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Thesis Summary

This thesis deals with estimation of production frontiers, technical efficiency and
productivity for general multiple-input and multiple-output technologies. The
production frontier is defined as either the maximum output obtainable from an
input bundle (in an output based setting) or as the minimum input required to
produce a given output level (in an input based setting). Technical efficiency is
defined by the distance from the observed input-output vector to the frontier,
using some distance measure. A commonly applied distance measure is the dis
tance function introduced by Shephard (1953, 1970). The distance function is
a scalar valued representation of the multiple-input, multiple-output technology.
The function represents the radial distance from the observed output/input vector
to the production frontier. This distance measure corresponds to the definition of
radial technical efficiency introduced in Farrell (1957). The distance filllction fur
thermore provides the basis in the Malmquist productivity index introduced in the
production context by Caves, Christensen, and Diewert (1982). The Malmquist
productivity index can, following Fare, Grosskopf, and Roos (1995), be decom
posed in two components: a technical change and a technical efficiency change
component. The technical change component represents the movement of the
production frontier over time, whereas the technical efficiency change component
represents the change in the distance from the frontier.

Estimation of the production frontiers and the efficiency and productivity
measures can be performed using basically two approaches: the nonparametric
Data Envelopment Analysis (DEA) and the parametric, econometric, stochastic
frontier production function approach.

DEA, introduced by Charnes, Cooper, and Rhodes (1978), is a non-parametric
linear programming (LP) estimation method based on a piecewise linear envel
opment of the observed input-output data. It can readily handle multiple-inputs
and multiple-outputs, and point estimates of efficiency and productivity can easily
be obtained using orily input and output data without behavioral assumptions of
cost minimization or profit maximization. The econometric approach, introduced
by Aigner, Lovell, and Schmidt (1977) and Meeusen and van den Broeck (1977),
is based on composed error regression models of parametric stochastic production
frontiers.

Both DEA and the stochastic frontier models have undergone theoretical devel
opments and have found extensive usage in various applications. See, e.g., Seiford
(1996) and Greene (1993) for surveys of DEA and stochastic frontier models,
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respectivelYG The two methods have, however, some drawbacks. The primary
weakness with the DEA method is that it does not allow for statistical noise, and
inference on the obtained estimates cannot be performed using standard methods.
The stochastic frontier models incorporate random noise in the composed error
term entering the regression models, but have on the other hand a major drawback
in that the models only apply to single output (input) and multiple-input (output)
production technologies. A recent issue of the Journal of Productivity Analysis,
see Lovell, Olesen, and Petersen (1996), discusses these drawbacks and presents
an agenda for future research within efficiency and productivity analysis. For
DEA, the main future research issue is identified as the development of a stochas
tic DEA that allows for random noise and statistical inference on efficiency and
productivity. For the stochastic frontier models, the primary future research issue
is identified as the development of multiple-input and multiple-output models.

Included papers

This thesis contains six papers, listed below, proposing various extensions of DEA
and stochastic frontier models ~ell in line with the research agenda outlined in
Lovell, Olesen, and Petersen (1996).

Paper 1 "Bootstrapping DEA-based Malmquist Index" and Paper 2 "Scale
Efficiency and Scale Elasticity in DEA-models - A Bootstrapping Approach" deal
with the issue of statistical inference using DEA. These papers make use of the flex
ible computational intensive bootstrap resampling method, introduced by Efron
(1982), to perform the desired inference. A bootstrap algorithm to obtain con
fidence intervals based on DEA estimates of different production characteristics
is developed. The proposed algorithm is applied to data from Swedish eye-care
service provision. In the first paper, the Malmquist productivity index and its
components are estimated and tested. The main question is whether an obtained
firm-specific productivity estimate indicates a significant progressed or regressed
productivityo Similar tests are performed for the two productivity components
to investigate whether a significant productivity change is due to a shift in the
production technology or to changed technical efficiency.

In the second paper, scale properties in the Swedish health care production
of eye care services in 1993 are studied. A new scale elasticity approximation is
proposed and the bootstrap algorithm is used to determine the significance of the
estimates of scale efficiency and scale elasticity.

Paper 3 "Computationally Efficient Double Bootstrap Variance Estimation"
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focuses on the bootstrap method and develops an approach to obtain computa
tionally efficient double bootstrap confidence intervals for an atbitrary parameter.
The parameter could for instance be the productivity or the scale measure studied
in paper 1 and 2. The double bootstrap confidence intervals have better coverage
accuracy than the simple percentile intervals usually employed when constructing
bootstrap confidence intervals. The proposed method is based on a first order ex
pansion of the statistic and estimation of the first order terms in this expansion.
These estimates are obtained from the bootstrap outer loop data and produce the
variance estimator when weighted with the resampling frequencies in the double
bootstrap sample. Small sample simulation studies indicate that the proposed
variance estimator produces bootstrap-t confidence intervals with approximately
the same coverage accuracy as bootstrap-t intervals obtained from an actual dou
ble bootstrap.

Paper 4 "Generalized Stochastic Frontier Production Models" and Paper 5 "A
Multiple Output Stochastic Ray Frontier Production Model" deal with the issue
of developing multiple-input and multiple-output stochastic frontier models. A
generalization of the standard single output stochastic frontier production model
is proposed. The approach is based on the use of a polar coordinate representation
of the output. A stochastic ray frontier production function is defined, where
the norm of the output vector is specified as a function of the inputs and the
output mix, represented by the multidimensional polar coordinate angles. The
technical efficiency measure is represented by the radial distance from the observed
output norm to the frontier norm. The approach allows econometric estimation of
distance functions and technical efficiency for general multiple-input and multiple
output technologies. The approach offers an alternative to the standard dual
frontier cost or profit function estimation usually applied to estimate efficiency in
general multiple-input and multiple-output technologies.

Paper 5 extends the ideas in Paper 4 and offers an empirical illustration of
the stochastic ray frontier model. The model is extended further by incorporating
the technical efficiency effects model by Battese and Coelli (1995). The technical
efficiency is specified as a separate function of variables assumed to determine the
level of efficiency. The model is applied to public Swedish health care data. A
balanced panel data set of 26 county councils providing health care during the
period 1989 - 1994 is studied. The main question is whether an organizational,
"internal market"-reform introduced by some councils during the observed time
periods has had an effect on the production possibilities and the level of technical
efficiency. The technical efficiency effects model allows identification and estima-
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tion of the organizational effect on the production frontier and the efficiencies.
The time varying pattern of technical efficiency and the technical change in the
production frontier can also be identified and estimated.

Paper 6 "Productivity and Customer Satisfaction - A DEA Network Model"
focuses on the problem of defining valid measures of efficiency and productivity.
The main purpose of the paper is to define measures of efficiency and productivity
that account for the customer-perceived quality of services and products offered
by the firms under study. The approach is based on a separation of the production
and consumption activity. A network technology is defined, in which the produc
tion and consumption are represented by two nodes in the network. The model
allows separate allocation of the inputs to pure production and to customer ori
ented activities. An empirical application is included, where the network model is
estimated using data from Swedish pharmacies. The derived network Malmquist
productivity index, accounting for customer satisfaction, is compared with a more
traditional Malmquist index.
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1. Introduction

One methodological approach in efficiency and productivity measurement that has
attracted much attention since the late 1970s is the non-parametric linear pro
gramming (LP) approach, dubbed data envelopment analysis (DEA) by Charnes,
Cooper and Rhodes (1978)$ This approach is based on estimation of technology
frontiers against which firms (or other decision making units) are evaluated. An
appealing property of the DEA-approach is that multiple-input, multiple-output
technologies can be modeled without behavioral assumptions and cost data, con
trary to the standard cost-function based approach. This is important if price or
cost data are unavailable as is often the case in the health care sector or other
public production.

An extension of the single period DEA-models is the estimation of productiv
ity growth by Malmquist indices (Atkinson and Wilson (1995) list a number of
recent studies). A weakness with the standard DEA model is that it does not
incorporate any random noise. The method only gives point estimates of effi
ciency and productivity that do not offer any information of the uncertainty in
the firm specific estimates. One approach to remedy this shortcoming is to apply
bootstrap techniques in order to obtain measures of statistical precision in the
estimates. The bootstrap can be implemented in various ways and earlier stud
ies have considered somewhat different questions. Firm-specific efficiency scores
(or distance functions) are considered in Ferrier and Hirschberg (1994), Gstach
(1995), Wilson and Simar (1995) and Simar and Wilson (1995), while Atkinson
and Wilson (1995) bootstrap sample-averages of efficiency and Malmquist indiceso

The purpose of this paper is to extend the literature by presenting a boot
strap method for calculation of confidence intervals for firm-specific DEA-based
Malmquist productivity indices. Our nl0del of the data generating process un
derlying the bootstrap states that the observed data are generated as random
radial (inefficiency) deviations off the production frontier. Earlier studies have
concentrated on the stochastic nature of the production frontier in the bootstrap
resampling. Pseudo data have been generated randomly to resample the fron
tier estimation. The bootstrap estimates of the firm specific distance functions
have been conditioned on the original data of the inputs and outputso We extend
this idea and specify the DEA-estinlates of the distance functions completely in
terms of the pseudo data. Hence, the bootstrap production frontier, the distance
function and the Malmquist index are conlpletely based on the pseudo data.

The bootstrap method allows identification of firms with significant productiv
ity changes. Using this information, managers can focus their efforts to increase
productivity where improvements are most needed. Furthermore, firms with sig
nificant positive productivity change can be identified and constitute benchmarks
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against which other firms can be compared and evaluated.
The proposed bootstrap method is applied on data from a sample of Swedish

eye-care departments in 1992 and 1993. One conclusion from the original re
sults is that about half the sample of the departments had a positive change in
productivity and the other half had a negative change. The bootstrap results
show that about 40% of the departments had a significant positive productivity
growth, while only 10% of the departments had a significant regress in productiv
ity. Thus, for almost half of the observations the sign of the productivity change
is insignificant.

The remainder of the paper is organized as follows: Section 2 contains a presen
tation of the DEA-model and the Malmquist productivity index. Section 3 follows
with a description of the bootstrap procedure. The construction of confidence in
tervals is outlined in section 4. Section 5 presents the empirical application and
Section 6 concludes the paper with a summary.

2. Production technology and DEA

Consider a sample of K firms using xt E Rf. inputs in the production of yt E R~
outputs in time period t = 1, ... ,T. A multiple-input, multiple-output production
technology can be represented by the output set, defined as

pt (xt) = {yt : yt can be produced by xt at time t} , t = 1, ... ,T. (2.1)

In an output-based approach, the production technology is completely character
ized by the output distance function (Shephard (1970)), defined as

D~(y,x) = min {v E (0,1]: ~ E pt(x)},t= 1, ... ,T. (2.2)

The distance function is less than, or equal to one if and only if the output y be
longs to the output set P (x). In an input-based approach the input distance func-
tion can represent the technology. It is defined as Di (x, y) = max {A~ 1 : ~ E L (y) } 1

where L (y) = {x : x can produce y} is the input requirement set. In both ap
proaches a firm is considered as technically efficient if the distance function equals
one. An output-based approach is used in this paper because it is most reason
able for the empirical application where the hospital departments receive a (fixed)
budget. The output distance function is illustrated in Figure 2.1.

Figure 2.1 displays the output set for a technology with two outputs. The
firm with output y is inefficient since it is possible to scale the output vector
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Figure 2.1: The output set with two outputs.

by a number larger than one, and the transformed output vector is still feasible.
The value of the distance function is given by D~(y,x) = IIYII/lIyf ll < 1, where
yf E IsoqPt (x) = {y : y E pt (x) ,IlY tf.: pt (x) ,Il > I} is the frontier output. The
isoquant, IsoqPt (x), is given by the line segment a - b - c - do

Following Fare et al. (1989) the distance function can be estimated using a
piecewise linear reference technology for firm k as the solution to the LP problem

[D~ (Yk, x~)r1
= m~ {O E R++ : 0Yk ::; ytz,x~ 2: Xtz, Z E R~}, k = 1, ... , K, t = 1, ... , T,

(203)
where Yk is an M-vector of outputs, xt is an N-vector of inputs, yt is a (M x K)
matrix of outputs, X t is a (N x K) matrix of inputs and z is a K-vector of
non-negative intensity variables. Note that the solution of (2.3) always satisfies
D~ (Yk, x%) ~ 1, since firm k is a member of the reference technology.

2.1. The Malmquist productivity index

Caves, Christensen and Diewert (1982) showed how distance functions can be
used to define Malmquist indices of productivity change. Fare et al. (1989)
further extended this work by showing how this index can be estimated by non
parametric LP-models. We follow Fare et ale (1989) and define the output-based
Malmquist productivity index between time period t and t + 1 as a geometric
mean of the indices proposed by Caves, Christensen and Diewert (1982)
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1

[
Dt (yt+l Xt+1) Dt+1 (yt+l Xt+1)] "2

M t ,t+l (t t+l t t+l) - 0 , 0 , t - 1 T 1
o y ,y ,x ,x - D~(yt,xt) D~+1 (yt,xt) ,-, ..., - ·

(2.4)
Fare et al. (1989) showed that the index can be decomposed into two components
as

1

D~+l (yt+l, x t+1 ) [ D~ (yt, x t
) D~ (yt+l, x t+1) ]"2

D t (t t) Dt+l (t t) Dt+l (t+l t+l) , t = 1, ... ,T - 1.
o y,x 0 y,X 0 Y ,x

, v A ~ ~

(2.5)
The term outside the brackets (E~,t+l) is a ratio of two distance functions, which
measures the change in efficiency between period t and t + 1 as a "catching up to
the frontier" effect. The next term (TG;"t+l) measures the change in the produc
tion technology as a shift in the production frontier. Improvement in productivity,
as well as improvement in efficiency and technology, is indicated by values greater
than one, whereas values less than one indicates regress. The Malmquist produc
tivity index can be interpreted as a measure of total factor productivity growth.
This is most easily seen within a single-input single-output technology where the
Malmquist index (given constant returns to scale technology) simplifies to the

yt+l jxt+1
average product ratio M t,t+l = .

o yt jxt

To estimate the Malmquist index (2.4) and the decomposition in (2.5), four
separate LP-problems have to be solved. The first two single period distance func
tions are solved using the formulation in (2.3). The other two distance functions,
the cross-period distance functions, are based on observations from two periods.
In those two cases, observations in period t are evaluated against the reference
technology in period t + 1, and vice versa. The distance function D~ (yt+l, x t+1 ),

where input and output observations from period t + 1 are evaluated relative to
the technology in period t, is estimated by solving the following LP-problem

[D~ (yl+1, x%+l)r1
=m~ {O : Oyl+1 :s; ytz ,xt+1 2: Xtz, Z E R~} ,k = 1, ... , K.

(2.6)
Note that in the case of progressive technical change, yt+l does not necessarily
belong to pt (xt ) . Hence, the cross-period distance function can take on values
both greater or less than one. The other cross-period distance function esti
mate, D~+l (yt, x t

) , is obtained by solving a similar LP-problem as in (2.6), with
switched time superscripts t and t + 1.
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3. The Bootstrap Method

The bootstrap method is a well established computationally intensive statistical
resampling method used to perform inference in complex problems, see Efron and
Tibshirani (1993) for a presentation of the method. Due to the complexity of
the DEA-estimator, no analytical solutions of the bootstrap are generally avail
able. The basic idea of the bootstrap method is to approximate the sampling
distributions of the DEA estimators by Monte Carlo simulation where repeated
resamples of the observed data produce repeated estimates. The empirical distri
butions of the simulated estimates approximates the sampling distributions of the
estimators. The resamples are generated using an estimate of the data generating
process (DGP).

The DGP underlying the bootstrap performed in this paper is output-oriented.
The outputs are given by random radial deviations off the frontier, Le., the iso
quant of the output set. Formally, the input-output observations are given by

( t t) _ ( t Dt j,t) k - 1 Kx k , Yk - Xk' o,kYk , - , ... , , (3.1)

where Yk,t E I soqpt (x%) is the unobservable frontier output for the k:th firm in
time period t. The distance functions are assumed to be drawn from the same
distribution, i.e., D~,k rv Fb

o
' k = 1, ... , K, t = 1, ... ,T, where Fb

o
denotes the

time-specific common distribution.
This DGP-model represents the idea that, conditioned on the inputs and the

output proportions, the stochastic elements in the production process are com
pletely represented by the random output efficiency measures.

The main idea in the simulation is to mimic the DGP. The procedure in each
resample is as follows: Conditioned on observed inputs and output proportions,
the resample data are constructed in two steps. For each time period, the frontier
outputs are estimated and bootstrap pseudo-outputs are generated by replicating
the DGP in (3.1) using the estimated frontier outputs and pseudo-distance func
tions drawn from some estimate of the distribution Fbo. In this paper we use the
non-smoothed and non-parametric bootstrap where the empirical distribution of
the estimated distance functions is used to generate the pseudo-efficiencies.

3.1. The bootstrap Monte Carlo algorithm

The algorithm is given by the following steps:

1. Let the transformed input-output vectors be given by

(
t -f,t) _ ( t (t )-1 t) _

Xk' Yk - Xk' Do,k Yk' k - 1, ... , K,

6
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(3.4)

where the transformed output vectors are efficient in the sense that Yi,t =
(i5~,k) -1 yt E I soqpt (Xk) {:} i5;, (fie, xt) = 1.

2. Resample, with replacement, K distance functions from i5~ (.) 
(i5~,1 (.) , .··, i5~,K (.)). Let the vector 8*t = (8;t, ... ,8~) denote the K
resampled distance functions and let I*t denote a K-vector of resampled
firm-indices.

3. Let the bootstrap pseudo-cases, for each time period, be given by

(x~t, y~t) = (x~, 8~tfie) ,k = 1, ... , K. (3.3)

4. Estimate the bootstrap output distance functions as the solutions to LP
problems similar to (2.3) as

[i5~t (yi/, 4)]-1 =

max {() : ()y;/ :s y*tz,xt ~ xtz, z E R~} ,k = 1, ... , K, t = 1, ... ,T.

The bootstrap cross-period distance functions i5~t (y%t+1 , x~+1) are obtained
from (2.6), where the distance functions for the period t + I-pseudo-cases
(y%t+1 ,x~+1) are estimated relative to the output set constructed from pe
riod t bootstrap cases (Y'kt

, x%) . The other cross-period distance functions
i5~t+l (y;/, x%) are obtained analogously.

5. Repeat steps (2) - (4) B times to create a set of B K-vectors i5~b,t =

(i5;~i.t, ... ,i5:~k), b = 1, ... , B. The number of bootstrap replications is set
to B = 1000. Efron and Tibshirani (1993), p. 275, recommend this size
of B in order to make the variability of the boundaries of the confidence
intervals constructed from the bootstrap "acceptably" low.

The bootstrapped firm-specific Malmquist output-based productivity index,
and the decomposition of the index, is obtained as (2.5)

M;t,t+l (.)

(305)
In order to keep the firm-specific dynamic structure of the productivity over

time, the same firms are used for the two time periods, i.e., I*b,t = I*b,t+l = I*b,

for each bootstrap iteration b = 1, ... , B.
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3.2. Some remarks on the bootstrap procedure

The DGP in (3.1) underlying the bootstrap is similar to earlier work on boot
strapping of DEA-models. Simar and Wilson (1995), Wilson and Simar (1995) as
well as some other work cited in Grosskopf (1996) specify this DGP.

Given the DGP, a fundamental issue is whether to condition the bootstrap
distance functions on the original data or not. Our approach is based on the
resampled data for the bootstrap estimation of both the frontiers and the distance
functions. Most earlier work use the resampled data to estimate the bootstrap
frontiers but condition the bootstrap distance function estimates on the original
observations. The key difference is in step 4 in the algorithm, where a conditioned
bootstrap distance function estimate is obtained by substituting the bootstrap
output data Ykb by the original output Yk.

