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FOREWORD

The most important theme of this microeconomic study is

the dynamic optimization analysis of firms with other

objectives than profit alone, for instance the managerial

firm and the labor-managed firm. Dynamic processes such as

financing, capital investment, marketing investments and

labor planning are studied in optimal control theory models.

The work has been mainly inspired by Professor Bertil

Naslund, who has provided the frame of reference and who

has spent considerable time discussing the subject matter.

By far, most of my gratitude goes to him for his stimulating

support, knowledgeable advice and great interest in the work.

Also, I should especially like to thank Professor

Paulsson Frenckner of the University of Stockholm for spen­

ding considerable time and effort especially in the initial

phases of this project. Without his keen interest and support,

this study would never have been donee

Docent Ingolf Stahl has led a number of seminars where

most parts of the study have been discussed. He deserves

many thanks for this and for his interesting and knowledge­

able comments. Also, I should especially like to acknowledge

with gratitude the many stimulating comments received from

all colleagues at the Institute during these seminars.

I further want to sincerely thank Professor Karl-Goran

Maler for reading and commenting on the draft of this book

and for his kind interest and skilled advice during the later
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stage of this project.

I have had the advantage of discussing part of

this project with Professor A~ Bensoussan and other members

of the faculty of the European Institute for Advanced

Studies in Management (EIASM) in Brussels, Belgium. I should

like to express my sincere thanks for this~ Professors

R. Albach, Germany and T.R. Naylor, USA and Dr. Jo Yla­

Liedenpohja, Finland have kindly commented on parts of the

study.

Special thanks also go to Peter Johansson at the Royal

Institute of Technology in Stockholm for generous and valu­

able aid with computer runs for the numerical examples. Also

I mention with gratitude Claes Trygger, at the same school,

for stimulating mathematical discussions.

I am very grateful to Mrs. Birgitta Mossberg for typing

the final version of this report and to Mrs. Barbro Orrung

for skillful and efficient administration of the production

of this book. I also thank Mrs. Nancy Adler very much for

checking and improving on the English language although the

opportunity was not given for her to check the final modifi­

cations of the draft.

Perhaps it is appropriate to mention here that of the

two graduates of the Stockholm School of Economics with the

author~s full name, father and son, the present author is

not the graduate from 1922.

Finally, I would like to express my deepest gratitude

to my wife, Sophie, who has not only whole-heartedly support­

ed the work but also typed and retyped all initial drafts.

I would also like to include our children, the small dynamic

models Louise and Philip, in my gratitude. To all three I

dedicate this book.

Stockholm, October 1978

Elon V. Ekman
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1 BACKGROUND, SCOPE AND AIM

101 THEORIES OF THE FIRM IN GENERAL

1.1.1 Many Theories of the Firm

There are many theories and models of the firm, developed

within various disciplines for various purposes and with

various characteristics~ A number of surveys and classifi­

cations of these theories and models have appeared, espec­

ially during the last decade. Some of these are Boulding &

Spivey (1960, Chapters 1 and 6), McGuire (1964), Cohen &

Cyert (1965) 1 Machlup (1967), Naylor & Vernon (1969, Chap­

ters 1 and 5), Horowitz (1970, Chapters I, 10-12, 15),

Naslund & Wadell (1971), Archibald (1971) 1 Cyert & Hedrick

(1972), Hawkins (1973) and Crew (1975) 0

No attempt will be made here to provide yet another

surveyor yet another review of various definitions and con­

cepts of the firm. Rather the intention is to describe

briefly the frame of reference and concept of the firm used

here and relate them to the different disciplines within

which the behavior of the firm is studied~ In doing this we

shall refer to some of the authors mentioned above.

1 0 1m2 Holistic and External Behavior

McGuire (1964, p~ 18) distinguishes between holistic and
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behavioral concepts of the firm. Naylor & Vernon (1969)

mention:

"Holistic models view the firm as a 'unified acting entity
or organism 9

(McGuir~, 1964, p. 18) in which input and
output decisions are made simultaneously in the light of
some given objective of the firm as a whole and in the
light of given product-demand information, production­
technology information and factor-supply information. Be­
havioural models conceive of the firm as the 'confluence
of several streams of interrelated behaviour' (McGuire,
1964, p. 18) .. "

(Naylor & Vernon, 1969, p. 109)

We shall limit ourselves mainly to a holistic view of

the firm rather than a behavioral one. The holistic descrip­

tion of the firm quoted above, may also serve as a broad

definition of the firm for our present purpose.

Thus we shall concentrate here on the firm as a whole

instead of on its respective parts and functions, and also

we shall concentrate on the external behavior of the firm

rather than the internal behavior as studied for example in

orgainization theory and in the behavioral theory of the

firm of Cyert & March (1963). We shall discuss other aspects

of organization theory later in this chapter.

1.1.3 Positive Economic Theories of the Firm

Theories of the firm in the above sense were studied at an

early stage within the discipline of economics.

" ... economists use their theory of the firm as a means to
predict resource allDcation among competing uses. The theory
of the firm, in this interpretation, forms a part of this
larger schema but must not be isolated or studied apart
from its larger setting." 1)

(McGuire, 1964, p. 9)

Our frame of reference and concept of the firm is

similar to the one of the economist's in the above sense.

In other words we take an external view of the firm, seeing

1) McGuire (1964, p. 9) in referring to the thesis advanced in
Krupp, S., Pattern in Organization Analysis: A Critical
Examination. Philadelphia, Pa, 1961, Chapter 1.



3

it as one of the building blocks to help us understand the

functioning of the economy as a whole, rather than to help

us understand the exact functioning of the firm per se and

for its own purpose. This is a usual position taken by

economists although there is growing uneasiness about it. l )

We shall thus concentrate on the pure economic theory

of the firm in the above sense, as opposed to other theories

of the firm.

However, we do not want to consider the firm as a pure

theoretical construct 2) as is the case in the classical

theory of the perfectly competitive economy. Rather we pre­

fer to modify some of the assumptions in the traditional

economic theory of the firm, and thus to arrive at other

and possibly better predictions - and perhaps explanations­

of external firm behavior in certain instances. 3 ) But we

want to do this, as stated above, mainly from the point of

view of economics and economic policy rather than from the

point of view of the exact functioning of the firm per see

In a sense we shall be studying a representative firm, to

use the terminology of Marshall (1890).

It follows that we shall concentrate mainly on a non­

normative or positive approach rather than on a normative

one. 4 ) However, in spite of the limiting assumptions of our

models, it will be seen that they are not perhaps completely

void of normative content, especially as regards general

ideas on dynamic optimizationG Also they may be used as

building blocks for other more complete and detailed models

of the firm which might have a normative contento

The criticism generally directed at the traditional

economic theory of the firm is equally valid, where appli­

cable, to the models suggested here. But so is the defense

1) Cyert & Hedrick (1972, pp. 408-409).
2) Mach1up (1967, po 9).
3) Mach1up (1967, pp. 9-10).
4) McGuire (1964, pp. 11-12) and Friedman (1953, Part I).
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of ito We shall not go into this debate here, as it is well

described in the references mentioned in Section 1.101.

