price p.23 In equi-

librium the utility level is determined by the equation

e(p* + t,w,u*) = m({p*,w) + t-x* (13)

20 Atkinson and Stiglitz (1980) provide a textbook treatment of the theory

of taxation. On proportional taxes, see e.g. Sandmo (1976, pp. 44-45}.

21 Ginsburgh and Waelbroeck (1981) consider briefly, in the context of inter-

national general equilibrium models with tariffs, a similar approach to
the one I discuss in the following.

2 . . . . .
2 That is, the expenditure function is defined by
e(p+t,w,u) = min {(p+t)x-wv: u({x, V-v) > u}.
X,V

For a textbook discussion of the expenditure function and its properties
see Varian (1978) ch. 3. Dixit and Norman (1980) provide a thorough dis-
cussion of its usefulness in general equilibrium analysis.

2 . . :
3 When there are constant returns to scale, the profit function is not well

defined. In this case the equilibrium profits must be zero and only the
expression for total tax receipts will enter the right-hand side of equa-
tion (13).
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where the '*' indicates equilibrium values. Thus, it is assumed
that tax receipts are redistributed to the consumer as a lump-
sum transfer.24 At given consumer prices the expenditure function
is a utility function. It is sometimes referred to as the direct
(income) compensation function m{p* + t,w; x, v) =

= e|lp* + t,w,ul{x,V-v) .25 It is easy to show that, among all
feasible (x, v}, i.e. those for which x < f(v), the tax equilib-
rium allocation (x*, v*) must maximize the direct compensation

function less the total tax receipts. This is immediately evident

from inspection of equation (13). The value of the direct com-
pensation function less the total tax receipts equals the value
of total profits. Since the latter have been maximized there
cannot exist some other feasible allocation which yields higher
profits and thus a larger value of the direct compensation func-

tion net of total tax receipts.

To show the result formally, suppose (x*, v*) does not maximize
the direct compensation function net of tax receipts. Then there

would exist some feasible allocation (x', v') + (x*, v*) such

that26

24 This assumption is also implicit in the illustration of the tax equilibrium

at point B in Figure 2.2.

25 See for instance Varian (1979).

26 Since w = 1, it is suppressed in the following in order to save notation.
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m{p* + t; x', v') - t-x' = e[p* + t, ul(x', v‘)] - tex' =

(since the expenditure function is linearly homogeneous

in prices)

(p* + t)-eq +toe - tex' > (p* + t)ex* - v* ~ tex* =

27)

= m(p* + t; x*, v*) - tex* (14)

which implies

t-(eq - x') > p*(x* - eq) - (v* + e ) (15)

From the definition of the expenditure function we have
(p* + t) x' - v' > (p* + t)eq +te = e[p* + t, ulx', v')] (16

which implies

Combining (15) and (17) we have

p*-(x' - eq) - (v' + ew) > p*(x* - eq) - (v* + ew)

p*.xl - v' > p*'x* — y* (18)

But (x*, v*) is the tax equilibrium allocation and thus maxi-
mizes profits, which contradicts the strong inequality in (18).
Thus it can be concluded that (x*, v*) indeed must maximize the

direct compensation function less the total tax receipts.

27 eq and e, denote the partial derivatives delq,w,u) and delg,w,u)

3q ow

respectively, where q = p+t is the consumer price. The derivatives are
evaluated at g = p*+t, w =1 and u = u(x',v') in (14) - (17). The endow-
ment term V is suppressed henceforth.
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Thus, if we knew the equilibrium price we could compute the equi-
librium allocation by maximizing the direct compensation function
net of tax receipts.28 This is hardly very helpful, how-

ever, since it requires information about parts of what we are
trying to compute., But it suggests that the tax equilibrium may,
in principle, be computed by maximizing some positive transforma-
tion of the utility function less an expression for the total

tax receipts.
From the argument above we know that
e[p* + t, ul(x*, v*)] - tx* > e[p* + t, ulx, v)] - tex (19)

for all x, v such that x < f(v).

By expanding e(p* + t, u) around u = u(x*, v*) = u*, keeping
the price system fixed, (19) can be reexpressed as
e[p* + t, ulx*, v*)] -t x* > e(p* + t, u*) +
+ eu-[u(x, v) - u*] + R[u(x, v), u*] - tex
or
eu-u(x*, v*) - tx* > eu-u(x, v) - tx + R[u(x, v), u*) (20)
* *
where e, = de(p ;ut’ u*) and R[u(x, v), u*] is the second-order

remainder term in the Taylor expansion.