We motivate our resampling approach by the fact that the sampling distrib
ution of the DEA estimator is a function of realizations of two stochastic events.
First, the observations are generated by a stochastic mechanism as specified in
the DGP. Second, the distance function estimators are functions of the frontier es
timates. A valid resarnpling procedure should take this double stochastic feature
into consideration. In our resampling algorithm the bootstrap frontier estimates
and the bootstrap distance function estimates are based on the resampled data in
the same manner as the original estimates are based on the original data. In this
way both the stochastic DGP and the sampling distribution of the frontier esti
mates will be incorporated in the bootstrap distance function estimates in (3.4).
The empirical distributions of the bootstrap distance functions approximate the
common distribution of the efficiencies, conditional on the inputs and the output
proportions.

The DGP in (3.1) models the production frontier as deterministic in the sense
that the frontier is fixed and not affected by random events. The stochastic
element is the random distance functions generating inefficient observations off
this frontier. Since the distance functions are truncated above at one the DGP
specifies that the observed outputs always lie within the output set. Our approach
guarantees that this condition is fulfilled in the sense that J5~b < 1, \lb. This
property is not necessarily satisfied if the bootstrap distance function estimates
are conditioned on the original observations as in Simar and Wilson (1995) since
in their approach it is possible that J5~b > 1 for some b.

We choose, by arguments of simplicity, to use the simple non-parametric non
smoothed resampling scheme. If the bootstrap efficiency estimates are conditioned
on the original observations, Wilson and Simar (1995) note that the simple boot
strap gives inconsistent estimates of the sampling distribution of the distance func
tion estimates. This inconsistency argument cannot, however, be raised against
the unconditional bootstrap procedure in this paper since our approach is not
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(4.2)

(4.3)

conditioned on the original observations. Sirnar and Wilson propose the use of a
smoothed bootstrap to obtain a consistent procedure. The proposed smoothing
procedure can of course be incorporated into our bootstrap algorithm as well,
although at the cost of increased complexity.

4. Confidence Intervals

A number of alternatives to calculate confidence intervals are available. The
presentation that follows is explicitly concerned with construction of confidence
intervals for the Malmquist index. Intervals for the efficiency change term (E~,t+l)

and the technical change term (TC~,t+l) are calculated analogously.
The percentile method, see e.g., Efron and Tibshirani (1993), is the most

straightforward method to obtain bootstrap confidence intervals. This type of
intervals is used in Ferrier and Hirschberg (1994), where firm-specific efficiencies
are bootstrapped. The percentile method is based on the empirical distribution

. - *b -. 1 B ( - *b )functIon of Mok' b = 1, ... , B, defined as Gk (s) = -B ElMo k ::; s , for any real
, b=l '

value s, where I (.) denotes the indicator function. A (1-2a) equal-tail confidence
interval for the true Malmquist index Mo,k is given by the interval

(
M*(O:) M*(l-O:)) (4.1)

o,k' o,k ,

where M;~Q) is the a:th quantile of fA, Le., M;r) = Gk1 (a). The quantiles of, ,
Gkare given by the [(B + l)a]:th and the [(B + 1) (1 - n)]:th ordered values of
M;~, b = 1, ... , B, respectively, where [r] denotes the integer part of any real value,
r.

Simar and Wilson (1995) present a simple and direct approach to bias correct
the percentile intervals in (491) using a simple additive bias correction. The bias of
the DEA estimator is defined as 6[;;Sk = E (Mo,k) - Mo,k, where the expectation
E (.) is taken under the specified DGP. The bootstrap estimate of this bias is
given by

--- 1
B

- b -bias!: = B L M;,k - Mo,k.
b=l

The bias corrected (1- 2a) equal-tail intervals are simply obtained by shifting
the bounds in the intervals in (4.1) by the factor 2 · biMk as

(
-*(0:) --- -*(0:) --- )
Mo,k - 2 · biask,Mo,k - 2· biask .

Simar and Wilson (1995) motivate the correction of 2 · biMk by the fact
that this correction centers the empirical bootstrap distribution on the bias cor
rected estimate Mo,k = Mo,k - bi-;;:S!:. Shifting the intervals in (4.3) by a factor of
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1 0 bfMk will center the intervals on the biased Mo,ko Simar and Wilson express
their intervals in terms of percentile intervals for the corrected bootstrap estimate
M;~ = M;~ - 2·~k. Since the bias correction term is the same and constant for
each bootstrap replication b, this obviously results in intervals identical to (4.3).

Remark:The original estimates are ignored in the percentile intervals since
this type of intervals are based only on the resampled estimates. The firm-specific
original estimates are however taken into account in the bias-corrected intervals
in the bias estimate (4.2).

It can be noted that it is possible that the original estimates may lie outside
the bounds of the confidence intervals. This is most likely to occur for estimates
located in the tail of skewed empirical distributions of the original estimates.
This is not inherent to our resampling algorithm. It may also occur using the
conditional resampling in Simar and Wilson (1995).

5. An Enlpirical Application

To illustrate the method we apply the bootstrap procedure on data from 29
Swedish (public) eye-care departments in 1992 and 1993. All data are obtained
from a database compiled by SPRl (the Swedish Institute for Health Services
Development) in collaboration with the Swedish Ophthalmology Society. Three
input and four output variables are chosen to represent the eye-care production
technology. While these variables are perhaps not the most ideal representation of
the eye-care production technology, we believe that they are sufficient to illustrate
the methodo Descriptive statistics of the inputs and outputs are shown in Table 1

TABLE 1 IN HERE

The input variables contain two measures on labor input, full time equivalent
(FTE) mont11s for two physician categories, specialized and other physicians. Un
fortunately, FTE input for other labor categories are not included in the surveys.
Good measures on capital use in health care provision are (at least in Sweden) no
toriously difficult to obtain. Although one could argue that capital costs amount
to a small fraction of the total cost in health care provision we choose not to
ignore it. The number of available beds is included as a crude proxy for capital
input. To some extent this input variable also reflects resource use in that beds
have been used as an instrument to determine the size of the budgets that are
allocated within the county councils that provide almost all health care in Sweden.

As output variables we use three common eye-care procedures (cataract, glau
coma and squint surgery) and number of visits. Cataract surgery is the far most
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common procedure in ophthalmology. It has increased at a substantial rate the
last decade, and is now the most common surgical procedure in Swedish health
care. Since data on number of operation procedures are available, we have cho
sen not to include the more commonly used number of bed-days or discharges as
output variables.

5.10 Results

Bootstrap confidence intervals for the Malmquist index together with the decom
position and the original estimates for the 29 departments are displayed in Table
2. The results are obtained using PC versions of Gauss and Lingo.

TABLE 2 IN HERE

One conclusion from the original results is that about half of the departments
had a positive change and the other half had a negative change in productiv
ity. The bias-corrected bootstrap results show that the productivity growth was
significant for ten departments, although only three of the fourteen cases with
an estimated negative productivity change in the original model are significant.
There are thus several cases where the positive and negative changes are not
significant. The percentile method identifies six departments with a significant
positive change in productivity and one department with a significant negative
productivity change. Hence, using the percentile method, there are 22 cases where
the sign of the productivity change estimates is not significant and hence cannot
be determined. The bias-corrected method, on the other hand, gives somewhat
more "detailed" information. In a number of cases the significant results coincide
between the percentile and the bias-corrected methods.

Differences in conclusions between the original and the bootstrap results can
be seen by inspecting the results for department no. 13 and 29, for example. From
the original results we would conclude that department 13 had a positive change in
productivity, whereas department 29 had a decline in productivity. However, the
conclusion from the bootstrap results is that neith,er of these two departments had
a significant change in productivity. This shows that the productivity estimates
from the original model are sensitive to sampling variation and comparisons of
production units, based on the original point estimates should therefore be made
with caution.

Thrning to the efficiency change component, 13 of the 29 departments ex
perienced a regress in efficiency, nine departments improved their efficiency and
seven departments had no change in efficiency. Although no significant efficiency
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changes are found using the percentile method, the bias-corrected intervals, how
ever, show significant negative change in efficiency for six departments and signif
icant improved efficiency for three departments. The simple percentile method,
which is used by, e.g., Ferrier and Hirschberg (1994), thus offers little information
for the decision maker in this case. The conclusion based on the percentile re
sults is that all departments can have had either a positive or a negative change
in efficiency. As an example it can be noted that the percentile method does
not identify department 19 with a significant improvement in efficiency although
the original estimate was 1.23. The bias-corrected method on the other hand,
indicates that the change in efficiency was significant and range from 1.27 to 1.74.

Finally, for the technical change component a positive shift in technology is
obtained for 19 departments in the original results of which the percentile method
recognize nine significant cases. No significant negative changes are found us
ing the percentile method. The bias-corrected intervals show significant positive
changes in technology for nine departments and significant negative changes for
three departments.

6. SUIIlrnary and conclusions

In this paper we apply the non-parametric bootstrap method on a standard DEA
model. The approach is easy to implement and makes it possible to compute
confidence intervals for firm-specific Malmquist productivity indices.

The bootstrap procedure is applied on data from Swedish eye-care depart
mentso We note that the introduction of a stochastic element into the DEA
model, for this specific dataset, leads to some changes in conclusions relative to
the original results. The original results show that about half the sample of the
departments had a positive change in productivity and the other half had a nega
tive change. The bootstrap results show that about 40% of the departments had
a significant positive productivity grovrth, while only 10% of the departments had
a significant regress in productivity. Thus for almost half of the observations the
sign of the productivity change is insignificant.

The productivity change can be decomposed in two components. For the
first component, change in efficiency, almost half of the departments experienced
a regress according to the original results. Several of these cases are also sig
nificant in the bias-corrected bootstrap results, although no significant negative
results were found using the percentile method. The second component, tech
nical change, contributed positively to the change in productivity for two thirds
of the departments in the original results and almost half of those cases are also
significant positive according to the bias-corrected bootstrap confidence intervals.

The main point to note is that the bootstrap method allows identification of
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firms with significant changes in productivity. This information is important from
a management perspective since efforts can be focused on increasing productivity
where improvements are most needed. Furthermore, firms with significant positive
productivity change can be identified as a benchmark group against which other
firms can be compared and evaluated.

Bootstrapping of DEA-models is still under development and some important
properties of the bootstrap remains to be explored. It is not clear, for example,
which resampling approach has the best coverage accuracy of the obtained boot
strap confidence intervals. Should a conditional or unconditional, smoothed or
nonsmoothed, approach be used? This question must also consider the possible
trade-off between accuracy and complexity of the application of the bootstrap.
Furthermore, the importance of the number of replicates in the Monte Carlo al
gorithm remains to be established. The usually applied number of 1000 replicates
are based on general recommendations for bootstrap confidence intervals. It is not
clear if this is a sufficient number of replications for bootstrapping the complex
DEA estimators. However, we leave these issues to future research.
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Tables
TABLE 1: Descriptive statistics, inputs and outputs 1992 and 1993

1992 1993
Mean Min Max Mean Min

Specialist physicians
Other physicians
Number of beds
Cataract
Glaucoma
Squint
Visits

164
71
23

1,495
312
113

41,700

87 22 180 89 31
24 0 78 23 0
11 2 22 9 1
778 271 1,509 783 257
62 17 212 55 11
45 2 172 44 8

22,747 9,098 43,830 23,855 8,940
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Table 2: The Malmquist productivity index and decomposition. Original estimates and 95% bootstrap confidence intervals, percentile and
bias-corrected. Significant results in bold.

Malmquist index Efficiency change Technical change
Dep. Orig Percentile ~ Bias-corrected Orig Percentile ~ Bias-corrected Orig Percentile ~ Bias-corrected Dep.

lower upper i lower upper lower upper lower upper lower upper i lower upper
I 0.84 0.67 1.05 0.65 1.03 0.95 0.73 1.18 0.72 1.17 0.89 0.81 1.01 0.79 0.99 1
2 1.41 1.41 2.14 0.74 1.47 0.80 0.71 1.32 0.32 0.94 1.75 1.42 2.16 1.39 2.13 2
3 1.43 1.18 1.72 · 1.22 1.76 1.00 0.90 1.24 0.87 1.21 1.43 1.671.17 1.25 1.74 3
4 1.30 1.05 1.60 1.08 1.63 1.00 1.00 1.00 1.00 1.00 1.30 1.04 1.59 1.08 1.63 4

1.08 0.79 1.24 · 0.98 1.43 1.10 0.80 1.30 0.99 1.49 0.98 0.87 1.095 0.87 1.09 5
6 1.28 1.07 1.57 1.01 1.51 1.00 1.00 1.67 0.77 1.44 1.28 0.82 1.52 0.98 1.69 6;
7 0.92 0.86 1.37 0.55 1.06 0.88 0.81 1.34 0.53 1.05 1.04 0.95 1.15 0.94 1.13 7
8 0.97 0.83 1.26

i
0.73 1.17 0.95 0.80 1.29 0.68 1.17 1.03 0.91 1.09 0.94 1.12 8

9 0.91 0.84 1.32 0.54 1.02 0.81 0.76 1.23 0.44 0.91 1.11 1.00 1.17 1.05 1.22 9
10 0.98 0.87 1.40 0.61 1.14 0.89 0.74 1.24 0.56 1.05 1.11 1.04 1.26 0.98 1.20 10

1.39 1.10 1.65
a

1.22 1.77 1.07 0.99 1.47 0.92 1.39 1.31 1.0411 1.39 1.23 1.57 11
12 2.09 1.76 2.51 1.73 2.48 1.00 1.00 1.57 0.83 1.41 2.09 1.49 2.37 1.74 2.62 12
13 1.12 0.86 1.31 · 1.00 1.45 1.06 0.79 1.25 0.93 1.38 1.07 1.00 1.14 0.99 1.13 13
14 0.90 0.85 1.32 0.53 1.00 0.84 0.78 1.23 0.49 0.93 1.08 1.01 1.14 1.01 1.14 14
15 0.86 0.85 1.33 0.46 0.94 0.81 0.81 1.30 0.41 0.90 1.06 0.95 1.10 0.98 1.14 15
16 0.91 0.85 1.31 0.56 1.01 0.84 0.79 1.23 0.49 0.93 1.09 1.01 1.13 1.04 1.17 16
17 0.99 0.74 1.13 0.87 1.26 0.99 0.68 1.01 0.81 1.14 1.01 0.85 1.20 0.84 1.20 17
18 1.34 0.98 1.57 1.19 1.77 1.12 0.83 1.35 0.99 1.51 1.20 1.08 1.34 1.08 1.35 18
19 1.22 0.78 1.24 1.25 1.72 1.23 0.75 1.22 1.27 1.74 0.99 0.96 1.10 0.91 1.05 19
20 0.90 0.73 1.07 0.78 1.11 1.00 1.00 1.00 1.00 1.00 0.90 0.74 1.07 0.78 1.11 20
21 1.06 0.79 1.20 0.96 1.38 1.07 0.77 1.19 0.97 1.39 0.99 0.94 1.07 0.92 1.05 21
22 1.19 0.79 1.22 1.21 1.64 1.20 0.78 1.23 1.21 1.66 0.99 0.89 1.08 0.88 1.07 22
23 0.82 0.76 1.21 0.49 0.95 0.88 0.83 1.39 0.52 1.08 0.94 0.73 1.09 0.75 1.11 23
24 1.16 0.92 1.38 1.05 1.51 1.00 0.66 1.00 0.80 1.14 1.16 0.96 1.63 0.89 1.56 24
25 1.03 0.80 1.23 0.88 1.31 1.01 0.79 1.26 0.83 1.31 1.02 0.89 1.14 0.92 1.17 25
26 0.74 0.62 0.95 0.50 0.82 0.88 0.62 1.00 0.61 0.99 0.85 0.80 1.05 0.66 0.91 26
27 0.88 0.69 1.05 0.72 1.08 0.97 0.71 1.10 0.79 1.18 0.91 0.81 1.03 0.77 0.99 27
28 1.24 0.87 1.37 1.20 1.70 1.18 0.82 1.32 1.14 1.64 1.05 0.96 1.14 0.95 1.12 28
29 0.89 0.64 1.01 0.79 1.16 1.00 0.65 1.00 0.83 1.17 0.89 0.75 1.08 0.74 1.07 29
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1. Introduction

Two approaches to characterize scale economies are given in the economics literature.
The first is the neoclassical - production function based - approach (see, e.g., Frisch
(1965)). The second is the axiomatic approach (see, e.g., Shephard (1970)). While the
first approach is mainly concerned with quantitative scale measures (elasticity of scale)
- the second approach has within data envelopment analysis (DEA) until recently
been devoted to obtain qualitative information of scale economies. One example is
the "scale efficiency method," outlined in, e.g., Fare, Grosskopf and Lovell (1994),
which identifies returns to scale qualitatively by comparing efficiency measures under
different returns to scale restrictions. Equivalent methods have been presented by
Banker (1984) and Banker, Charnes and Cooper (1984). In recent work, efforts have
been made to obtain quantitative DEA measures of returns to scale (Banker and Thrall
(1992), Forsund (1996)). The neoclassical notion of scale elasticity, defined in terms of
efficiency measures in Fare, Grosskopf and Lovell (1988), can be used in DEA-models
to measure the magnitude of returns to scale. As Forsund (1996) notes, knowledge of
scale efficiency does not, however, permit an estimation of scale elasticity.

Returns to scale is a frontier concept and it only makes sense to define returns
to scale for frontier inputs-outputs. The choice of orientation - input decreasing or
output increasing - plays an important role for estimating scale elasticity (and scale
efficiency). It is possible that an input-based approach gives different returns to scale
results compared to an output-based approach. This holds both for scale efficiency
and scale elasticity estimation and the more inefficient a firm is, the more diverse
returns to scale results can be obtained. The choice of orientation is ultimately up to
the researcher and depends on the application under studyo

The DEA-method has several nice features. It readily models multiple-input,
multiple-output technologies, even when price data are not available. No behavioral
assumptions need to be imposed, which is an appealing feature when studying ef
ficiency in public owned productions One drawback, though, of the DEA-method is
that statistical hypotheses testing of firm-specific scale properties cannot be performed
directly on the DEA-estimates.

There has been comparatively few studies on statistical testing of returns to scale
in DEA. Banker (1996) smnmarizes his earlier work and discuss hypothesis testing
in DEA-models. His approach concerns global tests for returns to scale properties
for the technology. No tests are presented for firm-specific scale measures. Simar
(1996) points out the bootstrap as a general solution to perform inference in DEA
models for firm-specific measures. The DEA application of the bootstrap method is
still under development. A number of studies listed in Grosskopf (1996) have applied
the bootstrap to Farrell (1957) efficiency measures and L6thgren and Tambour (1995)
bootstrap the Malmquist index. However, bootstrap studies of scale measures in
DEA-models are unknown to the authors.

The purpose of the paper is to present a bootstrap algorithm that allows testing
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firm-specific scale efficiency and scale elasticity. Furthermore, a simple approximation
of firm-specific scale elasticity in DEA-models is presented. The approximation pro
vides lower and upper bounds of the scale elasticity. This approximation is used in
the bootstrap. In the paper we use a new approach to calculate bias corrected and
accelerated BGa bootstrap confidence intervals based on a linear approximation of the
statistic. The proposed methodology is illustrated in an empirical application using
data from Swedish eye-care departments. We use an output oriented approach since
it is most appropriate for the empirical application where data on health care depart
ments are used. These departments receive a (fixed) budget and strive to provide as
much health care services as possible.

