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This dissertation contains four essays on nonlinearities and regimes in the financial

market. The first essay is a survey which considers recent empirical findings,

published 1987-1996, concerning stock price behavior. It discusses stylized facts of

financial high frequency data and presents applications of different time series

models, mostly conditional variance models, applied to the returns of the Standard

& Poor 500 composite stock index, S&P 500. The return, YP is defined as

YI = InPI -InPI-i. The remaining three papers are empirical studi~s dealing with (i)

stylized facts of daily return series, (ii) modelling the conditional mean and

conditional variance with an application to high frequency data, and (iii) volatility

forecasting on exchange rates and stock prices. These three papers all include the

use of the S& P500 index.

INTRODUCTION

The interest concerning stock price behavior has a long history. In a paper by Fama

(1965) the purpose was to test empirically whether stock prices are normally

distributed and if they follow a random walk. The conclusion of the paper is that the

random-walk model seems to be an adequate description of reality. Fama also

concluded that Mandelbrot" s (1963) hypothesis, that empirical distributions of price

changes conform to stable Paretian distributions with characteristic exponents less

than two, holds since the empirical distributions have fatter tails than the normal

distribution. He also recognized the volatility clustering, which means that the

volatility of returns seems to change over time giving periods of high volatility and

periods of stability. For more recent analysis of the empirical distributions of return

series see for example Schwert (1989) or Granger and Ding (1995a,b).
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Volatility c.lustering is thus one of the oldest noted characteristics of financial data

and the importance of accurate prediction of capital asset return volatility has never

been bigger than today. This is true for at least two reasonS. First, the expected

future volatility is an important input for all dynamic trading. For example option

pricing models, first set out by Black and Scholes (1973), need an accurate estimate

of future volatility for the underlying asset as an input. Second, expected future

volatility is also an important input for example in portfolio selection analysis and

risk management. In this case the volatility is used as an explicit measure of risk.

There are a large variety of volatility or conditional variance models available. A

group of asset return models with changing volatility that are currently very popular

are the ARCH-type models. In these models volatility is a deterministic function of

historical returns. The first model of this type was introduced by Engle (1982). This

nlodel was the simple ARCH(q) in which the conditional variance is written as a

linear function of the first q past squared innovations. Bollerslev (1986) generalized

the nlodel by allowing the current conditional variance to depend on the first p past

conditional variances as well. This model was called the GARCH(p,q). The

GARCH model assumed that the innovations follow a normal distribution. However

as discussed above, the unconditional distribution of many financial time series

seems to have fatter tails than allowed by the normal distribution. One way to take

account of this fact in ARCH-type nlodels is to use the t-distribution with v degrees

of freedom. For applications of ARCH-type models, with t-distributed errors

applied to financial data, see for example Bollerslev (1987). Furthermore, in the

GARCH nlodel the variance only depends on the magnitude and not the sign of the

innovations. However, a number of researchers have found evidence of asymmetry

in stock price or interest rate behavior. They have found that negative surprises

seem to increase volatility nlore than positive surprises do. Nelson (1991)

introduced the Exponential GARCH(p,q), or the EGARCH(p,q) where volatility is

an asymmetric function of past innovations. This model has been shown to be very
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useful in empirical work. Lindgren (1978) introduced the hidden Markov model

which is a mixture of two or nlore normal distributions (or other distributions) that

are capable of modelling regime shifts present in the data. The model is called a

hidden Markov model since the process nlight be considered to be influenced by an

unobserved random variable, the state or regime. The model was first used in

econometrics by Hamilton (1988) and Tyssedal and Tj0stheim (1988) and has since

then been adopted by many researchers, for example for estimating volatility in the

financial market. The hidden Markov model is used in all three empirical essays in

this thesis. In essay II the hidden Markov model is used to reproduce some stylized

facts found on high frequency financial data. In essay III we estimate hidden

Markov models with a conditional mean and compare some of the results we get

with results from essay II. The conditional nlean is parameterized with the STAR

model by Terasvirta et aI., see Terasvirta (1994 a,b). Essay IV compares the

forecasting performance of the hidden Markov model with some of the most used

volatility models of ARCH-type, Le. the GARCH(l,l) with normal and t-distributed

errors and the EGARCH(l,l) model. Next we give a more detailed summary of the

three empirical essays of the thesis.

SUMMARY OF THE THESIS

Essay II: Stylized facts of daily return series and the hidden Markov model

In Granger and Ding, GD (1995a,b), the properties of high frequency financial data

were analysed. The data were long return series of daily frequency or single

transactions data. They established a few properties or stylized facts which seemed

to hold for many series of this kind. Some of the properties were temporal, and

others distributional. They also concluded that the return series contains higher

order dependence. GD suggested a stochastic model with double exponential
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variables with zero mean and unit variance that would generate series with such

properties, see also Ding, Granger and Engle (1993) and Granger and Ding

(1995a). In this paper we present an alternative to the distribution theory of GD and

discuss its properties together with an empirical example. We assume that the

marginal distribution of returns is a mixture of normal distributions. We show that

such a mixture allows data generating processes capable of closely reproducing most

of the distributional properties which GD observed in the absolute returns. There

also exists a natural solution to introducing higher-order temporal dependence in the

process. It consists of postulating the dependence in terms of the hidden Markov

model, HMM, or the Markov switching regime model of Lindgren (1978). To find

out how this idea works we apply the HMM to 10 equally long subsets (1700

observations each) of the daily S&P500 composite stock index mentioned above. It

is one of the series GD analysed and one which they found to posses most of the

properties listed above. A major part of the interest lies in the properties of the

estimated models, that is, how well the HMM is capable of characterizing the

stylized facts. This essay differs from other studies applying the hidden Markov

model since the number of states of the model has not been fixed in advance. We

introduce a formal test which makes it possible to decide how many states a given

time series possesses or should be modelled with. The test is a likelihood-ratio or

LR-test where we make use of parametric bootstrap. We use a goodness-of-fit test

by Milh0j (1981) which is adapted to fit in a hidden Markov model setting. This

test, which also uses parametric bootstrap, focuses on the spectral properties of a

zero mean stationary process. The results are very encouraging and we succeeded in

reproducing most of the stylized facts found by GD. The most difficult stylized fact

to reproduce, however, is the slow decay of the autocorrelation function.
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Essay III: Modelling the conditional nlean and conditional variance:
A combined smooth transition and hidden Markov approach with
an application to high frequency series

In the last decade there has been a growing interest in modelling the conditional

variance of financial data. This is because the conditional variance is an estimate of

volatility which itself is a measure of risk. The conditional mean has customarily

been assumed to be constant. However, in later studies there has been some

evidence of nonlinear structure in the conditional mean when modelling financial

data, especially high frequency data. Formal linearity tests often reject linearity, see

for example Terasvirta (1994 a,b). Usually when applying second moment models

only nonconstant variance is parameterized. In this paper we investigate what

happens if parameterization of the (nonlinear) conditional mean is also taken into

consideration. Since linearity in the conditional mean is often rejected in high

frequency data, we make use of a nonlinear model class called STAR models. The

STAR model (Smooth Transition Auto Regressive) by Terasvirta et al. enables a

rich parameterization of the conditional mean once linearity is rejected. The

modelling cycle for the STAR model follows the four-step procedure proposed in

Terasvirta (1994b) which encompasses specification, estimation and evaluation. A

linearity test is always conducted to see if it suggests that a series is nonlinear or

not. If linearity is rejected we specify a nonlinear model of STAR type. The

modelling procedure for the hidden Markov model follows the procedure proposed

in Ryden, Terasvirta and Asbrink (1996), RTA. Again in the case of modelling the

conditional variance, a linearity test is conducted. We investigate if the series is

nonlinear or not, Le. if a hidden Markov model with two or more states should be

applied or if a single state is sufficient. This paper compares some of the results in

RTA. They applied the hidden Markov model to the S&P500 stock price series.

Stylized .facts of the series were compared to facts reproduced by the models and to

facts found by Granger and Ding (1995 a,b). In this paper we compare the results of

RTA with results which we get if we estimate the hidden Markov model given a
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nonconstant conditional mean. We analyze the local dynamics of both the STAR

models and the HMMs. "Sliced spectras" for the STAR models are also calculated.

The results show that the nUlTlber of states for each model does not change (except

for one case) but the estimated transition probability matrices change structure when

the conditional mean is modelled. Regarding the stylized facts, it seems that when

the conditional variance is modelled given a conditional mean we get close to the

behavior of hidden Markov models estimated on outlier reduced data (RTA). In

some cases we get longer memory in the autocorrelation functions when the

conditional mean is modelled.

Essay IV: Volatility forecasting for option pricing on exchange rates
and stock prices

In this paper we compare the forecasting performance of some ARCH-type models

and the hidden Markov model. We estimate and evaluate some of the most

frequently used ARCH-type models such as the GARCH(l,l) with normal and t

distributed errors, and the EGARCH(l,l). These three models have been shown to

be very useful in empirical work, for example in volatility forecasting. We also

estimate hidden Markov models. These four models are applied to exchange rates

and stock prices and indices. We forecast the mean volatility over each forecasting

horizon. The reason for this setup is that it is common practice in empirical option

valuation to use estimates of the mean volatility when using the Black & Scholes

(1973) formula. We use two naive estimators of volatility as benchmarks. These

two estimators are a random-walk and a simple average of the previous squared

returns. The parameters of the models are estimated by maximum likelihood and

prediction error minimization. The approach of estimating the parameters by

prediction error minimization is quite new to econometrics and amounts to

estimating the parameters subject to minimizing the in-sample RMSE for each

6



forecasting horizon. The in-sample as well as the out-of-sample forecasting

performances are evaluated for different forecasting horizons relevant for option

pricing purposes. The evaluation criteria are the standard bias and RMSE measures.

The results of the out-of-sample forecasting performance show that the EGARCH

estimated by Maximum likelihood has the best performance among the ARCH-type

models. This result agrees with earlier studies, see for example Kaeler (1993). The

results also show that the hidden Markov models mostly outperform the other

models especially when they are estimated by prediction error minimization.
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Essay I

A SURVEY OF RECENT PAPERS CONSIDERING

THE STANDARD & POOR 500 COMPOSITE STOCK INDEX

INTRODUCTION

This survey presents some of the most recent studies using daily observations of the

Standard & Poor 500 composite stock index, S&P500. It does not intend to be a

complete account of the research field but rather to give a flavor of different

approaches and research problems. Because the survey contains many different

models and specifications applied to the series, we have chosen to arrange them in

two categories. Category 1 includes papers considering "stylized facts" of financial

high frequency data, and especially the S&P500. By stylized facts we mean

temporal and distributional properties of high frequency financial data such as

volatility clustering, the leverage effect, thick tails and so on. Category 2 includes

theory testing papers which are divided into two sections: fmancial econometrics

papers and financial economics papers. The financial econometrics papers are pure

time series analysis papers. The financial economics papers are empirical papers

testing a particular economic theory.

The category "stylized facts" is represented by articles by Ding, Granger and Engle

(1993), Granger and Ding (1995,1996) and Ding and Granger (1996). Essays I and

II of the thesis discuss an alternative approach to modelling the stylized facts found

by Granger and Ding (1995a,b). The essays also inlude empirical examples where

the hidden Markov model by Lindgren (1978) is applied to the S&P500 index.

Category 2, theory testing papers, includes financial econometrics papers such as

investigations of the relation between serial correlation and volatility for stock

11



return series, LeBaron (1992), impulse-response analysis of nonlinear time series

models, Gallant et al. (1993), or those introducing alternative specifications of the

ARCH model, Hauser and Kunst (1993) and Kunst (1994). Wen (1996) investigates

whether a continuous-time chaos model can explain the behaviour of the S&P500

series. Essay III of the thesis belongs to this category. The essay investigates the

volatility forecasting performance of some popular second moment models such as

the GARCH with normal and t-distributed errors, the EGARCH and· the hidden

Markov model.

The financial economics papers are represented by French et al. (1987) which tests

whether the expected market risk premium, defined as the expected return on a

stock market portfolio minus the risk-free interest rate, is positively related to risk

as measured by the volatility of the stock market. Schwert (1989), which analyses

the relation of stock volatility to real and nominal macroeconomic volatility,

economic activity, fmancialleverage and stock trading activity, and Campbell et al.

(1993), also belong to this category. Campbell et .al. investigates the relationship

between aggregate stock market trading volume and the serial correlation of daily

stock return for both stock indices and individual stocks, using a model in which the

risk averse market makers accommodate buying or selling pressure from liquidity or

non informational traders. We start the survey with a short description of the

S&P500 composite stock index.

The S&P500 composite stock index

The S&P500 is a composite stock index based on 500 different stocks traded on the

New York stock exchange, NYSE. It consists of 400 industrials, 40 utilities, 20

transportation companies, and 40 fmancial institutions stocks. The weights of the

stocks in the portfolio at any given time reflect the stock's total market

capitalization. The index accounts for 80 percent of the market capitalization of all
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stocks listed on NYSE. William Schwert collected a long return series of the

S&P500 which consists of 17055 observations of daily data from 3 January 1928 to

30 April 1991. If we denote Pt the S&P500 price index at time t, then

rt = InPt -lnPt_l is the compounded return on this index at tinle t. This return

series is used, in whole or in part, in all of the stu<;lies in this survey. The S&P500

return series is also used in all empirical essays in the thesis. In essays I and IT the

series is divided into 10 equally long subsamples of 1700 observations each, lettered

A-J. Essay III also uses the S&P500 index amongst other data but over the period

2nd January 1991 to 3rd January 1996. The Appendix includes figures of the

S&P500 divided into 10 subsamples, lettered A-J.

"STYLIZED FACTS" PAPERS

1. Ding, Granger and Engle (1993)

In this paper Zuanxin Ding, Clive W.J. Granger and Robert F. Engle, DGE,

investigate a "long memory" property of stock market returns. If rt is the return

from a bond or a stock this paper considers the temporal properties of the functions

Irtld for positive values of d. DGE argue that it is well known that the returns

themselves contain little serial correlation, which is in agreement with the efficient

market theory. Taylor (1986) found that Irtl has significant positive serial

correlation over long lags. DGE investigate this property by examining various

classes of models applied on long daily stock market price series. They use the

S&P500 index dating from January 3 1928 to August 30 1991 which contains 17055

observations. The authors argue that it is found that not only is there substantially

more correlation between absolute returns themselves, but the power transformation

of the absolut~ return Irtld also has quite high autocorrelations for long lags. DGE

fmd that it is possible to characterise Irt I
d

to be long memory. They examine the

sample autocorrelations of the transformed absolute S&P500 returns IrtId for
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various positive d and they find that all power transformations have significant

positive autocorrelations at least up to lag 100. This property is strongest when d is

around 1. This result seems to argue against ARCH type specifications based on

squared returns. DGE try different models to approximate the behavior of the

sample autocorrelation function and the final preferred model is

o,p131 At
P = t-IP2

t 't 133 ' (1.1)

which is a theoretical autocorrelation function that they transform to a linear model

log Pt =logo. + ~llog Pt-l +'t log ~2 - ~310g't (1.2)

OLS was applied to this model and the results show that it fits the sample

autocorrelations quite well. Similar studies have been done for some other indices

such as the German daily stock market price index (DAX) which give similar

results. After these empirical findings DGE have applied ARCH and GARCH

models to the S&P500 index and all parameters are significant in the used models.

They also introduce a new model which they call an asymmetric power ARCH or

A-PARCH. This model is a generalised version of ARCH models which includes

Bollerslev's GARCH and Taylor/Schwert GARCH and some other models as

special cases. The reason for introducing this new model class is that the authors

find no obvious reason why, as in the Bollerslev GARCH, the assumption is made

that the conditional variance is a linear function of lagged squared returns and, as in

the Taylor/Schwert GARCH, the assumption is made that the conditional standard

deviation is a linear function of lagged absolute returns. The general structure is as

follows

E t = Stet e t ,...., N(O,l)
p q

s~ = 0. 0 +Lo,;(IEt-;I-y ;Et_;)O +L ~ jS~_;'
~l j~
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where 0. 0 > 0, () ~ 0, a ; ~ 0, i =1, ... ,p , -l<Yi<l, i=l, ... ,p and

~ j ~ 0, j =1, ... ,q. The model imposes a Box-Cox power transformation of the

conditional standard deviation process and the asymmetric absolute residuals which

makes it possible to linearise otherwise nonlinear models. The model is estimated

for the S&P500 index and the result shows that the estimated () is 1.43 which is

significantly different from 1 /Taylor/Schwert model) or 2 (BoIlerslev GARCH).

The authors also fmd that the leverage effect exists in S&P500 returns due to the

significant t-statistic for the asymmetric term. The leverage effect is the observed

phenomenon that a price decrease has a larger effect on subsequent volatility than

does a price increase. This effect was first observed by Black (1976).

2. Granger and Ding (1995 a,b)

Clive W.J. Granger and Zhuanxin Ding, GD, examine the temporal and

distributional properties of the rate of return on the S&P500 index. The data

analysed range from January 3, 1928 to August 30, 1991 and consist of 17055

observations. Some of the temporal properties found by GD are

TP1: returns are not autocorrelated (except possibly at lag one)

This property is consistent with the theory of efficient markets.

TP2: Irtl, r/ are "long memory" with corrClrtl, Irt-kl) > corrCr/, rt~k)'

TP3: corrClrt I, Irt-k I) > corrClrt1
9

, Irt-k1
9

), e *- 1.

Autocorrelations of powers of absolute return are highest at power one. This

effect is called the Taylor effect.

TP4: The autocorrelations of sign rt are all insignificant
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GD also established some "stylised facts" about the distribution properties.

DPl: Irt I, and rt are independent.

DP2: mean for Irtl = standard deviation for Irtl.

DP3: the marginal distribution for IrtI is exponential (after outlier reduction).

For the whole sample of 17055 observations 138 terms were reduced.

The implications of DP3, that the distribution is exponential are

mean = standard deviation = a.

skewness = .J:L = 2
Jl~/2

kurtosis = t.! = 9
J.1~

regardless of the value of a.. The authors propose that most of these stylized facts

can be captured by a double exponential model. GD also examined if these

properties can be found in other series. They analyse different stock market indices

such as the CAC-40 index from the Paris stock exchange and the Nikkei index from

the Tokyo stock exchange. They also analyse commodity market prices such as

silver, copper, sugar and coffee prices, exchange rates I.e. US dollar versus the

Japanese Yen, West German Mark and the Canadian Dollar and interest rates I.e.

the three month treasury bill rate. All series except one were on daily data. GD

found some stylised facts about these series: 1. The marginal distribution of rt is

approximately symmetric. 2. The estimated mean and standard deviation values are

approximately equal in all cases. The skewness coefficients are all positive and near

the hypothesised value of two and the kurtosis coefficients are generally quite near

the hypothesised value of 9. 3. The stylised fact DPl, that Irtl and sign rt are

independent, is found to hold for about half of the series but is very strongly
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rejected for interest rates. The conclusions found by GD are: 1. If one wants to

have a measure of risk that is forecastable over longer periods, then absolute return

is superior to variance. 2. The long memory property of absolute return and of

variance makes testing and estimation more difficult than if these measures of

volatility were short memory. 3. The assumption that the innovations to models of

returns are doubly exponential is likely to be superior to an assumption of

normality. The use of the double exponential can produce estimates of models such

as those belonging to ARCH families with higher likelihood values.

3. Granger and Ding (1996)

In this paper Granger and Ding define the concept of long memory and illustrate it

with an empirical example. They illustrate the long nlemory property of the

S&P500 daily series containing 17055 observations. Long memory as defined in the

time series literature relates to a series having a finite spectrum at (essentially) all

frequencies, but infinite at the zero frequency. They suggest that the autocorrelation

structure of the fractionally integrated model might be able to give a good

approximation to the sample autocorrelation function derived from the S&P500

return series. In this paper it is pointed out that it is not only the fractionally

integrated processes which are capable of generating this long memory property.

The authors present some new classes of generating mechanisms that can produce

this kind of properties. These classes will often be of more theoretical interest than

of practical relevance, as pointed out by the authors, but they show that at least

time-varying parameter models are worth consideration, and especially the hidden

Markov model by Lindgren (1978).
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4. Ding and Granger (1996)

This paper extends the work by Ding, Granger and Engle (1993) and examines

further the long memory property for various return series. The long memory

property found for S&P500 returns is also found to exist for four other return

series. These return series include the Nikkei index, Deutsche Mark over U.S.

Dollar, individual stock returns of daily frequency and minute by minute frequency.

It is found that the absolute returns and their power transformations all have long,

positive autocorrelations. Usually this property is strongest for the absolute returns.

One exception is the exchange rate return which has the strongest property when

taking the power 1/4. The theoretical autocorrelation functions for various

GARCH(l,l) models are derived and found to be exponentially decreasing, which

is rather different from the sample autocorrelation function for the real data. For

example, the autocorrelation function for the IGARCH(l,l) process is shown to be

exponentially decreasing, and not persistent, which is quite surprising. Thus one

cannot draw the conclusion that the autocorrelation function is constant when the

parameters for the squared innovation and the past conditional variance sum to

unity. A general class of long memory models that have no memory in returns

themselves, but long memory in absolute returns, and their power transformations is

proposed. The authors call the model class Long Memory ARCH model of order q,

LM(q)-ARCH, and assume the use of the Beta-distribution. The issue of estimation

and simulation for this class of models is discussed. The estimated results show that

this model gives a much better description for the real data. The Monte Carlo

simulation also shows that the theoretical model can mimic the stylized facts

strikingly well.
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THEORY TESTING PAPERS

A. Financial econometrics papers

1. LeBaron (1992)

In this article the author investigates the relation between serial correlation and

volatility for several different stock return series at daily and weekly frequencies.

The first series to be tested is the daily S&P500 index from January 1928 through

May 1990. LeBaron also uses the weekly S&P500 index measured as log first

differences from Friday to Friday's close during the same time period. The value

weighted index from the Center for Research in Securities Prices in Chicago,

CRSP, is the next series and it extends from July 1962 through December 1988.

The Dow Jones Index constructed by Schwert (1990) is the oldest index used and is

a composite index built from the transportation and industrial components from

1895 through 1927. The last index used is the weekly returns for IBM stocks, also

from CRSP. Daily returns are constructed as log differences of the daily levels.

LeBaron presents summary statistics for the series above and concludes that all

series exhibit conditional heteroskedasticity. He therefore chooses to use the

GARCH model of Bollerslev (1986). The model estimated is of the form

b hU2
xt=a+ Xt- 1+E t E t = t Zt

ht =0. 0+alE7-1 + Pht- 1

(1.1)

where Zt -- N(O,I) . LeBaron uses these models as null models exhibiting conditional

heteroskedasticity and constant autocorrelation. To test for volatility the author uses

the estimator below for conditional variance at time t

10
A2_1"'" 2
O't-lOLJ Xt-j'

j=1
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The test used by LeBaron is a test and a procedure developed by Tsay (1989). He

also fits another model to the data and this model combines aspects of the Bollerslev

(1986), GARCH, and the exponential AR model of Ozaki (1980) and a time

deformation model of Stock (1988).

Xt =a+ f(ht)Xt-1 +E t E t =h}/2Zt

ht =u o+U1E;-1 + ~ht-l

f(ht ) =bo+bl exp[-ht / b2 ]

(1.3)

where Zt -- N(O,l) and E t is the conditionally heteroskedastic disturbance modelled

by a GARCH(1,1) process. According to LeBaron the observed series contain a

constant, a, and a changing autoregressive term determined by the function f(ht ) •

This function differs from the (6.1) model because the exponential function, f(ht ) ,

is driven by the conditional variance and not X;-l. This model is also fitted to the

entire sample of each series. The results generally indicate that first-order

autocorrelations are larger for periods of lower volatility and smaller during periods

of higher volatility. LeBaron observed these patterns in both daily and weekly

returns for all series except for the IBM series which only had this pattern to a

small extent.

2. Hauser and Kunst (1993)

M. A. Hauser and R. M. Kunst, HK, use a fractionally integrated model with

ARCH errors, ARFIMA-ARCH, on the S&P500 index which contains 7167 daily

observations from July 1962 to December 1990. The model simultaneously

incorporates fractional differencing and conditional heteroskedasticity. They also

develop the likelihood function and a numerical estimation procedure for this model

class. The ARFIMA model with heteroskedastic errors can be written
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<D(BXl- B)d (~ - ~)= e(B): t

E~;IF;-l)== h,
(2.1)

where <D(B)= l-<p}B... is the autoregressive polynomial of order p, AR(p) , and

e(B)=1+8 }B+... is the moving average polynomial of order q, MA(q). F; denotes

the information set generated by {~, ~_}' ~-2""} and ht is a function of t that

specifies the way heteroskedasticity is modelled. HK uses two specifications of ht •

The first specification is based on Engle's (1982) ARCH model which relates

conditional heteroskedasticity to squares of past innovations

(2.2)

The model (2.2) above are denoted ARFIMA-ARCH(iJ,d,q/s). The other

specification arises from assuming that conditional error variances depend on

squared past observations of the process ~ itself. This specification is a special

case of the approach suggested by Weiss (1984).

(2.3)

HK denote this model ARFIMA-ARCHw(p,d,q / s). When applying these models

to the S&P500 index the authors find evidence for the existence of intermediate

menlory (d<O) for the 1980s and no fractional differencing (d=O), but strong

conditional heteroskedastic effects for the 1960s. HK also show that their proposed

ARFIMA-ARCH model brings a better fit for nlost sub periods used on the entire

sample than pure ARFIMA or pure ARCH nlodels do, with the possible exception

of the earliest years of the 1960s.
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3. Gallant, Rossi and Tauchen (1993)

A. Ronald Gallant, Peter E. Rossi and George Tauchen, GRT, develop an approach

for analysing the dynamics of a nonlinear time series that is represented by a

nonparametric estimate of its one-step ahead conditional density. The approach

makes it possible to examine the conditional moment profiles corresponding to

shocks. The authors use daily data on logarithmic price changes of 16127

observations from 1928 to 1987 of the S&P500 index. The probability distribution

of a strictly stationary, possibly nonlinear, process is completely summarised by its

one-step ahead conditional density function. From the nonparanletric perspective,

the conditional density represents the process and is the fundamental object of

interest. The conditional density is a complicated nonlinear function of a large

number of arguments which is difficult to interpret. The tools used by GRT to

analyse the dynamics embodied in the conditional density is the impulse-response or

error-shock methodology put forth in Sims (1980) and developed by Doan,

Litterman and Sims (1984) among others. The idea of impulse-response analysis is

to trace through the system the effects of small movements in the innovations, or

linear combinations of the innovations. In this paper the authors outline a strategy

for performing an impulse-response analysis of nonlinear time series models. The

dynamic response to the shock can be traced out by computing multi-step ahead

forecasts of the conditional mean and conditional variance functions. Nonlinear

impulse-response analysis involves a comparison between a conditional moment

profile and a baseline profile. A conditional moment profile is the forecast made at

time t of the time t +j value of a time-invariant function regarded as a function of j ,

or it is the conditional expectation evaluated at time t of a time-invariant function

evaluated at time t+j regarded as a function of j. In order to be able to obtain a

conditional moment profile, GRT runs a time-invariant function over many

simulated sample paths which are then averaged. GRT use bootstrap to compute

sup-norm confidence bounds on profiles by simulating the sample path of the entire
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data and re-estimating the density. GRT focus on three issues: 1. the persistence of

the response of volatility to price shocks, 2. the extent to which the asymmetric

conditional variance function is a transient or persistent phenomenon, and 3. the

extent to which the contemporaneous price-volume relationship extends to the multi

step ahead case.

The features, in the univariate case, of the conditional mean of the {~Pt} series

exhibit essentially no interesting higher order structure or serial dependence beyond

lag one according to GRT. At lag one, there is very mild linear dependence

(autocorrelation less than 0.10) which is consistent with the asynchronous trading

effect commonly displayed by market display indices, Le. Lo and Mackinlay

(1988). The impulse response of volatility to a ~P shock indicates a leverage effect

in which the price decrease has a larger effect on subsequent volatility than does the

price increase. The wedge between the effects of positive and negative price shocks

remains until about 15 days after the initial shocks. The next set of impulse

response simulations pertain to the effects that price and volume shocks have on

subsequent volatility and volume. A complicating factor for the bivariate error

shocks is the contemporaneous volume-volatility relationship. Days with large price

movements in either direction are often accompanied by higher trading volume.

GRT uses three kinds of shocks for this experiment. The first are the A shocks,

which are combined price-volume shocks where the price movements are ±5.0

percent and the volume is two standard deviations above its unconditional mean.

The second type, th~ B shocks are pure price shocks of ±5.0 percent with the

volume pinned at its mean. The third type, the C shocks, are pure volume shocks of

±2.0 standard deviations with no price movements. The impulse-response analysis

reveals four main characteristics of volatility and volume dynamics. First,

asymmetry of the volatility response, the leverage effect, is attenuated and is

essentially a transient effect in the bivariate system. Second, the impulse responses

of volume to volume shocks (C shocks) are symmetric and extremely slowly
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damped. Third, volume shocks have a very small effect on subsequent price

volatility. This very mild feedback from volume to volatility is consistent with the

fmdings of Schwert (1989), who applied linear methods to volume and constructed

volatility series (recall the summary of this article on page 4 above). Fourth, large

price movements to common-knowledge information events (B shocks) increase the

volume in the very short run but decrease the volume over the longer term. The

n10st interesting and novel findings are the first, which pertains to long-term

attenuation of leverage. GRT argue that the very slowly damped long-term negative

effect is a new finding of this paper. The next most important finding is the fourth,

which pertains to the contrast between short- and long-term effects of price shocks

on volume. GRT emphasise the importance of using nonlinear models to capture

dynamics. In particular, the two major findings would have been missed completely

by models linear in the conditional mean and/or variance functions.

4. Kunst (1994)

In this paper R. M. Kunst argues that all ARCH models are just endeavours to

parameterize the fourth-moment structure encountered in financial time series. The

attention is restricted to cross moments among squares, such as E(X;X;_j). The

procedure parallels and generalises the strategy of parameterising the second

moments via linear ARMA models, which according to the author has been proven

extremely successful. The model class suggested by Kunst has the following form

i

E(E;I~_l) =ht =ao+ LLaijEt-iE t- j
i j=l

(4.1)

where the index i goes to some finite bound R or to 00 and ~ denotes the

information set containing all E s for s :::; t . In this model It is nonlinear in the sense

that it contains information on Es as well as on E;. This model is similar to the
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AARCH and GAARCH models introduced by Bera et al. (1992) and comprises

most linear heteroskedastic models presented in the literature. Kunst uses daily

observations of the S&P500 index, dating from July 2nd, 1962 to December 31st,

1990 (7168 observations), to evaluate some conditionally heteroskedastic models.

Kunst tried autoregressions of first and second order with a conditionally

heteroskedastic structure of type (8.1), and the parameters in both models were all

significant. After SOlne trial and error a model was found to have satisfactory

properties with respect to numerical convergence. This restricted model explains

current volatility by one linear combination of previous errors and some previous

squared errors. It can be interpreted as showing five "factors" : the linear

combination which does not correspond to the linear part of the model and four

distinct Engle ARCH-type lags

Yt =Jl +<PIYt-l +<P2Yt-2 +<P3Yt-3 +<P4Yt-4 +<P5Yt-5 +E t

ht = ao+d1(E t-l +121E t- 2 +131E t-3 +141E t- 4 +151E t_5)2 +

+ d 2E;-2 +d 3E;-3 +d 4E;-4 + d 5E;-5

(4.2)

where 121 , •• ,151 are the sub-diagonal elements of Land d1, ••• ,d5 are the elements in

D if we rewrite the model as ht =Et_1'LDL'E t_1 . For the unrestricted case,

estimation yielded unsatisfactory results. The iteration process became increasingly

lengthy and failed to converge or converged to unstable solutions with many

insignificant coefficients. A reason for this could be found in identification

problems. If d; is insignificant all lj ; are no longer identified and should be set to

zero before estimation. To check the stability of (8.2) with respect to time

heterogeneity it was re-estimated for subsamples. Although many coefficient

estimates differed quite a lot among subsamples, some features were remarkably

stable. Firstly, in the lag pattern of ARCH coefficients, d1 dominated and d4 was

the least significant in many specifications. Secondly, the coefficient 121 < 0 in all

cases while <PI > 0, which implies that the tinle series factor in (5.2) is not the same

as the series itself and hence the data cannot be described by a structure such as that
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in an ARCH model. In summary, according to the author the structure is weak in

the Standard & Poor 500 index, which is not surprising, but the little structure that

was found cannot be explained by the Engle ARCH model.