28 . . Cq e .
Obviously, if the equilibrium price were known, the most straightforward

approach would be to compute the profit maximizing allocation directly.

But for the sake of the argument we focus on the direct compensation func-
tion,
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I will now assume that the utility function is concave. It means
that the expenditure function is convex in u. Consequently the

second-order remainder term is nonnegative and (20) then implies

>
e, * ul{x*, v*) - tx* = e, " u{x, v) - tx
Thus (x*, v*) must be a global maximum for the following maxi-

mization problem:

Max eu-u(x,v) - tx s.t. x £ f(v) (21)

X,V
A strictly concave utility function is sufficient to make the
solution to (21) unique and in this case it must be (x*, v*),
the tax equilibrium allocation. Thus the equilibrium allocation
can be computed by solving (21), provided that we know the value
of eu, the inverse of the marginal utility of income, evaluated
at the tax equilibrium. This variable is still an unknown part
of what we want to compute, but the informational requirement
has now been reduced from the whole vector of equilibrium prices
required to compute the direct compensation function, to a single

variable, eu.

Suppose we are able to guess the correct value of the marginal
utility of income. Solving (21) yields the equilibrium allocation
(x*, v*). Moreover, from the objective function in (21) it is
clear that the Kuhn-Tucker multiplier associated with the con-

straint is equal to the equilibrium producer price p¥*.

But where would we end up if the guess on e, is wrong? Let o

denote the arbitrary guess on e, We thus solve the problem

max qu(x, v) - tx s.t. x - f(v) <0 (22)
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Denote the solution to (22) by (x, v), and the associated Kuhn-

Tucker multiplier by p. The first-order conditions are29

au (x, v) -t = p (23 a)
—au (x, v) =p £,(v) (23 b)
Define w = —auv(ﬁ, v). Clearly (23 b) is the profit maximization

condition given the producer price system (p, w). Similarly,
(23 a) and the definition of w correspond to the first-order
conditions for utility maximization, given the consumer price
system (p + t, w). The implied budget is (p + t)Xx - wv =

= 7(p, W) + tx which is the actual budget at these prices. Con-
sequently the allocation (x, v) is a tax equilibrium given the
tax t/w, expressed in terms of the numeraire good. The normali-
zation of p and w in (23) is such as to make the marginal uti-
lity of income equal to 1/a, our arbitrary guess. To renorma-
lize the price system in terms of the original numeraire, i.e.
w = 1, all prices and the tax variable have to be divided by

w. The value of the marginal utility of income then becomes w/a.
Only if w happens to equal unity is the solution (x, v) a tax
equilibrium relative to the tax t (expressed in the numeraire
good). In this case 1/a also is the corresponding value of the
marginal utility of income, so the initial guess must then have

been correct.

To summarize: The solution to (22) is a tax equilibrium but the
value of the tax is endogenous and depends on the chosen value

of o. On the other hand, when we want to compute the tax equi-
librium relative to a given tax value t, we know from (21) that
there exists a value of a, namely o = eu(p* + t, u*) such that

the solution to (22) is the desired equilibrium. Thus by variation
of the value of a in (22) it should be possible to compute the
equilibrium allocation and price system given the unit tax t.

The required value of @, the inverse of the marginal utility

29 ux(x,v) and uv(x,v) are the partial derivatives

dulx,v) and dui{x,v)
x v

respectively.
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of income, is a function of the prices and of the consumer's
income. For the types of utility functions which are commonly
used in applied models it is relatively easy to derive this func-
tion. The model user has in general also a rather good idea of
the relevant range for the equilibrium prices and incomes. Thus
it is not too difficult to make a good initial guess on «. The
experience with the Cobb-Douglas utility function of the inte-
grated model in Chapter 3 is that only a few variations of a{usu-

ally two or three) are required to find the correct value.

A more general result

In this section, the results illustrated above are extended to

a more general environment. The assumption about a one-consumer
economy is retained, however. When there are several consumers

in the model economy, i.e. when the model shall account for dist-
ributional aspects, the optimization methods involve a sequence
of optimization problems. The results for the one consumer case

considered here can easily be extended to such a sequence.

Consider thus an economy with one consumer, N producers and a
public sector. There are n private commodities. The following

assumptions are made about the consumer:

C1: The preferences are represented by a continuous, strictly
increasing and strictly concave utility function u(x), where

X is the consumption vector.
C2: ul(x) is defined on the closed and convex consumption set X.

