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1. INTRODUCTION

The ult~ate purpose of macroeconomic theory is to analyze

the causes and interactions of inflation and unemployment.

As a response to the pressure of economic reality, macro

economic theory has developed rapidly during the last decade,

and fruitful results have been gained along several lines of

research. One of these lines, which is mainly associated

with Milton Friedman, Edmund S. Phelps, Robert E. Lucas and

their followers, has emphasized the role of expectations;

when studying phenomena like inflation and unemployment,

expectations has been the central concept to which most of

the results have been related. l~other line of research

has been associated with Robert Clower, Axel Leijonhufvud,

Robert Barra and Herschel Grossman, and their followers. It

has emphasized price rigidities and the phenomena occurring

in rationed markets,and it has built a "Keynesian" theory

on these micro-foundations.

In this thesis I have chosen to approach the basic

macroeconomic problems along the former lines, i.e. with

the emphasis on inflationary expectations rather than on

price rigidity. This is not because I believe this is the

only, or even the "best", way to analyse ~acroeconorLic pheno

mena; both approaches are rich and fruitful enough to deserve

full attention. Since they cannot yet be meaningfully inte

grated, you have to choose one of them - and the problems

of expectations formation seemed challenging indeed.
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The reasons for choosing the particular subject I have

done is thus that inflationary expectations and the natural

rate hypothesis are important questions that - together

with disequilibrium phenomena - constitute the very heart

of macroeconomics. These questions can be dealt with in a

number of ways; I have chosen to study them within the frame

work of stochastic processes. The concept of expectations im

plies that there is uncertainty involved. With no uncertain

ty there is no place for expectations; then we know for sure.

But in the real world uncertainty is often the driving force

behind macroeconomic phenomena, which should therefore be

studied appropriately, i.e. by stochastic methods. The

points made in this thesis are therefore such that they

refer to the stDchastic nature of the models utilized; si

rr.ilar results are not to be obtained from ordinary deter

ministic models.

The application of stochastic methods to macroeconomic

models has the consequence that the analysis becomes fairly

complicated. Therefore we have to confine the analysis to

the very simplest and most straightforward models. A limita

tion is thus that we deal only with models for a cLosed

economy. The most realistic analysis of inflation in e.g.

Sweden should perhaps employ the methods developed for the

study of small open economies; for the present thesis, how

ever, we have chosen to abstain from this permutation of

the basic models.

There is another qualification that should be made:

We study only long-run phenomena. The natural rate hypothe

sis states that monetary policy cannot affect real magnitu

des, such as unerr.ployment, in the long run. It is therefore

reasonable to ask whether the natural rate hypothesis is

of any relevance, for economic policy or otherwise. How in

teresting are conclusions that apply only to the long run,

in which we are all dead?
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There are, I think, two answers to that question. The

first answer is mainly theoretical: Long-run phenomena are

interesting in their own right, in the same sense as ab

stract concepts like existence and stability are interesting

in general equilibrium theory. Long-run solutions provide

some kind of consistency, or some kind of frame of reference,

which is necessary if we later want to study more practical,

short-run phenomena. The second answer regards practical

economic policy. If the natural rate hypothesis turns out

to hold, we know exactly that: We ca.nnct reduce unemployment

permanently by monetary policy without getting a hyperinfla

tion. If we try to peg unemployment at a rate below the

"natural" one, we are bound to get an accelerating inflation.

From the practical and political point of view, a study of

whether the natural rate hypothesis holds or not seems to

be a piece of information as interesting as any.

The book consists of three main parts. The fipst papt,

comprising Chapters 2 and 3, is intended as a methodological

introduction. Since the book is meant to be as self-contained

as possible, and since the stochastic methods employed are

perhaps not yet common knowledge among those dealing with

macroeconomics, the two first sections of Chapter 2 consist

of an introductory survey of the theory of stochastic pro

cesses. The basic concepts in time series analysis, such as

stationarity and ARMA processes, are presented; these sec

tions can be skipped by readers familiar with those concepts.

The third section of Chapter 2 consists of a discussion of

stationarity and its interpretation in terms of dynamic equi

librium. Chapter 3 contains a presentation of the economic

models, and the methods for modelling of expectations, that

are to be used. It gives the economic background for the

time series approach employed in later chapters.

The second papt of the book consists of Chapters 4 and

5, and deals with adaptive expectations, i.e. expectations

where the expected inflation rate "~ is expressed as a weight

ed sum of earlier inflation rates~
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n
L w·'IT t_··j=l J J

This expectations mechanism has a long tradition in economic

and econometric studies. In Chapter 4 is discussed the common

practice of constraining the w. weights to sum to unity. It
J

is shown that if we want to make a forecast 'IT~ that is opti-

mal in the sense of minimizing the mean square error

and if TIt follows a so-called stationary stochastic process,

then the adaptive forecast should have wj weights that sum

to less than unity. Thus, if people actually form adaptive

expectations that are optimal, and if they believe that in

flation follows a stationary process (which means, intuitive

ly, that inflation cannot explode) then the econometric prac

tice of imposing the constraint Zw. = 1 will form a misspeci-
J

fication that can create bias in the estimates.

The result that ZW j should be less than unity has con

sequences for the estimation of econometric models involving

expectations terms. It will also have theoretical implications,

and in particular the question occurs whether the natural

rate hypothesis holds for macro models with optimal adaptive

expectations. In Chapter 5 is demonstrated how this can be

analyzed within the framework of a very simple model, and

it is shown that the natural rate hypothesis actually holds

even if LW. < 1.
J

7he :hird ?2rt of the book, comprising Chapters 6 and 7,

deals with the so-called rational expectations, a fairly new

concept which has been used in macro models during the seven

ties only, and which has increasingly gained attention in

favor of the old, adaptive expectations. Rational expecta

tions means that the inflation rate (or the price level) ex

pected by the economic agents to prevail at time t is set
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equal to the true, mathematical expectation, conditional on

the previous history of the economic system:

It has often been claimed that the natural rate hypothesis

and the assumption of rational expectations are equivalent;

it is said that models with rational expectations always dis

play natural rate properties. In Chapter 6 is shown that this

is not true for a commonly used macro model, and in particu

lar it is shown that for this model, the average value of

real output is an increasing function of the variance in

the authorities' money supply rule. This result is quite

contrary to conventional macroeconomic wisdom, which advo

cates care and stability in the money supply.

In Chapter 7, finally, the practice of inserting expec

tations terms TI~ (or P~ for the price level) in economic mo

dels is discussed. The insertion of such variables requires

that so-called certainty equivalents exist, i.e. that the un

certain variables TIt and Pt can be substituted by known con

stants TI~ and P~. With rational expectations it further re

quires that the certainty equivalents TI~ and P~ are equal

to the mathematical expectations of TIt and Pt' In Chapter 7

is shown that rational expectations terms in economic models

have no solid micro-foundations. Thus, "rational expectations"

are not really rational after all.
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2.1 DEFINITIONS AND BASIC CONCEPTS

Since 1749, the astronomers have collected data on the level

of solar activity, i.e. on the monthly number of sun-spots.

These figures form the time series plotted in Figure 2.1:

1750 1800 1850

200------------

160-.-----------
-----'---'---p..,.-+

120 '-----I\----:..----'----------=---Hf---I

80 --1-\--+-\

1900 1950

Figure 2.1: Monthly number of sunspots (Wolfer's numbers),
1749-1959

1
In recent years a number of textbooks on time series analysis with
economic applications have been published. This section draws heavily
on Box and Jenkins (1970, 2nd ed. 1976), but very accessible introduc
tions are also given by Nelson (1973) and Granger and Newbold (1977).
An older textbook, which deals with more general and mathematical aspects
of stochastic processes, with mostly engineering applications, is Yaglo~

(1962) .
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Similarly, the thickness of a I meter cotton thread is plott

ed in Figure 2.2, and although the horizontal axis does not

indicate the passage of time, but the passage of a distance,

these figures can also be said to form a "time series":

Figure 2.2: Thickness of a cotton thread, mm/IO

As a third example we consider the change in the Swedish con

sumer price index since 1946 (Figure 2.3):

10%

5%

1950 1955 1960 1965 1970 1975

Figure 2.3: Yearly changes in the consumer price index,
Sweden 1946-1978

Now, whether the world of ours is stochastic or deter

ministic is a highly philosophical question; with adequate

knowledge of physical and social systems, we could perhaps

figure out with certainty the number of sun-spots next month,

or next year's inflation rate. With our limited knowledge,

however, we can only make a more or less accurate guess, and
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the true outcome will in general differ from our guess.

While lacking perfect knowledge, the analysis of several

phenomena like the ones in Figures 2.1-2.3 above can be

facilitated by regarding the time series as st0ch~etic p~o

ceeeee. This does not mean that such an approach is the

"best" one for analyzing e.g. inflation; but it is a simple

one, and for the present purpose it allows a fairly simple

treatment of questions that would otherwise be of a pro

hibitive complexity.

A stochastic process is described by an ordered set of

random variables, Xt. For the example of Figure 2.1, we let

Xt denote the number of sun-spots at time t (t = January

1749 - December 1959). Similarly, for Figure 2.2, we let Xt
denote the thickness of a thread at a point t in the inter

val [0, 1 meter]. In this book we will only consider dis

crete processes, i.e. we describe the process by the random

variables

This excludes the example with the thread above, where t

obViously is a continuous variable. Such a limitation in

troduces no real restrictions on our analysis, since most

economic data dealt with in this book are available only at

discrete points in time, and since we could, if necessary,

let the (discrete) time unit be arbitrarily small. Note that

in the definition of a stochastic process there is nothing

which says that the index t should be interpreted as calendar

time, even if this is often the case (thereby the name time

series). In the example with the cotton thread, t denoted

distance; and numerous examples could be given where it de

notes temperature, speed, income etc. Neither does Xt, nor t,

have to be one-dimensional variables; in forestry, for example,

methods of estimating land yield are utilized, where the
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stochastic variable Xt denotes the volume (in cubic feet) of

wood growing in the area of one square kilometer, while t is

a two-dimensional variable denoting the coordinates of the

different square kilometers. In the context of this book,

however, Xt will be a one-dimensional, real variable in dis

crete time, later interpreted as an economic variable like

the rate of inflation, the price level, the rate of unem

ployment, or the level of real output.

The random variable is thus characterized by a distri

bution function, which gives the probability that Xt be less

than a given value x:

Similarly, the realization of Xt at two points of time, t l
and t 2, is a two-dimensional random variable with

For every number n, and for every set of dates t l, t
2

, .•. ,

t n we have the n-dimensional distribution function

F t t (xl' .. , x ) = Prob(Xt ~ xl'
1"" n n 1

Introducing the (unconditional) expectation E(.J, we can

write the mean or the expected value of the process at a time

t as

00

~t = E[Xt] = f XtdFt(X).
-00

If the probability distribution has a density function ft(x),

the mean can also be written

00

~t - E[XtJ - f Xtft(x)dx.
-00
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Higher moments are also defined in the ordinary way; for

example is the variance of Xt given by

Similarly, the covariance between the value of the variable

at two points of time, say t and s, is defined by

The process { ... , Xt, ... }, and the relations between X
t

and

Xs' can take many forms, and it is necessary to introduce

some simplifying assumption to make the analysis manageable.

In fact, there are two such simplifications which are general

ly employed. They are adapted to different types of problems,

and they are not mutually exclusive. The first one is the

~Qrko~ Chain Frin~ipZe, which can be stated as follows: For

a general process, the value of Xt depends on the value of

Xt- l, Xt_ 2, Xt- 3 etc. If we assume that tXt} is a Markov pro

cess, we assume that Xt depends on Xt~l only, that is, know

ledge of the earlier history of the process (beyond t-l) does

not add to our knowledge of the probability distribution of

Xt· While of great importance in dealing with certain prob

blems,2 this is not the approach to be taken in this book.

Instead, we will concentrate on the other simplifying assump

tion, that of stationarity.

Definition 2.1: If for all integers nand T, and for all

sets t l, ... , tn' the n-dimensional random variable X
t l

+
T

,

Xt 2+T , ••• , X
t n

+T ) has the same distribution as the n-dimen

sional random variable (Xt ' Xt ' ..• , X
t

), then the stochas-
1 2 n

tic process { ... , Xt, ... } is stri~tly stationary.

2 See for example Cox and Miller (1965).



11

The definition says that if a process {X
t}

is strictly

stationary, then the distribution function Ft(X), as defined

on the previous page, does not change with time. This means

that we can dispense with the time subscript and write

Thus a shift in the time scale does not change the distri

bution of the variable, which, among other things, implies

that the mathematical expectation E(Xt] is constant for all

values of t. We then have, for all t and s,

flt = fi s = fl.

The assumption of stationarity also implies that the covari

ance between Xt and X
s

depends only on the absolute value of

the difference between t and s:

We can thus write

L ... , -1, 0, 1, 2, ...

where .( ~ is independent of t. A process, the first two moments
l

of which are independent of t, without necessarily satisfying

the more restrictive Definition 2.1 above, is called weakly

stationary, covariance-stationary, stationary of the second

order, or just stationary. If the process is Gaussian, i.e.

if, for all integers n, the variable (Xt
1

, Xt z' ... , Xt n) has

an n-dimensional normal distribution, then weak stationarity

obviously implies strict stationarity since, for normally

distributed random variables, the whole probability distribu

tion is completely characterized by the first two moments.

For almost all practical purposes, or at least for the present

ones, it is not necessary to deal with strict stationarity;

weak stationarity is a sufficient concept, and we thus state:
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Definition 2.2: If E[Xt] is independent of t, and if

Cov[Xt, Xt +
T

] only depends on the absolute value of ~, then

the time series {Xt} is stationary.

What will Y , regarded as a function of T, look like
T

for a stationary process? If we return to the inflation rates

of Figure 2.3, and if we assume that the time series of that

example is stationary,3 we can estimate the covariance func

tion by

with

'(

'T

1 T
N I Xtt=l

T = ••• , -I, 0, 1, ...

where x t denotes the observed realization at time t, and

where N is the number of observations. 4 When depicting the

covariance function for model identification purposes, the

covariances are often "normalized" by dividing through by

Yo. The resulting variable is called the autocorrelation and

is shown in Figure 2.4:

1.0

0.8

0.6

0.4

-0.2

-0.4

-tJ.6

Figure 2.4: Autocorrelation function
inflation 1946-1978

_ y /y ) for Swedish
T 0

3 Whether or not such an assumption is appropriate for this particular
case will be briefly discussed later in this chapter.

4 Some authors have preferred to divide the sum of cross products by ~-1

instead of t. This exposition follows the one of Box and Jenkins (1970);
furthermore, in large samples the difference between ~-T and ~ will be
of minor importance.
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It is often difficult to obtain reliable results from

time series with less than 40-50 observations; we can however

form confidence intervals even for a series as short as the

present one, to find that only the first autocorrelation 01

is significantly different from zero.

We recall that for a stationary process
1

on the absolute value of 1, i.e. ~ = y • Thus
1 -1

'r is symmetric around T 0, and'( is completely determined

for non-negative values of 1. Therefore only the right part

of the autocorrelation function is depicted in Figure 4.

Furthermore, y_ reaches its maximum for 1 = 0, and the func-
l

tion damps out for large values of 1:

y > 0
0

~ > I ~ I
T ~ 0'0 i T I ,

lim Y O.
1

1~OO

Another important property of the function is that the co

variance matrix,

0 'f f

1lyO 1 2 n
'f "

'1 0 '1 'n-1 1
:.,' " . y i

2 1 0 n-2j
- .

I
i. I

l:
I

I
I
I

n-1 ~n-2
y )n 0

is positive definite. Similar properties also hold for the

second moment not centered around the mean, i.e. for

0, 1, 2,
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We thus have

r o > 0

r o > [ r I T f 0,T

and the matrix

I

Ir r
1

r 2 · r
I 0 n

I::
r r 1 r n-l0

r 1 r • r n-20

R -

r
n • r o

is symmetric and positive definite. Since YT is defined by

while r T is defined by r T = E[Xt Xt+TJ, we can easily com

pute the relation between y and r :
T T

T = 0, 1, 2,

The covariance gives us information about how the values

of Xt, for different points of time t, are related. If the

process is Gaussian the covariance function, together with

the expectation E[XtJ, gives us a complete characterization

of the process tXt} in the sense that we, from the knowledge

of O( and ~, can compute the distribution function for the
T

process. Since the covariance function deals with how diffe-

rent values of Xt are related over time, we say that it

gives a representation of the process tXt} in the time

domairo. Another concept, which contains the same information
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as,!, is the spe~tru~ of ;X t}, which is said to give a re

presentation of the process in the freQAen~y i0mai~. The

spectral approach is based on the idea that the time series

is made up of sine and cosine waves with different frequen

cies, and the spectral mass function (or the spectral densi

ty function, if it exists) is a tool for illustrating which

of these frequencies are dominating. Let tXt} be a stationa

ry time series with a covariance function,!, T = 0, 1, ....

Then there exists a unique mass distribution F(i) such that

"'T and F p.) are connected by the one-to-one formula

J e iT),.dF ( i.) ,

Le. "'T is the so-called Fourier-Stieltjes transform of F.

If F(~) has a density f(), the formula can instead be written

:T S" iTif(")d"e A A.

The function F(~) is said to be the spectral distributicn

function of the process tXt}'

Like there exist statistical methods for estimating the

covariance function, there exist methods for estimating the

spectrum of an observed time series. The estimated spectral

density of the inflation rates in Figure 2.3 is shown in

Figure 2.5:

l--r-,,;;;;;;_---.....----"'"T"------.,..~ eyc le leng th, year ~

20 10 5 3 2

Figure 2.5: Spectral density for Swedish post-war inflation
rates
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Like in optics, the spectrum tells us which frequencies

dominate in the oscillation. We see here, firstly, that there

is a hump corresponding to the ordinary 5-year business cycle.

Secondly, there is some spectral mass concentrated on the high

frequencies (the shortest waves), and this is a statistical

artifact due to the particular estimation program used; spect

ral mass corresponding to the very highest frequencies, that

lie outside the diagram, is lumped together on this side of

the spectrum. Thirdly, there is a lot of spectral mass con

centrated on the lowest frequencies. This tells us that there

might be some non-stationarity in the time series, or that

our sampling period was too short for giving an accurate

picture of the stochastic process. Returning to the original

data in Figure 2.3 we see that the inflation rates show a

tendency to increase over time. The estimation program inter

prets this as a long, low-frequency wave, which thus accounts

for the high concentration of spectral mass in the left part

of the diagram. For a longer time series, say 100 years or

more, we would perhaps see that the tendency towards increas

ing inflation rates that we have observed during the last

decades might in fact be the uphill part of a longer cycle

which in due time turns down again. The estimated spectrum for

such a time series would then perhaps show a distinct hump at

cycle lengths of, say, 70 years, corresponding to such low

frequency "Kondratieff" cycles. 5 If we, on the other hand,

had used quarterly data we would probably have been able to

trace another hump in the diagram, corresponding to some

once-a-year seasonality in the time series.

Although spectral analysis is an important tool in many

applications, it has played a minor role in economic problems,

which are instead generally studied in the time domain. 6 In

5 A brief discussion of longer inflation series will be given at the end
of this chapter.

6
See however Granger and Hatanaka (1964) and Granger (1966). A standard
textbook in spectral analysis is Jenkins and Watts (1968).
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this book the main emphasis will consequently be on the co

variance function, and the spectrum will be dealt with only

occasionally.

2.2 AR AND MA PROCESSES

Eugen Slutsky presented in 1927 his famous explanation of the

business cycle. 7 He pointed out that if we define a stochastic

variable Xt as a weighted sum of identically and independent

ly distributed random variables, then the time series tXt} is

most likely to display a cyclic behaviour. Let us write

where {Et} is a series of identically distributed random va

riables such that

for -: = 0

otherwise.

This process {Xt} is an example of the kind of time series

Slutsky had in mind. Although the disturbances Et are com

pletely random, with no covariance and no cyclical behaviour,

their weighted sum Xt will in general display distinct "busi

ness cycles". The process {EtJ is often referred to as a

~hite noise process, and {Xt} is called a moving-a~erage ~ro

cess of order p. Since E[E t] = 0, we have E[Xt] = 0 for the

above example. A general form of a moving-average process of

order p (an MA(p) process) allows for an arbitrary mean

E[X
t

] k:

7 Translated from Russian in Slutsky (1937).
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There is nothing which restricts p to be finite; there are

several examples of MA(~) processes.

Now, let us regard another random variable Xt which is

formed by a weighted sum of earlier realizations Xt- l, Xt- 2
etc. plus a white noise term:

This is called an a/.topegP6ssiv6 PPO~6SS of opaer q, or an

process. Assuming that it is stationary, i.e. that

E[Xt_ l] = ... = E[X
t_q],

we can take the expecta

both members and obtain

AR(q)

E[X
t

]

tion of

m
- I~.

~

Every AR process can be written as an MA process. Consider

for example the AR(l) process

(2.1)

Lagging one period yields

which, substituted into (2.1), gives

(2.2)

Again lagging one period,

can be substituted into (2.2) to obtain
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After infinitely many substitutions we obtain the MA(~)

process

(2.3)

Similarly, any MA process can be written on an AR form, which

might be infinite. The choice of whether to write a particu

lar process on AR or MA form is determined by which is the

most convenient; for example, (2.1) is shorter than the

equivalent (2.3); thus the former is to be preferred. In

some cases, a process can be most conveniently written in

cluding both AR and MA terms, e.g.

9 ~
k + L ~,Xt_' + L B.s t_, + St'

i=l 1 1 j=l J J

whereby we talk of an ARMA(q,p) process.

Now, what do these AR and MA processes have to do with

the concepts discussed in the previous section? There are

three questions to be answered: Fir3~Zy, can an arbitrary

time series {XtJ be written on AR or MA form? .~e~~~i~2, what

are the stationarity conditions for an AR or MA process?

T~irdZy, can the covariance function be expressed in terms

of the autoregressive or moving-average coefficients J i and
o ?
~j.

The first of these questions can be approached by the

so-called Decomposition Theorem, due to Wold (1954). He prov

ed that any stationary process {X
t}

can be written as the

sum of two mutually uncorrelated processes,



20

where {Dt} is a linearly deterministic process 8 and ;Ytf is

an MA process. Now there are many examples of deterministic

processes {DtJ' for example

Dt :: a • cos bt.

Assume that {Dt} is given by (2.4); the process Xt
would then be given by

(2.4)

(2.5)

Now we take the mathematical expectation of both members

of (2.5) to obtain

E[X t] = a . cos bt.

Since E[X t] obviously varies with t, {Xt} cannot be stationa

ry. For {Xt} to be stationary, the deterministic process

{Dt} in the Wold Decomposition must be independent of time,

i.e. a constant:

Thus ~~e~y 3tatio~ary 3toaha3ti~ prc~es3 can be written on

the form

or on the equivalent AR form

m +

8 A time series {D } is said to be linearly deterministic if there exists
1

, , t
a lnear function of past and present values d = c + c D + c D +
+ 6

2Dt_ 2
+ ". such that E[(D

t
+

l
- d

t)2]
= O. tot 1 t-l
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Thus the fact that we confine our analysis to MA or

AR processes does not imply any restriction, as long as we

are satisfied with studying stationary processes. There

are however some kinds of processes that we exclude from

our analysis, the most important being perhaps the proces

ses that have a deterministic wave movement underlying

them, for example the ones with tDt: given by the cosine

wave (2.4). In this latter case, the deterministic wave

appears as a spike in the spectral mass distribution.

Practically all economic variables display time series

without such spikes, i.e. having spectral densities which

allow us to express them on AR or MA form, which is qUite

convenient for analysis and estimation purposes. Note that

this does not rule out distinct cyclical movements in the

time series; assuming that the spectral density exists does

only mean that there is no d8t8r~i~{2:i~ sine or cosine wave

in the process. As shown in the paper by Slutsky referred

to at the beginning of this section, such a process might

well display "business cycles", the only qualification be

ing that the length of these cycles is not constant for all

times but varies, however slightly, in a random manner.