1.1.4 Extensions of the Economic Theory of the Firm

One of many recent verbal descriptions of the traditional

economic model of the firm, gives some of the assumptions

as follows:

"1) The universe is static. Tomorrow will be like today.
Time is not considered except as its passage is necessary
to allow shifts to occur from one equilibrium to another.
2) The firm seeks maximum short-run profits. 3) The firm
is merely a computing point without financial needs.
4) The quantity produced equals the quantity sold. There is
no inventory; 0007) Nonprice variables either do not affect
market demand or do not change; ..• 10) Whatever the demand
and supply functions may be, they are known by the entre­
preneur for a range of input or output quantities; .... "

(Oxenfeldt'& Tennant, 1963, pp. 196-197)

The same authors mention that,

" ...more adequate models might take into account some of the
important matters assumed away ... The pressure of financial
needso .. might be included. More attention could be given
to the nonprice aspects of demand •.• Other aspects of business
decisions besides the adjustment of price-output levels
might be includedo .. The dynamic problems of adaptation
through time ... should be incorporated into the model if
they can be."

(Oxenfeldt & Tennant, 1963, p. 200)

A great deal of work has been done along these lines

both before the above was written in 1963 and, more partic­

ularly, since.

It is our aim to study some extensions of the tradi­

tional economic theory of the firm as described above.

Three important areas of development in the economic

theory of the firm over the last two decades have been the

dynamics of the firm, the objectives of the firm, and un­

certainty"l) Typically the second of these mainstreams was

still not receiving much emphasis at the time of the above

1) We use uncertainty interchangeably as a term for risk and/or
uncertainty.
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quotation from 1963. We shall discuss these respective areas

in the following three sections 1.2-1.4.

Combinations of the first two of these areas of devel­

opment are illustrated in Figure 1:1 as regards determin­

istic economic models of the Firm.

Profit-Maximizing
Objective

Objectives Implying
t1aximization of
Other Variables
Than Profit Alone

Static
(and Steady-State)

Models

(1)

Traditional Economic
Theory of the Firm

(3)

Managerial and Labor
Managed (and Other)
Theories of the Firm

Dynamic
Models

(2)

Dynamic Investment,
Finance and Marketing
(and Other) Models of
the Firm
(Chapter 5)

(4)

Dynamic Managerial and
Labor-Managed (and Other)
Models of the Firm
(Chapters 2-4)

Figure 1:1. Some Areas of Development in the Deterministic Economic
Theory of the Firm.

Whereas the literature in areas (1) and (3) in Figure

1:1 is relatively well developed, the literature in area

(2) is now in development. However, the literature in area

(4) is relatively insignificant, which is surprising, be­

cause firms with objectives of maximizing other variables

than solely profit would appear to have at least as great

a need to invest and grow dynamically as profit-maximizing

firms. However, an explanation of this situation is probably

that the employed dynamic optimization methods are relatively

new and therefore will be used in area (4) as soon as area

(2) in Figure 1:1 has been sufficiently studied 0 As will be

discussed later on in this chapter, the present study mainly

belongs to area (4) in Figure 1:1, which, as suggested, is

a relatively new and explorative area of research.
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For the sake of completeness we shall mention here the

seminal work of Coase (1937) on the nature of the firm.

Coase (1937) is concerned with why a coordinating device

such as the firm is needed in the economy in addition to

the price mechanism. His answer is that the firm exists

because it can organize services internally at a lower cost

than if each service is purchased in the market. Coase'

(1937) concept of the firm is related to the theoretical

construct of pure neoclassical economics in that it regards

the firm as a device in the price mechanism. However, the

pure neoclassical firm does not have to correspond to actual

firms, whereas Coase' (1937) firm has the advantage of

relating to actual firms as well as being a device in the

price mechanism. Based on the Coase (1937)-related concept

that the firm incurs costs when internally reorganizing

production resources for growth, Soderstrom (1977) has de­

veloped a dynamic model of the pure neo-classical firm. This

leads us now to discuss the economic dynamics of the firm.

1&2 DYNAMIC ECONOMIC THEORIES AND METHODS OF THE FIRM

In this study we usually define a system as dynamical if its

behavior over time is determined by functional equations in

which variables at different points of time are involved in

an essential way.l) Where no misunderstanding is possible

steady-state growth models and kinematic models are also

included in the term dynamic models in order to distinguish

them from purely static models.

1.2.1 Macro- and Microeconomic Growth

Over the last two decades interest in macroeconomic growth

problems has grown considerably, as discussed by e.g.

Burmeister & Dobell (1970) and Sen (1970) 0

1) Cf. Frisch (1936), Samuelson (1947, pp. 311-317) and Gandolfo
(1971, pp. 1-3).
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This tendency to study macroeconomic growth problems

naturally also encouraged economists to study microeconomic

growth problems of the firm at about the same time as in

the work of Penrose (1959), Baumol (1962), Marris (1964),

D.E. Williamson (1964) and J.H. Williamson (1966). Recent

surveys with new models have been presented by Marris &

Wood (1971), Eriksson (1975) and Herendeen (1975).

An important reason for studying growth behavior at

the level of the firm is that growth in society is deter­

mined to a significant extent by firms. l )

Growth models of the firm were also studied at an

early stage in the financial literature, for instance by

Williams (1938), Durand (1957), Miller & Modigliani (1961),

Gordon (1962) and others.

All these studies of the firm are devoted mainly to an

analysis of constant rates of growth of the firm. However,

the assumption of balanced steady-state growth, i.e. growth

of all firm variables at the same constant rate, is normally

a very strong assumption, especially in the initial phases

of firm growth. Also the problem is to find the optimal

initial size from which to start growing at a constant

rate. 2 )

This dissatisfaction with the steady-state growth

theory of the firm led a number of authors to study more

dynamic theories of the firm. A contributing factor was the

new development of dynamic optimization methods, such as

dynamic programming by Bellman (1957) and the Maximum Prin­

ciple by Pontryagin et ale (1962).

This trend towards more dynamic economic models of the

firm was also influenced by a similar and earlier develop­

ment in macroeconomics. 3 )

1) Naslund & Sellstedt (1977, p. 219).
2) Solow (1971) and Bensoussan, Hurst & Naslund (1974, pp. 75-76).
3) An example in macroeconomics as of 1967 is the collection of essays

by Shell (1967). A more recent example, in the macroeconomic field of
environmental economics, is Maler (1974, Chapter 3).
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Fully dynamic economic optimization models of the firm

have been developed mainly during the last decade. No com­

prehensive survey is yet available but the works of Phelps

(1970), Hughes (1970), Jacquemin & Thisse (1972), Bensoussan,

Hurst & Naslund (1974), H.T. Soderstrom (1974) and Brechling

(1975) each review some of the work done.

As mentioned above, the study of dynamic economic

optimization models of the firm has been closely linked

with the development of dynamic optimization methods. We

shall now discuss some of these methods.

1.2.2 Two Dynamic Optimization Methods

Many studies of fully dynamic economic optimization models

of the firm have utilized Pontryagin's Maximum Principle 1)

rather than Dynamic programming2 ). One reason is that the

former provides a logical dynamic counterpart to traditional

static optimal differential calculus. Another reason is that

Dynamic Programming, although not unsuited to analytical

economics, is especially useful in numerical analysis on

account of its recursive equations. A third reason, related

to the first, is that models of economic theory have tradi­

tionally been formulated mainly in continuous terms and

dynamic programming, in its best-known form, is a discrete

time technique.