5. Wen (1996)

Kehong Wen investigated whether the loglinear detrended S&P500 series dating

from 1952-1983 contain continuous chaos. The author argues that many features of

irregular regularity in the data can be shown to be the results of deterministic

dynamics without the influence of external noise. He argues further that discrete

chaos is more easily contaminated by noise than a continuous chaos is, and that a

continuous-time model is theoretically more relevant than a discrete model is. The

empirical example is based on the daily and weekly S&P500 index from January

1953 to December 1982. The daily index contains 7500 observations and the weekly

index contains 1500 observations . Wen devotes a lengthy discussion to the

detrending problem since this, according to Wen, is the starting point of many

controversies involving the deterministic and stochastic interpretations. He also

discusses the ARCH properties of the data and conducts a phase portrait which

examines the movements of the data in phase space. Wen lists the properties which

the model he uses must be able to capture. Firstly, it must have nonlinear dynamics

and produce chaos. Secondly, it must be formulated in continuous time, and thirdly:

it should display empirically comparable complex dynamics for the price variable.

The model uses difference-differential equations for the stock-market dynamics and

is written as

ret) =-<l't(t -'t) + ~r(t -'t )expf r2~;T) }yp(t -'t')

pet) =ret),
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where r(t)=dlogP(t)/dt, a,~,y are parameters and the dot denotes a time

derivative. Wen presents a time series from a chaotic attractor of the model which

looks like the empirical series. "In terms of realism, we cannot ask for more", he

adds. The out-of-sample forecasting power of the proposed model is not presented

here but Wen promises that it is on his research agenda.

B. Financial economics papers

1. French, Schwert and Stambaugh (1987)

K. R. French, G. W. Schwert and R. F. Stambaugh, FSS, analysed stock returns

and stock market volatility on the S&P500 index. They use daily values to estimate

the monthly standard deviation of stock market returns, using a series from January

1928 through December 1984. The estimate of the variance of the monthly return is

the sum of the squared daily returns after subtracting the average daily return in the

month: &~ =-1-f'it2
, where Nt are the number of daily returns 'it in month t. The

Nt ;=1

particular question asked is whether the expected market risk premium, defined as

the expected return on a stock market portfolio minus the risk-free interest rate, is

positively related to risk as measured by the volatility of the stock market. They

investigate relations of the form

E(Rmt -Rftla mt )=a + ~a~t, p =1,2, (1.1)

where Rmt is the return on a stock market portfolio, Rft is the risk-free interest rate,

a mt is an ex ante measure of the portfolio's standard deviation, and a ~t is an ex

ante measure of the variance. If ~ = 0 in (2.1), the expected risk premium is

unrelated to the ex ante volatility. If a =0 and ~ > 0, the expected risk premium is

proportional to the standard deviation (p=1) or variance (p=2) of stock market

returns. This study uses two statistical approaches. In the first, FSS use daily
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returns to compute estimates of monthly volatility. They compose these estimates

into predictable and unpredictable components using univariate autoregressive

integrated-moving average (ARIMA) models. Regressions of monthly excess

holding period returns on the predictable component provide little evidence of a

positive relation between ex ante volatility and expected risk premiums. However,

FSS argue that there is a strong negative relation between excess holding period

returns and the unpredictable component of volatility. They interpret this as indirect

evidence of a positive ex ante relation. The second approach used by FSS is the use

of daily returns to estimate ex ante measures of volatility with a generalised

autoregressive conditional heteroskedasticity (GARCH) nlodel. The GARCH-in

mean model of Engle, Lilien and Robins (1987) is used to estimate the ex ante

relation between risk premiums and volatility. These results support FSS' s

interpretation of the ARIMA results by indicating a reliable positive relation

between expected risk premiums and volatility.

2. Schwert (1989)

In this paper William G. Schwert analyses the relation between stock volatility and

real and nominal macroeconomic volatility, economic activity, financial leverage

and stock trading activity using monthly data from 1857 to 1987. Schwert uses daily

returns of the S&P500 index from January 1928 to December 1987 to estimate

monthly standard deviations of stock returns. The technique used is the same as in

French, Schwert and Stambaugh (1987) above. For the period February 1885 to

December 1927 Schwert uses daily returns on the Dow Jones composite portfolio.

The macro variables used in this paper are short-term interest rates, long-term bond

returns, PPI-infla~ion rates, monetary base growth rates and industrial production

growth rates. In order to estimate volatility from monthly data, Schwert uses a 12th

order auto regression for the returns, including a dunnny variable Djt to allow for

different monthly mean returns and using all the data for the series
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12 12

Rt = La jDjt +LP;Rt-; +E t
j=1 ;=1

(2.1)

He then estimates a 12th-order auto regression for the absolute values of the errors

from (2.1) above including dummy variables to allow for different monthly standard

deviations

12 12

IEtl= LY jDjt +LP;IEt-;I+Ut
j=1 ;=1

(2.2)

The fitted values, IEtl, of (2.2) estimate the conditional standard deviation of Rt ,

given information available before month t. Schwert tries to determine if the

aggregate volatility measures stated above change together through time. The aim is

to characterise some stylised facts about economic volatility to help define

interesting questions leading to tractable theoretical models. He finds that there is

evidence that many aggregate economic series are more volatile during recessions,

and that this is true in particular for financial asset returns and for measures of real

economic activity. Schwert also finds weak evidence that macroeconomic volatility

can help predict stock and bond return volatility. Financial leverage affects stock

volatility. The last result is that there seems to be a relation between trading activity

and stock volatility, especially in the period 1953-1987, and that share trading

volume is positively related to stock volatility.

3. Campbell, Grossman and Wang (1993)

John Y. Campbell, Sanford J. Grossman and Jiang Wang, CGW, investigate the

relationship between aggregate stock market trading volume and the serial

correlation of daily stock return for both stock indices and individual stocks. The

authors use a model in which the risk averse market makers accommodate buying or

selling pressure from liquidity or non informational traders. The changing expected
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stock returns reward market makers for playing this role. The model specifies that

the economy has two types of investors, type A and type B. Both types of investors

have constant absolute risk aversion. The risk aversion parameter bt of B investors

may change over time, while the type-A investors' parameter is a constant a. CGW

assume further that there is a fIXed supply of stocks per capita and that they are

traded in a competitive market. Each period the investors solve the problem

Max Etl-exp(-\}J~+1)1 \}J =a,btx
subject to

~+1 =~R+Xt(~+l +Dt+l-R~)

(3.1)

where ~ is wealth, X t is the holding of the risky asset and ~ is the ex dividend

share price of the stock at time t. The main return series used in this paper is the

daily return on a value weighted index of stocks traded on the New York Stock

Exchange and American Stock exchange measured by CRSP at the University of

Chicago over the period July 3 1962 through Septerrlber 9 1987. CGW also use the

S&P500 over the period January 2 1926 through June 29 1962. Stock market

trading volume data were collected from The Wall Street Journal and Barron's on

the nUlTlber of shares traded daily on the NYSE from 1900 through 1988. To

measure the stock return volatility, the authors use a series estimated by Campbell

and Hentschel (1992) who used a quadratic generalised GARCH model with one

autoregressive term, two moving average terms and a mean return assumed to

change in proportion to volatility. The model implies that a stock price decline on a

high-volume day is more likely than a stock price decline on a low-volume day to

be associated with an increase in the expected stock return. This phenomenon

3:ppears even in very large stock indices and individual stock returns and the authors

conclude that it is unlikely to be due to non synchronous trading.
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Conclusions

This survey gives a brief introduction to the current research on stock price

behavior. The focus of the survey has been on research studying the properties of

high frequency financial series, especially the S&P500, and applications of

conditional variance models to the S&P500 series. Most of the papers surveyed use

the very long and well known return series of the S&P500 collected by William G.

Schwert. This series consists of 17055 observations dating from 3 January 1928 to

30 April 1991. Most of the papers have used univariate conditional models of

different kinds, for example the ARCH-type models. The hidden Markov model has

also been used in one of the papers surveyed. One paper tries to explain the

S&P500 series by a continuous-time chaos model. Some of the papers investigate

the relation between stock price volatility and share trading volume, i e. Schwert

(1989) and Gallant, Rossi and Tauchen (1993). The authors find that share trading

volume is positively related to stock volatility. The overall conclusion seems to be

that these models all have their advantages and disadvantages, and some fit better to

a certain kind of data than others. One thing we can be certain of is that the search

for models capable of characterizing stylized facts in financial data will continue.
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Appendix A. Graphs in logs and first differences of the Standard & Poor 500
Composite stock index. The series is divided into ten subsamples lettered A to J.
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Appendix A. continued
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Appendix A. continued

0.05 -r------------------------------------,

0.04 +--------------------------+--------l

0.03 +--------------------------+--------l

0.02 +----+-------++----r---------+-------t-------t-:--:l++-+-------l

0.01 +----+-----t+t-n

o

-0.01 +--l---+------I-I+---.-.tt-

-0.02 +--------------.-II-----------------I+-+--------l

Subsample G of the SP500 index containing 1700 observations over the period March 1966 to July
1972.

0.05 ...,...---------------------------------.,

0.04 +----------------.---+--------------------l

0.03 +-+---------,-------------t---+-f-H+----t-----------------1

0.02 +-+-+-------+-f---.----..,---+-f---H-t+H---HrI---+-,----------+lft--------------1

0.01 +-i-I-----Io.........---.-----+.---Ic+.-:-..-

o
-0.01 -ttH''----fllI'------4--'--.lf-------t'--H-_t_

-0.02 +------------II-------II-H----__t_=_

-0.03 +-------------+----+---t-------------------1

-0.04 ~++H+I-++++H-H++++~i++H+fof*++++i++H_+++++H++++H+H++++H+++H++++fH+H++H-+++H++++H-H+H*!+HH+H+~i++H+fof*+++~r++++H++++H+H++++++++++rJ

Subsample H of the SP500 index containing 1700 observations over the period July 1972 to
September 1978.

0.05 ..,....-------------------------------,

0.04 -I-------,,-----------------t--------------1

0.03 -I-----4--------t-------------1-+++----------I

0.02 +I--I----il---------,,........,..,..-.----H----:--+----+----t:-+---+---,-------......,............::-----I---------t-----If---o--f---j

0.01

o
-0.01

-0.02 -I---------'-'L....I-----t'---'--tF-----t-~II----____t_''-----t-It-------f--l--1t------------1

-0.03 -I--------...L..---fl-----------'---------f------------1

-0.04 -1------------------------+------------1

-0.05 -H++H~f+t++H+++H+I+++H+_H++++I++H*!H++H+_H++rH++++++_H++H+_++++++++lHH_f+++H+++++++++lHH_f+++H+++++++++H*H+H+I+++++++++H*H++H++++_H++i'*H++H++jJ

~ ~ ; ~ ~ ~ m~ ~ ~ ~ ~ ~ ~ ~ ~ ~ m~ N
~ N ~ ~ ~ ~ w ~ ~ ~ m ~ ~ ~ ~ ~ ~ ~ ~

Subsample I of the SP500 index containing 1700 observations over the period November 1978 to
March 1985.

37



Appendix A. continued
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Essay II

STYLIZED FACTS OF DAILY RETURN SERIES
AND THE HIDDEN MARKOV MODELl,2

1. INTRODUCTION

In two recent papers, Granger and Ding (1995a,b) considered long return series

which are first differences of logarithmed price series. They established a few

properties or stylized facts which seemed to hold for a large nUITtber of such series.

The series were either daily observations or single transactions data. They also

suggested a stochastic model that would generate series with such properties. Some

of the properties were temporal, some other distributional. The temporal properties

are

TPl: Returns rt are not autocorrelated (except possibly at lag one).

TP2: The autocorrelation functions of Irtl and rt
2 decay slowly starting from the

first autocorrelation, and corr(lrt I, I~-k I) > corr(rt
2, ~~k)· The decay is much

slower than the exponential rate of a stationary AR(l) or ARMA(l,q) model.

The autocorrelations remain positive for very long lags.

TP3: corr(l~ I, I~-k I) > corr(l~18, I~-k \8), e::j:. 1.

Autocorrelations of powers of absolute return are highest at power one. This

effect is called the Taylor effect.

TP4: The observed autocorrelations of sign( rt ) are insignificant.

1 This paper was written together with Tobias Ryden, Department of Mathematical Statistics, Lund
University, and Timo Terasvirta, Department of Economic Statistics, Stockholm School of
Economics.

2Aclmowledgements. We wish to thank Clive Granger for inspiration, Tony Hall for useful remarks
and William Schwert for the S&P 500 daily series. The responsibility of any errors or shortcomings
in the paper remain ours.
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The distributional properties are as follows.

DP1: Irtl and sign(rt) are independent.

DP2: I~ Ihas the same mean and standard deviation.

DP3: The marginal distribution for I~ I is exponential (after outlier reduction).

An exponentially distributed stochastic variable xt has the following properties:

PED1:

PED2:

PED3:

Although TP1 holds, the return series contain higher-order dependence. Granger

and Ding (1995b), henceforth abbreviated GD, considered the following model for

the returns: rt =etht where {et } is a sequence of i.i.d. double exponential variables

with mean zero and unit variance. Furthermore, ht is an ARCH type term in that it

is a function of let-kl, k = 1, ... ,q; see also Ding, Granger and Engle (1993) and

Granger and Ding (1995a). According to GD, a part of the idea was to model the

distinctive shape of the return distribution near its centre and not just concentrate on

the tails. A somewhat related paper discussing unconditional distributions for asset

returns is Mittnik and Rachev (1993). These authors studied the usefulness of

various stable distributions in modelling returns which they assumed independent.

Of the alternative distributions they fitted to five years of S&P 500 daily returns in

1982-1986 the Weibull distribution gave the best fit.
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In this paper we present an alternative to the distribution theory of GD and discuss

its properties in the light of an empirical example. Our starting point is the

assumption that the marginal distribution of returns is a nlixture of normal

distributions. We show that such a mixture allows data generating processes capable

of closely reproducing most of the distributional properties GD observed in the

absolute returns. There also exists a natural solution to introducing higher-order

temporal dependence in the process if the marginal distribution is a mixture of

normal distributions. It consists of postulating the dependence in terms of the

Hidden Markov model (HMM) or Markov Switching Regime model of Lindgren

(1978). For applications of this model to financial time series; see for example

Tyssedal and Tj0stheim (1988), Hamilton (1988), Pagan and Schwert (1990) and

Sola and Timmermann (1994). To fmd out how this idea works we apply the HMM

to 10 equally long subsets of the daily S&P 500 US stock price series. This series

consists of 17055 observations dating from 3 January 1928 to 30 April 1991. It is

one of the series considered by GD and one which they found to have most of the

properties listed above. Our paper thus has a different focus from GD who

concentrated on establishing the existence of the temporal and distributional

properties listed above for a large number of series. We shall consider a small

nUITtber of series which are in fact subsets of a very long single series and model

them with the HMM. A major part of the interest lies in the properties of the

estimated models, that is, the empirical success or otherwise of the HMM.

The plan of the paper is as follows. Section 2 contains preliminary considerations

and section 3 highlights properties of the Hidden Markov model. Section 4

discusses parameter estimation, testing linearity against the HMM, selecting the

number of regimes and the evaluation of estimated models. Evaluation also includes

checking how well the models reproduce stylized facts observed in the data. Section

5 is devoted to an application to the S&P 500 US stock index. Finally, section 6

concludes.
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2. PRELIMINARY CONSIDERATIONS

As GD remarked, it is not difficult to find a model possessing at least some of the

above-mentioned properties. Elaborating their example, suppose rt = etht where

{et } is a sequence of i.i.d. variables with zero mean so that TPI holds. If the

distribution of et is symmetric about zero then TP4 is also true. Assume ht =a> 0

for t=I,2, ... ,T/2, and ht =k2a, fort=T/2+1, ... ,T (T observations). In that

case, Tn holds approximately as well for sufficiently large T. This artificial but

simple example provides a starting-point for our investigation.

Let rt =etht where et =sign(rt ) and ht =IrtI. Assume furthermore that

rt , t = 1, ... ,T, are drawn independently from one of two normal distributions

NI =N(O,I) and N2 = N(O,0-2). The probability of drawing from NI equals p. By

construction, TPI holds and because the normals are assumed to have zero means,

TP4 is not violated in practice. We postpone a discussion of TP2 and TP3 until later

and consider instead the properties of ht and compare them with PEDl-3. To do

that we need the expectation and the second, third and fourth central moments of

ht . If we let Xl - NI and X 2 - N2 we have

Eh~ =pElXl 1
9

+(1- p)EIX21

9
, e = 1,2,3,4, (1)

from which Eht and the central moments J.l9 =E(ht - Eht )9, e =2,3,4, can be

computed using normality of Xi' i =1,2. The first moment equals

Eht =pElXl I+(1- p)EIX2\

=(2 /1t ) 1/20- I

where 0- I =P +(1- p)o-. The variance equals

J.l2 =E(ht -Eht)2 =pE(IXI I-Eht)2 +(1- p)E(\X21- Eht)2

=0- 2 - (2 / 1t )0- :
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whereas the third central moment has the form

J.l3 =E(ht -Eht )3 = pE(IXII-Eht )3 +(1- p)E(IX21- Eht)3

=2(2/1t )1/20" 3- 3(2 /1t )1/20' 10' 2 + 2(2/1t )3/20' f

and the fourth central moment

J.l4 =E(ht -Eht )4 =pE(IXII-Eht )4 +(1- p)E(IX2\-Eht )4

=3a 4 - 8(2 /1t )0' 30' 1+ 6(2 /1t )0' 20' f - 3(2 /1t )20" t.

(4)

(5)

In (2)-(5), 0' j =P + (1- p)O' j , j =1,2,3,4. To discuss PED2 and PED3, we need the

skewness

and the kurtosis

J.l4 _ 3cr 4 -8(2/1t)0'30'1 +6(2/1t)0'20'f -3(2/1t)20't

Jl~ - (cr2 -(2/1t)cr;)

(6)

(7)

Using (2), (3), (6) and (7) we can see how well PEDI-3 can be satisfied with our

mixture of normals. Figure 1 depicts the combinations of p and 0' which yield

PEDI. The figure also contain two dashed lines; one for which the ratio of the

mean and the standard deviation is 0.8 and another one corresponding to the

corrlbinations of p and 0' for· which the ratio equals 1.25. In the upper panel, when

0" > 1, it is seen that for large values of p (0.5 ~ p ~ 0.9), 0' remains practically

unchanged when p is changed whereas for large values of 0' (0' ~ 5) , P changes

little when 0' is changed. If the ratio of the mean to the standard deviation is

allowed to vary between 0.8 and 1.25, say, the set of combinations of p and 0'

satisfying this interval requirement is large. The lower panel is in a way a mirror

image of the upper one: it relates to the case 0' < 1.
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Figure 2 shows the corresponding values for the cOITlbinations of p and cr for

which the skewness requirement PED2 holds. The shape of the curve resenlbles that

in Figure 1. The main difference is that the standard deviation starts increasing from

about p=0.6 downwards, whereas the corresponding value of p was about 0.4 in

Figure 1. The dashed lines again show (log) symnletric deviations from PED2: one

corresponding to 113 / 1l~/2 =1.6 and the other one for f.l3 / 1l~/2 =2.4 . For the range

of p for which cr ~ 2.5, small deviations from this value (holding p constant) cause

relatively large changes in the skewness. On the other hand, for the range of cr for

which p ~ 0.6 even fairly large deviations from this value (holding (j constant)

only have a minor effect on the skewness. The lower panel depicts the situation for

(j < 1. Finally, the combinations of p and (j satisfying PED3 can be found in

Figure 3. The dashed lines depict isoquants which satisfy 114 / Il~ = 7.2 and

f.l4 / f.l~ =10.8, respectively. The general shape of the curves is rather similar to

those in Figure 2. A remarkable fact is that the steep descent in the isoquant in

terms of p again occurs for cr ~ 2.5 as in Figure 2. On the other hand, for the

kurtosis to equal nine at large values of (j, a larger value of p (0.65 ~ p ~ 0.7) is

now required.

In all, Figures 1-3 indicate that properties PEDI-3 are not contradictory ones for a

nlixture of two normals. However, PEDI has to be relaxed somewhat (the mean has

to be allowed to be slightly larger than the standard deviation) if we at the same

time want PED2 and PED3 to be satisfied.

3. INTRODUCING DEPENDENCE

The above considerations rely on the normality of the components of the mixtures.

If the idea of mixtures is to be applied to modelling returns then we have to

introduce stochastic dependence between the observations. Of course, TPI has to
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hold for {rt} and automatically does when {et} is a sequence of LLd. variables

with zero mean, but higher-order dependence has to be postulated. Thus we assume

that there is dependence in {ht } . Such dependence can be introduced while

retaining the moments (2) to (5) and higher moments by nlaking the probability p

time-varying and conditional on its previous values. Following the suggestion of

Lindgren (1978), define a random variable St such that {St} is a d-state first-order

Markov chain. (We do not consider higher order Markov chains here.) Thus

Pij = P(St = jlSt-l = i) i, j =1, ... ,d, are the transition probabilities for the process

to move from state or regime i at time t-1 to state j at t. The discussion in the

previous section would imply d =2, but in the following the number of states may

exceed two. In the general case of d states, the model for rt can be written as

d

rt =L leSt = i)X;1'
;=1

(8)

where fez) is the indicator function obtaining value unity if z is true and zero

otherwise. Furthermore, Xii' i = 1, ... ,d, are d independent normal variables with

mean zero and variance crT. Model ,(8) in which {St} obeys the transition

probabilities Py, i,j =1, ... ,d, L~=lPy =1, i =1, ... ,d, is a special case of the

Hidden Markov model (HMM) or Markov Switching Regime model of Lindgren

(1978). Hamilton (1994, chapter 22) discussed many of the statistical properties of

the HMM. We shall only remind the reader of those features of the model we shall

require later on. Let P = {Pij } be the (d x d) matrix of transition probabilities.

Thus we have PI =1 where 1=(1,1, ... ,1)' is the (d x 1) unit vector. This implies

that unity is an eigenvalue of P and that 1 is the corresponding right eigenvector.

The corresponding left eigenvector is a: aP =a, normalised such that al =1. Let

pij = P(St = jlSt-n = i) be the n-step transition probability, n ~ 1, and

p(n) =pn = {Pii} the corresponding transition matrix. If P is ergodic then

a = (a1, ••• , ad ) is unique and consists of the d unconditional probabilities a;,
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i =1, ... ,d, of the process {St} being in regime i at any given time t. These

probabilities are called stationary probabilities. Moreover,

lim p(n) =1a.
n~oo

For example, for a two-state Markov chain

(9)

(10)

Note that (1) and thus the previous moment results hold for the two-state HMM

when p is replaced by al • To obtain expressions for covariances, let g be a function

of the random variable rt and assume that we want to calculate the covariance

structure of {g(rt )}. Furthermore, let G; =E {g(rt)ISt =i}, Le., the expected value

of g(rt ) given regime i. For instance, if g(rt ) =rt
2 then G; equals the conditional

second moment. Generally, the unconditional mean is

d

Eg(Xt ) = La;G;
;=1

(11)

where d, as before, is the number of states. Defining G =diag(GI, ... ,Gd ), (11) can

be written more compactly as

Eg(rt ) =aG1. (12)

The moments (2) to (5) are special cases of (12) as d =2. To obtain cross-nlonlents,

consider

d d

E {g(rt)g(rt+n)} =LLE{g(rt)g(rt+n)ISt = i,St+n = j }Pr(St =i,St+n = j)
;=1 j=1

where n ~ 1 and Pr(St =i,St+n = j) =Pr(St+n = jiSt =i) PreSt =i) .

But Pr(St =i) =a; and Pr(St+n = jiSt = i) =p~ . Also
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so that

E {g(rt)g(rt+n)ISt =i, St+n = j }

=E {g(rt)ISt =i}E {g(rt+n)ISt+n =j}= G;Gj

d d

E{g(rt)g(rt+n)}= LLG;Gja;pij.
;=1 j=1

(13)

In nlatrix form, E {g(rt )g(rt+n)}= aGp(n)Gl. Finally the covariance of g(rt) and

g(rt+n ) is

(14)

for n=1,2, ... . The autocovariance (13) will be needed for estimating the

autocorrelation function of Irtl for an HMM. For that purpose g(rt) = Irtl in (14).

4. ESTIMATION, SPECIFICATION, AND EVALUATION

In this section we shall discuss a modelling cycle for HMMs consisting of

specification, estimation and evaluation of such models. Although this would be the

natural ordering of stages in this cycle we consider estimation first. This is because

parameter estimation is a necessary prerequisite for the specification technique we

consider in this paper.

4.1. Estimation of parameters

The most common approach to estimation of the parameters of an HMM is

max~um likelihood which we too shall adopt. In this section we assume that the

number of states, d, of the hidden Markov chain {St} is fixed and known. In

practice this is not the case, but we defer the problem of choosing d, Le., the

specification or the model selection problem, until the next section. Thus, the

parameter vector e to be estimated comprises the transition probabilities
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Pi}' i, j =1, ... ,d, and the (conditional) variances (j f,...,(j ~. Letting f (. ;(j 2)

denote the density of a normal variable with zero mean and variance (j 2, the

likelihood of the model (I.e., the joint density of rl, ... ,rn ) can be written

(15)

where aj' j = 1, ... ,d, are the stationary probabilities for P as above and n is the

sample size. Evaluating the likelihood as it is expressed in (15), the total number of

numerical operations increases exponentially as n grows. To improve on this,

introduce the diagonal matrix F(r;8) =diag(f(r;(jf), ... ,f(r;(j~)) and note that L

may be written as

Evaluating L this way, the computational complexity is only linear in n. Leroux

(1992) showed that the maximum-likelihood estimate (MLE) of 8 is consistent.

Finding the MLE is not straightforward, though, since L, as a function of e, may

have several local maxima in addition to the global maximum. Also note that one

may always permute the numbering of the states without affecting the likelihood.

We used the downhill-simplex algorithm, see for example Press et al. (1989), to

maximize L. In order to avoid reporting local maxima, the search routine was

started at 200 randomly chosen points for d = 2 and at 500 randomly chosen points

for d = 3.

In mixture models and HMMs, the likelihood may under some circumstances be

unbounded as a function of the parameters. Consider for example the case of an

HMM whose conditional "output distributions" are normal with common mean but

with different variances. We may then make the likelihood arbitrarily large by

setting the mean equal to an arbitrary observation and letting one of the

(conditional) variances tend to zero. The conditional output distributions of our
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HMMs have fIXed means, however, whence the likelihood is bounded (unless at

least one observation is exactly zero).

4.2 Testing linearity and selecting the number of states

The HMM is a nonlinear nlodel with the property that it is not identified if the

number of states in reality is less than postulated. Many nonlinear time series

models share a similar property; see for example Granger and Terasvirta (1993,

chapter 6). For a general discussion of this identification problem, see Davies

(1977). In the case of an unidentified HMM, some of the transition probabilities are

nuisance parameters, and consistent estimation of the parameters is not possible. An

important special case is the one in which one postulates an HMM with two states

but the observations originate just from a single normal distribution. This means

that the conditional and unconditional variances of rt are equal. Thus testing

linearity (constant conditional variance) is at least as important in our case as it is

for instance when the alternative to that hypothesis is an ARCH model. In fact it is

even more important here because fitting an HMM to data generated by a linear

model does not lead to consistent parameter estimates.

Likelihood ratio tests and penalized likelihood criteria are two standard procedures

for making the "best" choice among a sequence of nested classes of models, and

both of these may be applie~ to HMMs. Let Hd denote the class of HMMs for

which the hidden Markov chain {St} has d states, and for which the conditional

distribution of rt given St = i is normal with zero mean. Then Hd is characterised

by d(d -1) transition probabilities and d conditional variances, md = d 2 parameters

in all. Moreover, these classes are nested, Le. Hd ~ Hd+1, in the sense that for each

model in Hd , there exists a model in Hd+1 that induces the same distribution for

{rt } (in fact there are infinitely many such models).
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The use of the penalized likelihood criterion may be interpreted as a likelihood ratio

test when two nested models are compared with each other. Let e~ be the

maximum-likelihood estimator of 8 over Hd • A penalized likelihood estimator

selects the class HJ, where d maximises

Ad
log L(8 n ; r1, .•. , rn ) - 0) n,d (17)

over d =1,2,3, ... ; 0) n,d ;::: 0 and 0) n,d < 0) n,d+l for each n, thus preventing an overly

large model from being selected. The two most common choices for 0) n,d are

0) n,d =md (AlC, Akaike Information Criterion) and mn,d =(1/ 2)md log n (BIC,

Bayesian Information Criterion). It is known that AIC and BIC in the limit do not

underestimate the true d, provided the likelihood in (16) is replaced by a slightly

different quantity denoted the "split-data likelihood", see Ryden (1995). In the

present paper we did not use this modification. Define the LR statistic as

and, according to (17), we select Hd+1 if LR: > 2(0) n,d+l -0) n,d). Thus the penalties

define the critical value of the test. However, in the present case the corresponding

size remains unknown because LR: does not have the customary asymptotic "Iv 2


distribution with md+l - md degrees of freedom when the null hypothesis "the true

parameter eo is in Hd " holds and n 4 00. This is because of the lack of

identifiability of the HMM under this null hypothesis when the alternative is that 8 0

is in Hd+1 • We mentioned this problem in the beginning of the section; another

reference is Titterington et al. (1985, p. 153).

Short of the linliting distribution, we approximated it by bootstrap techniques. For

dependent data, non-parametric bootstrap is not straightforward to apply, although

various suggestions for implementations exist (see for example Ktinsch, 1989). We

thus preferred a parametric approach, i.e., resampling from the distribution induced
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by the ML-estimate e:. McLachlan (1987) did the same to test the number of

components in a normal mixture. Furthermore, we did not resample n observations,

but only m, where m is a function of n such that m / n~ 0 as n~ 00. The reason

for this is that in order for the "full" bootstrap to work, some kind of smoothness

(differentiability) condition on the mapping e~ Fen, where Fen is the law of LR:

under 8, is needed, see Bickel and Freedman (1981, p. 1200) in the non-parametric

setting. Such a condition is difficult to verify. By performing an "m-out-of-n"

bootstrap, we can trade smoothness of this mapping for smoothness of the mapping

8 ~ Pen, where Pen is the law of r1, ... ,rnunder 8. We now outline this principle. If

P and Q are two probability measures on a measure space (n, F), define the total

variation distance between these by

lip - QII = 2 suplp(A) - Q( A)I
AeF

and define the Hellinger distance dH(P,Q) by

where Jl is any probability measure dominating both P and Q. Now,

IIPem_~~11~2dH(.&m,~~), see Bickel et al. (1993, p. 464). Here eO denotes the

true parameter. For an HMM with a smooth parametrization e ~.&m such as ours,

the proof of Lemma 3.14 in Bickel and Ritov (1996) shows that

d~(l~m, Pe':.') = O(nf -9°1\ whence

If eO E Hd (that is, if the null hypothesis is true), then the ML-estimate e: is j";,

consistent, i.e., n~ (e: -e0)~ 0 in ~o -probability for each ~ < 1/2, see Ritov

(1996). Note that e: is computed from n observations (n > m), so that the size of

the bootstrap replicates is smaller than the full sample size.
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'Thus, if m =nP with P< 1,

in Peo -probability. In particular,

SupIPe":(LR: eA)-Pen:(LR: eA)I~o
A~R n

in Peo -probability, so that the m-out-of-n parametric bootstrap consistently

approximates the distribution of the LR-statistic. In practice, a number of bootstrap

replicates, say K, of sample size m are simulated from the distribution ~:' and the

corresponding LR-statistics LR:,l , ... ,LR:,K are computed. If k of these statistics

exceed the observed LR-statistic (computed from m observations), then the p-value

of the test is approximated by (k+1)/(K+1). For the results reported below, we

used K=50.

4.3 Evaluation of the model

Most time series models, for example the autoregressive, ARCH, and GARCH

models, are defined in terms of an i.i.d. sequence of innovations. After estimating

the parameters of such a model, one may try to reconstruct these innovations by

estimating them: this yields a sequence of residuals. The model may then be

evaluated by checking whether or not the residuals are at least approximately i.i.d.

with the prescribed marginal distribution. The HMMs under study nlay also be

constructed in terms of an innovation sequence. This is done by letting {et } be an

i.i.d. sequence of standard normal random variables and defining rt =(j s, et . It is

then immediate that {rt} is an HMM of the form given above. Contrary to many

other time series models, however, {et } cannot be reconstructed from {rt} even if

the true parameter were known. This is true since the hidden Markov chain cannot
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be reconstructed exactly, only conditional probabilities of the type P(St = ilr} ,... ,rn )

may be computed. Accordingly, HMMs must be evaluated by other means.

In this paper we consider a goodness-of-fit test of Milh0j (1981) that focuses on the

spectral properties of a zero mean stationary process. If {xt} is such a process, then

Milh0j 's statistic is

where co t =2nt / n, and I(co) is the periodogram,

Furthermore, g(8,co) is the spectral density of the process, and e is a parameter

estimate. A large value of W indicates that the model is not adequate. In order to

apply (18) we have to derive the spectral density of the HMM. This is done in the

Appendix. The Milh0j test is applied to the series of absolute returns. Applying it

to the original series is useless because the series themselves are uncorrelated (our

HMMs generate series with exactly this property), and hence have constant spectra.

To obtain series with zero mean we subtracted the sample mean of Irt I from each

subseries.