Now, given an AR(q) or MA(p) process - how do we know

whether or not it is stationary? For an MA process

(2.6)

we state, without proof, the following conditions for sta

tionarity:

< ex; T = 0, 1, 2,
(2.7)
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These conditions are trivially satisfied for MA(p)

processes of finite order; only MA{oo) processes can be non

stationary. For example, this means that the process (2.3)

is stationary if and only if !~! < 1. In such a case,

cc

"} a j

j~l

1 _ 1
I-a

< 00

If (2.7) are satisfied, we can take the expectation of both

members of (2.6) and obtain

We can also compute E [ (Xt - E [Xt]) (Xt +
T

- E [Xt +
T

l) ] which

gives

P
0 2 \" Q Q

€ t. ~J'~J'+:
j=o

0, 1, ... , p (2.8)

y = 0
T

for "' > p.

For an AR process the stationarity conditions are somewhat

different. Given a time series represented by

we define the characteristic equation of {Xt} as

o.

An AR{q) process is stationary if and only if all the roots

si of the characteristic equation lie outside the unit circle

in the complex plane, i.e. if and only if

'r;. I > l., 1.'
i 1, ... , q
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We see, for example, that if the AR(l) process (2.1) is

written on the equivalent Mh(~) form (2.3), the stationarity

condition for MA processes state that ~ must be less than

unity in absolute value. But the characteristic equation of

(2.1) is

1 - -:xz 0,

the (single and real) root of which is greater than unity

in absolute value if the absolute value of the coefficient

a is < 1. Thus, the stationarity condition for the AR(l)

process is equivalent to the one for the corresponding MA(~)

process.

As another example we could take the AR(2) process

(2.9)

The characteristic equation is then

1 + 0.7z + 0.6z 2 0

which has the two roots

~l -0.58 + 1.15i

:2 -0.58 - 1.15i.

The position of these roots in the complex plane is shown in

Figure 2.6:
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T
~l

r

Figure 2.6: The roots of equation (2.9)

Obviously the process is stationary, since the roots lie well

outside the unit circle.

Having established the stationarity of an AR(q) process,

we can by some computation obtain the covariance function,

expressed in terms of the autoregressive parameters:

rO( 0 y 1

O(1 °(0

a.
q

Y = UlO( 1 + u 2Y 2 + ••. + a yT T- T- q T-q
T > q.

These equations are sometimes called the Yule-Walv.er equa-

tiona.

A stationary AR process is thus a process with all its

characteristic roots outside the unit circle in the complex
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plane; the opposite case, that of a non-stationary, explo

sive process, has a characteristic equation with at least

one root within the unit circle. An intermediate case which

plays an important role in several economic contexts is
9that of the random walk - an AR(l) process that has its

only root ~ = 1:

E[Xt] is undefined for this process, as is fT' The random

walk is thus non-stationary, and like an "ordinary", non

stationary process with roots strictly within the unit circle,

it attains infinitely large values with probability one. But

unlike such processes, which disappear far out to infinity,

the random walk returns to its point of departure with pro

bability one. For a visual impression of the different kinds

of time series, the realizations of a stationary process,

of a random walk and of an "ordinary non-stationary" pro-

cess are shown in Figure 2.7:

Figure 2.7: Simulations of AR processes with characteristic
roots on, strictly outside, and strictly within
the unit circle

9 The equivalent MA(oo) form of the random walk 15 X
t

+ £t-2 + ••.



26

Although this book mainly deals with theoretical aspects

of time series analysis, and empirical questions playa very

minor role, a few words should be mentioned about estimation.

For a given time series, like the inflation rates in Figure

2.3, we can estimate the autocorrelation function as shown

in Figure 2.4. Since there is a unique correspondence between

the covariance and the AR or MA coefficients, the estimated

p function can thus give a rough hint of what kind of AR
T

or MA process that has generated the time series. This hint

can be used as an initial estimate in the estimation procedure

to obtain the a i or Bj coefficients. The particular estima

tion procedures employed are often different for the diffe

rent computer programs available in the market; some programs

make the estimates by an iterative, maximum-likelihood pro

cedure, while others employ non-linear regression techniques

minimizing the sum of squares of the residuals. When final

estimates are obtained, there exists a number of tests of

whether these coefficients are significantly different from

zero, whether the resulting residuals are significantly un

correlated etc. I O

2.3 ON THE RATIONALE FOR STATIONARITY

Throughout this book, stationarity will be a basic concept.

The analysis will deal mainly with stationary processes, and

economic concepts like the natural rate hypothesis will be

interpreted in terms of the stationarity properties of the

time series formed by the economic variables. We will end

this chapter by briefly discussing the justifications for

confining the attention to the concept of stationarity.

10 °1" f d hFor a more detal ed descrlptlon 0 these proce ures, see t e text-
books referred to in footnote 1.
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The first reason is that of 3im~li~ity. Stationary pro

cesses are easy to recognize, and the conditions for sta

tionarity are easy to handle. This holds in particular if

the time series can be represented as moving-average or auto

regressive processes; we can then apply the tools demonstrat

ed in the preceding section. The reason for studying station

ary AR and MA processes in macro theory is thus the same as

the reason for studying "stationary states" in (deterministic)

growth theory; there is no alternative if one wants to ob

tain manageable results.

The quest for simplicity is thus a necessary, but not

a sufficient reason for choosing a particular approach to

study economic phenomena. The 3e~ond reason for concentrat

ing on stationarity is that it has a meaningful economic

interpretation; it can be viewed in terms of dynamic equi

librium. There are of course many aspects of eqUilibrium, for

example the equality of supply and demand. Another aspect re

fers to the concept of consistency; that the prices consu

mers and producers take into account when they make their

decisions are the same as the ones appearing in the solution

of the general equilibrium system, or that the inflationary

process for which the agents form their expectations is the

same as the one occurring as a result of these expectations.

In dynamic models a third dimension of equilibrium occurs,

namely that of constancy, steady-state, or stationarity. A

model that repeats itself period after period is said to

be in dynamic equilibrium. In deterministic models dynamic

equilibrium means that all variables are constant;ll in

stochastic models the straightforward analogy of dynamic

eqUilibrium is that all variables' ?r~5~cilitd ii3~ri5ution3

be constant.

11 . f h . bl 'Somet~mes however the constancy does not re er to t e var~a es
lc.';el8, but to their rar;e3 0."' char.qe . In a "stationary g r owt h model"
all magnitudes are increasing at a constant rate.
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An obvious analogy is provided by deterministic macro

models. In static macromodels we can connect combinations of

inflation and unemployment to form a Phillips curve. Making

the model dynamic, we can analyze the long-run Phillips curve.

This is done by investigating whether the (deterministic)

paths of the inflation rate "t and the unemployment rate ut
ultimately stabilize at some constant values nand u. The

long-run Phillips curve is then the curve connecting pairs

of such constant values in the (n,u)-plane. In a stochastic

model the variables never attain constant values, but we can

take the average values E[ntJ and E[Ut) and compare these.

The analogy to the deterministic case lies in the fact that

we can compute these pairs of numbers, plot them in the

(E[nt], E[ut])-plane and interpret the result as a long-run

Phillips curve. For such an interpretation to be meaningful,

E[n t) and E[Ut] must be defined, and must be constant over

time. And this means that we have to study whether the time

series described by nt and u t are stationary.

There is a minor problem in this interpretation. It

does not seem too unreasonable to extend the concept of dy

namic equilibrium in deterministic models to the cases

where variables are not really constant, but fluctuate in

a stable manner, for example according to a cosine wave

Yt = a • cos bt. (2.10)

As long as the variables do not explode, such models could

be said to be in a state of equilibrium. Assume now that we

have a stochastic model of the same kind as the deterministic

one, except for a disturbance term Et which affects Yt addi

tively:

a • cos bt + E t . (2.11)



29

If Y
t

as given by the deterministic model (2.10) is said to

be in a state of dynamic equilibrium, then Yt as given by

the stochastic model (2.11) could equally well be said to

form an equilibrium process. In the time series terminology,

however, the process (2.11) is non-stationary and will thus

not be considered in our analysis. Now, cosine waves like the

one above is only one example of recurrent, deterministic

phenomena which cannot be analyzed in terms of stationary

ARMA processes; another type of deterministic influence is

"the political business cycle", stemming from the fact that

the election period is deterministic. 1 2 Without denying the

potential importance of such phenomena, I have chosen to dis

regard them for the present purpose.

For time series that can be represented by AR or MA pro

cesses, non-stationarity can take two forms: either the time

series virtually explodes (like in the case with the process

X
t

= 1.1 X
t- l

+ St in Figure 2.7 above), or it drifts away

like the random walk, but returns with probability one. In

the first case it is evident that the non-stationarity can

be looked upon as a phenomenon of dynamic disequilibrium,

while the second case is a little more doubtful. It is hard,

however, to identify the random walk with a state of dynamic

equilibrium, since the variable does not move in any stable

manner around some well-defined average value.

Finally, it would be interesting to see how well the

stationarity property conforms to observed reality, for ex

ample in the inflation time series. We recall that the

Swedish inflation rates as depicted in Figure 2.3 above

seemed fairly stationary, although there was perhaps a

slight tendency for increases over time. Although the time

series is quite short (the Box-Jenkins estimation procedures

reqUire at least 40-50 observations to yield any reliable

estimates) we can estimate the ARMA process underlying it,

carry out the tests for stationarity etc., to obtain the

stationary MA(l) process

12 Cf. Nordhaus (1975) and Lindbeck (1976;.
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0 2 = 8.87
E

(2.12)

To obtain better estimates, however, we need more observa

tions. On the other hand, very ancient inflation figures are

perhaps of minor relevance for today's economic policy. In

particular, people's memory is limited, and nobody takes the

time series from, say, the 19th century into account when

forming expectations about tomorrow's inflation rate.

Just for the sake of curiosity, we display the Swedish

yearly inflation rates between 1732 and 1977 in Figure 2.8:

1920

Figure 2:8: Yearly changes in the implicit GNP deflator, Swe
den 1732-1977. The inflation rate at time t is de
fined by ITt = (Pt+l-Pt)/P t, where P is the price
leve 1 at time t. t
Sources: Amark (1921), Johansson (1959) and
Swedish National Accounts.



31

This time series looks fairly stationary, and the rise

in inflation rates during the 1970's is in this long perspec

tive of a minor significance. Trying to estimate the spectrum

of this process, we obtain the picture displayed in Figure

2.9:

20 10 5 3 2
cycle length,
years

Figure 2.9: Estimated spectrum for Swedish inflation
rates 1732-1977

Firstly we notice that the high concentration of spectral

mass at the lowest frequences of Figure 2.5 has diminished be

cause of the higher number of observations. Secondly there

does not seem to be any long, Kondratieff waves in the series,

and just a slight hint of a 3- or 4-year business cycle. In

stead the dominating frequence seems to be an eight-year

cycle, unheard of in the literature on business cycles. The

explanation of this is simple, however: The great disturban

ces created by the First World War, and to a lesser extent by

the 1808-1809 war, have hidden all other periodicities. Espe

cially the eight-year cycle that occurred around the First

World War dominates so overwhelmingly that hardly any other
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cycles are visible. To give a fair picture of the business

cycle during the last two centuries, we should take these

effects into account. However, this clearly is beyond the

scope of this book; we simply display the crude estimate of

Figure 2.9 as an illustration of a statistical method. In

the same spirit we estimate the ARMA process underlying the

Swedish inflation since 1732; it turns out to be the MA(l)

process

38.7

Now this very long time series encompasses the old, rural

Sweden of the 18th and the first half of the 19th century,

as well as the industrial society emerging after, say, 1860.

It is hardly surprising that estimating the ARMA processes

for these separate subperiods yields quite different results.

Thus we have for the period 1732-1860

42.90

with hardly any business cycles. For the period 1861-1977

we have instead

0 2 20.66
£

with a pronounced four-year cycle. These estimates should

not be taken too seriously, however, since they are still

blurred by the impact of the wars 1808-1809 and 1914-1918.

The fact that the inflationary process seems to have

changed since the 18th century might of course be a sign of

non-stationarity. On the other hand it could be argued that

it is the same stationary process, but that it contains such
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long waves that our 246 observations are too few for detect

ing them. Such a discussion is hardly meaningful, however,

and we should not go deeper into it, but just notice that

inflation has not displayed any tendency to explode during

the last 246 years, thereby lending some support to the

hypothesis of stationarity.
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3. EXPECTATIONS IN
MACROECONOMICS

3.1 TWO SIMPLE MACRO MODELS

In this chapter we will investigate how inflation and unem

ployment can be studied within a time series framework.

There exists a multitude of models connecting real and no

minal variables in economics, and we will confine the ana

lysis to two of them: the Phillips Cupve and the Aggpegate

Supply Function. The reasons for dealing with these two

models, which are not mutually exclusive, are that they are

simple, thereby alloWing us to concentrate on our main points

concerning the stochastic properties of the models and the

corresponding formation of expectations. Furthermore, they

are pelevant; these two models have been in the focus of

almost all contemporary macroeconomic model-bUilding, and

macroeconomic debate, and therefore it seems appropriate

to concentrate upon them.

3.1.1 The Phillips Curve

Irving Fisher (1926) was the first to investigate the rela

tion between inflation and unemployment, a relation which

was rediscovered by Phillips (1958). Three questions were

quite naturally asked as soon as the Phillips curve became
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1known:

i) Which are the micro-foundations?

ii) Is the relationship stable?

iii) What implications does the relationship have for

economic policy?

The first question was dealt with by Lipsey (1960) in

terms of the Walras-Sarnuelson tatonnement procedure, which

assumes that the rate of increase in the relative price of

a commodity is a function of the excess demand for that

commodity. Regarding (nominal) wage inflation as a proxy

for the increase in the relative price of labor, and the

rate of unemployment as a proxy for (negative) excess de

mand for labor, such an interpretation would imply a Phillips

like relation. However, many problems arise: The increase in

nominal wages is quite a bad proxy for the increase in the

relative price of labor, especially since a Phillips rela

tion can also be estimated if the change in nominal wages

is substituted by the change in consumer price index. Further,

the Walrasian auctioneer, SWiftly adjusting prices before any

trading takes place, is indeed a strange creature; the policy

minded economist would perhaps prefer some more realistic

explanation, based on the behavior of firms and workers, of

why price changes and unemployment rates are related in the

way they are. Finally, the tatonnement procedure cannot ex

plain the distinct counter-clock-wise "loops" around the

Phillips curve that had been observed.

By the term "micro-foundations" we usually mean the fact

that an observed relationship like the Phillips curve can be

derived from a basic model of maximizing behavior. Although

Lipsey's attempt to explain the inflation-unemployment rela-

1 Since there exist by now several good surveys of the history of the
Phillips curve, we shall give only a brief account here. For a more
detailed treatment, see e.g. R.J. Gordon (1976), Milton Friedman's
Nobel Lecture (1977), and Santomero and Seater (1978).
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tionship in terms of the Walras-Samuelson t~toi1nement aealt

wi th fundamental concepts in microeconomic theory, it did not

provide micro-foundations in the stricter sense of stating

explicitly which maximization model leads to the observed be

havioral relation.

A more influential (and perhaps more successful) attempt

to provide micro-foundations for the inflation-unem?loyment

trade-off was launched by the publication of the so-called

Phelps volume (1970). In that volume, which during the nine

years since its first appearance has become a classic in its

field, Holt (1970) derived a Phillips-like relationship out

of workers' search for new jobs and acceptance of wage offers.

Similarly, Phelps (1970) derived the relationship from a model

of firms' optimal strategy for wage offerings in order to

attract workers. In a third paper, Mortensen (1970) integrat

ed both the behavior of workers, searching employment, and

firms, trying to attract labor, thereby also obtaining a

Phillips-like relation between inflation and unemployrnent. 2

Two characteristic features of the papers in t~e Phel~s

volume should be mentioned. FirstZy, they do not regard un

employment as a disequilibrium phenomenon, like in Lipsey's

tatonnement reasoning referred to above, or like in Keynesian

or neo-Keynesian models (such as, for example Clower's (1965)

and Barro-Grossman's (1976) models). Instead, they regard un

employment as a voluntary activity of rational agents opti

mally searching for better job opportunities. SeaondZy, most

of "the new microeconomics" models incorporate tae "aturaZ

rate hypothesis, which brings us into the second of ~~e ques

tions on page 35 above, namely whether the Phillips relation

is stable. The answer has to do with whether, and how, infla

tionary expectations should be modelled into the Phillips

curve, which will be the main theme of this book.

2 More recent, and more general treatments of tne ~uestions dealt witn
in the Phelps volume are given in e.g. Seater (1977 and 1978).



37

Originally, the relation between inflation and unem

ployment was formulated simply as

(3.1)

where TIt denotes inflation
3

in period t, u
t

denotes unemploy

ment in period t, and f(.) is a convex, downward-sloping

function for which there exists srnae uN such that f(uN) = o.
This simple Phillips curve seemed to provide exactly the

kind of information that the authorities needed for their

policy decisions; given the relation (3.1), and given society's

preference ordering in the (n,u)-space, we can choose the

combination of inflation and unemployment that is optimal,

i.e. that corresponds to the highest indifference curve

S(n
t,

u t) like in Figure 3.1:

7. change in consumer
price index

87

,, ,,,

Z
~~~5

1976

unemploy
ment 7. of
labor force

Figure 3.2: Inflation and unemployment
in the U.S. 1953-1976 (Source:
Economic Report to the President
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9

Phillips 8curve

7

6

5
1%'
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3

2

u
1

3

Figure 3.1

3 In fact, Phillips originally estimated i~:ZGrion i~ ~:~~y~~ wages as a
function of unemployment. It is however generally agreed that if some
kind of Phillips relation holds, it will also hold (With the obvious
change of sign and functional form) if unemployment is replaced by de
trended real output, if money wage inflation is replaced by percentage
changes in consumer prices, and so forth (cf. Lucas (1972 b, p. 50».
In the following, I will let TI denote the percentage change in consumer
price index, but it could equally well be interpreted as the rate of
change in any other relevant variable.
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\fhen inflation rates began to take off in the late 60's

(cf. Figure 3.2) some economists questioned tae appropriate

ness of a simple formula like (3.1), claiming that such a

relation would hold only in the short run. Among tile chief

advocates of this view were Edmund Phelps (1967) and (1~72),

and Milton Friedman, who in his Presidential Address (1968)

coined the expression "the natural rate" for the unique rate

of unemployment that will prevail in a stable, long-run equi

librium in the neoclassical tradition, where demand equals

supply for all goods (including leisure and time spent on job

search) at the existing prices and wages. It seems quite rea

sonable to call the rate of "enemploy~ent" that occurs in

such a model "natural", and it is almost a truism to say that

the model could be such that the natural rate of unemployment

cannot be affected by monetary policy. The controversial ques

tion is, however, whether such a conclusion, drawn from such

a model, is applicable to the economy of the real world, there

by im91ying that the long-run Phillips curve is vertical.

To formalize the view of the vertical Phillips curve, we

take as our point of departure that the simple relation (3.1)

does not tell the wl~le truth; inflationary expectations shoula

be taken into account by adding a term to the formula:

(3.2)

where ~~ denotes expected inflation at time t.

Now there are two interpretations of the work "equilibrium"

to deal with. The first one refers to the ordinary sense of

the word: that demand equals sup~ly at the present price system.

The second meaning is what we will call dynamic equilibrium,

which means that all variables follow stationary time series.

We will not introduce the complications following from the

stochastic approach yet, but illustrate the line of reasoning

from a aeterminstic model. Thus, assume that unemployment is

pegged to a constant u. If we define dynamic equilibrium as a
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state in which the rate of inflation is cOfistant, and if we

require for consistency that the expected rate of ififlation

equals the actual one, we have

'IT • (3.3)

SUbstituting (3.3) into (3.2) we have a relation between real

and nominal variables in a state of consistent, dynamic equi

librium which we call the long-run Phillips curve:

1T = feu) + un.

This shows that feu) can be different from zero (i.e., u can

be different from the so-called "natural rate" uN) only if

a ~ 1. Rearranging, we obtain the expression

TI = f(u)
l-a

N
which shows that if ~ = I and u ~ u ,then no finite equilibrium

inflation rate exists. Note that we have not yet specified how

expectations are formed; the "natural rate property" of the

above model holds as an identity as soon as we impose our de

finition of an equilibrium and our requirement for consistency,

(3.3), on the model. Empirical investigations, however, aimed

at finding out whether the natural rate hypo~.esis holas for

the real economy, must of course s~ecify how 1f~ is formed in

order to make estimates of the strategic parameter ~.4

We thus see that the answer to the second question on

page 35 is somewhat ambiguous. As is evident fram Figure 3.2,

the relationship between inflation and unemployment is not as

simple as the "naive" Phillips curve (3.1). However, there

might exist a stable expectations-augmented ?hillips curve

(3.2) which, if a ~ 1, implies that there exists a long-run

4 S 1 d .. . f e .. 32orne common y use spec1f1cat10ns 0 1T are presented 1n Sect10n •
below. t
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trade-off between inflation and unemployment. The third

question on page 35 concerned the role of economic policy,

and one might be tempted to say that the answer to this

question depends on the answer to the second: If a ~ 1, then

there is room for the authorities to perform employment poli

cy, and if n = 1 (i.e. if the natural rate hypothesis holds),

then monetary policy, aimed at changing the rate of unemploy

ment, is neither possible nor desirable. However, this is

not true in general, and it is not true for our above model

in particular.

To answer the question about the role of economic policy

we first have to specify how economic policy is thought to

work within the framework of the Phillips curve model. There

are two fundamentally distinct ways of looking at economic

policy, which are due to different interpretations of the

Phillips curve. The earliest writers on the subject, including

Phillips himself, and Lipsey (1960), seem to have assumed that

the direction of causality runs from unemployment to inflation.

The authorities were assumed to choose a time series of un

employment { ••• , u t-l' u t' u t +l' •.. }, which could be more or

less perfectly controlled by for example public works and

different kinds of fiscal policy. The time series {ut} was

transmitted through the Phillips model

and, given the way expectations TI~ were formed, this resulted

in an inflation time series { •.. , TIt-I' TIt' TI t +l, ... }. The

natural rate question in such a world was then: could the

authorities choose a time series rUt} with an average value

E[utJ different from the natural rate uN without resulting in an

exploding (i.e. non-stationary5) time series {TIt}.

5 We recall that for ARMA processes, non-stationarity means that the pro
cess veritably explodes if all the characteristic roots are within the
unit circle; and it drifts away like the random walk if at least one root
is on, and all the other roots are outside, the unit circle.
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A more recent way of looking at economic policy, which

is mostly associated with the Monetarist school, and which

analyses the macro economy as an equilibrium system (in con

trast with the earlier, "Keynesian" school), considers the

opposite direction of causality. The authorities choose an

inflation time series { ... , TIt-I' TIt' TI t +l, •.. }, for example

by means of the money supply. This series is transmitted

through the economic system in a way which can be described

by the Phillips curve, and an unemployment time series { •.• ,

u t- l' u t' u t +l' •.. } results. The natural rate question is

then: Is there a stationary time series {lIt} such that the

corresponding series rUt} has a mean E[Ut] different from

the natural rate uN?

There are thus two ways to model the conduct of economic

policy, and although they are quite different on the concep

tual level, they are very similar on the formal level. Given

the model (3.2), we are interested in the mean of the time

series rUt} and the stationarity properties of the time series

{TIt}' On this level of aggregation, where the whole macroeco

nomic reality has been reduced to some simple properties of

two time series connected by the Phillips relation, the

direction of causality and the interpretation of the Phillips

relation matters little, and the distinction between monetary

and fiscal policy is of no importance. Thereby is not claimed

that these questions are unimportant per se, but only that we

have chosen to study the economy at such a level of abstrac

tion that these things do not appear explicitly.

Another question which is of great importance to the

role of economic policy, and which we will not pursue further,

is the distinction between short and long run. The natural

rate is a long-run concept, and even if the unemployment

series rUt} cannot have a mean different frore uN, there might

be room for economic policy in the short run. Edmund Phelps

(1967) studies a model which displays natural rate properties,

i.e. where inflation and unemployment are connected by
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(3.4)

and where expectations are formed adaptively6 by

(3.5)

and where we have the dynamic equilibrium and consistency

condition

1T. (3.6)

For such a model the natural rate hypothesis obviously holds;

as noted earlier, it follows from (3.4) and (3.6) regardless

of how expectations are formed. However, the system (3.4) and

(3.5) forms, together with a social welfare function with

inflation and unemployment as arguments, a dynamic problem of

optimal control. Phelps solves this control problem and charac

terizes the optimal paths {1T t } and {ut}; the intuitively reason

able result is that if society's time preference is high enough,

it is acceptable to fight unemployment today even if such a

policy results in higher inflation tomorrow. The answer to the

last of our three questions on page 35 above is thus the follow

ing: the fact that the natupal pate holds for a model does not

necessarily rule out the desirability of macroeconomic policy

aimed at changing the unemployment rate. Even if u t will be

equal to uN in the long run, the Monetarist conclusion of non

intervention might be incorrect and rely on a static approach

to policy problems that are essentially of a dynamic nature.

3.1.2 The Aggregate Supply Function

In the process of search for the micro-foundations of the

Phillips trade-off, an analytical concept emerged which has

6 See Section 3.2.1.
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become widely used during the last five years. It is the

aggregate suppLy function, which relates real output to the

price level by

where Yt is defined as the log of real output Yt' Pt is the

log of the price level Pt' and P~ is an expectations variable.

This particular function, while used also by earlier writers,

has mainly been employed and advocated by Robert E. Lucas and

his followers in the so-called rational expectations litera-
7ture.

There are several different ways of justifying a rela

tion like (3.7). Lucas and Rapping (1969) for example, study

a Fisherian model where workers allocate their time over

two dates, choosing between labor supply and leisure today,

and labor supply and leisure tomorrow. Assuming a utility func

tion with consumption and working time as arguments, the ra

tional utility maximizer then, according to Lucas and Rapping,

solves the decision problem

subject to

where c l is consumption at time 1 and time 2, respectively,

and £1 and £2 is labor supply at time 1 and time 2. Pl and

wl denote the price of consumption goods and the nominal wage

at time 1, respectively; these two parameters are assumed to

be known when the agent decides about consumption demand and

7 Cf. Section 3.2.2.
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labor supply at time 1. The future price and wage levels,

P2 and w2, are however unknown at time 1, but the agent has

formed expectations p; and w~, respectively. Finally, r de

notes the banks' lending and borrowing rate, and A denotes

the agent's initial asset holdings. Solving the decision

problem at time t = 1 leads to a labor supply function for

period 1:

(3.8)

Now we have a model for the supply of labor; by equalling

this to the firms' demand for labor, which is obtained from

the marginal productivity conditions of a CES production

function, we obtain an expression for the supply of

goods expressed as a function of among other things the price

level PI and the price expectations p;. This yields, after

some fairly strong assumptions, a supply function like (3.7)

The micro-foundations of the aggregate supply function

are not completely clear; especially the way the labor supply

function (3.8) is transmitted through the goods markets is

perhaps somewhat questionable. S There are however other ways

to obtain the function (3.7) than the one just mentioned. The

Lucas-Rapping model was a model with agents speculating over

time; the possibility of a higher price or wage level tomorrow

affects today's labor supply decision in a way that is reflect

ed by the aggregate supply function. An equally important

category of models is the one where agents misperceive their

real ~age8.9 If prices and wages increase by the same amount,

the agents immediately observe the increase in their own

(nominal) wages, but they obtain only a limited information

of the increase in the general price level. Therefore they

believe that their real wage has increased, this causing an

8 The supply function will be critically examined in Chapters 6 and 7
belo....

9 This is the type of model implicit in M. Friedman (1968).
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increase in the labor supply which, transmitted through the

goods markets, gives rise to an aggregate supply function

like (3.7).

In the above models the main emphasis was put on the

behavior of the labor force. There are also related models

where the firms misperceive the relative price of their out

put and speculate over markets, like in Laidler (1978). In

this model the firm adjusts its output according to whether

the price of its product is high in relation to the general

price level:

(3.9)

where Yi t is the output of firm i at time t, Pit is the

price observed by firm i in its particular market, and P~t

is firm i's perception of the general price level. Given

some rather restrictive assumptions l O we can sum over the

firms to obtain

which, if F is log-linear, yields

There are several important differences between the three

types of models discussed above. Firstly, the uncertainty

in the Lucas-Rapping model is borne by the workers, while

the firms passively employ the labor supplied until the

marginal productivity conditions are fulfilled. In Laidler's

simple ad hoc model, the uncertainty is borne by the firms,

and the labor supply does not appear at all in the model.

In the intermediate, Friedman model, both interpretations

10 For example, that all firms have identical reaction functions, and
that all firms have the same perception of the general price level

e
Pt'
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are possible, Friedman's verbal description being general

enough to comprise both labor and firms misperceiving their

relative prices.

Seaondly, the interpretation of the expectations term
ePt is different. In Lucas' and Rapping's Fisherian model

p~ obviously refers to the agents' (i.e. the workers') ex

pectation of future prices, assuming today's general price

level perfectly known. In Friedman's and Laidler's models,

however, p~ is interpreted as the agents' perception of to

day's general price level, which is not perfectly known. But

at least for Laiqler's model this dichotomy is perhaps not

particularly important; it seems reasonable to conceive

of a model where firms speculate over time instead of over

markets and supply goods according to a formula like (3.9),

where P~t thus should be interpreted as an expectation of

tomorrow's price level.

In contrast to the Phillips curve, all models from which

the aggregate supply function has been derived are equilibrium

models. It has been used exclusively in rational expectations

models, and the direction of causality has been from nominal

magnitudes to real magnitudes. Economic policy has thus been

seen upon as a time series { ••. , Pt-l' Pt' Pt+l' ... } which

can be controlled by e.g. the money supply. This time series

is transmitted through the supply function (3.7) and, given

a formula defining p~, it produces a time series { ... , Yt-l'

Yt, Yt+ l, ••. }. The natural rate hypothesis can then be

stated in a way similar to the Phillips curve model: if no

stationary time series {Pt} exists such that the average

value Yof the time series {Yt } is different from the "natu-
NraIn level y , then the natural rate hypothesis is said to

hold. Note however the stronger requirements in the supply

equation model. While we for the Phillips curve only requir

ed the inflation rate TIt to form a stationary series (which

allows the priae level to form a non-stationary series) we

required for the supply equation that the price level be
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stationary. Therefore one should perhaps make a less strong

definition for the latter case: if no stationary time

series {. •• , Pt' ••. } or {. •• , (Pt-Pt-l)' ..• } exist for

which Y ~ yN, then the natural rate hypothesis is said to

hold.

We thus have two relations between real and nominal

magnitudes: the Phillips curve (3.1) or (3.2), and the supply

equation (3.7). Although they look quite different, the

later stating that real magnitudes can be affected by the

rate of change in the price level, they are not mutually

exclusive. On the contrary all the models referred to above,

from which (3.7) can be deduced, aimed at obtaining a Phillips

like relationship bewteen inflation and real income. Assume

that the aggregate supply equation holds,

and that expectations are formed adaptively:

Combining these two equations by using a Koyck transformation

yields

y =
t

(3.10 )

which is a Phillips-like relation between real output and

the rate of inflation. A somewhat disturbing feature, though,

is provided by the additional term (l~)Yt' What consequences

will this have for the econometric estimation of the Phillips

curve? Let us, by means of a production function, translate

levels of real output into unemployment rates and write

(3.10) as

(3.11)
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where £t is a stochastic disturbance term. l l Specifying the

ordinary Phillips curve as

C3.12)

we see that an estimation of (3.12) on (3.11) will probably

give the impression of a significant Phillips relationship.

However, since the disturbance term n t contains both £t and

u t - l' the estimates of the parameters in fC.) will be biased

if u t and u t- l are correlated. We thus see that a Phillips

curve aan be deduced from a micro model, namely the micro

model that yields the supply equation, but that the estima

tion of the curve can cause problems due to the time series

properties of the variable u t• This shows that the Phillips

curve and the aggregate supply function need not be mutually

exclusive, but that the former is rather to be regarded as

a reduced form of a larger system which contains the latter.

Of course, this does not mean that the Phillips curve

and the supply equation are equivalent. We recall that the

latter fomula relies on eqUilibrium micro models, and a

Phillips curve derived from these is thus some kind of re

duced form of an equiZibrium system. However, the Phillips

curve can also be interpreted in a "Keynesian" way, describ

ing some features of a disequiZibrium system with rigid

prices. The underlying perception of the world is quite

different in the two cases, even if the resulting functio

nal forms are the same.

3.2 MODELS OF EXPECTATIONS

Economics, claiming to deal with real-world phenomena, must

take uncertainty into account. The particular type of un

certainty which is related to the passage of time calls for

11 Note that it is not at all self-evident that £t should occur additively,
or should have all the neat properties required for ordinary least squares
estimation; we just assume this for simplicity.
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a theory of expectations; in fact such a theory is an essen

tial feature (and perhaps the essential feature) of macro

economics. While this has been acknowledged throughout the

history of macroeconomic theory, the "ex ante-ex post" ana

lysis of the Stockholm School being an early representative

of the role of expectations, explicit and operational models

of how expectations are formed have hardly been used for

more that the last few decades. In fact, only two such models

exist, namely the adaptive and the rational expectations

schemes. The former was the only one to be used during the

1950's and 1960's, while the latter has gained dominance

during the 1970's.

3.2.1 Adaptive Expectations

The first time the concept of a distributed lag appears in

the economic literature is in a paper by Irving Fisher (1925).

In that paper, Fisher tries to explain the monthly volume of

trade by the monthly change in the price level (i.e. a sort

of Phillips relationship, with a reversed direction of causa

lity). Noting that trade can hardly be affected immediately

by the whole force of a price increase, but that the effect

is rather likely to be spread out over some months, he ob

tainedasubstantial increase in correlation when he studied

the relation not between trade volume and inflation TIt' but

between trade volume and a variable TI~' defined as

n
I w. TI t _ · ·

j=l J J
(3.l3)

A distributed lag is generally defined as a linear relation

between a variable Y and earlier values of a variable X:

Y
t

= Ew. X
t

..
J -J

(3.14)

In the particular case when the variable Yt can be interpret

ed as a forecast of the variable Xt, we talk of an adaptive

expectation. Thus the distributed lag (3.13) defines an

adaptive expectation of inflation.
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The introduction of a distributed lag into the models

serves two purposes: it increases the explanatory power

(i.e. the R2) of an estimation, and it introduces an ele

ment of dynamics into an otherwise static model. The first

of these purposes, which thus is of an essentially econo

metric character, was the one that preoccupied Irving Fisher

in his p~oneering paper. In this context a problem arises:

if the length n of the lag is large, the estimation of all

the individual weights w. will cost a lot of degrees of free-
l.

dem. If we can constrain the weights in some reasonable way

we will make a gain in the estimation procedure. Irving

Fisher thus assumed that the w.:s were log-normally distri-
l.

buted, which meant that the entire lag structure was deter-

mined if only two parameters (the mean and the variance) of

the distribution could be determined. In a later work Fisher

(1930) used a linear lag structure instead, while Koyck (1954)

and Almond (1965) developed methods for saving degrees of

freedom by employing geometric and polynomial lag structur-
12es.

The second aspect of distributed lags, that of provid-

ing a dynamic framework for the economic models, did not pre

occupy the econometrically-oriented Fisher, who was mainly

interested in improving the goodness of fit. The recogni-

tion that a formula like (3.13) or, more generally, (3.14),

inserted into a suitable model, would yield certain dynamic

patterns emerged in the mid-1930's with among others Erik

LUndberg13 and Jan Tinbergen,14 and was formally investigated

by Paul Samuleson (1939) in his famous "Multiplier-Accelerator"

see Nerlove
on the subject

13

14 See e.g. Tinbergen (1935).

12 For extensive surveys of the history of distributed lags,
(1958 and 1972) and Grilicbes (1967). A standard textbook
is provided by Dhrymes (1971).

Lundberg (1937).
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paper. These studies, however, relied on very simple, first

order lags, and it was furthermore not quite evident that

the lags should be interpreted as expectations; they could

equally well be the results of inertia in the production and

investment processes, or some kind of adjustment costs.

The first macroeconomic study that explicitly models the

formation of expectations and takes account of all the econo

metric and dynamic features of the distributed lags approach,

is that of Cagan (1956). He developed a model for the hold

ings of real cash balances which in its simplest version

assumes the desired real balances as a negative function of

the expected inflation rate:

log (::] = a + b~~.

He then assumed that the expected rate of change in prices

is revised each period of time in proportion to the diffe

rence between the actual rate of change and the rate of
15change that was expected:

(3.16)

Such a formula, which has already appeared once or twice in

the above text, is called adaptive or error-learning: if my

forecast was too low yesterday (i.e. TI t- l - TI~_l is positive)

I adapt by aiming a little higher today. The degree of ad

justment to yesterday's error is determined by the coefficient

6; a high 6 means quick adjustment, and a correspondingly

15 In fact, Cagan worked with a model in continuous time, while the
above notation implies discrete time. The distinction is of no im
portance in the present context, but it should perhaps be mentioned
that some of Cagan's stability results, which were obtained from
the theory of differential equations (i.e. continuous time) do not
hold for his empirical estimates, which are made on data collected
at discrete intervals. On this question, cf. B Friedman (1975).
For some other aspects of continuous versus discrete time in adap
tive expectations models, see Burmeister and Turnovsky (1976).
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greater risk for over-adjustment. 1 6 By successively lagging

(3.161 and substituting, we obtain n~ as an infinite distri

buted lag with geometrically declining weights:

co •

n~ = 8 ): (1- 8) J n t - l -
J
,

J=o
(3.17)

We thus see that every adaptive, error-learning scheme of

the form (3.16) can be written as an infinite, geometric

lag (J.17). Conversely, every lag structure of the form

(3.17) can be expressed in the adaptive form (3.16). For

more general lag structures

co

I w
J
' n t _ jj=l

(3.18 )

which are not necessarily geometric and the forecasts of

which are not necessarily one-period-ahead forecasts, it is

not generally true that they can be equivalently written

according to a simple first-order adaption like (3.16). But

the work "adaptive" does not exclusively refer to such a

limited class of formulas; the adaption need not confine it

self to the difference (n t- l - n~_l)' but could take into

account differences of higher order (n t . - n t
e .), the square

-J -J
of the differences, the rate of change of the differences,

17etc. Therefore, I will use the term "adaptive" for all

expectations of the form (3.18), even if they cannot be re

duced to a simple formula like (3.16).

Now, combining the behavioral equation (3.15) with the

expectations formula (3.16), and assuming that desired hold

ings of real balances are equal to actual holdings and that

16 It is not certain that 0 should be constant. In hyperinflations, for
example, agents might become more sensitive to changes in the infla
tion rate, thereby adjusting quicker than in less dramatic periods.
For a version of Cagan's model with a variable 0, see Khan (1977).

17 See Mincer (1969) for a discussion of some more complicated adap
tions.



53

nominal money supply mt is independent of Pt' we obtain a

difference equation in Pt which might be stable or unstable

depending on the parameters 6 and b. 18 Cagan's model thus

not only prOVides a framework which has a "reasonable" re

semblance to reality, but also casts the economy in a sLffiple,

dynamic setting, thereby making it possible to arrive at

conclusions concerning stability, oscillations, etc.

At the same time as Cagan used the geometric lag for

mula (3.16) or (3.17), another Chicago economist employed

it for the construction of time series of income, namely

Milton Friedman in his "A Theory of the Consumption Function".

While Cagan's rr~, however, is a genuine expectations variable,

Friedman's permanent income y*(t) does not exaotly correspond
p

to the agent's expectation of tomorrow's income. From one

point of view, y*(t) can be regarded as the expectation of
p

a probability distribution, which makes it look like a ge-

nuine expectations variable, while from another point of

view it should take into account not only the probability

distribution of tomorrow's income but also income over the

future lifetime of the individual. When discussing the exact

interpretation of y* Friedman takes a fairly pragmatic view of
19 p

these problems, and we should perhaps not go too deep into

them.

Now, the geometrically distributed forecasts of Cagan

and Friedman gained a wide acceptance during the 1950's and

were used in numerous studies of economic phenomena. Apart

from the simplicity and the attractive error-learning fea

ture that lies in formula (3.16), they were used only on an

ad hoc basis without any questioning of whether, or why, the

adaptive expectations were justified on more statistical

grounds. This led Muth (1960) to ask the following question:

18 With our formulation of the model (in discrete time), the equation be
comes quite tedious, while Cagan's assumption of continuous time yields
a fairly simple differential equation.

19 Cf. Friedman, op.cit., chapters III and VI.
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Assume we have a tLme series f ... , Yt-l' Yt' Yt +l, ... } of

which we make an adaptive forecast

o ~ 6 ~ 1 (3.19)

For what kind of tLme series fyt} is the forecast Y~ appropri

ate, i.e. for which time series is Y~ an "optimal" forecast?

To answer this, he first defined an optimal forecast as a

forecast Y~' given by (3.19), such that the mean square error

be minimized. 20 He then wrote the stochastic process fy t} on

the general moving-average form

00

(3.20)

By assuming that E[ytJ = 0, i.e. that there is no intercept

in the process (3.20), we see that fop this paptieulap ease

the optimal predictor Y~ can coincide with the conditional ex

pectation of Yt• The question is then: For which process

(3.20), i.e. for what parameters Sj' does (3.19) provide a

forecast such that

Muth shows that for this to hold, {Yt} must be a modified

pandom ~alk of the form