These newer dynamic optimization techniques are

actually developments of the classical calculus of varia­

tions originated by mathematicians such as Euler in the

eighteenth and nineteenth centuries. However, they add the

important element of being able to handle inequality con­

straints. Also the Maximum Principle implies a new way of

formulating dynamic optimization problems, using a technique

for the transition equations that is similar to the method

1) Pontryagin et al., (1962)0
2) Bellman (1957).
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of Lagrangian multipliers in static optimization problems

with constraints~ The adjoint variables - belonging to the

transition equations - of the Maximum Principle are of

special interest in economics because they represent the

value - at optimum - of imputing a unit of the variable

describing the state of the system studied. This makes the

Maximum Principle especially interesting to dynamic eco­

nomics in the same way that shadow values and the dual prob­

lem formulation of mathematical programming make the math­

ematical programming technique of special interest to many­

variable constrained static economics.

1.2.3 Optimal Control Theory

It is often convenient to formulate a dynamic problem as a

control problem. Two types of variables may be distinguished,

state variables and control variables. State variables de­

scribe the state of the system at each point in time, while

control variables are used to guide the state of the system

towards the desired goal. If this goal is the optimization

of some objective function, we may speak of optimal control

theory. The fully dynamic optimization models in the recent

macro- and microeconomic research mentioned above, are often

formulated in terms of optimal control theory.

1.2.4 Mathematical Programming

Another way of analyzing dynamic optimization behavior makes

use of mathematical programming.

Pioneering work in mathematical programming in the

area of the financial behavior of the firm has been done

independently by Weingartner (1963) in the USA and by Albach

(1962) in Germany. Later Jaaskelainen (1966) and others have

elaborated such models, while Naslund (1966) and others have

introduced risk into them.

A typical mathematical programming formulation of the

optimal financial behavior of the firm is
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n
Max U(do ,d1 ,d2 , ..... dT, E wi xi)

i=l

subject to

n
L ait x. + d

t
b

t
(t 0,1 , ••••• , T)

i=l
l.

o ~ x. ~ c. (i 1 , • 0 •• 0 ,n)
l. l.

d
t

~ 0 (t O,],.o •• o,T)

where dividends at time tare d t and U is a utility function.

a it is the net outlay caused by investment project i at time

t. Net receipts caused by a project imply negative a it .

Financing projects are thus also incorporated into the model.

b t represents the available cash at time t from projects

other than those studied. xi is the amount of project i

chosen, and is the decision variable. wi is the terminal

value at time T of project i and is exogenously given. There

are n possible projects and T time periods. This model is

discussed further in Hax (1972, Chapter 3.2).

Thus, the problem is to maximize the utility of inter­

temporal dividends and project end values subject to liqui­

dity constraints in each time period and to the non-nega­

tivity of the quantity of each project and of the dividend

for each time period. Also, the magnitude of each project

i is limited by c i ' an exogenous constant.

The liquidity constraint implies that for each time

period, the money available for dividends d t is equal to

the available cash b t plus the net proceeds of all the in­

vestment and financing projects

n
L (-ait)xi 0

i=l

By assuming, for example, that a. ~ a" a. 2= 0, it
JO ] ]

is possible to include a project j that does not start until

the third period. Thus the model is quite versatile.
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Dynamic models within the framework of optimal control

theory will be formulated at a later stage in this paper,

but it can be mentioned already here that the mathematical

programming approach offers relatively equal possibilities

and that in many respects, such as shadow values and dual

formulations, it is similar to the optimal control theory

approach. For example, optimal control theory models may be

transformed into mathematical programming form, for solution

by computer calculations. The reasons for choosing optimal

control theory rather than mathematical programming for the

dynamic analyses presented in this study are similar to

those mentioned in Section 1.2.2 above when discussing the

dynamic programming approach.

1.2.5 Stochastic Models of Size Distributions and Growth

of Firms

Gibrat (1931) formulated a "law of proportionate effect",

arguing that the proportionate change in the size of the

firm is independent of its absolute size. Such a law of

growth generates a lognormal size-distribution of firms, a

distribution which resembles distributions of firms observed

in practice ..

Hart (1962) tends toward the view that there is a

large stochastic component in the forces determining the

growth of firms, which surpasses the influence from economic

forces and makes it difficult to adopt a deterministic ex­

planation of firm growth.

On the other hand, Eatwell (1971) notes,

"Even if Gibrat's Law, or some variation thereof, had been
found to be appropriate for the description of size dis­
tributions, the real-world causality underlying the gener­
ation of these distributions (as distinct from the mathe­
matical causality) would not be known. Stochastic models
are useful for studying the concentration process and as
a 'check' on other models, but they do not answer questions
about the internal dynamics of corporate growth."

(Eatwell, 1971, p. 418)
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The dynamic models we analyze in this work subscribe

more to Eatwell's view than Hart's view, although both seem

clearly relevant to the study of the behavior of firms.

A recent discussion which includes stochastic process

models of firm distributions and other size distributions is

to be found in Naslund (1977), which surveys the field and

discusses new approaches.

1~206 Organizational Growth Theories, Biological Analogies

and Systems Theory

Although we are focusing mainly on economic dynamic theories

of the firm, mention must also be made of various related

dynamic frames of reference, such as organizational growth

theory as discussed for example in Filley & House (1969,

Chapter 18), biological analogies as discussed for instance

in Penrose (1952) and Haire (1959), and general systems and

complex adaptive systems theory as surveyed for example in

Naslund & Wadell (1971, Chapters 9 and 10).

1.2.7 Simulation, Industrial Dynamics and Strategic Planning

Somewhat related to the satisficing school of thought on the

firm - Section 1.3.3 below - are the dynamic simulation

models of the firm, the Industrial Dynamics approach intro­

duced by Forrester (1961), and the framework of strategic

planning.

In dynamic simulation models of the firm, assumptions

are made about parameters and independent variables, such as

sales over time for example. Using postulated relations, the

dependent variables - profit, for example - are calculated.

By repeating these calculations many times on a computer

with many different values for the parameters and indepen­

dent variables, it is possible to get some idea by trial and

error about, for example, various ways of increasing profit.

Simulation models of this kind are often quite de-
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tailed and rather complex, which has the advantage that it

is also possible to make them more realistic. On the other

hand, the large number of specific variables and relations

often makes it difficult to draw general conclusions and to

generate general hypotheses about firm behavior. In the

case of the dynamic optimization model, once an optimum has

been found, it is reasonably often possible to perform a

sensitivity analysis (comparative dynamics) of the optimum.

However, if an optimum is found in a simulation model by a

trial and error process, then a small parameter shift would

call for a new trial and error process. Thus a sensitivity

analysis is more normally and readily performed in an otpimi­

zation model.

A further account of these issues of dynamic simulation

models in general is given by Naylor (1971) and Schrieber

(1970) among others, and in the field of financial planning

by Gershefski (1968) and others. Other interesting examples

of firm growth simulation models are Albach (1967) and

Burrill & Quinto (1972) G Simulation models are also used

for evaluating the effect of various budget alternatives for

a firm, as discussed by Gavatin (1975) for example.

A special type of dynamic simulation model appears in

the field of Industrial Dynamics introduced by Forrester

(1961). The firm's activities are represented by stocks and

flows of for instance orders, goods, personnel and money.

By inserting delivery times for goods, credit time

for customers etc it is possible to introduce non-trivial

time lags and to simulate, for example, the resulting cash

flow and profit for the firm given a certain flow of in­

coming orders to the firm. The effect over time of a sudden

large incoming order can also be analyzed. The Industrial

Dynamics approach is influenced by traditional non-optimal

control and servo-mechanism theory. Its merits and drawbacks

are similar to those discussed above with respect to general

simulation models.
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Somewhat related to the area of simulation and Indus­

trial Dynamics is the framework of practical long-term stra­

tegic business planning. This area is fairly familiar to

practical businessmen and we shall not go into detail here

but rather refer to two analytical studies on the subject,

one nearly" and one recent, Ansoff (1965) and Eliasson

(1976) ..