The paper unfolds as follows: section 2 contains a theoretical presentation of the
production technology and the DEA-models. Section 3 presents two approaches to
estimate returns to scale in DEA and describe the proposed approximation of elasticity
of scale. Section 4 - 6 contain formal descriptions of the hypotheses tests performed,
the bootstrap algorithm and the construction of the bootstrap confidence intervals
used in the tests. Section 7 continues with the empirical example. Section 8 concludes
the paper with a summary.

2. Production theory and DEA

Let x E Rf- denote a vector of inputs used by one firm in the production of y E R~

outputs. In an output-based setting, where the input quantities are taken as given
and outputs are the choice variables, the production technology can be described by
the output set, defined as

P(x) = {y: xcanproducey}. (2.1)

The technology is assumed to satisfy a set of maintained axioms discussed in, e.g.,
Fare (1988).

A scalar valued representation of the technology, in terms of the output set, can
be given by the efficiency measure (c.f. Farrell (1957))1,

Fo (y,x) = max {A : Ay E P (x)}. (2.2)

The efficiency measure takes on values larger than, or equal to unity, for a feasible
observation, i.e., Fo (y, x) 2:: 1 if and only if yEP (x). A value larger than one
indicates technical inefficiency.

IThis measure is often called the output-based Farrell efficiency measure, but as pointed out in
Forsund (1996) the efficiency measure originally proposed by Farrell (1957) is in fact the output
distance function.

2



2.1. Data envelopment analysis

Consider K firms employing N inputs in the production of M outputs. The efficiency
measures can be estimated by solving K linear programs for each technology satisfying
either constant returns to scale (eRS), non-increasing returns to scale (NIRS) or
variable returns to scale (VRS). The estimated (technical) efficiency for firm k, when
CRS is imposed, is obtained from the solution to the LP problem (Charnes, Cooper
and Rhodes (1978))

Fa (Yk' xkICRS) = m:x {B : BYk ~ YZ,Xk ~ Xz, Z E R~}, (2.3)

where Y is a (M x K) matrix of outputs, X is a (N x K) matrix of inputs and z
is a K-vector of intensity variables. The efficiency estimate, under an assumption of
NIRS, is obtained from the LP problem (see, e.g., Fare, Grosskopf and Lovell (1994))

where lK is a K-vector of one's. Yet another efficiency measure, under variable returns
to scale (VRS), is estimated by (see, e.g., Fare, Grosskopf and Lovell (1994))

(2.5)

It is clear from the LP formulations that the three efficiency measures are nested
as follows

3. Returns to scale in DEA-rnodels

3.1. Scale efficiency

One way to identify the nature of returns to scale is to use the scale efficiency measure
as outlined in, e.g., Fare, Grosskopf and Lovell (1994)& An estimate of the output
based scale efficiency measure is defined as

§ ( x) = ~o(y,xICRS).
01 Y, Fo(y,xIVRS)

Since Fo (y,xICRS) 2: Fo (y,xIVRS), the ratio satisfies Sol ~ I. A value equal to
one indicates scale efficiency. A firm with Sol = 1 is scale efficient in the sense that
the chosen input-output mix is optimal and maximizes the average (multiple-output)
productivity. Furthermore, the input-output mix is equally efficient to the CRS as to
the VRS technology.
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Given Sol > 1, the input-output mix is not scale efficient, and the firm in question
is operating either in a region of increasing returns to scale (inefficient small scale),
or in a region of decreasing returns to scale (inefficient large scale). This can be
determined by comparing the eRS output-based efficiency measure to the equivalent
NIRS-measure. Thus, the ratio

(3.2)

(3.3)

indicates whether the scale-inefficiency is due to a too small scale or a too large scale.
Following, e.g., Fare, Grosskopf and Lovell (1994) increasing returns to scale is inferred
when S02 (y, x IS01 > 1) = 1, and decreasing returns to scale when

S02 (y, X IS01 > 1) > l.
The output-based scale efficiency measure is illustrated in Figure 1 where a single

input is used in the production of a single output. The letters A, B, C, D, E and F
denote six input-output observations. Firm B is scale efficient since Sol = 1, whereas
A, C, D, E and F are not scale efficient. Both Band D are, however, technical efficient
relative to the VRS technology. A is operating at a too small scale (increasing returns
to scale, Le., 802 = 1) and C, D, E and F are operating at too large scales (decreasing
returns to scale, i.e., 802 > 1). Note that the results are altered in an input-based
scale efficiency analysis for observation C and F. For those observations the input scale
efficiency would lead to a conclusion of increasing returns to scale.

FIGURE 1 IN ABOUT HERE

3.2. Scale elasticity

The scale efficiency measure provides a qualitative measure of returns to scale and
classify observations as belonging to increasing, decreasing or constant returns to
scale regions of the technology. In some instances the quantitative magnitude of scale
economies is also of interest. The elasticity of scale provide such a measure It is well
known that for a single output technology the scale elasticity is defined as

( )
_ GIn f (Ax) I _ ;... of (x) X n

c X - 0 In A ),=1 - ~ oXn f (x) ,

where f (x) denotes a production function. In the multiple-output situation an output
oriented scale elasticity can be defined in terms of the output-based efficiency measure
as (Fare, Grosskopf and Lovell (1988), Forsund (1996))

(3.4)
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where yf = Fo (y, x) · y is a frontier output belonging to the isoquant of the output
set, defined as IsoqP(x) = {y: Y E P(x) ,Ay f/. P(x) ,A> I}.

One approach to estimate scale elasticity in DEA-models, based on the dual to
(2.5), is given in Banker and Thrall (1992)0 As an alternative to their approach we
estimate the scale elasticity using a direct primal based approximation.

3.3. Approximating scale elasticity using DEA

We propose the following approximation of the elasticity of scale within a DEA frame
work. For fixed outputs, consider equal proportional changes in each input dimension,
i.e., dx = 8x for a positive scalar. The total differential of the output efficiency
measure can be expressed as

Hence, the inner product \7xFo (y, x)·x can be expressed in terms of the differential
as \7xFo (y, x) · x = dFo~Y'X). Using this, and condition on proportional changes in
inputs, the scale elasticity is given by

Co (yf,x) =\7xFo(yf,x) ,x=dFo(yf,x)/o. (3.6)

A straightforward approximation of the scale elasticity is obtained by approximat
ing the differential dFo (yf, x) by the DEA-based difference of the efficiency measure.
This leads to the following scale elasticity approximations:

f"; (fI, x, 0) = ~+Po (fl, x, 0) /0
and

~ (fl,x,o) = ~-Po (fl,x,o) /0, (3.8)

where yi = Po (y,x) -y E IsoqP(x) and IsoqP(x) is the DEA-estimate of the

output isoquant. ~+Po(fjf,x,o) = Po (yf,(1+0)xIVRS) - Po (yf,xIVRS) and

~-Po (yf, x, 0) = Po (yf, x IVRS) - Po (yf, (1 - 0) x IVRS) denote the "right" and
"left" DEA-difference approximations based on proportional increases and decreases
in inputs, respectively.

The proposed approximations give lower and upper bounds on the scale elasticity,
as stated in the following proposition.

Proposition 3.1. The scale elasticity approximations satisfy

(3.9)
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Proof. Lothgren and Tambour (1996) establish a negative monotonicity of the scale
elasticity approximation.2 I.e.,

__ (-I ") _ !:l+Fo (yt, x, 8") < !:l+Fo (fJf, X, 8') _ ~ (-I ,)
Co y, x, 8 - 8" - 8' - Co y, x, 8

Use 8" = -8' = 8, 0 ~ 8 ~ 1, in (3.10) and note that e;; (fjf, x, -8) =
-!:l+Fo (il, x, -8) /8 = !:l- Fo (fJf, x, 8) /8 = E;; (ijf, x, 8). Using this we have

-- (-I ~) < - (-I _~) _ :::+ (-1 ~)Co y, x, u _ Co y, x, u - Co y, x, u , (3.11)

and the proposition is proved.•

The proposed approximations equal the theoretical scale elasticity measure for a
CRS-technology. This follows since under CRS the DEA differences satisfies ~- Fo (0) =

!:l+Fo (-) = 8Fo (y,x), which in turn implies that f;; (yf, x, 8) = E;; (yf,x,8) = 1.

4. Hypothesis testing

Given the DEA-estimates of the scale efficiency and elasticity, it is reasonable to ask
whether the estimates are statistically significant or not. For example, if the scale
efficiency estimate Sol > lone may ask whether this really indicates scale inefficiency
or not in a statistical sense. Similarly, if the estimate of the scale elasticity differs
from unity, one may ask if this is a significant deviation from CRS, or not.

We propose firm-specific test procedures based on bootstrap confidence intervals
for tests of local returns to scale properties. For ease of notation, we ignore the firm
k index in the presentation.

4.18 Scale efficiency testing

The scale efficiency test is performed using a nested test procedure given by:

HOI: 802 = 1 - Scale efficient or Increasing returns to scale

HIl : 802 > 1 - Decreasing returns to scale

and

H o2 : Sol = 11802 = 1 - Scale efficient

H 12 : 801 > 1 1802 = 1 - Increasing returns to scale

2The monotonicity proof in Lothgren and Tambour (1996) is given for the input based scale
elasticity. The monotonicity of the output based scale elasticity follows analogously.
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The ordering of the tests follows from the fact that Sol 2:: 802 > I.This procedure
allows controlling for the overall significance level for rejecting scale efficiency. Let
0: denote the common significance level in the first and second test. The overall
significance level of rejecting scale efficiency, given that scale efficiency is prevalent, is
given by ao = a + (1 - a) a.

Let S~i (a), i = 1,2, denote the lower bound of a one-sided (1 - a) bootstrap
confidence interval for Soi. The test procedure is as follows: if S~2 (a) > 1, then HOI is
rejected and we conclude that the firm operates under decreasing returns to scale. If,
on the other hand, S~2 (a) = 1, HOI cannot be rejected and we continue to the second
test. If S~l (a) > 1, then H02 is rejected and it is concluded that the firm operates
under increasing returns to scale. Finally, if S~l (a) = 1, H02 cannot be rejected and
it is concluded that the firm is scale efficient.

4.2. Scale elasticity testing

Let €;- (0:) denote the lower bound on a (1 - a) one-sided bootstrap confidence in
terval for the scale elasticity lower bound approximation. Let €;+ (1 - a) denote the
upper bound on (1 - a) one-sided confidence interval for the scale elasticity upper
bound approximation.

The test procedures are as follows:

1. The hypothesis Ho : eo ~ 1 is rejected if €;- (a) > 1. I.eo, the hypothesis of
DRS or eRS is rejected if the lower limit of the confidence interval for the lower
bOlllld of the elasticity approximation is greater than one.

20 The hypothesis Ho : Co 2:: 1 is rejected if €;+ (1 - a) < 1. I.e., the hypothesis of
IRS or CRS is rejected if the upper limit of the confidence interval for the upper
bound of the elasticity approximation is less than one.

If €;- (0:) < 1 < €;+ (1 - a), neither Ho : Col::; 1 nor Ho : Col > 1 can be rejected.
In other words, depending on the null hypothesis, eRS (or DRS/IRS) cannot be
rejected in this case 0 The main point is that confidence intervals for both the lower
and the upper bound of the approximation are needed to completely discriminate
between the different forms of returns to scale.

5. The Bootstrap Method

The bootstrap method is a well established computationally intensive statistical re
sampling method used to perform inference in complex problems, see, e.g., Efron and
Tibshirani (1993) for a presentation of the method. Due to the complexity of the
DEA-estimator, no analytical solutions of the bootstrap are generally available. The
basic idea of the bootstrap method is to approximate the sampling distributions of
the DEA scale estimators by Monte Carlo simulation where repeated resamples of the
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observed data produce repeated scale estimates. The empirical distributions of the
simulated scale estimates approximates the sampling distributions of the estimators.
The resamples are generated using an estimate of the data generating process (DGP).

The DGP underlying the bootstrap is output-oriented. The outputs are given by
random radial deviations off the frontier, i.e., the isoquant of the output set. Formally,
the input-output observations are given by

(Xk,Yk) = (xk,yk/Fo,k) ,k = 1, ... ,K, (5.1)

where Fo,k is a stochastic efficiency measure, defined in (2.2), and y£ E I soqP (Xk)
is the unobservable frontier output for the k:th firm. The efficiencies are assumed to
be drawn from the same distribution, i.e., Fo,k "'-J GFo V k, where GFo denotes the
common (unknown) distribution.

This DGP-model represents the idea that, conditioned on the inputs and the out
put proportions, the stochastic elements in the production process are completely
represented by the random output efficiency measures.

The main idea in the simulation is to mimic the DGP. In short, the procedure
in each resample is as follows: Conditioned on observed inputs and output propor
tions, the resample data are constructed in two steps. First, the frontier outputs
are estimated. Second, bootstrap pseudo-outputs are generated by replicating the
DGP in (5.1) using the estimated frontier outputs and pseudo-efficiencies drawn from
some estimate of the distribution Gpo. In this paper we use the simplest (naive)
non-smoothed and non-parametric bootstrap where the empirical distribution of the
estimated efficiencies is used to generate the pseudo-efficiencies.

The bootstrap Monte Carlo algorithm is given by the following .steps:

1. Let the transformed input-output vectors be given by (Xk' fit) = (Xk' Fo,k · Yk),
k = 1, ... , K, where the transformed output vectors are efficient in the sense that
-I - - - (-I )YkFo,k" Yk E IsoqP(x) {::} Fo Yk,Xk = 1.

2. Resample, with replacement, K efficiency measures from Fo (·leRS) =

(Fo,d'ICRB) , ... , Fo,K (·ICRB)). Let the vector 8* = (8;, ... ,8K) denote the
k resampled efficiency measures.

3. Let the bootstrap pseudo-cases be given by (Xk' Yk) = (Xk, (8k)-1 fit), k =
1, ... ,K"

4. The bootstrap output efficiencies, under eRS, are obtained from LP-problems
similar to (2.3) as

ft';b (YZb, Xk ICRB) = m~ {B : BYZb :::; y*bz , Xk ~ Xz, z E R~} ,k = 1, ... ,K.
(5.2)

The bootstrap efficiency measures for the NIRS and VRS-technologies are ob
tained similarly as in (2.4) and (2.5), respectively.
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50 Repeat step (2) - (4) B times3 to create B bootstrap K-vectors

-*b (-*b -*b )Fo = Fo,l' .. · ,Fo,K , b = 1, ... ,B.

Using the bootstrap CRS-, NIRS- and VRS-efficiency measures the bootstrap scale
efficiency measures S;f and §;~ are given by

and

~*b i';b (y*b,x IGRS)
S02 = i';b(y*b,X INIRS),b = I, ... ,B.

The bootstrapped bounds of the scale elasticity are given by

-- (~fb ) - A+F-*b (~fb ) /~ b - 1 BCo Y ,x - u 0 Y ,x u, - , ... , ,

and

(5.3)

(5.4)

(5.5)

(5.6)~ (~fb ) - A -F-*b (~fb ) /~ b - 1 BCo Y ,x - f...l. ° Y ,x u, - ' .. 0' ,

where fj*fb= i';b (y*b, x) · y*b E I soqP*b (x) is the bootstrap frontier output.
If data from more than one period are available the dynamic structure of the scale

properties is kept in the bootstrap if the same randomly drawn firms are used in each
time period to resample the scale measures. This would allow for tests of firm-specific
intertemporal changes in scale properties.

Note that the eRS-technology is used as reference technology in the Monte Carlo
simulation algorithm. The pseudo-output data are generated as deviations off the
isoquant of the eRS-output set, using the eRS-efficiency measures to create the in
efficiencies. Another approach would be to use the VRS-output set as reference set.
One argument against this is that it would lead to a too small variability in the
bootstrapped efficiency estimates.

5.1. Some remarks on the bootstrap procedure

The DGP in (5.1) underlying the bootstrap is similar to earlier work on bootstrapping
of DEA-models. L6thgren and Tambour (1995), Simar and Wilson (1995), Wilson and
Simar (1995) as well as some other work cited in Grosskopf (1996) specify this DGPo

Given the DGP, a fundamental issue is whether to condition the bootstrap effi
ciency estimates on the original data or not? Our approach is based on the resampled

3The number of replications is set to B = 1000. Efron and Tibshirani (1993), p. 275, recommend
at least this number of simulation replicates in order to make the variability of the boundaries of the
bootstrap confidence intervals "acceptably" low.
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data both for the bootstrap estimation of the frontiers and the efficiencies. Most ear
lier work use the resampled data to estimate the bootstrap frontiers but condition the
bootstrap efficiency estimates on the original observations. The key difference is in
step 4 in the algorithm, where a conditioned bootstrap efficiency estimate is obtained
by substituting the bootstrap output data Ykb by the original output Yk.

The sampling distribution of the DEA estimator is a function of realizations of two
stochastic events. First, the observations are generated by a stochastic mechanism as
specified in the DGP. Second, the efficiency estimators are fllllctions of the frontier es
timates. A valid resampling procedure should take this double stochastic feature into
consideration. In our resampling algorithm the bootstrap frontier estimates and the
bootstrap efficiency estimates are based on the resampled data in the same manner as
the original estinlates are based on the original data. In this way both the stochastic
DGP and the sampling distribution of the frontier estimates will be incorporated in
the bootstrap efficiency estimates in (5.2). The empirical distributions of the boot
strap efficiencies approximate the common distribution of the efficiencies, conditional
on the inputs and the output proportions. This procedure ignore the original efficiency
estimates when estimating sampling distributions of the firm-specific efficiency esti
mator. The firm-specific estimates are however taken into account in the bootstrap
EGa confidence intervals.

The DGP in (5.1) models the production frontier as deterministic in the sense
that the frontier is fixed and not affected by random events. The stochastic element
is the random inefficiencies off this frontier. The DGP specifies that the observed
outputs always lie within the output set, i.e., the efficiency measures are truncated
below at one. Our approach guarantees that this condition is fulfilled in the sense
that F';b 2: 1, Vb. This property is not necessarily satisfied if the bootstrap efficiency
estimates are conditioned on the original observations as in Simar and Wilson since
in this case it is possible that F';b < 1 for some be

We choose, by arguments of simplicity, to use the simple non-parametric non
smoothed resampling scheme. If the bootstrap efficiency estimates are conditioned
on the original observations, Wilson and Simar (1995) note that the simple bootstrap
gives inconsistent estimates of the sampling distribution of the efficiency estimates.
This inconsistency argument cannot, however, be raised against the unconditional
bootstrap procedure in this paper since our approach is not conditioned on the orig
inal observations. Simar and Wilson propose the use of a smoothed bootstrap to
obtain a consistent procedure. The proposed smoothing procedure can of course be
incorporated into our bootstrap algorithm as well, although at the cost of increased
complexity.
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6. Confidence Intervals4

The percentile method, see e.g., Efron and Tibshirani (1993), is the most straightfor
ward method to obtain bootstrap confidence intervals. The percentile method is based
on the empirical cumulative distribution function (CDF) of s~~, b = 1, ... , B, defined,

-. B (_ )
as Gk (s) = -k b"f1 I S~~:::; s , for any real value s, where I (.) denotes the indicator

function. A (1 - 2a) equal-tail confidence interval for So,k is given by the interval

(S;,k (a) ,S;,k (1 - a)) ,k = 1, ... ,K, (6.1)

where S; k (a) is the a:th quantile of Ok, i.e., S; k(a) = 0k1 (a). The quantiles of, ,
Ok are given by the [(B + l)a]:th and the [(B + 1) (1 - a)]:th ordered values of §;~,
b = 1, ... , B, respectively, where [r]denotes the integer part of any real value r. '

An extension of the simple percentile method is the bias-corrected and accelerated
(BGa ) method (Efron and Tibshirani (1993)). This method is a modified percentile
method with (1 - 2a) confidence intervals given by

(S;,k (a1,k) ,S;,k (a2,k)) ,k = 1, ... , K,

where the two quantiles Gl,k and a2,k are given by

and

(6.2)

(6.3)

(6.4)_ ;J;. (- ZO,k + Z (1 - a) )
a2 k - '±' Zo k + -. -. .