(3.21)

It is in fact possible to generalize the result a bit further.

The formula (3.19) assumes that we are only interested in

forecasts of the time period immediately ahead. Assume in

stead that we have a fopeeasting span of e periods, i.e.

20 This criterion can of course be questioned, but it is the standard
criterion for optimality in econometrics and forecasting literature.
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that we form the expectation

(3.19')

Muth demonstrates that this forecasting formula is optimal

for a process of the form

We can thus drop the subscript of the coefficient e and

conclude that if the time series to be forecasted follows

the pattern (3.21), a forecast of the form (3.19') is opti

mal regardless of the foreaasting horizon e. In other words,

for the modified random walk (3.21) we have

e
(where the first subscript of t-lYt+e refers to the time at

which the forecast is formed).

We thus have the result that if (3.19) is to be an op

timal forecast of a process that can be written as (3.20),

and if

(3.22)

then the ej coefficients must all be equal to 6. But what

if the process is such that the conditional expectation can

not be expressed as a weighted sum of earlier realizations,

i.e. what if (3.22) does not hold? Will (3.19) be optimal

for these, too, or is there another set of adaptive weights

wi that minimizes the mean square error?

Muth studied one such process, namely the process where

Yt is assumed to consist of two separate parts, a "permanent"

part x t and a "transitory" part nt:

(3.23)
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Assume that the transitory variable is white noise, while

the permanent variable follows an ordinary random walk,

In this case the conditional expectation of Yt is

However, since both the permanent part x t and its transitory

counterpart n t are unobservable, the only observable variable

being their sum Yt' we might have difficulties in forming

the expectation E[ytl ••• l. What we can easily do instead is

to form a forecast y~, not necessarily equal to E[Yt' ..• ],

as a weighted sum of earlier observations of y:

L wJ' Yt-i
j=l

(3.24)

A forecast according to (3.24) is thus not always "rational",2l

but we can nevertheless ask what the adaptive weights w. should
~

look like if we want to obtain an Y~ on the form (3.24) which

minLmizes the mean square error V. It then turns out that the

wj:s will be of the form

i 1, 2, 3, •.• , (3.25)

which means that the forecasts will be geometric like those

in (3.l9), although the relation between 6 and the parameters

of the process {Yt} (i.e. the variances 0 2 and 0 2 and thee: n
covariance 0 2 ) will be quite complicated.e:n

Muth's results were not entirely new; similar forecast

ing schemes had earlier been analyzed in the statistical li-

21 Cf. Section 3.2.1 below.
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22terature by means of general, but also quite difficult,

spectral methods hardly accessible to the economists work

ing with expectations in macro models. Muth's contribution

gave a much simpler approach to the theory of optimal fore

casting, and was followed by a number of studies employing

similar methods. Bailey (1960 and 1971) studied the general

problem of forecasting a process {Yt} subject both to dis

turbances xt and to errors of observation nt:

Y - x + nt - t t·

This is similar to Muth's equation (3.23), but while Muth

had assumed x t to follow a random walk process and nt to

be simply white noise, Bailey assumed x t and nt to follow

general, stationary processes

n
x t L a j

X
t

_
j + Etj=l

m
n = L Q

nt-j + v t't j=l
~j

The problem of finding optimal weights to the formula

L wJ' Yt-J'
j=l

is not as easy as in Muth's case and the W.:S are not in
J

general of the simple geometric type. Furthermore, the in-

dependence of the forecasting horizon e is not preserved.

Contemporary with Bailey's work were some papers by

Nerlove and associates 23 dealing with a slightly different

problem. In Muth's and Bailey's papers the problem was to

forecast the observable variable Yt as a weighted sum of its

own earlier values. The parallel to Milton Friedman's perma

nent income hypothesis, however, requires rather the unobserv-

22 Cf. Yag10m (1962) for an account of these results.

23 See Ner10ve (1967).
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able permanent income x t to be forecasted as a weighted sum

of earlier values of the observable total income Y
t:

00

w. Y
t

..
J -J

(3.26)

In Muth's model the two problems are somewhat similar; we

have that

since the permanent income x t was assumed by Muth to follow

a random walk process x t = x t- l + Et • A "good" forecast of

Yt is therefore also a "good" forecast of x t' given the

particular structure of the model. However, the two models

are not entirely equivalent, and the optimal w. weights for
J

forming Y~ are in general not identical with the w. weights
e J

for forming x t.

Nerlove sets out to find the w vector of (3.26) which

is optimal in the sense of minimizing the mean square error

The problem is quite complicated for more general processes

{xt} and {yt}, but for simple processes some elegant results

are to be obtained. Assume for example that total income is

the sum of permanent and transitory incomes,

and that permanent income follows a first-order autoregressive

process

the processes Tnt} and {E t } being white noise with variances
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0 2 and 0 2, respectively. It can then be shown that the opti-
T) E

mal prediction is given by

where

00

'4J:j;6 L
j=o

j
6 Yt .-J

(3.27)

6 -
2Y

Letting ~ approach unity from below24 we see that the weights

in (3.27) become quite similar to the weights in Muth's

problem (3.25) with y = (1-6) .25

We have thus seen that there has been three lines of

development in the theory of adaptive expectations. The first

line (which was first also in chronological order) concerned

only estimation procedures; the problem was to find a distri

buted lag which explained as much as possible of the varia

tions in some dependent variable. This task was performed

by applying a number of lag structures, the most prominent

ones being Irving Fisher's linear, Koyck's and Cagan's geo

metric, and Almon's polynomial structure. The second line of

research concerned the analysis of dynamic adjustments; the

problem was to obtain a difference equation which was simple

enough for being studied analytically, and this task was per

formed mainly by applying the geometric lag. The last line,

which was not developed until during the 1960's, paid tri

bute to the economists' taste for optimizing behavior; the

problem was to find out whether the adaptive expectations

24 o must be < 1, since the derivation of formula (3.27) holds only for
stationary processes.

25 Note however the conceptual differences; (3.25) refers to the pre-
diction of Yt by means of Yt-l' Yt-2 etc., while (3.27) refers to
the prediction of Xt by means of Yt (the value of which is already
available), Y l' Y 2 etc.

t- t-
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schemes minimized the mean square error of some stochastic

process. This analysis was mainly concentrated upon the

geometric lag structure, although some more general results

were obtained.

Of course one can always criticize the idea of modell

ing expectations as a sum of earlier values of the variable

to be forecasted. Although it proved both analytically and

empirically fruitful, the idea does not correspond very well

to how expectations are formed in reality (as can be proved

by a moment's introspection). It has already been mentioned

that for some time series, the conditional expectation cannot

be expressed as a weighted sum of earlier realizations. The

question thus naturally arises: Why should we care about that

weighted sum at all? Why not make a forecast according to

where Ht- l stands for the past history of the model generat

ing the variable Yt' instead? This way of modelling expecta

tions, which turned out to be as operational, both on the

empirical a~d the analytical level, as any alternative scheme

- thereby fulfilling the qualifications for a good model 

came into use at the beginning of the 70'S, drawing most of

the attention from the adaptive expectations scheme.

3.2.2 Rational Expectations

In his 1960 paper John F. Muth, as we have seen, discussed

the question of which stochastic processes can be optimally

forecasted by an adaptive forecasting formula with geometri

cally declining weights. Note however that he regarded the

stochastic process as exogeneously given; he did not ask

whether some kind of economic model would generate such a

particular process. In a subsequent paper26 he went one step

26 Muth (1961).
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further and studied a simple economic equilibrium model with

an expectations term and a stochastic disturbance in the

supply equation. Assuming that the agents formed optimal

forecasts of future prices he solved the model for the

price variable and studied in particular whether the result

ing time series { ... , Pt' ... } was such that its conditional

expectation, E[ptIHt_l]' could be expressed as a sum of

earlier p values with geometrically declining weights. This

paper, being the first to explicitly introduce the concept

of "rational expectations" into economics,27 was disregarded

for more than a decade, but after its rediscovery in the

early 1970's it has had a great impact on macroeconomic

theory. It thus seems appropriate to present its results in

some detail.

Muth considered a model of market eqUilibrium in which

the consumers observe the price ruling in the market and form

their demand according to an ordinary, downward-sloping de

mand curve. The producers, on the other hand, are subject

to a one-period production lag; at time t-l they have to

decide how much to supply at time t. When the decision is

taken they do not know tomorrow's price Pt' so therefore

they make their decision by considering the expected price,

p~. Furthermore, the production process is subject to a

stochastic disturbance, so the actual supply at time t

differs from the planned supply by an error term e t. The
28model thus reads

Demand: Dt -8 p

} (3.28)

t

Supply: St
e +''; Pt e t

Market equilibrium: Dt St

27 John Rutledge (1974) has traced the concept back to Keynes, Marshall,
and even to John Locke. This is true, in the sense that these mainly
verbal writers have assumed a certain degree of rationality or con
sistency of their agents, which can perhaps be interpreted ex post in
terms of Muth's rational expectations.

28 All variables are defined as deviations from their equilibrium values.
This assumption does not restrict the conclusions, but leaves out a
few constants in the expressions below.
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The error term e t is unknown at the time the production de

cisions are made, but it is known - and relevant - at the

time the commodity is purchased in the market. Now, Muth's

main point is that information is scarce, and the economic

system does not therefore waste it. The agents thus make as

good forecasts as possible, not necessarily confining them

selves to any fixed adaptive scheme like the ones presented

in the ~receding section. The "best" forecast one can make

in terms of mean square error is the mathematical expecta

tion29 conditional upon the particular structure of the model

and upon the previous disturbances; thus Muth postulates that

the expectations variable is given by

Solving the above model for Pt and taking expectations yields

which, by assuming that e t follows an arbitrary moving

average process

e t = L Uj E:t_j + Et ,
j=l

can be written on the form

1
00

e LPt - B+'b Uj Et _ j •
j=l

(3.29)

(3.30)

eWe are now interested in writing Pt on the adaptive form

L wJ' Pt-J'
j=l

(3.31)

which is a simple task since we know the moving-average co-

29 For a simple proof that the expectations operator xe = E(x I... ] mini-
t t

mizes the mean square error V =E[(x -xe)2],
see Nelson (1973), p. 143 f.

t t
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efficients of (3.30). The w. weights can thus be computed
)

as functions of the parameters in the system (3.28) and the

uj:s in the {et} process. The results can be illustrated

by two examples. Firstly, assume that the e
t

disturbances

are independently distributed and thus follow a white noise

process

e r

i.e. u j = 0, i = 1, 2 .••. Computing the wj weights

(3.31) then gives

(3.29')

in

i.e. wj = 0, j = 1, 2, ...

For a second example, we assume that e t follows a ran

dom walk, which means that u j = 1 for all j:

(3.29")

Such a process yields optimal forecasting weights according

to

~ I
j=l

(~..]j
s+t (3.32)

This model thus generates prices that follow a process which

can be optimally predicted by a geometric lag structure, al

though the lag distribution is slightly more complicated than

Cagan's w. = 5(1-~)j.
)

Muth did not apply his concept of rational expectations

to macroeconomics; instead he studied cobweb theorems and

showed that his model, where the agents are not systematical

ly misjudging the prices, generates cycles which can more

satisfactorily explain observed price movements in hog and

cattle markets than can the older adaptive-expectations



(3.33)
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mOdels. This emphasis of his is probably one explanation to

the fact that his approach was neglected in macroeconomic

analysis for more than a decade. Another reason for this is

probably the ambiguity of the concept of rational expecta

tions itSelf. The rationality implies that the agent somehow

realizes that his expectation affects prices, and that he,

with his insight, forms an "optimal" expectation. But opti

mal could mean several things; one could for example talk

about the optimal adaptive expectation, i.e. the set of

weights wj for which the expectation

n
pe = I w, Pt-'

t j=l J J

minimizes the mean square error. One could also disregard

the restriction that the adaptive formula (3.33) imposes on

the forecast and define as optimal the forecast P~ which,

without any pestpiations, yields the smallest mean square

error. This means that P~ is given by the "true" rational

expectation

(3.34)

where H
t- l denotes past history of the model through time

t-l.

In Muth's model there is no contradiction between the

two formulas. He constructed it in such a way that the ra

tional expectation (3.34) can always be expressed as a

weighted sum of earlier observations (3.33), if necessary with

n = 00. This diffused the distinction between the two appro

aches and Nelson (1975) has suggested that it might be one

of the reasons to why Muth's paper was not really regarded

as a critique of the adaptive expectations approach. The

distinction between the two approaches is clearcut, how-

ever. Let us return to the equilibrium model (3.28) but let
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us assume, in addition, that there are two stochastic dis

turbances instead of one, i.e. that the demand function

reads

(3.28')

If e t and v t disturbances are independently distributed,

but autocorrelated, time series, the conditional expecta

tion of Pt cannot be expressed as a weighted sum of earlier

prices. For stationary time series, Pt will follow a sta

tionary process too, and according to Wold's decomposition

theorem Pt can then be expressed in terms of an autoregres

sive process

00

p = L wj Pt-j + nt· (3.35)t j=l

A predictor
A

therefore be written in the formPt ~y

00
A

Lp = w. Pt-jt j=l J

which is an adaptive expectation. The best predictor of Pt

is however the conditional expectation P~ = E[pt!et_l, e t- 2 ,

, •.. , v t- l' vt- 2 ' ••. ]; it can be shown that, for all time

series {e
t}

and {v
t},

A

E[(pt-pt)2] ~ E[(Pt-pt)2],

where the equality holds only if {et} and {vt} are white

noise processes. 30 The reason for this is that when moulding

the model (3.28-3.28') into the autoregressive process (3.35),

some information is lost, and the stochastic disturbances nt'

which are merely statistical artifacts constructed out of

earlier realizations of the {et} and {vt} processes, have

30 This is demonstrated in Nelson (1975).
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such a large variance that forecasts bUilding on (3.35)

necessarily become less precise than "rational" forecasts.

When Muth's paper was rediscovered in the early 1970's,

it served as a stimulus to substantive research into estab

lished models recast in the rational expectations frame

work. For example, Sargent and Wallace (1973) and Black

(1974) reexamined the demand for cash balances during hyper

inflations (cf. page 51 above) with Cagan's (1956) adap

tive expectations substituted by rational expectations,

while Brock (1974) analyzed a growth model in the spirit of

Sidrauski (1967) where inflationary expectations are formed

rationally. 31

The papers that are most relevant for us, however, are

those explicitly dealing with the natural rate hypothesis

in stochastic macro models. The key paper was published by

Lucas (1972 a) and analyses an overlapping-generations model

where the individuals live for two periods, working during

the first and saving money for their second, retirement,

period. The government issues fiat money which performs one

function only: to carryover individuals' wealth from the

first period to the second. Now, the monetary phenomena that

occur are due to uncertainty and lack of information, modell

ed by assuming that the individuals are divided between two

markets with no communications between them. There are two

kinds of stochastic disturbance, one real and one nominal.

The former is accomplished by assuming that at each time

period, the distribution of individuals between the two mar

kets is a stochastic variable: a fraction 6/2 of the young

generation goes to the first market and a fraction I - 6/2

goes to the second, the parameter 6 being drawn from a lotte

ry with a known probability distribution. The old generation,

31 All these models are deterministic, and are therefore not appropriate
to analyse the particular macroeconomic phenomena that are due to un
certainty. Determinstic models with rational expectations are often
called perfect foresight models.
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which carries over money balances from the previous period

and buys goods from the young, is divided equally between

the markets. This means that real wages can and, in general,

will differ between the two markets. The nominal disturbance,

on the other hand, is accomplished by the authorities mone

tary supply rule, which contains a stochastic element. If

the nominal money supply at time t, given to the individuals

of the younger generation and divided equally between the

two submarkets, is denoted by m
t,

the money supply at time

t+l is given by

(3.36)

where x is a random variable with known probability distri

bution. A first-generation individual has to decide how much

to save for his old age. He is thus facing the following de

cision problem under uncertainty:

(3.37)

subject to

where n t is the individual's labor supply in period t, Pt is

the price level (labor and consumption goods having the same

price), and A is the amount of money balances carried over

by that particular individual from period t to t+l. When solv

ing this problem, he cannot qUite distinguish between real

and nominal disturbances, even if he has rational expectations

in the sense of knowing the probability distributions of 5

and x. Thus, observing a high price, or wage, level Pt could

mean either that the agent of the younger generation has
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happened to be allocated to a market with comparatively few

persons of productive age, or that the total money supply has

been large at that particular time. Without knowing which, he

determines his labor supply n t and first-period consumption

demand c t by solving (3.37). As a retired person, in the se

cond period of his life, the decision problem is simple:

money cannot be inherited, so old-age consumption is identi

cally given by c t+ l = A/Pt+l.

From this model, where rational agents cannot distinguish

between real and nominal disturbances, a number of interest-

ing properties can be derived. First, it will give rise to

Phillips-like fluctuations in economic activity: periods with

high prices will also be characterized by high output (i.e.

high labor supply nt), and it will also hold that a regres-

sion of the rate of price increases on the level of output

will yield significant coefficients. The reason for this is

that the individuals will misinterpret an inflationary price

increase as a rise in real wages, thereby tending to increase

their labor supply. Second, all the movements along the Phillips

curve will be of a purely stochastic nature, which means that

any systematic attempts to move it along the curve will be fu

tile. In other words: there exists no money supply rule like

(3.36) which can affect the average labor supply E[nt) or the

average level of real output E[y
t).

A third result is that

among all conceivable money supply rules, one is pareto-optimal,

namely the one minimizing the nominal disturban~es by imple

menting a constant, pre-announced growth rate with no stochas-

t " " th 1 32
~c components ~n e money supp y.

32 The Whole setting of the model is thus an attempt to formalize the
ideas expressed by Milton Friedman (1968), where the agents are mis
perceiving their real wages, and to demonstrate that Phillips-like
patterns emerge even if the agents are not displaying any money
illusion but are perfectly rational in the sense of knowing the
probability distribution of the variables 9 and x. Also the result
concerning the optimality of a stable money supply rule refers to
an idea by Friedman, namely the so-called k-percent rule. Cf. Fried
man (1960).
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Lucas' model might seem a bit peculiar in the institu

tional setting described above, but it nevertheless served

its purpose of giving a consistent picture of macroeconomic

phenomena occurring in a world with rational agents having

less than perfect knowledge. It was followed by a number of

papers on a less rigorous level with more or less simple

ad ho~ models, oriented towards policy conclusions and empi

rical testing rather than towards a coherent general equili

brium framework. The first of these was also by Lucas (1972 b),

and displays an aggregate supply equation

(3.38)

where Yt denotes the log of real, aggregate output, P t is the

log of the price level, and p~ is a price expectations term.

This is substituted into an aggregate demand schedule, or

rather a price identity

where X
t

denotes the log of nominal, aggregate demand. Assum

ing that the authorities can affect Xt by some monetary po

licy rule, such as for example

(3.40)

the system forms a closed macro model which, with the assump

tion of rational expectations,

turns out to have the property that no monetary policy rule,

i.e, no parameters 01 and ~2' can affect the real variable

Yt, A model in the same spirit, but somewhat more complicated,

is given in Lucas (1973). There the aggregate aa r;o~ approach

is taken from the 1972(b) paper, while the combination of

real and nominal disturbances, and the agents' inability to
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distinguish between the two, is taken from the 1972(a) paper.

The conclusion is the same, namely that monetary policy cannot

systematically affect real output, and the model is supported

by some empirical tests of time series from different count-
. 33

r~es.

Now these early ad hoc models, being of a rather simple

structure which for example excluded the financial sector of

the economy, were soon followed by more "complete" macro mo

dels. For example, a typical second-generation rational ex

pectations model includes first an aggregate demand, or IS,

scaedule: 3 4

ewhere r t denotes the nominal interest rate and t-1Pt+l denotes

the (log of the) price level expected at time t-l to prevail

at time t+l. That is, (t-1P~+1 - t-1P~) is the rate of infla

tion expected at time t-l to prevail between t and t+l, i.e.

the variable in square brackets relates to the expected real

rate of interest. We add a portfolio balance, or LM, schedule

(3.41)

dwhere mt stands for the log of the demand for nominal money

balances. We can now formulate the authorities' money supply

rule

(3.42)

where 8 t- l represents the set of current and past values of

all of the endogeneous and exogenous variables through period

33 An erratum to these tests is given in Lucas (1976 b).
34

This draws heavily on Sargent (1973) and Sargent and Wallace (1975),
although the equations are somewhat simplified.



7l

t-l and g is a vector of parameters conformable to 6t- l. For

the particular case of a purely autoregressive pattern in the

money supply, we would set for instance

and

. .., s )Tm .
t-n

Now all this, together with the equilibrium condition m~

constitutes an ordinary textbook example of a "Keynesian"

economy, with a liquidity preference schedule defined by (3.41).

For such a model we are used to deducing optimal stabiliza-

tion rules (3.42). If we however add the aggregate supply func-

tion

(3.43)

together with the assumption of rational expectations,

(3.44)

the system turns out to become completely blocked, the variab

les E[Yt] and E[YtI6t-l] being independent of the control

vector g in (3.42). The Monetarist conjecture of a "natural

rate of unemployment" thus holds even for a model with liqUi

dity preference - if (3.43) and (3.44) are added to it.

This type of model was extended by Barro (1976) to in

clude features from Lucas (1972 a) and (1973): the distribu

tion of agents to different markets with no information flows

between them, and the inability to distinguish between real

and nominal disturbances. Phelps and Taylor (1977) and Fisher

(1977) modified it by introducing the assumption that some

agents enter multi-period contracts, thereby committing themselves
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over several periods, while the monetary authorities can

adjust their actions every period. The authorities thereby

have an "-information advantage" which allows them to affect

the real variables - contrary to the Monetarist conjecture.

Some scope for monetary policy exists also during the "tran

sition to rational expectations", i.e. the time before the

. agents have collected enough data to estimate the whole sys

tem and.to compute the conditional expectation (3.44), as is

shown by Taylor (1976) and B. Friedman (1979).

And this brings us finally to a basic question in the

rational expectations literature: Do the agents really form

rational expectations? If even professional economists dis

agree about the true structure of the economic system, how

can then the local retail store-keeper or the unemployed job

seeker have enough information to form "true" mathematical

expectations? In Shiller's critical review (1978) this is put

forward as one of the main weaknesses in the concept of ratio

nal expectations, while Barro and Fisher in their survey

article dismiss that type of criticism as "reminiscent of

criticisms of microeconomic theory on grounds that most con

sumers have never seen a Lagrangean, and it is equally beside

the pOint n
•

35 In fact, Muth (1961) is quite clear on the ques

tion that individual agents do not necessarily form optimal

forecasts, but that the market, as an aggregate, somehow works

as if it can be described by a set of equations (3.28) with

P~ = E[Pt!Ht_lJ. This reasoning has a certain intuitive appeal,

but it still remains to be shown how not perfectly rational

agents can be aggregated so that the market works as if "it"

were rational. Any model demonstrating how such aggregate be

havior would occur has not yet been presented, and the assump

tion of rational expectations does not seem particularly more

(or less) realistic than that of its predecessor, the adaptive

expectations. Lacking sufficiently good data on people's actual

35 Barro and Fisher (1976, p. 113).
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expectations,36 testing one expectations formula or another

is really a joint test of the particular model and the par

ticular expectations mechanism; it is thus hardly surprising

that decisive test results do not yet exist. The two alter

native expectations mechanisms can both be criticized on

reasonable grounds. On the other hand - since those are the

only ones eXisting, they both deserve to be studied, and the

economic policy implications of both of them should be ana

lyzed.

36 Some tests of the rationality of economic forecasts have been performed
by e.g. McNees (1978) and B. Friednan (1978).
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4. ADAPTIVE EXPECTATIONS:
THE OPTIMAL WEIGHT SUM

The Monetarist conjecture that money is neutral, i.e. that

the long-run Phillips curve is vertical, implies that the

"money illusion parameter" a in the Phillips curve,

(4.1)

is·· equal to unity. Substantial effort has been spent on

estimations aimed at accepting or rejecting the hypothesis

that a ~ 1. A problem has been that the strategic variable

Tt~ is unobservable, thereby forcing the econometricians to

rely on an observable proxy. The most widely employed proxy

has been the adaptive expectations scheme

e
'It

n

L wJ' 71t-J' •
j=l

(4.2)

Two constraints have generally been imposed on the w.
J

weights, namely

w. > 0, all j,
J

and

LW. 1.
J

The estimates thereby obtained of the money illusion parameter

a have yielded somewhat inconclusive results. a has usually

been below, but not always significantly below, unity, and it
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seems to have been increasing over the last years, since

more recent studies yield higher values than do earlier
1ones.

In order to make as good judgements as possible about

the reliability of the a estimates, it is important to know

the properties of the expectations formula employed. In par