Milh0j (1981) derived the asymptotic distribution of Was n~ 00 for processes that

can be expanded in a Wold decomposition with i.i.d. innovations. For an HMM it

is not known, however, whether or not such an expansion is valid, because Wold's

theorem only guarantees the validity of an expansion based on uncorrelated

innovations. For this reason, we approximate the distribution of W by the

parametric bootstrap as in the previous section. This time the size m of the

bootstrap replicates is set to n, as this test in general may have relatively low
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power. Saikkonen (1984) showed that the asymptotic relative efficiency (ARE) of

Milh0j ,s test with respect to the usual portmanteau statistic for testing the

hypothesis of no autocorrelation in the error sequence of an ARMA model equals

zero. The test can therefore be expected to be less powerful than the time domain

portmanteau test even for finite sample sizes and global alternatives.

In the present situation the portmanteau test is not available because the innovations

cannot be reconstructed. Nevertheless, the above ARE result may serve as a general

indication suggesting that in many cases Milh0j' s statistic may not be very

powerful. Reducing the replicate sanlple size would thus decrease an already low

power. Although a completely formal justification for this test does not exist it may

anyway be viewed as an indicator of poor fit. Also in this case, 50 bootstrap

replicates were simulated, and the test results are presented in section 5.3. Finding

out how well the estimated nlodels reproduce the stylized facts discussed in the

Introduction constitutes another way of evaluating them. Details of this approach

will be discussed in connection with the empirical modelling results in section 5.4.

5. APPLICATION TO THE S&P 500 US STOCK INDEX

5.1. Testing linearity and selecting the number of states

We apply our model to the S&P 500 US stock price index. The series we have is

the same as in OD, consisting of 17055 daily observations from 3 January 1928 to

30 April 1991. We split the series into 10 subseries with 1700 observations in each,

omitting the first 55 observations. The mean is subtracted from the series and this is

done for each subsample before we start the analysis. The subseries are lettered

from A to J in chronological order. Statistics on the subseries can be found in Table

1. Each subseries has been tested for linearity (nleaning the null was constant

conditional variance) by bootstrap as described in section 4.1. As the procedure is
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time-consuming, the number of bootstrap replications of length m=800 was

restricted to 50. In Table 2, it is seen that the null hypothesis of a single regime is

rejected for all subseries at the significance level 0.02. Since it is well-known that

the return series usually have a time-varying conditional variance, this is hardly a

surprising result. In testing two regimes against three, the results in Table 3 are

more variable. For three series, E, F and H, the null hypothesis is not rejected at

the significance level 0.05. For those we consider a two-regime HMM to be the

[malone.

We also wanted to see how sensitive models of this kind are to outliers. Therefore

we "cleaned" the series by replacing every observation rt outside the interval

r; ±4a , where a is the estimated standard deviation, by the limit of the interval

and carried out the tests for the transformed series. We did this separately for each

subseries whereas GD did it for the whole (17055 observations) series. Thus we

shrank a somewhat greater number of observations towards the sample mean than

GD did. The main reason was that we wanted to investigate the role and

significance of the outlying, and thus rare, observations on the estimation results.

An across the board reduction would have affected early subseries more than the

more recent ones, which we did not want. Table 4 below contains statistics for the

cleaned series. The test results appear in Table 5 and are rather similar to those in

Table 2. The linearity tests all reject the null hypothesis. When testing two regimes

against three, Table 6 shows that the null hypothesis is not rejected for subseries A,

E and G. In addition, for series F and H the maximum value of the likelihood of the

three-regime model remains below that of the two-regime one despite 500 starts,

which is taken to imply that a two-regime model is adequate. Cleaning series J

means removing the crash of October 1987, but the test result suggests a three

regime model for this series all the same. Series B is a borderline case, and we

consider the three-regime HMM to be the final one for it. The estimation results

themselves will be discussed in the next section.

55



The logical next step in the specification sequence would be to test three regimes

against four for series for which a three-regime model was accepted. This would

have involved estimating four-regime models and a four-regime bootstrap. Since the

amount of computing time necessary for doing this would have been prohibitive we

had to abstain from such an extension.

5.2. Estimation results

'We report results of both original and outlier-reduced data. First, consider the

HMMs estimated fronl the original data. Table 7 contains the estimated transition

probabilities and standard deviations, for its two or three normal distributions, for

the 10 original subseries. It also contains the stationary probabilities of the process

being in a given state. There exists some similarities between the models. Of the

two-regime models, E and F (calling the models by the same name as the series) are

similar in the sense that they have one rather persistent regime: pji > 0.96, for both

models, whereas the higher regime is "semi-persistent", P22 ~ 0.90. The three

regime models are less similar to each other. The estimation results seem heavily

dependent on outlying observations. Models A, G and perhaps J have two persistent

states, B and I have one and C and D none. For series A, C, D, G and J, the

regime with the highest standard deviation is clearly an outlier regime with

P33 ~ 0.8 and a low stationary probability. These findings accord with the fact that

the absolute return series A, C, D and J have high kurtosis. More surprisingly,

however, the kurtosis of series G is relatively low.

The results of modelling the outlier-reduced series in Table 8 are somewhat

different from those obtained with the original data although similarities do exist.

The two-regime models E, F and H are similar to the ones obtained from the

original data because these subseries do not contain large outliers (compare the
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kurtosis with and without outlier reduction in Tables 1 and 4). In models E and F,

the higher regime is slightly more persistent than before. Of the two series modelled

with three states above, the model for series G has two persistent regimes

(Pu > 0.95, i =1,2). The same is true for model A (Pu > 0.98, i =1,2). For series

modelled with three-regime HMMs, reducing the outliers also makes a difference

although the number of states remains unchanged. In model B, there is considerable

interaction between the two lowest regimes, and treating them as a single regime

would create a two-state model with highly persistent regimes. Recall that B was a

borderline case in testing two regimes against three. Models C and D still contain

an outlier regime (the highest one) but its stationary probability has more than

doubled in both cases. Models I and J have changed completely. Model J for the

data with the October 1987 outliers reduced contains only a single seemingly high

persistence regime and it is the highest one. However, the estimated probability of

entering that state is extremely low so that the state is still more of an outlier regime

than anything else. Most of the time the process is visiting the two lowest regimes.

The lowest state in model I now seems an outlier regime and the remaining two are

persistent ones. We may conclude that the outlier reduction may not have a decisive

impact on the number of states selected, but it does seem to change the

interpretation of many of the three-regime models. The number of pure "outlier

determined" models is less than in the case of original observations but at least three

regimes are still required in five cases out of seven.

It is clear from Table 7 that the estimated relationship is not stable over time in the

sense that the number of regimes in the models and the parameter estimates vary

over the subperiods. Nevertheless, some regularities between adjacent models can

be found in the results. First, the three-regime models C and D are rather alike.

Second, the two-regime models E, F and H that follow have a fairly similar pattern.

The estimated standard deviations of the regimes in different models are reasonably

close to each other. Model G in between is different but then it fails the evaluation
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tests. Thus, although the results are not stable overall, the same pattern seems to

prevail at least over a number of subperiods. This fact is even more visible in Table

8 based on outlier-reduced data in which model G falls in line with E, F and Hand,

together with the evidence in Table 7, indicates that the obtained results are not

completely spurious.

5.3. ElTaluation: test results

As mentioned above, testing three regimes against four is not a practical idea

because of the amount of computation involved. Nevertheless, the goodness of fit of

three-regime HMMs can be investigated using the test of Milh0j (1981) as discussed

in section 4.3. The results for the models based on the original data appear in Table

9. The test rejects models A and G at the significance level 0.05. We shall see later

on that many other evaluation checks also reject model G. The fit of model C is a

borderline case (a = 0.1 0 sufficient for rejection). These three models are ones with

at least one outlier regime. The other three-regime models pass the test. When the

outlier-reduced series are concerned, see Table 10, all five three-regime HMMs

pass the test, Band C being closest to a rejection at significance levels below 0.1.

To gain extra insight in the functioning of the test we also carried it out for the two

regime models of all series A,..J. For the original data, the results are found in Table

11. The Milh0j test rejects models C and G at a =0.02 whereas D is a borderline

case. These results agree with those of the bootstrapped likelihood ratio test. On the

other hand, the two-regime models of series A, B, I and J are accepted although the

likelihood ratio test rejects them. (Note that the Milh0j test rejected the three-state

model for series A.) For models E and F, the results agree with the likelihood ratio

test: two regimes is enough. As to the outlier-reduced series, it is seeD from Table

12 that the two-regime model is rejected for series C, D and G. For Dlodel D the
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significance level is 0.06, for the other two models 0.02. For model G the result

disagrees with that of the likelihood ratio test, this being the only case in which the

goodness-of-fit test rejects whereas the likelihood ratio test does not. On the other

hand, both tests accept the two-regime model for series A, E, F, and H. Again

there exist series (B, I and J) for which the likelihood ratio test rejects the null

hypothesis of two states whereas the Milh0j test does not. A tentative' conclusion

thus is that the goodness-of-fit test may be less powerful than the likelihood ratio

specification test. This result is not surprising since the alternative hypothesis in the

Milh0j test is more general than for the likelihood ratio test.

5.4. Evaluation: stylized facts

Another, more informal way of checking the results is to see how well the models

reproduce stylized facts in the data. Table 1 contains the mean/standard deviation

ratio, skewness and kurtosis of absolute returns from the original data for all the

subseries and their estimates from corresponding models. The latter were computed

from (12) by using maximum likelihood estimates of the stationary probabilities and

standard deviations. The mean!standard deviation ratio is reproduced rather well,

model G being an exception. Given Figure 1 (for a two-regime HMM) this may not

be surprising because a large number of combinations of standard deviation and

stationary probability yield ratios close to unity, and that is where the ratios

observed from the data lie. As to the skewness and kurtosis, a clear tendency

emerges. If these values are relatively small in the data, the models also yield small

estimates, and they increase when the corresponding subseries display higher

values. The only clear failure is model G. The test results of the previous section

agree with this finding. Models C and D underestimate both the skewness and

kurtosis, the kurtosis more badly. Model C already came close to being rejected by

the Milh0j test. The other models reproduce the stylized facts quite well. The
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kurtosis of series J estimated from the model remains far below that estimated

directly from the data, but on the other hand the latter estimate is remarkably large.

Figure 4 shows the autocorrelation functions of absolute returns for the first 50 lags

for the series A-J and the corresponding models. It is seen that the autocorrelations

estimated directly from the series decay very slowly as Granger and Ding (1995a)

and GD noted. The autocorrelation function estimated from the model typically

shows somewhat faster decay, but it does often capture the general tendency

reasonably well. Models C, D and again G are perhaps the largest exceptions to this

observation.

Table 4 contains the mean/standard deviation ratio, skewness and kurtosis of

absolute returns for the outlier-reduced series and the estimated models. All models

except G that failed passed the goodness-of-fit test reproduce the stylized facts quite

well. Model A underestimates both the skewness and kurtosis, but in general, the

outlier reduction has a remarkable effect on the results. It is clear from this

comparison that the HMM is sensitive to outlying observations. The autocorrelation

functions of absolute returns for the series and the corresponding models for the

first 50 lags appear in Figure 5. The broad picture is as before: the decay of the

autocorrelations in the models is faster than in reality. The slow decay seems the

most difficult stylized fact to reproduce with an HMM. The discrepancy between

the observed and the model autocorrelations is largest for model D. The two-state

models A and H with the most persistent regimes have the slowest decaying

autocorrelation functions.

The remaining stylized fact of GD to check is the Taylor effect (TP3). For this we

need autocorrelation estimates from the nl0dels. After estimating an HMM we

obtain conditional estimates of EI Xl9
using
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00 2

ElxlO = J.1o = .[i!;fl e- ;'2dy
o

= (2"l.{ f'((9 +1)/2)

(19)

where r() is the Gamma function. These are computed for each regime in tum by

substituting the estimated variance of the corresponding normal distribution for cr 2

in (19). To obtain the autocorrelation function, the results are inserted while

defining g(rt ) = Irt 1
9

• This and the use of estimated stationary and transition

probabilities yields the autocovariances defmed in matrix form in (14). An estimate

of the second moment of Irt l9 needed in the autocorrelation function is obtained

through (12) by setting g(rt ) = Irt129
• Tables 13 and 14 contain the values which

maximize the first-order autocorrelation for each model over the range

e= 0.2,0.4, ... ,2.0. As Figures 6 and 7 indicate the autocorrelation functions

estimated from the models have a ridge appearing for e < 2 both for the original

and the outlier-reduced data. The maximum frrst-order autocorrelations are obtained

for 0.8 ~e ~ 1.8, see Tables 13 and 14. The maximizing values of e agree

reasonably well with those obtained by estimating the autocorrelations directly from

the subseries A-J. Another interesting feature in Table 14 is that the outlier

reduction seems to weaken the Taylor effect in the data as the autocorrelation

maximizing e systematically increases with this transformation. For the

transformed subseries C, F, I and J the maximizing e even has the value 2.0.

6. CONCLUSIONS

We have shown that in modelling returns, a mixture of normals is capable of

characterizing stylized facts that Granger and Ding (1995a) and GD found in a large

number of high-frequency series. Furthermore, higher-order dependence present in

those series can be conveniently modelled using the hidden Markov model. The one

stylized fact. that cannot be generated by this model, at least not easily by ML
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estimation, is the very slowly decaying autocorrelation function for the absolute

returns.

There exist many other studies applying the HMM to economic series. Our study

differs from many of them in the sense that the number of regimes has not been

fixed in advance. Because of the identification problen1 present in the form of an

overparameterized HMM we select the model by testing from specific to general

and thus seek to minimize the risk of fitting unidentified models to data. We believe

that this should be a standard approach when modelling with the HMM.

Although the HMM is quite successful in reproducing n10st of the stylized facts

Granger and Ding considered this does not necessarily imply that it reflects the

behaviour of economic agents. Characterizing volatility with a small nurnber of

states does seem to offer a parsimonious representation of volatility clusters in the

data. Nevertheless, it is quite conceivable that the agents have a more accurate

picture of volatility in mind than its being either "low", "high", or possibly

"exceptional". In ARCH/GARCH models, the actual values of the series playa role

in generating the next value of the conditional variance. In an HMM of the type

discussed above, only the regimes and transition probabilities matter, which is a

strong simplification in the sense that a lot of information about volatility in the data

is not used. Furthermore, fitting an HMM to subseries of the long S&P 500 series

indicates that very exceptional observations have a tendency of being allocated in a

separate regin1e. Having said that we would like to remind the reader of the fact

that there is some stability in the parameter estimates over time so that the results

do not appear completely spurious. At least the HMM based on a mixture of normal

distributions seems an interesting alternative to the double exponential error

distribution Granger and Ding (1995a) and GD used to characterize high-frequency

return series.
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Table 1. Statistics estimated from the S&P 500 subseries (D) and from the Hidden Markov Model (M), original observations.

Subseries

A B C D E F G H I J

Mean/standard deviation ratio D 0.94 1.03 0.83 0.94 1.04 0.98 1.04 1.13 1.16 0.79

M 0.95 1.09 0.86 0.97 1.10 1.03 0.49 1.14 1.18 0.93

Skewness D 2.53 2.20 4.22 2.93 3.13 3.74 2.25 1.78 1.62 9.99
0\
0\

M 2.86 1.89 3.32 2.66 1.90 2.62 30.93 1.70 1.47 7.26

Kurtosis D 12.8 10.9 33.7 17.8 27.1 33.7 12.4 7.83 7.17 208

M 16.4 8.24 20.9 15.5 8.23 14.0 1357 7.00 5.80 117



Table 2. Maximal values of the observed LR statistics of a two-regime HMM and
those of the simulated LR statistics for the original subseries A-J when testing
linearity against a two-regime HMM using a parametric bootstrap, the number of
times (k) when the simulated likelihood exceeds the observed one and the p-value of
the test.

obsLR max simLR1 k (k+ 1)/(50+ 1)

A 413.14 6.77 0 0.02
B 55.65 6.77 0 0.02
C 377.77 6.77 0 0.02
D 180.35 6.77 0 0.02
E 60.28 6.77 0 0.02
F 45.22 6.77 0 0.02
G 211.97 6.77 0 0.02
H 149.76 6.77 0 0.02
I 46.18 6.77 0 0.02
J 558.95 6.77 0 0.02

I All simulated maximal LR statistics agree just because the same seed was used for the random

number generator throughout.

Table 3. Maximal values. of the observed LR statistics of a three-regime HMM and
those of the simulated LR statistics for the original subseries A-J when testing a
two-regime HMM against a three-regime HMM using a parametric bootstrap, the
number of times (k) when the simulated likelihood exceeds the observed one and the
p-value of the test.

obsLR max simLR k (k+ 1)/(50+ 1)

A 75.25 5.04 0 0.02
B 16.87 6.82 0 0.02
C 58.69 12.90 0 0.02
D 26.35 11.02 0 0.02
E 2.33 6.71 22 0.45
F 1.63 7.56 21 0.43
G 11.94 7.84 0 0.02
H 1.07 7.14 20 0.41
I 6.68 5.78 0 0.02
J 67.92 6.09 0 0.02
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Table 4. Statistics estimated from the S&P 500 subseries (D) and from the Hidden Markov Model (M), outlier-reduced observations.

Subseries

A B C D E F G H I J

Mean/standard deviation ratio D 0.97 1.06 0.94 1.00 1.10 1.07 1.07 1.14 1.17 1.02

M 1.05 1.09 0.97 1.00 1.14 1.10 1.10 1.14 1.20 1.05

Skewness D 2.05 1.89 2.28 2.08 1.78 2.Q2 1.83 1.64 1.49 2.18
0\
00

M 1.68 1.60 2.25 2.13 1.63 2.03 1.71 1.67 1.40 2.14

Kurtosis D 8.14 7.53 9.93 8.76 7.29 9.06 7.29 6.61 6.00 10.2

M 6.21 6.10 10.4 9.76 6.60 9.44 6.76 6.89 5.64 9.97



Table S. Maximal values of the observed LR statistics of a two-regime HMM and
those of the simulated LR statistics for the outlier-reduced subseries A-J when
testing linearity against a two-regime HMM using a parametric bootstrap, the
number of times (k) when the simulated likelihood exceeds the observed one and the
p-value of the test.

obsLR max simLR l k (k+ 1)/(50+ 1)

A 252.67 6.77 0 0.02
B 33.40 6.77 0 0.02
C 141.37 6.77 0 0.02
D 69.84 6.77 0 0.02
E 41.10 6.77 0 0.02
F 24.34 6.77 0 0.02
G 168.44 6.77 0 0.02
H 131.05 6.77 0 0.02
I 34.75 6.77 0 0.02
J 177.99 6.77 0 0.02

1 All simulated maximal LR statistics agree just because the same seed was used for the random

number generator throughout.

Table 6. Maximal values of the observed LR statistics of a three-regime HMM and
those of the simulated LR statistics for the outlier-reduced subseries A-J when
testing a two-regime HMM against a three-regime HMM using a parametric
bootstrap, the number of times (k) when the simulated likelihood exceeds the
observed one and the p-value of the test.

obsLR max simLR k (k+ 1)/(50+ 1)

A 5.72 8.51 5 0.12
B 3.78 6.15 1 0.04
C 47.68 17.09 0 0.02
D 26.44 11.65 0 0.02
E 0.047 14.55 49 0.98
F -1.95
G 2.62 6.98 13 0.27
H -0.19
I 6.71 6.34 0 0.02
J 24.43 6.49 0 0.02
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Table 7. Estimated transition probabilities, standard deviations of normal
distributions of different regimes and stationary probability estimates for models A
J from original observations.

Per. Transition Standard Stationary
probabilities deviations probabilities

0.966 0.034 0.000 0.0091 0.248
A 0.013 0.960 0.027 0.0216 0.672

0.000 0.230 0.770 0.0601 0.079

0.225 0.759 0.016 0.0074 0227
B 0.299 0.695 0.006 0.0126 0.578

0.016 0.021 0.963 0.0245 0.195

0.375 0.612 0.013 0.0028 0.351
C 0.374 0.612 0.014 0.0082 0.586

0.000 0.196 0.804 0.0250 0.063

0.457 0.541 0.002 0.0034 0.348
D 0.312 0.670 0.018 0.0087 0.601

0.019 0.210 0.771 0.0223 0.051

0.964 0.036 0.0049 0.750
E 0.108 0.892 0.0109 0.250

0.987 0.013 0.0049 0.884
F 0.098 0.902 0.0139 0.116

0.970 0.029 0.001 0.0039 0.600
G 0.043 0.955 0.002 0.0087 0.399

0.361 0.332 0.307 0.2372 0.001

0.995 0.005 0.0063 0.691
H 0.011 0.989 0.0126 0.309

0.473 0.510 0.017 0.0055 0.315
I 0.404 0.586 0.010 0.0087 0.390

0.028 0.004 0.968 0.0125 0.295

0.992 0.006 0.002 0.0078 0.861
J 0.048 0.930 0.022 0.0150 0.133

0.018 0.759 0.223 0.0745 0.006
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Table 8. Estimated transition probabilities, standard deviations of normal
distributions of different regimes and stationary probability estimates for models A
J from outlier-reduced observations.

Per. Transition Standard Stationary
probabilities deviations probabilities
0.985 0.015 0.0107 0.507

A 0.016 0.984 0.0291 0.493

0.677 0.313 0.010 0.0074 0.347
B 0.430 0.523 0.047 0.0137 0.261

0.000 0.040 0.960 0.0212 0.392

0.262 0.679 0.058 0.0026 0.254
C 0.300 0.700 0.000 0.0073 0.598

0.058 0.042 0.900 0.0163 0.148

0.281 0.605 0.114 0.0031 0.273
D 0.329 0.671 0.000 0.0077 0.583

0.030 0.187 0.783 0.0160 0.144

0.963 0.037 0.0046 0.648
E 0.069 0.931 0.0092 0.352

0.985 0.015 0.0047 0.822
F 0.070 0.930 0.0107 0.178

0.971 0.029 0.0040 0.608
G 0.044 0.956 0.0088 0.392

0.995 0.005 0.0062 0.686
H 0.011 0.989 0.0124 0.314

0.158 0.681 0.161 0.0032 0.058
I

0.061 0.939 0.000 0.0076 0.664

0.033 0.001 0.966 0.0121 0.278

·0.564 0.427 U.UUH 0.0060 0.613
J 0.895 0.105 0.000 0.0115 0.293

0.056 0.000 0.944 0.0190 0.094

71



Table 9. p-values of the Milh0j goodness-of-fit test for estimated HMMs with three
regimes, original observations; k = nUlTlber of times the simulated value of the
statistic exceeds the value computed from the estimated model.

Model k (k+ 1)/(50+ 1)

A 1 0.04
B 19 0.39
C 4 0.10
D 18 0.37
G 0 0.02
I 12 0.25
J 45 0.90

Table 10. p-values of the Milh0j goodness-of-fit test for estimated HMMs with
three regimes, outlier-reduced observations; k = number of times the simulated
value of the statistic exceeds the value computed from the estimated model.

Model k (k+ 1)/(50+ 1)

B 4 0.10
C 5 0.12
D 13 0.27
I 12 0.25
J 50 1.00
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Table 11. p-values of the Milh0j goodness-of-fit test for estimated HMMs with two
regimes, original observations; k = number of times the simulated value of the
statistic exceeds the value computed from the estimated model.

Model k (k+ 1)/(50+ 1)

A 8 0.18
B 16 0.33
C 0 0.02
D 4 0.10
E 9 0.20
F 24 0.49
G 0 0.02
H 19 0.39
I 11 0.24
J 38 0.76

Table 12. p-values of the Milh0j goodness-of-fit test for estimated HMMs with two
regimes, outlier-reduced observations; k = number of times the simulated value of
the statistic exceeds the value-computed from the estinlated model.

Model k (k+ 1)/(50+ 1)

A· 7 0.16
B 19 0.39
C 0 0.02
D 2 0.06
E 17 0.35
F 17 0.35
G 0 0.02
H 18 0.37
I 10 0.22
J 48 0.96
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Table 13. Values of e maximizing the first-order autocorrelation of Irtle estimated
from series A-J and the corresponding HMMs, original observations.

Period Data Model

A 1.4 1.0
B 1.4 1.4
C 1.4 1.4
D 1.0 1.6
E 1.2 1.2
F 1.6 1.4
G 1.4 0.8
H 1.2 1.2
I 1.8 1.4
J 1.2 1.0

Table 14. Values of e maximizing the first-order autocorrelation of Irtle estimated
from series A-J and the corresponding HMMs, outlier-reduced observations.

Period Data Model

A 1.6 0.8
B 1.6 0.8
C 2.0 1.4
D 1.4 1.4
E 1.4 1.2
F 2.0 1.4
G 1.8 1.0
H 1.4 1.2
I 2.0 1.6
J 2.0 1.8
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Figure 1. Combinations of p and 0' which yield PEDl: "the standard deviation of
the absolute returns equals the mean of the absolute returns" (solid line). Dashed
lines indicate the combinations for which the mean/standard deviation ratio equals
0.8 and 1.25, respectively. Upper panel: 0' > 1, lower panel: 0' < 1.
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Figure 2. Combinations of p and cr which yield PED2: "skewness of the absolute
returns = 2" (solid line). Dashed lines indicate the combinations for which the
skewness equals 1.6 and 2.4, respectively. Upper panel: (J > 1, lower panel: cr < 1.
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Figure 3. Combinations of p and cr which yield PED3: "kurtosis of the absolute
returns = 9" (solid line). Dashed lines indicate the· corrlbinations for which the
kurtosis equals 7.2 and 10.8, respectively.Upper panel: cr > 1, lower panel: cr < 1.
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Figure 4. Autocorrelation functions of absolute returns for subseries A-J estimated
from the original observations (left-hand panel) and from the hidden Markov models
(right-hand panel).
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Figure 4. continued.
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Figure 5. Autocorrelation functions of absolute returns for subseries A-J estimated
from the outlier-reduced observations (left-hand panel) and from the hidden Markov
models (right-hand panel).
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Figure S. continued.
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Figure 6. Autocorrelation functions for transformed subseries /Ii 19 ,

e=0.2,0.4"",2.0, estimated from t..ie hidden Markov models A-I, original data.
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Figure 6. continued.
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Figure 7. Autocorrelation functions for transformed subseries Irt Ie ,
e = 0.2,0.4, ... ,2.0, estimated from j}e hidden Markov models A-J, outlier-reduced
data.

A

0.24

0.2

0.16

c

E

0.15

0.1m~~

10 15
20 25

30 35
40 45

1.

1.

B

0.16

0.12

5
10 15

20 25
30 35

40 45

D

F

0.2

0.15 .u-1l1~n.A\I\l1.~

0.1,WBiI

10 15
20 25

30 35
40 45

84



Figure 7. continued.
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Appendix

In this appendix we derive the spectral density of an HMM. To that end, let

{(SI'Xt)} be an HMM, Le. {St} is the hidden Markov chain and {Xt } is the

observable process. The transition probability matrix P of {St} is assumed to be

ergodic. Let also M 1 and M 2 be the diagonal matrices with entries E {xtlSt =i}
and E {¥llS, =i} respectively. In our case with X, =Ir,l, M) =diag(../2/ncr i)

and M2 =diag(a;), respectively. We can then write E{Xt }=aMl l and

E {¥,2 }= aM21, where a is the vector of stationary state probabilities for P and 1

is a column vector of ones. Thus,

and as shown in section 3,

for t ~ 1. The spectral density of {Xt } is defmed by

g(ro) =2~ fe-im
, cov(Xo,X,).

t=-oo

Theorem 1. For the HMM defmed above,

where B=P-la.

For the proof, we need the following lemma.

Lemma 1. For each t =1,2,3, ... , p t -la =(P -la)t.

Proof. This follows easily by induction.
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Proof of Theorem 1. Since P is ergodic, it has a single eigenvalue of modulus one,

namely A= 1. Thus, the spectral radius of B is less than one, and the same holds

true for B exp(irot). This fact and Lemma 1 imply that

Similarly,

-I

~::e-irotcov(Xo,Xt ) =aMI {I-Beiro )-1_1)MIl
1=-00

whence

Now,

(I - Be-iro ) -I =(I - Beiro ) {I - Be-iro )(1 - Beiro ) r
=(I - Be iro )(1 - 2B cosro + B2)-1

so that

(I - Be- iro )-1 + (I - Be iro )-1 =(I - Be iro +1- Be- iro )(1 - 2B cosro +B2)-1

=(21 - 2B cosro )(1 - 2B cosro + B2 )-1

and

The proof is complete.
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Essay III

MODELLING THE CONDITIONAL MEAN
AND CONDITIONAL VARIANCEI

-A combined smooth transition and hidden Markov approach
with an application to high frequency series

1. INTRODUCTION

In the last decade there has been a growing interest in modelling the conditional

variance of fmancial data. This can be interpreted as a measure of volatility which

itself is a measure of risk. One area where it is particularly important to get a good

estimate of the volatility of the underlying asset is in option pricing. In this context

the conditional mean has customarily been assumed to be constant. However, in

later studies there has been some evidence of nonlinear structure in the conditional

mean when modelling financial data, especially high frequency data, see for

example Kagler and Kruger (1993). Usually when second moment models are

applied, only nonconstant conditional variance are parameterized. An interesting

question is what happens if a parameterization of the (nonlinear) conditional mean is

considered. How does that affect our views on volatility?

The most frequently used models for characterizing conditional variance are the

ARCH-type models GARCH with normal errors by Bollerslev (1986), GARCH

with t-distributed errors (see for example Bollerslev (1987)) and EGARCH by

Nelson (1991). However, in later studies another way of modelling the conditional

variance has been proposed. The model is called the hidden Markov model, HMM,

and was first introduced by Lindgren (1978). For applications of HMMs to financial

lAcknowledgements. I wish to thank Tobias Ryden, Joakim Skalin and Timo Terasvirta for useful
remarks and suggestions. The responsibility for any errors or shortcomings in the paper remains
mine. I r~ceived support from the Tore Browaldh Foundation for Scientific Research (contract no. T
96541) which is gratefully acknowledged.
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data see for exanIple Hamilton (1988), Tyssedahl and Tj0stheim (1988) and Kaeler

(1993). Ryden, Terasvirta and Asbrink (1996), henceforth RTA, applied the HMM

to the Standard & Poor 500 composite stock index, henceforth abbreviated S&P

500. The idea of the paper was to consider some stylized facts of high frequency

data, especially the S&P 500, found by Granger and Ding (1995). These stylized

facts include temporal as well as distributional properties of the data. It was also

investigated how well these stylized facts were characterized by an HMM. This

paper will compare some of these results with the results which we obtain if we

estimate the HMM given a nonconstant conditional mean. We want to get an

understanding of how a correct parameterization of the conditional mean in high

frequency data affects the volatility. Since nonlinearity in the conditional mean in

high frequency data cannot be excluded a priori we make use of a nonlinear class of

models called STAR models. The STAR (Smooth Transition Auto Regressive)

model enables a rich parameterization of the conditional mean once linearity is

rejected. The modelling procedure of the model starts with a linearity test, and if

the test rejects linearity we nlodel the data with- a STAR model under the

assumption of consistent parameters. We use the HMM to parameterize the

conditional variance. The HMM is applied to the residuals of the STAR model. The

model is thus estimated conditional on the STAR model. No simultaneous

estimation of the models is considered in this paper.

The modelling procedure for the STAR model follows the four-step procedure

proposed in Terasvirta (1994) which encompasses specification and estimation as

well as evaluation. See also Granger and Terasvirta (1993). A linearity test is

always conducted to see if the series is nonlinear or not. If linearity is rejected we

specify a nonlinear model of STAR type for the series. The modelling procedure for

the HMM follows the procedure proposed in RTA. Again in the case of modelling

the conditional variance we conduct linearity tests. We investigate if the conditional

variance is constant or not. In the latter case it is assumed to follow an HMM with

two or more states.
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The paper is arranged as follows: In Chapter two, the theory behind STAR models

is presented. In Chapter three the modelling procedure for STAR models is

presented together with a brief explanation of the different tests which are

conducted during the specification, estimation and evaluation. Chapter four presents

some theories behind the HMM and in Chapter five the nlodelling procedure for the

HMM is outlined, this includes specification tests as well as goodness-of-fit tests

carried out with parametric bootstrap. Chapter six presents the empirical

investigation and results. In the last chapter conclusions and suggestions for further

research are discussed.

2. THEORY BEHIND STAR MODELS

2.1. ESTAR and LSTAR

This chapter discusses the specification of STAR models. If we want to model a

possibly nonlinear relationship, where the nonlinearity may evolve due to the fact

that the economy behaves differently if some variable lies in one region rather than

in another, we can make use of this model class which encompasses "regime

switching" models as a special case. Consider the model

(2.1)

the transition variable, Yt-d' is the delay parameter. If

we have an LSTAR{P) (Logistic Smooth Transition Auto Regressive) model. If

F(Yt-d) =1-exp[-y 2(Yt-d - C2)2]
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we have an ESTAR(P) (Exponential Smooth Transition Auto Regressive) model.