, '1 - ak (ZO,k + Z (1 - a))

<I> (.) denotes the standard normal CDF and z(·) denotes the a:th quantile of the
standard normal distribution. The bias-adjustment term Zo,k is given by

ZO,k = <£>-1 (Ok (So,k)) = <1>-1 (~ tI (S;,~:::; SO,k)) .
b=l

Following Efron (1990), the acceleration adjustment term is estimated as

K 3
L: Uk k'

-. k'=l'
ak = 3/2'

6 (~ U~k/)
k'=l '

(6.5)

(6.6)

4This section is explicitly concerned with confidence intervals for the scale efficiency. Intervals for
the scale elasticity are obtained analogously.
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where Uk,k' , k, k' = 1, ... , K, denote estimates of the empirical influence functions. If
both ak = 0 and Zo = 0, the resulting interval is the standard percentile interval in
(6.1).

The BGa-method is based on implicit transformation functions that are bias
correcting and variance stabilizing. The method gives confidence intervals with cov
erage accuracy of 0 (K-1), i.e., Pr {S;,k (al,k) ::; So,k ::; S;,k (al,k)} = 1 - 2a + c/K,

for any constant c, k = 1, ... , K. This is in contrast to the accuracy of 0 (K-l/2) for
the percentile method (Efron and Tibshirani (1993), p. 187). This property motivates
the use of the BGa-intervals.

Estimates of the empirical influence functions Uk,k' are obtained using a first order
approximation of the statistic. Conditional on the original sample, the bootstrapped
scale efficiency is expanded as

~b ~ 1 ~ b
S;,k ~ So,k + K L.-i I:, Uk,k', k = 1, ..., K, b = 1, ... , B,

k'=l

(6.7)

where fk,b denotes the resample frequency of case k' in the b:th bootstrap replication
K

and Uk k' is the empirical influence functions satisfying the restriction 2: Uk,k' = 0,
, k'=l

k = 1, ... , K. This restriction follows from the fact that if the original sample is
obtained in a resample the bootstrap scale efficiency equals the original estimate. The
empirical influence functions Uk,k' can be estimated by a standard restricted OL8
estimator given by

Uk = u~LS - (F*'F*)-11K (1~ (F*'F*)-11K) -11~u~LS, k = 1, ... ,K, (6.8)

where u?LS = K (F*F,*)-l F*' (S;,k - So,k1B) , k = 1, ... , K, is the unrestricted OLS
estimate of the influence functions. Uk = (Uk 1, ... ,Uk K) is the K-vector of estimated
empirical influence functions. S; k is a B-vector of b~otstrappedscale efficiency mea-

sures, and F* = (f*\ ... , f*b, .:. , f*B)' is a (B x K)-matrix of resampling frequen
cies.

7. Empirical application

701. Data

The data consist of primal production data from 29 Swedish public eye-care (ophthal
mology) departments operating in 1993. The 29 departments represent 85 percent of
the total number of (public) eye-care departments in Sweden. All departments are lo
cated at hospitals owned and organized by the County Councils which provide almost
all inpatient care in Sweden. Five of the departments are located at large (teaching)
hospitals, 19 at middle size hospitals and 5 at small hospitals. The data are taken from
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a database compiled by SPRI (the Swedish Institute for Health Services Development)
in collaboration with the Swedish Ophthalmology Society.

The input variables contain two measures on labor inputs, defined in terms of full
time equivalent months for two physician categories (specialized and other physicians).
Good measures on capital use in health care provision (at least in Sweden) are no
toriously difficult to obtain. Although one could argue that capital costs amounts to
a small fraction of the total cost in health care provision (approximately 5 percent,
Federation of County Councils (1993)) we choose not to ignore it. The number of
available beds is therefore included as a crude proxy for capital input.

Three common ophthalmology procedures (cataract surgery, operations of glau
coma and squint) and number of visits are used as output proxies. The far most
common procedure in ophthalmology is which ranged between some 260 and 1500
procedmes for the departments in our data. Descriptive statistics of the data are
given in Table 1.

TABLE 1 IN ABOUT HERE

7.20 Empirical results5

The results are divided into two categories. The first is the original DEA-estimates.
The next is the bootstrap results, which are used to test scale efficiency and scale
elasticity. All results are given in Table 2.

7.2.1. Original DEA-results

The scale efficiency results are shown in column 2. Columns 4 and 5 contains "lower"
and "upper" bounds for the elasticity of scale, using 8 = 0001 in the approximations
described in section 3.3.

TABLE 2 IN ABOUT HERE

Ten departments were scale efficient. Eight departments were operating in an IRS
region and the remaining 11 departments in a DRS region, according to the original
results. We note that none of the departments located at large or small hospitals were
scale efficient. Furthermore, the original DEA-results show that the five departments
located at large hospitals operated in a region of decreasing returns, whereas all the
departments at small hospitals operated in a region of increasing returns to scale.

The scale elasticity approximation results give 11 cases with lower bound less
than one (but greater than zero) and eight approximations (upper bound) greater
than one. We note that the scale elasticity results confirm the conclusions from the

5All results are obtained using PC versions of LINGO and GAUSS.
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scale efficiency method. That is, all departments that have an elasticity lower bound
less than one are categorized as operating in a DRS region using the scale efficiency
method. Likewise, all departments with an elasticity upper bound estimate greater
than one are estimated as operating in an IRS region. In seven cases the approximation
is zero. This result corresponds to cases where the efficiency measure does not change
as the inputs are increased. We conclude that those departments are either located
at a kink to the left of a flat segment (i.e., Fo (·IVRS) = 1, e.g., observation D in
Figure 1) or under a flat segment of the VRS technology surface (i.e., Fo (·IVRS) > 1,
e.g., observation E in Figure 1). The scale elasticity approximation columns contain
a number of missing values. The missing values occur because no (optimal) solution
could be found for those cases.

7.2.2. Bootstrap results

First, hypotheses regarding scale efficiency are tested by one-sided confidence inter
vals using the nested hypotheses test procedure described in section 4.6 The results
obtained by the percentile method are not presented since all departments are scale
efficient according to this method. Second, we compute one-sided 95% confidence in
tervals for the lower bound of the scale elasticity approximations. The upper bound
(f;) is not bootstrapped due to the possibility of infeasible solutions in computing the
approximation when inputs are decreased. Hence, the presented bootstrap confidence
intervals for the approximated scale elasticities are intervals for the lower bound of
the scale elasticity.

The first hypothesis HOI: 802 = 1, is rejected, and hence DRS is concluded, in
11 cases for the BGa-method. In the next step, the scale efficiency hypothesis cannot
be rejected in seven cases for the BGa method, which implies that scale efficiency
is concluded. For five departments the hypothesis H02 : Sol = 1\802 = 1 can be
rejected using the BGa-method. Hence five cases with increasing returns to scale is
concluded. Note that no hypotheses can be rejected for either department using the
percentile method and consequently scale efficiency is concluded for all departments.
The hypothesis of either scale efficiency or IRS is rejected in favor of DRS for some
departments in the BGa-method (nos. 3,6,17,23 and 27). In those cases the original
results indicate either scale efficiency (3 and 6) or increasing returns to scale (17, 23,
27). Note that DRS is concluded for departments nos. 17, 23 and 27 although the
original results indicate IRS. Next, in three cases the second hypothesis can not be
rejected (dep. nos. 5, 8 and 9 are labeled as scale efficient), whereas the original
results categorize them as scale inefficient.

Thrning to the bootstrap results for the scale elasticity, note that since we bootstrap
the lower bound of the scale elasticity approximation, these results can only be used to
test a hypothesis of eRS/DRS against the IRS alternative. If the bootstrap confidence
interval lower bound is greater than one, the hypothesis of a scale elasticity equal to,

6In these tests a = 0.025.
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or less than, one can be rejected. If, on the other hand, the bootstrap lower bound
is below one the eRS/DRS-hypothesis cannot be rejected. It cannot, however, be
concluded that the firm is operating under DRS since the upper bound may not be
below one. The BGa-method gives a lower bound significantly greater than one for
five departments (nos. 2, 17, 23, 26 and 28), whereas this does not occur in any case
using the percentile method. We note that three of the five departments at small
hospitals have significant increasing returns to scale. The BGa columns contain three
cases with missing values. This occurs either when F;b ::; Fo \if b or F;b 2:: Fo \if b, which
implies that the bias-correction term is not defined.

The proposed scale elasticity approximation is to be considered as somewhat ten
tative. It is, however, straightforward to compute the approximation, at least in the
case of increases in inputs. In the case of decreases in inputs, the method is sensi
tive since infeasible solutions can occur in some cases. This result is perhaps not so
surprising, given the formulation of the linear program used in the approximation.

8. Su:rnrnary and conclusions

The purpose of the paper is to develop an easily implemented bootstrap procedure
that allows testing different hypotheses of returns to scale properties for individual
firms. Based on a model of the data generating process underlying the observations
on inputs and outputs the bootstrap offers a possibility to statistically test the results
from the original DEA-modele Scale efficiency is tested using a nested hypothesis
approach whereas the scale elasticity testing is more straightforward. The test may,
as in our application, lead to the rejection of a hypothesis of scale efficiency for a firm,
even if the original results indicate that the firm operates at a scale efficient size.

An empirical application of the scale estimations and the bootstrap is provided
based on primal production data from a sample of Swedish eye-care departments.
About 40 percent of the departments were categorized as scale efficient according to the
original results. The bootstrap results differ in some cases in that some departments
are categorized as operating under decreasing returns to scale (DRS) in the scale
efficiency test and increasing returns to scale (IRS) in the scale elasticity testo Using
the nested scale efficiency test procedure, DRS and subsequently IRS was rejected
in favor of scale efficiency for about 24 percent of the departments using the BCa

method. Thus, for about a third of the departments, the original scale efficiency
results are altered using the bootstrap test. Using the percentile method, however,
the hypothesis of scale efficiency can not be rejected for any of the departments. We
find that the original scale elasticity results lead to the same conclusions as the scale
efficiency results. Using the bootstrap the categorization is similar, although some
cases with scale elasticity larger than one in the original results are not significant.
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Figure 1: Single input- single output technology
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Tables

Table 1: Descriptive statistics, inputs and outputs.

Specialist Other Number of Cataract Glaucoma Squint Visits
physician physicians beds

Max 180 78 22 1,509 212 172 43,830

Min 31 0 1 257 11 8 8,940

Mean 89 23 9 783 55 44 23,855
(arithmetic)

Median 84 22 7 819 43 44 22,913

Stdev 37 18 6 324 43 31 9,065
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Table 2: Scale efficiency, original results (2), test results BCa- (3) method. Scale
elasticity approximation, lower (4) and upper (5) bound, original results. Test
results, Percentile (6,7) and BCa- (8, 9) method. 1993-data.

Scale efficiencya Scale elasticity

0.598
0.721
0.855
1.535
7.31

0.514
0.144

0.718
1.239
0.892
0.604
1.605
0.081

0.138
0.563
1.004
10898
1.054
1.059
1.593
2.276
2.642
1.23

o
o

0.379
0.96

0.634
0.514
0.092

o
0.533

o
0.023
1.248
0.081

o
o

0.324
10729
0.443
0.107
1.042
0.672
10063
0.334

.......... ···T;~;D··· ·origi~·~iT····BC"~····· ············origi·~~l··········· ··········p~~~~;tii~·········· ················BC:················
••••••••••••••••••••• 0 •••••••••••••••• ..; ••••••••••••• 0 •••••••••••••••••••••• 0 _ ••••••••••••••••••••••••••••••••••••••••••••••••••••••••••

~ e- ~ £+ lower upper lower 1 upper
: 0 : 0 :

Dep ······ci)······ ······(2)··..··1'·····(3)..···· ······c4·j······r·····(5)······ ······(6)······_······(7)······ ······(8)······r·····(9)······
1 L D D 0.743 0.743 0 1.017 0.22 1.1
2 M I I 2.037 0.39 2.884 1.785 3.164
3 M S D 0.245 2.087 0.132 2.147 0.062 1.031
4 M S 000
5 L D S 0 0.769 0 0.522
6 M S D 0 1.315 0 0.831
7 M D D 0.759 0.759 0.619 1.056
8 MIS 1.103 1.103 0.631 1.316
9 SIS 1.214 1.214 0.618 7.051
10 M D D 0.559 0.559 0.645 1.133
11 M S S 0.251 1.514 0.398 1.069
12 M S S 0.051 0.168 0.601
13 L D D 0 0.811 0 0.55
14 M S S 0.965 1.04 0.339 1.097
15 L D 0.041 0.042 0 0.766
16 M D 0.36 0.513 0.197 0.961
17 MID 1.052 1.419 0.077 0.91
18 M S S 0.14 1.083 0.238 1.038
19 M D I 0 0.857 0.2 1.01
20 M S 0 1.325 0 0.098
21 L D 0 0.112 0 0.437
22 M D D 0.681 0.704 0 0.905
23 SID 1.665 1.666 0.422 1.535
24 M S I 0.568 2.087 0.182 0.816
25 M D D 0.615 0.637 0.115 1.062
26 S I I 1.283 0.548 1.431
27 SID 1.074 1.637 0.608 2.066
28 S I 1.623 0.839 2.234
29 M S I 0.683 1.424 0 1.069

a S =Scale efficient, I =Increasing returns to scale, D = Decreasing returns to scale.
b Refers to the type of hospital each department is located at. L = large, M =nledium size, S = small
hospital.
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1. Introduction

The bootstrap is frequently used to construct confidence intervals or conduct hy
pothesis tests in situations where the small sample distribution of the estimator is
unknown or the distributional assumptions underlying the analysis are question
able. The accuracy of these procedures can often be improved by considering a
studentized version of the statistic. It is, for example, well known that the cover
age accuracy of one-sided bootstrap-t intervals is O(n-1 ) compared to O(n-1/ 2 )

for simple (non-pivotal) percentile intervals.
Studentizing, however, requires an estimate of the variance of the estimator in

each bootstrap resample. When no (good) estimator of the variance is available,
a bootstrap estimate of the variance can be obtained by doing a bootstrap on
the bootstrap resample - a double bootstrap. With B1 resamples in the outer
bootstrap loop and B2 resamples in the inner loop this requires calculations of
order B 1B 2 and can be extremely time consuming.

We propose an alternative double bootstrap-type variance estimator for use
with the nonparametric bootstrap. The new estimator only requires calculations
of order B 1 , thus reducing the computational requirements considerably.

The variance estimates are easily obtained using standard regression meth
ods or Jackknife estimators applied to the outer bootstrap resample replicates of
the estimator. Simulation evidence are presented that indicate that bootstrap-t
confidence intervals calculated using the proposed variance estimator have cover
age accuracy that replicates results obtained from the standard double bootstrap
variance estimator.

The paper unfolds as follows: In section 2 the bootstrap method is presented
along with bootstrap confidence intervals. Section 3 presents the linear approx
imation of the estimator that underlies the new variance estimator presented in
Section 4. Section 5 presents some theoretical properties of the estimator. Simu
lation results using several simulation designs and sample sizes are given in section
6. Section 7 gives a summary and some concluding remarks.

2. The Bootstrap Method

Consider an iid sample Xn = {Xl, ... , X n} of n observations on a univariate (or
multivariate) random variable X with distribution F. Write the estimator of (J, the
parameter of interest, as a function of the random sample as en = B(Xn). In the
nonparametric bootstrap a bootstrap resample X~ = {X;, ... , X~} is a sample of
size n drawn randorr.L1y, with replacement, from the sample Xn. The observations
in the resample are iid X; f"'V Fn , where Fn denotes the empirical distribution func
tion of the original sample. Fn is given by Fn (t) = L~l I (Xi::; t) In, where 1(·)
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denotes the standard indicator function. Denote repeated bootstrap resamples
by X~b, b == 1, ... , B1 • Applying the estimator on a resample gives the bootstrap

--*b -- ( )parameter estimate On = () X~b as a function of the bootstrap resample.

2. I. Bootstrap Confidence Intervals

Under suitable regularity conditions, the empirical (bootstrap) distribution of

{O:b, b = 1, ... , B1 } converges to F (On), the distribution of the estimator. This

give rise to the simple bootstrap percentile confidence intervals for the parameter.
An approximate (1 - 2a) equal-tail double sided bootstrap percentile confi-

(
-Co) -(I-a)) -(0)

dence interval for the parameter is given by ()n , ()n , where en is the a-

quantile of the B1 resampled bootstrap estimates {O:b, b = 1, ... , B 1 } obtained

as the solution to b~l I (O:b ~ 0:)) I (B1 + 1) = CY.

Bootstrap-t confidence intervals for the parameter are based on the distribu
tion of the studentized (pivotal) statistic Tn = n1

/
2(en - e) lan, where a~ is an

estimate of the variance of n 1/28n . In the bootstrap this, usually unknown, dis
tribution is approximated by the distribution of the bootstrap version of Tn. The
bootstrap statistic is given by T~ = n 1

/
2(e: - On) la~, where a~2 is an estimate

of the variance of n 1/20:. Simulation based bootstrap estimates of the quantiles of
Tn can be obtained from the empirical distribution of the B 1 resampled statistics

{T*b - 1/2 (--O*b - --() ) /--*b b - 1 B }n - n n n an' - ,."., 1 .

A (1 - 2a) equal-tail double-sided bootstrap-t confidence interval for the pa
rameter is given by

(
--() _ -1/2-- [(I-a) li _ -1/2-- [(a))

n nn an n ,un nn an n , (2.1)

where the bootstrap quantile estimates of Tn are given by ~Q) such that

I: I (T~b ~ ~)) I (B1 + 1) = CY.
b=1

For one-sided intervals and symmetric double-sided intervals, the coverage
accuracy of the bootstrap-t intervals is of higher order than the percentile in
tervals. The coverage accuracy of one-sided bootstrap-t intervals is O(n-1 ) com
pared to O(n-1/

2
) for simple (non-pivotal) percentile intervals. Symmetric double

sided bootstrap-t intervals llave coverage accuracy of O(n-2 ) compared to O(n-1 )

for percentile intervals. Furthermore, for equal tail double sided intervals the
bootstrap-t and the percentile intervals both give the same coverage accuracy of
O(n-1). See Hall (1992, section 3.5 and 3.6) for further discussion on these issues.
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In order to use the bootstrap-t method both the estimate an as well as repeated
estimates of the variance (j~2,b are needed. If no analytical expressions exists for
the variance estimate the bootstrap offers an alternative to produce both the
estimate (jn as well as the estimates (j~2,b.

2.2. Bootstrap variance estimation

Given the estimate en, the bootstrap estimate of the variance a~ = V ar (n;f20)
is given by the empirical variance of the B1 bootstrapped estimates, i.e., 8~ ==

Bl (-*b A* ) 2 A* Bl -*b
n b"f1 On - On / (B1 - 1), where ° = b'f1 0n / B 1 is the average of the boot-

strapped estimates.
The standard double bootstrap estimate of the variance a~2 = V ar (n1/20:) ,

denoted &~2, is obtained analogously as the bootstrap estimate &~. The dou
ble bootstrap sample is a resample X~* == {Xi*, ... , X~*} of size n drawn
randomly, with replacement, from the outer bootstrap resample X~. That is,
X;* ~ F~, where F~ is the empirical distribution of the sample X~. The dou-

-** -..
ble bootstrap estimate of the parameter is given by en == e(X~*). B2 resam-

-**b2
pIes are drawn from X~, and double bootstrap estimates ()n ,b2 == 1, ... , B2 ,

are calculated for each resample. The estimate of the bootstrap variance is then
obtained as the empirical variance of the B 2 bootstrapped estimates, i.e., re-
sampling from the resample b we have the estimate of the variance of n1/20:b as

B2 (-**b2 ::=:::**) 2 A** B2 -**b2
&~2,b == n E en - en / (B2 - 1), where en == E en /B 2 is the average of

b2==1 b2==1
the double bootstrap estimates.