ticular, it is important to see whether the constraints im

posed on the wj weights might have had any effects on the

estimates of a, and in that case what effects.

The first of the two constraints, that of non-negativity

in the w. weights, is imposed because together with the
]

second it makes it possible to regard the weights as pro-

babilities, and to treat the distribution of weights as a

probability distribution. Thereby one can define, and for

simple lag distributions easily analyse, such concepts as

the mean lag, the lag "variance" etc. It has long been re

cognized2 that the assumption of non-negativity is very ar

bitrary, and mainly introduced for computational convenience.

We shall not go deeper into this, but just notice that the

assumption of non-negativity facilitates the analysis some

what, but is at the same time well known to be of limited

realism.

The second assumption, that the weights sum to unity,

is partly made to facilitate the view of the weights as pro

babilities, and partly for estimation purposes. If we try to

estimate the expectations-augmented Phillips curve with TI~

formed adaptively,

e
"t (4 .3)

1 See for example Solow (1969) and Turnovsky (1972). Cf. also the survey
in Gordon (1976, pp. 192-193).

2 See e.g. Bailey (1962) and Gri1iches (1967).
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it is only possible to estimate n of the (n+l) parameters

a, wl' w2' .•. , wn' This is so because the weighted sum of

past inflation rates contains only n terms. Thus, in order

to identify any of these (n+l) parameters, for example a,

or w3' we must have some more information about them. We can

not really impose an exogenous value on a, because this is

just what we want to test; if a = 1 the natural rate hypo

thesis holds for the economy (at least for the particular

definition of equilibrium presented in Chapter 3 above) and

whether this is true is the critical question to be answered

by our estimation. The standard procedure is instead to as

sume that the adaptive weights sum to some constant value,

The particular value of k which

cause with LW. = 1 the expected
J

average of earlier inflation rates, and averages seem to have

an intuitive appeal in statistical contexts. Another intui

tively plausible reason for setting LW j = 1 is that if in

flation has always been constant, n t- l = nt- 2 = ... = n, then

it is natural to set n~ n, which conforms to the adaptive

formula only if LW j = 1.

Thomas Sargent has questioned the unity-sum constraint
4

by pointing out that if inflation has been at a constant rate

for an infinite time it would admittedly be appropriate to

set Zw. = 1, but in reality inflation has not been constant.
J

Inflation has changed in a highly erratic way, and thereby

3 For 1 . h t r i (K k C ) 1 hexamp e, Wit a geome riC oyc or agan ag we ave

lr
e = (1-5) ~ oj lr
t .L

O
t-l-j"

J=

From the formula for the sum of an infinite geometric series we
immediately see that ~w. = L(1-~):j-1 = 1.

J
4 Sargent (1971).
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the intuitive reason for constraining the weights is not

applicable to the real world. Well then, if inflation has

followed a stochastic process, shouldn't we set LW. = 1 any-
J

way? The answer is No, not in general. This is in fact one

of the important cases where we obtain qualitatively differ

ent results depending on whether we choose to work with a

stochastic or a deterministic model. The purpose of this

chapter is to discuss and generalize Sargent's criticism of

the weight sum constraint. We will show firstly that if we

want to make an adaptive forecast of a stationary stochastic

process, and if that forecast is to be optimal in the sense

of minimizing the mean square error, then the adaptive weights

should be less than unity. The conclusion will be that if

people have believed that inflation has followed a stationary

time series (and we saw in Chapter 2 above that there were

some reasons for such a belief), the econometric studies re

ferred to above might have obtained a d~wnward bias in their

estimates of the money illusion parameter u. If the economic

agents have regarded inflation as a stationary process, the

imposed constraint that LW. = 1 is inappropriate.
J

Secondly, we will discuss mUlti-period forecasting. The

above expectations formula deals only with one-period-ahead

forecasts, but a more general adaptive expectations mechanism

is

n
I w. ITt _ · ·

j=l J J

It has been claimed5 that the optimal weight sum is a de

creasing function of the forecasting horizon 8. We will dis

prove this conjecture by a simple counterexample.

5 Sargent (1971).
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4.1 ONE-PERIOD FORECASTING

Let us start with an illustrative example, a stationary

stochastic process which for simplicity is assumed to be of

the AR(l) type:

(4.4)

A typical realization of such a process, with a = 0.9, is

shown in Figure 2.7 on page 25 above. Recalling the condition

for stationarity of autoregressive processes, we know that

(4.4) is stationary if and only if lal < 1. Assume we want to

make a forecast of the process on the adaptive form (4.4)

with n 1, i.e. with only one lagged observation:

Needless to say, the best forecast in terms of mean square

error is given by

w = a.

It would thus be inappropriate to constrain the adaptive

weight sum, which in this particular case consists of only

one term, to sum to unity; such a constraint would only in

crease the mean square error.

This should make one quite suspicious of the unit-sum

constraint, and Sargent (1971) in fact proved a slightly

more general result: Assume we have a moVing-average process

(4.5)

(where the order p might well be infinite) such that S. > 0
1 -

for all i. Suppose now that we want to write the process on

the eqUivalent autoregressive form
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(4.6)

Then, if the process is stationary it holds that

q

1. a
J
, < 1.

j=l

This result can fairly easily be proved. 6 Let us for simpli

city introduce the lag, or back-shift, operator L, defined

by LkXt - Xt-k, and the lag polynOmia1 7

Our initial MA(p) process can then be written

(4.7)

If we want to express (4.7) on the corresponding AR(q) form,

we can write it similarly as

(4.8)

We now want to characterize the lag polynomial A(L) = alL +
+ .•• + a Lq• Substitution of (4.7) into (4.8) yieldsq

Thus,

B(L) A(L) [B(L) + 1]

which, by setting L 1, yields

6 Since Sargent's original proof is slightly more complicated I have
chosen the following method of proof for expositional reasons.

7 For an account of the algebra of lag operators, see Dhrymes (1971,
chapter 2).
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B (1)
B(l) + 1·

Since A(l) - La. and B(l) = La. we thus have the desired
8 J J

result:

q
2 a

J
. < 1.

j=l

The conclusion for adaptive forecasting is rather obvious:

If we have a time series (4.5), or equivalently (4.6), of

which we want to make a forecast

n
L w

J
' Xt - k,j=l

and if n ~ q, the best forecast is obtained by setting the

adaptive weights equal to the autoregressive coefficients:

Since Za. < 1 if the time series is stationary, we also have
J

that LW j < 1. Now, Sargent pointed out that since all eco-

nometric studies had constrained the weights to sum to unity,

while the economic agents might well have considered infla

tion as a non-explosive (i.e. stationary) process and formed

optimal adaptive forecasts with LW j < 1, there might have

been a downward bias in the estimates of the money illusion

parameter a in (4.3) which could explain the non-monetarist

results obtained.

To jUdge whether this is plausible, we recapitulate

Sargent's assumptions. We have

8 Provided rBj ~ 0, a requirement which is fulfilled by our initial
assumption that Bj ~ 0, all j.
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a) The time series must be of the type that can be expressed

as a q-th order autoregressive process. This is an assump

tion we have to accept for the sake of mathematical simp

licity. When discussing the Wold decomposition in Chapter

2 above, we noted that the processes that do not belong

to this category are those with a deterministic sine or

cosine wave involved; we choose to disregard these.

b) When expressed on the equivalent moving-average form

(4.5), all MA-coefficients must be non-negative, or at

least must their sum be non-negative. This is a limita

tion which might exclude important time series.

c) The time series must have a mean E[Xt] equal to zero.

This excludes most economic time series, at least in

their raw form. The first or second differences might

perhaps have a zero mean, but the economic models and

the adaptive expectations formula have not in general

dealt with such transformed series.

d) While the time series must be an AR(q) process according

to point a) above, the adaptive formula (4.2) must be of

an order n at least as large as q. But in reality, agents'

memory (for which n is a proxy) is limited while perfectly

reasonable time series might be of a very high order.

These assumptions are, taken together, qUite restrictive.

As an example of a time series to which Sargent's result is

not applicable, we could take the Swedish inflation rates

between 1861 and 1977. As shown in Chapter 2 above, they

follow the ARMA process

or the equivalent MA(oo) process

TIt 2.51 + £t + 0.92 £t-l + 0.56 £t-2 + 0.25 £t-3 -

- 0.26 £t-4 - 0.28 £t-5 •.•
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This process is excluded by assumption b) above; when written

on moving-average form, it contains both positive and negative

coefficients. It is also excluded by assumption c) since its

mean is 2.51, which is different from zero. Finally, if the

adaptive expectations formula is of finite order, assumption

d) is not satisfied; the process, written on autoregressive

form, will be of infinite order.

We thus need a more general result concerning the op

timal weight sum. In fact it turns out that the four assump

tions above are not necessary for Sargent's conjecture to

hold. We can state the following general theorem:

Given an arbitrary time series { ... , Xt, ... } of ~hiah ~e

~ant to make a foreaast

n
I w

J
' xt '

j=l -J

8uah that the mean square error is minimized. If the time

series is stationary, then

n
I w

J
' < 1.

j=l

The following three pages of this section contain a formal
9proof of that result :

Consider the stationary process { .•. , Xt' ... }, where

Xt is a real number. We define the second-moment function

r = rt-s s-t

In a fashion similar to the way the covariance function is

given a spectral representation, we can write the second

moment function as

9 The proof is rather cumbersome and can be skipped without loss of con-
tinuity. I am indebted to Anders Martin-Lef, who has worked out the
mathematics for me.
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TI
r _ J e iT )' dF().)

T
-TI

where F().) is a mass distribution on [-TI,TI]. We want to

make a forecast

n
I w. x

t
. 

j=l J -J
y. c. x

t
.,

j=l J -J

where c. - -w. and where the c. weights are such
J J

Xe) 2
J

that V - E (X
t is minimized. By setting Co - 1,

t
we have

n n
I 'i c.ckr. k

j=O k=O J J-

TI n n
J I 'i cJ.cke iA (j-k) dF (A)

-TI j=O k=O

Thus, (cl' c 2 ' •.• , cn) should be chosen so as to minimize

"Ji rein). + i(n-l)A u)2)c1e + ... + cn_le . + c n dF()' •
-TI '

We introduce the polynomial

and can then write this expression as

TI
J c (e iA ) dF (A) •

-TI
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Now, the idea is to express the optimal predictor in terms

of a particular orthonormal set of polynomials. Then we shall

use a property of these polynomials to show our main result

concerning the weight sum. Let us regard the space of poly

nomials

n
zt

n
P (z) = L Pt Q (z) L s

qs z
t=O s=O

with the inner product

11"

(P ,Q) - f P(eiA) Q(eiA ) dF (A) -
-11"

11" itA -iSA
- f L L Pt qs e e dF (A)

-11" t s

for some given function F(A). If we take F to be the spectral

distribution of our stochastic process {Xt}, we thus have

Choose a particular sequence of vectors in this space,

namely the sequence of powers of z

1, Z, z2, z3,

We then have, according to our definition of inner product,

The sequence of vectors {zt} can be orthogonalized by the

Gram-Schmidt Procedurel O, i.e., we can obtain an orthonormal

sequence of polynomials {¢t(z)} where

10
Cf. Luenberger (1969), Section 3.5.
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> 0

with the inner product

7T iA i)J 1- t (e ) 1- 5 (e' ) dF ( i. )
-Ii

.: t,s

For our proof, we now need a particular result which we

state as

Lemma: The optimal prediction is given by

() Z
n n-l

c Z - + clz + ••• + c n

1- (z)n

Proof: An arbitrary n-th degree polynomial c(z) = zn +

+ clzn- 1 + ... + c n can be written on the equivalent form

c (z)

with a
o

I . We then have
<Pn,n

J (c (ei )') ) 2 dF ( i, )
-Ii

(c(z), c Czl ]

n n
\' \' a, a

k
(<P ., ¢ k )

[ [J n-J n-
j=O k=O

n 2I a
J
,

j=O

since the
1a =--

o :¥n n
disposal.

polynomials <P n are orthonormal. a o is given by

, but all other a, coefficients are free at our
J

Thus,

is minimized if we set

a
n

o
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and consequently

This completes the proof of the Lemma.

We can now use this result to show that

and 4> > o.n,nc (z)

We have c(l) = I + c l + c 2 + ••• + c n• That is, if c(l) > 0,

then Ewj < I. By the Lenuna,

4>n (z)
::

4l n , n

4>n(l) > 0,

proof.

The question is thus whether 4>n (1) > O. And it is a known

resultl l that 4> (z) has all its zeros within the unit circlen
in the compf.ex plane, Le., Il.:il < 1, alIi. If we let z in-

crease from 1 to infinity, 4>n(z) will thus never pass zero,

and for large z values zn will dominate, that is
n

~ 41 n Z > 0 for large z. Consequently,n,
means that c(l) > O. This completes the

Now, with this result in mind we can see that Sargent's

conjecture was justified: if people form adaptive expectations

(as they have been assumed to do in the econometric studies

referred to above) and if they are rational in the particular

sense of trying to make as good adaptive forecasts as poss

ible, they will use wj weights summing to less than unity,

prOVided that they regard the time series to be forecasted as

staticnary. An econometric study which incorrectly constrains

the weights to sum to unity would therefore yield biased

estimates of other parameters, for example the money illusion

a in the expectations-augmented Phillips curve.

11 See Akhiezer (1965), p. 184.
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Also, this result sheds some light on why Muth (1960),

in his work on optimal adaptive forecasting, obtained pre

dictors of the form

00

L (I-a) j-l X
t

_ ),
j=l

where the weight sum is obviously equal to unity. An examin

ation of Muth's results shows that he did not study station

ary processes; the time series represented by equations

(3.21) and (3.23) in the previous chapter are non-stationary,

modified random walks. The same holds for Nerlove's (1967)

paper, where the unobservable variable Xt is forecasted

according to

00

L
j=O

oj y
Pt' •-)

If the underlying process {X
t}

is stationary, i.e. ~ < 1,12

we see that the weight sum will be less than unity. If we

let $ approach unity, i.e. we allow the underlying process

to become more and more like a random walk, the optimal

weight sum will approach unity too.

4.2 MULTI-PERIOD FORECASTING

The above analysis is confined to one-period-ahead forecasts,

a time span which is almost always assumed in macroeconomic

expectations models. In the attempts to provide micro-founda

tions for the Phillips curve, the models have in general

dealt only with optimization over two adjacent periods. In

reality, however, individuals often enter multi-period con

tracts.
1 3

If an economy with such contracts is to be repre

sented by a Phillips curve, we have perhaps the relation

12
Cf. page 59 above.

13
For a macro model with multi-period contracts, which however deals
with other questions than the ones discussed in this paper, see
Fischer (1977).
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(4.9)

In general it is of course not the expected inflation rate

at one single future date that matters, but at several dates:

f () ,; (~e e e
T t = u t +} "t' "t+l' "t+2'

For simplicity we disregard this complication, and con

centrate on an economy represented by (4.9), where all fu

ture periods have been collapsed into the single period t+9.

Assume we would like to estimate (4.9) with adaptive expec

tations. We then have

(4.10)

which looks ~xactly similar to its one-period-ahead counter

part (4.3). Thus, when estimating a Phillips curve model, it

seems like we do not need to know whether it represents a

micro behavior with one-period contracts or with mUlti-period

contracts, i.e. if LWjTI t_ j should be a proxy for TI~ or TI~+6

with S > O. However, if the forecasting horizon implies dif

ferent constraints on the optimal weight sum, the forecasting

horizon matters. In this section we will briefly discuss two

conjectures, due to Sargent (1971):

i) The optimal weight sum is less than unity for multi

period forecasting.

ii) The optimal weight sum is a decreasing function of the

forecasting horizon.

Multi-period forecasting is substantially more compli

cated than the one-period forecasting studied in the previous

section, and we can thus not apply as general methods. How

ever, by simple, numerical counterexamples we will show that

both these conjectures are wrong.

Assume we have a stationary time series tXt] of which

we want to make an optimal prediction of the form
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n
'i' w. x

t
..

j;l J -J

Optimal linear predictions of stationary stochastic pro

cesses can be looked upon in two equivalent ways. Either we

regard the optimization as a problem of minimizing a suit

able norm in a linear space, i.e. by finding a vector of

adoptive wj weights which yields residuals orthogonal to

the time series.
1 4

Or we choose the eqUivalent, but less

abstract, way of finding the adaptive weights by simply

taking the derivative of the mean square error,

15
with respect to w j ' j=l, ••• ,n, equal to zero. In both

cases we obtain the vector of optimal weights by solving

the equation system

r o r l r 2
r n-l [WI r e+l

r l r O r l
r n-2 w2 r e+2

r 2 r l r O r n-3 w3 r e+3

I .

r e+n

where r
T

is the second moment, defined by

This system can be more compactly written

Rw r (e) • (4.11)

14 Cf. Luenberger (1969).

15
See e.g. Cox and Miller (1965, chapter 7) or Karlin and Taylor (1975,
chapter 9).
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This equation system, which gives the optimal adaptive

weights in terms of the second moments, will in the follow

ing be referred to as the orthogonaZity conditions. Recall

ing the Yule-Walker equations fa = y on page 24 in Chapter 2,

we see that they look quite similar in structure. In fact, if

E[Xt] = 0 the second-moment matrix R is identical to the co

variance matrix r, and the orthogonality conditions (4.11)

for one-step-ahead forecasts (i.e. S = 0) become identical

to the Yule-Walker equations.

Now, the advantage of analyzing the optimal w vector by

(4.11) instead of obtaining it by the frequency domain

approach of the previous section is that equation (4.11) is

so simple and clear-cut. Numerical computations should there

fore be carried out by means of the orthogonality conditions.

Analytical results, however, are perhaps more difficult to

reach this way. While we know from Section 4.1 that, for one

period forecasts, it must hold that

(where aT = (1, 1, .•• , 1», this is not easily shown by
16analyzing the reO) vector and the R matrix alone. And for

multi-period forecasts the conjecture that

T -1e R r(S) < 1

16
For some simple cases, however, it can be done. Assume e = 0 and the
order of the lag, n, is equal to 2. Then R will be a 2x2 matrix, and
solving (4.11) for w yields, after some computations,

r
l

+ r
2

WI + w =2 r
l

+ r O
Since the second-moment function has the property that IrTI < r

O
for

all T f 0, this expression is obviously less than unity.
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are difficult to prove (or disprove) analytically for non

trivial cases.
l

? However, since the strength in the ortho

gonality approach lies in the computational simplicity pro

vided by (4.11), we can try to disprove the conjecture by

searching for counter-examples. For n = 2, for example, a

counter-example should satisfy

(4~12)

Such a process can easily be constructed. Assume that we

make two-period forecasts, i.e. e = 1. Then (4.12) is satis

fied by any process with, e.g.,

r o 2.5

r l -2

r 2 1

r 3 0

r arbitrary for T > 3.
T

For these figures we would have LW j = 2. A process with these

second moments can easily be found, e.g. the AR(4) process

(12 = 2.06
£:

as can be checked by applying the Yule-Walker equations. 18

Solving the characteristic equation shows that this process

is actually stationary, as was to be reqUired. In fact there

is an infinite number of ARMA processes satisfying (4.12).

17 If n = 1 (4.11) gives the optimal w (now a scalar) by w
which is obviously always less than unity.

18
In this case r 4 is set equal to -0.5.
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Recalling the two conjectures mentioned on page 88

we see that the first one has been disproved; the sum of

the weights is not necessarily less than unity for multi

period forecasting. The second conjecture, which has been

claimed true by Sargent (1971, page 725), stated that the

weight sum was a decreasing function of the forecasting

horizon. This has actually already been disproved by the

above example, since LW. for one-period forecasts is always
]

less than unity according to the general result in Section

4.1 above, and equal to two for two-period forecasts accord

ing to the numerical example. Thus it cannot be a decreasing

function of the forecasting horizon.

Another illustrative example is provided by the simple

case with an adaptive formula of order n = 1. Then the op

timalweight is given by

We see thus that although w is strictly less than unity for

all a, it will be a monotonically decreasing function of a
only if r S+l is monotone, which is far from the general case.

Thus, neither of the two conjectures stands to closer exam

ination, and the conclusion is that multi-period forecasting

is so cumbersome that simple and clear-cut results are hard

to obtain.

4.3 CONCLUDING COMMENTS

In this chapter we have demonstrated that if one wants to

make an adaptive one-period forecast which is optimal in the

sense of minimizing the mean square error, and if the variable

to be forecasted follows a stationary process, then the sum of

the adaptive weights should be less than unity. This result

seems slightly counterintuitive, and one is tempted to ask

whether such a forecasting formula doesn't mean that on the
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average, the forecasts will underestimate the variable to

be forecasted. The answer is that this might happen; in

other words, there might be a bias in the forecasts. For a

predictor X~ to be unbiased, we require that

If X~ is formed adaptively we thus have for a stationary

series

which holds only if EW j = 1 or E[XtJ = O. Thus, for time

series with E[XtJ ~ 0, optimal adaptive forecasts will be

biased. When having to choose between optimal but biased

forecasts, and inoptimal (i.e. with Ew. = 1) but unbiased,
J

the choice is not very straightforward. The dilemma stems

from two problems regarding the concept of optimal adaptive

expectations.

Firstly we have the choice of criterion for optimality.

We have assumed that "optimal" means "minimizing the mean

square error", and this is the dominating - in fact the only 

criterion of optimality used in the forecasting and economet

ric literature. If we instead of minimizing the expected

value of the square of the residuals had chosen to minimize

e.g. the expected value of a linear function of the residuals

the problem of bias would never have occurred. There are how

ever several arguments against such an optimality criterion,

as can be seen in the introductory chapter of most economet

ric textbooks, and we have chosen to discuss only the cri

terion dealt with in the literature.
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Secondly, we have the question of whether it is reason

able to make adaptive forecasts at all. This can of course

be discussed, but as long as such expectations are used in

economic and econometric studies, their properties should

clearly be investigated. A way to escape from the bias in

the forecast would be to add a constant term in the formula,

and make forecasts according to

ext - k + Zw. Xt ..
J -J

By an appropriate choice of k, such a formula can always be

guaranteed to yield unbiased forecasts. With this formula,

however, we have left the concept of adaptive expectations

(which was the topic we had chosen for the present chapter)

behind us, and are approaching the concept of pational ex

pectations (which will be the topic of Chapters 6 and 7 be

low) •
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5. THE NATURAL RATE HYPOTHESIS
IN A MODEL WITH ADAPTIVE
EXPECTATIONS

The result of the previous chapter - that the adaptive

weights should have a sum which is less than unity - seems

at first sight to have most relevance for empirical estima

tion. However, it has equally important implications for

the theoretical properties of macro models, and some of

these will be the topic of this chapter. In particular, we

are used to the result that if there is no money illusion

and if expectations are formed adaptively in the standard

way (i.e. with LW j = 1), then the long-run Phillips curve

is vertical. This is so because if inflation is given by

the relation

and if {TIt} is stationary, we can take the expectation of

both members to obtain

which means that if LW
j

= 1, then E[f(ut)) must be zero for

finite values of E[n
t).

This can intuitively be interpreted

as a vertical long-run Phillips curve. Similarly, we can

reformulate the relation as
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which shows that if ~Wj = 1 and E[f(ut)] is different from

zero then E[n t) is undefined. However, if ~Wj is less than

unity, then there might be some trade-off between E[n t) and

E[f(ut ») , which can be interpreted as a long-run Phillips

trade-off. Now all this has been highly intuitive, and for

a satisfactory analysis of whether the long run Phillips

curve is vertical or not when the adaptive expectations are

formed optimally, we have to make some formal definitions.

We will deal with the two standard approaches to re

present the economy that have been presented in Chapter 3

above, namely the Phillips curve and the aggregate supply

equation. As has already been mentioned, they need not be

mutually exclusive; it is possible to obtain the former from

models bUilding on the latter. On the other hand, they could

be regarded as fundamentally different concepts - the former

often relating to a Keynesian disequilibrium world, while

the latter is of a neoclassical equilibrium breed. However,

they turn out to have the same formal structure, and for the

present purpose they could thus be analyzed interchangeably.

To clarify this, we repeat the Phillips curve

set the money illusion parameter a

turbance V t = - £t to obtain

1, and define the dis-

This looks very similar to the supply equation

Y + b(P _ p e) +t = a t t llt

and fram the formal point of view they could be analyzed by
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the same methods. For expositional reasons I will concentrate

on the Phillips curve formulation and disregard the supply

function, but those who do believe in the latter rather than

in the former can equally well look upon the following pages

as if they dealt with the supply function instead.

5.1 THE FORMULATION OF A MACRO MODEL, AND THE DEFINITION OF

A "NATURAL RATE".

We assume that the economy can be represented by the Phillips

curve, and we assume that there is no money illusion, i.e.

that ex = 1:

1T =
t

(5.1)

The authorities are assumed to control the unemployment rate

via public works and different employment policies; an economic

poZicy is thus defined as a time series { ... , u t- l' u t' u t + l'
, .•. }. For a given expectations mechanism

n
~

L W. 1Tt- .
j=l J J

(5.2)

this policy is transmitted through the economic system with

an inflationary process { .•. , 1T t - l , TIt' TI t + l , ..• } as the

result.

In our discussion at the end of Chapter 2 of the equili

brium concept, we said that there are three aspects of equi

librium: equality of supply and demand, consistency, and sta

tionarity. The first aspect will not be dealt with in this

macro context; since the micro model underlying the Phillips

curve might well be a Keynesian disequilibrium model, equali

ty between supply and demand is hardly relevant to the pro

blems of the present chapter. The second aspect, however, is
e

essential. With consistency we mean that the forecasts 1T t
formed by (5.2) are optimaZ forecasts (in terms of mean square
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error) of the inflationary process {TIt} resulting from our

model. By stationary we mean, qUite naturally, that the in

flationary process resulting from this (consistent) model

is stationary. Thus, a dynamic equilibrium is a stationary

time series {UtI, a stationary time series {TIt}' which is

related to {u
t}

according to the model (5.1), and an expec

tations mechanism (5.2) which yields optimal expectations

of {11 t} •

If {TIt} and {ut} form stationary time series, their

averages E[TIt] and E[U
t]

are constant. Plotted in a diagram,

these averages can be i.lterpreted in terms of the long-run

Phillips curve:

Figure 5.1: The long-run Phillips curve.

This diagram depicts the set of dynamic equilibria; it tells

us which inflation rate will result on the avepage for a given

average of the unemployment rate. In the figure it has been

depicted as downward-sloping, but it might equally well be