1.3 THE OBJECTIVES OF THE FIRM IN ECONOMIC THEORIES OF

THE FIRM

Some well-known objectives of the firm will now be discussed ­

Sections 1.3.1 to 1.3.4 - after which some other related

frameworks will be reviewed. These latter frameworks are

mentioned in order to set our own frame of reference in

perspective.

1 .. 3.1 The Profit Objective

In economics, the firm has traditionally been regarded as

being run by an entrepreneur who is both owner and manager

and who maximizes profits. In markets with perfect competi­

tion this leads to a convenient general equilibrium analy­

sis. l ) This further strengthened the use of the profit

objective in economics.

1.3.2 The Managerial Objective

The entrepreneurial concept was questioned first by Berle

and Means (1932) and later in particular by for instance

Frenckner (1953), Baumol (1959), Marris (1964) and

O.E. Williamson (1964). It was now being argued instead ­

in particular by the first and latter three authors - that

in large firms with thousands of variously small and un­

interested shareholders, control of the firm lay with man­

agement rather than with the owners.

1) Walras (1874) and later developments by Arrow & Debreu (1954) and
many others.
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The managers were assumed to be more interested in

sales or growth than in profit. This appeared to be a

rational assumption, looking at it from the managers' point

of view. They were often seeking security, status, prestige

and power, and it was assumed that these motives were more

closely correlated to size than to profits. Also there were

indications that managers' salaries were more often tied

to sales than to profits, cf. for instance Roberts (1959)

and McGuire, Chiu & Elbing (1962) 0

1 ) Thus Baumol (1959)

assumed that firms maximize sales, subject to a minimum

profit constraint. Marris (1964) assumed that firms maxi­

mize a utility function of growth rate and of a valuation

ratio, which expresses the relation between share value and

the book value of net assets. OoE. Williamson (1964) assumed

that firms maximize a utility function of profit and discre­

tionary expenditures on staff and managerial emoluments.

Galbraith (1967) has argued that the best way to

ensure the autonomy of the technostructure is to maintain

a high rate of sales growth. The technostructure is

Galbraith's term for the highly skilled technical and man­

agerial personnel of the firm. In order to ensure survival,

Galbraith argues for an acceptable level of dividends - and

retained earnings - which sets a limit on the rate of sales

growth.

For a further discussion of these and other managerial

theories of the firm, reference is made to recent reviews

by Wildsmith (1973) and Herendeen (1975).

1.3.3 The Satsficing and Behavioral Objective

Another line of development as to the objective of the firm

has questioned whether firms do in fact try to maximize

1) Contrary evidence, viz. that executive compensation is more depen­
dent on profit or equity share value than on sales, has been brought
forward by e.g. Lewellen & Huntsman (1970) and Lewellen (1971).
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anything at all, or whether they try to satisfy a number of

aimso This has been discussed by Simon (1959) and Cyert &

March (1963). The behavioral theory of the firm (Cyert &

March, 1963) has provided a fairly adequate description of

real decision making processes in some specific firms. But,

even after 15 years, it has still not made any great impact

on economics. Perhaps the main reason for this is the diffi­

culty of generalizing beyond the specific firms studied.

Another reason, although an irrational one, may be that the

satisficing assumption is less tractable to mathematical

analyses than the optimizing assumption. However, economic

analyses that allow for non-optimizing behavior are becoming

increasingly common. An example is Naslund & Sellstedt (1977),

which will be discussed later in this chapter.

1.304 The Labor-Influenced Objective

Another recent trend, that goes beyond the managerial and

behavioral modifications of the traditional economy theory

of the firm, explicitly introduces labor objectives. As late

as Mach1up (1967), there was little or no mention of any

concern about labor influence on the firm. It was perhaps

felt that this area lay outside the scope of traditional

market economics. Presently, however, there is a trend

towards worker influence and worker management in a number

of market economieso The best-known example is Yugoslavia,

which has made an attempt to realize a labor-managed market

economy. A number of western industrialized countries are

also heading in a similar direction.

In economics the extreme form of labor influence, viz.
1) .

complete management by labor ,has been studled by Ward

(1958), Domar (1966) and Vanek (1970) for example. These

and also other authors assume that the objective of the

1) We shall use labor also as a term for all employees since not only
blue-collar employees but also white-collar employees participate
in the trend towards greater employee influence.
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pure labor-managed firm is maximization of labor income per

unit of labor .. In spite of criticism of this objective, for

example by Horvat (1975) and Jan Vanek (1972, Chapter 6) 1

many, especially Western, authors have adopted it in their

economic analyses. When referring to a pure labor-managed

firm in this study we mean the Ward-Domar-Vanek type of

firm ..

Recently Meade (1972) and Cars (1975) among others

have studied models of the firm, with objectives lying

somewhere between those of the profit-maximizing firm and

the pure labor-managed firm ..

We shall choose to study the pure labor-managed firm ..

This is partly because, on account of its extreme form of

labor influence, it allows us to capture many of the ten­

dencies of the other less extreme types of labor-influenced

firms. Another reason is that the pure labor-managed firm

occupies a central place in the economic literature .. A third

reason is that it is reasonably tractable to economic and

mathematical analysis.

One difference, among others, between the pure labor­

managed firm and the profit-maximizing firm is the following:

in the profit-maximizing firm the capital-owners receive

the residual revenue after each production factor has re­

ceived its remuneration; in the labor-managed firm the

opposite is true, i.e. labor receives the residual revenue

after the other production factors, including capital, have

received their predetermined remuneration.

Labor-managed firms have also been variously desig­

nated illyrian firms 1), co-operative 2) and state co-operative

firms 3) in the literature ..

1) Ward (1958).
2) Meade (1972) ..
3) Cars (1975).
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103.5 The Attenuation of Property Rights. Social Theories

as a Background

The tendency, just discussed, to study the dissipation of

the power of the owner of the firm and the consequent in­

crease in power of other groups in the firm such as man­

agers and labor, has encouraged an interest in developing

a general theory of property rights and in using broader

social theories as a starting point for economic analysis.

Pejovich (1971) provides an example of the former, and

Naslund & Sellstedt (1977) of the latter.

When the owner to some extent loses control over what

he owns, we may say that his property rights have become

attenuated, as Pejovich (1971), Alchian (1965) and others

have discussed in more detail.

In order to analyze this process in the area of labor

influence more comprehensively and on a macroeconomic

scale, Naslund & Sellstedt (1977) extend the base of the

analysis to various social theories and underlying para­

digms.

"One paradigm is based on the concept of class and is de­
rived from Marx. A second paradigm is based on the con­
cept of organization and has its roots in Max Weber and
others. A third paradigm is based on the concept of the
individual, representing an alternative stemming from
social psychology. ~1ereas power is a central issue in
the first two paradigms, the third paradigm has very
little to say about power. What has just been said about
paradigms is important. If the third paradigm is taken
as a starting point, labor influence issues are by de­
finition more or less excluded. Taking the paradigm
based on organization as a starting point, ownership
issues, for example, become less important. The problem
is, however, that the choice of paradigm can very rarely
be made by reference to facts or reality. Different para­
digms interpret facts in different ways."