If the estimator is complex and involves, for example, iterations and optimiza
tion code the bootstrap-t confidence intervals may be infeasible to obtain due
to time constraints. As an alternative to the double bootstrap estimator of the
variance we propose a method that considerably cuts down the computer time
needed for obtaining the desired variance estimates. The amount of calculations
are cut down to B 1 instead of the B 1B 2 calculations required in a double boot
strap. Under this alternative approach bootstrap-t confidence intervals can be
obtained using only the outer B1 bootstrap results, avoiding the requirement for
a double bootstrap.

3e Linear Approximations

The variance estimator we propose is based on a linear approximation of the
estimator. Following Efron (1982) and Efron (1990) the bootstrap estimator can

3



be written in a linear ANOVA form as

0: == fL + P*'a + u , (3.1)

where /-l = E{o: IXn } and ai = n [E {o: IX; = Xi } - /-l].
The random element is the resampling vector p* == (pi, ... , p~)', where p; ==

# {Xi = Xi} In and I:?=lPi = 1. The resampling vector p* follows a rescaled

multinomial distribution and is distributed as p* rv (pO, ~ (~In - pOpO,) ), where

pO = ~ In represents the original sample. a is called the bootstrap influence
function and represents the linear influence of the resampling vector p* on the

-*bootstrap estimate ()n. The remainder term u represents all terms of order two
and higher of p*.

Efron (1990) state the following properties of the decomposition in (3.1):

P.1. The elements of a sum to zero, i.e. a'In == O.

P.2. The term u contains higher order terms of the resampling vector p* and is
uncorrelated with any linear function of p*, i.e. E {(c'p*) u} == 0 for any
n-vector c. In particular, u is uncorrelated with p*'a.

Using these properties the ideal (B1 ~ 00) bootstrap estimate of the variance
of n 1/ 2()n is given by

,
a~OOT = nVar (0:) = na'Var (p*) a + nVar (u) = ana + 0 (n-1) (3.2)

The last equality follows from the fact that Var (u) = 0 (n-2) (Efron 1982, p.
23)0 The variance in (302) is similar to the delta method approximation of the
variance, see e.g., Shao & Tu (1995).

For the double bootstrap an analogous decomposition to (301) exists. This can
be written as

e:* == /1* + p**'a* + u*, (3.3)

where the double bootstrap influence vector a*, analogously to property P.1, sat
isfies p*'a* == o. The resampling vector p** has expectation, E(p**) == p* and
variance Var(p**) == ~ (diag (p*) - p*p*') .

Following similar arguments as above, the ideal (B2 ~ 00) double bootstrap
estimate of the variance of the bootstrap replicate is given by

a12
00T = nVar (0:*) = na*'Var (p**) a* +nVar (u*) = a*'diag (p*) a* +0 (n-1) .

(3.4)
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4. A New Double Bootstrap Variance Estimator

If the double bootstrap influence function a* is known, the double bootstrap
variance aflOOT could be obtained directly from (3.4). As an alternative, an
estimate of the double bootstrap influence function could be obtained from the
linear approximation in (3.3) and double bootstrap replicates of the estimator.
This requires, however, that a full double bootstrap is performed.

As an alternative, we propose an estimator of the bootstrap variance based
on the variance expression (3.4) that does not requires a full double bootstrap
procedure. The idea is simply to substitute the bootstrap influence vector a for
the double bootstrap influence vector a* in (3.4), that is,

n
*2 ~ 'd . (*) ~ * 2(J"BOOT ~ a 'lag p a = ~Piai'

i=l

(4.1)

Since the bootstrap influence function a is unknown some estimate is needed in
(4.1). Plugging in an estimate aof a, the proposed variance estimator is given by

n

v* = LP;a;.
i=l

(4.2)

The estimator (4.2) is of the same structure as the variance expression in (3.2),
but here the resampling vector p* is used instead of pO in the weighting of the
bootstrap influence function a. Using pO, we obtain the corresponding estimate
of the variance of n¢!2Bn as v = a'a/n0

The estimators of a discussed below at most require that the bootstrap table

P*, containing the resampling vectors p*b, and the bootstrap estimates e:b
are

available. The estimator v* can thus be calculated without any reference to the
double bootstrap data and the inner bootstrap loop is not required.

4.1. Estimation of the bootstrap influence function

We present two estimators of the bootstrap influence function a. They differ
mainly in memory and computational requirements. The OLS-estimator requires
that the bootstrap table is saved, increasing the memory requirements of the algo
rithm, and is computed after performing the outer bootstrap loop. The Jackknife
estimator, on the other hand, can be computed before the outer bootstrap loop
and allows on-line calculation of the variance estimator. Compared to the OLS
estimator it does require that the estimator On is computed an additional n times,
which can be time consuming in some applications.
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4.1.1. OLS-estimation

Write the B1 bootstrap replicates of the statistic in matrix form as

-*e == J.LI Bl + P*a + u , (4.3)

where P* is a (B1 x n) matrix of resampling vectors p*b, 0* is the B1-vector of
bootstrapped statistics and u is the B1-vector of orthogonal error terms in the
regression model.

Following, for example, Efron (1990) and Hesterberg (1995) the OLB-estimator
of a and J.L is obtained as

-.. I~d d - d- -..J.t == - an aOLS == - InJ.L,
n

(4.4)

where a== (p*'p*)-l P*'lJ (P*) is the OLS estimator of d in the approximation
(J (P*) == P*d + u obtained by deleting J.L in (4.3).

4.1.2. Jackknife estimation

The Jackknife estimate of a, given by aj , with elements

aJ,i = (n - 1) (e. - 0(P~i)) ,i = 1, ... ,n, (4.5)

(5.1)

o - n -( 0) .where P-i == (1, 1, ... , 1, 0, 1, ... , 1) I (n - 1), and e. == Li=l·(j P-i In IS the
average of the n delete-1 jackknife estimates of the statistic.

This way of constructing the jackknife estimate guarantees that the restriction
1~a = 0 is satisfied.

5. Theoretical Properties

The improved coverage accuracy of bootstrap-t confidence intervals discussed in
section 2.1 requires that the studentized statistic is asymptotically pivotal, i.e.
that the asymptotic distribution is free of nuisance parameter (Beran 1987, Hall
1992).

When discussing the asymptotic properties of the studentized statistic, Tn ==

n 1/ 2 (On - B) lJv, the influence function of the estimator 0 is useful. Given that
the parameter () can be written as a functional of the distribution function, ioe.,
(j == fJ (F), the influence function I F (x; F) of () (F) is defined as

IF (x; F) =lim B((1- c) F + c8x ) - B(F)
C--?O c
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where bx is a unit probability mass on the point x. The influence function is also
known as the von Mises derivative.

The influence function can be used to derive a von Mises expansion of the
functional statistic, see, e.g., Fernholz (1983, chapter 2). Given the functional
representation of the parameter, the estimator can be defined as the functional
evaluated under the empirical distribution, i.e., On = e(Fn). It is well known that

a linear von Mises expansion of the estimator Bn can be expressed as

(5.2)

The remainder term in the expansion, Rem (Fn - F), contains higher order
terms of the functional statistic.

The bootstrap linear approximation in (3.1) is based on the von Mises ex
pansion. Using a bootstrap analogy and substituting the bootstrap empirical
distribution F~ for the empirical distribution Fn and the empirical for the true
distribution F in (5.2) results in the bootstrap linear approximation. This reveals
a close connection between the influence function (5.1) and the bootstrap influ-
ence function. The bootstrap influence function is given by ai = I F (Xi, Fn ) and
we have from Efron (1982, p. 24) that ai ----+ IF (Xi, F)o

n
Under quite general regularity conditions on the differentiability of the func-

tional statistic e(F) , the estimator en is asymptotically normally distributed as

yin (On - e) ~ N(O, V(O)) (5.3)

with asymptotic variance V(B) == JI F(x; F)2dF < 00. Fernholz (1983) gives
different sets of sufficient regularity conditions, the most restrictive being that a
functional induced by (J (F) is Hadamard differentiable (Fernholz (1983, Theorem
4.4.2)).

Fernholz (1983, chapter 5) shows that the regularity condition holds for a wide
range of estimators such as maximum likelihood type estimators (M-estimators),
linear functions of order statistics (L-estimators) and statistical estimators based
on rank statistics (R-estimators). Using the asymptotic normality the following
theorem establishes a similar asymptotic distribution result for the studentized
statistic Tn obtained using our proposed variance estimator v.

Theorem 5.1. The studentized statistic, Tn = n 1
/

2 (On - e) /vv, where v =
~ 2:?=1 a;, is asymptotically distributed as N(O, 1) if..jii (On - e) ~ N(O, V(O)).
This result holds for both the OLS- and the Jackknife estimator aof the bootstrap
influence function a"
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Proof. From property P.2 of the linear approximation it follows that the OLB
estimator of the bootstrap influence vector is root-B1 consistent. Since ai --+

n

I F(Xi, F), we have aOLS,i -:: I F(Xi, F), if B1 tends to infinity faster than n.

Let c = lin and consider the distribution functions, F_ i , with observation i
deleted. We can then write the Jackknife estimator of the influence vector element
aJ,i as,

-. . _ _ (- _ -. ( 0 )) _ n - 1 () ((1 - 1/ n) F-i + 1/n8Xi ) - () (F-i)
ah - (n 1) (). () P-i - / ', n 1 n

(5.4)
which is approximately equal to the ratio in (5.1). From this it is clear that
aJi ---t I F(Xi, F) and the Jackknife estimator of the bootstrap influence function, n

is consistent.
That is, both the OLS- and the Jackknife estimator produce consistent esti

mates of the bootstrap influence function vector a. It follows that, v = ~ L:~l aT --+
n

V(B) = JIF(x; F)2dF and Tn ~ N(O, I).•

Hence, if the statistic satisfies the regularity conditions necessary for (5.3) to
hold, the proposed variance estimator v gives an asymptotically normally distrib
uted studentized statistic. Furthermore, the analysis in Beran (1987, section 4)
applies when Theorem 5.1 holds. That is, the bootstrap-t confidence intervals
using v and v* have improved coverage accuracy compared to confidence inter
vals based on asymptotic theory and the simple percentile bootstrap confidence
intervals. In addition to giving (asymptotically) superior coverage, the use of
the proposed bootstrap-t intervals is virtually costless compared to percentile in
tervals and asymptotic theory intervals. The improved coverage accuracy of the
bootstrap-t intervals can, of course, be achieved using any consistent estimator
of V (8). In particular we could use the standard bootstrap estimate, but this
requires that the inner bootstrap loop is actually carried out in order to obtain
the double bootstrap variance estimate &~2, increasing the computational effort
from O(B1 ) to O(B1B 2 ).

6. Slllall SalTIple Properties

The analysis in the previous section tell us that the bootstrap-t confidence inter
vals using the proposed variance estimator perform as well as the as the standard
bootstrap variance estimator. That is, the intervals have the same asymptotic
coverage accuracy, 0 (n-1) for one-sided and equal-tail double-sided intervals and
O(n-2 ) for symmetric double-sided intervals. The small sample properties might,
however, differ substantially and it is not clear which type of interval performs
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best. To investigate the small sample properties we conduct a series of small
Monte Carlo studies!.

In each of the examples 1000 samples are generated from the underlying pop
ulation distribution and bootstrap-t confidence intervals are calculated for the
parameters of interest using the double bootstrap estimate of the standard error
and the estimator v* suggested in this paper. The number of bootstrap replica
tions are 999 for the outer loop (B1 ) and 100 for the inner, double bootstrap, loop
(B2 ). More precisely, the algorithm is as follows:

1. For a = {0.025, 0.05, 0.1,0.9,0.95, O.975} quantiles ~a) for the studentized
statistic T~ = n1

/
2 (0: - On) /s~, where S~2 = {v~, a-~2}, are obtained for

each of the 1000 replicates as the a(B1 + 1) order statistic of the set of
bootstrap replicates {T~b, b = 1, ... , B 1 }.

2. Confidence intervals are obtained as in (2.1). The variance estimate used is
consistent with the method used to obtain the variance estimates S~2 in the
quantile estimation. That is, V n and a;, respectively.

The variance estimates v and v* were calculated using both the OL8 and
Jackknife estimates of the influence vector a. The coverage of the intervals are
virtually identical for the two estimators and we only report the results for the
intervals where v and v* are based on the OLB-estimates of a.

The examples are simple in the sense that the estimators are easy to calculate,
thus facilitating the Monte Carlo simulations. They are, however, realistic in the
sense that they consider features of the distributions of estimators, i.e. synunetric,
skewed and fat-tailed distributions which are common in applied work.

Example 6.1. Symmetric mixture ofnormalso Samples oEn = 10,30 and 100 are
generated where Xi is drawn from aN(l, 1) with probability 0.6 and a N(l, 4) with
probability 0.40 Bootstrap-t confidence intervals for the mean and variance are
calculated based on the natural estimators x = L:xi/n and 8 2 = L:(xi-x)2/(n-l).
The observed coverage levels of the confidence intervals are reported in Table 6.1.

Both the double bootstrap (DB) and the confidence intervals based on the
estimator v* (OLS) work very well for the mean. This is not surprising since the
mean is a linear statistic. The OLB intervals have lower coverage than the DB
intervals for small n but for large n the coverage are about the same.

The picture is different for the variance. Here the lower one-sided confidence
intervals have too high coverage and the upper one-sided confidence intervals have

1The simuations are performed using GAUSS version 3.2.15. The program code can be found
at http://W\V.\V.hhs.se/research/wpecofi/97/wp0151.htm.
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Table 6.1: Coverage accuracy for bootstrap-t confidence intervals. Symmetric
mixture of normals (Example 1)

One-sided intervals: Double-sided
Method n Percentile intervals: Level

0.025 0.05 0.10 0.90 0.95 0.975 0.95 0.90 0.80
Mean

DB 10 0.973 0.941 0.890 0.889 0.944 0.971 0.944 0.885 0.779
30 0.977 0.944 0.893 0.899 0.952 0.975 0.952 0.896 0.792

100 0.976 0.948 0.905 0.898 0.954 0.978 0.954 0.902 0.803
OLS 10 0.940 0.919 0.867 0.866 0.915 0.942 0.882 0.834 0.733

30 0.969 0.937 0.887 0.892 0.943 0.963 0.932 0.880 0.779
100 0.971 0.947 0.896 0.889 0.952 0.997 0.948 0.899 0.785

Variance

DB 10 0.940 0.889 0.804 0.906 0.944 0.971 0.911 0.833 0.710
30 0.940 0.865 0.765 0.951 0.975 0.990 0.930 0.840 0.716

100 0.852 0.776 0.648 0.982 0.994 0.997 0.849 0.770 0.630
OLS 10 0.908 0.847 0.760 0.854 0.876 0.883 0.791 0.723 0.614

30 0.905 0.841 0.738 0.945 0.966 0.977 0.882 0.807 0.683
100 0.830 0.761 0.636 0.980 0.992 0.996 0.826 0.753 0.616

too low coverage. This can be attributed to the variance having a skew distribu
tion. The confidence intervals based on the double bootstrap have slightly better
coverage than the intervals based on v* but the differences are small. The OLS
intervals for both the mean and the variance have lower coverage accuracy than
the double bootstrap intervals. But this difference diminishes with an increased
sample size.

Example 6.2. Skew mixture of normals. This is identical to Example 1 except
that Xi is drawn from a N(I, 1) with probability 0.6 and a N(3, 4) with probability
0.4. The results are given in Table 6.2.

In this example the distribution of the mean is skewed but the confidence
intervals for the mean perform as in Example 1. For the one-sided intervals a
clear convergence tendency to the nominal level can be seen for both the DB and
the OLS intervals. Both types of intervals undercover for small n even if this is
most clear for the OLS intervals. The double-sided DB intervals have the nominal
coverage level even for small samples, whereas the OL8 intervals undercovers for
n = 10 but converge quickly and for n = 30 the coverage is close to the nominal
level.
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Table 6.2: Coverage accuracy for bootstrap-t confidence intervals. Skew mixture
of normals (Example 2)

One-sided intervals: Double-sided
Method n Percentile intervals: Level

0.025 0.05 0.1 0.9 0.95 0.975 0.95 0.9 0.8
Mean

DB 10 0.981 0.964 0.914 0.891 0.932 0.960 0.941 0.896 0.805
30 0.986 0.962 0.914 0.903 0.957 0.973 0.959 0.919 0.817

100 0.979 0.949 0.900 0.918 0.961 0.980 0.959 0.910 0.818
OLS 10 0.963 0.943 0.896 0.868 0.906 0.929 0.892 0.849 0.764

30 0.978 0.955 0.906 0.887 0.948 0.967 0.945 0.903 0.793
100 0.974 0.948 0.897 0.914 0.957 0.978 0.952 0.905 0.811

Variance

DB 10 0.965 0.924 0.853 0.906 0.939 0.969 0.934 0.863 0.759
30 0.980 0.958 0.908 0.914 0.949 0.970 0.950 0.907 0.822

100 0.987 0.955 0.892 0.901 0.953 0.970 0.957 0.908 0.793
OLB 10 0.937 0.893 0.826 0.840 0.870 0.884 0.821 0.763 0.666

30 0.966 0.934 0.876 0.904 0.935 0.954 0.920 0.869 0.780
100 0.974 0.937 0.884 0.899 0.951 0.968 0.942 0.888 0.783

For the variance, the intervals do not show the same pattern as in Example 1.
The coverage for both DB and OL8 one-sided intervals are near the nominal cov
erage level. For small n both interval types undercovers for both lower and upper
intervals. For the double sided intervals, the same pattern can be seen although
the convergence seems slower for the OL8 intervals. For n = 100 DB gives the
nominal level, but the OL8 intervals performs slightly worse and undercovers.

Example 6.3e Exponential Distribution. Samples of n = 10,30 and 100 are
generated from an exponential distribution with parameter A = 1. For each
sample we estimate the mean, variance and A (as 1Ix) and calculate confidence
intervals. The observed coverage levels of these confidence intervals are reported
in Table 6.3.