The parameter ci , i =1,2 gives the location of the transition function and

Y i > 0, i =1,2 defines the slope of the transition function. Other well known models

are encompassed as special cases of the STAR specification. The LSTAR model

approaches a two-regime threshold autoregressive model changing from zero to

unity at c1 (see Tong (1990» when Y1~ 00 because the transition function is a step

function of Yt-d at the limit. When Y1~ 0 the LSTAR model approaches a linear

AR(P) model. The ESTAR model approaches a linear model both as Y2 ~ 0 and as

Y2 ~ 00. If c2 =a. 20 =0, the ESTAR is identical to an exponential autoregressive

model, see Priestley (1988). The transition function can be interpreted as a way of

allowing coefficients for lagged values of Yt, 0.1 +a.2F(Yt-d), and

a. 10 + a. 20F (yt -d) to change smoothly with Yt-d. This enables local dynamics to

change with Yt-d, and also makes it possible to model the nonlinear effects of a

chock. The difference in mechanisms between ESTAR and LSTAR is as follows:

the exponential transition function for an ESTAR is symmetric around cl which

makes the local dynamics the same for high and low values of Yt-d' whereas the

mid-range behavior is different. The logistic transition function for an LSTAR

model, in contrast to the ESTAR, allows the local dynamics to differ between high

and low values of the transition variable, Yt-d.

3. THE MODELLING PROCEDURE FOR STAR MODELS

The four-step procedure for testing linearity and modelling STAR models proposed

in Terasvirta (1994) is of a Box-Jenkins type. In the figure below we present the

modelling procedure briefly (see also Terasvirta 1993, 1995 and Terasvirta et al.

1993). In this paper we modify the fIrst step in the modelling procedure a bit.

Instead of letting some kind of information criteria select the number of lags to be

used in the AR(P) we fix them to be ten in the linearity tests.
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THE MODELLING PROCEDURE
1. Identify and estimate an AR(p)

-decide all adequate number of lags
(to make the error process WN)

2. Test for linearity against a STAR alternative
-using given values for the delay parameter d

UPON REJECTION OF LINEARITY

3. Choose the functional form for F(Yt-d) ,
Le. choose between ESTAR and LSTAR

4. Estimate the E/L- STAR model
-decide the correct number of lags
-evaluate

This is because in high frequency data there is normally little linear structure, and

any criterion would choose a very low order autoregression. Nevertheless, there

may be some nonlinear structure to be modelled in the data. Below we present a

more thorough discussion of the individual steps in the modelling procedure.

3.1. Linearity testing

Before building a nonlinear model one has to find out if a linear model would be

enough to adequately characterise the economic relationship in question. This is

because if a linear model would suffice there would be more statistical theory

available for building a reasonable model than if a nonlinear model were

appropriate. Forecasting is also easier to conduct with a linear model. When testing

linearity a decision has to be made concerning the form of nonlinearity under the

alternative. In this paper all models considered in testing and estimating the

conditional mean are of STAR type. Furthermore, the linearity test is complicated

by the fact that the model is not identified under the null y ; =0, i =1,2. Terasvirta

(1994) shows that a score or a Lagrange Multiplier type test of linearity against an

ESTAR or an LSTAR alternative can be carried out by estimating an auxiliary

regression and testing hypotheses within it. If this interpretation is available it is
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instructive because it reveals against which types of nonlinearities the general test

has the best power. Below the procedure is presented more formally.

Testing linearity against STAR is complicated, as mentioned above, by the fact that

the model is not identified under the null, Le. Yi = 0, i = 1,2. In Terasvirta (1994)

the author shows that an LM-type linearity test against a nonlinear model such as an

ESTAR or an LSTAR may be performed by estimating the following auxiliary

regression (for a given value of the delay parameter d)

(3.5)

where (3 j =«(3 jl' .." (3 jp)', j =1, ... ,4, w t = (Yt-l'···,Yt-p)" E(vt) =0, Var(vt ) = (j~

"if t and E(vtvs ) = 0 s * t . The null hypothesis

(3.6)

is tested. When a linear autoregressive model holds the test statistic,

LM = (SSRo - SSR) /a2 where SSR is the sum of squared residuals from the full

regression (3.5), has an asymptotic X~3P) distribution. In practice the value of d is

not known in advance so the test is done for "if d E {I, D}. Since the test based on

the correctly specified auxiliary regression has the highest power, choose d with the

minimum p-value of the test.

3.2 Choosing functional form for F(Yt-d)

If linearity is rejected we can continue with the modelling procedure. The delay

parameter d is now fixed. The next step in the procedure is to decide what family,

ESTAR or LSTAR, to use in the estimation. This is done by a sequence of ordinary

F-tests. The first test to be conducted is

(3.7)
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in (3.5) against HII : ~ 4 *- 0 with an F-test. A rejection of (3.7) can be interpreted as

a rejection of the ESTAR model family. The second test is

(3.8)

against H I2 : ~ 3 *- 01~ 4 = 0 using another F-test. If this hypothesis is not rejected this

can be taken as evidence in favor of an LSTAR model. The last test in the sequence

is the test of

H03 : ~2 = OI~3 = ~4 = 0 (3.9)

against H13 : ~ 2 *- 01 ~ 3 = ~ 4 =O. If the true model is an LSTAR model then

generally (3.9) is rejected. If H03 is rejected after H02 is accepted we have support

for the choice of an LSTAR model. Accepting H03 after rejecting H02 generally

points to an ESTAR model. To make the right choice it is best to compare the

relative strengths of the rejections. If the model is an LSTAR, typically HOI and

H03 are rejected more strongly than H02 ' For an ESTAR the situation is the

opposite. In Terasvirta (1994) the following decision rule is proposed: After

rejecting the general null hypothesis, carry out the three F-tests. If the p-value of

the F-statistic for the test (3.8) is the smallest of the three, select an ESTAR model,

if not, choose an LSTAR model.

3.3. Estimation and evaluation

The E/L-STAR model is estimated by nonlinear least squares under the assumption

of uncorrelated errors. In the present case, this may be interpreted as the first step

of a scoring algorithm. After estimation, the model is evaluated. In addition to the

usual tests of serial independence of the errors in the STAR model we also carry out

tests of no remaining nonlinearities. A brief description of these tests is presented

below.
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3.3.1 Test of serial independence of the errors

The test of serial independence of the errors from a STAR model can be nlade by

using of an auxiliary regression. Consider the following STAR model of order p

with autocorrelated errors

where (3.11)

and E t - iid(O,(J~). L is the lag operator with LJYt == Yt-J. Eitrheim and

Terasvirta (1996) showed that under necessary stationarity and ergodicity

conditions, an LM test of the null hypothesis of no error autocorrelation,

Ho: a = (ab ... ,aq )' =0 can be performed by use of auxiliary regressions which are

based on the residuals from the nonlinear model estinlated under the null. For small

samples an F statistic is recommended.

3.3.2 Test of no remaining nonlinearity

The test of no renlaining nonlinearity is a nlisspecification test with an additive

smooth transition autoregressive model in the alternative.

Yt =a 10 +0. iWt + (0.20 +a2Wt )F2 (Yt-d;Y 2,C2) + (0.30 +0. 3Wt )F3(Yt-e;Y 3,C3) + Ut

(3.12)

Given that the model specified earlier has been estimated without the second

nonlinear part, the hypothesis is Ho:F3 = (j with (3.12) as the alternative

hypothesis. The testing procedure is analogous to the linearity testing described

above ( (3.7)-(3.10».
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3.3.3 Parameter constancy tests

To check the adequacy of the estimated model even further we do a parameter

constancy test, since the nonlinear STAR models are estimated assuming constant

parameters. The test in question is derived in Eitrheim and Terasvirta (1996) and

postulates a parametric alternative to parameter constancy in STAR models which

explicitly allows the parameters to change smoothly over time. We start by

assuming that the transition function has constant parameters whereas the parameter

vectors al and a2 may be subject to changes over time. The following STAR

model is considered

(3.13)

where Ut - iid(0,.a 2 ) and ai(t) = (aiO(t),ai1(t), ... ,Uip(t))', i=I,2. wt contains

the elements of wt for which the corresponding elements of a 1 are not assumed to

be zero a priori. The analog holds for a 2 and Wt. The time-varying paranleter

vectors ai(t) =ai + AiHj(t,y *,c*), i=I,2, where ai and Ai are parameter vectors

of length (p + 1) and y * and c* are scalars. The null hypothesis of paranleter

constancy is HO:Hj(t,y*,c*) =:0. To be able to test different kinds of parameter

constancy, three functional forms for Hj are used

* * { r: * * 1[1H.(t,Y ,c ) = +exp[y (t-c )Jf -0.5

* * [* * 2]H2(t,y ,c )=l+exPrY (t-c )

(3.14)

(3.15)

(3.16)

where (3.14) is a logistic function for smooth parameter change, (3.15) represents a

nonmonotonic change, symmetric about t =c* and in (3.16) where c* =(cO,cl,c2)'
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allows for both monotonically and nonmonotonically changing parameters. 'Y * > 0

in all three cases. The tests performed in this paper used two sets of parameters,

the full set of estimated parameters and a subset containing only intercepts.

However, any subset can be used in this test. The tests performed are denoted

LM}, LM2 and LM3 respectively in Table 3 in Chapter 5 below.

3.3.4 Roots and local spectra of STAR models

Another way of evaluating the estimated STAR models is to consider the roots of

the characteristic polynomials for each model at different values obtained by the

transition function, F. This is usually done by considering some extreme values of

the function, i.e. F=O and F=1, see Terasvirta (1994). This will also be done in

this paper. However, a more economic way of describing the local dynamics of the

estimated STAR model is to consider a set of local spectra as in Skalin and

Terasvirta (1996). The local or "sliced" spectrum is defined as

for -1t :s;; (() :s;; 1t. The spectrum is a function of F and Yt-d. The spectrum is defined

for values of F for which the roots of the polynomial lie outside the unit circle.

STAR models often have locally explosive roots which are needed to model locally

nonstationary behavior in the· data. However, for values of F for which the

polynomial contain one or more explosive roots the spectra cannot be calculated.

4. THEORY BEHIND HIDDEN MARKOV MODELS

In a hidden Markov model due to Lindgren (1978), the volatility is governed by a

non-observable finite state Markov chain, St' called the regime. St is a random
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variable that can assume only an integer value {I, 2, .... , q}. Given the realization

of St' the process {Yt} is a a mixture of q normal densities with mean zero and

different variances. Suppose that the probability that St equals some particular value

j depends on the past only through the most recent value St-l:

Such a process is described as an N-state first-order Markov chain with transition

probabilities {pij },. i, j =1,2, ... ,q. The transition probability Pij gives the

probability that state i will be followed by state j. Note also that

PH +Pi2 +...+Piq = 1. The one-step transition probabilities can be collected in a

(q x q) matrix P which we call the transition probability matrix:

PH P12

P = P21 P22

Plq

P2q
(4.3)

P ql P q2 P qq

The row i, column j element of P is the transition probability Pij' Le. the

probability that state i will be followed by state j. In this paper we will only

consider two- and three-state HMMs. One reason for this is that the computational

burden increases exponentially when the number of states increases. For a more

thorough discussion about the HMM and its properties see for example Hamilton

(1994). For a discussion of moments, cross-moments and autocovariances see RTA.

5. THE MODELLING PROCEDURE FOR HIDDEN MARKOV MODELS

In this section we briefly discuss the modelling cycle for the HMM. For a more

thorough discussion of the individual steps in the estimation, specification and

evaluation procedures for the HMM see RTA. We use the same procedures as in

RTA since we want to be able to compare some of the results found in RTA, when
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modelling the S&P 500, with the results we get if the conditional mean is

parameterized before the HMM is applied.

5.1. Estimation of parameters

After the nonlinear conditional mean has been fixed, Le. parameterized with the

STAR model class, we estimate the conditional variance by applying the HMM to

the residuals of the STAR model. This amounts to applying the method of scoring.

We use maximum-likelihood to estimate the parameters of the HMM and consider

the number of states, q, of the hidden Markov chain {St} to be fixed and known.

This is not the case in practice but we defer the problem of choosing q, Le. the

specification or the model selection problem, until the next section. Thus, the

parameter vector e to be estimated comprises the transition probabilities

Pi}' i,j =1, ...q, and the (conditional) variances cri ,... ,cr~. In order to avoid

reporting local maxima, the search routine was started at 200 randomly chosen

points for q =1, 2 and at 500 randomly chosen points for q = 3.

5.2. Testing linearity and selecting the number of states

The HMM is a nonlinear model with the property that it is not identified if the

"true" number of states is less than postulated, as discussed in RTA. Many

nonlinear time series models share this property. In the case of an unidentified

HMM, some of the transition probabilities are nuisance parameters, and consistent

estimation of the parameters is not possible. An important special case is the one in

which an HMM with two states is postulated, but the observations originate from a

single normal distribution. This means that the conditional and unconditional

variances of the returns, rt , are equal. We make use of likelihood ratio tests to

make the "best" choice among a sequence of nested classes of models. Let Hq
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denote the class of HMMs for which the hidden Markov chain {St} has q states,

and for which the conditional distribution of rt given St = i is normal with zero

mean. Then Hq is characterized by q(q -1) transition probabilities and q

conditional variances, mq =q2 parameters in all. Defme the LR statistic as

(5.1)

where 10gL(8~+I,rl, ... ,rn) is the loglikelihood value for the HMM with q+1 states,

log L(8 ~+1,rl , ••• ,rn ) is the loglikelihood value for the HMM with q states and n is

the sample size. According to (5.1), we select q+l states if LR% >0. The LR%

statistic does not have the customary asymptotic X2 -distribution. Short of the

limiting distribution, we approximated it by bootstrap techniques as in RTA. A

nUITlber of bootstrap replicates, say K, of sample size m < n are sinlulated from the

distribution induced by the estimated parameters and the corresponding LR-statistics

LR~,I, ...,LR~,K are computed. If k of these statistics exceed the observed LR-

statistic, (computed from m observations), then the p-value of the test is

approximated by (k + 1) / (K + I). For the results reported below, we used K =50.

5.3. Evaluation of the model

The residuals of an HMM cannot be reconstructed even if the true parameters are

known. This is true since the hidden Markov chain cannot be reconstructed exactly,

only conditional probabilities may be computed. The HMMs must therefore be

evaluated in another way. The goodness-of-fit test of Milh0j (1981) focuses on the

spectral properties of a zero mean stationary process, see also RTA. If {xt} is such

a process, then Milh0j' s statistic is
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where OJ t =2nt / n, and I (ro) is the periodogram,

Furthermore, g(e,ro) is the spectral density of the process, and e is a parameter

estimate. A large value of W indicates that the model is not adequate. The Milh0j

test is applied to the series of absolute returns and to the absolute valued residual

series of the estimated STAR models. We approximated the distribution of W by

parametric bootstrap as in RTA. The size of the bootstrap replicates was set to the

full subsample size, as this test may have relatively low power compared to

goodness-of-fit tests based on residuals, Saikkonen (1984). In this case again, 50

bootstrap replicates were simulated and the results are presented in Section 6.2.3.

6. EMPIRICAL INVESTIGATION AND RESULTS

In this paper we analyse the return on the Standard & Poor 500 Composite Stock

Index, S&P 500. The data range from January 3, 1928 to August 30, 1991 and

consist of 17055 observations, divided into ten subsamples, lettered A-J, containing

1700 observations each (the first 55 observations were omitted). If we denote the

S&P 500 price index at time t (t=0, .... ,17055) Pt ,we can get ~ =lnpt -lnpt_l as

the compounded return on this index at time t.

6.1 MODELLING THE CONDITIONAL MEAN

The first modelling step consists of determining the number of lags to be used in the

linear AR model under flo. As mentioned above, we regard the number of lags to

be used in the linearity testing as fixed at 10. This is because there is little if any

linear structure in daily return series.
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6.1.1 Linearity tests

Looking at Table A.l, it can be seen that the null hypothesis of linearity is rejected

for all subseries A-J. The test chooses the ESTAR model for subsamples A, B, C,

D, E, H and I and the LSTAR model for the remaining subsamples F, G and J. The

most common values of the delay, d, lie between 1 and 3. However, for subsample

B the linearity test is most strongly rejected for d =10.

6.1.2 Estimated STAR models

In Table A.2 below we present the estimated STAR models along with some

descriptive statistics of the residual series as well as for the original series. The

figures below the estimated coefficients are standard deviations, AIC is the Akaike

Information Criterion, Akaike (1974), and BIC is the Bayesian Information

Criterion, Rissanen (1978) and Swarz (1978). LJB is the Lomnicki-Jarque-Bera

normality test, Jarque and Bera (1993). The skewness and kurtosis values for both

the original and the residual subseries are also reported.

Some of the models contain a number of parameter restrictions of the type

a I} =-a. 2}. These restrictions exclude the combined parameter a l } +a 2}F for

F =1. The model estimated on subperiod F is a special case since it contains a

logistic first order time trend. The reason for including a time trend in this model is

that the parameter-constancy tests (discussed later in more detail) revealed a

possible tinle trend of order one or even up to the third order. We started to include

a time trend of order three in the model. However, this approach did not improve

the fit so a first order trend was included instead. T in the logistic time trend

equation is a vector where element 1; =i / n i =1, ... ,n. The fit of the model

improved considerably upon this specification.
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Talking about fit in terms of the measures R2 and li.2
, we get an average R2 of

0.0622 for the whole set of estimated models. If we take the number of estimated

parameters into account we have the measure of li.2 which on average equals

0.0580. These values of average explanatory power are quite high in this context.

Modelling high frequency data with a linear model seldom reaches an R2 higher

than about two or three percent. Among the models that have the highest

explanatory power we fmd model G having an R2 equal to 0.1200 and a l?2 equal

to 0.1164. Models D, F, Hand J all have R2 ~ 0.08. Models A and B both have

low values for the explanatory power of about 0.0145. These models are estimated

on the early part of the sample dating from 1928 to about 1939 and it is difficult to

explain the reason for the poor fit. Continuing with the LJB tests of normality, we

see that all are rejected both for the original subseries and the residual subseries.

Concerning the other normality measures, i.e. the skewness and the kurtosis, we see

that the values have decreased somewhat. It is worth mentioning that one cannot pay

too much attention to these results, since the skewness and kurtosis can go either

way depending on whether or not the model have captured outliers. Figure A.1

shows the shape of the transition function for the estimated STAR models. Every

point in the figure indicates an observation. This makes it possible to see the values

obtained by the transition function and the location of the c-parameter. All

transition functions except the one for the J-period have a rather smooth shape with

C of about 0.005 to 0.05 in absolute values and standardized 'Y of about 0.1 to 6.8.

The STAR model fitted to the J period has modelled the October 1987 crash, and

the transition function is close to a step-function: i =23.91.

6.1.3 Model evaluation: Goodness-of-fit

The different measures for model evaluation considered here concern the

autocorrelation function and the presence of ARCH as well as remaining

nonlinearity. We will also discuss results from the parameter constancy tests. As a
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last evaluation we will consider the characteristic polynomials at some specific

values of the transition function, F, and consider the properties of the models in the

frequency domain. More about this will be found in Chapter 6.1.4. Starting with the

autocorrelation test presented in Table A.3, we see that the null hypothesis of no

remaining autocorrelation for the first lag is accepted for all models at the one

percent significance level. As regards the autocorrelations of order two to five all

hypotheses are accepted except for model H for lag two and three. As regards

ARCH effects we see that these second moment effects are present in all models

except for period J, where the null hypothesis of no ARCH holds for all lags

reported. The latter rmding agrees with those in Diebold & Lopez (1995, p. 459).

In Table A.4 we report results from the tests of no remaining nonlinearity. The test

is conducted as the misspecification test, outlined in Chapter 3.3.2, with an additive

snlooth transition autoregressive model in the alternative. The interpretation of the

results is analogous to that of the initial linearity test. The hypothesis of no

remaining nonlinearity is rejected for all models. One interpretation of this result is

that there is structure left in the conditional mean to be modelled. However, this is

not followed up, because the results may also be a consequence of nonconstancy of

the conditional variance.

The results from the parameter constancy tests are reported in Table A.5.l and

Table A.5.2. The three LM-tests with their respective functional forms of parameter

variation are as described in Section 3.3.3. They are LM1, which is a logistic time

trend, LM2 , an exponential time-trend and LM3,'a logistic time-trend of the third

order. These tests are conducted for the full set of parameters and for a subset only

containing intercepts. Table A.5.l reports the test results based on the whole set of

parameters. Parameter constancy is rejected for all three functional forms for A, D

and E at the one percent significance level. For C and F, LM3 was rejected. Model

G passes all tests except LM1 • Table A..5.2 reports the test results conducted on the
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intercepts only. All models except F and H pass the three LM-test of parameter

constancy. In model F the parameter constancy tests suggested that we should

include a logistic time-trend of the first order in the STAR specification as described

in Chapter 6.1.2 above, and no further test results are reported. The test was not

conducted on nlodel G since it does not contain intercepts.

6.1.4 Model evaluation: Roots and local spectra of STAR models

Another illustrative way of interpreting the estimated STAR models is to consider

the characteristic polynomials at various values of the transition function, F. The

most interesting values are the two extremes, zero and unity. In Table A.6.1 we

report the characteristic polynomials for the estimated ESTAR models. In an

ESTAR model a zero value of the transition function corresponds to small

fluctuations, whereas a value of unity is related to large fluctuations induced by an

unusually large shock. In the ESTAR model the nonlinear component is activated at

full strength for both large positive and large negative values of Yt-d. These effects

also depend on the location of c. For c> 0 the transition function puts more weight

on large positive values, which is the case for all ESTAR models except C, D and I.

If c< 0 the transition function puts more weight on large negative values. (The

same story holds for the LSTAR model). All the estimated ESTAR models contain

a pair of complex roots irrespective of what value the transition function obtains. If

we start by looking at the left-hand column of Table A.6.1, we have the case when

the transition function equals zero. The roots of model B are close to explosive with

modulus 0.91 ~ Izl ~ 0.94. However, there is no explosive root in any model in the

mid-regime F=O. As regards the period, we see that it generally lies between two

to seven days for the pairs of complex roots for these models. If we look at the

right-hand column of Table A.6.1 where the roots for the outer regimes, F=l, are

calculated we see a similar pattern. The E model is now the one having roots with
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modulus closest to one (0.975). There are no explosive roots in any model for the

outer regime either. The periods are also quite similar to the F=O case.

In the LSTAR model a zero value of the transition function relates to the case when

we have a locally stable regime that is consistent with a linear process. When the

transition function obtains a value of unity at large values of Yt-d' the nonlinear

component is activated at full strength and is able to determine locally explosive

behavior. In the LSTAR model the nonlinear component is asymmetric in the sense

that it is only activated at full strength for large positive values of Yt-d. Looking at

the left-hand panel of Table A.6.2 where we report the roots for the lower-regime

F=O of the estimated LSTAR models, we see that the general pattern from the

ESTAR models does not hold. Model F has one pair of complex roots which are

close to unity with a period of about two days. Model J has one pair of complex

roots which are explosive with modulus 1.0311 and a period of about six days and

one real root which is negative and very close to unity (-0.99). These roots relate to

the October 1987 crash and tum up when F=O, Le. the model explains the response

of the process to a large negative shock.

If we look at the right-hand panel of Table A.6.2, we have the roots when the

transition function obtains the value of unity. Models G and H still have the same

structure as the lower regime. H has four pairs of complex roots, one pair being

explosive with modulus 1.0033 and a period of about three days, and one almost

explosive (0.9684) with a period of eighteen days and one real root. Models F and J

now have different structures compared to the case when F=O.

The "sliced" spectra, depicted in Figure A.2, are calculated for those values of the

transition function, F, for which the roots of the lag polynomial lie outside the unit

circle, Le. for F-values for which the STAR model is locally stationary.

Furthermore, they are standardized to equal 0.5 when integrating from zero to 1t.
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The sliced spectra for the STAR models estimated on subperiod A-J are depicted in

Figure A.2. The x-axis depicts 0 ~ ro ~ 1t , the y-axis 0 ~ f.w(ro) ~ 1, and the z-axis

depicts values which can be obtained by the transition function, Le. 0 ~ F ~ 1. The

spectra are calculated only for realized values of F for each model. Each curve

represents a local spectrum and corresponds to a single observation of the transition

variable. This makes the spectra for models F and J look a little different than for

the other models. For example model J, for which the estimation period contains the

October 1987 stock market crash, only has a few "slices" depicted in the graph.

Recall from Figure A.l that the transition function of the J model is close to a step

function. This implies that the most usual values obtained by the transition function

are the values F=O and F= 1. Thus the local spectrum for F= 1 represents a large

majority of observations. For F=O the process is locally explosive. The other

models' spectra have a more surface-like look since they have smooth transition

functions.

Figure A.3 depicts locally dynamic behavior of the STAR model for some of the

estimated models. We have chosen to pick out some shocks to describe the locally

dynamic behavior of the STAR model. A shock is here defined as an observation

located more than 4 standard deviations from the mean. The upper panels of Figure

A.3 depict fifty actual and fitted values around a shock. The lower panels depict the

corresponding values obtained by the transition function. The shocks depicted in

Figure A.3 are taken from subperiods C, E, F and J. We have selected two ESTAR

(C and E) and two LSTAR models (F and J) to illustrate the local dynamics of the

model. There are many others to consider but these four illustrate the behavior. The

common feature of the behavior, which can be seen in the graphs, is that during

periods of small fluctuations in the data the value of the transition function is close

to zero (or even zero). However, for model J the reverse is true. When a shock

occurs the STAR model is capable of handling the turbulence that follows but the

shock itself remains as an outlier in the residuals. The delay parameter, d, decides
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how fast the process responds nonlinearly to a shock. Model C has d=3, E has

d=2, F has d= 1 and J has d=2.

6.2 MODELLING THE CONDITIONAL VARIANCE

6.2.1 Linearity tests and selecting the nmnber of states

When modelling the conditional variance, as mentioned earlier, we follow the

approach in RTA. Each residual series has thus been tested for linearity

conditionally on the estimated conditional mean. This means that the null hypothesis

is that of constant conditional variance. In Table B.1 we present the results from the

linearity tests for the original data. In Table B.2 the results for the linearity test on

the residual series are presented. The results in Tables B.1 and B.2 are quite

similar, as expected, and linearity is rejected for all subseries at the significance

level 0.02. Modelling the conditional mean with a STAR model does not change the

nonlinearity in the conditional variance. The p-values of the maximal observed LR

statistics have decreased somewhat, but not to an extent that is significant in any

way. Moving to Table B.3 and B.4 for the tests of two states against three, we see

that the results vary a bit between the original series and the residual series. In the

case of original data the LR-test selects three states for all subperiods except for E,

F and H. Regarding the residual series, it is interesting to note that the LR-test still

selects three states in most cases. The LR-test only selects two states for subperiods

E and F at significance level 0.05, which is one model less (the H model) than for

the original series. It is also interesting to note that even though the null hypothesis

of no ARCH is not rejected for the J period, according to tests discussed in Chapter

6.1.3 above, the likelihood ratio tests still lead to a three-state HMM.
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6.2.2 Estimation results

The estimated HMMs for original data are reported in Table B.5 and the estimated

HMMs for the residual series are reported in Table B.6. The tables contain the

estimated transition probabilities and standard deviations for its two or three normal

distributions as well as the ergodic or stationary probabilities for each model. As

discussed in Section 6.2.1, the only difference regarding the number of states for

the HMMs estimated on original data versus those estimated on the residual series is

in subperiod H. After the conditional mean has been modelled, a three-state HMM

now seems adequate for this subperiod according to the likelihood ratio test.

Looking at the estimated transition probabilities, some differences occur. The two

regime models E and F modelled on original data both have one rather persistent

regime for the low volatility state with PI I > 0.96. The high volatility states for

these two models can be regarded as a semi-persistent regime with P22 ~ 0.90. The

two-regime models E and F estimated on the residual subseries in Table B.6

describe a similar pattern as before. The persistent regime in model E has now

become slightly more persistent, but for model F the reverse is true.

The three-regime HMMs, however, have changed structure a bit more after the

conditional mean has been modelled. It seems to be the fact that the standard

deviation for the high volatility state has increased somewhat after the conditional

mean has been modelled. For example, model J which previously had s3 =0.0745,

now have s3 =0.1215, but at the same time the transition probability of staying in

the high volatility state has decreased from 0.223 to 0.140. Model G modelled an

extreme outlier regime in RTA. Now, after the conditional mean has been

modelled, things have improved greatly for the HMM estimated on this subperiod.

This makes it difficult to compare the results for this model. Model H, which

previously had three states and now has two states, seems to have captured a semi

outlier-regime with the standard deviation being s3 = 0.0515 for the high volatility
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state, the standard deviations for the low and medium volatility states are about the

same as for the two states in the model estimated on the original data. The effect of

modelling the conditional mean before estimating an HMM seenIS in some cases to

be that the specified and estimated HMM contains an outlier regime (a regime with

a very low probability of remaining in that state).

6.2.3 Model evaluation: Goodness-of-fit

The goodness of fit of the estimated HMMs has been investigated using the test of

Milh0j (1981) as discussed in Section 5.3. The results are reported in Tables B.7

and B.8. The test results for the three-state HMMs estimated with conditional mean

are presented in Table B.7. The test accepts all models except the G model. In

Table B.8 we present results of the goodness-of-fit test for two-regime HMMs. All

two-regime HMMs estimated with conditional mean are accepted by the test. The

goodness of fit tests for the three-state HMMs have higher p-values than the

corresponding test for the two-state HMMs in all cases except G and J. Model G

has a low p-value even in the two-regime case, p=0.06. As pointed out earlier, the

power of this test may be low, as shown by ·Saikkonen (1984) and we therefore have

to be careful with our conclusions. Furthermore, the Milhoj test is insensitive to

outliers and this can explain why the test indicates a better fit for two states than for

three states for model J, despite the fact that the LR-statistic has chosen three states.

Figure B.1 depicts locally dynamic behavior of the HMMs over a time range of

fifty observations for HMMs estimated on periods C, E, F and J. The time periods

selected are the same as for Figure A.3 in Appendix A. Furthermore, Figure B.1

depicts the conditional probabilities for the high volatility state for the HMMs

estimated without conditional mean, M1, and HMMs estimated with (nonlinear)

conditional mean, M2. Starting at the lower right-hand curve of Figure B.1 where

the conditional probabilities for observations 700 to 750 of period J are depicted,
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we see that the M2 model seems to have a high conditional probability of being in

the high variance state only when the October 1987 crash occurs. The fact that only

the Ml model shows persistence in volatility during this period is evidence that the

turbulence after the "crash" has been captured by the STAR nl0del. The other cases

depicted in Figure B.l are not as distinct as for the J period. The upper left-hand

curve of Figure B.l depicts the conditional probabilities for observations 175 to 225

of period C. In this case we see that the difference between the behavior of Ml

(solid line) and M2 (dashed line) is that M2 is more persistent in the high volatility

state than MI. This behavior is also true for period E, and to some extent for F.

6.2.3 Model evaluation: stylized facts

RTA evaluated the HMMs by considering how well they reproduce stylized facts in

the data observed by Granger and Ding, GD (1995 a,b). This will also be done in

this paper. Table B.9 contains the mean/standard deviation ratio, skewness and

kurtosis of absolute returns from the original data for all subseries and the estimates

from corresponding HMMs with and without a nonlinear conditional mean. Note

that the conditional mean is not included in the computation of the statistics for

HMMs estimated with conditional mean. The models without conditional mean,

Ml, reproduce the mean/standard deviation ratios quite well. The only exception is

model G which is a failure, as mentioned earlier. The corresponding values for the

HMMs estimated with a conditional mean, M2, seem however to reproduce the

ratios a little closer than MI. Regarding the skewness the results are mixed. It

seems that both Ml and M2 underestimate the skewness in most cases. The M2

models exhibit greater underestimation of the statistic. The kurtosis also seems to be

underestimated by the models in most cases. One interesting exception is period J,

where the data has skewness equal to 208, Ml equals 117 and M2 equals 288.

Table B.9 also includes the mean/standard deviation ratio, skewness and kurtosis of

absolute returns from HMMs estimated on outlier-reduced observations of the
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S&P500 index, MID (RTA). If we compare the Ml estimates with the MID

estimates based on outlier-reduced data, we see that the MID estimates have the

property that the mean/standard deviation ratio is brought toward unity. They also

have the property that the skewness and kurtosis are brought toward 2 and 9

respectively. These are some of the stylized facts which GD found on high

frequency fmancial data after outlier-reduction. If we compare the MID estimates

with the M2 estimates we see that the HMMs with a conditional mean also have the

effect that the above mentioned statistics are brought towards the stylized facts of

GD.

Figure B.l depicts the first 50 autocorrelations of absolute returns from the Ml and

M2 models. This is done to investigate further how a parameterization of the

conditional mean affects the estimated autocorrelations of the HMMs. It seems that

in many cases the autocorrelations show a longer memory when the conditional

mean is parameterized. The most obvious cases of this are nlodels A and B. Table

B.lO depicts the values of e e(O.2, .. ,2) that maximize the first-order

autocorrelation of Irtle estimated from series A-J, the corresponding HMMs

estimated on original observations and HMMs estimated with a conditional mean.