C3: The consumer maximizes u(x) subject to the consumption set
and the budget constraint

! 1 30
qcx < q.Lv + 7+ T

30 The prime indicates that u' is the transpose of the column vector u and

thus u'v equals the inner product of the vectors u and v.
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where Q. is the vector of consumer prices, v the vector
of initial endowments, n the total distributed profits and

T a net lump sum transfer from the public sector.

The producers are indexed by j. The production plan is the vector
yj where, as usual, positive elements are net outputs and negative

elements are net inputs. The following assumptions are made:

P1: The production technology is given by the closed and convex

production set Yj.

P2: The producers maximize their profits qéyj subject to the
production set. qj is the vector of producer prices for
producer j. Every producer is owned by the consumer, i.e.

any profit income is distributed to the household.

The problem is to identify competitive equilibria for this economy
for a given set of unit taxes. The exogenous taxes are defined
by the vector tC for the consumer and the vectors tj’ 9=1,2,...,N,
for the producers. The consumer and producer price vectors are

related by the following requirement
g. - t_ . =p=gqg. - t., i=1,2,...,N (24)

where p is the net price system in the economy. The values of
the tax parameters are, to be meaningful, expressed in a common

numeraire, which is taken to be

In order to define a competitive equilibrium for this economy,
given the tax structure, the use of the raised tax revenue must
first be considered. The way the economy has been defined, neither
corrective taxation nor redistribution of income are warranted.
Thus, the only reason for taxes is to finance some form of public
activity. Since only equilibria relative to an exogenous tax

system are considered, the level of public activity should really
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adjust to whatever tax revenue is raised. Alternatively, the

level of public activity could also be fixed exogenously, but

then one must implicitly assume that any difference between the
financial requirements of the public sector and the equilibrium
tax revenue is covered by a lump-sum transfer from the household.
To have both distortive commodity taxes and lump-sum transfers

in the model may perhaps be disturbing to the theoretical purist.
Nevertheless, this is a not unusual practice in computable general

equilibrium models.31

The tax variables are often quite crude
representations of the actual tax system, since one is only in-
terested in capturing certain aspects of it, such as energy taxes
or tariffs. It seems reasonable in these cases to allow lump-—

sum transfers to cover any difference between the cost of public
activities and the tax revenues and to interpret these lump-sum
transfers as the net result of tax mechanisms which are not ex-

plicitly considered in the model.

The definition of an equilibrium introduced below will allow
for both practices. In generalizing the two good example, I will
however only consider the case with a fixed level of public acti-

vity.

Let g be a vector of public activities, such as production of
public goods and services. For simplicity, it is assumed that
the public sector does not produce any of the n private goods
in the economy. But to supply its activities, the public sector
requires private goods as inputs. Specifically, the feasible
input vectors, for any given g, are given by the public input
requirement set Yp(g). The following assumptions are made about

the public sector:

31 This is for instance the case for the general equilibrium model used in
the model integration application in Chapter 3. In applied general equi-
librium models especially designed for tax studies, however, the public
budget constraint plays an important role as an equilibrium condition ex-
cluding lump-sum financing.
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G1: Yp(g) is closed and convex. To conform with the sign conven-
tion for the private net output vectors, the elements in

the public input vectors are all nonpositive, i.e. yp < 0.

G2: The public sector minimizes its cost —p‘yp subject to the

input requirement set Yp(g).

Since the taxes are exogenous, it is reasonable to treat the
composition of the public activities in the same way. Therefore,
let go be a vector which defines the exogenous mix of public

activities. Their level is then determined by the scalar y, i.e.

o]
g=v-+g9

The consumer's budget constraint (see assumption C3) can be written

1 - _ - 1
p'(x z yj v) tc

(v — x) + Ztly. + T (25)
] j 7

J

where (24) and the definition m = I(p + tj)'yj have been used.

The public budget constraint is J
t! - + L tly. + T - p' =0 26
clv—x) + I tly, PV, (26)
J
From (26) it is seen that té(x -v) - I téy. are the total tax

revenues and they shall be equal to thé cost of the public pro-

duction plus the lump sum net transfer to the consumer.

Thus, positive elements in tc imply that the corresponding con-
sumption is taxed. Positive elements in tj imply that the cor-
responding commodity is taxed if it is an input, while it is

subsidized if it is an output.
Combining (25) and (26) yields

p'({x - Yp = z vy - v) =0 {27)
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This is Walras' law in the present context. As a result, if,
in equilibrium, the excess demand for some commodity, say i,

is negative, the corresponding net price, P, must be zero.