vertical. In such a case the natural rate hypothesis holds:

E[U
t]

cannot deviate from a fixed, "natural" level uN without

making the average inflation rate undefined (or infinite) .
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We can thus state our formal definition of the natural

rate hypothesis (NRH) as follows: If there exists a constant

number uN such that E[U
t]

is equal to uN for all stationary

time series {TIt}' and if E[utJ 1 uN only for undefined E(c t],
then the NRH is said to hold for this model.

There is, however, a small problem with this definition,

which has to do with the c~rvatupe of the function f(u t). It

is well known from e.g. Lipsey's (1960) paper that the autho

rities can exploit the curvature by changing the variance in

the {ut} process, thereby affecting E[~t].l Now this compli

cation is inessential to our main point, and we will simply

disregard it by making a slight reformulation of our defini

tion of economic policy. Instead of defining a policy as a

(stationary) time series { .•. , u t- l' u t' u t +l' } we de-

fine a policy as a (stationary) time series { , f(u t_ l),
f (u t), f (u t +l), ..• } or more briefly { •.. , f t- l, f t, f t +l,
... }. Thus our definition of the natural rate should be re

formulated:

If there exists a cons tan: y.~mber II such
1 JI ~ - l . .is equao to 1 Jor a~ 3tat~onary t~me series

E[ftJ 1 II only for undefined E[TItJ J then the

to hold fop this model.

that E[ft ]

{7f
t

} , and if

IiRH is said

Note that we have formulated the NRH in terms of whether

E[c t] is defined or not; we have thus not mentioned the con

cept of stationarity in the {7f t } process. However, these two

ways of regarding the NRH are equivalent. We will deal only

with inflationary processes that can be written on ARMA form.

For such processes, stationarity means that E[~t] is finite,

and non-stationarity means that the process explodes (or drifts

away like the random walk), thereby making the unconditional

mean E[TItJ undefined. Thus the NRH can be analyzed eihter in

terms of the mean of the inflation process, or in terms of the

stationarity of the process; the two concepts are equivalent.

1 Lipsey's point was related to the variance over markets, and is thus con-
ceptually different from our variance o~er ~ime, but toe same principle
naturally carries over to our time series context.
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5.2 THE LONG-RUN IMPACT OF ECONOMIC POLICY

In this section we will approach the question of whether

there exists a stationary time series {n t} for which Elft]
can be different from its "natural" value fN (which we in

fact know is equal to zero). For the sake of simplicity we

make two assumptions, the first of which can easily be dis

pensed with, and the second being of more crucial importance.

Firstly, we will assume, in the original Phillips

curve tradition, that. ~he direction of causality runs from

{ut}, via the relation

to {n t}. The authorities have full control (through public

works etc.) over the u t time series; needless to say, they

thereby also control the f t process. Now we postulate for

simplicity that the authorities restrict themselves to de

terministic f t processes, i.e. they peg u t at a certain

value u, such that f t is also pegged to a constant f, not

necessarily equal to the natural value fN = O. And the

question is: Suppose f ~ O. Will then the autoregressive

process

n
f + L w

J
" IT t -

J
, + E tj=l

(5.3)

where the w
j

weights are such that they give an optimal

adaptive forecast of the process itself, be stationary or

not?

The assumption of constancy in the f t series is perhaps

not quite realistic; even if the authorities can control {ut},
they can perhaps not control it completely. The assumption

facilitates the analysis considerably, however, and we thus

have to accept it. However, it can be slightly modified if
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preferred: The authorities do not control f
t

completely,

but have to recognize a disturbance which forms a white

noise process. Thus,

(5.4)

Inserting this into the Phillips curve, we have

(5.3')

where the disturbance e t = (£t + nt ) is white noise. This

is the same kind of function as (5.3); with this in mind,

(5.3) might seem more realistic.

The second assumption is perhaps more difficult to accept.

It says that the economic agents immediately "know" the true

structure of the stochastic process they are forecasting. Or,

alternatively, that the agents make estimates before they

know the structure of the process - but we disregard the

transition period during which the estimates are made and

confine our analysis to the "equilibrium" time when the pro

cess is known. This is of course a limitation of our analysis,

but it is necessary in order to make the mathematics manage

able. It is also in conformity with the practice in the ra

tional expectations literature which disregards the transi-

t " "ad 210n per1 •

The specific nature of this assumption can be more illu

minated if we state clearly how the dynamic process of an

active macro policy works. For notational simplicity we in

troduce the lag polynomial

- 2 L n
W = WI L + w2 L + ... + wn '

2 For exceptions, see Taylor (1976) and B. Friedman (1979).
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where L is the shift operator defined by Lk X
t

_ X
t-k.

Equa

tion (5.3) can thus be written

f + W 'It + E t · (5.5)

Now we assume that the economy is initially in a state of

dynamic equilibrium with unemployment at its natural rate, so

that f = 0, and inflation forming a white noise process

t (5.6)

This initial state is ~ dynamic equilibrium (cf. the defini

tion on page 98 above) in the threefold sense that inflation

is stationary, that it conforms to (5.5) (with w. = 0 for all
~

i), and that such a w vector actually yields an optimal adap-

tive forecast of the process itself. Let us denote this ini

tial process by {TItiC, and the lag polynomial associated

with the initial wi vector by woo The process {TIt}O can thus

be written either on the form (5.6) or on the equivalent form

(5.6' )

Now the authorities decide to peg unemployment at a rate diffe

rent from the natural one, so that f becomes pegged to a value

other than zero. This means that {TIt} is not given by (5.6')

any longer, but by (5.6') plus a constant f ~ 0:

Let us denote the process by {TIt}l. This process, however,

does not necessarily constitute a dynamic equilibrium, since

the polynomial We does not necessarily yield optimal adaptive

predictions of (5.7). The economic agents soon discover that

the inflationary process has changed from (5.6') to (5.7) and

start to make optimal adaptive forecasts of the latter:

~e = Wl TI .
"t t
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The lag polynomial WI is thus the polynomial which gives an

optimal adaptive prediction of the process {TIt}l. Since the

agents have revised their inflationary expectations, inflation

will change accordingly and follow the new process {T
t}2

given

by

The agents will then revise their forecasts and form

which in turn gives rise to the process {TI
t;3

which is optimally forecasted by

and so on. The question is now: does the sequence of polyno-

1 V-I v V+I , d h d imia s { .•. , W , W , W , ... j, an t e correspon 1ng se-

quence of processes

converge to some polynomial W*, and some equilibrium process

{rr
t

}*? The process {c
t

}* , more explicitly written as

TIt = f + w* Tit + St'

is an equilibrium if the polynomial W* yields optimal pre

dictions of the process (and this is always the case if the

sequence {W'V} has converged), and if it is stationary. If
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there exists an equilibrium process {"t}* for f t 0, then

the NRH does not hold for our mOdel. Conversely, if no sta

tionary {TI t }* process exists unless f = 0, the NRH holds.

The next section will deal with these questions, and it

will then be shown that all processes {TIt}v are actually

stationary for finite v. However, if we let v ~ 00, it will

turn out that although a process {TI t }* exists, it is not sta

tionary. The sequence

J_ ,v J }v+l }'''t 1 , liT t , ...

converges to a non-stationary, random-walk-like pro~ess with

drift if f ~ O. The economic interpretation of this is that

the NRH, as defined above, holds for our model.

5.3 CONVERGENCE OF INFLATIONARY PROCESSES

Let us introduce a few notations. We have the lag polynomial

Let us denote the vector of coefficients associated with this
vpolynomial by w ,

v v v v)Tw - (wl w2 wn '

and the of the coefficients by vsum L.: :

n
~v I w~ .L -

j=l J

In this section we will show that the sequence of vectors
v-l v \i+l{ ... w ,w, w , ... } converges to a vector w*. Further,

we will show that the sequence of coefficient sums { ... ,
~ v-1 _ \i v+ 1 11
L ,L, L.: , ••• } converges to a scalar Z* = 1. Fina y,

we will discuss what this means in terms of convergence of

the inflationary processes
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"t

To demonstrate the convergence of the vectors w'J we proceed

by means of a few Lemmas:

Lemma 1: Given a stationary AR(n} process

n
TIt = f + L a J. "t-J' + E tj=l

of which we want to make an optimal adaptive forecast

n
I wJ' "t-J'

j=l

It then holds that Zw, > Za·, with strict inequality if f ~ o.
J J

Further, if aj ~ 0, all j, then wj Z Uj' all j.

Lemma~: Given an AR(n} process

If w· Z 0, all j, and zw. < 1, then the process is stationary.
J J

Lemma z: Given an AR(n} process

n
TIt = f + I w. TI

t_ j + E t •
j=l J

If wj Z 0, all j, and ZW j = 1, then the process is non-statio

nary; the roots si of its characteristic equation lie on and

outside the unit circle in the complex plane, i.e.

with equality for at least one i.

The string of Lemmas 3 leads us to the desired result, namely
~that the sequence of vectors w converges to a vector 'l*,

and that the process associated with w* is what we have re

referred to above as "random-walk-like".

3 The proofs will be given at the end of this section.
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We start with the initial, equilibrium process {TIt}O,

defined by (5.6'). This process is obviously stationary, and

so is the next process, {TIt}l, defined by (5.7). The coeffi

cient vector wO of the process {TIt}l is obviously non-negative;

the process therefore satisfies the assumptions of Lemma 1.

We thus know that it can be optimally predicted by

WI TI
t

where WI has the property that EO < EI and that 0 < wO < wI.

Further, we know from the result on the optimal weight sum

in the previous chapt~r that E I < 1.

The next process is {TI
t

} 2 , defined by

We know from Lemma 1 that all coefficients are non-negative,

and that their sum is less than unity. Thus {TI t } 2 satisfies

the assumptions of Lemma 2 and is therefore stationary. But

if {TI t}2 is stationary we can apply Lemma 1; the process can

hence be predicted by

where the polynomial W2 is such that EO < EI < E2 and that

o ~ w O ~ wI ~ w2. Further, from our earlier result on the

optimal weight sum we also have that E2 < 1. For the next

process, {TI
t

} 3 , the same reasoning holds; we have for the

general process {TI}v:

v ~v+l 1EO < El < ••• < E < l.. < ••• <

and

W
v v+l

< < w <
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The sequence of scalars { ... , ZV, •.. ; is thus monotonically

increasing and bounded above. rlence it converges to a scalar

L*. Similarly, the sequence of non-negative vectors { ..• , wV
,

••. } is monotonically increasing. It is also bounded above

since the sum of the elements EW~ = LV is bounded above by L*.
J

Thus this sequence converges in Rn to a limit vector w*.

We will prove by contradiction that E* 1. Assume this is

not the case, i.e. assume that E* < 1. Then the stochastic

process {n t}* with the coefficient vector w* is stationary by

Lemma 2, and therefore it satisfies the assumptions of Lemma

1. It can thus be predicted by

ne = W** nt t

where the polynomial W** is such that w* ~ w** and E* < L**.
But then the sequence { ••. , EV

, ••• } cannot converge monotoni

cally to E*. This means that our assumption cannot be true,

i.e. E* must be equal to unity.

We thus have a sequence of coefficient vectors wV, and

to each of these vectors is associated an inflationary pro

cess {n}v, given by

For finite v, all these processes satisfy the assumptions of

Lemma 2 and are thus stationary. But what about the process

associated with the limiting vector w*? This process, {TI}*,

is given by
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The polynomial W* is such that all its coefficients wj are

non-negative. Further, the coefficients sum to unity. The

process {wt }* thus satisfies the assumptions of Lemma 3 and

is therefore non-stationary, with all its characteristic

roots on or outside the unit circle in the complex plane

(with I~il = I for at least one i). Such processes have rea

lizations that look very similar to those of an ordinary ran

dom walk, with drift,

For that reason we label them nrandom-walk-like n
•

We have shown that the sequence of coefficient vectors

{ ••• , wV, ••• } converges to a vector w*, and that the stochastic

process associated with w* is non-stationary, random-walk-like

with drift. Can we thereby say that the sequence of stochastic

processes

{... , ...}
converges to the random-walk-like process {TI t } * ? This is not

quite certain; convergence of vectors wV in Rn is a fairly

straightforward thing, while convergence of random variables

is a more tricky matter. The question might seem academic, but

it has an important economic interpretation. If we can say
vthat the sequence of processes {TIt} converges to a random-

-walk-like process, this means that as v increases, the pro

cesses {TIt}V become more and more similar to a random-walk

-like process. If we can only show that the coefficient vec-
v }vtors w converge, but not that the processes {TIt converge,

we cannot say that the processes become more and more similar

to the {TI t }* process. We can of course characterize the pro

cess {TI
t

} * as random-walk-like, but since we do not know

whether we will ever reach {TI t }* , such a knowledge is per

haps not entirely interesting for economic policy.
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By convergence of stochastic processes, we will in this

t t . di: .b . 4 {} \I bcon ex mean convergence ~n ~str~ ut~on. Let TIt e a

sequence of stochastic processes with distribution functions

Then the sequence of processes {TIt}~ is said to converge in

distribution to {TI t } * if there exists a process {TI
t}*

with a

distribution function F*(x) such that

lim FV(x) = F*(x)
V-+-<:1O

for all x at which F* is continuous.

Now, convergence in Rn of the coefficient vectors w\l

implies convergence in distribution of the processes {TI t } *

if the distribution function F V is continuous in w\l, and we

will demonstrate that this is the case.

Let us regard an AR(n) process

n
f + I w

J
" TI t -

J
· + E t ·

j=l

If the disturbances Et are normally distributed, the process

{TIt} will be Gaussian, i.e. its distribution function will

be completely characterized by the mean and the covariance

matrix of the process. Thus, if the mean and the autocovarian

ces are continuous in the coefficients wj ' then the distribu

tion function will also be continuous in the coefficients.

Now it is easier to deal with the process when written

on the equivalent MA form. We thus have

00

m + I SJ" E t - J· + E t ·
j=l

4 For an account of different aspects of convergence of random variables,
see e.g. Feller (1971, chapter 8) or, more elementary, Karlin and
Taylor (1975, chapter 1).
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Since the AR coefficients are continuous in the MA coeffici

ents, it is sufficient to show that the mean and the auto-

covariances are

lization of the

value). We then

continuous in the a.. Assume we have a rea-_ J
process TIn (where a bar indicates a realized

have the realizations of the disturbances

En' En-l' En-2'

denote the E[TItl£n'
- ... ] by ThusLet us mean En-I' fl t ·

co

fl t = m + I Pt-n+j E .
j=o n-J

and similarly, for s > t,-
co

fl s = m + I Ps-n+j En-jj=o

where the sums are finite by the assumption that TIn is finite.

Thus the mean fl t is continuous in Pj for all t, as was to be

shown. For the covariance we have

co t-n-l
m + m I Ps-n+ j En-j

+ a I Pj Ps-t+j +
j=o E j=l

co

(p t - n+i

co

I - I £ .).+ En-i 8 .
i=o j=o s-n-J n-J

Thus the autocovariances are also continuous in the aj coef

ficients. Since the AR coefficients are continuous in the MA

coefficients, we also have that the mean and the covariances

are continuous in w .. The distribution function is thereby
J

continuous in the w. coefficients, from which follows our
J

desired result: the sequence of stochastic processes converges

in distribution to the process {TI t }* .

The rest of this section is confined to the proofs of

the above Lemmas.
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Preof of Lemma 1:

The optimal prediction is given by the orthogonality condi

tions

Rw r. (5.8)

Since the second moment r
1

is related to the covariance :1 by

r = y + 11 2 1 = 0, I, 2, ••.
1 1

(where 11 = E[n t] = I-ta.) , we have
J

and

where A is the unit matrix

1

1

A -

1 1

and

Ta - (1, I, •.. , 1) .

1

1

1

Therefore the system (5.8) can be written

(5.9)
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We have the Yule-Walker equations

ra = y

which, subtracted from (5.9) yields

r(w-a) f.l2 (a-Aw) . (5.10)

Note that (a-Aw) is the column vector

(a-Aw)

1 - l:W.
J

For a stationary process, l:W. < 1 as has been shown in the
J

previous chapter. Thus 1 - LW. is a positive number, say k,
J

and (a-Aw) can conveniently be written as koa. Equations

(5.10) thus yield

w - a (5.11)

To prove the second part of Lemma 1, we premultiply (5.11)

by aT to obtain

Covariance matrices are always posLt.Lve definite; the inverse

of a positive definite matrix is also positive definite. Hence

the quadratic form aTr-la is positive, and since k is posi

tive and f.l2 > 0 we have that

l:w. > Ea.
J - J
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with strict inequality if ~ f 0, i.e. if f f O.

To prove the first part of Lemma 1 is more difficult.

We see from (5.11) that w-u ~ 0 if r-la ~ O. This property

can be analytically proved for AR(n) processes with n ~ 2;

for such processes we have

r = [Yo :']'(1 0
and

r- l 1 [ Yo -Y1] .
'(2 _

y
2 -Yl Yo

o' 1
Thus

-1 1 (:0-Y1)r a =
y 2 _ y2 '( O-Y1

o 1

which is always strictly positive since y > Iy I, T f O.o T
I have not succeeded, however, to obtain any analytical proof

for processes of higher order, but have made numerical cal

culations to support the conjecture. I have let a computer

generate n+2 non-negative random numbers f, aI' a 2 , ••• an

and cr 2 . The n the covariance matrix of the thereby obtained
£

process

n
TIt = f + L a

J
, TI t- J,

+ £t
j=l

has been computed and inverted, to check whether r-la ~ O.

In this way, 20.000 processes of different orders have been

randomly generated and checked, and no counterexample of the

conjecture has been found. A more detailed description of

the procedure can be found in Persson (1979). Although such

a large sample from the (infinite) population of AR processes

is quite convincing, it is clear that for processes of orders

higher than 2, the second part of Lemma 1 is still but a con

jecture.
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Proof of Lemma 2:

The

its

the

all

AR(n) process is stationary if and only if the roots of

characteristic equation lie outside the unit circle in

complex plane. We should thus demonstrate that if w. > 0,
J -

j, and Ea j < I, then the equation

1 -
n
I

j=l
w· zj = 0

J

has all its roots outside the unit circle. This can be prov

ed by contradiction. Assume there exists some root ~k such

that I~kl < 1. We then have

where the first of the inequalities follows from the defini

tion of a norm in linear space, and the second follows from

the Cauchy-Schwarz Inequality. But this contradicts the

assumption that EW j < 1. Thus, no such ~k exists.

Q.E.D.

Proof of Lemma 3:

Setting ~. = 1 yields 1 - LW. = 0, which proves that I~. I = 1
1 J 1

for at least one i. To prove the first part of the Lemma, we

assume that there exists some root ~k such that I~kl < 1. We

then have

This contradicts the assumption that LW j
~k can exist.

1. Thus no such

Q.E.D.
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5.4 MULTI-PERIOD FORECASTING

In the preceding sections we have studied the effects on a

simple macro model of the adaptive expectations formula

n
L w. TIt _ ·

j=l J J
(5.12)

for the particular case of e = 0, i.e. for a one-period

forecasting horizon. There is however no reason why the

length of the (implicit or explicit) contracts that govern

prices and inflation should be exactly one period. In fact,

it seems even likely that in reality multi-period contracts

are more common than one-period contracts. In any case,

since by definition no contract can be shorter than one time

period, but can easily be longer, the average contract is

longer than one time period. For an exhaustive analysis of

the multi-period expectations-augmented Phillips curve,S we

should of course formulate it including several terms TI~+e

with different horizons 8. This, however, becomes exceedingly

complicated; we thus let all the different contract lengths

be collapsed into one. Even such a simplification is not

free from difficulties. The multi-period Phillips curve can

be written alternatively

(S.13a)

or

(S .13b)

The formulation (S.13a) means that inflation at time t is

given by the unemployment rate at time t and by the rate of

inflation forecasted at time t to prevail at time t+6 (the

first subscript of TIe indicates the date at which the fore

cast is made). Such an interpretation can be justified if

5 For a treatment of multi-period contracts in another type of macro
model, see Fischer (1977).
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the Phillips relation mirrors agents trying to compensate

themselves today for expected price changes e periods in the

future, thereby setting prices at time t as a function of

prices expected to prevail at time t+6. The second formula

tion, (5.13b), can be justified as describing an economy

where the agents entered long-term contracts e periods ago,

thereby determining which prices should rule today.

In the previous section, with e = 0, we disregarded

this ambiguity in the expectations term. The formula

TI =t
(5.14)

could mean that the world is like in (5.13a); agents make

guesses at time t of the inflation rate prevailing at that

time, the only information available being the inflation

rates through time t-l. Also, it could mean that the agents

at time t-l, with the information available then including

TIt-I' make forecasts of tomorrow's inflation TIt" Although

these two interpretations of (S.14) differ widely, both on

the conceptual level and concerning the assumptions about

the availability of recent economic data, either of them could

perhaps be accepted as Qreasonable". When e > 0, however, the

arbitrariness in the interpretation of the expectations term

becomes only too obvious, and we should therefore analyze

both the Phillips curve (5.13a),

(5.15a)

(where the wj weights are such as to give an optimal adaptive

forecast of TIt + e ) , and the corresponding (4.13b) version

(5.15b)

Note that they differ Widely; if f(u t) is pegged to a constant

f, (5.ISa) implies that TIt follows an AR(n} process, while

(5.15b) implies an AR(n+e} process.
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In Chapter 4 above we saw that the multi-period case

does not lend itself to very straightforward analysis. The

optimal weight sum is not necessarily less than unity, and

it could be both increasing and decreasing in 8. Analytical

results concerning the existence or non-existence of a natu

ral rate are therefore not to be expected. Instead we will

falsify the NRH by a very simple numerical example.

Assume that the length of the agents' memory, i.e. the

length n of the adapt ion formula, is unity. We then have the

two Phillips curves

(5.lGa)

and

(5.1Gb)

We start with the first one, assume that the authorities peg

unemployment to u so that f t = f, and start at a stationary,

natural rate equilibrium,

where the optimal weight w = O. If after some time f is chang

ed to a value ~ 0, we have the process {Tlt}1 defined by

Soon enough the agents start to form an optimal expectation

of this process,

~e

"t+e
Iw Tit - l .

The wI coefficient is given by the orthogonality conditions
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(1) (1)
r 6+l / r o

f

f + 0 2
£

where the superscript (1) of the second moment terms refers

to the process {TIt}l. We thus get a new process {n t}2:

This can be optimally predicted by a w2 coefficient given by

In general the process

of different equations

2 (2)
w = r 6+l /

( 2)
r o

(1 - (W I ) 2] (~ + wI r~2»)

f2 [1 + 2w
1

) + 02
I-wI £

{nt}V+l will be described by a system

W
V rev) / r (v)

6+1 0

(v) f2
+ wv-I (v)

r 6+ l v-I r e1 - w

with the initial conditions

wI = f

f + 0 2
£:

f 2 (1 v-I J+ 2w + 0 2

rev)
v-I £

1 - w
0

[WV
-

lr1 -

(5.17)

(5.18)

(5.19)

(5.20)

This system is not very convenient, but it can be solved nu

merically. Whether or not the sequence { ... , w(v), •.. } con

verges to a value indicating a stationary inflation process,

i.e. to a w* which is less than unity in absolute value, de-
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pends on the parameters f, e and 0 2• In Table 5.1 are dis-
€:

played computations for different sets of parameters, and we

see that sometimes the equilibrium process {ITt}. will actu

ally be stationary:

Table 5.1: Values of w· for a first-order adaptation formula

with 0 2 = 5.e
(N. stands for "non-stationary".)

~ 0.5 0.75 1.0 1.25 1.5

0 N. N. N. .N. N.

1 0.0561 0.1601 N. N. N.

2 0.0528 0.1296 o.2929 N. N.

3 0.0526 0.1271 0.2573 N. N.

4 0.0526 0.1268 0.2517 N. N.

5 0.0526 0.1268 0.2504 0.4967 N.

10 0.0526 0.1268 0.2500 0.4550 N.

15 0.0526 0.1268 0.2500 0.4545 N.

20 0.0526 0.1268 0.2500 0.4545 N.

25 0.0526 0.1268 0.2500 0.4545 N.

50 0.0526 0.1268 0.2500 0.4545 0.8155

That is, if the agents make two-periods-ahead forecasts

(corresponding to e = 1), and the authorities try to peg un

employment at a value u such that f(u) = f = 1.25, then this

will turn out to be impossible in the long run, since infla

tion will ultimately explode. But if the authorities are less

ambitious, and peg f at, say, f = 0.75 (and the agents still
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form two-periods-ahead forecasts), inflation will ultLffiately

stabilize at a stationary process

SLffiilarly, if the agents enter such long-term contracts as

corresponding to e = 50 (which is hardly realistic; we men

tion it here for illustrative purposes only), the authorities

can be really ambitious. Pegging u at such a low value that

feu) = 1.5 yields eventually the stationary inflation process

n =t 1.5 + 0.8155 n t - l + £t-

This means that there exists some region f. ~ f < f
m~n max

within which the authorities can affect unemployment and ob-

tain an equilibrium process {n t }* which is stationary. The

long run Phillips curve is thus not vertical for this inter

val, which depends on the exogenous parameters e and o~:

,u~x
u

Figure 5.2: The long-run Phillips curve with
multi-period contracts.
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Let us finally go back to our equations (5.16). The

figures in Table 5.1 refer to the image of the world reflect

ed in (5.16a), and we will now trace out the consequences of

(5.16b). We start in the same way as before, with a statio

nary, natural rate equilibrium nt = E t and proceed exactly

as before. The expressions will be fairly similar, but not

qUite. The W
V

weight will be given by an equation which

looks the same as (5.17), namely

= rev) / rev)
6+1 0

However, since the Phillips equation (5.16b) is now an AR(e+l)
v

process, r e+l will not be the same as before; the expression

corresponding to (5.18) will instead be

(v) =
r 6+1

f2 v-I
v-I + w

1 - w

(v)
r o

with w
V

-
l and wI given by expressions exactly similar to (5.19)

and (5.20), respectively. Substituting yields

(5.21)v-I+ w
(1 - wV-l)r(v)

o

Since wv- l = r~:i / r~-l < 0, we see that the first term on

the right hand side will always be positive if f ~ O. Hence

the differeotial equation (5.21) will explode, i.e. infla

tion will explode too. Thus, if the world of multi-period

forecasting works as implied by the Phillips curve (5.l6b),

the NRH holds regardless of the length of the forecasting

horizon.

5.5 CONCLUDING COMMENTS

In this chapter we have demonstrated that if the agents form

one-period optimal adaptive forecasts, then the NRH holds for

the expectations-augmented Phillips curve model. The result
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depends basically on the crucial assumption that the agents

actually form adaptive forecasts. This assumption was the

point of departure for our whole analysis, and although this

assumption is standard in economic and econometric literature

(which makes it a justified object of study) we should perhaps

briefly discuss whether it is a realistic and a reasonable

assumption.

Assume that inflation is given by one of the {nt}V+l pro

cesses discussed in Section 5.3 above,

n v
I w. ~t-' + £t·

j=l ] ]
(5.21)

Why should then people be so irrational that they form expec

tations according to

IT =
t

~ v+lL w. TI
t

_ ,
j=l J J

(5.22)

instead of just taking the conditional expectation of (5.21)

as their forecast? The proper answer to this is, I think, the

following: It is difficult to model expectations in an opera

tional way. We have only two mechanisms that are operational,

the adaptive expectations (5.22) and the rational expectations

(5.23)

We know that it is irrational to form expectations according

to (5.22) if inflation is given by (5.21). On the other hand,

we also know that people are not well-informed enough to

form expectations according to (5.23). What we can do as