We see that B, C, E and H are reproduced exactly for both Ml and M2. The

models Ml and M2 disagree in a few other cases. Model M2 is a little closer to the

stylized facts in most cases. Figures B.2 and B.3 plot the first fifty autocorrelations

for different values of e for the HMMs estimated on original data, B.2, and the

HMMs estimated with a conditional mean, B.3. The pattern seen in Figure B.l, that

the HMMs with a conditional mean show a longer memory is now more evident in

these pictures. Models A and B are again the most obvious cases.
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7. CONCLUSIONS

RTA applied the hidden Markov model to the S&P500 index. The idea of the paper

was to replicate some stylized facts in the data found by Granger and Ding

(1995a,b). In this paper we investigate how an estimation of the HMM given a

parameterization of the (nonlinear) conditional mean affects the models' ability to

reproduce the above mentioned stylized facts. Since linearity in the conditional

mean is often rejected in high frequency data, we make use of a nonlinear class of

models called STAR models. The STAR (Smooth Transition Auto Regressive)

model by Terasvirta et al. enables a rich parameterization of the conditional mean

once linearity is rejected. A linearity test is always conducted to see whether or not

it suggests that a series is nonlinear in the conditional mean. The conditional

variance is estimated with the hidden Markov model on the residuals of the STAR

model. Again in the case of modelling the conditional variance, a linearity test is

conducted. The paper compares some of the results in RTA. "Sliced spectras" are

calculated to investigate the local dynamics of the STAR model. We also analyze

the local dynamics of the HMMs. The results show that the nUlTlber of states for

each model does not change (except for one case), but the estimated transition

probability matrices change structure when the conditional mean is modelled.

Regarding the stylized facts, it seems that when the conditional variance is modelled

given a conditional mean we get close to the behaviour of hidden Markov models

estimated on outlier reduced data (RTA). In some cases we get longer memory in

the autocorrelation functions when the conditional mean is parameterized.
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Appendix A

Table A.I Linearity tests. Linearity of the conditional mean is tested according to
Section 3.1, for subseries A-J of the S&P 500. The tests are reported as follows:
First means that linearity is strongest rejected for delay, d. Second means second
strongest rejection and so forth.

Period A First Second Third
Lags dfl df2 F-statistic d F-statistic d F-statistic d

10 11 1689 4.5235 1 4.5052 6 4.4580 2
(1. 14e-14) (1.3ge-14) (2.34e-14)

Model ESTAR LSTAR ESTAR
Period B First Second Third

Lags dfl df2 F-statistic d F-statistic d F-statistic d

10 11 1689 3.3361 10 3.2470 7 3.0138 3
(3.86e-09) (9.61e-09) (1.01e-07)

Model ESTAR LSTAR LSTAR
Period C First Second Third

Lags dfi df2 F-statistic d F-statistic d F-statistic d

10 11 1689 5.5844 3 5.4836 7 5.3847 1
(7.58e-20) (2.38e-19) (7.32e-19)

Model ESTAR ESTAR ESTAR
Period D First Second Third

Lags dfi df2 F-statistic d F-statistic d F-statistic d

10 11 1689 5.3789 3 5.0008 2 3.9827 1
(7.81e-19) (5.56e-17) (4. 18e-12)

Model ESTAR ESTAR LSTAR
Period E First Second Third

Lags dfl df2 F-statistic d F-statistic d F-statistic d

10 11 1689 3.1378 2 3.0473 9 2.9783 1
(2.91e-08) (7.23e-08) (1.44e-07)

Model ESTAR ESTAR LSTAR
Period F First Second Third

Lags dfi df2 F-statistic d F-statistic d F-statistic d

10 11 1689 9.8938 1 6.4715 2 6.1954 9
(1.85e-41) (2.93e-24) (7.01e-23)

Model LSTAR LSTAR LSTAR
Period G First Second Third

Lags dfl df2 F-statistic d F-statistic d F-statistic d

10 11 1689 5.2709 2 4.5129 1 4.1672 5
(8.96e-17) (2.01e-13) (6.31e-12)

Model LSTAR LSTAR ESTAR
Period H First Second Third

Lags dfl df2 F-statistic d F-statistic d F-statistic d

10 11 1689 4.6290 5 3.2458 10 2.8669 4
(3.53e-15) (9.73e-09) (4.30e-07)

Model ESTAR ESTAR LSTAR
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Table A.I continued.

Linearity tests.
Period I First Second Third

Lags dfi df2 F-statistic d F-statistic d F-statistic d

10 11 1689 2.2210 1 2.0657 7 1.9350 8
(6. 12e-04) (0.0018) (0.0038)

Model ESTAR LSTAR ESTAR
Period J First Second Third

Lags dfl df2 F-statistic d F-statistic d F-statistic d

10 11 1689 10.076 2 9.9742 3 8.2219 9
(2.25e-42 (7.32e-42) (4.72e-33)

Model LSTAR LSTAR LSTAR
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Table A.2 Estimated STAR models. Estimated models from subseries A-I of the
S&P500 index. Standard errors in parenthesis.

A ESTAR
Yt = 0.073 Yt-l - 0.039 Yt-2 - 0.029 Yt-3 + 0.071 Yt-4 - 0.031 Yt-6

(0.072) (0.025) (0.024) (0.023) (0.024)

+ 0.15 Yt-7 +(-0.064 Yt-I - 0.21 Yt-7)
(0.093) (0.091) (0.094)

X[l- eXP(-0.52X 1939.6 x (Yt-l - 0.0540)2)] + Ut
(0.47) (0.013)

Original series:
UB= 1759.4 p-value = 0.0000 Skewness=0.2434 Kurtosis= 7.9748

Residual series:

AIC= -7.572 BlC= -7.5366 R2 =0.0141 "R2 =0.0106 UB= 1444.0 p-value = 2.81e-314
Skewness = 0.1975 Kurtosis = 7.5111 delay = 1

BESTAR
Yt = 0.0059- 0.024 Yt-2 + 0.057 Yt-3 + 0.19 Yt-6 - 0.035 Yt-7

(0.0059) (0.021) (0.023) (0.084) (0.022)

- 0.45 Yt-IO + (- 0.0058- 0.29 Yt-6 + 0.48 Yt-lO)
(0.43) (0.0060) (0.091) (0.43)

X[I- eXP(-5.11X 4458.2 x (Yt-IO - 0.014 )2)] + Ut
(2.47) (0.0016)

Original series:
UB= 872.47 p-value = 3.51e-190 Skewness= -0.3093 Kurtosis= 6.4652

Residual series:

AlC = -8.4100 BlC = -8.3744 R2 = 0.0154 li2 = 0.0102 UB = 792.94 p-value = 6.52e-173
Skewness = -0.3262 Kurtosis = 6.2917 delay = 10

CESTAR
Yt =0.00069+ 0.096 Yt-I - 0.056 Yt-2 - 0.037 Yt-5 - 0.054 Yt-8

(0.00034) (0.023) (0.032) (0.023) (0.032)

+ 0.041 Yt-9 +(-0.0056+ 0.089 Yt-2 + 0.23 Yt-3 + 0.16 Yt-4
(0.022) (0.0015) (0.081) (0.040) (0.067)

+ 0.12 Yt-8) x [1- exp( -0.11 x 12541.3 x (Yt-3 + 0.0078)2)] + ut
(0.11) (0.048) (0.0023)

Original series:
UB= 10656 p-value = 0.0000 Skewness= -1.0802 Kurtosis= 15.166

Residual series:

AlC = -9.5392 BlC = -9.4971 R2 =0.0475 li2 =0.0430 UB = 6356.7 p-value = 0.0000
Skewness = -0.5606 Kurtosis = 12.4775 delay = 3
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Table A.2 continued.

D ESTAR Restrictions on lag one and six.

Yt =0.00047+ 0.25 Yt-l - 0.34 Yt-2 + 0.16 Yt-5 - 0.13 Yt-6
(0.00037) (0.048) (0.046) (0.051) (0.041)

+ 0.049 Yt-7 + 0.080 Yt-8 + (- 0.0011 - 0.25 Yt-l + 0.47 Yt-2
(0.022) (0.023) (0.00072) (0.048) (0.067)

- 0.21 Yt-5 + 0.13 Yt-6)
(0.067) (0.041)

X[I- eXP(-0.67X 12591.5 x (Yt-3 + 0.0076 )2)] + Ut
(0.26) (0.00094)

Original series:
UB= 3624.0 p-value = 0.0000 Skewness= -1.1127 Kurtosis= 9.8200

Residual series:
2 -2

AIC = -9.5104 BIC = -9.4718 R = 0.0766 R =0.0727 UB= 2896.0 p-value = 0.0000
Skewness = -0.9686 Kurtosis = 9.1134 delay = 3

EESTAR
Yt = 0.13 Yt-l + 0.11 Yt-4 - 0.057 Yt-7 + 0.029 Yt-8 + 0.066 Yt-l0

(0.022) (0.028) (0.027) (0.022) (0.023)

+(0.0045- 0.25 Yt-2 - 0.55 Yt-4 + 0.29 Yt-7 - 0.33 Yt-9)
(0.0019) (0.064) (0.20) (0.13) (0.18)

X[I- eXP(-0.070X 21180.9 x (Yt-2 - 0.0021 )2)] + Ut
(0.028) (0.0017)

Original series:
UB= 4706.0 p-value = 0.0000 Skewness= -0.6744 Kurtosis= 11.0630

Residual series:
2 -2

AIC = -10.0011 BIC = -9.9625 R = 0.0588 R = 0.0537 UB = 5330.0 p-value = 0.0000
Skewness = -0.8010 Kurtosis = 11.5514 delay ='2

F LSTAR Restrictions on lag one and three.

Yt = - 0.019 x [1 + exp( 0.021 x 3.46 x (T _ 0.50 )1]-1
(0.014) (0.016) (0.0089) I)

- 0.014 - 1.00 Yt-l - 0.069 Yt-2 + 0.28 Y 3 - 0.19 Y 4
(0.0075) (0.12) (0.023) (0.13) t- (0.12) t-

+( 0.026 + 1.00 Yt-l - 0.28 Yt-3 + 0.27 Yt-4 - 0.026 Yt-6)
(0.0034) (0.12) (0.13) (0.13) (0.024)

X[I+exP(-1.06X 153.6x(Yt_l + 0.014 )1]-1 +U/
(0.021) (0.0017) )

Original series:
UB= 9698.3 p-value = OOסס.0 Skewness= -0.6778 Kurtosis= 14.657

Residual series:
2 -2AIC =-10.1479 BIC = -10.1061 R = 0.0886 R = 0.0859 UB = 6930.8 p-value = 0.0000

Skewness = -0.7485 Kurtosis = 12.8074 delay = 1
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Table A.2 continued.

Restrictions on lag one and five.
GLSTAR

Yt = 0.31 Yt-l - 0.13 Yt-2 + 0.082 Yt-4 + 0.037 Yt-5 - 0.053 Yt-6
(0.023) (0.028) (0.025) (0.025) (0.022)

+ 0.065 Yt-8 + (- 0.31 Yt-l + 0.50 Yt-2 - 0.38 Yt-4
(0.023) (0.023) (0.11) (0.14)

- 0.037 Yt-5) x [1 +eXP(-1.95X 155.5 x (Yt-2 _ 0.022 )1]-1 + u/
(0.025) (0.95) (0.0024) )

Original series:
UB= 992.25 p-value = 3.43e-216 Skewness= 0.1644 Kurtosis= 6.7394

Residual series:
2 -2

AlC = -10.2102 BIC = -10.1780 R =0.1200 R =0.1164 UB = 1613.5 p-value = 0.0000
Skewness = 0.3913 Kurtosis = 7.6148 delay = 2

HESTAR
Yt = 0.26 Yt-l - 0.25 Yt-2 + 0.054 Yt-3 - 0.21 Yt-4 + 0.10 Yt-6

(0.022) (0.062) (0.023) (0.061) (0.064)

- 0.036 Yt-9 +( 0.0075 + 0.19 Yt-2 + 0.23 Yt-4 - 0.045 Yt-5
(0.021) (0.00026) (0.072) (0.071) (0.029)

- 0.17 Yt_6)X[I-eXP(-6.82XI12.4X(Yt_5+ 0.005 )2J] +Ut
(0.076) (2.72) (0.00069)

Original series:
UB= 257.47 p-value = 1.22e-56 Skewness= 0.2561 Kurtosis= 4.8423

Residual series:
2 -2

AIC = -9.5150 BIC = -9.4733 R = 0.0842 R =0.0798 UB = 245.65 p-value =4.54e-54
Skewness = 0.2494 Kurtosis = 4.7999 delay = 5

Restrictions on lag one and two.
I ESTAR

Yt = 0.13 Yt-l + 0.071 Yt-2 - 0.067 Yt-4 + 0.072 Yt-8
(0.054) (0.042) (0.042) (0.063)

+( 0.0013 - 0.13 Yt-l - 0.071 Yt-2 + 0.075 Yt-4 - 0.20 Yt-8
(0.00049) (0.054) (0.042) (0.071) (0.069)

X[I- eXP(-0.75X 12361.0 x (Yt-l + 0.0078)2J] +Ut
(0.62) (0.0017)

Original series:
UB= 162.91 p-value = 4.21e-36 Skewness= 0.2259 Kurtosis= 4.4524

Residual series:
2 -2

AIC = -9.4309 BIC = -9.4020 R =0.0181 R =0.0140 UB = 138.48 p-value = 8.4ge-31
Skewness = 0.2116 Kurtosis = 4.3370 delay = 1
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Table A.2 continued.

JLSTAR
Yt =-0.0090- 0.10 Yt-l - 0.19 Yt-2 -1.051Yt_3 +(0.0095

(0.0058) (0.050) (0.072) (0.12) (0.0058)

+ 0.19 Yt-l + 0.18 Yt-2 + 1.095Yt_3 - 0.025 Yt-6 - 0.035 Yt-8
(0.057) (0.076) (0.12) (0.022) (0.024)

-0.024Yt_lo)X[1+eXP(-23.91X85.17X(Yt_2 + 0.027 )1]-1 +u1
(0.023) (13.65) (0.0025) :,)

Original series:
UB= 5.71e+05 p-value = OOסס.0 Skewness= -4.6811 Kurtosis= 92.593

Residual series:
2 -2

AlC = -8.9732 BlC = -8.9314 R = 0.0937 R = 0.0889 UB = 6.43e+05 p-value =0.0000
Skewness = -5.0617 Kurtosis = 98.013 delay = 2
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Table A.3.

No remaining autocorrelation. No ARCH. No remaining autocorrelation test and
no ARCH test in the residuals of the STAR models. Tests are conducted according
to Section 3.3.1.

No remaining autocorrelation No ARCH
Per. Lag(s) F-statistic df p-value F-statistic p-value
A 1 3.3435 1677 0.0676 101.39 3.37e-23

2 1.6736 1675 0.1879 92.315 9.01e-39

3 1.4560 1673 0.2248 64.457 1.88e-39

4 1.3754 1671 0.2401 50.693 2.44e-40

5 1.4017 1669 0.2206 43.600 2.23e-42

B 1 0.1164 1677 0.7330 26.436 3.04e-07

2 0.5320 1675 0.5876 36.531 2.94e-16

3 0.7679 1673 0.5120 38.373 5.52e-24

4 0.5335 1671 0.7112 30.411 1.81e-24

5 0.5644 1669 0.7274 31.940 3.57e-31

C 1 0.4769 1670 0.4899 224.07 1.22e-47

2 2.5565 1668 0.0779 65.622 1.30e-51

3 3.0678 1666 0.0270 80.594 1.07e-48

4 1.4617 1664 0.2114 60.900 4.50e-48

5 1.0742 1662 0.3727 48.776 3. 14e-47

D 1 1.5551 1676 0.2126 7.7996 0.0053

2 2.8687 1674 0.0571 7.7870 0.0004

3 1.9598 1672 0.1181 12.272 6.07e-08

4 2.8862 1670 0.0214 28.851 3. 1ge-23

5 2.2996 1668 0.0428 25.791 3.75e-25

E 1 1.8616 1676 0.1726 45.758 6.81e-12

2 1.0708 1674 0.3430 23.921 5.70e-11

3 0.8451 1672 0.4692 16.052 2.73e-10

4 2.0364 1670 0.0869 12.374 6.3ge-10

5 1.6756 1668 0.1372 15.622 4.72e-15

F 1 0.5768 1675 0.4477 26.751 2.5ge-07

2 0.8284 1673 0.4369 25.190 1.66e-11

3 1.3992 1671 0.2413 19.950 1.05e-12

4 1.0817 1669 0.3639 38.230 1.17e-30

5 1.2612 1667 0.2781 30.632 6.71e-30

G 1 2.7582 1678 0.0969 12.202 0.0005

2 1.4757 1676 0.2289 55.766 3.54e-24

3 1.0237 1674 0.3811 40.389 3.35e-25

4 1.7024 1672 0.1469 31.259 3.83e-25

5 1.6947 1670 0.1327 29.301 1.34e-28
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Table A.3 continued.

No remaining autocorrelation. No ARCH.
No remaining autocorrelation No ARCH

Per. Lag(s) F-statistic df p-value F-statistic p-value
H 1 5.6121 1675 0.0180 21.250 4.33e-06

2 5.3633 1673 0.0048 58.069 4.0ge-25

3 3.8531 1671 0.0092 49.211 1.74e-30

4 2.8918 1669 0.0212 46.206 7.03e-37

5 2.3645 1667 0.0378 44.787 1.68e-43

I 1 4.7914 1679 0.0287 6.9795 0.0083

2 2.4753 1677 0.0844 3.6450 0.0263

3 1.4747 1675 0.2196 7.7524 3.84e-05

4 1.3130 1673 0.2629 8.6890 6.10e-07

5 1.0644 1671 0.3783 9.6589 4. 18e-09

J 1 2.0971 1675 0.1478 0.9559 0.3284

2 2.2168 1673 0.1093 0.4993 0.6071

3 3.7964 1671 0.0100 1.6040 0.1865

4 2.8944 1669 0.0211 1.2062 0.3062

5 2.4218 1667 0.0338 0.9639 0.4386
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Table A.4

No remaing nonlinearity. Tests conducted according to Section 3.3.2.
Per. Delay parameter F-statistic dfl df2 p-value
A Delay 1, Yt-l 4.403 21 1658 1.32e-10

Delay 2, Yt-2 5.114 21 1658 4.31e-13

Delay 3, Yt-3 3.424 21 1658 2.63e-07

Delay 4, Yt-4 2.176 21 1658 0.0016

Delay 5, Yt-S 2.761 21 1358 3.24e-05

B Delay 1, Yt-l 2.188 30 1649 0.0002

Delay 2, Yt-2 2.388 30 1649 3.90e-05

Delay 3, Yt-3 2.961 30 1649 1.70e-07

Delay 4, Yt-4 2.482 30 1649 1.66e-05

Delay 5, Yt-S 1.999 30 1649 0.0011

C Delay 1, Yt-l 9.121 27 1635 2.56e-34

Delay 2, Yt-2 4.372 27 1635 8.35e-13

Delay 3, Yt-3 4.863 27 1635 5.91e-06

Delay 4, Yt-4 1.943 27 1635 0.0026

Delay 5, Yt-S 2.749 27 1635 3.97e-06

D Delay 1, Yt-l 4.252 24 1654 3.41e-11

Delay 2, Y/-2 3.890 24 1654 8.37e-10

Delay 3, Yt-3 4.146 24 1654 8.76e-11

Delay 4, Yt-4 2.892 24 1654 3.75e-06

Delay 5, Yt-S 4.380 24 1654 1.08e-11

E Delay 1, Yt-l 2.741 30 1648 1.46e-06

Delay 2, Yt-2 1.775 30 1648 0.0062

Delay 3, Yt-3 1.793 30 1648 0.0054

Delay 4, Yt-4 2.160 30 1648 0.0003

Delay 5, Yt-S 2.450 30 1648 2.23e-05

F Delay 1, Yt-l 2.702 18 1659 0.0001

Delay 2, Yt-2 4.704 18 1659 2.57e-10

Delay 3, Yt-3 3.606 18 1659 4.5ge-07

Delay 4, Yt-4 4.356 18 1659 2.88e-09

Delay 5, Yt-S 3.425 18 1659 1.51e-06

G Delay 1, Yt-l 3.480 24 1656 2.8ge-08

Delay 2, Yt-2 4.591 24 1656 1.62e-12

Delay 3, Yt-3 2.063 24 1656 0.0018

Delay 4, Yt-4 2.909 24 1656 3.27e-06

Delay 5, Yt-'s 4.286 24 1656 2.52e-11
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Table A.4 continued.

Per. Delay parameter F-statistic dfl df2 p-value

H Delay 1, Yt-l 2.231 27 1650 0.0003

Delay 2, Yt-2 2.950 27 1650 6.64e-07

Delay 3, Yt-3 1.980 27 1650 0.0020

Delay 4, Yt-4 2.793 27 1650 2.68e-06

Delay 5, Yt-5 4.062 27 1650 1.78e-11

I Delay 1, Yt-l 2.067 24 1657 0.0018

Delay 2, Yt-2 1.549 24 1657 0.0436

Delay 3, Yt-3 1.354 24 1657 0.1177

Delay 4, Yt-4 1.291 24 1657 0.1569

Delay 5, Yt-5 1.176 24 1657 0.2405

J Delay 1, Yt-l 15.51 24 1653 3.03e-57

Delay 2, Yt-2 6.095 24 1653 1.46e-18

Delay 3, Yt-3 9.975 24 1653 1.36e-34

Delay 4, Yt-4 3.921 24 1653 6.36e-10

Delay 5, Yt-5 3.850 24 1653 1. 1ge-09

No remaining nonlinearity
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Table A.S.t.

Tests for paranteter constancy: All parameters. Tests conducted according to
Section 3.3.3.

Per. LM F-statistic df} df2 p-value
A LM3 1.979 27 1652 0.0020

LM2 2.172 18 1661 0.0030

LM} 2.571 9 1670 0.0061

B LM3 0.8883 27 1652 0.6307

LM2 0.7857 18 1661 0.7192

LM} 0.6874 9 1670 0.7209

C LM3 1.680 33 1644 0.0094

LM2 1.797 22 1655 0.0130

LM} 2.075 11 1666 0.0193

D LM3 1.805 30 1648 0.0049

LM2 2.035 20 1658 0.0044

LM} 2.538 10 1668 0.0049

E LM3 2.096 30 1648 0.0005

LM2 2.499 20 1658 0.0003

LM} 3.253 10 1668 0.0004

F LM3 3.363 18 1659 2.25e-06

LM2 2.173 12 1665 0.0109

LM} 0.9674 6 1671 0.4458

G LM3 1.577 24 1656 0.0374

LM2 1.819 16 1664 0.0241

LM} 3.143 8 1672 0.0016

H LM3 1.320 33 1644 0.1066

LM2 1.564 22 1655 0.0462

LM} 0.5547 11 1666 0.8662

I LM3 1.079 21 1660 0.3640

LM2 0.9559 14 1667 0.4971

LM} 0.5689 7 1674 0.7817

J LM3 1.154 27 1650 0.2675

LM2 0.9874 18 1659 0.4713

LM} 1.025 9 1668 0.4173
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Table A.5.2.

Tests for parameter constancy: Intercepts. Tests conducted according to Section
3.3.3.

Per. LM F-statistic d/l df2 p-value
A LM3 1.994 3 1676 0.1130

LM2 2.532 2 1677 0.0798

LMI 0.4004 1 1678 0.5270

B LM3 0.4313 6 1673 0.8584

LM2 0.1963 4 1675 0.9404

LMI 0.2080 2 1677 0.8122

C LM3 0.7688 6 1671 0.5945

LM2 0.7632 4 1673 0.5492

LMI 1.278 2 1675 0.2788

D LM3 1.279 6 1672 0.2637

LM2 1.505 4 1674 0.1980

LMI 1.243 2 1676 0.2887

E LM3 1.403 3 1675 0.2401

LM2 2.053 2 1676 0.1287

LMI 1.846 1 1677 0.1744

F LM3 - - - -
LM2 - - - -
LMI - - - -

G LM3 * * * *
LM2 * * * *
LMI * * * *

H LM3 0!3989 3 1674 0.7538

LM2 0.5479 2 1675 0.5782

LMI 0.6213 1 1676 0.4307

I LM3 0.7186 3 1678 0.5409

LM2 0.6931 2 1679 0.5002

LMI 1.364 1 1680 0.2429

J LM3 0.5358 6 1671 0.7814

LM2 0.7748 4 1673 0.5415

LMI 0.2237 2 1675 0.7996
.. "- IndIcates that the test IS not computed because the moment matnx IS near-smgular. * IndIcates that the test IS not computed

because the model does not include intercepts.
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Table A.6.1.

Roots of the characteristic polynomials of ESTAR models.
Per Mid-regime (F=O) Outer-regime (F= 1)
A Root Modulus Period Root Modulus Period
1 -0.69 ± 0.32i 0.76 2.32 0.63 ±0.30i 0.69 14.16
2 -0.12 ± O.77i 0.78 3.64 0.12±0.72i 0.73 4.46
3 0.76 0.76 - -0.68 0.68 -
4 0.46±0.58i 0.74 7.026 -0.40 ± 0.48i 0.62 2.78

B Root Modulus Period Root Modulus Period

1 0.88±0.28i 0.93 20.15 0.64±0.39i 0.75 11.51
2 0.54±0.74i 0.92 6.64 0.14±0.69i 0.70 4.57

3 -0.00 ± 0.92i 0.92 4.00 -0.17 ± O.64i 0.66 3.44

4 -0.55 ± O.76i 0.94 2.86 -0.59±0.44i 0.73 2.51

5 -0.87 ±0.28i 0.91 2.22 -0.65 0.65 -
6 - - - 0.60 0.60 -
C Root Modulus Period Root Modulus Period
1 -0.69 ± 0.26i 0.74 2.26 0.8851 0.8851 -
2 -0.31 ± 0.68i 0.75 3.15 0.56±0.44i 0.71 9.34

3 0.19±0.68i 0.71 4.85 -0.01 ±0.77i 0.77 3.97

4 0.57±0.38i 0.68 10.66 -0.37 ± 0.58i 0.69 2.94

5 0.57 0.57 - -0.57 ± 0.04i 0.57 2.05

D Root Modulus Period Root Modulus Period

1 -0.61 ±0.51i 0.79 2.57 0.53±0.54i 0.75 7.91

2 0.04±0.87i 0.87 4.12 0.74 0.74 -
3 0.47±0.53i 0.70 7.41 -0.78 0.78 -
4 0.71 0.71 - -0.54±0.44i 0.70 2.56

5 -0.48 0.48 - -0.08 ± O.71i 0.71 3.72

E Root Modulus Period Root Modulus Period

1 0.80 0.7966 - -0.70±0.62i 0.9363 2.5920

2 0.64±0.42i 0.77 10.704 -0.78 0.7811 -
3 0.21 ±0.76i 0.79 4.81 -0.20±0.90i 0.92 3.51

4 -0.81 0.81 - 0.56±0.80i 0.98 6.57

5 -0.57 ±0.46i 0.74 2.55 0.70±0.30i 0.76 15.52

6 -0.19±0.69i 0.72 3.41 0.21 0.21 -

H Root Modulus Period Root Modulus Period

1 0.46±0.68i 0.83 6.45 0.70±0.29i 0.76 16.13

2 0.60±0.22i 0.64 18.04 -0.08 ± O.74i 0.74 3.75

3 -0.40 ± 0.68i 0.68 2.87 0.33±0.53i 0.63 6.24

4 -0.22 ±0.61i 0.65 3.28 -0.51 ±0.43i 0.67 2.57

5 - - - -0.63 0.63 -
The roots of the polynomIals are only presented for the two extreme regImes F=O and F= 1. The modulus of

z= a+ zb is Izi = .Ja2 + b2
•
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Table A.6.1 continued.

Roots of the characteristic polynomials of ESTAR models.
I Root Modulus Period Root Modulus Period

1 0.55±0.51i 0.75 8.42 -0.71 ±0.29i 0.77 2.28

2 0.73 0.73 - -0.29 ± O.71i 0.77 3.20

3 -0.69 0.69 - 0.29±0.71i 0.77 5.32

4 -0.52 ± O.52i 0.73 2.67 0.71 ±0.29i 0.77 16.11

5 0.01 ±0.69i 0.69 4.05 - - -

Table A.6.2.

Roots of the characteristic polynomials of LSTAR models.
Per Lower-regime (F=O) Higher-regime (F= 1)

F Root Modulus Period Root Modulus Period
1 0.00 0.00 - -1.7e-18 ± O.64i 0.64 4.00

2 0.00 0.00 - -0.46 ± 0.205i 0.50 2.31

3 -0.83 ± 0.51i 0.97 2.43 0.46±0.20i 0.50 14.98

4 0.32±0.31i 0.45 8.22 - - -
G Root Modulus Period Root Modulus Period
1 0.07±0.79i 0.79 4.24 -0.65±0.49i 0.82 2.52

2 0.74 0.74 - 0.65 ±0.49i 0.82 9.74

3 0.51 ±0.47i 0.70 8.51 0±0.62i 0.62 4.00

4 -0.48 ± 0.47i 0.67 2.65 0.62 0.62 -
5 -0.63 0.63 - -0.62 0.62 -
J Root Modulus Period Root Modulus Period

1-7 0.00 0.00 - 1;0.70±0.25i 0.75 18.14

8 -0.99 0.99 - 2;-0.67 ± 0.26i 0.72 2.27

9 0.44±0.93i 1.03 5.58 3;0.36 ± 0.56i 0.66 6.31

- - - 4;-0.35 ± 0.57i 0.67 2.97

- - - 5;-0.00 ±0.65i 0.65 3.99
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Figure A.I. Transition functions for the STAR models. Transition functions for STAR models estimated on subseries A-I of the S&P500
index. The x-axis depict values of the delay parameter and the y-axis depict values taken by the transition function.
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Figure A.I continued.
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Figure A.l continued.
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Figure A.2. Sliced spectra. Sliced spectra for STAR models estimated on
subperiod A-J of the S&P500 index. Spectra calculated according to Section 3.3.4.
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Figure A.2 continued.
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Figure A.3. Actual and fitted values around a shock (upper panels). Corresponding values of the transition function (lower panels). Left hand
panel subperiod C. (obs 175 to 225) and right hand panel subperiod E (obs 1145 to 1195).
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Figure A.3 continued. Actual and fitted values around a shock (upper panels). Corresponding values of the transition function (lower
panels). Left hand panel subperiod F. (obs 1100 to 1150) and right hand panel subperiod J (obs 700 to 750).
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Appendix B.

Table B.I. Maximal observed likelihood ratio and the maximum value of the
simulated likelihood ratios for the HMMs estimated on original subseries A-J when
testing linearity against a two-regime HMM using a numerical bootstrap, the
number of times (k) when the simulated likelihood ratios exceed the observed one
and the p-value of the test. Source: RTA (1996).

LR-test q= 1 against q=2
obsLR max simLR k (k+ 1)/(50+ 1)

A 413.14 6.77 0 0.02
B 55.65 6.77 0 0.02
C 377.77 6.77 0 0.02
D 180.35 6.77 0 0.02
E 60.28 6.77 0 0.02
F 45.22 6.77 0 0.02
G 211.97 6.77 0 0.02
H 149.76 6.77 0 0.02
I 46.18 6.77 0 0.02
J 558.95 6.77 0 0.02

Table B.2. Maximal observed likelihood ratio and the maximum value of the
simulated likelihood ratios for the HMMs estimated on residual subseries A-J when
testing linearity against a two-regime HMM using a numerical bootstrap, the
number of times (k) when the simulated likelihood ratios exceed the observed one
and the p-value of the test.

LR-test q= 1 against q=2
obsLR max simLR k (k+ 1)/(50+ 1)

A 374.28 6.77 0 0.02
B 49.95 6.77 0 0.02
C 254.04 6.77 0 0.02
D 137.01 6.77 0 0.02
E 60.55 6.77 0 0.02
F 31.79 6.77 0 0.02
G 213.86 6.77 0 0.02
H 155.56 6.77 0 0.02
I 43.58 6.77 0 0.02
J 552.51 6.77 0 0.02
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Table B.3. Maximal observed likelihood ratio and the maximum value of the
simulated likelihood ratios for the HMMs estimated on original subseries A-J when
testing a two-regime HMM against a three-regime HMM using numerical bootstrap,
the number of times (k) when the simulated likelihood ratios exceed the observed
one and the p-value of the test. Source: RTA (1996).

LR-test q=2 against q=3
obsLR max simLR k (k+ 1)/(50+ 1)

A 75.25 5.04 0 0.02
B 16.87 6.82 0 0.02
C 58.69 12.90 0 0.02
D 26.35 11.02 0 0.02
E 2.33 6.71 22 0.45
F 1.63 7.56 21 0.43
G 11.94 7.84 0 0.02
H 1.07 7.14 20 0.41
I 6.68 5.78 0 0.02
J 67.92 6.09 0 0.02

Table B.4. Maximal observed likelihood ratio and the maximum value of the
simulated likelihood ratios for the HMMs estimated on residual subseries A-J when
testing a two-regime HMM against a three-regime HMM using numerical bootstrap,
the nUITlber of times (k) when the simulated likelihood ratios exceed the observed
one and the p-value of the test.