As in Example 2 the sample mean has a skewed distribution and the results
for the confidence intervals for the mean are similar with slightly worse coverage
for the upper one-sided intervals. The performance for the double-sided intervals
are similar. Both DB and OL8 undercover but the difference to the nominal level
is more pronounced for OLSo A clear convergence tendency to the nominal levels
can be seen for both DB and OL8.
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Table 6.3: Coverage accuracy for bootstrap-t confidence intervals. Exponential
distribution (Example 3)

One-sided intervals: Double-sided:
Method n Percentile intervals: Level

0.025 0.05 0.1 0.9 0.95 0.975 0.95 0.9 0.8
Mean

DB 10 0.987 0.976 0.933 0.850 0.911 0.953 0.940 0.887 0.783
30 0.983 0.969 0.913 0.908 0.941 0.968 0.951 0.910 0.821

100 0.975 0.944 0.894 0.882 0.939 0.963 0.938 0.883 0.776
OLS 10 0.978 0.954 0.918 0.811 0.857 0.889 0.867 0.811 0.729

30 0.976 0.963 0.908 0.901 0.937 0.961 0.937 0.900 0.809
100 0.970 0.943 0.892 0.880 0.932 0.957 0.927 0.875 0.772

Variance

DB 10 0.997 0.983 0.943 0.846 0.907 0.951 0.948 0.890 0.789
30 0.988 0.971 0.918 0.910 0.941 0.970 0.958 0.912 0.828

100 0.976 0.947 0.895 0.883 0.937 0.963 0.939 0.884 0.778
OLS 10 0.999 0.992 0.976 0.741 0.782 0.798 0.797 0.774 0.717

30 1.000 0.988 0.960 0.872 0.904 0.926 0.926 0.892 0.832
100 0.994 0.969 0.917 0.861 0.897 0.935 0.929 0.866 0.778

A
DB 10 0.959 0.923 0.861 0.925 0.969 0.984 0.943 0.892 0.786

30 0.973 0.943 0.910 0.913 0.968 0.981 0.954 0.911 0.823
100 0.963 0.939 0.878 0.896 0.943 0.974 0.937 0.882 0.774

OLB 10 0.995 0.986 0.964 0.790 0.817 0.832 0.827 0.803 0.754
30 1.000 0.989 0.967 0.818 0.866 0.881 0.881 0.855 0.785

100 0.995 0.980 0.936 0.843 0.886 0.913 0.908 0.866 0.779

For the variance the DB intervals do better than the double bootstrap for
one-sided intervals. For the lower (upper) one-sided intervals both intervals over
(under) covers for small samples but the DB intervals converge to the nominal
levels, whereas the performance of the OL8 intervals seems to depend on the level
of the interval. The smaller the level (0.95 and 0.9) the better the performance.
This indicate that one-sided OL8 intervals based on skewed statistics perform
worse in the tails. The double sided intervals under covers for both methods and
all sample sizes. As in other cases, the OL8 intervals perform worse than DB, but
the difference diminishes. For n = 100 the performance of the two methods are
approximately equal.

The behavior of the OL8 intervals for A is about the same as for the variance.
For the DB intervals, on the other hand, the behavior of the one-sided intervals
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is the mirror image as compared to the variance intervals. A convergence to the
nominal levels is seen but the lower (upper) one-sided intervals under (over) covers.
The double sided intervals for both DB and OLS reveals that both intervals under
covers for small n, but the difference to the nominal level decreases with increased
n. The performance of DB is slightly better than for OL8 but for smaller nominal
levels (0.90 or 0.80) the difference is not significant.

7. SUInlllary and Concluding Remarks

This paper has presented a new variance estimator which can be used instead of
the computationally intensive nonparametric double bootstrap variance estima
tor. The estimator can be used to obtain bootstrap-t confidence intervals. This
type of interval is based on a studentized version of the statistic where an es
timate of the bootstrap variance is needed. If no analytic expression exists for
the variance estimates, the proposed estimator gives an efficient way to obtain
bootstrap-t confidence intervals avoiding the need to perform a full nested dou
ble bootstrap. With B1 resamples in the outer bootstrap loop and B2 resamples
in the inner loop a double bootstrap requires calculations of order B1B2 . This
can be extremely time consuming for complex estimators. Our alternative dou
ble bootstrap-type variance estimator only requires calculations of order B1 , thus
reducing the computational requirements considerably.

The variance estimator is given by a weighted average of squared influence
functions, with weights given by the resample frequencies in the bootstrap resam
pIe. The influence functions are given by the first order terms in a Taylor-like
expansion of the estimator. Variance estimates are easily obtained using standard
OLS or Jackknife estimators applied to the outer bootstrap resample replicates of
the estimator ~

Simulation results indicate that the bootstrap-t confidence intervals based on
the proposed variance estimator perform as well as tIle double bootstrap based
intervals.. Generally, the intervals have slightly lower coverage accuracy than the
double bootstrap intervals, but the difference decreases with increasing sample
size. In general, the new estimator performs well when the double bootstrap does
well and fails when the double bootstrap fails ..

We note that both the double bootstrap intervals and the intervals obtained
using our variance estimator perform poorly in situations where the estimator
has a skewed distribution. It is our experience that the bootstrap-t does not
handle this type of situation very well. This failure may however be remedied
by using additional prepivoting methods as discussed in Beran (1987) and Vinod
(1995). The additional prepivoting would require an extra bootstrap level and
further increased computational burden. The proposed variance estimator could,
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however, once again remove the need to perform the innermost bootstrap loop.
We leave the study of the effectiveness of this approach to future research.
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1 Introduction

The stochastic production frontier model introduced by Aigner et aL (1977) deals
with estimation of production frontiers and technical efficiency using cross section
firm data. Schmidt and Sickles (1984) generalized the model specification to panel
data frontier production models. The basic frontier models have been extended in
various ways regarding both specification and estimation. See, e.g., Greene (1993) for
a recent survey of the frontier model literature.

The established frontier production models are specified for single output tech
nologies. For general multiple output technologies the standard approach to frontier
and efficiency estimation is to impose behavioral assumptions of either cost mini
mization, revenue- or profit maximization and estimate a frontier cost, revenue or
profit function. This may, however, be infeasible if cost and/or price data are un
available or unreliable as is often the case in for example public production. In this
case, the standard frontier models cannot be used to estimate frontiers and efficiency

*Department of Economic Statistics, P.O. Box 6501, 8-113 83 Stockholm, Sweden. e-mail:
stml@hhs.se. Fax: +46 - 8 - 34 81 61. I thank Tor Jacobson, Magnus Tambour and Anders Westlund
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without imposing some (arbitrary) aggyegation of the outputs (or inputs) to a single
dimension. This drawback with the established frontier models is addressed ill this
paper.

The purpose is to propose a generalization of the stochastic production frontier
model to incorporate general multiple output techllologies. The generalized frontier
model allows estimation of production frontiers and efficiency using data on inputs
and outputs without the need to rely on behavioral assumptions of the firms. The
proposed generalization is based on the foundations on stochastic production theory
developed in Krug (1976). This work extended the axiomatic production theory
developed by Shephard (1970), where distance functions are used as scalar valued
representations of general technologies. The output distance function represents a
measure of the radial distance from the observed output to the production frontier
and can be interpreted as a radial measure of technical efficiency.

The generalized production frontier model is based on a polar coordinate rep
resentation of the output vector. A stochastic ray frontier production function is
defined where the Euclidean norm of the output vector is specified as a function of
the inputs and the direction of the output vector, represented by the polar coordi
nate angles. The stochastic ray production function allows estimation of production
frontiers and firm-specific distance functions (technical efficiencies) using estimation
techniques developed for the standard (single output) production frontier models.

The paper unfolds as follows: Section 2 gives the basic stochastic production
theory and definitions of the stochastic output distance function and the generalized
ray production function. In Section 3 the generalized production frontier model is
derived. Section 4 concludes the paper with a summary.

2 Production Theory

Consider a production technology where inputs x E R~ are used to produce outputs
y E R~. Following the foundations on stochastic production theory developed by
Krug (1976) let (0, F, P) denote a probability space. n denotes a collection of states
of the world, :F is a Borel field and P is a probability measure on the (j-algebra
(n, F). The stochastic technology can be described by the stochastic output set
p (x, w) defined as

P(x,w) = {y E R~: x can produce y at state of the world w E fl}. (1)

The technology is assumed to satisfy a set of basic assumptions/axioms discussed
in Krug (1976). Shephard (1970) and Fare (1988) present similar axioms for nan
stochastic technologies. Convexity of P (x, w) for all x and wEn and disposability
(manotonicity) of inputs and outputs are the most common axioms. Free output
disposability states that yEP (x, w) ,y' :::; y :::::} y' E P (x, w) for all wEn and weak
disposability states that yEP (x, w) " E [0,1] :::::} ,y E P (x, w) for all wEn.

2



Provided the stochastic output set P (x, w) is compact (closed and bounded) and
nonempty the well-known stochastic production function for the single output tech
nology is defined as

f (x, w) == max {y E R+ : yEP (x, w)} . (2)

If the outputs are disposable the output set is given by an interval on the real line,
i.e., P (x,w) == {y E R+ : 0 ~ y ~ f (x,w)}.

The key idea in the generalization of the production function to multiple output
technologies is to define an output set conditioned on both the inputs x and the
direction of the ray through the observed outputs y. This conditioning will allow a
representation of the multi output technology similar to the production function (2).
A natural approach to do this is to write the output vector in polar coordinate form
as

y == i . m (B) , (3)

where L = Ilyll = (L:f=l (yl))1/2 denotes the Euclidean norm of the outputs y and
i-l [ ]P-l

mi (B) == COS()i .IT sinBj , i == 1, ... ,p, e E 0, ~ ,sinBo == cosBp == 1, is a trans-
)=0

formation function of the angles e in (p - 1)-dimensional space (Mardia, Kent and
Bibby (1979)). The function m (.) represents the transformation of the angle vector
B to the output mix m(B) == y/i with norm 11m (B)II == 1.

Using the polar coordinate representation in (3) we define a stochastic ray pro
duction function as

f (x, e, w) == max {L E R+ : i . m (B) E P (x, w) ,w En} . (4)

This function is analogous to the single output production function in (2) and gives
the maximum norm of the attainable outputs with direction egiven inputs x. If the
outputs are, at least, weakly disposable a stochastic ray output set P (x, B, w) can be
defined as

p (x, e, w) == {y E R~ : y == i · m (B) ,0 ~ L ~ f (x, B, w)} . (5)

This set gives the set of feasible outputs along the ray with direction 0 given inputs
x and the state of the world w.

2411 The distance function

A scalar valued representation of the technology is given by the stochastic output
distance function defined as

Do (x, y, w) = inf {8 ER++ : ~ EP (x, w) ,w En} . (6)

This function provides a complete representation of the technology, see e.g., Shephard
(1970) and Fare (1988). It measures the radial distance from the outputs y to the
isoquant of P(x,w) defined as IsoqP(x,w) ==
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{y : yEP (x, w) , Ay rt. P (x, w) ,A > I}. Using the polar coordinate representation of
the outputs the distance function can be expressed as

D (x y w) = Jl1ill. = lit- ·m (8)11 L ( )

o " Ilyfll Ilf(x,8,w)m(8)11 f(x,8,w)' 7

where yf = f(x,B,w)m(B) E IsoqP(x,w) is the stochastic frontier output on the
isoquant along the ray through y.

3 Frontier Models

Let the random variable V : n ---+ R, defined by v = V (w), where V is F-measurable,
represent the state of nature w effect on the ray frontier function f (x, () ,w). Following
the standard approach in stochastic frontier models a multiplicative separability is
imposed on the ray production function f (x, (), w) which is specified as separable in a
function of the inputs and ray direction and (a function of) the random variable v as

f(x,B,w) =f(x,B)g(v). (8)

Furthermore, let the random variable U : n ~ R+, defined by u = U (w), where
U is F-measurable, represent the state of nature w effect on the distance from the
observed ray norm of the outputs y to the ray frontier function. Imposing multiplica
tive separability, the observed ray norm L can be written as a separable function of
the frontier ray function and (a function of) the random variable u as

L = f (x, B) 9 (v) h (-u) 0

Under the specification in (8) the frontier outputs yf E I soqP (x, w) is given by

yf =f(x,B)g(v)m(B),

whereas the observed outputs from the specification in (9) can be written as

y = yfh (-u) = f (x, ()) 9 (v) m (B) h (-u) .

(9)

(10)

(11)

Note that this ray frontier specification implies that both the state of nature effect,
9 (v) , and the inefficiency effect, h (-u) , on the outputs are radial. I.e., all output
dimensions are affected by the same radial factors, 9 (v) and h (-u), respectively.

The separable multiplicative specification for the ray frontier function (8) and the
observed ray (9) implies that the stochastic distance function can be written solely

. as a function of the random variable u as

D ( ) = f(x,8)g(v)h(-u) = h(- )
o x,y,w f(x,O)g(v) u ·
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We follow the standard approach and specify the functions 9 (.) and h (.) as expo
nential, i.e., 9 (v) = exp (v) and h (-u) = exp (-u) . Using this and taking logarithms
of (9), gives an error component generalized frontier model given by

lnt = In! (x, B) + v - u. (13)

u 2: 0 represents the efficiency in terms of the distance from In l to the stochastic
ray frontier given by (In f (x, B) + v) . The distance function is given by Do (x, y, w) =

exp(-u).
The generalized frontier model (13) resembles the standard stochastic error com

ponent frontier production model introduced by Aigner et al. (1977). The dependent
variable is the norm of the output vector instead of the single output, as in the Aigner
et aL model. Furthermore, the independent variables are given by both the inputs
x and the ray direction e. For a single output technology the generalized model (9)
simplifies to the Aigner et al. model.

3.1 Panel data models

Let i, i = 1, ... , N, index a sample of firms and let t, t = 1, ... ,T, index time periods.
Using this firm and time index in (13) gives the error component panel data model

(14)

where tit = IIYitll. Uit 2: 0 represents the efficiency of the i:th firm in time pe
riod t in terms of the distance from In tit to the stochastic ray frontier given by
(In f (Xit, Bit) + Vit) . The stochastic distance function is given by Do,it = exp (-Uit) .

Vit is assumed to be iid N (0, 0-;) random noise. For a single outp.ut technology with
time independent firm specific efficiencies the generalized model (14) simplifies to the
standard frontier firm effects panel data model introduced by Schmidt and Sickles
(1984)

(15)

302 Estimation

Generalized frontier models for multiple output technologies specified like (14) can
be estimated using techniques developed for single output frontier models like (15).
Estimation based on cross section or panel data (fixed effect or random effect models)
are feasible. Greene (1993) reviews several estimation approaches based on paramet
ric specification of the ray frontier function f (Xit, ()it) and various structures on the
firm- and time specific distance functions (Uit). Kneip and Simar (1996) present gen
eral nonparametric kernel estimators of stochastic frontier models for single output
production. The nonparametric estimators offer flexibility and can also be applied to
generalized multiple output models like (14).
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4 Summary

This paper presents a generalization of the single output stochastic frontier model.
Based on a polar coordinate representation of the outputs a stochastic ray frontier
production function can be defined where the Euclidean norm of the output vector is
specified as a function of the inputs and the direction of the output vector.

In the standard approach to frontier and efficiency estimation for general multiple
output technologies firm behavioral assumptions of cost minimization, revenue- or
profit maximization are imposed and frontier cost, revenue or profit functions are
estimated. The generalized ray frontier function offers an alternative to this approach
in that stochastic production frontiers and firm-specific distance functions (technical
efficiency) can be estimated for general multiple output technologies using data on
inputs and outputs. No behavioral assumptions or cost or price data are needed.
Estimation can easily be performed using techniques developed for the single output
frontier models.
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1. Introduction

Farrell (1957) and Aigner and Chu (1968) pioneered the work on estimation of
frontier production functions and technical efficiency. The frontier production
function is defined by the maximum output obtainable from a given input bundle.
Technical efficiency is defined by the amount observed output deviates from the
production frontier and is accounted for by a truncated error term added to the
production frontier function. The stochastic production frontier model introduced
by Aigner, Lovell, and Schmidt (1977) and Meeusen and van den Broeck (1977)
extended the original deterministic model to account for stochastic effects on the
production frontier. The basic models have been extended in several directions as
presented in surveys by, e.g., Schmidt (1986) and Greene (1993).

The stochastic frontier model is a scalar valued representation of the tech
nology where a single output (input) is specified by a function of multiple inputs
(outputs). The standard approach to estimate frontier functions for multiple input
multiple output technologies is to estimate dual frontier cost- or profit functions
where the scalar valued cost or profit is used as dependent variable. This requires
that input- and output prices are available and that the behavioral assumptions
of cost minimization or profit maxinuzation are valid for the production under
study. These requirements restrict the frontier model applicability since there
are situations where input- and output prices are unavailable or the behavioral
assumptions are invalid.

This paper addresses the issue of specification and estimation of production
frontiers and technical efficiency for multiple input multiple output production
technologies. A new stochastic ray frontier production model is presented that is
based on the definition of a ray production function. The ray production function
is a scalar valued representation of the multiple input multiple output technology
specifying the Euclidean norm of the frontier output vector as a function of inputs
and output mix, represented by the output polar coordinate angles. For a single
output technology, the output norm equals the output level and the ray model
simplifies to the standard single output model. A stochastic ray frontier model is
obtained by introducing a composed error term in the same way as is done in the
single output modeL The structure imposed by the model is that the error terms
are restricted to affect the output norm multiplicatively implying that observed
outputs are given by radial rescaling of frontier outputs. The derived technical
efficiency measure represents the radial distance from the output to the production
frontier corresponding to the definition of technical efficiency in Farrell (1957) and
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the output distance function by Shephard (1970).
The ray frontier model offers an alternative to the approach presented in

Kumbhakar (1996) where the technology is represented using separate scalar val
ued input and output functions. Kumbhakar (1996, p. 228) notes that this ap
proach is, however, not very promising due to the limited availability of multiple
output production functions. Furthermore, the imposed separability does not al
low modelling of interaction effects between inputs and outputs in the production
process. The proposed ray frontier model allows, on the other hand, for possible
interactions of inputs and output mix on the frontier output norm. A possible
extension of the ray frontier model is to incorporate and extend the technical
efficiency effects model in Battese and Coelli (1995) to multiple input multiple
output technologies. In this model technical efficiency is specified as a separate
function of a set of appropriate explanatory variables. T11is model extension allows
simultaneous identification and estimation of the ray frontier function, technical
efficiency and the technical efficiency effects function.

The paper includes an empirical application using panel data from the Swedish
public health care sector. The data consist of a panel of 26 Swedish local govern
ment county councils over the period 1989 - 1994. During this period five county
councils initiated an "internal market" organizational reform with the primary
objective to increase technical efficiency. The data have been studied previously
by Tambour and Rehnberg (1997) where the Swedish health care sector and the
"internal market" reform is presented in detail. Tambour and Rehnberg (1997)
use the DEA method to analyze the reform effect on technical efficiency. In this
paper a linear technical efficiency effects stochastic ray frontier model is used to es
timate the reform effect on both the production frontier and technical efficiency.
The model is estimated by maximum likelihood estimation using the program
FRONTIER written by T. Coelli. The results indicate that the reform has had
a positive effect on technical efficiency while the effect on the production fron
tier has been negative. The technical change in health care production is clearly
positive while technical efficiency has tended to decrease over time.

The paper unfolds as follows: Section 2 presents the ray production function
and the stochastic ray frontier composed error model. The panel data model and
the distributional assumptions underlying the maximum likelihood estimation are
presented in Section 3. Section 4 provides an empirical application and Section 5
ends the paper with a summary and some concluding remarks.
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2. The Ray Frontier Production Function

Consider a production technology where multiple inputs x E R~ are used to
produce multiple outputs y E R~. The technology can be described by the output
set P (x) defined as

p (x) = {y E R~ : x can produce y}.

The technology is assumed to satisfy a set of basic axioms discussed in Shephard
(1970) and Fare (1988). Convexity of P (x) for all x and disposability (monotonic
ity) of inputs and outputs are the most important axioms. Provided the output
set P (x) is compact (closed and bounded) and nonempty the standard production
function for the single output technology is defined as

f (x) = max {y E R+ : yEP (x) } . (2.2)

(2.4)

A key step to obtain a scalar valued representation of the multiple output
technology is to use a polar coordinate representation of the output vector \vhich
can be "Written as

Y = L • m (8) , (2.3)

where l- = Ilyll = CEf=l (yf))1/2 denotes the Euclidean norm of the output vector

y. The function m : [0, ~r-l --+ [0, 1]P, defined by mi (0) = COSOi ifl sin OJ,
J=O

i = 1, ... ,p, () E [0, ~r-l ,sinOo = cosOp = 1 (MaJ"dia, Kent, and Bibby (1979))

represents a transformation of the polar coordinate angle vector 0 E [0, ~r-l
to the output mix vector m (8) = y/ L. The polar coordinate angles B are easily
obtained from the observed outputs by inverting the transformation function m (B)
recursively for each dimension i = 1, ... ,p, respectively. The solution for 0 can
written as

(

i-I )Oi = cos- I Yi/ L .II sin OJ , i = 1, ... , p,
J=O

where sin 80 = cos Op = 1. The first angle is given by 01 = cos-1 (Yl/ L) . This is used
in the calculation of the second angle which is given by ()2 = cos-1 (Y2/ t sin ( 1) .