economists is to study all existing formulas, neither of them

being entirely realistic, and see whether the NRH is robust

in the sense that our models have the same natural rate pro

perties regardless of which expectations formula is applied.

If this is the case, we are allowed to form opinions of
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whether the NRH holds in the real world. And while Chapters

4 and 5 have dealt with the adaptive formula, we are now

going to study the rational formula in Chapters 6 and 7.

There are several other assumptions that do not seem al

together realistic, the most important being perhaps the one

we discussed on page 101 above, namely that we choose to dis

regard the transition time between two processes {TIt}v and

{TIt}V+l The conclusion of the one-period forecasting model,

that the inflationary process becomes more and more similar

to a random walk with drift (convergence in distribution)

might however hold in reality in a less precise form; if f

is kept above the natural value zero, both the mean and the

variance in the inflationary process will tend to increase

over time.

Finally, we should mention a few words about the multi

-period results of Section 5.4. These are important since

they show that the NRH is not quite robust; if the Phillips

curve is formulated as (5.16a) there is a long-run trade-off

between E[TI t ] and f. We have not defined the length of the

time unit in our analysis; thus it is perhaps difficult to

judge whether people actually enter multi-period contracts

in reality, and even more difficult to say whether these

contracts imply a Phillips curve according to (5.16a) or

(5.16b). In empirical work the time unit is automatically de

fined by the availability of data; if monthly data are avail

able, the time unit is a month, and if only quarterly data

are available, it is a quarter. In a theoretical model it

is reasonable that the time unit should be equal to the time

it takes for the authorities to react, i.e. to the sum of

the observation and reaction lags. Whatever this might be,

it seems likely that the authorities have shorter observa

tion lags than the individual agents, and even if the length

of the decision lag is somewhat ambiguous, it does not seem
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entirely unrealistic to assume that the agents generally

enter multi-period contracts (i.e. have less flexibility than

the authorities). The falsification of the NRH that there-

by follows from (5.16a) is thus of the same kind as Sargent's

and Wallace's (1975) "information advantage for the monetary

authority", which also in their model implies a falsification

of the NRH.
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6. RATIONAL EXPECTATIONS IN
LOG-LINEAR MODELS

The natural rate hypothesis (NRH) says that real variables

cannot be systematically affected by the nominal variables

of the economy. This refers to all real variables, i.e. the

rate of unemployment, the level of aggregate, real output,

or the real rate of interest. In the preceding chapter we

studied the NRH in a Phillips curve context, and therefore

we concentrated our attention to the unemployment rate. In

this chapter, dealing with rational expectations, we will con

form to the tradition of the rational expectations literature

and concentrate on the level of real output.

In this context the NRH can be formulated in a way analo

gous to the one in Chapter 5 above: Denote real output and the

price level at time t by Yt and Pt' respectively, and assume

that they follow time series { .•. , Yt - 1, Yt, Y
t
+l, .•• } and

{ ..• , Pt-l' Pt+l' ... } with means E[Yt] and E[pt]. The natural

rate hypothesis is said to hold if E[y t] is independent of the

time series { ... , Pt-l' Pt, Pt +] ' ... } and, in particular, if

there is no trade-off between E[y t ] and E[pt].

The exact relation between Yt and Pt' and between their

means, depends on two crucial factors: the model chosen to

represent the economy, and the way expectations are assumed to

be formed in the model. Lucas has claimed (1972 a) that
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rational expectations are equivalent to the NRH. This seems to

be true for some general equilibrium models where agents dis

play maximizing behavior.
l

In econometric work, however, such

models are seldom used, and instead we have to rely on simple

ad hoc models like the expectations-augmented Phillips curve

or more elaborate, but still ad hoc, models like the ones of

Sargent (1973) and Sargent-Wallace (1975). In such models,

the aggregate supply equation is utilized to analyze the

relations between real output, the price level, and the

expected price level:

(6.1)

where Yt = log Yt , Pt = log Pt and E t is normally distributed

white noise. The purpose of this chapter is to show that for

such models, rational expectations are not equivalent to the

NRH. On the contrary, we will show that real output can be

systematically affected by monetary policy even if expecta

tions are formed rationally in the sense of Muth and Lucas.

6.1 MODELLING MONETARY POLICY

To trace out the effects of monetary policy, we have to state

which are the policy parameters at the authorities' disposal.

While we in Chapter 5 above had a fairly eclectic view as to

how economic policy is performed, i.e. whether the authori

ties control {Y t } or {Pt}' and whether the direction of cau

sality goes from {Yt} to {Pt} or vice versa, the rational

expectations literature is quite explicit on that point (cf.

Chapter 3 above): the authorities control the {Pt} time series

- for example via the money supply - and this affects real out

put {Yt}. More specifically, we model economic policy by first

stating what is sometimes called "the aggregate demand sche-

1 Cf. Lucas (1972 b).
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2dule", but what is rather to regard as the price identity,

equating nominal supply and demand:

(6.2)

where Xt denotes the logarithm of aggregate, nominal demand.

A "monetary policy rule" is then defined in the standard way,

namely by the parameters of a time series

(6.3)

The problem is to find k, al' •.. , a and 0 2 of (6.3) such
n n

that the long-run average value of real output can be

affected. 3 S;nce for each t;me ser.l."e { X X X... ... s ... , t -1' t' t+1 '
••. } there exists a time series of logs of prices { ..• , Pt-l,
Pt, Pt +l, •.. } we can, for the present purpose, simplify

matters and define a policy as the time series of the prices

themselves, or of their logarithms.

We immediately see that if the supply function f(.) is

nonlinear, then the average value E[Yt] could be changed by

a policy which affected the variance of (Pt-p~).4 Assume for

example that f is quadratic:

(6.4)

The rational expectations are given by

2 See e.g. Lucas (1972 a, p. 55).

3 If the authorities cannot control nominal demand completely (as seems
reasonable to assume) the role of 0 2 as a policy parameter is somewhat
limited by the fact that it cannot ~e decreased below a certain minimum
value.

4 In Lipsey's 1960 article, a similar point is made on the curvature of
the Phillips relation. There the variance referred to dispersion between
different markets, but the argument naturally carries over to the time
series context of this chapter.
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Pe
t -

where Ht_ l denotes past history through time t-l. If the

authorities can control the money supply so that the nominal

variable follows an autoregressive time series

-5 + (6.5)

where v
t

is white noise with variance a;, we can obtain the

long-run average value of Yt by substituting (6.5) into

(6.4) and take expectations; this yields

Thus, by changing a~ the authorities can affect E[YtJ. If

the supply function f(.) is concave, i.e. if c < 0, the

authorities can maximize E[YtJ by minimizing the stochastic

disturbance. Since the white noise is generally considered

to be uncontrollable, there probably exists some minimum

level of 0 2 below which the economy cannot reach. Thus,v
there exists some maximal attainable level of E[YtJ, and

this is the closest correspondence to the natural rate

hypothesis we can obtain in this simple model.

A somewhat more disturbing feature accrues if f(.)

happens to be convex. Then c > 0, E[YtJ increases with a~

as long as (6.4) is a good approximation of economic reality,

and a highly (or even infinitely) erratic monetary policy

would then be desirable. Whether f(.) is concave or convex

remains to be investigated, empirically and theoretically;

may it suffice here to emphasize the effects that can occur

if the f ( .) function has the "wrong" curvature.

Now, it is a fairly well-known fact that a supply func

tion (6.1) which is nonlinear in its argument (P t - P~) will

not in general display natural rate properties
5,

and we

5 See for example Shiller (1978, p. 10).



129

should not go into these questions further. Instead, I will

follow most writers dealing with rational expectations and

assume that (6.1) is linear, i.e. of the form

(6.6)

where a and b are positive constants.

If we set P~ = E[ptiHt_l] in (6.6) and take the uncon

ditional expectation of both members, we get E[Y t] = a. This

is the "natural rate result" obtained by Lucas (1972 a,

1973), Sargent and Wallace (1975), Barro (1976), Fischer

(1977), and numerous other writers who have dealt with a

supply function of the form (6.6). However, I will claim

that this does not imply natural rate properties for the

above model; it only says that since (6.6) is linear in its

arguments, E~Yt] cannot be affected by monetary policy. What

society is interested in is not E[Yt] = E[log it]' but

E[y t]. And the latter can be affected by monetary policy. In

particular, I will show that a linear function (6.6) and a

nonlinear transformation Yt = log Yt give the "wrong" curv

ature to the relation between Yt and Pt' so that in models

with the standard definition of rational expectations E[y t]
will be an increasing function of var[pt] .

6.2 THE LOGARITHMIC TRANSFORMATION

Assume that the economy can be sufficiently well described

by the linear supply function (6 .6) . Now, "rational expecta

tions" could mean two things. Either

(6 .7)

where Ht_ l denotes past history through time t-l, or
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(6.7' )

Both interpretations, regarded as behavioral relations, are

equally plausible, and they seem to have equal support in the

literature. They are equivalent if the model in which they

are employed is deterministic; for stochastic modeZs, however,

they have different implications. In the following they will

be denoted "The First Definition" and "The Second Definition",

respectively, and it will be demonstrated that none of them is

equivalent to the natural rate hypothesis.

6.2.1 The First Definition

Rational expectations defined according to (6.7) are the

ones that are generally utilized in macro models, and the

ones that underlie the natural rate properties derived from

these models. Thus, Lucas (1972 a, p. 54-55) states that the

relation

introduced into the model as an additional axiom, implies

that we have assumed expectations to be rational in the

sense of Muth. This obViously means that p~ should be de

fined according to (6.7).

Let us first look at the instantaneous effect on Yt
from a change in Pt' i.e. the effect before expectations

have adjusted. From (6.6) we see that

The increase in Yt resulting from an unexpected increase in

the price level is greater the greater is the value of Yt'

implying that at the peak of the business cycle, an extra
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monetary stimulus will have greater impact than at the bottom

of the cycle. This fact, which has been pointed out by David

Laidler (1975, p. 186), obviously indicates that there is

something strange with the curvature of the logarithmic

transformation. This refers only to the short-run effect of

an instantaneous change in Yt' but it also carries over to

the long-run properties we study in the natural rate context.

Assume Pt follows a stationary time series { •.. , Pt' .•• } and

define rational expectations according to (6.7). Taking the

unconditional mean of (6.6) then yields

regardless of the time series {Pt}' This is the natural rate

result one would expect, but notice that it only says that

the mean of log Yt is independent of {Pt}; it might well be

that the average value of Yt itself could be affected by the

nominal variable. In fact, expanding Yt = log Yt around the

point Y t

1 1 ( -y) 1og Yt ~ og Y + Yt-
Y

1

2 , - 2.y

- 2
(y - y)t

(6 .8)

where the higher-order terms are disregarded. Taking the

mathematical expectation of (6.8) yields, since

E [log Y t] = a,

Denoting the function y(log Y - a) by $(y), we have

The $ function is increasing, and thus ~-l is increasing too.

E[y t] is hence an increasing function of var[ytl. The con

sequence of this is that if the authorities employ a highly

erratic monetary policy, with the variance of the white noise

term in (6.3) going to infinity, then the average level of
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real output will increase without bound - at least as long as

(6.6) and the linearization (6.8) can be regarded as a reas

onable approximation to economic reality. If it had been the

other way around, that is, if ¢-l had been a decreasing

function instead, the model would have made more sense. Then

E[y t] would have been a decreasing function of o~, and since

the white noise is generally regarded as reflecting some un

controllable disturbances to the economy, one could argue

that 0 2 could not be reduced below some minimum value. Thus,
n

E[y t] would have been bounded from above at a value which

could perhaps be said to be the "natural level" of real out

put. Since this is not the case, however, and since there

certainly is no upper bound on 0 2, the average value of
n

real output can be increased ad infinitum in this kind of

model.

In fact, this is quite a strong result, which relates

to a much wider class of model formulations than the one

above. Thus, it holds for all models of the form (6.6) where

(i) Yt is any concave function of Y
t

, and

(ii) P~ is any unbiased expectations operator of Pt'

An unbiased expectations operator is an operator Zt of Zt

such that E[Z~) = E[Zt]' a property which the rational ex

pectations (6.7) share with for instance the adaptive ex

pectation

n
l w

J
"

j=l
Zt c r-J 1.

6.2.2 The Second Definition

We see thus that if P~ is defined according to (G.7),

E[YtJ = E[log ytJ is independent of monetary policy, but the

interesting variable, E[ytJ, is not. If on the other hand
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P~ is defined according to (6.7'), not even E[YtJ, and cer

tainly not E[ytJ, is independent of monetary policy. A quest

ion that naturally arises is whether (6.7') is a reasonable

definition, and the answer seems to be that it might have

more firmly established microfoundations than its counter

part (6.7). If, for example, an aggregate supply function is

to be derived from a model of maximizing behavior where the

agents (i.e. the workers) speculate over time, such as the

Lucas-Rapping (1969) model, we obviously obtain (after some

rather restrictive assumption) a supply function where the

price expectations should be defined as P~ = log (E[ptiHt_1J).

This is also recognized by Lucas (1972 a), who defines

P~ as "the log of an index of expected future prices".6

Another way of justifying an expectations term like

(6.7') is by a model like the one of Laidler (1978), where

firms are speculating over markets. If Yi t is the output of

the i:th firm at time t, Pit is the price of that firm's out

put, and P~t is the general price level as perceived by the

firm, we can formulate a relation which states that firm i

increases its output when it perceives its own relative

price to be high:

Yi t = f i [P;t], fi > O.
Pit

Given some rather restrictive assumptions7 we can sum over

the firms to obtain

y =
t

which, if F is log-linear, can be written

log Yt
ea + b(log Pt - log Pt) .

6 Lucas (1972 a, p. 52).

7 For example, that all firms have identical reaction functions, and that
all firms have the same perceptions of the general price level pe.

t
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We thus have a supply function of the Zog of the expectation,

that is P~ should be defined according to (6.7'). Obviously,

this model does not have the time series approach which cha

racterizes our earlier treatment of the supply function; P~

refers in this model to the general price level, i.e. to an

expectation over markets, while our earlier p~, and the price

expectation in the Lucas-Rapping model, refers to a forecast

of tomorrow's prices. Nevertheless, it shows that quite reas

onable micro models yield supply functions that imply a de

finition of P~ similar to (6.7'), rather than to (6.7). This

points at an ambiguity in the rational expectations models

hitherto employed, and I will show that the non-existence

of a natural rate of unemployment is robust with respect to

this ambiguity.

Assume again that Pt follows a stationary time series

{ •.. , Pt' ••. }, and let us for short introduce the notation

E[PtJ = ~ and E[PtIHt_l]= mt' We have that E[mtJ = ~ since

E[.I ••. J is an unbiased operator. We substitute (6.7') into

(6.6), take the unconditional expectation, and have

(6 .9)

Expanding log mt around the point mt = ~ yields

1
log ~ + (mt-~)il

131+ -:rr(m -~) - -
3. t 4

~

(6.10)

Assuming that {. .. , Pt' ..• } (and hence {. .. r mt, •.. }) is

a Gaussian process, all odd moments Mk(m) = E[(mt-~)k],

k = 1, 3, 5, ... , vanish. Taking the mathematical expectation

of (6.10) thus gives
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By the same reasoning, we can get an expression for E[log PtJ:

Now, the even moments of the normal distribution have the

property that, for given r, M (.) is an increasing function
8 r

of Var[.J. Since var[mt] < Var[pt J , Mr(m) - Mr{p) is a ne-

gative number for all r = 2, 4, 6, ... Further, if var[pt]

is held constant,

is an increasing function9 of ~ = E[Pt]' which means that we

have a trade-off between E[Yt] and E[ptJ· Since Yt = log Yt,
Yt could be linearized around the point Yt = E[y t], in the

same way as Pt and mt, to yield

Thus, keeping the variance constant, we actually have a long

run trade-off between E[y t] and E[pt J.

6.3 CONCLUDING COMMENTS

In deterministic models there is no ambiguity regarding how

to model rational expectations, and for such models rational

expectations are equivalent to the natural rate hypothesis.

However, since we have only imperfect knowledge of the ulti

mate cause of all changes in the economic system, it seems

appropriate to analyze the system by means of stochastic

models. For such models, as usually formulated, the equi-

8 Cf. Kendall and Stuart (1963, p. 60).

9 Provided u > 1.



136

valence between rational expectations and the natural rate

hypothesis does not hold.

The main point in this paper has been to show that al

though the widely used supply function (6.6) states Yt as a

linear function of Pt , it implies that Yt , expressed as a

function of Pt' has the "wrong" curvature. This means that

if rational expectations are defined according to (6.7),

E[y
t

] will be an increasing function of var[ptJ, a result

which is hardly in conformity with the general view that

monetary policy should be aimed at minimizing the variance

in

Two qualifications should be made: First, a supply

equation like (6.6) is only to be regarded as a local

apprOXimation of the actual economy; it is not plausible

that E[y t ] will increase to infinity with var[ptJ. But it

is serious enough, when judging of the appropriateness of

(6.6) as a description of the economic system, that it has

the wrong curvature even in the limited range where it

should be a good apprOXimation to reality.

The second qualification concerns the appropriateness of

any stable supply function (6.1) - linear or non-linear - in

an economy where the authorities change between different

policy regimes. This argument is similar to the one put for

ward by Lucas (1976 a), and is the one I am referring to at

the beginning of this chapter, when discussing general eqUi

librium models that might display natural rate properties, as

contrasted to ad hoc models which we have to rely on for

practical purposes. In particular, it might be that for a

proper derivation of a linear supply function like (6.6),

the parameters turn out to be functions of the time series

{ ... , Pt' ... } announced by the authorities. Such an approach

is taken by for example Lucas (1973) and Barro (1976), where

the coefficient a is assumed to vary inversely with var[ptJ.
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However, the way this dependence is modelled in these papers

is not sufficient to rule out the connections between E[y t ]

and the time series { ... , Pt' ... }, the only way to completely

rule out such a dependence being to build such a complicated

model that we have in practice constructed a full-scale gen

eral equilibrium model.

The conclusion is thus that the way aggregate supply is

generally represented in econometric models, i.e. by a log

linear function (6.6), is inappropriate, since it implies

that the average level of real output increases monotonically

with the variance in the money supply rule.
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7. CERTAINTY EQUIVALENCE AND
THE RATIONALE FOR RATIONAL
EXPECTATIONS

Rational expectations have been critized from several diffe

rent points of view., The first kind of critique, and the most

fundamental one, concerns the assumption that economic agents

are well-informed enough to form forecasts that are equal to

the true, mathematical expectation of the variables in ques~

tion. This is the kind of critique put forth by e.g. Shiller

(1978) and B. Friedman (1979),1 and we will not deal with it

in the present chapter.

The second kind of criticism of the rational expecta

tions is specifically directed towards a limited group of

models, the ad hoc models of e.g. Lucas (1972 b, 1973),

Sargent (1973) and Sargent and Wallace (1975). It says that

these models do not rely on sound micro-foundations, i.e.

they are not correctly derived from an assumption of maximiz

ing behavior. This is the kind of criticism put forward by

Fair (1978), and it does not really aim at the concept of

rational expectations as such, but rather at the particular

models in which rational expectations are utilized.

The third kind of criticism is closely related to the

second one. It points out that, whether or not the ad hoc

models referred to above rely on maximizing behavior, they

1
This type of critique has been met by e.g. Barro and Fischer (1976,
p. 163).
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display properties which are counterintuitive to macro

economic thinking, and thus there might be something wrong

with them. In particular, it turns out that for such models

the average value of real output is an increasing function

of the variance in the money supply rule. This was demonstrat

ed in the preceding chapter, and it is obvious that it is

closely related to the second type Qf criticism just mention

ed; if the models do not have solid micro-foundations, it is

hardly surprising that they display strange, or even "wrong",

properties.

In the present chapter we will pursue the second, and

to some extent the third, line of criticism by investigating

some of the micro-foundations of the ad hoc models. In par

ticular, we will study the use of certainty equivalents in

one of their essential features, namely the Lucas supply

equation

(7.1)

As noted earlier, the origins of this function are somewhat

obscure, but according to Lucas (1972 b, p. 52) it can be

derived from Lucas' and Rapping's (1969) two-period consumer

decision model, where the consumer has four decision variab

les: consumption of goods in period one, labor supply in

period one, consumption in period two, and labor supply in

period two. The agent thus maximizes expected utility

subject to the budget constraint

where Pl and P2 are the prices of consumption goods in period

1 and 2, respectively, WI and w2 are the nominal wage rates
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in the two periods, and r is the banks' lending and borrow

ing rate. In period I, the agent does not yet know which

price and wage level will prevail in period 2; P2 and w
2

are

thus to be considered as random variables when the decision

of how much labor to supply in period 1 takes place. SolVing

this decision problem leads, according to Lucas and Rapping,

to a labor supply function for period 1 of the form

(7.2)

where w~ and P~ is the expected wage rate and price level,

respectively, in period 2. This labor supply response is now

transmitted through firms to the goods market, leading to

an aggregate supply function (7.1) where Yt denotes the

log of real output Yt' and P t denotes the log of the con

sumer price index Pt' The rational expectations approach

to (7.1) is then to set P~ = E[ptIPt-l, ..• J and see whether

or not this implies that the natural rate hypothesis holds

for the model in which (7.1) is utilized.
2

In order to further investigate the roots of the ra

tional expectations concept we go back to Muth's original

(1961) paper. We recall that Muth's model was an ordinary

model of market equilibrium, where the firms were subject

to a one-period production lag, so that they had to decide

at time t-l (i.e. before they knew the price Pt) how much

they would supply at time t:

Demand: Dt -SPt

Supply: St
e + (7.3)YPt v t

Market equilibrium: Dt St'

2 Note however the ambiguity concerning whether P~ should be interpreted
according to

P~ =E[log Ptl .•. J

or

P~ =10g(E[ptJ1 ..• ).
This has already been mentioned in the preceding chapter, and we
shall not go more into that question here.
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The parameters Band yare positive constants, and v t is an

error term corresponding to stochastic disturbances in the

production process. We see thus that there is nothing strange

with the model; the supply and demand curves have their

usual slopes, and the producers who do not know Pt in advance

react on their forecast P~ instead.

There is an important similarity between the supply

functions (7.2) and (7.3): The agents do not know the future'

prices and wages, but they act as if they knew them. The

only difference is that the unknown values of w2, P2' and Pt

are substituted by known, fixed numbers w~, P~' and p~.

Thus, the reaction functions are the same as they would

be if there were no uncertainty involved in the problem,

but next period's wages and prices were known for sure to

be w~' P~' and P~' respectively. In other words, it is

assumed that there exist certainty equivalents for the un

certain variables. This is even explicitly mentioned by

Muth, who writes that "The certainty-equivalence property

follows from the linearity of the derivative of the appro

priate quadratic profit or utility function".3 The purpose

of this chapter is to investigate the certainty equivalents

within the framework of the Muth and Lucas-Rapping models.

We will demonstrate that for uncertain prices, the mathema

ticaZ expectation is no certainty equivalent.

7.1 THE CERTAINTY EQUIVALENCE PRINCIPLE

The economic literature contains two concepts referred to

under the label "certainty eqUivalence". Firstly, we have

the von Neumann-Morgenstern axiom that the individual's

preference ordering over uncertain prospects is continuous;

as a consequence of this axiom there exists for every lotte

ry A a certain prospect x such that x is considered as

equvalent to ),. Therefore x is often called the certainty

equivaZent of the uncertain prospect A

3 Muth (1961, p. 317).
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The second context in which the term certainty equiva

lence appears is related to the first one, but it has a much

more specific interpretation. It is referred to as the Cer

tainty Equivalenee Prineiple, which states that the optimal

solution of a particular class of decision problems under

uncertainty is the same as the solution of the same problem

under certainty, with the uncertain variables substituted by

known constants which are equal to their conditional expec

tations. Due to the von Neumann-Morgenstern continuity axiom,

there will always be a specific number which can replace the

uncertain variable in the decision problem. This number will

in general be a fairly complicated function of the parameters

in the problem, the mean, variance and higher moments of the

uncertain variable's probability distribution etc. The cer

tainty equivalence principle states that for a particular

class of decision problems, this number, the certainty equi

valent, will be equal to the (conditional) expectation of

the uncertain variable. Thus the probability distribution of

the uncertain variable is irrelevant to the optimal solution

(except for the mean of the distribution) and in particular

the degree of uncertainty, as measured by e.g. the variance,

does not matter.

This concept of certainty eqUivalence, which is due

to Simon (1956) and Theil (1957),4 is the one we will deal

with in the present chapter. In its simplest form it can

be stated as follows:

Suppose an agent has at his disposal a vector of m

variables, to be called control variables or instruments,

which are denoted x ~ (Xl x 2 ••. xm)T. By these variables

he can affect n other variables, called state variables
Tand denoted y - (YI Y2 ... Yn) The vectors x and yare

related according to the linear system

4 Mor e recent versions are given by Theil (1964, 1970). See also
Ma1invaud (1969).
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(7.4)

where £ is an n-dimensional vector of stochastic distur

bances £ = (£1 £2 ••• £n)T such that £ is independent
5

of

x. Suppose further that the agent wants to choose a control

vector (xl x
2

x
m)

so as to maximize the expected value

of a quadratic objective function

T T
W = E[y Qy + x Rx] (7.5)