LR-test q=2 against q=3
obsLR max simLR k (k+ 1)/(50+ 1)

A 64.44 8.43 0 0.02
B 15.59 6.14 0 0.02
C 53.28 9.71 0 0.02
D 23.75 9.96 0 0.02
E 7.59 14.54 2 0.06
F 0.55 6.05 36 0.72
G 19.21 6.06 0 0.02
H 4.14 3.48 0 0.02
I 7.26 9.24 1 0.04
J 67.89 8.68 0 0.02
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Table B.S. Estimated transition probabilities, standard deviations of normal
distributions of different regimes and stationary probability estimates for models A
J from original observations. Source: RTA (1996).

Per. Transition Standard Stationary
probabilities deviations probabilities

0.966 0.034 0.000 0.0091 0.248
A 0.013 0.960 0.027 0.0216 0.672

0.000 0.230 0.770 0.0601 0.079

0.225 0.759 0.016 0.0074 0.227
B 0.299 0.695 0.006 0.0126 0.578

0.016 0.021 0.963 0.0245 0.195

0.375 0.612 0.013 0.0028 0.351
C 0.374 0.612 0.014 0.0082 0586

0.000 0.196 0.804 0.0250 0.063

0.457 0541 0.002 0.0034 0.348
D 0.312 0.670 0.018 0.0087 0.601

0.019 0.210 0.771 0.0223 0.051

0.964 0.036 0.0049 0.750
E 0.108 0.892 0.0109 0.250

0.987 0.013 0.0049 0.884
F 0.098 0.902 0.0139 0.116

0.970 0.029 0.001 0.0039 0.600
G 0.043 0.955 0.002 0.0087 0.399

0.361 0.332 0.307 0.2372 0.001

0.995 0.005 0.0063 0.691
H 0.011 0.989 0.0126 0.309

0.473 0510 0.017 0.0055 0.315
I 0.404 0.586 0.010 0.0087 0.390

0.028 0.004 0.968 0.0125 0.295

0.992 0.006 0.002 0.0078 0.861
J 0.048 0.930 0.022 0.0150 0.133

0.018 0.759 0.223 0.0745 0.006
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Table B.6. Estimated transition probabilities, standard deviations of normal
distributions of different regimes and stationary probability estimates for models A
J. Estimates obtained from residual series of STAR models A-J.

Per. Transition Standard Stationary
probabilities deviations probabilities

0.982 0.018 0.000 0.0097 0.445
A 0.017 0.941 0.042 0.0222 0.459

0.000 0.202 0.798 0.0419 0.096

0.487 0506 0.007 0.0074 0.394
B 0.494 0.503 0.003 0.0144 0.404

0.010 0.008 0.982 0.0232 0.202

0.455 0534 0.011 0.0033 0.421
C 0.444 0.545 0.011 0.0084 0516

0.007 0.160 0.833 0.0223 0.063

0501 0.499 0.000 0.0041 0.455
D 0.460 0521 0.019 0.0091 0.487

0.053 0.105 0.842 0.0204 0.058

0.966 0.034 0.0048 0.752
E 0.102 0.898 0.0105 0.248

0.981 0.019 0.0047 0.854
F 0.108 0.892 0.0117 0.146

0.950 0.050 0.000 0.0036 0.613
G 0.085 0.886 0.029 0.0074 0.358

0.000 0.352 0.648 0.0157 0.029

0.994 0.005 0.001 0.0061 0.688
H 0.000 0.679 0.321 0.0102 0.224

0.047 0.782 0.171 0.0154 0.088

0.024 0.957 0.019 0.0056 0.273
I 0.576 0.420 0.004 0.0083 0.461

0.004 0.022 0.974 0.0121 0.266

0.987 0.012 0.001 0.0077 0.821
J 0.062 0.928 0.010 0.0151 0.176

0.000 0.860 0.140 0.1215 0.003
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Table B.7. Results of the model evaluations based on the Milh0j goodness-of-fit
test, HMM with three regimes. Results for HMMs estimated on residual subseries
A-J obtained from STAR models.

q=3
Model k (k+ 1)/(50+ 1)

A 45 0.90
B 41 0.82
C 44 0.88
D 36 0.73
G 1 0.02
H 43 0.86
I 41 0.82
J 14 0.29

Table B.S. Results of the model evaluations based on the Milh0j goodness-of-fit
test, HMM with two regimes. Results for HMMs estimated on residual subseries A
J obtained from STAR models.

q=2
Model k (k+ 1)/(50+ 1)

A 43 0.86
B 36 0.73
C 3 0.08
D 2 0.06
E 41 0.82
F 43 0.86
G 2 0.06
H 40 0.80
I 42 0.84
J 35 0.71
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Figure B.l. Conditional probabilities for the high volatility state for the time periods in Figure A.2. Solid line indicates the conditional
probabilities for HMMs estimated without conditional mean, Ml, and dashed line indicates the HMMs estimated with conditional mean, M2.
Upper left subperiod C (obs 175 to 225) and upper right subperiod E (obs 1145 to 1195). Lower left subperiod F (obs 1100 to 1150) and
lower right subperiod J (obs 700 to 750).

C E

....
~ .,

.. .-" -'\

3 5 7 9 11 13 15 17 19 21 23 25 27 29 31 33 35 37 39 41 43 45 47 49 51

0.4

0.2

0.6

0.8
.-... ... \

\,_ J.

o r-- I........ I I I I I I I I I

1 3 5 7 9 11 13 15 17 19 21 23 25 27 29 31 33 35 37 3941 4345 47 49 51

0.6

0.4

0.8

0.2

~

.,J:::.
w

F J

-_.
0.8

0.6

0.4

0.2

o , I - -- T I I I I I I I r

1 3 5 7 9 11 13 15 17 19 21 23 25 27 29 31 33 35 37 39 41 43 45 4749 51

0.8

0.6

0.4

0.2

o ,:=or ' ""I ' r J ,.- ~.. '= I - I r

1 3 5 7 9 11 13 15 17 19 21 23 2527 29 31 33 35 37 39 41 43 45 47 49 51





Figure B.2. Autocorrelations of absolute returns estimated from the hidden Markov
models A-J, original data (RTA), (left panel) and hidden Markov models estimated
with conditional mean (right panel).
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Figure B.2 continued.
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Table B.I0. Values of e maXlIDlZmg the first-order autocorrelation of Irtle

estimated from series A-I and the corresponding HMMs, original observations
(M1), and HMMs estimated with nonlinear conditional mean (M2).

Period Data Ml M2
A 1.4 1.0 0.8
B 1.4 1.4 1.4
C 1.4 1.4 1.4
D 1.0 1.6 1.6
E 1.2 1.2 1.2
F 1.6 1.4 1.4
G 1.4 0.8 1.2
H 1.2 1.2 1.2
I 1.8 1.4 1.6
J 1.2 1.0 0.8
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Figure B.3. Autocorrelation functions for transformed subseries Irtle,
e = 0.2,0.4, ... ,2.0, estimated from ~~he hidden Markov models estimated on original
data (RTA).
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Figure B.3 continued.
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Figure B.4. Autocorrelation functions for transformed subseries Irt Ie ,
e=0.2,0.4, ... ,2.0, estimated from the hidden Markov models with nonlinear
conditional mean.
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Figure B.4 continued.
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Essay IV

VOLATILITY FORECASTING FOR OPTION-PRICING
ON EXCHANGE RATES AND STOCK PRICESl,2

-A performance comparison between GARCH,
GARCH-t, EGARCH and the hidden Markov model

1. INTRODUCTION

The concept of decision making under uncertainty is central to the theory of

finance. This makes the stochastic specification of fmancial models very important.

In this paper we consider second moment or ARCH-type models. Our main goal is

to evaluate the forecasting performance for some of the most frequently used

ARCH-type models such as the GARCH(1,1), GARCH-t(l,l) and the

EGARCH(1,1). These three models have been shown to be very useful in empirical

work, for example in volatility forecasting. We also include the hidden Markov

model, henceforth abbreviated HMM, in this study. These four models are applied

to exchange rates and stock prices and indices. All series consist of 1021

observations of daily data from 1 January 1992 to 3 January 1996. The in-sample as

well as the out-of-sample forecasting performances of these models are evaluated.

The in-sample forecasting performance can be regarded as a measure of goodness

of-fit for the nlodels. There are nlany reasons for evaluating the forecasting

performance of these models. One reason is that the agents in the options market

need to have a model that can make as good a forecast of the volatility as possible.

1 This paper was written together with Tobias Ryden, Department of Mathematical Statistics, Lund
University, Lund, Sweden.

2Acknowledgements: We wish to thank Gustaf E. Hagerud, Tony Hall and lohan Setterblad for
helpful comments and Magnus Forsells for providing some of the data. The responsibility for any
errors or shortcomings in the paper remains ours. I received support from the Tore Browaldh
Foundation for Scientific Research (contract no. T 96541) which is gratefully acknowledged.

152



Chapter two considers statistical properties of financial high frequency data and

their implications on the model choice. Chapter three presents the ARCH-type

models and the hidden Markov model and some of their properties. In Chapter four

we show how we calculate forecasts from each model. In Chapter five we discuss

the parameter estimation and also describe the methods that we use in the

forecasting evaluation along with some prediction error measures and benchmarks.

Chapter six presents the data used in the study. Chapter seven presents the empirical

investigation and results from the estimations and forecasting evaluations. The

goodness-of-fit for the models is also discussed. Chapter eight concludes the paper.

2. STATISTICAL PROPERTIES OF FINANCIAL DATA

In a paper by Fama (1965) strong evidence against the normal distribution was

found for price dynamics of stock returns (the return, Yt , is defined as

Yt = InPt -lnpt-l)· This finding has led to much research on the distributional

properties of stock returns, see for example French et al. (1987), Schwert and

Seguin (1990) and Granger and Ding (1994). The implications for portfolio analysis

have also been investigated, see for example Schwert (1989). The consensus of

today is that daily and weekly stock returns exhibit strong non-normality but that

monthly returns are only slightly non-normal (Kaehler, 1993, p. 1051). In empirical

option pricing the natural time horizon is the short run, which only makes the use of

daily or perhaps weekly data appropriate. In this paper we will only use daily data.

The GARCH(l,l) model by Bollerslev (1986) is a model that is very popular for

volatility estimation. Terasvirta (1996) showed that this model with normal errors is

inappropriate for use with financial data when strong leptokurtosis is present. We

have nonetheless decided to include the GARCH(l,l) with normal errors in this

paper since it is frequently used in the literature and we find it relevant to compare

its performance with the other ARCH-type models. The second model to be

considered in this paper is the GARCH(l,l) model with t-distributed errors. This
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model is capable of modelling strong leptokurtosis. The third model to be

considered is the EGARCH(I,I) which is also frequently used in the literature. This

model should be able to handle asymmetries between positive and negative shocks.

The IGARCH(I,I) model with the restriction 0. 1 + ~1 =1 has been proposed to

adequately characterize the volatility in many high frequency series. However, since

the model's long run behavior is not satisfactory, see for example Nelson (1990),

we exclude it from this investigation. Each of these three GARCH models has its

own advantages (and disadvantages) so we fmd it interesting to compare their

performance on different kinds of data. The HMM by Lindgren (1978) is a model

quite new to financial econometrics and its volatility forecasting properties are not

thoroughly investigated yet. See also Hamilton (1994).

3. THE MODELS

3.1. ARCH type models

An ARCH process can be defined in a variety of ways. In this paper we will assume

that the dependent variable Yt is generated by

(3.1)

where h/12 is a time varying, positive function, measurable for the time t-l

information set. The ARCH model characterises the distribution of Yt conditional

on the realized values of the set of variables ~-1 = {vt-l"Yt-2' ...} It is also possible

to include exogenous variables in the model.

Engle's (1982) original ARCH model assumes Ytl~-1

the conditional variance is positive. The variance of Yt conditional on the realized

values of Yt-i' i = 1, ... ,q, is an increasing function of the magnitudes of the lagged
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variables irrespective of their signs. Hence, large values of any sign tend to be

followed by a large value of either sign and similarly for small values. The order of

the lag q determines the length of time for which a shock persists in the conditional

variance of subsequent values. The larger the value of q, the longer the episodes of

high volatility will tend to be. The reason for using a linear function of lagged

squared values is that since the variance is the expected squared deviation, a linear

combination of lagged squared values is a natural measure of the recent .trend in

variance to translate to the current conditional variance ht •

3.1.1. GARCH(I,I)

To reduce the computational burden when estimating an ARCH model with a large

q, Engle (1982) parameterized the conditional variance as

q

ht =a o+a 1LwiY;-i'
i=1

(3.2)

where the weights Wi = [(q +1) - i] x [tq(q +1)]-1 decline linearly and sum to unity.

With this parameterization a large lag can be specified and yet only two parameters

are required to be estimated in the conditional variance function.

Bollerslev (1986) proposed an extension of the conditional variance function ht

which he named generalized ARCH or GARCH. He suggested that the conditional

variance should be specified as

where the inequality constraints a o > 0, a i ~ 0 for i =1, ... ,q and ~; ~ 0 for

i =1, ... ,p are imposed to ensure that the conditional variance is strictly positive.

This model was also independently proposed by Taylor (1986) but he specified the
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distributed lag to consist of absolute rather than squared deviations. The GARCH

process can be expressed (3.3) as

where o.(L) =o.1L+···+aqLq and P(L) = P1L+···+P pLP are polynomials in the lag

operator L (EXt == xt-i ). If the roots of 1- P(Z) lie outside the unit circle, we can

rewrite (3.3) as

(3.4)

where a ~ =a 0 / (1- P(1» and 8 i is the coefficient of E in the expansion of

o.(L)[l- p(L)]-l.

We can now see from expression (3.4) that a GARCH(p,q) process is an infinite

order ARCH process with a rational lag structure imposed on the coefficients. The

generalization of an ARCH process to a GARCH process is similar to the

generalization of an MA process to an ARMA process. A GARCH process can

parsimoniously represent a high order ARCH process. The GARCH(1,1) model can

be written as

(3.5)

The GARCH(p,q) and especially the GARCH(1,1) have proven to be very useful in

empirical work, see for example Bollerslev et al. (1992) and (1994).

3.1.2. GARCH-t (1,1)

In this paper we also estimate the GARCH(1, 1) with t-distributed errors, henceforth

denoted GARCH -t (1,1). The reason for this is that for many financial tinle series
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the unconditional distribution seems to have fatter tails than a GARCH with normal

distributed errors is able to model. One way to take account of this fact is to let Zt

have a t distribution with v degrees of freedom. In this approach v is regarded as a

parameter to be estimated by maximum likelihood under the restriction v > 2 to

ensure that the variance exists (see for example Hamilton, 1994, p. 662, for the

loglikelihood). We also renormalize the densities so as to nlake the variance

independent of v and equal to unity. For other applications of ARCH-type models

with t-distributed errors applied to financial data, see for example Bollerslev (1987)

and Baillie and Bollerslev (1989).

3.1.3. EGARCH(I,I)

In the GARCH(l,l) model (3.5) the conditional variance only depends on the

magnitude and not on the sign of Yt' However, a number of researchers have found

evidence of asymmetry in stock price or interest rate behavior, namely that negative

surprises, or "news", seem to increase volatility more than positive surprises do,

see for example Pagan and Schwert (1990). Nelson (1991) introduced the

Exponential GARCH(p,q), or the EGARCH(p,q), where ht is an asymmetric

function of past Zt' s as defined by (3.1), and

where Jf is the expected value of IZt-il. Unlike the linear GARCH(p,q) model in

(3.4), no restrictions on the parameters a i and ~ i are necessary to ensure

honnegativity of the conditional variance. The only restriction for the process to be

covariance stationary is that the roots of the autoregressive polynomial for the

lagged log ht 's lie outside the unit circle. The EGARCH reserrlbles an unrestricted

ARMA(p,q) model for loght • If ai~ < 0, the variance tends to rise (fall) when Zt-i

is negative (positive) in accordance with the empirical evidence discussed above.
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As noted, we are only considering the EGARCH(I,I) in this paper. This model can

be written as

(3.7)

where at =at~, a 2 =aly and all other parameters are defined as in (3.6). For a

nlore thorough investigation of different ARCH-type models and their properties,

see for example Bera and Higgins (1993) or Engle (1993).

3.2. The hidden Markov model

In a hidden Markov model, HMM, the volatility is governed by a non-observable

finite state Markov chain {St}, often called the regime. Given the realization of

{St}, the observable process {Yt} is assumed to be a sequence of conditionally

independent random variables, with the conditional distribution of Yt depending on

St only. In the present paper, we take these conditional distributions to be normal

distributions with zero mean, so that given St = i, Yt - N(O,cr ~), where the cr i ' S

are parameters of the model. Also, the transition probabilities of {st}, denoted

aij = peSt =JISt-t = i), are unknown parameters. We can write this model as

(3.8)

where {Zt} is an i.i.d. sequence of standard normals. Hence, there are some

similarities between such HMMs and ARCH type models, cf. (3.1). An important

property of the HMM is that the output sequence .{Yt} is uncorrelated. This follows

easily from the definition of an HMM,
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and is true also for any ARCH type model. Empirical studies have shown that many

fmancial time series are, at least approximately, uncorrelated. See for example:

Granger and Ding (1995 a,b).

4. VOLATILITY FORECASTS

4.1. Volatility forecasts for the GARCH models

Volatility forecasts for the GARCH(1,1) can be derived in a simple recursive way.

From the conditional variance equation at date T,

(4.1)

we get the first-period forecast

(4.2)

where PT , again, is the information available at time T. This expression only

involves observable variables. For the periods k> 1, the forecasts are

E(hT+kIPT)=0. 0 +o.1E(Y~+k_l) + ~IE(hT+k-lIPT)

= 0. 0 +(0. 1+ ~1)E(hT+k-lIPT)·
(4.3)

Forecasts for the GARCH-t can be calculated in the same way since this derivation

does not rely on the distribution of the innovations.

For the EGARCH(1,1) model, the frrst-period forecast is calculated as

Making forecasts for periods k > 1 is a little more complicated than for the other

two GARCH models. The expected volatility in period k can be written as
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al. (1994).

4.2 Volatility forecasts for the HMM

Any kind of forecasting for an HMM is based on the filtered state probabilities

If we collect ~t(l), ... ,~t(d) into a row vector ~t, where d is the number of states

of the regime, then the state filter can be recursively updated as (see Lindgren,

1978)

(4.6)

where A is the transition probability matrix of {St} and

B(y) =diag(b1(y), ... ,bd(y», b;(y) being the conditional density of Yt given St = i.

Thus, in our case,
I 2/2 2

b;(y) =---e-Y (1;.

~21tcrf
(4.7)

Normally, the filter is initialized by setting ~ 0 to the vector of stationary state

probabilities of the Markov chain {St}. Knowing ~ t' volatility forecasts can easily

be computed. The volatility at time t+k is

(4.8)
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where I is an indicator function, and the corresponding forecast is thus

(4.9)

Collecting the probabilities P(St+k = il~), for all i, into a row vector Yt+k' it holds

that Yt+k =~ t Ak. The volatility forecast in period t +k can thus be conveniently

written

(4.10)

where 0' 2 is the column vector of 0' ~ , s.

5. MODEL EVALUATION

5.1 Forecasting performance evaluation

In this paper we are not directly concerned with forecasting future values of the

process {Yt} at single time-points, but rather with forecasting the average of the

squared process over some future time-interval. To be precise, at time T we want to

predict

1 K 2
WT =- LYT+k'

Kk=l
(5.1)

Here, K is the forecasting horizon. The reason for using this set-up is that we are

not only interested in the volatility at time T+K but rather are looking for a

measure of the mean volatility over each forecasting horizon since this is common

practice in empirical option valuation when using the Black and Scholes (1973)

formula. Further motivation can be found in Engle et al. (1993) or Hull (1993).

It is clear that the optimal forecast of wT , in mean square sense, is

(5.2)
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where PT , as above, is the information available at time T. Thus, point prediction

of the squared y-process, or point volatility prediction, plays an essential role. This

problem was discussed in Section 4.

To grade the quality of the forecasts obtained by our various models, we use two

measures: root mean square error (RMSE) and bias. These measures are defined as

and
. I To+N-1 "-

bIas =- L(Wt -Wt),
N t=To

(5.3)

where To is the time of the first forecast and N is the number of forecasts made.

Note that both quantities also depend on the forecasting horizon K. In our numerical

work we used K =10, 20, 40, and 60 trading days, i.e. the forecasting horizons

were two weeks, one month, two months, and three months. The reason for using a

forecasting horizon as long as 60 days, despite the fact that the forecasting ability

may disappear earlier for some models, is that the horizons mentioned above are

very common in practical option pricing.

Our data series all consist of 1020 observations, and we used them for carrying out

in-sample as well as out-of-sample forecasting. By this we mean that we split each

series into two parts, one consisting of observations 1-900, and one consisting of

observations 901-1020. The first part was used for estimating the models, which is

further discussed in the next section. Then, for the in-sample forecasting, we let

10 =100 and N=800-K+1 in (5.3), so that YJ;)+N-I+K =Y900 is the last observation

being accessed. The reason for not setting, for 'example, To =0, is that we wanted

to avoid too much influence from non-stationary initial effects. For the out-of

sample forecasting, we let To = 900 and N= 120-K+1.
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The ARCH models and the HMM were compared to two "naive" forecasting

schemes, denoted NAIVEI and NAIVE2. NAIVEI is based on modelling the

squared y-process as a random walk with zero mean increments, whence the

corresponding forecast of y~+k is simply

(5.4)

The NAIVE2 forecast is

(5.5)

5.2 Parameter estimation

It is common practice to estimate the above mentioned models by maximum

likelihood, ML. This method was also adopted in the present paper. However, to

investigate each model's forecasting capability even further, we also estimated the

models by prediction error minimization, PEM, Le. by minimizing the in-sample

RMSE for each forecasting horizon, K. This approach to parameter estimation has

been little used in econometrics but is a standard technique in areas such as

automatic control. Ljung (1987) is a general reference. For all of the models

considered in the present paper, point predictions are independent of the distribution

of the errors. Thus the estimates obtained by PEM for the GARCH and GARCH-t

models, respectively, will coincide.

5.3 Goodness-of-fit

In this paper we use two measures of goodness-of-fit: BIC (Bayesian information

criterion), by Schwarz (1978) and Rissanen (1978), and in-sample forecasting

performance (RMSE). BIC is defined as BIC=-lnL+pln(T)/2 where InL is the

value of the loglikelihood, p is the number of estimated parameters and T is the
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number of observations. We chose BIC instead of AlC (Akaike information

criterion) or LIL (Law of iterated logarithm) because BIC is less prone to

overestimating the model order, see for example de Gooijer et al. (1985). We are

interested in investigating whether there exist any relations between BIC, in-sample

RMSE, and out-of-sample RMSE. The reason for not using standard measures of

goodness-of-fit for example to check whether or not the residuals are at least

approximately i.i.d. with the prescribed marginal distribution, is that the residuals

of the HMM, in contrast to the ARCH-type models, cannot be reconstructed even if

the true parameters were known. This is true since the hidden Markov chain cannot

be reconstructed exactly, only conditional probabilities of the type P(St = il~) may

be computed. Hence a goodness-of-fit evaluation of this kind between the ARCH

type models and the HMM is not possible.

6. THE DATA

In this paper volatilities are estimated and predicted, using the models discussed

above, on high frequency financial data of two different types. The data set consists

of three exchange rate series expressed in US dollars and three stock return series.

All series contain 1020 observations after being logarithmed and differenced. The

untransformed data series thus consist of 1021 observations of daily data. The

sample period ranges from the 2nd January 1991 to the 3rd January 1996. In Table

A.l. we present some sample statistics for the data in logs and first differences. We

report the usual descriptive statistics as well as the first five autocorrelations for the

first and second order moments. Plots of the data in levels and logs and first

differences for the whole sample period are reported in Figures 1 and 2.

Starting with the sample statistics for the exchange rates in the left panel of Table

A.l, we see that the mean is very close to zero for all three series. All three series

show leptokurtic behavior as described by the kurtosis measures, and the LJB
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statistic tell the sanle story. The series DEM and FRF are close to white noise as

described by the Ljung-Box statistic based on the first fifteen lags. Note that this

statistic may be size distorted in the presence of heteroskedasticity. Following

Richardsson and Smith (1994), one can show that that the empirical size may exceed

the nominal size when the variance is non-constant. Looking at the first five

autocorrelations for the data in logs and first differences, we see that the ACF for

the first lag is a little larger than the rest of the lags reported. But nonetheless the

series show low insignificant autocorrelations for the first five lags (p-values not

reported). This is not a surprising feature of high frequency financial data. For the

DEM series the squared return series is significantly correlated for lag four, and

this is the case also for the FRF series. For the GBP series we have significant

autocorrelations for the squared returns at lags one to three and lag five, so that this

series shows the highest autocorrelation. Figure I depicts the exchange rate series

in levels and first differences of logarithms.

Turning to the right hand panel of Table A.l where the sample statistics for the

stock price series are reported, we see that the mean is also close to zero for these

series. We have lepto~rtic behaviour in all series, INVESTOR having the largest

kurtosis of 19.79 which is about seven times the theoretical value for the normal

distribution. The LJB statistics all agree that the series are non-normal. Regarding

the Ljung-Box statistics we see that no series can be characterized as white noise.

Looking at the autocorrelations for the data in logs and first differences we see that

the autocorrelation for the first lag is quite large for INVESTOR and LME B but

more moderate for the S&P 500 series. The rest of the lags r~ported show low and

insignificant autocorrelations. The autocorrelations for the squared series are quite

large and significant for lags one, three and four for INVESTOR. For LME B only

lag one shows a significant autocorrelation and this behavior is shared by the S&P

500 series. Figure 2 depicts the stock price data in levels and log first differences.
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7. RESULTS

In Tables B.1 to B.5 we report the results of the ML estimation for exchange rates

and stock prices. The tables contain estimated parameters and the maximal

loglikelihood. In order to avoid reporting local maxima we estimated the models

300-500 times with different initial parameters. All models were estimated on 900

observations of differenced logarithms of the original series. We also report BIC

values and summarize them in Table B.6. Table B.7 contains the GARCH models

estimated by PEM. Tables C.1 to C.8 report the results of the evaluation of

forecasting performances.

7.1 Estimation results: exchange rates

The GARCH(l,l) model with normal errors has ~I' Le. the parameter for the

volatility at time t-1, lying between 0.896 and 0.925 for the exchange rates. For the

GARCH(l,l) with t-distributed errors ~I lies a little higher, between 0.909 and

0.946. These models are thus closer to the region of nonstationarity (the

GARCH(l ,1) is weakly stationary when 0. 1 + ~ 1 < 1 if the errors have mean zero

and unit variance). The estimated degrees of freedom, v, for the t-distributed

GARCH(l,l) models all lie close to 5. Concerning the EGARCH(l,l) we see that

almost all of the estimated a - parameters are negative. The ~I parameters lie

between 0.983 and 0.997. This is very close to nonstationary behavior (the

EGARCH(l,l) is strictly stationary if I~II < 1).

Looking at the two-regime HMMs, HMM2, in Table B.4, we see that the transition

probabilities are very persistent for both the low and high volatility states.

Specifically, the two-regime HMMs estimated on the DEM and FRF series have a

similar structure regarding both the transition probability matrix and the standard

deviations. Both models have the probability of staying in the low variance state
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equal to 0.985 and the probability of staying in the high variance state is greater or

equal to 0.9. The HMM2 estimated on the GBP series has even nlore persistent

regimes with the probability of staying in the low variance state equal to 0.988 and

in the high variance state equal to 0.983. In Table B.5 we report the estimated

three-regime HMMs, HMM3. Regarding these models we see that we no longer

have a similar structure for the DEM and FRF series. The only persistent regime

for the HMM3 estimated on the DEM series is the high variance ~tate with

P33 =0.943. In the FRF all regimes, as for the HMM2, are persistent with

Pu ~ 0.944. The HMM3 estimated on the GBP series still has highly persistent

regimes for all states with Pu ~ 0.984 for the low and medium states and

P33 =0.914 for the high variance state.

In Table B.7 we report the parameters obtained by PEM. Recall that these estimates

coincide for the GARCH and GARCH-t models, as no distributio-nal assumptions

have to be made using this approach. Starting with the upper panel of Table B.7,

131 tends to the region of nonstationarity (a 1+ 131 ~ I) when the forecasting horizon

increases. This is true for the GBP for all forecasting horizons. For the DEM and

the FRF this is true only for forecasting horizons k= 10 to k=40. The PEM

approach did not work out well for the EGARCH model. The estimates of 131 are

so close to unity that the model cannot be stationary in the interval we are

investigating. For example, the estimate of 131 for DEM when k= 10 is

0.9999999319 and when k=20 it is 131 =0.9999999977. Furthermore, the

forecasting performance of these models are only moderately better than the

EGARCH forecasts achieved with models estimated by ML.

For the HMMs minimum prediction error estimates were successfully computed

(but are not reported). No clear tendency for the parameter change can be seen as

the forecasting horizon increases. However, for the two-state HMMs fitted to the

exchange rate data the standard deviation for the high variance state decreases when
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the forecasting horizon increases. The transition probability for this state is

persistent for all forecasting horizons. Interestingly, the HMMs estimated on GBP

all have transition probabilities close to one (e.g. the HMM when k=20 has

PH = 0.9999999999386). The HMM for k=10 has PH =1, which means that the

low volatility state is an irreversible state. For the three-state HMMs the standard

deviations of the high variance state decreased as the forecasting horizon increased.

However, the transition probabilities for this state did not show high persistence.

7.2 Estimation results: stock prices

In Tables B.1 to B.3 we report the GARCH models estimated with ML on the three

stock price series. Regarding the GARCH(l,l) model with normal errors, we see

that ~ I varies considerably between the stock price series. The lowest ~ I value

(0.881) is found in the GARCH model estimated on the LME B series. The other

two stock price models INVESTOR and S&P 500 have .~I = 0.966 and PI = 0.916

respectively. For the GARCH-t(l,l), ~I is slightly larger than for the GARCH

with normal errors, except for INVESTOR. This parameter lies between 0.937 and

0.970. Thus, for five out of the six models, PI comes closer to unity when using t-

distributed errors. The estimated degrees of freedom, v, for the GARCH-t(l,l)

models again lie quite close to 5. Concerning the EGARCH(l,l) models we see that

again most of the estimated a - parameters are negative. Interestingly, the ~ I

parameter in the EGARCH model estimated on S&P 500 is negative (-0.9933). The

other two ~I estimates equal 0.978 and 0.996.

Looking at the two-regime HMMs in Table B.4, estimated with ML, we see that for

INVESTOR and LME B the transition probabilities show the same persistent

behavior as for the exchange rate series. The low variance state is the most

persistent one in both of these models with PII = 0.987 and PII = 0.980

respectively. For the high variance states of INVESTOR and LME B the standard

168



deviations are very large, and it might be the case that one is modelling "outlier

regimes". The HMM2 estimated on S&P 500 has a conlpletely different structure

with no persistence at all for either of the states. In Table B.5 we report the three

regime HMMs estimated with ML. As for the two-regime models, INVESTOR and

LME B have two persistent regimes. For INVESTOR the medium and high

variance states are persistent and for LME B the low and medium states are

persistent. Again INVESTOR and LME B seem to model an "outlier-regime" for

the high variance state. None of the states for the HMM3 estimated on S&P 500 has

a persistent regime.

Looking at the lower panel of Table B.7, where we report the parameters for the

GARCH models obtained by PEM, we see that the result found on the exchange

rates that the ~ 1 parameter seems to increase with the forecasting horizon does not

hold for the stock price series. There is a tendency for the ~ 1 parameter to decrease

when the forecasting horizon increases. This holds for all three stock price series.

Regarding the HMMs estimated on the stock price series, a similar pattern as for

the models estimated on the exchange rates can be seen.

7.3 Volatility forecasts: exchange rates

In Tables C.1 to C.10 we report the results from the forecast evaluation for the

exchange rate series and the stock price series. These tables include in-sample as

well as out-of-sample forecasting performance for each of the models considered in

this study. Tables C.1 to C.3 report the results for each forecasting horizon,

k = 10, 20, 40, 60, for all models estimated on the exchange rate series. Results for

the two benchmark models are also reported. Table C.4 reports the average RMSEs

and bias results for models estimated with ML. The table also includes the models'

individual.ranking. Table C.5 ranks the performance of all models, including

nlodels estimated by PEM. Starting with the upper panel of Table C.4 we see that
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the naive benchmark models have the worst performance regarding RMSE for

almost all forecasting horizons. This is not surprising. The simple random walk

model, NAIVE1, is outperformed by the other naive forecast model, NAIVE2, in

every case for the exchange rates. In Section 7.5 we discuss the goodness-of-fit of

the models and the in-sample forecasting performance in more detail.