The remaining angles Oi, i = 3, ... ,p - 1, are obtained by continuing the recursion.
The polar coordinate representation can be used to define a ray production

function analogous to the single output production function (2.2) as

f (x, 0) = max {L E R+ : L. m (B) E P (x)} .

4
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(2.6)

This function gives the maximum norm of the attainable outputs given inputs x
and output mix represented by the polar coordinate angles B.

The ray function inherits some properties from the output set. For instance,
free input disposability of the output set, stating that P (x') ~ P (x") , \:j x" ~ x',
translates to a positive input monotonicity property of the ray function f (x, f)),
i.e., f (x", 0) 2: f (x', 0) , V x" 2:: x'. The curvature of the production frontier can
be derived from the partial derivatives of the ray function with respect to the
polar coordinate angles, 8f (x, 0) loBi, i = 1, ... ,p -1. These derivatives reveal the
change in the output norm when the output mix is changed along the production
frontier, given the level of the inputs. For a technology with three outputs, the
first angle B1 represents the angle from the YI axis tCiward the plane spanned by the
Y2 and Y3 axis. The angle B2 represents the angle between Y2 and Y3 in the Y2 - Y3
plane. Theses two angles and the ray norm t identifies the output vector y by the
representation in (2.3). The partial derivative of (x, B) loBI thus represents the
change of the frontier output norm for changes in the output mix along the output
frontier with fixed proportions between Y2 and Y3. The derivative 8f (x, B) 1802

represents, on the other hand, the frontier output norm change due to changes in
the output mix, with the level of the first output dimension Yl held constant.

A multiple output scale elasticity measure can be defined in terms of partial
derivatives of the ray function as

\7x f(x,o)·x
E;= f(x,O) ,

where V'xf (x, e) denotes the gradiel1t of the ray function. This scale measure
gives the ratio of the proportional change in the frontier output norn1 due to a
proportional change in the inputs, conditioned on the output direction as rep
resented by the polar coordinate output angles e and the input level. Since a
scale change in the frontier output norm corresponds to a proportional change in
all frontier output dimensions, the scale elasticity measure in (2.6) can be inter
preted as a local measure of the frontier elasticity of scale. For a single output
technology (2.6) simplifies to the well known single output scale elasticity measure
E = \7x f (x) . x/f (x)o

2.1. A stochastic ray frontier production function

By introducing a composed error term similarly as in the original single output
model by Aigner, Lovell, and Schmidt (1977) and Meeusen and van den Broeck
(1977) a stochastic ray frontier production function model can be specified as
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t = f (x, B) exp (v - u) . (2.7)

(2.8)

The observed ray norm L is specified as a function of a deterministic ray function
f (x, B) and a composed error term c == v-u where the symmetric random variable
v accounts for random events affecting the production frontier and the truncated
random variable u, u 2: 0, accounts for random events affecting the technical
efficiency of the firm.

The stochastic frontier norm is given by t f == f (x, fJ) exp (v) . The technical
efficiency is modeled as affecting the output radially. The observed output is
obtained from a radial rescaling of the frontier output level yf == t f m (B) and
equals y == yf exp (-u) , where the output reduction factor defines the technical
efficiency measure T E == exp (-u) . This measure represents the radial distance
from the output vector to the frontier of the output set and corresponds to the
(output) technical efficiency in Farrell (1957). It is also equivalent to the output
distance function defined in Shephard (1970) as

Do (y,x) = min{tL: ~ E P(x)}.

Under the specification above, the distance function is given by the ratio of the
frontier norm to the observed norm, i.e. Do (y, x) == Lf / L == exp (-u) . Technical
efficiency is thus completely represented by the random variable u.

3. The Model

A linear panel data stochastic ray frontier production model is obtained by im
posing a linear functional forill of the ray function and taking logarithms of (2.7)
as

In Lit = f30 + Z~tf3 + Vit - Uit, i = 1, ... , N, t == 1, .0., T, (3.1)

where i indexes firms and t indexes time periods. Zit is a K-vector of (transfor
mations of) the inputs and the output angles and other firm and time specific
variables including time. Uit 2:: 0 represents the efficiency of firm i at time period
t as the distance from the log norm In Lit to the stochastic logarithmic ray frontier
given by (In f (Xit, fJit ) + Vit) . If T = 1 (3.1) simplifies to a linear cross section ray
frontier model.

The model (3.1) can be rewritten in standard panel data form as
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ln~it = (Xit + Z~tf3 + Vit,i = 1, ... , N, t = 1, ... ,T, (3.2)

where ait = 130 - Uit denotes the firm- and time specific intercept. For a sin
gle output technology, where tit = Yit, with time invariant technical efficiencies
(3.2) simplifies to the firm specific intercept production frontier panel data model
introduced by Schmidt and Sickles (1984).

The parameters (30 and {3 in (3.1) and (3.2) can be estimated by OL8 or
maximum likelihood estimation. Similarly as for the single output stochastic
frontier models the OL8 estimator of the intercept f30 will be inconsistent, due to
the truncated error term u in the composed error (v - u). However, the intercept
could be consistently estimated using a correction of the OLS estimator, known
as COLS obtained from the original OLS intercept estimator and higher order
(i.e., second and third) mon1ents of the OL8 residuals. The slope parameters can
be estimated consistently using OLS. See e.g., Greene (1993) for a discussion of
the consistency of the OL8 and the COLS estimation methods.

In this paper estimation is performed by MLE and the following assumptions
are used:

1. The random noise terms Vit are assumed I I D normally distributed as

Vit rv N (0, a;) .

2. The inputs Xit and polar coordinate angles Bit are independent of Vi't' for
i, if = 1, ...N, t, t f = 1, ...T.

3. Following Battese and Coelli (1995), the efficiency terms Uit are modelled as
I D (independently distributed) non-negative random firm- and time specific
efficiencies with a truncated (at zero) normal distribution with time varying
mean, i.e., Uit rv IN (mit, (j~)1 . The firm- and time varying mean mit is
specified as a linear function mit = zit8, where Z7t is an m-vector of exogenous
variables associated with the technical efficiencies.

Alternatively interpreted, the efficiency terms are given by

(3.3)

where Wit are unobservable I D random variables Wit f"'-.J N (0, o-~), Wit ~

-mit. The truncation Wit 2: -mit guarantees that the efficiency terms are
non-negative. The efficiency terms Uit (or equivalently Wit) are furthermore
assumed independent of Vi't' , for i, i' = 1, .. oN, t, t' = 1, ...T.
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An advantage of the technical efficiency effects model is that a time effect can
be incorporated in both the ray frontier function and in a specification of time
varying technical efficiency. This allows estimation of both (exogenous) technical
change of the production frontier and the linear time varying structure of technical
efficiency. Battese and Coelli (1995) and the references cited therein provide a
discussion of estimation of the model.

In this paper we concentrate on estimation of the frontier function and the
technical efficiency effects model. Firm specific technical efficiencies (distance
functions) can be estimated using the approach by Jondrow, Lovell, Materov,
and Schmidt (1982) generalized by Battese and Coelli (1988) to panel data mod
els. The technical efficiencies are predicted by the conditional expectation of the
truncated error term u, conditioned on composed error realizations as

4. Empirical Application

4.1. Data

The data consist of a panel data set of 26 Swedish County Councils providing
health care over the period 1989 - 1994. Data are highly aggregated relating to
health care production of short term surgical care and internal medicine. As prox
ies for inputs in the health care technology we use the cost of production (COST)
in MSEK (1990 years prices) and the number of available beds (BEDS). Cost
is used since data on labor use are not easily accessible for short term care. The
cost measure does not reflect expenses for capital services. Therefore, the number
of beds is used as a crude proxy for capital input in the health care production.
The proxies for outputs are the number of operations (OPER) , the number of
admissions (ADMI) and the number of visits to physicians (VI SIT) . Tambour
and Rehnberg (1997) provide a full discussion of the data definitions and data
sources. During the observed time period, five of the 26 county councils initiated
the internal market reform. One in 1990, two in 1991 and 1992, respectively.

Table 1 gives some aggregate descriptive statistics of the variables where the
polar coordinate representation of the outputs are prese11ted is addition to the
original input and output data. The output norm L is defined as the Euclidean
norm of the vector (OPER, ADMI, V I SIT) . The polar coordinates 81 and 82

are obtained from the calculation described in (2.4).
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Table 1: Descriptive statistics of inputs and
outputs. N == 26, T = 6.

Mean Std. Dev. Min. Max.
Input:
COST 1797 1593 286 9868
BEDS 1167 865 186 5893
Output:
OPER 26880 23039 3324 146785
ADM! 54533 40415 9745 249751
VISIT 348 315 62 1890
~ 60917 46367 10353 287570
81 1.128 0.058 0.905 1.267
82 0.0062 0.0012 0.0033 0.0091

4.2. Results

The following loglinear stochastic ray frontier production function is estimated

In Lit == /30 + f31 1n COSTit + (32 In BEDSit + (33 In 81,it + (34 In ()2,it

(4.1)
+{35DIM,it + f36t + Uit + Vit, i == 1, ... , N, t = 1, ...T,

where DIM,it is a dummy variable representing the "internal markets" reform.
D 1Mit == 0 before the reform has been introduced and DIM it = 1 thereafter. The, ,
time trend parameter 136 represents the exogenous neutral technical change in the
ray frontier. The technical efficiency effects model is specified as

where Wit rv N (0, a;) ,Wit 2: - (80 + 81D1M,it + 82t) . The inclusion of the market
dummy in both the frontier function and in the technical efficiency model allows
identification of the organizational effect on the production frontier, represented
by the shift parameter (35 and the effect on technical efficiency, represented by
the parameter 81 • The parameter 82 represents the linear effect of time on the
technical inefficiency.

Estimation is performed using the MLE Fortran program FRONTIER, version
4.1, by Tim Coelli, Centre for Efficiency and Productivity Analysis University of
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New England, Armidale. Coelli (1992, 1996) present the program that is publicly
available for downloading at the website:
http://www.une.edu.au/econometrics/cepa.htm.

The estimation results are given below (standard errors in parentheses):

Stochastic Ray Frontier:

Int = 3.06 + 0.042lnCOST+ 0.970 In BEDS
(0.173) (0.044) (0.047)

- 0.0891n01- O.141lnB2 - 0.183 D1M+ 0.106 t
(0.130) (0.027) (0.032) (0.0092)

Technical Inefficiency.-

Uit =0.115 - 0.359 D1M+ 0.054 t
(0.032) (0.048) (0.0096)

Variance Parameters: &2 = 0.00536, -;y = 0.999

Loglikelihood: 201.66

The positive signs of the estimated input (elasticity) coefficients in the stochas
tic ray frontier model are as expected in accordance with the input monotonicity
property. The cost input is however not significant. Thus, increased costs does
not increase in the output norm significantly. The returns to scale estimate in this
linear model is given by 1.01, indicating existence of constant 'returns to scale in
health care production. The estimates of the polar angles are both negative with
a significant estimate for the second angle. This indicates that changes in the
frontier output mix when visits are substituted for admissions, with the levels of
operations held fixed, lead to an increase in number of visits less than the decrease
in admissions. The estimated coefficients on the internal market dummy and the
time trend are clearly significant. The negative sign on the market dummy indi
cates that the organizational reform has shifted the production frontier inwards,
decreasing the maximum output producible given inputs and output mix~ This
result could be explained by increasing (administrative) costs due to the internal
market reform not accompanied by increased output levels. The trend parame
ter estimate is positive, indicating a positive technical change in the health care
production frontier during the observed time period. A possible explanation of
this is that new medical technology and health care treatment methods have had
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a significant positive effect on the production frontier. For the technical ineffi
ciency, the negative estimate of the market dummy indicates that the reform has
had a significant positive effect on the technical efficiency. This result confirms
the finding in Tambour and Rehnberg (1997), indicating that one of the primary
objectives for implementing the reform is fulfilled. The positive estimate of the
time trend indicates, on the other hand, that the technical inefficiency of the
observed county councils tended to increase over time throughout the observed
period. This result could be explained by a heterogeneity among the observed
county councils in implen1enting new technology and new treatment methods.
With a positive technical change, as it is estimated here, the units exploiting the
new technology are pushing the production frontier outwards. This implies that
the distance to the frontier for the units that are more reluctant in implement
ing the new technology is increasing. In the model applied here, this increased
distance is identified as increased technical inefficiency.

In summary, the results indicate that the organizational reform has had a
somewhat mixed effect on the health care production. The reform has been suc
cessful in the primary motivation of increasing technical efficiency. At the same
time the reform has had a cost in the sense of a negative production frontier shift.
One interpretation of this is that the estimated frontier shift provides a measure
of the adjustment cost involved in implementing the reform. This result should
however be carefully interpreted due to the limited length of the observed time
period. As more time periods become available, the persistence of this adjust
ment cost can be assessed. It is possible that the long term effect of the reform is
positive, both regarding the technical efficiency effect and the production frontier
effect. Nevertheless, the results indicate a clear adjustment cost - persistent or
not - of the internal market reform.

Likelihood ratio tests of various parameter restrictions in the ray frontier func
tion and the efficiency effects function are presented in Table 2. The likelihood
ratio test statistic is given by ,,\ == 2 (In L1 - In Lo), where In Lo and In £1 de
notes the loglikelihood value under the null hypothesis Ho and the alternative HI,
respectively.

The variance parameter I == a;/ (J2, where 0'2 == a; + a~ is the variance of
the composed error, represents overall technical efficiency in the modeL The
hypothesis Ho : I == 0 states that the technical efficiency variance is zero, or
equivalently that all firm are technically efficient. Since the efficiency variance is
non-negative this hypothesis is tested against the one-sided alternative HI : r >
O. Coelli (1995) notes that the asymptotic distribution of the LR test statistic
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for hypotheses including a zero variance parameter follows a mixed chi-square
distribution under the null hypothesis. This is due to the fact that the variance
parameter lies on the boundary of the parameter space under the null hypothesis.
Critical values for these hypotheses are obtained from Table 1 in Kodde and
Palm (1986), using q + 1 degrees of freedom, where q is the number of parameters
specified to be zero under the null which are not boundary values.

Table 2: Likelihood ratio test results (5% significance level)
Null Hypothesis A Critical Value1 Decision

Ho : 1==0 16.68 7.05 Reject Ho
Ho : 1==80 == 81 == 82 = 0 16.68 8.76 Reject Ho
Ho : 81 = 82 == a 14.64 5.89 Reject Ho
Ho : (35 = (36 == 0 93.20 5.89 Reject Ho
Ho : (33 == (34 == 0 31.82 5.89 Reject Ho
Ho : (31 + 132 == 1 18.38 3.84 Reject Ho

The estimate of the variance parameter, is close to one, indicating that tech
nical efficiency variation is a main component of the estimated model. This is
confirmed by the rejection of both Ho : l == 0 and Ho : I == 80 == 81 = 82 = o.
The hypothesis H 0 : , = 80 = 81 == 82 == 0 represents a test of absence of sto
chastic technical inefficiency effects in the model as specified by (4.2). Under the
hypothesis Ho : , = a the model reduces to a traditional regression model where
the variables entering the technical effects model (4.2) instead are included in the
stochastic frontier function. Since both the internal market dummy and the trend
variable are already included in the frontier function (4.1) the parameters 80 , 81

and 81 cannot be identified and separated from the frontier function parameters
(30, (35 and (36· Under the restricted model, the estin1ated reform effect on the
production frontier is significant and positive. Since the hypothesis Ho : l = 0 is
clearly rejected, this indicates the importance of including the reform variable in
both the frontier function and in the technical effects model in order to separate
the different effects of the reform on the production.

The hypothesis Ho : 81 = 82 == 0, testing existence of reform- and time de
pendence of the technical efficiency distribution, can be rejected. Under this
hypothesis the inefficiency terms follow a truncated half normal distribution Uit f'..)

1For the hypotheses Ho : 'Y == 0 and Ho : 'Y = 80 = 81 == 82 == 0 the critical values are obtained
from Table 1 in Kodde and Palm (1986) using 3 and 4 degrees of freedom, respectively.
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IN (J,Lu, a~)I, where the mean J,Lu == 80. The hypothesis Ho : {35 == (36 == 0 of the
inclusion of the market dummy and the trend variable in the frontier model can
be rejected, indicating that the internal market and the time effects jointly matter
in the frontier function specification.

The curvature hypothesis Ho : 133 == /34 == 0 is a test of curvature shape of the
production frontier. This hypothesis can be rejected implying that we can reject
that the output set is "ball shaped" with constant frontier norm for all output
directions. Finally, the constant returns to scale hypothesis Ho : 131 + 132 = 1
is rejected. This result seems somewhat strange since the point estimate of the
returns to scale factor /31 + /32 is as close to one as 1.01. A possible explanation
is that the finite sample distribution of the likelihood ratio test statistic differs
from the asymptotic X2 (1) distribution. A confirmation of this requires however
simulation studies not yet performed.

5. SUlllnlary and Concluding Remarks

This paper presents the stochastic ray frontier production function model as a
generalization of the single output frontier model allowing estimation of frontier
functions and technical efficiency for multiple input multiple output technologies.
The stochastic ray frontier function is based on a polar coordinate representation
of the outputs and specifies the output norm as a function of inputs and polar
coordinate output angles. The error terms affect the outputs radially and techni
cal efficiency is defined by the radial distance from the observed output norm to
the production frontier. The ray model can incorporate the technical efficiency
effects model by Battese and Coelli (1995) allowing identification and estimation
of various specifications of both the frontier and the technical efficiency effects
models. A trend variable can be included to account for technical change in the
production frontier as well as the temporal pattern of technical efficiency. Esti
mation of the parameters in the model can be performed by maximum likelihood
estimation based on distributional assumptions on the composed error terms.

The n10del is applied to a panel of 26 Swedish county councils providing health
care over the period 1989 -1994. During this period five county councils initiated
an organizational reform with a main objective to increase technical efficiency.
The estimation results indicate that the reform has had a significant positive
effect on the technical efficiency. However, the reform has had a negative effect in
terms of a negative production frontier shift that can be interpreted as the cost of
introducing the reform. Furthermore, the technical change is positive, indicating
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increased production possibilities in the health care production over the studied
time period. Technical inefficiency has on the other hand increased over time.

As a concluding remark, we note the need for future work on the choice of
appropriate functional form for the ray frontier function. The main purpose of
the included empirical application using the simple linear ray frontier model is
to illustrate estimation of the new ray model. A natural extension is to perform
a model selection analysis using several competing flexible functional forms as is
done in the single output context in Battese and Broca (1996).
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1. Introduction

Customer satisfaction has become an important performance indicator for both private
and public firms as discussed in Fornell (1992). Customer satisfaction barometers can
often be regarded as complementary to productivity measures since the latter seldom
take customer perceived quality into consideration.. If customer satisfaction is an
explicit objective for a firm, the inclusion of such measures into productivity indices
leads to more valid measures of productivity. The purpose of this paper is to present
an approach to include customer satisfaction in productivity measures. The proposed
model allows estimation of efficiency and productivity taking both qualitative and
quantitative (productivity) aspects into account .. The estimates can be obtained using
data envelopment analysis (DEA).