where Q and R are matrices of order nxn and mxm, respecti

vely. Substituting (7.4) into (7.5) and taking the deriva

tive with respect to x equal to zero yields the optimal

instrument

We see that the uncertain variable £ appears in x* only as

a fixed number, the expectation E[£]. In other words, the

decision problem under uncertainty (7.4)-(7.5) will have

the same solution as a similar problem under certainty,

where y is given by the deterministic equation

Y Ax + E[d.

This property, the certainty equivalence principle, thus

holds for a simple, atemporal decision problem. However, it

can also be generalized to hold, in a modified form, in a

multi-period context. The generalization is fairly straight

forward; for a t-period decision problem we redefine the

control variables as the tID-dimensional vector

5 For a discussion of what this independence assumption means in
Theil's dynamic formulation of the principle, see Duchan (1974).
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where

Similarly the state variables are redefined as an tn

dimensional vector

where

By correspondingly extending the dimensionality of the A,

Q and R matrices in the system (7.4) and the objective

function (7.5), we obtain an inter temporal decision problem

which displays what Theil calls fi~st pe~iod certainty

equivalence. This means that the first m elements of the

optimal instrument x*, i.e. (xiI xiI ... X~l)T are the same

as they would be for a deterministic problem with the tn

dimensional disturbance vector £ replaced by its expecta

tion conditional on all information available at time t=l.

Another way to approach the concept of certainty equi

valence in a dynamic context is by means of the dynamic pro

gramming algorithrn. 6 To apply dynamic programming methods,

the system constraint (7.4) is often formulated as a vector

valued difference equation,

t 1, 2, ... , t-l

where the initial state y is given, and where the vector of

stochastic disturbances £t is independent of x t. Assuming that

6
The two approaches are in fact equivalent, as is demonstrated by Norman
(1974). For an account of stochastic dynamic programming, see e.g. Chow
(1975) and Bertsekas (1976).
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the objective function is quadratic and additive over time,

this formulation leads to the optimal solution x~ which

appears not as a fixed ve~tQP, but as a 3tp2~egy, a linear

feedback function

x*
t

t 1, 2, ... , t-l (7.6)

The matrices L
t

and the vectors gt are found by solving a

fairly complicated difference equation.- Now this expression

clearly shows the multi-period nature of our solution; the

values of x~ cannot be set immediately in period 1 (except

for t=l) , for it depends on the realizations of £t-l' £t-2

etc., which have not yet been observed. But the optimal x t
can be specified as a function of the Yt value to appear at

t, and is needed in the backward-optimization procedure of

the dynamic programming algorithm to determine the optimal

policies for earlier periods. When computing the matrices

Lt and the vectors gt it turns out that the expression for

Lt does not contain any disturbance term E t , and that gt is

dependent only on the expectation E[E t). We thus have a

multi-period certainty equivalence in the sense that the

optimal feedback rule (7.6) for the stochastic problem

is identical to the solution of the corresponding deter

ministic problem with the uncertain variable ~t substi

tuted by the known constant E[£tJ.

The quadratic optimization problem under uncertainty

can thus be generalized in a number of ways; it can be static

or dynamic, and when dynamic, it can allow for transition

matrices A and B, and objective weights Q and R, that are

changing over time. Also, it can encompass the case when the

number of objectives or the number of states is changing over

time, i.e. when the vectors x and yare of dimensions m
t

and

nt' respectively. For all these generalizations the certainty

equivalence holds in one form or another.
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There are however some essential features in the prob

lem (7.4)-(7.5) (which is general enough to encompass all

the other generalizations) that constitute sufficient7 con

ditions for the certainty equivalence principle to hold.

These conditions are

i) A quadratic objective function

ii) Linear constraints

iii) Additive disturbances that are unaffected by the

instruments.

These three requirements do obviously not encompass all

problems of decisions under uncertainty. An important class

of problems is constituted by cases where the coefficients

in the constraints are uncertain, i.e. where the matrix A

in equation (7.4) is 2 random variable. 8 For these cases

the certainty equivalence principle does not hold in gene

ral, i.e. one cannot generally substitute the random matrix

A by its expectation E[A] when computing the optimal

control x*. This is evident from the solution of the prob

lem (7.4)-(7.5); we recall that the optimal instrument was

given by

which, because of the fact that A appears in the solution

in a non-linear way, is not necessarily equal to

-(E[AT]QTE[A] + RT)-lE(AT]QTE [ £ ] . The random variable A can

thus not be substituted by its mean, and the certainty equi

valence principle does therefore not hold in the case with

uncertain parameters.

1
They are not necessary, since by sheer chance the principle might
hold for some other problem which happens to have the appropriate
parameter values.

80ptimal control of systems with unknown parameters is a fast-growing
topic in the control literature; see e.g. Bertsekas (1976, p. 80-81)
and Chow (1976).
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Since prices in economic decision problems often appear

as parameters in the constraints, i.e. as A above, price un

certainty is a special kind of uncertainty to which the cer

tainty equivalence principle is not applicable. In the next

section we will reconstruct the decision problems that lie

behind models like the ones of Muth (196l) and Lucas-Rapping

(1969), and we will see that the certainty equivalence prin

ciple is not applicable to these models.

7.2 MAXIMIZING BEHAVIOR UNDER PRICE UNCERTAINTY

Of the three standard assumptions usually made to prove the

certainty equivalence principle, the first one, i.e. that

the objective function be quadratic, is in some respects

"permissible" in economic models. Of course we know that

it constitutes a simplification which sometimes leads to

strange results. 9 However, we will not question the first

of the three assumptions on page 146 above, but concentrate

on the other two.

Let us start with the simplest of all cases, a model

with one produced commodity, one factor of production and a

price-taking firm which has to decide today how much to pro

duce to sell at tommorrow's market. The commodity is produc

ed according to a production function y = y(~}, and the

firm maximizes the expected utility of profit ~.

max E[U(~)] _ E[aTI L + bIT + c)
£

SUbject to

(7.7 )

II plj;(2} - wi (7.8)

9
See Barch (1969) and Feldstein (1969). Cf. also Tobin (1969).
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where p is the price of the commodity, which is unknown when

the production decision has to be taken, and w is the (known)

price of the input. For the utility function U to be concave,

we have that a < O. For marginal utility ~~ to be increasing,

we have b > O. We could also generalize the problem further

by an additive stochastic term £ in the constraint (7.8),

corresponding to unforeseen disturbances in the production

process, but no essential contributions to our main point

are gained from such a complication.

This decision problem, although having an objective

function which is quadratic in the state variable IT, does

obviously not have a linear constraint in the instrument t.

Thus the certainty equivalence principle is not immediately

applicable to it. We have to simplify things a little further

by assuming that ¢(.) is a linear function ¢(t) = k·Z. With

no loss of generality we can set k = 1. The constraint (7.8)

then reads

IT (p-w)i.
(7.8 t)

The economic interpretation of such a constraint is that

the firm buys a quantity t of a good today at a certain

price w, stores it without cost overnight and sells it at

an uncertain price p tomorrow. With these rather strong

assumptions we have a decision problem with a quadratic

objective function and a linear constraint. However, the

stochastic disturbance does not appear additively, but in

the system coefficient (p-w), corresponding to the system

matrix A in the preceding section. Another interpretation

would be to say that p consists of two parts, p which is

certain and p which is uncertain with mean zero. (7.8')

could then be written
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where ~ = p.~. In this case the uncertainty is removed

from the transition matrix A, and is added to the constraint

in the usual way. But then [ is not independent of the in

2trument Z. Thus the third assumption is still violated.

In order to see the effects of an incorrect applica

tion of the certainty equivalence principle to the problem

(7.7)-(7.8') we substitute the. latter into the former,

take the derivative with respect to ~ equal to zero, and

obtain the optimal instrument

b (w-E [p])
9.*

2aE[p2] + 2aw2 - 4awE[p]

b (w-E [p])
(7.9)

2a Var[p] + 2a(w-E[p])2

which can be regarded as the firm's supply function of the

good in question. For comparison, we assume for a while that

the problem has no price uncertainty involved, i.e. p

is a given constant, say Q. For this hypothetical certainty

case the optimal instrument would be

R. '
b

2a (w-u) (7.10)

For a strictly concave utility function we see that 9.' > 0

whenever CJ. > w.

Due to the von Neumann continuity axiom such a certainty

equivalent exists. We can find its value by setting R.*, as

given by (7.9), equal to Z', given by (7.10), and solve for

Ct. This yields

Var[p] + E[ ].
E[pJ-w P

Obviously the "correct" certainty eqUivalent, Ct, is not equal

to E[p) unless Var[p) = O. But if (E[p] - w) increases, the



150

difference between ~ and E[p] will decrease. The intuitive

reason for this is simple: if the expected profit (E[p] - w)

is very large, it does not matter much if the firm employs

a fine tuning, utilizing the correct certainty equivalent

a, or employs rough rules-of-thumb, utilizing E[p] as a cer

tainty equivalent.

If one makes the false analogy between the present de

cision problem and a problem to which the certainty equiva

lence principle really applies, one would substitute a in

(7.10) by E[p] and then believe that the instrument

b
2a (w-E[p»

thereby provides the optimal solution to the case with

price uncertainty. We see then that £ > t* and that the

difference £ - 1* will increase with Var[p].

The above model provides a simple explanation of why

the expected price cannot be a certainty equivalent. Its

structure is perhaps a little bit artificial, but one

should remember that more realistic assumptions (for example

a concave production function ~(£» removes it even further

from the conditions i)-iii) on page 146 above. Anyway, the

model is perhaps similar to the one Muth had in mind when

he formulated the firm's supply function in his 1961 paper;

but since it is completely atemporal it is obviously not

the kind of model that could be thought of as underlying the

Lucas-Rapping (1969) model. For that sake we have to con

struct a two-period decision problem where an agent in pe

riod one does not yet know which price will prevail in pe

riod two. Contrary to the model (7.7)-(7.8'), however,

he can decide to act qither in period one or in period two;

this model thereby has a dynamic framework which was lack

ing in the above model. I O

10
This is the kind of model Santomero and Seater (1978, p. 519 f.)
refer to as "models in which the individual speculates over time".
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Lucas' and Rapping's model requires a fairly complicat

ed decision problem, however, with consumption at time 1,

consumption at time 2, labor supply at time 1, labor supply

at time 2, and savings between the two periods as decision

variables. In order to demonstrate the main points, but

still obtain manageable results, we form a simpler model

where the agent has a resource to dispose of during the two

periods at a price Pl and P2' respectively. The agent (which

could be a firm owning an oil well, or a person who sells

his labor) maximizes the expected utility of consumption du

ring the two periods

(7.11)

The maximization is made subject to the linear constraints

c I Plx l

c 2 P2 x2

xl + x 2 S (7.12)

xl > 0

x 2 ~ 0

where xl and x 2 are the quantities sold during the two periods

and S is the initial stock of the resource.

This formulation implies several specific features of

the world. Firstly we see that no money can be saved from

period I to period 2; this is obViously an unrealistic assump

tion which is made solely to simplify the solution. Secondly

we see that the price of consumer goods is certain, constant,

and equal to unity for both periods. This means that we can

not analyze monetary phenomena like inflation, or like un

certainty of inflation. To illustrate our main point such
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limitations are inessential, but in order to lay micro

foundations for a more complete macro model, complications

like those must be taken into consideration.

Now solving the decision problem (7.11)-(7.12) yields

two optimal instruments l l

x*1

2Sa 2ZE[pi] - blPl + bzE[pz]

2a1 1P f + 2a 22E[pi]

2Sa z z(E[pz])L + 2saz zVar[pz] - blPl + bZE[pZ]

2a 1 1P f + 2a z z(E[pz])2 + 2a11Var[pz]

(7.13)

To trace the effects on x* of a change in prices, we first

have to assume that the optimal consumption actually lies

on the upward-sloping part of the utility parabola, i.e.

that

(7.14)

Now the sign of the partial derivative

1X* 2a b p2--!= 1111
3Pl

- 2azzb1E[p~] - 8a11aZZSP1E[p~]

(2a11pf + 2a22E[p~])2

can be determined by taking (7.14) I with xi given by (7.13) I

into account; it then turns out that

"x*a 1
apl > 0

as was to be expected. Similarly we can show that

11
For simplicity we assume that the parameters are such that an inte-
rior solution obtains.
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A slightly more complicated task is to analyze the effects

of an increased risk, i.e. to determine the sign of

ox*1 (7.15)

where Nand 0 are the numerator and denominator, respective

ly, of xi given by (7.13). OL is of course positive. a 220
is negative and so is allN; the sign of the difference

Sa 2 20 - allN is thus undetermined. However, assuming an in

terior solution we have 0 < xi < S, i.e.

which gives N > SO. Multiplying both members by a negative

number, say 2a, we obtain

2SaD - 2aN :.- o.

Thus, if all = a 22 = a, the expression (7.15) must be posi

tive. It is also positive if all is greater than a 2 2 in abso

lute value, which is the usual case in intertemporal models.

In these the utility function is often assumed to be the same

in both periods, except for the time preference which enters

as a scale factor. The utility function in (7.11) is then

specified as

E[U(c l,c 2) J - E[U(C l) + l~P U(c 2)]

_ E[ac 2
1

+ b + __1_ ac2 + __1_ oJ
l+p 2 1+9 •

For this case we then have all = a and a 22 = a/(l+p). Assum

ing ,all ~ :a22 is thus in conformity with economic praxis;

we then have
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(7.16 )

This is also what should be intuitively expected: 1 2 if the

k I • k t . 13. kris in tomorrow s uncerta1n mar e 1ncreases, a r1S -averse

agent will rely relatively more on today's sure market, there

by increasing xi at the expense of x 2.
After having analyzed the correct solution, we turn our

attention to the incorrect application of the certainty equi

valence principle to the decision problem. If there were no

price uncertainty, the optimal solution would be

x'
1

2sa22P~ - blPl + b 2P2

2a ll pf + 2a22P~

(7.17)

Drawing the false analogy with a problem for which the cer

tainty equivalence principle holds, the problem with uncer

tainty in P2 is "solved" by replacing P2 in (7.17) by E[P2]'

We thus have

2Sa 22(E[P2])2 - blPl + b 2E[P2]

2a ll P f + 2a 22(E[P2])2

Because of the inequalities (7.16), we see that

and

and that the differences (xi - Xl) and (x 2 - x2) tend to in

crease as var[P2] increases. Thus the incorrect application

of the certainty equivalence principle yields a policy which

is too ~onse~~ati~g in the sense of saving too much of the

resource for period 2.

12
Cf. the analogous result for a slightly different model in Hoe1 (1977,
p.276).

13 I . 1 d ..f ".. . kIfn our s~mp e mo e1 we can ~dent~ y the concept of ~ncreas~ng r~s

with an increase in Var[P2]' In general, however, these two concepts
need not be equivalent. Cf. Rotschi1d and Stiglitz (1970, 1971).
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7. 3 CmlCLUDI~G COMNLNTS

We started this chapter by noticing that the supply equation

Yt a + b(Pt-P~) had the "wrong" curvature in the sense

that E[jt) was an increasing function of var[pt). We have

seen that it is incorrect in some way to include only a

price expectations term in the function, thereby disregard

ing higher moments. This could be one explanation to why a

curve derived from an incorrect application of the certain

ty equivalence principle has, when fitted to observed data,

turned out to have that particular curvature.

One way to derive the supply function (7.1) stems from

Lucas' and Rapping's (1969) two-period model of labor supply

with uncertain wages and prices in the second period. We

should not stretch the analogy between this model and our

two-period model of optimal resource extraction too far, but

just point out the possibility that the properties of (7.1)

might have some similarities to the properties of xl' the

supply function which follows from an incorrect application

of the certainty equivalence principle. If the agents' be

havior is given by a function xi(Pl' E[P2)' Var[P2]) and we

try to estimate the observed time series { ... , Xi,t-l' Xi,t'

Xi,t+l' ... ; as a function of the time series {Plt: and

iE[P2t:P2t-l)} only, we are bound t~ get a functional form

xl(Pl' E[P2) which implies that E[Xl,t) behaves strangely

when var[P2,t) is changed. Since the Lucas-Rapping model is

so much richer and more complicated than our model, however,

it defies the explicit solution which could give a definite

answer to these questions. We should therefore not pursue

this line of thought any further, but just point at the

possibility that similar properties might exist.

Another way of obtaining a relation like the supply

equation (7.1) is to develop a model like the one of Laidler

(1978). There the firm speculates over markets, deciding how
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much to sellon market i by comparing the price Pi to its

conception of the price index taken over all markets pee

This looks somewhat similar to our model of resource extrac

tion; instead of distributing goods over time (where the

price at faraway dates is uncertain), the firm distributes

them over markets (where the price in faraway places is un

certain). Similar relations might hold concerning the partial

derivatives, and this could be part of the explanation why

the curvature of the "incorrect" supply function is the way

it is. Here one should however be even more careful with

the analogies, since Laidler's model is not cast in any time

series context, like the Lucas-Rapping model and the resource

extraction model are.

There is one obvious conclusion to be drawn from the

above, namely that one should be suspicious of models in

volving price expectations terms. Since the certainty equi

valent of an uncertain price is not equal to its mathema

tical expectation, functions of the type Yt = a + bp~

(i.e. Muth's supply function) are not based on solid micro

foundations. The question is of course whether or not

this matters; in economic model bUilding we have to make

simplifying assumptions, and the application of the cer

tainty equivalence principle to a case with price uncer

tainty is perhaps a permissible simplification - even if it

can be criticized from a strictly theoretical point of view.

This might be true. For example, the expectations

augmented Phillips curve

might be a good representation of reality in the sense that

it conforms well to observed time series in inflation rates

TIt and unemployment rates Ute One could therefore say that

it is a permissible model on the aggregate level, even if
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it does not rely on firm foundations on the micro level. Si

milarly, a supply function of the type criticized in this

chapter might be a permissible approximation to an aggregate

reality, even if the individual firms' decision rules look

qUite different.

things are somewhat different. In the concept of "rational

expectations" lies a strong emphasis on the assumption that

agents are rational indeed, and that they are maximizers in

the neoclassical tradition. Therefore the economic models of

the rational expectations school should conform to the maxi

mizing behavior of the agents; for a school which so strongly

emphasizes rationality and maximizing behavior we must lay

correspondingly strong claims on the econometric models uti

lized. To assume that the agents are rational in their for

mation of expectations, but not in their behavioral rules,

seems highly questionable. 1 4 Therefore the incorrect appli

cation of the certainty equivalence principle might not be

a permissible simplification in the particular case of

rational expectations models.

14 h" , , (T is pOint is also raised by Fair .1978).
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8. SUMMARY AND CONCLUSIONS

It is difficult to model expectations. No representation of

people's minds and hopes can be both correct and operational.

We can therefore never give a "true" representation of infla

tionary expectations; what we can do is to make expectations

models that are reasonable and operational. By reasonable we

mean that our schemes have at least some trace of relevance

and realism, and perhaps also that they have a well-estab

lished tradition in economic and econometric work. There are

only two such expectations schemes, namely the adaptive

expectations and the rational expectations. l Both are

equally realistic (or unrealistic) but they are not com

pletely taken out of the air - and they also have well

established traditions in economics. We have therefore

studied these two schemes, to investigate whether the natural

rate hypothesis is robust with respect to the modelling of

expectations, i.e. whether the two expectations schemes have

similar implications for the natural rate hypothesis.

We first found that the use of adaptive expectations

within econometric studies might have been incorrect. If one

It is of course not impossible that people's expectations are actually
a combination of these two schemes. Gordon (1976, p. 204), for example,
conceives of an expectations scheme which is a weighted average of
rational and adaptive expectations:

.,.,. e :: > E [7'" I H ] + (1-)) LW. 'IT ••
t t : t-l J t-r j

For the sake of simplicity, we have disregarded such permutations of
the basic schemes.
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wants to make a one-period forecast of a variable that

follows a stationary stochastic process, then the optimal

(in the sense of minimizing the mean square error) adaptive

weight sum is less than unity. In earlier econometric work,

the weights have always been constrained to sum to unity,

and the conclusion is that this practice might have caused

a bias in the estimates of other parameters within the models.

In particular, since inflation actually seems to have followed

a stationary time series over the years, estimates of the

money illusion parameter a might have had a downward bias

which might have led to an incorrect rejection of the

natural rate of hypothesis.

There is one important qualification to be made, namely

that one-period-ahead forecasts are perhaps not the most

relevant ones for the Phillips curve model. As shown at the

end of Chapter 4, mUlti-period forecasting is much more com

plicated than its one-period counterpart; the weight sum could

be less than or greater than unity, and it could increase

(as well as decrease) with the forecasting horizon.

In Chapter 5 we applied the concept of optimal adaptive

expectations to a Phillips curve model to see whether it

displayed natural rate properties. It turned out to do so,

if the forecasting horizon was one period. With unemployment

pegged at a rate different from the "natural" one, the

inflationary process became more and more like a random walk

with drift. Since a random walk with drift is an explosive

process, this can be interpreted as a vertical long-run

Phillips curve.

However, this natural rate result refers only to one

period forecasts. If the Phillips curve mirrors an economy

dominated by multi-period contracts, things get more com

plicated. There are two different ways of representing such

an economy, either by equation (S.13a), where the agents try

to compensate themselves today for price changes expected to

Occur in the future, or (5.l3b), where the agents entered



160

long-term contracts 9 periods ago, thereby determining

today's inflation rate. These two formulations have

different implications for the natural rate hypothesis

(NRH) • We saw by means of a simple numerical example that

the latter displayed natural rate properties, while the

former did not.

There is a lot of criticism to be raised against the

concept of adaptive expectations, and therefore we also have

to study the alternative, i.e. rational expectations. It is

obvious that rational expectations, applied to the Phillips

curve model of Chapter 5, implies the NRH. This is so

because the conditional expectations operator E[· I· .. J

is an unbiased operator; taking the unconditional expectation

of

or

gives f = 0 regardless of the forecasting horizon S. However,

if we apply rational expectations to the aggregate supply

model, which is the one generally used in rational

expectations contexts, things get different. In Chapter 6 we

noted, firstly, that there was an ambiguity of how the

expectations term P~ should be interpreted; in stochastic

models the logarithm of the expectation and the expectation

of the logarithm are qUite different. We also noted that,

contrary to what has sometimes been claimed, rational ex

pectations are not equivalent to the NRH; neither of the two

interpretations of P~ implied the NRH. In particular, when

we interpreted p~ in the way which is most cornmon in macro

models, it turned out that the average of real output was an

increasing function of the variance in the money supply rule.

Since it is generally agreed that a highly erratic money
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supply rule is not desirable - it is supposed to have nega

tive effects on planning and production within the firms 

the conclusion is that the aggregate supply function has

the "wrong" curvature.

In Chapter 7, finally, we tried to see what exactly

was wrong with the aggregate supply function. When examining

its micro-foundations, we found that the problem might come

from an incorrect application of the certainty equivalence

principle. We demonstrated that price uncertainty is a

particular kind of uncertainty, such that the certainty

equivalent of an uncertain price is not equal to its

mathematioal expectation. The conclusion from this is that

rational expectations models, substituting an uncertain

price by a variable p ~ defined by P~ == E [Pt i ••• ], do not

rely on sound micro-foundations. This is perhaps one ex

planation of the strange properties of the aggregate supply

curve.

There are two sets of conclusions to be drawn from the

above results. One set refers to properties of widely used

econometric models, and these conclusions are simple and

straightforward. Our point of departure was that expectations

are meaningful only if there is uncertainty involved. and

that inflationary expectations should therefore be studied

within the framework of stochastic macro models. As demon

strated in this book, the stochastic approach yields some

insights that can not be obtained from deterministic models.

We can conclude that if the time series to be predicted is

stationary, the adaptive weight sum should be less than

unity; that the aggregate supply function has the "wrong"

curvature; that for uncertain prices the mathematical ex

pectation is not a certainty equivalence, and the like.

The other set of conclusions refers to economic reality

and the conduct of economic policy. What we would like to

know is whether the natural rate hypothesis holds, or whether

the authorities could exploit some kind of Phillips trade-
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-off even in the long run. It is hardly surprising that

such an important question has to be left without a simple

answer. If the NRH had been robust with respect to the ex

pectations mechanism (adaptive or rational) and with respect

to the model formulation (Phillips curve or supply function)

things would have been simpler. But now it turned out that

our results pointed in different directions: Our result on

one-period adaptive expectations supported the NRH, both

concerning empirical estimates of the money illusion para

meter a (Chapter 4) and concerning a theoretical analysis

of inflationary processes (Chapter 5). On the other hand,

our results on multi-period forecasting were inconclusive.

Turning to the rational expectations, our results was clearly

against the NRH, but also indicated that the aggregate

supply function should not be trusted, since it is probably

mis-specified.

The conclusion is therefore that the NRH is not par

ticularly robust. Using alternative, equally reasonable,

models yields different results, and decisive tests are not

yet to be obtained.
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