Looking at the lower right of Table C.4, where ranking in percent of the out-of

sample forecasting performance is reported, we see that in this case also, in general

the naive models 1 and 2 are outperformed by the GARCH models and the HMMs.

The random walk model, NAIVE1, has the worst performance regarding RMSE

and it is ranked last in all of the cases. NAIVE2 has the second worst performance

in two thirds of the cases and the HMM3 in one third (GBP). If we compare the

performance of the GARCH models and the HMMs estimated with ML we see that

the results are quite mixed, and no clear winner for all four forecasting horizons can

be chosen. However, the GARCH models outperform the HMMs on the exchange

rate series. The forecasting performance of the models estimated by PEM are also

reported in Tables C.1 to C.3. These three models, Le. the GARCH, HMM2 and

HMM3, are ranked from one to three in bold figures (estimating the EGARCH did

not work out well, as mentioned earlier). The HMM2 has the best out-of-sample

performance in 58.3 percent and the HMM3 in 25 percent of the cases among these

models.

A comparison of all models' forecasting performance, including those estimated by

PEM, is given in Table C.5. If we name models estimated by maximum likelihood,

ML, and models estimated by prediction error minimization, PEM, we see that the

PEMMM2 and PEMHMM3 are ranked number one in one half and one fourth of

the cases each. The MLGARCH is ranked number one in 16.7 percent and the

PEMGARCH in 8.3 percent of the cases. Thus the strategy of PEM seems to work
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quite well. It is worth noting, however, that in some cases the differences between

the models estimated by ML and PEM are very small.

7.4 Volatility forecasts: stock prices

In Tables C.6 to C.10 we report the results from the forecast evaluation for stock

prices. Tables C.6 to C.8 present the forecasting performance for each model for

each series. Table C.9 presents the overall performance averaged over all

forecasting horizons for the models estimated by ML. Looking at the lower right of

Table C.9, where the results of the out-of-sample forecasting performance are

reported, we see that in this case also the NAIVE1 model has the worst

performance regarding RMSE in all cases except for INVESTOR, where HMM3 is

ranked last. Surprisingly, NAIVE2 has the best out-of-sample performance and is

ranked first regarding the RMSE in 66.7 percent of all cases. This result is in sharp

contrast to that for the exchange rates, where NAIVE2 was ranked second worst in

66.7 percent of the cases. If we compare the performance of the GARCH models

and the HMMs estimated with ML we see that the results are a little different from

the results for the exchange rates. The HMM3 is ranked nuruber one regarding the

RMSE in 25 percent of the cases and the GARCH with normal errors in 8.3

percent. The forecasting performance of the models estimated by PEM are reported

in Tables C.6 to C.8. The GARCH model is ranked first in 66.7 percent and the

HMM2 in 25 percent of the cases anlong these models.

Table C.10 ranks the forecasting performance of all models. NAIVE2 has best out

of-sample performance in 33.3 percent of the cases. It has outperformed the other

models but it has a hidden advantage. This is that its volatility estimate calculated as

an average of the last hundred observations prior to the forecasting instant, t, is

based only on information from the out-of-sample observations. The parametric

models are estimated on the in-sample information set. If the structure out-of-sample
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differs from the structure in-sample, or if the sample outside the estinlation period

shows locally nonstationary behavior, it may happen that a naive forecast performs

better. This seems to be the case for the INVESTOR and S&P500 series, see

Figure 1. However, in the evaluation of the in-sample forecasting performance

NAIVE2 was outperformed in every case. This is because all models in the in

sample evaluation share the same information set. NAIVE1 also has an information

advantage in the out-of-sample evaluation but its performance is nonetheless the

worst. It is ranked as having the worst performance in 66.7 of the cases. Continuing

with the ranking of the models we see that the MLHMM3 is ranked as having the

best performance in 25 percent of the cases. The PEMGARCH and the PEMHMM2

are ranked number one in 16.7 percent of the cases each.

7.5 Goodness-of-fit

As a first measure of fit for the models estimated by ML we consider BIC, as

mentioned earlier. We have summarized the BIC values for all models in Table B.6.

Starting with DEM we see that the best fit is achieved by the GARCH-t model. This

is the case also for FRF, GBP and S& P 500. For INVESTOR and LME B the

HMM3 has the best fit. As described earlier, the stock price series INVESTOR has

the highest kurtosis value (19.79) so we expected that the GARCH-t would model

the leptokurtic behaviour best. Surprisingly, the GARCH-t did not have the best fit

for this series. The poorest fits are achieved by the GARCH with normal errors for

DEM, FRF and LME B, by the EGARCH for the series GBP and the S&P 500 and

the HMM2 for INVESTOR.

The second measure of fit is the in-sample forecasting performance. The results for

the exchange rates are reported in the upper panels of Tables C.1 to C.3. Table C.4

summarizes the average results and the ranking in percent. The EGARCH is ranked

as having the best in-sample forecasting performance in 66.7 percent of the cases.
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The HMM3 is best in 25 percent. As expected, the benchmark models NAIVEI and

NAIVE2 have the worst in-sample performance. The NAIVEI has the worst

performance in all cases and the NAIVE2 is second worst in 75 percent of the

cases. The in-sample forecasting performance of the models estimated by PEM is

also reported in Tables Cl. to C.3. All of these models have better performance

than the ones estimated by ML. This is not a surprising result.

Tables C.6 to C.8 present the results of the in-sample performance for the models

estimated on the stock price series. Table C.9 summarizes the results and ranks

them in percentages. The EGARCH is ranked as having the best in-sample

forecasting performance in 83.3 percent of the cases. The HMM3 is best in 16.7

percent. As expected, the benchmark models NAIVEI and NAIVE2 again have the

worst in-sample performance. The NAIVEI has the worst performance in all cases

and the NAIVE2 is second worst in 75 percent of the cases. The in-sample

forecasting performance of the models estimated by PEM are also reported in

Tables C.5 to C.7. The overall in-sample performance for all models are reported in

Table C.lO. As expected, all models estimated by PEM have better performance

than the ones estimated by ML.

7.6 Forecasting performance vs. goodness-of-fit

It is also interesting to investigate if there is a relation between the out-of-sample

forecasting performance of a model and its goodness-of-fit (here in terms of BIC

and in-sample performance). Starting with the exchange rate results on the right

hand side of Table C.4, we see that the relation between the in-sample and out-of

sample forecasting performance of the models estimated by ML is quite strong. In

particular the EGARCH has best performance in the in-sample evaluation and

shares the first place with GARCH and GARCH-t in the out-of-sample evaluation.

The relation between the forecasting performance and the BIC is also interesting to
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investigate. The best fit on the exchange rate series according to BIC, reported in

Table B.6, is accomplished by the GARCH-t model, which shares the first place in

the out-of-sample evaluation as mentioned. The EGARCH does not have a

prominent position in Table B.6 but performs very well in the out-of-sample

forecasting. We can thus conclude that the relation between in-sample and out-of

sample performance is quite strong but the relation between forecasting performance

and the BIC is not that strong for the models estimated on the exchange rate series.

The models estimated by PEM have quite a strong relation between the in-sample

and out-of-sample performance. The models are ranked best in both cases.

The results for the stock price series for models estimated by ML are reported in

Table C.9. We see that the EGARCH has an outstanding in-sample performance in

this case also. The NAIVE2 has the best out-of-sample performance, as noted in

Section 7.4. However, the HMM3, holds a position as being candidate model

number two, for models ranked number one, in both the in-sample and out-of

sample evaluations. The BIC, reported in Table B.6, agrees since the HMM3 shares

the first position together with the GARCH-t. The EGARCH has the worst fit

according to this criterion. No clear relation between BIC and in-sample

performance can be seen except maybe for the HMM3. The strong relation between

in-sample and out-of-sample performance found for the models estimated by PEM

on the exchange rates still holds for the stock prices. This is true at least for the

PEMHMM2 and the PEMHMM3.

8. CONCLUSIONS

In this paper we investigate the forecasting performance of some popular second

moment models. The'se models are the GARCH with normal and t-distributed

errors, the EGARCH and the hidden Markov model. We estimate the models by

maximum likelihood, ML, and by prediction error minimization, PEM. The data
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used are the returns of three exchange rate series and three stock price series each

containing 1020 observations of daily data. The study includes investigating both

the in-sample and out-of-sample performance of the models. We forecast the mean

volatility over each forecasting horizon. The reason for this setup is that it is

common practice in empirical option valuation to use estimates of the mean

volatility when using the Black & Scholes (1973) formula. Two naive forecast

models are used as benchmarks. The results show that the EGARCH estimated by

ML has the best performance among the ARCH-type models. This result agrees

with earlier studies, see for example Kaeler (1993). The ML hidden Markov model

with three states have the best out-of-sample forecasting performance. The hidden

Markov model also have the best performance among the models estimated by

PEM. The PEM approach works very well, especially when applied to the hidden

Markov model, and can be recomended to practitioners in the finance market. The

models discussed above have been applied to six financial high frequency tinle

series with different distributional and temporal properties. We think that the

generalizeability of the obtained results is quite high since they are based on about 6

million forecasts.

175



References

Baillie, R. and T. Bollerslev (1989). The message of daily exchange rates: A

conditional-variance tale. Journal ofBusiness and Economic Statistics, 7,

297-305.

Bera, A. K., and M. L. Higgins (1993). ARCH nlodels: Properties, estimation and

testing, Journal ofEconomic surveys 7, 305-366.

Black, F. and M.S. Scholes (1973). The pricing of options and corporate liabilities.

Journal of Political Economy 81, 637-654.

Bollerslev, T. (1986). Generalized autoregressive conditional heteroskedasticity,

Journal ofEconometrics 31,307-327.

Bollerslev, T. (1987). A conditionally heteroskedastic time series model for

speculative prices and rates of return, Review ofEconomics and Statistics

69,542-547.

Bollerslev, T, R. Y. Chou and F. Kroner (1992). ARCH modelling in finance,

Journal ofEconometrics 52, 5-59.

Bollerslev, T., R. F. Engle, and D. B. Nelson (1994). ARCH models. In: R. F.

Engle and D. L. McFadden, eds. Handbook ofEconometrics 4,2959

3038. Amsterdam: North-Holland.

Engle, R.F. (1982). Autoregressive conditional heteroskedasticity with estimates

of the United Kingdom inflation, Econometrica 50, 987-1007.

Engle, R. F. (1993). Statistical models for financial volatility, Financial Analysts

Journal 49, 72-78.

Engle, R. F., C. H. Hong, A. Kane, and J. Noh (1993). Arbitrage valuation of

variance forecasts with simulated options, Advances in Futures and Options

Research 6, 393-415.

Fama, E.F. (1965). The behaviour of stock market prices, Journal ofBusiness 38,

34-105.

French, K., G. W. Schwert and R. Stambaugh (1987). Expected stock returns and

volatility, Journal ofFinancial Economics 19,3-29.

176



de Gooijer, J. G., A. Bovas, A. Gould and L. Robinson (1985). Methods for

determining the order of an autoregressive-moving average process: A

survey, International Statistical Review 53, 301-329.

Granger, C. W. J. and Z. Ding (1995a). Some properties of absolute returns. An

alternative measurement of risk. Annales d'economie et de statistique 40,

67-91.

Granger, C. W. J. and Z. Ding (1995b). Stylized facts on the temporal and

distributional properties of daily data from speculative markets, Department

of Economics, University of California, San Diego, unpublished paper.

Hamilton, J. D. (1994). Time Series Analysis, Princeton University Press.

Heynen, R, A. Kemna and T. Vorst (1994). Analysis of the term structure of

implied volatilities, Journal ofFinancial and Quantitative Analysis 29,

31-56.

Hull, J. (1993). Options, Futures, and other Derivative Securities, Prentice Hall

International editions.

Kaeler, J. (1993). Forecasting volatility and option pricing for exchange-rate

dynamics, Z.E.W. and University of Mannheim. Presented at the

conference Financial Market Dynamics and Forecasting, Paris, 1993.

Lindgren, G. (1978). Markov regime models for mixed distributions and

switching regressions. Scandinavian Journal of Statistics 5, 81-91.

Ljung, L. (1987). System Identification: Theory for the User, Prentice Hall,

Englewood Cliffs.

Nelson, D. B. (1991). Conditional heteroskedasticity in asset returns: A new

approach, Econometrica 59, 347-370.

Pagan, A. R. and G. W. Schwert (1990). Alternative models for conditional

stock volatility, Journal ofEconometrics 45,267-290.

Richardson M. and T. Smith (1994). A unified approach to testing for serial

correlation in stock returns, Journal ofBusiness 67, 371-399.

Rissanen, J. (1978). Modeling by shortest data description, Automatica 14,

177



465-471.

Schwarz, G. (1978). Estimating the dimension of a model, Annals of Statistics 4,

461-464.

Schwert, G. W. (1989). Why does stock volatility change over time?,-Journal of

Finance 44, 1115-1154.

Schwert, G. and P. J. Seguin (1990). Heteroskedasticity in stock returns,

Journal ofFinance 45,1129-1155.

Taylor, S. J. (1986). Modelling Financial Time Series, John Wiley, Chichester,

UK.

Terasvirta, T. (1996). Two stylized facts and the GARCH(I,I) model, Department

of Economic Statistics, Stockholm School of Economics, Working paper no.

96.

178



~

-l
\0

Table A.I. Sample statistics for the data in logs and first differences. LJB is the Lomnicki-Jarque-Bera test statistic for normality and LB(15)
is the Ljung-Box statistic for the first 15 autocorrelations. p-values in parentheses. DEM is German marks, FRF is French francs and GBP is
British pounds. INVESTOR is Investor B, LME B is Ericsson Band S&P 500 is the Standard & Poor 500 composite
stock index.

Exchange rates Stock prices
Series DEM FRF GBP INVESTOR LMEB S&P 500

Observations 900 900 900 900 900 900
Mean -4.27e-05 -3.27e-05 -7.84e-05 3.8ge-04 8.6ge-04 1.75e-04

Standard.dev 3.3ge-03 3. 1ge-03 3.10e-03 9.76e-03 9.76e-03 2.64e-03

Skewness 0.167 0.126 -0.570 1.19 0.191 -0.221

Kurtosis 6.21 7.27 6.66 19.8 7.90 5.78

LJB 392 685 552 10789 907 297.5
(9.03e-86) (1.90e-149) (l.33e-120) (OOסס.0) (1.07e-197) (2.53e-65)

LB(15) 14.2 10.9 26.5 48.7 54.3 29.4
(0.5135) (0.7601) (0.0333) (1.94e-05) (2.37e-06) (0.0142)

Lag (days) Autocorrelations for returns
1 -0.0864 -0.0500 -0.0757 0.1708 0.1033 0.0681

2 0.0319 0.0366 0.0488 -0.0116 -0.0800 0.0111

3 0.0093 0.0059 -0.0074 0.0268 -0.0538 -0.0487

4 -0.0262 -0.0140 0.0499 0.0685 0.0245 -0.0224

5 0.0330 0.0364 0.0033 0.0685 0.0285 -0.0844

Lag (days) Autocorrelations for squared returns
1 0.0657 0.0466 0.1326 0.2035 0.1454 0.1346

2 0.0191 0.0348 0.1514 0.0130 0.0233 0.0514

3 0.0492 0.0431 0.2069 0.1204 0.0547 0.0044

4 0.1793 0.1800 0.0859 0.1064 0.0672 0.0041

5 0.0783 0.0831 0.1404 0.0559 0.0320 0.0704
All three exchange rates are weighted in US dollars to avoid the effect of the Swedish exchange-rate crisis in October 1992. Data source

for exchange rates: The central bank of Sweden. Data source for stock prices: FINDATA.
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Table B.l. Estimates of the GARCH(l,l) model with normally distributed errors estimated on the exchange rate series and stock pri,ce
series. BIC is the Bayesian Information Criterion due to Schwartz and Rissanen (BIC = -In L + k In(T) /2) and InL is the value of the loglikelihood.

Exchange rates Stock prices
Parameter DEM FRF GBP INVESTOR LMEB S&P 500

0. 0
2.0ge-06 1.67e-06 4.38e-07 4.77e-06 1.76e-05 1.57e-07

0. 1
0.0730 0.0757 0.0704 0.0758 0.0931 0.0325

~1
0.8958 0.8979 0.9251 0.9157 0.8811 0.9660

BIC -3119.85 -3174.83 -3251.22 -2279.33 -2163.14 -3317.01
InL 3130.05 3185.03 3261.42 2289.53 2173.34 3327.21

Table B.2. Estimates of the GARCH(l,l) model with (-distributed errors estimated on the exchange rate series and stock price series. BIC is
the Bayesian Information Criterion due to Schwartz and Rissanen (BIC = -In L + k In(T) /2) and InL is the value of the loglikelihood.

Exchange rates Stock prices
Parameter DEM FRF GBP INVESTOR LMEB S&P 500

0. 0
1.82e-06 1.03e-06 2.3ge-07 , 1.72e-05 6.00e-06 4.31e-07

0. 1
0.0671 0.0823 0.0518 0.1231 0.0573 0.0204

PI 0.9087 0.9112 0.9463 0.8379 0.9371 0.9701

v 5.1518 4.4806 4.8063 5.6957 4.8788 4.6011

BIC -3145.69 -3206.99 -3277.60 -2305.07 -2200.05 -3343.69
InL 3159.29 3220.59 3291.19 2318.67 2213.65 3357.29
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Table B.3. Estimates of the.EGARCH(l,l) model estimated on the exchange rate series and stock price series. BIC is the Bayesian
Information Criterion due to Schwartz and Rissanen (BIC =-In L + k In(T) /2) and InL is the value of the loglikelihood.

Exchange rates Stock prices
Parameter DEM FRF GBP INVESTOR LMEB S&P 500

0. 0
-0.0307 -0.1996 -0.1666 -0.0244 -0.1551 -2.0435

0. 1
-00814 -0.0424 0.0165 -0.0130 -0.0313 0.0237

0.2
0.0746 0.1454 0.1587 0.1263 0.1352 0.0465

PI 0.9969 0.9793 0.9828 0.9961 0.9785 -0.9933

BIC -3128.15 -3176.57 -3246.02 . -2279.27 -2163.78 -3315.57
10L 3141.75 3190.17 3259.62 2289.87 2177.38 3329.17

Standard errors in parentheses. BIC is the Bayesian Information Criterion due to Schwartz and InL is the value of the loglikelihood.

Table B.4. Estimates of the two state HMMs estimated on the exchange rate series and stock price series. BIC is the Bayesian Information
Criterion due to Schwartz and Rissanen (BIC = -In L + k In(T) /2) and InL is the value of the loglikelihood.

Exchange rates Stock prices
Parameter DEM FRF GBP INVESTOR LMEB S&P 500

Transition 0.985 0.015 0.985 0.015 0.988 0.012 0.987 0.013 0.980 0.020 0.520 0.480
probabilities 0.059 0.941 0.100 0.900 0.017 0.983 0.107 0.893 0.040 0.960 0.559 0.441

Stationary 0.797 0.203 0.867 0.133 0.588 0.412 0.892 0.108 0.667 0.333 0.538 0.462
probabilities
Standard 0.0061 0.0127 0.0060 0.0134 0.0045 0.0098 0.0159 0.0510 0.0164 0.0319 0.0035 0.0081
deviations
BIC -3137.42 -3189.28 -3255.66 -2263.75 -2168.73 -3334.90
10L 3151.02 3202.88 3269.26 2294.36 2199.34 3348.50

BIe is the Bayesian Information Criterion due to Schwartz and InL is the value of the loglikelihood. The transition probabilities are arranged as:

!PII P12]
1e21 P22



Table B.5. Estimates of the three state HMMs estimated on the exchange rate series and the stock price series. BIC is the Bayesian
Information Criterion due to Schwartz and Rissanen (BIC = -In L + k In(T) / 2) and InL is the value of the loglikelihood.

Exchange rates Stock prices
Parameter DEM FRF GBP INVESTOR LMEB S&P 500

Transition 0.080 0.920 0.000 0.962 0.038 0.000 0.989 0.000 0.011 0.096 0.830 0.074 0.982 0.015 0.003 0.067 0.104 0.829
probabilities 0.527 0.452 0.021 0.015 0.976 0.009 0.002 0.984 0.014 0.090 0.903 0.007 0.022 0.920 0.058 0.010 0.507 0.483

0.009 0.048 0.943 0.045 0.011 0.944 0.043 0.043 0.914 0.072 0.064 0.864 0.001 0.629 0.370 0.037 0.499 0.464

Stationary 0.298 0.516 0.186 0.330 0.579 0.091 0.541 0.335 0.124 0.089 0.820 0.091 0.534 0.425 0.041 0.024 0.493 0.482
probabilities
Standard 0.0039 0.0072 0.0129 0.0041 0.0072 0.0152 0.0043 0.0077 0.0134 0.0010 0.0170 0.0538 0.0158 0.0241 0.0590 3.5e - 05 0.0035 0.0080
deviations

BIC -3126.56 -3192.51 -3249.87 -2308.71 -2200.45 -3334.27
lnL 3157.17 3223.12 3280.48 2322.31 2214.45 3364.88
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The transition probabilities are arranged as: P21

P31

P12 P13]
P22 P23

P32 P33

Table B.6. Comparison of models by BIC (BIC = -In L + P In(T) /2)

Exchange rates Stock prices
Model DEM FRF GBP INVESTOR LMEB S&P 500

GARCH -3119.85 (5) -3174.83 (5) -3251.22 (3) -2279.33 (3) -2163.14 (5) -3317.01 (4)

GARCH-t -3145.69 (1) -3206.99 (1) -3277.60 (1) -2305.07 (2) -2200.05 (2) -3343.69 (1)

EGARCH -3128.15 (3) -3176.57 (4) -3246.02 (5) -2279.27 (4) -2163.78 (4) -3315.57 (5)

HMM2 -3137.42 (2) -3189.28 (3) -3255.66 (2) -2263.75 (5) -2168.73 (3) -3334.90 (2)
HMM3 -3126.56 (4) -3192.51 (2) -3249.87 (4) -2308.71 (1) -2200.45 (1) -3334.27 (3)
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Table B.7. Prediction error minimization estimates of the GARCH model. Estimates minimized s.t in-sample RMSE for each forecasting
horizon, k, on the exchange rate and stock price series.

Minimum prediction error: GARCH models
Series DEM FRF GBP

Horizon 10 20 40 60 10 20 40 60 10 20 40 60
0. 0 3.56e-06 2.63e-06 2.05e-06 2.64e-06 3.98e-06 1.9ge-06 1.61e-06 1.9ge-06 1.41e-06 6.66e-07 5.33e-07 5.44e-08

0. 1 0.0935 0.0607 0.0738 0.1249 0.0980 0.0377 0.0603 0.1054 0.0679 0.0334 0.0267 0.0154

~1 0.8508 0.8965 0.8939 0.8317 0.8266 0.9255 0.9109 0.8571 0.9038 0.9534 0.9630 0.9845

Series INVESTOR LMEB S&P 500
Horizon 10 20 40 60 10 20 40 60 10 20 40 60

0.0 7.3ge-06 7.9ge-06 1.02e-05 1.28e-05 8.38e-06 8.82e-06 9.56e-06 1. 12e-05 1.62e-06 2.03e-06 2.62e-06 3.42e-06

0. 1 0.0316 0.0378 0.0528 0.0620 0.0196 0.0225 0.0299 0.0392 0.0233 0.0333 0.0436 0.0605

~1 0.9540 0.9468 0.9282 0.9145 0.9635 0.9598 0.9509 0.9383 0.9263 0.9028 0.8736 0.8307
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Table e.l. Exchange rates. In-sample and out-of-sample forecasting performance of all models estimated on the exchange rate series OEM.
The table reports bias and RMSE for each model and forecasting horizon (k= 10,20,40,60). Figures in parenthesis are ranking. The bias is
ranked according to absolute values.

OEM
In of sample Bias RMSE

Models 10 20 40 60 10 20 40 60
GARCH 2.61e-06 (5) 2.4ge-06 (5) 2. 16e-06 (4) 3.81e-06 (5) 5.20e-05 (4) 4.63e-05 (4) 3.70e-05 (2) 3.45e-05 (2)

GARCH-t 4.93e-06 (7) 5.25e-06 (6) 5.63e-06 (6) 7.85e-06 (7) 5.25e-05 (5) 4.68e-05 (5) 3.75e-05 (3) 3.55e-05 (5)

EGARCH 1.76e-07 (1) 2.70e-07 (1) 1. 12e-06 (3) 2.96e-06 (4) 5.07e-05 (2) 4.36e-05 (1) 3.45e-05 (1) 3.41e-05 (1)

HMM2 9. 13e-07 (4) 6.95e-07 (4) 4.86e-07 (2) 1.65e-06 (1) 5.07e-05 (3) 4.4ge-05 (2) 3.7ge-05 (4) 3.48e-05 (4)

HMM3 8.21e-07 (3) 6.63e-07 (3) 4.65e-07 (1) 1.68e-06 (2) 5.07e-05 (1) 4.50e-05 (3) 3.7ge-05 (5) 3.48e-05 (3)

NAIVE 1 4.92e-07 (2) 5.56e-07 (2) -2.65e-06 (5) -2.67e-06 (3) 1.42e-04 (7) 1.42e-04 (7) 1.21e-04 (7) 1. 1ge-04 (7)

NAIVE 2 -4.23e-06 (6) -5.37e-06 (7) -6.40e-06 (7) -5.61e-06 (6) 5.94e-05 (6) 5.27e-05 (6) 4.68e-05 (6) 4.56e-05 (6)

PEMGARCH -2.92e-08 (1) -7.71e-08 (1) 2.66e-08 (1) 5.27e-09 (1) 5.16e-05 (3) 4.58e-05 (3) 3.70e-05 (3) 3.40e-05 (3)

PEMEGARCH - - - - - - - -
PEMHMM2 5. 15e-07 (2) 1.31e-07 (2) 6.33e-08 (2) 1.46e-07 (2) 5.03e-05 (2) 4.44e-05 (2) 3.60e-05 (2) 3.30e-05 (2)

PEMHMM3 -4.38e-06 (3) 5.38e-07 (3) -1.26e-07 (3) 2.91e-07 (3) 4.78e-05 (1) 4.40e-05 (1) 3.56e-05 (1) 3.30e-05 (1)

Out of sample Bias RMSE
Models 10 20 40 60 10 20 40 60

GARCH 1. 12e-05 (3) 1. 11e-05 (3) 1.41e-05 (3) 1.Me-05 (3) 3. 14e-05 (1) 2.35e-05 (1) 2.26e-05 (2) 2.23e-05 (3)

GARCH-t 1.30e-05 (4) 1.33e-05 (5) 1.71e-05 (6) 2.01e-05 (6) 3.21e-05 (2) 2.47e-05 (3) 2.4ge-05 (4) 2.56e-05 (5)

EGARCH 7.17e-06 (2) 7.0ge-06 (2) 9.37e-06 (2) 8. 16e-06 (1) 3.55e-05 (5) 2.74e-05 (5) 2.6ge-05 (5) 2.28e-05 (4)

HMM2 1.44e-05 (6) 1.3ge-05 (6) 1.56e-05 (5) 1.70e-05 (5) 3.4ge-05 (4) 2.63e-05 (4) 2.28e-05 (3) 2.20e-05 (2)

HMM3 1.33e-05 (5) 1.30e-05 (4) 1.4ge-05 (4) 1.65e-05 (4) 3.35e-05 (3) 2.44e-05 (2) 2. 18e-05 (1) 2. 11e-05 (1)

NAIVE 1 1.53e-06 (1) 6.76e-07 (1) 3.6ge-06 (1) 8.22e-06 (2) 7.84e-05 (7) 8.ODe-05 (7) 8.57e-05 (7) 9.3ge-05 (7)

NAIVE 2 2.88e-05 (7) 2.86e-05 (7) 3.50e-05 (7) 4.40e-05 (7) 4. 1ge-05 (6) 3.42e-05 (6) 3.77e-05 (6) 4.48e-05 (6)

PEMGARCH 1.02e-05 (2) 1.06e-05 (2) 1.20e-05 (2) 1.32e-05 (3) 3.0ge-05 (2) 2.23e-05 (1) 2.14e-05 (2) 2.05e-05 (~)

PEMEGARCH - - - - - - - -
PEMHMM2 1.0ge-05 (3) 1.00e-05 (1) 9.37e-06 (1) 1.03e-05 (2) 3.32e-05 (3) 2.43e-05 (2) 1.71e-05 (1) 1.54e-05 (2)

PEMHMM3 4.85e-07 (1) 1.24e-05 (3) 1.60e-05 (3) 9.68e-06 (1) 2.68e-05 (1) 2.74e-05 (3) 2.70e-05 (3) 1.44e-05 (1)
HMM 2 and HMM 3 are two-state and three-state hidden Markov models respectively. NAIVE 1 is the random walk forecast and NAIVE 2 the forecast according to (5.5).
- means that the method prediction error minimization does not apply to this model.
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Table C.2. Exchange rates. In-sample and out-of-sample forecasting performance of all models estimated on the exchange rate series FRF.
The table reports bias and RMSE for each model and forecasting horizon (k= 10,20,40,60). Figures in parenthesis are ranking. The bias is
ranked according to absolute values.

FRF
In of sample Bias RMSE

Models 10 20 40 60 10 20 40 60
GARCH 3.61e-06 (6) 3.72e-06 (5) 3.68e-06 (4) 6. 15e-06 (5) 5. 1ge-05 (4) 4.55e-05 (4) 3.38e-05 (2) 3.04e-05 (1)

GARCH-t 1. 16e-05 (7) 1.42e-05 (7) 1.82e-05 (7) 2.52e-05 (7) 5.55e-05 (5) 5. 15e-05 (6) 4.08e-05 (5) 4. 1ge-05 (6)

EGARCH 1.00e-06 (1) 1.96e-06 (4) 3.88e-06 (5) 7.2ge-06 (6) 5.04e-05 (3) 4.36e-05 (3) 3.34e-05 (1) 3.07e-05 (2)

HMM2 1.30e-06 (3) 1.06e-06 (2) 1.23e-06 (1) 2.74e-06 (2) 4.9ge-05 (2) 4.33e-05 (2) 3.51e-05 (4) 3.10e-05 (4)

HMM3 1.38e-06 (4) 1.82e-06 (3) 2.28e-06 (2) 3.9ge-06 (4) 4.94e-05 (1) 4.2ge-05 (1) 3.46e-05 (3) 3.08e-05 (3)

NAIVE 1 4.78e-07 (2) 5.55e-07 (1) -3.02e-06 (3) -2.35e-06 (1) 1.38e-04 (7) 1.3ge-04 (7) 1.00e-04 (7) 9.94e-05 (7)

NAIVE 2 -3.38e-06 (5) -4.27e-06 (6) -4.62e-06 (6) -3.03e-06 (3) 5.64e-05 (6) 4.8ge-05 (5) 4. 17e-05 (6) 3.94e-05 (5)

PEMGARCH -3.5ge-08 (1) -8.48e-08 (1) 5.71e-08 (1) 4.97e-08 (1) 5.07e-05 (3) 4.38e-05 (3) 3.35e-05 (3) 2.96e-05 (3)

PEMEGARCH - - - - - - - -
PEMHMM2 3.76e-07 (2) -4.86e-07 (2) 2.71e-06 (3) 4.03e-07 (3) 4.91e-05 (2) 4.27e-05 (2) 3.30e-05 (2) 2.94e-05 (2)

PEMHMM3 -1.93e-06 (3) 2.00e-06 (3) -1.0Ie-06 (2) 2.92e-07 (2) 4.73e-05 (1) 4.12e-05 (1) 3.20e-05 (1) 2.94e-05 (1)

Out of sample Bias RMSE
Models 10 20 40 60 10 20 40 60

GARCH 1.32e-05 (3) 1.50e-05 (3) 2.08e-05 (2) 2.48e-05 (3) 2.44e-05 (2) 2.03e-05 (2) 2.41e-05 (2) 2.67e-05 (1)

GARCH-t 1.54e-05 (4) 1.8ge-05 (5) 2.92e-05 (5) 3.82e-05 (6) 2.68e-05 (4) 2.45e-05 (4) 3.2ge-05 (5) 4.06e-05 (5)

EGARCH 9.86e-06 (7) 1.2Ie-05 (2) 1.91e-05 (1) 2.3ge-05 (2) 2.37e-05 (1) 1.92e-05 (1) 2.38e-05 (1) 2.68e-05 (2)

HMM2 2. 14e-05 (5) 2.28e-05 (6) 2.53e-05 (4) 2.64e-05 (5) 2.91e-05 (5) 2.62e-05 (5) 2.72e-05 (4) 2.73e-05 (3)

HMM3 1.2ge-05 (2) 1.54e-05 (4) 2. 1ge-05 (3) 2.57e-05 (4) 2.52e-05 (3) 2. 13e-05 (3) 2.57e-05 (3) 2.7ge-05 (4)

NAIVE 1 8. 14e-07 (1) -1.6ge-07 (1) 2.9ge-06 (1) 7.65e-06 (1) 5.22e-05 (7) 5.22e-05 (7) 5.61e-05 (7) 6.25e-05 (7)

NAIVE 2 2.88e-05 (6) 3.04e-05 (7) 3.86e-05 (6) 4.76e-05 (7) 3.80e-05 (6) 3.56e-05 (6) 4. 13e-05 (6) 4.7ge-05 (6)

PEMGARCH 1.57e-05 (1) 1.77e-05 (2) 1.86e-05 (2) 1.9ge-05 (2) 2.53e-05 (1) 2.13e-05 (2) 2. 18e-05 (2) 2.23e-05 (2)

PEMEGARCH - - - - - - - -
PEMHMM2 1.60e-05 (2) 1.56e-05 (1) 1.45e-05 (1) 1.98e-05 (1) 2.61e-05 (2) 2.04e-05 (1) 1.74e-05 (1) 2.10e-05 (1)

PEMHMM3 1.72e-05 (3) 2.02e-05 (3) 2.02e-05 (3) 2.32e-05 (3) 2.64e-05 (3) 2.35e-05 (3) 2.23e-05 (3) 2.43e-05 (3)
HMM 2 and HMM 3 are two-state and three-state hidden Markov models respectively. NAIVE 1 is the random walk forecast and NAIVE 2 the forecast according to (5.5).
- means that the method prediction error minimization does not apply to this model.
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Table C.3. Exchange rates. In-sample and out-of-sample forecasting performance of all models estimated on the exchange rate series GBP.
The table reports bias and RMSE for each model and forecasting horizon (k= 10,20,40,60). Figures in parenthesis are ranking. The bias is
ranked according to absolute values.