DEA is a non-parametric linear programming (LP) approach to estimate produc
tion characteristics such as technical efficiency and productivity (see, e.g., Charnes,
Cooper and Rhodes (1978) and Banker, Charnes and Cooper (1984)). An appealing
property of the DEA-approach is that multiple-input, multiple-output technologies
readily can be modeled without revenue or cost data. This is important in efficiency
and productivity measurement in public production, where price or cost data are often
unavailable.

We propose the use of a network model where the fundamental idea is that the
production and consumption processes can be represented as separate nodes. This
approach extends the network model in Fare and Grosskopf (1996), where a network
model for productivity measurement with intertemporal products is specified.

The network approach is flexible in the sense that production and consumption can
be jointly modeled along with a broad representation of customer satisfaction. The
network model allows an allocation of resources between customer oriented activities
(xC) and traditional production (xP). A subvector of the outputs (yC), representing
characteristics and quality attributes, is treated as an intermediate input in a con
sumption technology. Moreover, quality assessments (q) as well as the "ordinary"
outputs (yP) are considered as final exogenous production from the consumption and
the production node, respectively. The quality assessments are here represented by
data from Customer Satisfaction Barometers (CSB), see e.g., Fornell (1992). It can
be noted that the idea of a consumer technology is similar to the model in Lancaster
(1991) where it is assumed that "consumption is an activity in which goods, singly or
in combination, are inputs and in which the output is a collection of characteristics" ,
Lancaster (1991: p. 12).

The technology is represented by distance functions which also define the efficiency
and productivity measures. The distance functions can be estimated by DEA using
only primal production data without imposing a functional form for the technology.
The LP solutions allow identification of optimal allocation of production resources.
Furthermore, the optimal level of the characteristics and attributes subvector (yC)
can also be identified.
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An alternative approach to incorporate customer satisfaction in productivity in
dices is given in Fare, Grosskopf and Roos (1996). Their approach is based on a
preference indirect distance function defined as a distance function incorporating a
utility restriction. Quality assessments are used as weights in a (linear) utility func
tion defined over attributes (and outputs). One disadvantage with this approach when
using DEA is that a fllllctional form of the utility function has to be specified and that
there has to be a one-to-one relation between the assessments and the outputs to allow
an interpretation of the assessments as utility function weights. In the network model
the utility restriction is exchanged by a distance function defined for the consumer
technology and the relation between the assessment dimensions in the CSB and the
outputs (and quality attributes) does not have to be one-to-one. This implies that
a broad representation of consumer satisfaction can be incorporated in the network
productivity model.

The paper includes an empirical application wl1.ere the network model and a direct
productivity model is estimated using a sample of Swedish pharmacies. The outlined
model is an appropriate model of the pharmacy technology since a large proportion
of labor time is devoted to customer related activities such as information and coun
selling.

The paper unfolds as follows: Section 2 presents the network model and the
distance function representation of the technology. This section also defines the
Mahnquist productivity index for the network and the production node. DEA es
timators of firm specific distance functions and Malmquist indices are presented in
Section 3. Section 4 presents the empirical application and Section 5 contains a sum
mary and some concluding remarks.

2. The N etw-ork Model

We use a network technology that consists of two nodes as a representation of the pro
duction and consumption process. In the production node, firms use inputs x P E Rf.
to produce outputs y = (yP, yC) E R!j+J. The subvector yP represents traditional,

marketable (final) outputs whereas the subvector yC represents non-marketable char
acteristics and attributes of the production. The characteristics and attributes are
then considered as intermediate inputs, together with inputs xC E Rf- in the con
sumption node, resulting in customer quality assessments q E R~. The total inputs

x = xP + xC and the vector (yP, q) are treated as exogenous. The network model is
illustrated in Figure 2.1 adapted from Fare and Grosskopf (1996)0

2.1. The production technology (P-node)

The production technology is represented by an input distance function (Shephard
(1970)) defined as:

2



(x)

Figure 2el: The Network Technology

(2.1)

where L t (yC, yP) = {xP: xPcan produce (yC, yP) at time t} is the period t input
requirement set. The production technology is assumed to satisfy a set of axioms. In
short: (i) inactivity is allowed, (ii) "free lunch" is not allowed, (iii) strong disposability
of inputs and outputs and (iv) the output set is a compact and convex set. See Fare,
Grosskopf and Lovell (1994) for a presentation of these axioms. The input distance
function takes on values larger than one if and only if xPE V (yC, yP). Technical
efficiency is achieved when the distance function equals one.

2.2. The network technology

Fare and Grosskopf (1996) define a network technology for the P-node. Here we specify
a network model as joint production and consumption technology in an analogous
manner. The network technology in Figure 2.1 can be represented by the network
distance function

'D; (x, (yP,q)) =-lIl~c {A: ~ E.ct ((if,YP) ,q) ,x 2: i P +:ip} , (2.2)
x ,x ,y A

where.ct ((yC,yP) ,q) = {x: xPE V (yC,yP) ,q E Qt (xC,yC) ,x 2: xP+XC}is the

network grand input set. Qt (xC, yC) = {q :xC and yC can give qat time t} is the
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quality assessment set in the consumption technology in time period t representing
the set of quality assessments attainable from xCand yO.

The distance function measures the maximum proportional contraction of the in
puts given that an output vector can be produced that still allows the quality assess
ments to be attained. The network distance function thus constitutes a measure of
technical efficiency that incorporates consumer satisfaction represented by the quality
assessments in the consumption node.

Note that the optimal values of the choice variables i P , xC and yO in (2.2) identify
an optimal allocation of the inputs (xP and xC) and the output attributes/characteristics
(yC). It is of course possible that one or more elements in the input vector x only goes
to one of the two nodes. This can easily be taken into consideration in the model.
Since X n = x~ + x~, n = 1, ... , N, we simply set, for example, x:;' = 0, if input n' is
entirely used in the C-node.

Two properties of the network distance function can be noted. Vi (x, (yP, q)) is

homogenous of degree 1 in inputs, Le., V; (Bx, (yP, q)) = BV; (x, (yP, q)), for B> 0

and nondecreasing in q(and yP), Le., V; (x, (/,yP,/,q)) ~ 'Of (x, (yP,q)), for /' ~ 1.

2.3. P-node productivity

Caves, Christensen and Diewert (1982) showed that productivity changes can be mea
sured by Malmquist indices, defined in terms of ratios of distance functions. Following
Fare, Grosskopf and Roos (1996) an input-based Malmquist productivity index can
be defined for the production technology (P-Node) as

(2.3)

Productivity improvement is signaled by a Malmquist index less than one and
a negative change in productivity is signaled by an index greater than one. The
Malmquist index can be decomposed into two components as in Fare, Grosskopf and
Roos (1996)

1

nr,t+1 (XP,t+l, yt+l) [ ni't (xP,t, yt) nr,t (xp ,t+1, yt+l) ]"2
Df,t (xP,t,yt) Df,t+l (xP,t,yt) Df,t+l (XP,t+l,yt+l) .

, "V' "..."---------..v~------..--;
Ei,t,t+l Tci,t,t+l

(2.4)

The term outside the brackets, Ei , measures change in efficiency which can be
interpreted as a "catching up" (to the production frontier) effect. The TCi term
measures change in technology in terms of shifts in the production frontier.
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2.4. Network productivity

A network Malmquist productivity index based on the network dist~nce functions can
be defined analogously to the P-node index in (2.4) as

(2.5)

1

[
1); (xt, yP,t, qt) 1); (xt+l, yP,t+l, qt+1) ]"2

Vf+1 (xt , yP,t, qt) V;+l (xt+1, yP,t+l, qt+l) ,
,

where Ei reflects the change in technical efficiency or "catching up" and rei reflects
technology change as a shift in the network production frontier.

3. Data Envelopment Analysis

Using a sample of K firms the distance functions and the Malmquist productivity
indices can be estimated using DEA. The data are collected in matrices: X P ==
(xi, ... , Xk) and XC = (xf, ... ,x~) which are (N x K) matrices of inputs, Y ==

( ~~ ) = (( ~f ),...,(~i ))which is a ((M + J) x K) matrix of outputs and

finally Q = (ql' ... , qK) is an (L x K) matrix of quality assessments.

3.1. DEA estimators of distance functions

The estimate of the P-node input distance function (2.1), under constant returns to
scale (CRS), is given by the solution to the linear program (c.f., Fare, Grosskopf and
Roos (1996»

[Df,t (xf,t, yl)r1
=rnjn {B: Bxf,t 2: xP,tz ,Yk S; ytz , z E R~} . (3.1)

By adding an additional restriction on the intensity variables, z, alternative returns
to scale restrictions can be imposed on the distance function estimate. The restriction
Ef[=l Zk = 1 imposes variable returns to scale (VRS) and the restriction Ef[=l Zk ::; 1
imposes non increasing returns (see, e.g., Fare, Grosskopf and Lovell (1994)).

The network distance function (2.2), under eRS, is estimated by the following LP
problem (c.f., Fare (1991), Fare and Grosskopf (1996))
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(3.3)

x P > xP,tz yP,t < yP,tz y-C < yC,tz (3.2)
- 1, k - 1, _ 1,

Y-C > yC,tz xC > XC,t z qt < Qtz- 2, _ 2, k _ 2,

3.2. DEA estimators of the Malmquist productivity index

Given repeated observations on the sample of K firms, the Malmquist index can be
estimated with DEA. In addition to (2.1) and (2.2), cross-period distance functions
have to be estimated.

The P-node cross-period distance function D[,t (xP,t+l, yt+l) used in the Malmquist

index in (2.3) is estimated analogous to (3.1) as

[f5!"t (XP,t+l yt+l)] -1 =min {e .exP,t+l > xP,tz yt+1 < ytz z E RK }
z k 'k z· k - 'k - , +.

In (3.3) observations from period t + 1 are evaluated against an estimate of the

input requirement set Lt (y~+l), using observations from period t. The cross-period

distance function Df,t+l (xp,t, yt) is estimated analogously, with the time indices t and
t + 1 interchanged.

Similarly, the network cross-period distance function vI+l (xt, yP,t, qt) used in (2.5)

is estimated similarly as (302)

x P > X P,t+1 Z yP,t < yP,t+1 Z y-C < yC,t+l Z (3.4)
- 1, k - 1, _ 1,

Y-
C > yC,t+1 Z xC > x C,t+lZ qt < Qt+1 Z- 2, - 2, k _ 2,

Zl E R!{., Z2 E R!{.} .

The network cross-period distance function V; (Xt+l, yP,t+l, qt+l) is estimated anal
ogously, with the time indices t + 1 and t interchanged.
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4. Empirical Application

4.1. Data

An empirical application is included to illustrate the method and the types of con
clusions that can be made from a comparison of a standard productivity model with
the network model. The data consist of a sample of 31 Swedish pharmacies in 1993
and 1994. Fare, Grosskopf and Roos (1995, 1996) use similar type of data, but other
subsamples of Swedish pharmacies. One novelty with the data set we use is that we
have data available on the allocation of one of the two input dimension (the labor
hours) to the two nodes. This implies that we can estimate the complete network
model specification which allows differences in allocation of inputs to the P-node (tra
ditional production) and the C-node (customer oriented). The allocation of inputs
(labor hours) to the C- and P-node, is based on budget data in terms of ratios of total
labor hours. Due to data limited availability we have to use the same allocation ratio
(xC /xP) in both years.

The dataset include two inputs, three outputs, two quality attributes and five
quality assessment dimensions. The following set of variables are used:

Two inputs (xP) and (xC):

LABOR-P and LABOR-C (hours of pharmacist and technical staff services in the
P-node and C-node, respectively),

COSTO (the value of other inputs, SEK 1000)

Three outputs (yP):

NUMPRE (number of outpatient prescriptions),

OTC (number of over the counter transactions),

OEXP (number of other types of expeditions).

Two output attributes (ye):

OPEN (number of business hours open per week),

PRESERV (percent of prescriptions filled within one day).

Five eBB quality assessments (q):

AVAIL (availability of the pharmacy service),

PREMI (the pharmacy premises),

QPRESERV (service on prescription drugs),
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PREFREE (service on prescription free drugs),

QDE (que service).

The five assessments dimensions represent impact transformed estimates of the
different quality dimensions in the Customer Satisfaction Index (C81). The data used
in the estimation of the CSI are obtained from pharmacy specific customer satisfaction
barometer surveys. The CSI is estimated using a Partial Least Square (PLS)-algarithm
where the rating and the impact of the different quality dimensions on the CSI are
estimated. In the analysis the transformation is simply a multiplication of the rating
of each dimension of q with the corresponding impact estimate (see, e.g, Farnell (1992)
far a discussion of the CSI-estimation procedure). Descriptive statistics of the data
are given in Table 1.

Table 1
Descriptive statistics for the inputs, outputs, attributes and eSB-data

Mean Min. Max.
1993 1994 1993 1994 1993 1994

Inputs:
LABOR-P 3,754 3,863 408 426 11795 11703
LABOR-C 6,849 7,045 669 713 20969 20806
CaSTO 588,40 670,70 148.10 174.40 1691.40 1804.90

Outputs:
NUMPRE 46,763 45,197 10,313 9,074 129,640 134,260
OTe 52,584 51,361 9,438 8,938 174,601 173,567
OEXP 3995 8350 527 1184 14207 27329

Attributes:
OPEN 44 44 26 27 62 62
PRESERV 86 89 0 0 98 98
CSB Data:
AVAIL 36.7 39.3 7.4 8.0 130.5 84.0
PREMI 84.6 71.1 37.2 16.8 148.2 132.0
QPRESERV 54.6 44.3 0.0 0.0 133.5 136.0
PREFREE 55.5 41.1 8.9 0.0 109.2 77.4
QUE 36.9 44.6 15.6 17.2 62.4 106.6

From Table 1 we see that input use have increased on average. The average values
of the quality attributes are nearly the same in both years. Data on outputs and
quality assessments show no clear pattern although a high increase in other types of
expeditions (OEXP) can be noted. This is caused by a change in technology for some
pharmacies resulting in increased other types of expeditions partly accounted for by
a decrease in outpatient prescriptions.
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4.2. Results

We present (geometric) average results for the network Malmquist index and its com
ponents. Note that restrictions are imposed on the attributes (yC) since opening
hours and the service level are bounded above by 168 and 100, respectively. Further
more, results based on a "standard" model of the technology using the approach in
Fare, Grosskopf and Roos (1995) are also presented. This (direct) model does not
account for customer satisfaction. Quality attributes are, however, included as a sub
vector of the output vector, Le., the output is given by the output from the P-node as
y= (yP, yC). The inputs are aggregated into a single input vector, consisting of the

total (exogenous) inputs in the network model, i.e., the inputs x = x P + xC are used.
Qualitative and quantitative comparisons of these results indicate how the inclusion

of customer perceived quality (based on the network model) affect the estimated pro
ductivity scores. Implicit adjustment terms can be defined as the ratio of the network
Malmquist index to the standard Malmquist index, Le., AP == M~,t+l (.) / M;,t+l (.). If
AP < 1 (> 1), the effect of accounting for customer satisfaction is positive (negative)
and productivity growth is higher (lower) when accounting for customer satisfaction.

Results from the two models are given in Table 2. Results on optimal values of
the choice variables x P, xC and yC in the estimation of the network distance functions
(3.2) are given in Table 3.

Qualitatively, the two models give similar results in terms of sample averages.
The network model, however, indicates a lower (average) productivity progress than
the standard model. Both the efficiency and technical change components in the
Malmquist index decomposition indicate progress in productivity.

The results show 13 (18) cases where the estimated productivity. (change) is higher
(lower) in the network model compared to the standard model. Although there are
equally many cases with productivity progress, the pharmacies with increased produc
tivity are not the same in the two models. Three pharmacies experienced increased
productivity in the network model, but decreased productivity in the standard model
and consequently there are three cases with the opposite results. We note that the
models also give similar results in terms of rank comparisons" Six units are in the
group with ten highest productivity scores in both models and seven units are in the
group with ten lowest scores in both models.
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Table 2
Summary results: Malmquist index, decompositions

and implicit adjustment terms l

Network Standard Adjustment
Model Model terms

Productivity change:
geometric mean 0.949 0.914 1.038
progress (counts) 21 21 13
regress (counts) 10 10 18
no change (counts) 0 0 0
Efficiency change:
geometric mean 0.97 0.979 0.99
progress (counts) 16 18 16
regress (counts) 12 5 12
no change (counts) 3 8 3

Technical change:
geometric mean 0.978 0.934 1.048
progress (counts) 20 21 17
regress (counts) 11 10 14
no change (counts) 0 0 0
# Efficient units 7/7 11/10

On average the adjustment term is greater than one for the productivity and
technical change, whereas it is less than (but very close to) one for th.e efficiency change
component. We thus draw the conclusion that the inclusion of customer perceived
quality lowers the estimated productivity and technical change for this sample.

The number of efficient units is less in the network model compared to the standard
model, both in 1993 and 1994. The number of units with progress and regress in
efficiency also differs between the two models.

Table 3
Descriptive statistics of optimal values of xc, xP and yC

Mean Min. Max.
1993 1994 1993 1994 1993 1994

Inputs:
LABOR-P 4,294 5,238 409 506 26,876 23,608
LABOR-C 4,254 3,316 794 713 20,969 10,003
Attributes:
OPEN 52 46 25 27 168 112
PRESERV 74 89 0 0 100 100

1In column 3 progress = # cases where AP < 1 and regress = # cases where AP > 10
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The results for optimal values of XC, xP and yC in Table 3 reveal that the optimal
levels of labor time allocated to customer activities are for both years, on average,
less than the actual observed levels. The opposite results is obtained for labor time
allocated to production. Equivalently, the ratio of optimal allocation to production
activities over optimal allocation to customer oriented activities (i.e., x P / xC) is higher
than the observed values. One interpretation of this is that more resources should be
allocated to production activities and less to consumer activities.

For the output attributes the average results show that the optimal values of the
open times exceed the observed values for both years. The optimal value of the service
level is below the observed level in 1993 and equal to the observed level in 1994. An
interpretation of this is that the pharmacies should substitute opening hours for service
level. It can also be noted that the optimal values attain maximum values of both
attributes in 1993 for one pharmacy.

5. SUIlllllaryand Concluding ReInarks

This paper proposes a network model which gives flexibility in the modeling of produc
tivity and customer satisfaction. The model allows inputs to be allocated to customer
oriented activities or traditional production activities. The inputs directed to cus
tomer activities, together with quality attributes of the production is assumed to give
customer satisfaction, here represented by quality assessments from customer satisfac
tion barometer surveys. If these data are available, optimal allocation of the inputs to
the production- and consumption nodes in the network can be estimated using DEA.

For firms with an objective to achieve a high degree of customer satisfaction, the
approach gives valid measures of efficiency and productivity. This can be important for
organizations with quality objectives and incentive structures based on productivity
measures.

We present an empirical application using a sample of Swedish pharmacieso Similar
qualitative results are obtained from the network model and a standard productivity
model. In both models the estimated (average) productivity change is positive. The
network model, however, shows a lower (average) productivity progress than the stan
dard model. Both the efficiency and technical change components in the Malmquist
index decomposition indicate progress in productivity. The technical change compo
nent accounts for most of the progress, although this is more clear in the standard
model than in the network model. There are, however, some differences regarding
which pharmacies are experiencing progress and regress in productivity in the differ
ent models. Furthermore, the results indicate that more resources should be allocated
to the production activities and less to the consumer activities and that the pharmacies
should substitute apening hours far service level.

To conclude, this paper has presented an approach to account for customer satisfac
tion in estimation of efficiency and productivity. For firms with customer satisfaction
as a stated objective this type of model provides a way ta obtain more valid measures
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of efficiency and productivity than traditional approaches where customer perceived
quality are often ignored. Furthermore, important results for management decisions
regarding both allocation of resources and quality attribute prioritations are provided.
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