A competitive equilibrium relative to a set of given taxes can

now be defined as follows.

Definition 2.1. The allocation x*, yg, {yg},32 the public activity
level y*, the lump-sum transfer T* and the net prices p* constitute

a competitive equilibrium relative to the taxes tc’ t., 3 =1,2,...,N

J
if the following conditions hold:
i) x* - 1 yg - y; -v <0 (D2:1a)
]
p*'lx* - Tyt - y* — v] = 0 (D2:1b)
3 J P

n

L p* =1 and p* > 0 (D2:1c)

i=1 *t
ii * 4+ oEL) eyt > * 4+ ot )tey. £ 11 y. € Y. D2:1d
ii) (p J) y] > (p ]) y:| -or a yJ 3 ( )

j=1,2,...,N

iii) ulx*) > ulx) for all x € X which satisfy

the budget constraint

* ] * tk * ' * -
(p* + tc) x < ? (p* + tj) vy + (p* + tc) v + T (D2:1e)

i *1yx > p*! £ 11 € Y _(y*.g° D2:1f

tv) pr'yE > p*lyg or all y, p(Y*+97) ( )
* gk 1% o * - * - * = .
p*'yx I tjyj tc(v X*) T 0 (D2:1qg)

J
where either y* is exogenous and T* is defined by (D2:1g)

or y* is endogenous and determined so that T* = 0.

v) x* € X, yg € Yj’ j=1,2,...,N and yg € YP(Y*-go).

2 . . .
The notation {yj} is shorthand for the collection of vectors Yyr Yoreeer Yy
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Definition 2.1 is a straightforward extension of the standard
concept of a general competitive equilibrium. Condition (D2:1a)
is the usual feasibility requirement and (D2:1b) implies that

any good in excess supply has a zero net price. Condition (D2:1c)
is imposed to have prices and tax parameters expressed in com-
parable units. Profit maximization by producers and utility maxi-

mization by the consumer are required by conditions (D2:1d-e).

Finally, (D2:1f) implies cost minimization in the public sector
while (D2:1g) defines the public budget. The latter can be given
two alternative interpretations: Either the equilibrium value

of T* is required to be zero {(lump-sum transfers are not feasible)
in which case Y* must be endogenously determined so that (D2:1g)
is satisfied for T* = 0. Or Y* is set exogenously in which case
(D2:1g) is simply a definition of the required net lump sum trans-

fer between the consumer and the public sector.

In the previous section I showed, with a simple example, that

a competitive equilibrium relative a given tax maximized a certain
monotone transformation of the utility function minus an expression
for total tax receipts. This observation led to the formulation

of the maximization problem (22) by which, given a proper choice

of the coefficient a, the tax equilibrium could be computed.

The extension of (22) to the more general model presented above

is given in the following definition.
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Definition 2.2. The modified Pareto problem is33
max au(x) + Z tly. - t'x (D2:2a)
X, {Ysdr ¥ j I ©
J P
subject to
< v (D2:2b)

and yp € Yp(Y-gO) where vy is fixed

It is intuitively obvious that there can exist a solution to
this problem only for some values of Y: the permissible values
of y are restrained by the economy's capacity to produce, which
ultimately is determined by the endowment vector v. To ensure
that the set of feasible allocations is not empty, the following

restriction on the choice of Yy is imposed:

R1: vy is such that there exist some yg € YCY'gO) and some

yQ €Y,, for 3 =1,2,...,N, for which v + yo + Z YQ is in
J 573 p 373

the interior of X.

When y satisfies this restriction it is possible to find an x° € X

such that x° << v + yg + Z y?. It is clear that xo, yg and y?
for j =1,2,...,N are a feasible allocation, so the feasible

set cannot be empty.

The mathematical program in definition 2.2 is concave. When Y
satisfies R1, the Slater constraint qualification is also satis-
fied, since x° - z y? - yg << v. Thus, the Lagrange function

for this problem 1s well defined and a solution to the modified
Pareto problem also maximizes the associated Lagrangean.

33 The constant term t'v is for simplicity dropped from the objective function.
c



65

The results illustrated by the simple example in the previous

section are generalized in theorems 2.1 and 2.2.

Theorem 2.1. Let x*, y;, {y%}, Yy*, T* and p* > 0 be a competi-
tive equilibrium relative to the taxes tc' tj’ i=1,2,...,N.
Let a* be the inverse of the value of the marginal utility of
income at this equilibrium. Then x*, yg and {yg} are a solution
to the modified Pareto problem with a = o* and p* as the Kuhn-
Tucker multipliers associated with the commodity balance con-

straints, and y = y*.