GBP
In of sample Bias RMSE

Models 10 20 40 60 10 20 40 60
GARCH 4.1ge-06 (7) 4.9ge-06 (7) 6.42e-06 (7) 8.3ge-06 (7) 5.1ge-05 (5) 4.6ge-05 (5) 4.2Ie-05 (6) 4.03e-05 (5)

GARCH-t 3.6ge-06 (6) 4.2Ie-06 (6) 5.18e-06 (6) 6.72e-06 (6) 5.18e-05 (4) 4.63e-05 (4) 4.13e-05 (4) 3.9ge-05 (4)

EGARCH -4. 1Ie-08 (1) I.06e-06 (4) 2.87e-06 (5) 4.84e-06 (5) 5.05e-05 (1) 4.3ge-05 (1) 3.80e-05 (1) 3.56e-05 (1)

HMM2 4.9ge-07 (3) 4.04e-07 (2) -2.68e-07 (3) -1.73e-07 (1) 5.16e-05 (3) 4.44e-05 (3) 3.83e-05 (2) 3.66e-05 (3)

HMM3 I.2Ie-06 (5) I.24e-06 (5) 7.43e-07 (4) 9.02e-07 (4) 5.08e-05 (2) 4.40e-05 (2) 3.88e-05 (3) 3.63e-05 (2)

NAIVE 1 3.72e-07 (2) 4.34e-07 (3) I.8Ie-08 (1) 2.95e-07 (2) I.2Ie-04 (7) I.22e-04 (7) I.22e-04 (7) 1.23e-04 (7)

NAIVE 2 5.IIe-07 (4) 2.72e-07 (1) 5.85e-08 (2) 4.33e-07 (3) 5.4Ie-05 (6) 4.72e-05 (6) 4.20e-05 (5) 4.08e-05 (6)

PEMGARCH -3.7ge-08 (1) -3.57e-08 (1) I.77e-08 (1) I.22e-05 (3) 5.02e-05 (1) 4.37e-05 (3) 3.71e-05 (3) 3.44e-05 (3)

PEMEGARCH - - - - - - - -
PEMHMM2 -7.92e-06 (3) -3.97e-06 (3) -2.4Ie-06 (3) I.I6e-06 (2) 5.I2e-05 (3) 4.3Ie-05 (1) 3.46e-05 (1) 3. 14e-05 (1)

PEMHMM3 9.68e-08 (2) -3.7Ie-06 (2) 5.76e-08 (2) -5.3Ie-07 (1) 5.04e-05 (2) 4.3Ie-05 (2) 3.63e-05 (2) 3.25e-05 (2)

Out of sample Bias RMSE
Models 10 20 40 60 10 20 40 60

GARCH 6.27e-06 (5) 6.70e-06 (5) 1.18e-05 (4) 1.64e-05 (4) I.43e-05 (3) 1.23e-05 (3) 1.42e-05 (3) 1.77e-05 (3)

GARCH-t 5.I7e-06 (2) 5.08e-06 (2) 9. IOe-06 (2) I.26e-05 (3) 1.34e-05 (1) 1.08e-05 (1) 1. 14e-05 (1) I.37e-05 (2)

EGARCH 5.52e-06 (3) 6.53e-06 (4) 1.28e-05 (5) 1.87e-05 (5) 1.42e-05 (2) 1.24e-05 (4) 1.54e-05 (4) 2.01e-05 (4)

HMM2 1.30e-05 (6) 1.52e-05 (6) 2. 12e-05 (6) 2.52e-05 (6) 1.73e-05 (5) 1.76e-05 (5) 2. 1ge-05 (5) 2.56e-05 (5)

HMM3 1.47e-05 (7) 1.74e-05 (7) 2.27e-05 (7) 2.58e-05 (7) 1.90e-05 (6) I.95e-05 (6) 2.33e-05 (6) 2.62e-05 (6)

NAIVE 1 -2.28e-07 (1) -6. 18e-07 (1) -9.25e-07 (1) 2.11e-06 (1) 2.9ge-05 (7) 3.0ge-05 (7) 2.7ge-05 (7) 3.14e-05 (7)

NAIVE 2 6.1ge-06 (4) 5.94e-06 (3) 9.37e-06 (3) 1.24e-05 (2) 1.47e-05 (4) 1. 12e-05 (2) 1. 16e-05 (2) 1.31e-05 (1)

PEMGARCH 1.30e-05 (3) I.27e-05 (2) I.72e-05 (2) I.50e-05 (3) 1.77e-05 (3) 1.52e-05 (3) 1.78e-05 (2) 1.52e-05 (3)

PEMEGARCH - - - - - - - -
PEMHMM2 -2.9ge-06 (1) 6.74e-06 (1) 8.24e-06 (1) 6.8ge-06 (1) 1.08e-05 (1) 9.55e-06 (2) 9.06e-06 (1) 7.I7e-06 (1)

PEMHMM3 1.2ge-05 (2) -2.40e-05 (3) 2. IOe-05 (3) 8.55e-06 (2) 1.75e-05 (2) 6.7ge-06 (1) 2. 17e-05 (3) 8.94e-06 (2)
HMM 2 and HMM 3 are two-state and three-state hidden Markov models respectively. NAIVE 1 is the random walk forecast and NAIVE 2 the forecast according to (5.5).
- means that the method prediction error minimization does not apply to this model.
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Table C.4. Exchange rates. Left hand panels: Average in-sample and out-of-sample forecasting performance of models estimated by
maximum likelihood on the exchange rate series. Average Bias and RMSEs for all forecasting horizons (k= 10,20,40,60). Right hand panels:
Ranking by RMSE of models estimated by maximum likelihood. #1 and #2 means percentage of times the model in question has best
performance and second best performance respectively. #LBO and HLAST means percentage of times the model in question has been ranked
last but one and last respectively.

AVERAGE IN SAMPLE PERFORMANCE
EX.RATE DEM FRF GBP RMSE overall ranking %

Models Bias RMSE Bias RMSE Bias RMSE #1 #2 #LBO* #LAST
GARCH 2.77e-06 (5) 4.25e-05 (4) 4.2ge-06 (6) 4.04e-05 (4) 5.9ge-06 (7) 4.53e-05 (5) 8.3 25 8.3 0

GARCH-t 5.92e-06 (7) 4.31e-05 (5) 1.73e-05 (7) 4.75e-05 (6) 4.95e-06 (6) 4.48e-05 (4) 0 0 16.7 0

EGARCH 1.13e-06 (4) 4.07e-05 (1) 3.53e-06 (4) 3.95e-05 (2) 2.18e-06 (5) 4.20e-05 (1) 66.7 16.7 0 0

HMM2 9.35e-07 (2) 4.21e-05 (2) 1.58e-06 (2) ~.98e-05 (3) 1.15e-07 (1) 4.27e-05 (3) 0 33.3 0 0

HMM3 9.07e-07 (1) 4.21e-05 (3) 2.37e-06 (3) 3.94e-05 (1) 1.02e-06 (4) 4.25e-05 (2) 25 25 0 0

NAIVE 1 -1.07e-06 (3) 1.31e-04 (7) -1.08e-06 (1) 1.1ge-04 (7) 2.80e-07 (2) 1.22e-04 (7) 0 0 0 100

NANE2 -5.40e-06 (6) 5.11e-05 (6) -3.83e-06 (5) 4.66e-05 (5) 3.1ge-07 (3) 4.60e-05 (6) 0 0 75 0
The overall ranking is calculated from Tables C.I to C.3.

AVERAGE OUT OF SAMPLE PERFORMANCE
EX.RATE DEM FRF GBP RMSE overall ranking %

Models Bias RMSE Bias RMSE Bias RMSE #1 #2 #LBO #LAST
GARCH 1.32e-05 (3) 2.4ge-05 (1) 1.84e-05 (3) 2.3ge-05 (2) 1.03e-05 (4) 1.46e-05 (3) 25 33.3 0 0

GARCH-t 1.5ge-05 (6) 2.68e-05 (4) 2.54e-05 (6) 3.12e-05 (5) 7.9ge-06 (2) 1.23e-05 (1) 25 16.7 0 0

EGARCH 7.95e-06 (2) 2.82e-05 (5) 1.62e-05 (2) 2.34e-05 (1) 1.0ge-05 (5) 1.55e-05 (4) 25 16.7 0 0

HMM2 1.52e-05 (5) 2.65e-05 (3) 2.40e-05 (5) 2.75e-05 (4) 1.87e-05 (6) 2.06e-05 (5) 0 8.3 0 0

HMM3 1.44e-05 (4) 2.52e-05 (2) 1.9Oe-05 (4) 2.51e-05 (3) 2.01e-05 (7) 2.20e-05 (6) 16.7 8.3 33.3 0

NANEI 3.53e-06 (1) 8.45e-05 (7) 2.82e-06 (1) 5.57e-05 (7) 8.56e-08 (1) 3.00e-05 (7) 0 0 0 100

NAIVE 2 3.41e-05 (7) 3.97e-05 (6) 3.64e-05 (7) 4.07e-05 (6) 8.47e-06 (3) 1.26e-05 (2) 8.3 16.7 66.7
HMM 2 and HMM 3 are two-state and three state hidden Markov model respectively. NAIVE 1 is the random walk forecast and NAIVE 2 forecast according to (5.1).
Figures in parenthesis is ranking.
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Table C.5. Exchange rates. Ranking by RMSE of models estimated by maximum likelihood and minimum prediction error. #1 and #2
means percentage of times the model in question has best performance and second best performance respectively. #LBO and #LAST means
percentage of times the model in question has been ranked last but one and last respectively.

Ranking all models RMSE in %
EX.RATES In-sample Out-of-sample

Models #1 #2 #LBO #Last #1 #2 #LBO #Last
GARCH 0 0 8.3 0 0 25 0 0
GARCH-t 0 0 16.7 0 0 16.7 0 0
EGARCH 0 0 0 0 16.7 0 0 0
HMM2 0 0 0 0 0 0 0 0
HMM3 0 0 0 0 0 0 33.3 0
NAIVE 1 0 0 0 100 0 0 0 100
NAIVE 2 0 0 75 0 0 0 66.7 0
PEMGARCH 8.3 0 0 0 8.3 33.3 0 0
PEMHMM2 25 66.7 0 0 50 16.7 0 0
PEMHMM3 66.7 33.3 0 0 25 8.3 0 0
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Table C.6. Stock prices. In-sample and out-of-sample forecasting performance of all models estimated on the stock price series
INVESTOR B. The table reports bias and RMSE for each model and forecasting horizon (k= 10,20,40,60). Figures in parenthesis are
ranking. The bias is ranked according to absolute values.

INVESTORB
In of sample Bias RMSE

Models 10 20 40 60 10 20 40 60
GARCH 9.2ge-06 (2) 1.01e-05 (3) 7.62e-06 (2) 8.55e-06 (2) 9.42e-04 (4) 7.2ge-04 (4) 6.26e-04 (3) 6.42e-04 (5)

GARCH-t -2.76e-05 (7) -3.86e-05 (7) -6.DOe-05 (7) -7.41e-05 (6) 9.6ge-04 (5) 7.45e-04 (5) 6. 1ge-04 (2) 6.08e-04 (2)

EGARCH -1.04e-05 (3) 8.22e-06 (2) 4.47e-05 (6) 8.75e-05 (7) 8.47e-04 (1) 6. 16e-04 (1) 5.27e-04 (1) 5.76e-04 (1)

HMM2 -2.26e-05 (6) -2.74e-05 (6) -3.86e-05 (5) -4.67e-05 (5) 9.22e-04 (2) 7.16e-04 (2) 6.52e-04 (4) 6.33e-04 (3)

HMM3 -2. 14e-05 (5) -2.64e-05 (5) -3.74e-05 (4) -4.55e-05 (4) 9.38e-04 (3) 7.27e-04 (3) 6.62e-04 (5) 6.40e-04 (4)

NAIVE 1 4.06e-06 (1) 5.45e-06 (1) 2.63e-06 (1) 7.80e-06 (1) 2.38e-03 (7) 2.33e-03 (7) 2.32e-03 (7) 2.36e-03 (7)

NAIVE 2 1.06e-05 (4) 1.0ge-05 (4) 1.08e-05 (3) 1.45e-05 (3) 9.88e-04 (6) 8.24e-04 (6) 7.85e-04 (6) 8.04e-04 (6)

PEMGARCH -1.41e-07 (1) -2.68e-07 (1) -2. 18e-07 (1) -3.83e-07 (1) 8.8ge-04 (3) 6.7ge-04 (3) 5.88e-04 (3) 5.91e-04 (3)

PEMEGARCH - - - - - - - -
PEMHMM2 1.95e-05 (2) 4.9ge-06 (2) 4.93e-05 (3) 2. 15e-05 (2) 7.78e-04 (2) 5.41e-04 (2) 4.86e-04 (2) 4.91e-04 (2)

PEMHMM3 2.40e-05 (3) 1. 14e-04 (3) 2.33e-05 (2) 5.8ge-05 (3) 7.72e-04 (1) 5.25e-04 (1) 4.7ge-04 (1) 4.66e-04 (1)

Out of sample Bias RMSE
Models 10 20 40 60 10 20 40 60

GARCH 5.51e-05 (4) 6.8ge-05 (4) 7.48e-05 (4) 8.45e-05 (4) 1.06e-04 (3) 1.00e-04 (3) 9.88e-05 (3) 9.44e-05 (3)

GARCH-t 1.0ge-04 (5) 1.42e-04 (5) 1.72e-04 (5) 1.91e-04 (5) 1.42e-04 (4) 1.57e-04 (4) 1.81e-04 (4) 1.94e-04 (5)

EGARCH 3. 14e-05 (3) 3.86e-05 (3) 2.88e-05 (3) 3.50e-05 (2) 1.02e-04 (2) 9.26e-05 (2) 7.44e-05 (2) 5.5ge-05 (2)

HMM2 2.46e-04 (6) 2.88e-04 (6) 3. 13e-04 (6) 3.24e-04 (6) 2.60e-04 (6) 2.94e-04 (6) 3. 17e-04 (6) 3.25e-04 (6)

HMM3 2.64e-04 (7) 3.02e-04 (7) 3.23e-04 (7) 3.31e-04 (7) 2.77e-04 (7) 3.08e-04 (7) 3.27e-04 (7) r 3.33e-04 (7)

NAIVE 1 -4.93e-06 (1) 2.77e-06 (1) -1.8ge-05 (2) -5.6ge-05 (3) 2. 16e-04 (5) 2. 15e-04 (5) 2.10e-04 (5) 1.58e-04 (4)

NAIVE 2 -5.08e-06 (2) -7. 16e-06 (2) -1.80e-05 (1) -1.42e-05 (1) 9.38e-05 (1) 7.61e-05 (1) 6.65e-05 (1) 4.63e-05 (1)

PEMGARCH 1.32e-04 (1) 1.43e-04 (1) 1.72e-04 (1) 2.21e-04 (1) 1.56e-04 (1) 1.58e-04 (1) 1.81e-04 (1) 2.23e-04 (1)

PEMEGARCH - - - - - - - -

PEMHMM2 1.65e-04 (2) 1.63e-04 (2) 2.68e-04 (3) 2.68e-04 (2) 1.84e-04 (2) 1.75e-04 (2) 2.72e-04 (3) 2.6ge-04 (2)

PEMHMM3 1.65e-04 (3) 2.81e-04 (3) 2.37e-04 (2) 3. 1ge-04 (3) 1.85e-04 (3) 2.88e-04 (3) 2.41e-04 (2) 3.20e-04 (3)
HMM 2 and HMM 3 are two-state and three-state hidden Markov models respectively. NAIVE 1 is the random walk forecast and NAIVE 2 the forecast according to (5.5).
- means that the method prediction error minimization does not apply to this model.
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Table C.7. Stock prices. In-sample and out-of-sample forecasting performance of all models estimated on the stock price series LME B. The
table reports bias and RMSE for each model and forecasting horizon (k= 10,20,40,60). Figures in parenthesis are ranking. The bias is ranked
according to absolute values.

LMEB
In of sample Bias RMSE

Models 10 20 40 60 10 20 40 60
GARCH 5.50e-05 (6) 6.73e-05 (6) 9.22e-05 (6) 1.10e-04 (5) 5.42e-04 (6) 4. 16e-04 (5) 3.2ge-04 (4) 3.01e-04 (4)

GARCH-t 6.06e-05 (7) 7.27e-05 (7) 1.02e-04 (7) 1.31e-04 (7) 5.30e-04 (5) 4. 11e-04 (4) 3.43e-04 (5) 3.33e-04 (5)

EGARCH 2.26e-05 (5) 4.38e-05 (4) 8.78e-05 (5) 1.24e-04 (6) 4.92e-04 (2) 3.61e-04 (1) 2.81e-04 (1) 2.76e-04 (3)

HMM2 3.82e-06 (3) 5.26e-05 (5) 1.11e-05 (3) 1. 1ge-05 (3) 4.96e-04 (3) 3.70e-04 (3) 2.94e-04 (3) 2.74e-04 (2)

HMM3 1.3ge-05 (4) 1.32e-05 (3) 1.6ge-05 (4) 1.77e-05 (4) 4.86e-04 (1) 3.63e-04 (2) 2.91e-04 (2) 2.71e-04 (1)

NANEI 7.64e-07 (1) -6.26e-06 (2) -6.01e-06 (1) -1.9ge-06 (1) 1.37e-03 (7) 1.34e-03 (7) 1.34e-03 (7) 1.35e-03 (7)

NAIVE 2 1.56e-06 (2) 2.91e-06 (1) 8.45e-06 (2) 1.0ge-05 (2) 5.2ge-04 (4) 4. 1ge-04 (6) 3.64e-04 (6) 3.58e-04 (6)

PEMGARCH 9. 14e-08 (1) 4. 1ge-07 (1) 2.48e-07 (1) 9.87e-08 (1) 4.95e-04 (3) 3.68e-04 (3) 2.90e-04 (3) 2.67e-04 (3)

PEMEGARCH - - - - - - - -
PEMHMM2 -5.65e-06 (2) 5.08e-06 (2) 1.24e-05 (3) 4.48e-06 (2) 4.84e-04 (2) 3.5ge-04 (2) 2.7ge-04 (2) 2.54e-04 (2)

PEMHMM3 9.51e-06 (3) 9.32e-06 (3) 4.91e-06 (2) -2.36e-06 (3) 4.80e-04 (1) 3.~3e-04 (1) 2.68e-04 (1) 2.54e-04 (1)

Out of sample Bias RMSE
Models 10 20 40 60 10 20 40 60

GARCH -4.06e-05 (3) 5.47e-06 (1) 1.65e-05 (3) -6.07e-06 (1) 4.05e-04 (5) 2.01e-04 (5) 1.38e-04 (3) 9.58e-05 (2)

GARCH-t -5.30e-06 (4) 4.65e-05 (5) 7.02e-05 (6) 5.91e-05 (3) 3.85e-04 (4) 1.98e-04 (3) 1.51e-04 (4) 1.22e-04 (4)

EGARCH -1.63e-06 (2) 5.56e-05 (6) 8.53e-05 (7) 5.94e-05 (4) 3.77e-04 (2) 2.00e-04 (4) 1.5ge-04 (5) 1.00e-04 (3)

HMM2 -2.43e-05 (5) -1.21e-05 (2) -5.35e-05 (5) -9.28e-05 (6) 4.26e-04 (6) 1.95e-04 (2) 1.37e-04 (2) 1.27e-04 (5)

HMM3 -1.50e-06 (1) 1.45e-05 (3) -2.05e-05 (4) -6.05e-05 (5) 3.78e-04 (3) 1.58e-04 (1) 9.90e-05 (1) 9.27e-05 (1)

NANEI -3.28e-05 (6) -1.93e-05 (4) 6. 12e-06 (1) -3.44e-05 (2) 1.06e-03 (7) 9.01e-04 (7) 8.71e-04 (7) 8.53e-04 (7)

NANE2 -1.34e-04 (7) -1. 12e-04 (7) -1.32e-04 (2) -1.8ge-04 (7) 3.66e-04 (1) 2. 14e-04 (6) 1.77e-04 (6) 2.10e-04 (6)

PEMGARCH -1.36e-04 (3) -1.01e-04 (2) -9.87e-05 (1) -1.24e-04 (1) 3.66e-04 (1) 1.8ge-04 (1) 1.35e-04 (1) 1.45e-04 (1)

PEMEGARCH - - - - - - - -
PEMHMM2 -1.68e-05 (2) -1.47e-06 (1) -1.86e-04 (3) -1.97e-04 (3) 3.78e-04 (2) 2.1ge-04 (2) 2. 17e-04 (3) 2.22e-04 (3)

PEMHMM3 8.98e-06 (1) 1.30e-04 (3) -1.20e-04 (2) -1.41e-04 (2) 3.84e-04 (3) 2.38e-04 (3) 1.85e-04 (2) 1.83e-04 (2)
HMM 2 and HMM 3 are two-state and three-state hidden Markov models respectively. NAIVE 1 is the random walk forecast and NAIVE 2 the forecast according to (5.5).
- means that the method prediction error minimization does not apply to this model.
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Table C.8. Stock prices. In-sample and out-of-sample forecasting performance of all models estimated on the stock index S&P500. The table
reports bias and RMSE for each model and forecasting horizon (k= 10,20,40,60). Figures in parenthesis are ranking. The bias is ranked
according to absolute values.

S&P500
In of sample Bias RMSE

Models 10 20 40 60 10 20 40 60
GARCH 4.51e-06 (4) 5.28e-06 (5) 6.6ge-06 (6) 8.15e-06 (7) 2.00e-05 (5) 1.65e-05 (5) 1.54e-05 (6) 1.54e-05 (6)

GARCH-t 5.18e-06 (7) 5.82e-06 (6) 6.86e-06 (7) 7.77e-06 (6) 1.94e-05 (4) 1.54e-05 (4) 1.37e-05 (4) 1.31e-05 (4)

EGARCH 4.08e-06 (3) 4.44e-060 4.81e:-06 (3) 5.05e-06 (3) 1.8ge-05 (1) 1.43e-05 (1) 1. 17e-05 (1) 1.03e-05 (1)

HMM2 4.77e-06 (6) 5.07e-06 (4) 5.35e-06 (5) 5.50e-06 (5) 1.91e-OS (3) 1.46e-OS (3) 1.21e-05 (2) 1.06e-OS (2)

HMM3 4.77e-06 (5) 5.07e-06 (3) 5.3Se-06 (4) S.SOe-06 (4) 1.91e-OS (2) 1.46e-OS (2) 1.21e-05 (3) 1.06e-OS (3)

NAIVE 1 9.36e-07 (1) 9. 13e-07 (1) 7.94e-Q7 (1) 1.2ge-06 (1) 6.21e-05 (7) 6.04e-OS (7) S.94e-05 (7) S.9ge-05 (7)

NAIVE 2 1.61e-06 (2) 1.9ge-06 (2) 2.58e-06 (2) 3.05e-06 (2) 2.05e-05 (6) 1.71e-05 (6) 1.50e-05 (S) 1.40e-05 (5)

PEMGARCH -2.66e-09 (1) 1.42e-08 (2) 2.26e-08 (1) 1.07e-08 (1) 1.82e-05 (3) 1.34e-OS (3) 1.07e-OS (2) 9.0Se-06 (3)

PEMEGARCH - - - - - - - -
PEMHMM2 -1.91e-08 (2) 3.40e-09 (1) 4.04e-08 (2) 4.6Se-08 (3) 1.81e-05 (1) 1.34e-OS (1) 1.07e-OS (1) 9.00e-06 (1)

PEMHMM3 -1.56e-07 (3) 7.0Se-08 (3) 4.06e-08 (3) 1.S3e-08 (2) 1.81e-OS (2) 1.34e-OS (2) 1.07e-OS (3) 9.02e-06 (2)

Out of sample Bias RMSE
Models 10 20 40 60 10 20 40 60

GARCH S.9ge-06 (3) 8. 16e-06 (3) 1.03e-OS (3) 1.38e-OS (3) 1.61e-OS (1) 1.57e-OS (2) 1.66e-05 (3) 1.81e-05 (6)

GARCH-t 8.95e-06 (4) 1. 12e-05 (4) 1.31e-05 (4) 1.S6e-OS (S) 1.67e-05 (3) 1.62e-OS (3) 1.67e-05 (4) 1.77e-05 (5)

EGARCH 1. 1ge-OS (S) 1.3Se-OS (S) 1.43e-OS (S) 1.48e-OS (4) 1.73e-OS (4) 1.63e-OS (4) 1.S8e-OS (2) 1.S6e-OS (2)

HMM2 1.33e-OS"(7) 1.4ge-OS (7) 1.5Se-OS (7) 1.Sge-OS (7) 1.84e-OS (6) 1.7Se-05 (6) 1.70e-OS (6) 1.67e-OS (4)

HMM3 1.32e-OS (6) 1.4ge-OS (6) 1.5Se-OS (6) l.Sge-OS (6) 1.84e-OS (S) 1.7Se-OS (S) 1.70e-OS (S) 1.67e-OS (3)

NAIVE 1 -9.7ge-07 (1) -3.3ge-07 (1) -7.93e-07 (1) -1.S1e-06 (1) 3. 16e-OS (7) 3.10e-OS (7) 3.10e-OS (7) 3.3ge-OS (7)

NAIVE 2 4.24e-06 (2) 6.S7e-06 (2) 8.SSe-06 (2) 9.93e-06 (2) 1.6Se-OS (2) 1.3ge-OS (1) 1.24e-OS (1) LISe-OS (1)

PEMGARCH 6.2ge-06 (3) 7.96e-06 (2) 9.0Se-06 (1) 9.81e-06 (2) 1.43e-OS (3) 1.24e-OS (3) 1.lSe-OS (2) 1. lIe-OS (1)

PEMEGARCH - - - - - - - -
PEMHMM2 S.72e-06 (2) 7.10e-06 (1) 9.28e-06 (2) 9.9Se-06 (3) 1.3ge-OS (2) 1. 14e-05 (1) 1. 14e-OS (1) 1. 12e-OS (2)

PEMHMM3 S.SSe-06 (1) 8.34e-06 (3) 9.63e-06 (3) 9.7ge-06 (1) 1.32e-OS (1) 1.21e-OS (2) 1.I8e-05 (3) l.I2e-OS (3)
HMM 2 and HMM 3 are two-state and three-state hidden Markov models respectively. NAIVE 1 is the random walk forecast and NAIVE 2 the forecast according to (5.5).
- means that the method prediction error minimization does not apply to this model.
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Table C.9. Stock prices. Let): hand panels: Average in-sample and out-of-sample forecasting performance of models estimated by maximum
likelihood on the exchange rate series. Average Bias and RMSEs for forecasting horizons k=10,20,40,60. Right hand panels: Ranking by
RMSE of models estimated by maximum likelihood. #1 and #2 means percentage of times the model in question has best performance and
second best performance respectively. #LBO and #LAST means percentage of times the model in question has been ranked last but one and
last respectively.

AVERAGE IN SAMPLE PERFORMANCE
STOCKS INVESTORB LMEB SP500 RMSE overall ranking %
Models Bias RMSE Bias RMSE Bias RMSE #1 #2 #LBO #LAST

GARCH 8.90e-06 (2) 7.35e-04 (3) 8.10e-05 (6) 3.97e-04 (4) 6.16e-06 (6) 1.68e-05 (6) 0 0 25 0

GARCH-t -5.01e-05 (7) 7.35e-04 (4) 9.16e-05 (7) 4.04e-04 (5) 6.41e-06 (7) 1.54e-05 (4) 0 16.7 0 0

EGARCH 3.25e-05 (4) 6.41e-04 (1) 6.96e-05 (5) 3.53e-04 (1) 4.5ge-06 (3) 1.38e-05 (1) 83.3 8.3 0 0

HMM2 -3.38e-05 (6) 7.31e-04 (2) 8.01e-06 (3) 3.58e-04 (3) 5.17e-06 (5) 1.41e-05 (3) 0 41.7 0 0

HMM3 -3.27e-05 (5) 7.42e-04 (5) 1.54e-05 (4) 3.53e-04 (2) 5.17e-06 (4) 1.41e-05 (2) 16.7 33.3 0 0

NAIVE 1 4.9ge-06 (1) 2.35e-03 (7) -3.37e-06 (1) 1.35e-03 (7) 9.84e-07 (1) 6.04e-05 (7) 0 0 0 100

NAIVE 2 1.17e-05 (3) 8.50e-04 (6) 6.53e-06 (2) 4.17e-04 (6) 2.31e-06 (2) 1.67e-05 (5) 0 0 75 0
The overall ranking is calculated from Tables C.6 to C.8.

AVERAGE OUT OF SAMPLE PERFORMANCE
STOCKS INVESTORB LMEB SP500 RMSE overall ranking %
Models Bias RMSE Bias RMSE Bias RMSE #1 #2 #LBO #LAST

GARCH 7.08e-05 (4) 9.97e-05 (3) -6. 17e-06 (1) 2.10e-04 (3) 9.57e-06 (3) 1.66e-05 (3) 8.3 16.7 8.3 0

GARCH-t 1.54e-04 (5) 1.68e-04 (4) 4.26e-05 (4) 2.14e-04 (4) 1.22e-05 (4) 1.68e-05 (4) 0 0 0 0

EGARCH 3.35e-05 (3) 8.13e-05 (2) 4.97e-05 (6) 2.0ge-04 (2) 1.36e-05 (5) 1.63e-05 (2) 0 58.3 0 0

HMM2 2.93e-04 (6) 2.9ge-04 (6) -4.57e-05 (5) 2.21e-04 (5) 1.4ge-05 (7) 1.74e-05 (6) 0 16.7 66.7 0

HMM3 3.05e-04 (7) 3.11e-04 (7) -1.70e-05 (2) 1.82e-04 (1) 1.4ge-05 (6) 1.74e-05 (5) 25 0 0 33.3

NAIVE 1 -1.95e-05 (2) 2.00e-04 (5) -2.01e-05 (3) 9.21e-04 (7) -9.06e-07 (1) 3.1ge-05 (7) 0 0 0 66.7

NAIVE 2 -1.11e-05 (1) 7.07e-05 (1) -1.42e-04 (7) 2.42e-04 (6) 7.32e-06 (2) 1.36e-05 (1) 66.7 8.3 25 0
HMM 2 and HMM 3 are two-state and three state hidden Markov models respectively. NAIVE 1 is the random walk forecast and NAIVE 2 forecast according to (5.1).
Figures in parenthesis is ranking.
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Table C.I0. Stock prices. Ranking by RMSE of models estimated by maximum likelihood and minimum prediction error. #1 and #2 means
percentage of times the model in question has best performance and second best performance respectively. #LBO and #LAST means
percentage of times the model in question has been ranked last but one and last respectively.

Ranking all models RMSE in %
STOCKP In-sample Out-of-sample

Models #1 #2 #LBO #Last #1 #2 #LBO #Last
GARCH 0 0 25 0 0 8.3 8.3 0
GARCH-t 0 0 0 0 0 0 0 0
EGARCH 0 0 0 0 0 33.3 0 0
HMM2 0 0 0 0 0 0 66.7 0
HMM3 0 0 0 0 25 0 0 33.3
NAIVE 1 0 0 0 100 0 0 0 66.7
NAIVE 2 0 0 75 0 33.3 8.3 25 0
PEMGARCH 0 8.3 0 0 16.7 25 0 0
PEMHMM2 33.3 66.7 0 0 16.7 16.7 0 0
PEMHMM3 66.7 25 0 0 8.3 8.3 0 0
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