(Naslund & Sellstedt, 1977, pp. 15-16; translated here)

In the first paradigm the main decision making unit is

the collective of individuals - cf. Marx - whereas in the

second paradigm it is the organization or, possibly, so-
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called elites - cf. Max Weber - and in the third the indi­

vidual. l )

There is an important difference between theories of

class (the first paradigm) and theories of the elite (the

second paradigm). In the former there is antagonism between

classes, and one question to be considered is: how can the

antagonism be abolished and the classless society obtained?

In theories of the elite, on the other hand, the antagonism

or competition between elites is seen as a guarantee of

democracy. 2)

An interesting example of the way different paradigms

imply different interpretations of a given situation is

provided by the analysis of American society to be found in

Baran & Sweezy (1966) and Galbraith (1967). The former may

be said to be based on a class paradigm and the latter on

an organization paradigm. Galbraith (1967), in stressing

that the power over large firms is being substantially trans­

ferred from the owners to the so-called technostructure, i.eo

the specialists and management, implicitly assumes that a

class-theoretical starting point is not applicable to the

developed capitalistic societies of today. A possible con­

clusion in such a context is that if labor wants more in­

fluence over- the' firms, ownership is not the main thing

to strive for ..

This point of view has been criticized from a class­

theoretical perspective, becuase it fails to distinguish

between the sources of power - which in class theory terms

means ownership - and the way power is actually expressed

in firms. According to Marx' theory, which is based on the

class paradigm and on the collective rather than the indi­

vidual, it is the ownership of the means of production that

has to be altered, if labor influence is to be changed in
. . f' 3)any slgnl lcant wayo

1) Naslund & Se11stedt (1977, ppG 60-61).
2) Naslund & Se11stedt (1977, p. 63).
3) Naslund & Se11stedt (1977, pp. 60-62)0
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Much of the neo-classical economic theory is based on

the paradigm of the individual. Consumers are assumed to

maximize utility. Firms are identified in terms of individ­

uals - the owners or, in more modern versions, the managers.

In the economic theory of the pure labor-managed economy,

the firm is identified in terms of the employees. The goal

of the firm in these individual-oriented theories is identi­

cal with the goal of the individuals concerned, be they

owners, managers or labor.

It is within this third paradigm, based on the indi­

vidual, that we shall study the behavior of firms. In a

sense it could be said that, as regards the formulation of

our models, we are limiting ourselves, in this present

study, to rnarginalist models in the neo-classical tradition,

although we study goals other than the traditional neo­

classical profit-maximizing goal.

1.3.6 Post-Keynesian Economic Theory

In order to analyze the effect on the economy of increased

labor influence and labor ownership, Naslund & Sellstedt

(1977, Chapters 7-9) have turned to post-Keynesian economic

theory, which is based on both the class and the organi­

zation paradigms. The main reason for this is that income

distribution and power are both essential issues in such a

context. 1)

On the micro level, traditional neo-classical economic

theory and the modifications introduced in this present

study are both more or less based on a concept of the indi­

vidual that is compatible with the first stage in the evo­

lution of orgainization theory, namely scientific management

as developed by Taylor and others
2
). The post-Keynesian micro

theory used by Naslund & Sellstedt (1977, Chapters 7-9)

makes less specific assumptions about man. This means that

1) Naslund & Sellstedt (1977, p. 141)0
2) Naslund & Sellstedt (1977, p. 117).
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many of the more recent organization theories based on

human factors, human relations and technological and organ­

izational factors can be embraced by the post-Keynesian

micro theory 0 The effect is, however, that on certain micro­

theoretical questions less specific statements may be madeo
l

)

The post-Keynesian framework used by Naslund &

Sellstedt (1977, Chapter 7) at the level of the firm has

some special characteristic elements:

First,there is the above-mentioned organization­

theory basis which allows for the limited rationality of the

decision maker and the fact that the firm is subject to un­

certainty. Also this framework is designed so that future

changes in the theory of organizational development, which

are a possible effect of greater labor influence, can be

taken into account. Thus the theory emphasizes the dynamic

aspects of organizational behavior. The firm is not re­

garded as a holistic concept and two levels of the firm

are distinguished: a higher managerial level where invest­

ment decisions are made, and a lower level where price and

production decisions are made.

Second, as regards the marketing side, it is assumed

that firms set their price as a mark-up on prime costs or

direct manuf'acturing costs (cost-plus). This is considered

to be more consistent with the real behavior of firms than

the traditional marginalist behavior of letting marginal

revenue be equal to marginal costo It is assumed that an

increase in demand, which especially in the case of consumer

goods may be generated by advertising, involves a change in

output rather than in price. It is further assumed that im­

perfect competition prevails in the product market, and

that competition between firms arises in decisions on capi­

tal investment. And it is assumed that in the long run the

profit rate, or rate of return on capital, tends to be

equal for different firms.

1) Naslund & Se11stedt (1977, p. 140).
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Third, price and investment decisions are linked, in

that a higher mark-up means greater internally generated

funds and this in turn favours the financing of invest­

ments.

Fourth, in the short-run, marginal costs are assumed

to be more or less constant until full capacity is reached,

after which they increase rapidly.

Fifth, wages are not assumed necessarily to reflect

the marginal productivity of labor. Rather, it is assumed

that money wages are determined by negotiations between

the parties on the labor market.

Sixth, the financing of investments is assumed to be

highly dependent on the generation of internal funds 0

An interesting implication of this post-Keynesian

type of model of the firm is that, because of the firm's

relatively extensive control over its own decisions about

such things as prices and investment, the instruments of

monetary and fiscal economic policy are probably less effec­

tive than in traditional marginalist economic theory.

The aim of this relatively general survey of a post­

Keynesian type of theory of the firm is to illustrate an

economic theory that provides an alternative to the mar­

ginalist neo-classically oriented theory used in this

present study. A feature that is interesting in the present

context is the emphasis on investment and the growth of

the firm.

1.3.7 Organization Theory

We can now look briefly at one particular modern organi­

zation theory and its relation to our frame of reference,

namely the approach of Simon (1957), March & Simon (1958)

and others. In this approach the firm is seen as a coali­

tion of individuals or groups who make contributions to the

firm and receive corresponding inducements from it. Each

stakeholder group in the firm tries through negotiations to
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get its "share of the cake", and the relations between the

participants are regarded as symmetrical with management as

an arbitrator. Among the stakeholder groups in the firm

are the owners, managers, labor, consumers, suppliers and

society as a wholee It is assumed that the decision makers

behave with limited rationality.

If we compare this with the modern marginalist eco­

nomic theory of the firm as used in this present study, we

see two essential differences.

First, in our economic models the owner or manager

or employee is a perfectly rational decision maker or "eco­

nomic man", as opposed to the limited rational decision

maker or "adn1inistrative man" of organization theory.

Second, in the modern marginalist economic theory of

the firm either the owner or the manager or the employee

occupies an active central place, while other participants

such as customers, suppliers and society appear as passive

constraints to which the main decision maker - owner, man­

ager or labor - adjusts in order to achieve optimal behavior.

In the organization theory of March & Simon (1958), however,

the relation between the stakeholders in the firm is more

symmetrical and interest is directed more towards survival

than towards optimization.

The participant theory of the firm of March & Simon

(1958) and others, in which management is seen as an arbi­

trator between the diverging interests of the other stake­

holders, has been criticized by the adherents of the class

paradigm. They normally do not accept the participant theory

as a valid description of reality, claiming that the man­

agers and capitalist owners have far more power and con­

trol over the firm than that of simple arbitrators between

the conflicting interests of participant groups. Cf. for

instance Naslund & Sellstedt (1977, p. 130).
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104 UNCERTAINTY

A third important area of development in the economic theory

of the firm, alongside those discussed in the last two sec-
.. . t 1)t1ons, 18 uncertaln y.