Proof: x¥*, y;, {yg} and p* are a solution if the following con-

ditions hold:
i) p* > 0

X* = L y* - y* < v

*1[x* - T yk - y* - =0

p*'[x - vY 3 v]
J

11) o*u(x*) + Z t'y* - t'x* - p*'[x* - £ v*¥ - v* - v] >
57373 7 e pr'l ;7377 2

* [} - v _ * 1 - - -
> a*u(x) + I tly. tix - p [x z Y5 Yp v]
J ]
£ 11 x € X, € Y (y*-g° dy. €Y., 3=1,2,...,N.
or a X yp p(Y g ) an Y:| i 3 2
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That condition i) holds follows directly from (D2:1a-b). Condition
ii) holds if

a) o*u(x*) - (p*+tc)'x* > a*u(x) - (p*+tc)'x
for all x € X

b) p*' I y* + I tily* > p*' L y. + L tly.
j J i 377 i ] i 1]
for all yj € Yj i =1,2,...,N

* 1 * > * ¥
c) P Yp 2P Yp

for all € Y {y*.g°
or Yo p(Y g)

The inequality a) follows from (D2:1e) (utility maximization)
and the fact that o* equals the inverse of the marginal utility
of income. Similarly, (D2:1d) (profit maximization) implies the
inequality b) and (D2:1f) (cost minimization in the public sector)
implies inequality c).

Q.E.D.

Theorem 2.2. Let X, §p’ {§j} be a solution to the modified Pareto
problem and let p be the associated Kuhn-Tucker multipliers.

Then x, §p and {§j} with the net price system Ap constitute a
competitive equilibrium relative to the taxes Atc, Atj; j =

1,2,...,N, where ) =

Proof: According to the Kuhn-Tucker theorem, the following rela-
tions hold

A
<
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n
By the definition of X\, I Xpi = 1. The two relations above

are not affected by thislgéalar multiplication of p. Thus condi-
tions (D2:1a-c) are fulfilled.

The second of these relations can be rewritten as

(p+tc)'x = (p+tc)'v + );(p+t.)'yj + p'yp - té(v—x) -
- I tly. = (p+t )'v + IZ(p+t.)'y. + T 28
: JyJ (p C) v j(p J) yJ (28)

which can be interpreted as the consumers' budget constraint
given that a lump-sum transfer T finances the net public budget
deficit.

Furthermore, since X, §p and {§j} maximize the Lagrangean, the

following inequality holds:

au(x) + I t!

j J p
o + I tly. - t'x - p' - Iy. - - 29
u(x) : jyj X p'(x jyJ yp v) (29)

for all x € X, ¥ _€ Yp(Y-gO) and y5 € Y5, 3 =1,2,...,N.

Let x = X, Yp = §p and vy = §j for all j except j = s. Then the
inequality (29) implies

- = _ ,
(p+ts) Yo 2 (p+ts) Ve for all Y € Ys'
Since this is true for all s, (D2:1d) (profit maximization) is
fulfilled.
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Next, let Vp = §p and vy = §j’ iy=1,2,...,N. Then the inequality
implies
a[u(;() - u(x)] > (B+t_)'(%-x) for all x € X.

For all x which satisfy the budget constraint, the right-hand
side is nonnegative so u(x) > u({x) since o > 0. This proves that

(D2:%1e) (utility maximization) is fulfilled.

Finally, let x = X and Yy = §j’ j=1,2,...,N. Then the inequality
implies
=, = - o
' > p! £ 11 S .
P'Y, 2 P'Y, or all y, oY 9
so (D2:1f) (cost minimization in the public sector) is also ful-

filled.

Thus it can be concluded that x, y_, {§j}, the net price system

- P -
p and the corresponding consumer prices p + tc and producer prices
P+ tj, j=1,2,...,N satisfy the conditions (D2:1d4)-(D2:1f).

It remains only to consider the normalization of prices and taxes.

Note first that if we maximize u(x) subject to the budget con-
straint (§+tc)'x < R where R is the value of the right-hand side
in (28), then the marginal utility of income, i.e. the Kuhn-
Tucker multiplier associated with the budget constraint, will

be equal to 1/a. That is, the net price system p, defined by

the Kuhn-Tucker multipliers in the modified Pareto problem, 1is
normalized so that the implied marginal utility of income is

1/0. To obtain the normalization
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the net price system p and all tax variables have to be multi-
plied by A.34

To summarize: the allocation X, §p' {§j} and the net price system

AP constitute a competitive equilibrium relative to the set of

taxes At _ and Atj, j=1,2,...,N, where the taxes are expressed

in the numeraire

>
I~

p; = 1.

i=1

Q.E.D.

The level of public activity vy, is kept constant in Theorem 2.2.
Consequently, the public budget constraint is closed by implicit
lump-sum taxes. It may be possible to find a value of y such

that the implicit lump-sum taxes are zero, by successively solving
the modified Pareto problem for different values of y. As always
with the optimization approach, a sequence of Pareto problems

is required to be solved when the general equilibrium model con-

tains more than one budget constraint.

Theorem 2.2 says that a solution to the modified Pareto problem
is a competitive tax equilibrium. But the scale of the tax para-
meters cannot be exogenously controlled, i.e. the taxes are not
tC and tj, j=1,2,...,N but Atc and Atj, 3 =1,2,...,N where

the value of ) depends on the value assigned to a. On the other
hand, theorem 2.1 says that if a competitive equilibrium relative
to the tax system tc’ {tj} exists, then there is a value of o such
that the equilibrium allocation and the net price system solve
the modified Pareto problem. By varying the value of o it should
then be possible to find the competitive equilibrium which cor-
responds to a given tax system, provided that such an equilibrium
exists. These results extend the range of applicability of the

optimization approach in computations of general equilibria.

This is equivalent to a multiplication of the objective function (D2:2a)
by A. The solution of the modified Pareto problem, apart from the scale
of the Kuhn~Tucker multipliers, is of course invariant to such a multi-
plication.
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3 Model Integration: An Application
of the Optimization Approach

The main purpose of this chapter is to apply the optimi-
zation approach to model integration, which I discussed and
developed in Chapter 2. In particular, the purpose is to
integrate a detailed sector model of electricity and heat
production with a general equilibrium model. This is done
in order to create a framework which is suitable and use-
ful for analyses of issues related to the Swedish elect-
ricity and heat markets, and in particular to the role of

nuclear power.

Since the first nuclear power reactor began to operate in
1972 there has been a substantial increase of the nuclear
power capacity. Today it accounts for almost half of the
current electricity production. The large and rapid build-
up of the nuclear power capacity stirred, however, a lot of
controversy about the safety and environmental hazards of
nuclear power. As a result the earlier promotion of nuclear
power has now been replaced by a nuclear power disconti-
nuation policy: the existing nuclear power plants shall be
used for their remaining economic life time - but not any
longer than 2010 - and new investments in nuclear power are

not allowed.
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Two issues which are related to this development are inves-
tigated later on in this study. One is whether the nuclear
power investments have led to an overcapacity in the elect-
ricity production system. If this should be the case, what
can then be said about its size and likely duration and

about its consequences for the electricity market and the
rest of the economy? Such an investigation is of interest
both in order to learn from the past, i.e. in order to under-
stand the causes of the overcapacity, as well as to get a
better understanding of the likely development of the markets

for electricity and heat over the coming years.

The second issue is the consequences of the nuclear power
discontinuation for the electricity market and the rest of
the economy. This is of course of interest as part of a ge-
neral policy evaluation, especially since the nuclear power
discontinuation probably shall not commence until the middle
of the 1990's. Thus, it has not yet led to any real and bin-

ding commitments.

Now, to study these issues it is necessary to be able to ana-
lyse how different restrictions on the use of nuclear power
affect the cost and supply of electricity. It shall be pos-
sible to identify the most competitive alternative to nuclear
power and the main factors which determine this alternative.
For these reasons we need a model where the choice of diffe-
rent electricity production technologies is treated in some
detail. The sector model of electricity and heat production
satisfies this requirement. It also includes the production
of heat which is an advantage since it is closely related to
the production of electricity. Electricity and heat can for
example be jointly produced in combined power and heat plants
and heat may be produced from electricity, e.g. in heat pumps

or electric boilers.



Through the model integration the electricity and heat sec-
tor model is embedded in a general equilibrium structure.
The basic reason for this is the standard one for general
equilibrium analysis. The prices and quantities established
on one market in the economy are in general not independent
of the prices and quantities established on the remaining
markets. For this reason the prices and quantities on all
markets should be simultaneously determined in a general
equilibrium. In the present context it means that the prices
and quantities of electricity and heat should be determined
simultaneously with the prices and quantities on all other
markets in the economy. And this is precisely what is achie-
ved through the model integration. With the integrated model
the use of various production processes within the electricity
and heat sector can be determined simultaneously and consis-
tently with the allocation of resources in the rest of the

economy .