The consideration of uncertainty influences practically

all aspects of the economic theory of the firm, including

the objectives of the firmo

Especially when analyzing dynamic economic problems, it

is essential to take the uncertainty of the future into con­

siderationo However, dynamic stochastic optimization models

involve quite advanced mathematics. This is one reason why

we prefer to study deterministic dynamic models and rather

include uncertainty only in certain instances in determin­

istic forms 0 Another reason is that the present study is

explorative, and the inclusion of uncertainty constitutes

a possible extension of the analyses.

The following, to mention only a few, are some recent

surveys of related areas where uncertainty is discussed and

studied: in the traditional theory of the firm, Horowitz

(1970); in the finance and growth of the firm and in the

study of capital asset markets, Lintner (1971), Fama &

Miller (1972) and Ekern (1973); in stochastic economics and

stochastic optimal control, Tintner & Sengupta (1972) and

Bensoussan, Hurst & Naslund (1974); and as regards the firm

in intertemporal general equilibrium analysis, Svensson

(1976) ..

We now proceed to review the literature on the growth

and dynamics of firms that maximize other objectives than

profit alone .. First, the managerial firm will be discussed

in Section 105 and then the labor-managed firm will be

discussed in Section 1.60

1) We use uncertainty interchangeably as a term for risk and/or
uncertainty ..
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105 DYNAMIC OBJECTIVES AND MODELS OF A MANAGERIAL FIRM

1.501 General Dynamic Models

As was mentioned briefly in Section 1.3.2, different authors

have proposed different dynamic objective functions for the

managerial firmo

In the constant growth rate case, Baumol (1962) men­

tions maximization of the growth rate of saleso

Marris (1964) proposes maximization of a utility func­

tion of growth and a valuation ratio, representing market

share value in relation to the book value of net assetso

JoR e Williamson (1966) analyzes the maximization of

growth and maximization of discounted saleso

Solow (1971) analyzes a steady-state growth model of

the firm, which comprises an analysis of the growth objec­

tives of Marris (1964) and JoR. Williamson (1966).

Herendeen (1975, Chapter 7) suggests that the firm

maximizes growth, subject to a valuation constraint.

To summarize: many managerial steady-state growth

models of the firm assume that the firm maximizes growth or

discounted sales. Often a constraint that requires a minimum

value of the firm is assumed, in order to guard the firm

against take-over.

As yet there has been only rather limited study of a

fully dynamic optimization theory of the managerial firm.

Leland (1972) has extended Baumol's static model (1959)

to provide a fully dynamic version as regards capital and

labor, and to a lesser extent as regards debt.

Bensoussan, Hurst & Naslund (1974, ppo 94-95) analyze

a model similar to Leland's (1972).

Both models assume that the firm maximizes discounted

sales, subject to a minimum profit or dividend constraint.

An unusual assumption which they both make is that perfect

competition prevails in the product market, which is normally



26

regarded as a situation in which managerial firms are least

likely to exist. Lesourne (1977) has recently discussed the

subject of managers' behavior and perfect competition.

le5.2 Financial Dynamic Models

Often an important factor in the growth of the firm is

financing and the interaction between capital investment

and financing.

Many of the steady-state growth models mentioned above

discuss and study the problem of financing firm growth.

Another recent and lucid economic model of the firm, where

the financial behavior of the firm lies at the heart, is

Wood (1975), which also extends into macroeconomic theory.

Important elements, apart from finance, in Wood's (1975)

theory of the firm are growth, price mark-up and the dis­

tribution of income (on the macro level). In these respects

his work shows similarities with post-Keynesian economic

theory (cf. Section lo3~6) 0 However, whereas Wood's (1975)

theory revolves around the relationship between profits and

the availability of finance, this issue is tangential to neo­

or post-Keynesian theory.l)

It lies in the nature of the financing - and invest­

ment - process of the firm that it is fully dynamic and thus

is best analyzed in a fully dynamic frameworke Therefore

recently a number of fully dynamic financial optimal control

models of the profit-maximizing firm have appeared in the

literature. Some of these are Hochman et alo (1973),

Lesourne (1973), Bensoussan, Hurst & Naslund (1974, Chap­

ter 4), Yla-Liedenpohja (1976) and Ludwig (1976) 0 The last

two references include surveys and discussions of work done

until recently in this area.

However, there has been little study of any fully

dynamic financial model of a managerial firm in the economic

1) Wood (1975, po 14).
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literature. This is notable because capital investment and

financial considerations are probably particularly important

in attaining a goal such as size (and/or growth), which is

characteristic of the managerial firm. Practically the only

example is the brief but compact model in Leland (1972,

pp. 383-384). Thus it seems interesting to develop such a

model, which is the purpose of Chapter 2.

1.6 DYNAMIC MODELS OF A LABOR-MANAGED FIRM

1.6.1 General Dynamic Models

There has not yet been many studies regarding a dynamic

optimization theory of the labor-managed firm.

Vanek (1970, Section 8.4 and 14.6-14.7) has briefly

discussed investment decisions of the labor-managed firm but

does not study any dynamic optimization models of the firm.

In the constant growth rate case, Atkinson (1973) used

a model-building approach similar to Solow (1971). He dis­

cussed the steady-state growth behavior of the labor-managed

firm and compared this with the growth of a corresponding

profit-maximizing firm. He also eX~1ined growth in managerial

versions of both types of firms, as well as self-financing

in a labor-managed firm.

Steinherr & Peer (1975) briefly commented on Atkinson

(1973), and received a brief reply from Atkinson (1975).

Eriksson (1975, pp. 147-150), using a steady-state

growth model similar to Atkinson's (1973), analyzed briefly

but compactly the financial behavior of the labor-managed

firm.

In the fully dynamic case, Furubotn (1971 and 1976)

described a model of investment behavior in which the

objective is to maximize a multiperiod utility index of

labor income and the firm's working climate, subject to

restrictions. This is done in a quasi-concave programming
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framework. Stephen & Smith (1975) commented on and extended

Furubotn (1971).

Litt, Steinherr & Thisse (1975) studied internally

financed investment decisions of a labor-managed firm in

an optimal control theory framework. They also made com­

parisons in this respect with profit-maximizing firms. How­

ever, general results were difficult to obtain in this

initial explorative analysis.

Apart from these studies, little else has been pre­

sented in connection with a dynamic optimization theory of

the labor-managed firm.

1.6.2 Advertising 1) Dynamic Models

A main focus of interest in the Western literature on the

economic theory of the labor-managed firm has been the

comparison of the labor-managed firm with the profit-maxi­

mizing firm. One point that has been discussed is whether

market expenditures such as advertising1 ) are smaller in

the labor-managed case than in the profit-maximizing case.

If this is so, it could be argued that in this respect the

labor-managed situation is socially more desirable. 2 )

This has been studied in a static framework by Vanek

(1970), Steinherr (1975)3) and Ireland & Law (1977)3), and

has been commented on by Meade (1972, p. 413, fn. 2).

Advertising has an inherent growth-generating property
I

and furthermore may have a carry-over effect on future

sales. 4 ) The advertising process of the firm is thus actu-

1) What we term advertising may be considered as a larger and more
important class of expenditures including sales promotion, product
improvement, product quality or, in general, most firm internal ex­
penditures that shift the demand curve of the firm. Cf. Jacquemin
(1972).