Although it is in principle necessary to determine the equi-
libria for all markets simultaneously it is only important

to do so in an applied analysis if the mutual interdependen-
cies between different markets are strong enough to signifi-

cantly affect the outcome of the analysis.

In the case of electricity it is often claimed that at least
the links from the electricity sector to the rest of the eco-
nomy are strong and thus important to capture. Electricity is
for instance an intermediate input in most other sectors. It
is thus claimed that changes in the price of electricity will
significantly affect the cost of production in these sectors
and consequently their international competitiveness. It is
also claimed that the cost of electricity is important enough
to affect the rewards which the firms can afford to pay for
other factors of production, for instance labor. The price

of electricity is also claimed to be important enough to in-

fluence the overall performance of the economy as measured
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by the GNP or the disposable income of the households.

If it is true that there are strong links from the electri-
city market to the rest of the economy it is also reasonable
to expect non-negligible feedback effects from the rest of
the economy to the electricity sector. The electricity sec-
tor uses various intermediate inputs and primary factors

of production. If their prices change they affect the cost
of the electricity supply, i.e. the supply schedule shifts.
Similarly when the prices of other commodities than electri-
city change, and perhaps also the total income in the econo-
my, the electricity demand schedule will in general also
shift. These shifts will of course affect the final outcome

on the electricity market.

It is the presumed existence of these mutual interconnections
which motivates the general equilibrium approach, and thus
the model integration in the present context. A detailed sec-
tor model is required in order to capture the effects of
various restrictions on the use of certain production tech-
nologies such as nuclear power. And the sector model should
be integrated with a general equilibrium model because it
seems important to determine the production of electricity
simultaneously with the allocation of resources in the rest

of the economy.

As the two main building blocks for the integrated model, two
existing models have been chosen. The first is one of the
model versions in the system of computable general equilib-
rium models for a small, open economy developed by Bergman

and Por (see Bergman and Por (forthcoming) and Bergman (1982)).
The second is a model of the electricity and heat sector, de-
veloped by Bergman and Carlsson (1984). The models are applied
to data for the Swedish economy and for the Swedish electri-

city and heat sector respectively.
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There are several reasons why these two models have been

chosen. One is that the present work about model integration
arose in the context of these and related models. This study

is a part of a broader research programme at the Stockholm
School of Economics concerned with the development of quan-
titative models for analyses of energy markets, energy-economy
interactions and energy policy. The idea of model integration
arose as a way to join the information spread among different
models by merging some of them to a common model structure which
could be used in certain applications. Thus, it was quite natural

to turn to these familiar models in the first place.

These two models have also been used for similar purposes

as the integrated model. By using them as the main building
blocks for the integrated model the results of applications

of the latter can be compared with the results of applications
of the original models. In this way it becomes possible to
evaluate the gains from the integration of the models. For
this reason the two original models are incorporated in the

integrated model without any essential modifications.

By using already existing models, the model development effort
for the integrated model is also greatly reduced. These two
existing models are also well suited for the present purpose.
The electricity and heat model contains sufficiently detailed
information about different electricity and heat production
technologies. The general equilibrium model is especially de-
signed for studies of the relations between theenergy sector
and the rest of the economy. Both models are also reasonably
consistent in terms of time perspective and the treatment of

sector capital stocks.

There is, however, also a cost associated with the use of al-
ready existing and not modified models. They have been deve-
loped independently of each other without consideration of
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the particular requirements of model integration. For the
models used here it is primarily the commodity classifi-
cation and the treatment of investments which are hard to
reconcile within an integrated structure. The way these as-
pects actually have been reconciled shall be regarded as

a first step only. There is a scope for improvements. In
particular it seems as if the optimization approach in it-
self can make it possible to improve the treatment of invest-
ments in the general equilibrium model more easily than its

original solution algorithm would allow.

The integrated model is used in Chapter 4 to assess the con-
sequences of the present Swedish nuclear power policy. In
Chapter 5 it is used to evaluate the large nuclear power
investment programme carried out during the 1970's and the
first half of the 1980's.

A second purpose of this chapter is to provide the necessary
model background for these applications. Thus, the various
parts of the integrated model are also presented and dis-

cussed here.