2) Cf. Vanek (1970, p. 123).
3) The articles by Steinherr (1975) and Ireland & Law (1977) came to our

knowledge after our own analysis had been carried out. However, they
do not proceed to a dynamic analysis as we do.

4) Vidale & Wolfe (1957), Telser (1962) and others provide empirical
support for a carry-over effect of advertising on future sales.
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ally dynamic and may therefore in such cases best be ana­

lyzed in a dynamic framework. Therefore recently a number

of fully dynamic optimal advertising models of the profit­

maximizing firm have appeared in the literatures Most of

these, apart from the seminal article by Nerlove & Arrow

(1962), date from the 1970's and have been surveyed in

Sethi (1973), for instance Gould (1970), Schmalensee (1972)

and Jacquemin (1972 and 1973) .

However, no fully dynamic advertising model of a

labor-managed firm has been presented in the economic

literature, even though this may perhaps provide interesting

results on for instance the issue of comparative advertising

behavior mentioned above. Thus it seems interesting to de­

velop such a model, which is the purpose of Chapter 3.

1.6.3 Dynamic Models of a Price Change

Another much discussed issue is the non-normal reaction of

a pure labor-managed firm to a price change. l ) This is actu­

ally a fully dynamic optimization problem, as the reaction

is often said to be different in the short run and the long

run. l ) However a non-verbal dynamic model of this adjustment

process has not been reported in the economic literature.

Thus it seems interesting to develop such a model, which is

the purpose of Chapter 4.

1.7 THE DISCOUNT RATE IN DYNAMIC MODELS

In dynamic, as compared to static economic models, a need

arises to evaluate entities at various point in time. This

is often accomplished by means of a weighting process and

often by an exponential discounting process. The discount

rate in the latter case is generally assumed to be an exo­

genous constant. In Chapter 5 we shall discuss some modifi­

cations of this assumption within the general framework of

1) Cf. Vanek (1970) and others.



30

models using an exponential discounting factor, and we shall

analyze the effects of such modifications.

108 THE AIM OF THE STUDY

The background and scope of this study has been discussed

above in this chapter and leads to the following aim of the

work.

The general aim of this study is to develop dynamic

economic models of firms maximizing other goals than profit

alone - and also to an extent profit-maximizing firms - in

a marginalist-type framework, in order to gain some insight

into the dynamic economic behavior of such firms and how

this behavior differs from that of a profit-maximizing firm.

Profit-maximizing in a dynamic sense is interpreted

as the maximization of the discounted present value of a

firm. The term profit-maximizing firm will be used in this

sense in the following even when the context is one of

dynamics. l ) The term non-profit maximizing will be used in

the sense of maximization of an objec~ive that is not profit

alone.

In Chapter 2 the dynamic optimal financial behavior of

a managerial firm will be studied and in Chapter 3 the

dynamic optimal advertising behavior of a pure labor-managed

firm will be studied. The object of study in Chapter 4 is

the dynamic optimal employment adjustment behavior of a com­

petitive pure labor-managed firm to a change in output price.

The aim of Chapter 5 is to develop dynamic optimal

economic models of profit-maximizing firms in a marginalist­

type framework in which the discount rate is not constant

but is either exogenously or endogenously variable. The

purpose is to gain some insight into the effect of such non­

constant discount rates compared to constant discount rates in

certain cases.

1) Cf. for instance Williamson, J.R. (1966)
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Finally, in Chapter 6, the study is summarized and

the main conclusions and possible extensions are discussed.

1.9 SUMMARY

In this chapter different types of theories of the firm have

been discussed and the scope of this study was narrowed down

to the discipline of economics and especially the economic

theory of the firm. Three important areas of development in

the economic theory of the firm were mentioned: the dynamics

of the firm, the objectives of the firm and uncertainty 0

These areas were discussed and the scope of the inquiry

further narrowed down to the first two areas, namely the

dynamics and objectives of the firm. Finally the literature

and issues in these areas were discussed and the scope was

further narrowed down to the subjects that will be studied

in Chapters 2-5.
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2 A DYNAMIC FINANCIAL MODEL
OF A MANAGERIAL FIRM

2.1 INTRODUCTION

The aim of this chapter is to develop a dynamic financial

model of a managerial-type firm in a marginalist-type frame­

work in order to gain some insight into the dynamic finan­

cial behavior of such a firm and how this behavior differs

from that of a profit-maximizing firm.

In Section 2.1 a background and review of the litera­

ture is given as an introduction to Section 202 which pre­

sents the main model of the chapter. In Section 2.3 the opti­

mal dynamic behavior of the firm is deduced and Section 204

provides a comparative dynamics analysis of the optimal solu­

tion. The main part of the chapter is summarized in Section

2.5, and Sections 2.6 and 2.7, which are appendices, provide

a further analysis of a special case of the main model.

2.101 Finance in the Economic Theory of the Firm

There is a growing tendency to include financial consider­

ations in the economic theory of the firm. One rather early

example of this is Carlson (1939, Chapter IV) 0 On a static

model level, Vickers (1968) has been among the proponents

of this view. Vickers (1968) points out that financial limi­

tations will constrain both the size and the rate of growth
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of firms. He also mentions that the financial requirements

of the factors of production will influence the firm's opti­

mum factor mix.

Which are the most important limits to firm size and

growth has been a subject much debated, and candidates have

been organizational, managerial and financial factors as well

as factors related to production and market. Penrose (1959),

for example, speaks for managerial time and abilities as an

essential limiting factor. Here, however, we follow such

authors as Scitovsky (1951) and Vickers (1968) in studying

the financial limits to size and growth. A recent survey of

the limits to the size and growth of firms has been provided

by Herendeen (1975, Chapter 6).

As regards steady-state firm growth models with finan­

cial content, we have already mentioned some of the more

important (in Sections 1.2el and 1.5 in Chapter 1). Another

lucid model and survey, from the field of corporate finance,

is provided by Lerner & Carleton (1966). These authors in­

clude a macro-economic outlook (in Chapter 11), and on the

question of the goal of the firm they limit themselves to

share value maximization.

There is a very interesting and promising line of re­

search in the financial behavior of the firm represented,

among others, by Donaldson (1969) in the USA and Gandemo

(1976) in Sweden. On the basis of empirical studies and in­

duction, these authors claim that the main financial concern

of the firm is to adapt its long-range financial planning to

a rapidly changing environment and that the question of an

optimal debt leverage, for example, does not occupy a central

place in this planning.

This may be relevant to a study of specific manage­

ment problems in the firm. However, in studying the firm from

the point of view of predicting its behavior in society, we

cannot conclude that studies of dynamic optimal behavior of

the type presented in the present work and elsewhere are
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without valueo This is a similar argument as that put forward

in defense of the traditional economic theory of the firm.

2.1.2 Financial Models of the Firm of Optimal Control Type

Non-steady-state financial growth models of the firm of opti­

mum control type have been developed fairly recently (cf.

Section 1.5.2 in Chapter 1) 0 The aim of these models is to

study the financing and investment process of the firm with­

out assuming a priori that the growth process is a steady­

state-process. The con~on dynamic problem in these models is

to determine, over a period of time, the capital of the firm

and how it should be financed.

The firm is typically assumed to maximize the present

value of dividends or utility of dividends, subject to a

minimum constraint on dividends and subject to some type of

limit on debt or debt cost. Some studies include the possi­

bility of raising external equity, but most assume that re­

tained earnings and debt are the only financial sources.