The model of electricity and heat production is an activity
analysis model and thus formulated as a mathematical prog-
ramming problem. The general equilibrium model, however,
essentially consists of a set of price-~dependent excess de-
mand equations for goods and factors of production. An im-
portant part of this chapter is to show how this general
equilibrium model can be equivalently formulated as the
Pareto-type of mathematical programming problem which is

required for the optimization approach.

In Section 3.1 the general equilibrium model is presented
and it is in particular shown how it can be stated as such

a mathematical programming problem. The sectoral model of



77

electricity and heat production is briefly presented and
discussed in Section 3.2. The integration of the two models
is discussed in Section 3.3 and Section 3.4, finally, con-
tains a discussion of the computer implementation and the

data base for the integrated model.

3.1 THE GENERAL EQUILIBRIUM MODEL

In this section the structure and the properties of the ge-
neral equilibrium model used for the model integration are
discussed in order to provide the necessary background both
for the model integration in Section 3.3 and for the app-
lications in subsequent chapters. The presentation empha-
sizes how this model can be formulated as a Pareto-type

mathematical programming problem.

The system of computable general equilibrium models con-
structed by Bergman and Por is a set of resource alloca-
tion models especially designed for analysis of problems
related to national energy policies in a small open economy.
The latter concept refers to an economy with a large trade-
exposed sector and with a limited influence on its terms of
trade. The models are designed for energy policy analysis

in the sense that two energy categories, electricity and
fuels, are explicitly distinguished and energy input coef-
ficients are endogenously determined (in contrast to other

intermediate goods whose input coefficients are exogenous).

The models have been constructed in the spirit of Walrasian
general equilibrium theory. Thus, they are exclusively con-
cerned with the real side of the economy. Quantity variables
like the production in various sectors, the allocation of
labor and capital, the exports and imports of different goods
and the demand for private consumption are functions of the

relative prices of goods and factors of production. These
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prices are determined so as to equate supply and demand in
all markets and the supply and demand relations are expli-
citly, derived from the representative producers' and con-
sumers' optimization behaviour.1 Several important variables
are, however, exogenous. This is the case for public expen-
ditures and for the supply of labor and capital. In one ver-
sion net investments are exogenous, while the gross savings

ratio is exogenous in other versions.

The model version which is merged with the electricity and
heat sector model is a medium term model characterized by
sector specific capital stocks and by a vintage structure

for existing capital.2 In some contexts this particular mo-
del is referred to as the ELIAS model (an abbreviation of

the keywords Energy, Labor, Investment; Allocation and Sub-
stitution). I will adhere to this name convention here, since
it is extremely convenient to use a brief label when refer-

ing to the model.

The ELIAS model is based on a distinction between the ex ante
production function and the ex post production function. The
ex ante production function represents the technological
constraints which apply when new production units are de-
signed. Once a production unit has been designed and built,
certain technological decisions are irreversible. Thus, ex
post the production opportunities, represented by the ex post

production function, are more limited than those ex ante.

In some versions it is possible to keep the wage rate exogenous and
instead let the excess supply of labor be endogenous.

In Bergman's (1982) presentation of the models it is referred to as
the "dynamic model", presumably because the sectoral distribution of
capital can only be gradually changed over time through net invest-
ments in different sectors. Thus, the model exhibits gradual adjust—
ments to external changes. It is referred to as a medium term model
because the sectoral allocation of capital does in general not cor-
respond to a long run equilibrium. On the other hand it is not a short
run model because it assumes sufficient price flexibility to clear all
markets.
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As a result there will at a given point in time exist a

set of capital stocks of different sizes, each characterized
by the decisions concerning how much to invest, and the tech-
nological design of that investment, at earlier points in
time. In this way the capital stock will have a vintage

structure.

The capital is furthermore assumed to be sector specific.
Once capital goods have been allocated to one of the model
sectors they cannot be reallocated to another. The sectoral
composition of the total capital stock in the economy can
thus only change gradually over time through the flow of new
investments directed to different sectors and through the

rates of depreciation which may differ between the sectors.

Although this model usually is used to simulate a develop-
ment over time for the model economy, it is not an inter-
temporal general equilibrium model. It is a one period model
where the producers decide on current production and consu-~-
mers decide on current consumption only. The only variables
with intertemporal implications are total savings and invest-
ments, but they are essentially exogenous. In the original
version of ELIAS, there is a constant savings ratio and the
investments are equal to domestic savings minus the value of
the net current account surplus. In the version used for the
model integration in Section 3.3, the total investments are
instead exogenous while the total savings will adjust to a

level consistent with the exogenous investments.

The development over time is simulated by a sequence of one
period equilibria. They are linked by allocating the total
investments