Without claiming to provide a complete list, we should

like to mention, in addition to the references given above

(in Chapter 1, Section 1.5.2), some other interesting studies

in this area, namely: Magill (1970), Davis (1970), Davis &

Elzinga (1971) 1 Krouse (1972, 1973), Inselbag (1973),

Bensoussan (1973), Krouse & Lee (1973), Senchak (1975),

Elton et alo (1975), Lev & Pekelman (1975) and Naslund (1975) 0

Wong (1975) is a particularly interesting paper, in

which managerial objectives such as growth and sales are

shown to satisfy the characteristics of a profit-maximizing

firm during its convergence path to a stationary state. Wong

(1975) assumes internal financing only.

2.1.3 The Managerial Firm

The above-mentioned optimal control theoretic approaches to

a dynamic theory of the firm assume that the firm maximizes

its share value, expressed as the present value of future
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dividends. However, this dynamic objective, which is a

counterpart to the classical static profit-maximizing objec­

tive, has been open to debate especially in the case of

manager controlled and manager-owner controlled firms. A

managerial theory of the firm has emerged, as we saw in

Chapter 1 (Sections 1.3.2 and 1.5.1) e

There have been a number of empirical studies lately,

trying to determine whether manager-oriented firms behave

differently from owner-oriented firms and, if so, how. Sev­

eral authors have empirically confirmed a difference and to

some extent in a way that agrees with the predictions of the

managerial theories of the firm. Examples are: Monsen, Chiu

& Cooley (1968), Radice (1971), Palmer (1972, 1973),

McEachern (1975, 1976) and Round (1976). But other authors

have found the opposite. Among these are Karnerschen (1968) I

Larner (1970), Hindley (1970), Elliot (1972), Sorensen (1974)

and Kania & McKean (1976). Nevertheless Sorensen (1974) ad­

mits that his result does not mean that all firms are profit­

maximizers. He also notes, along with others, that if the

modern corporation has abandoned profit maximization as its

primary goal, the reason for this may lie in the sheer size

of the firm 9r toe possession of market power rather than in

a change in corporate control (Sorensen, 1974, po 148). In

the present study we shall refer to a firm with an element

of sales-maximizing in its goal as a managerial-type firm.

In this we follow the tradition and the argument of Baumol

(1959) and others (cfc our Chapter I, Sections 103.2 and

1.5.1) .

Yet another author, Cooper (1977), questions the cri­

teria that are used empirically to distinguish between

manager-controlled and owner-controlled firms. If they are

not valid, then of course the results of the empirical stud­

ies will to some degree also be incorrect. This in turn is

questioned by Lawriwsky & Round (1977).

Thus, together with Naslund (1977, p. 77) and others,

we TIlay say that it is still an open question whether mana-
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gerial firms behave differently from those that are owner­

controlled (see e.gG Nichols, 1969, Chapter IX and Baran &

Sweezy, 1966) 0

As this is an area which is currently the subject of

scientific inquiry and in particular of empirical study, we

shall only refer here, for a summary and review of the ques­

tion, to some of the most recent, and mainly empirical,

accounts mentioned above: McEachern (1975, 1976), Kania &

McKean (1976), Round (1976), Cooper (1977) and Lawriwsky &

Round (1977) 0

20104 The Goal of a Managerial Firm

Granted that we cannot exclude the existence of managerially

controlled firms, and that we cannot completely dismiss the

notion that they perform differently from owner-controlled

firms, the question remains of the possible goals of mana­

gerial firms. This brings us back to the issues underlying

the emergence of various managerial economic theories of the

firm at the end of the 1950's and, particularly, during the

1960's. We have discussed this earlier (in Chapter 1, Sec­

tions 1.3.2 and 105.1) and we can now add some supplementary

views.

Alchian (1965, pp. 30-31) notes that Baumol's (1959)

model of sales maximization subject to a minimum profit con­

straint, runs up against the objection that it implies that

the firm will not make any sacrifice in sales, as long as the

minimum profit constraint is met with, no matter how great

the increment in profit may be. Alchian (1965, po 37) favors

instead a utility maximizing framework similar to

OoE. Williamson's (1964), where the incentive to increase

sales is treated not as a single criterion for maximization,

but as a means for the manager to increase his earnings,

which together with the firm's profit constitute two parts

of the manager's utility functiono

Peston (1959) preceded both OoE. Williamson (1964) and

Alchian (1965) in examining a more general framework of the



(2-3)

(2-2)

37

utility maximizing type, in order to put Baumol's (1959)

sales maximization hypothesis in perspective_ In Peston's

(1959) framework, the firm's static objective is given by

the following preference function

U(IT,R) (2-1)

where

IT short-run profit

R gross revenue or sales

U utility function.

Ames (1965) used a similar framework in which the firm

maximizes

U(IT,q)

where q = output quantity.

Ames (1965) assumes a linear utility function,

U = (l-a)-II+ aeq

where a = constant, and O~a~lo

Hawkins (1973, p" 68) mentions that "revenue maxi­

mization is certainly one of the most important - some would

argue the most important - of the alternatives to profit maxi-

mization" 0

Smyth, Boyes & Peseau (1975, po 79) conclude that the

firm has a utility function that includes both sales and

profits.

Up to now, in this section, we have mainly been dis­

cussing static goals of the managerial firm. We can now look

at their dynamic counterparts. J"Ho Williamson (1966) men­

tions,

It seems quite plausible to suppose that managements which
derive utility from the size of the undertaking they con­
rol will similarly discount future sales. After all, most
managers must anticipate retirement or coronary thrombosis
in the less than infinitely far distant future, so that it
is reasonable to suppose that they will prefer an increase
in sales in the present to an equal increase in the future.
We therefore assume that management applies a discount rate
to future sales, .00.0

Discounted or long-run sales R
1

over the time interval

from time 0 to terminal time T may be expressed as
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(2-4)

where r = discount rate and R(t) gross revenue or sales at

time t.

An interesting result in J.H. Williamson (1966) is that

Baumol's (1959) static sales-maximization model can be de­

rived from long-run sales maximization:

Max R
1

(2-5)

A natural extension of Peston's (1959) static objective

of the firm (2-1) into a dynamic one is

Max U(M,R
1

) (2-6)

where M = equity share value and R
1

= discounted sales, cf.

(2-4) •

The objective (2-6) implies that the firm derives util-

ity from equity share value and long-run sales, and that

there is a trade-off between the two. Equity share value is

one of the most commonly used dynamic extensions of the

static criterion of short-run profit. Other feasible dynamic

goals of a managerial firm such as Leland's (1972) and

Bensoussan, Hurst & Naslund's (1974, pp. 94-95) have been

discussed earlier (in Chapter 1, Section 105.1 and partly

Section 1. 3 .. 2) ..

202 A DYNAMIC FINANCIAL MODEL OF A MANAGERIAL FIRM

2.2.1 Specification of Objective and Assumptions

From our discussion in the previous section it appears that

a reasonable dynamic objective for a less extreme form of

the managerial firm than Leland's (1972) is

Max U(M,R
1

) (2-6)

where

M = equity share value

R,= discounted sales

U = utility function.
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Following many authors, we can express the firm1s share

value M as the present value of future dividends and terminal

book value of equity, thus:

T -i1t -i1T
M = J e d(t)dt + e 0 y(T) (2-7)

o

where

d(t} dividends

i 1 discount rate for dividends

T time period considered

y(t) equity, at book value

t time.

Further, we may express discounted sales R, as

T -i t

R
1

= J e 2 R(t) dt (2-8)
o

where R = current sales or gross revenue and i 2= discount

rate for sales.

With the formulation (2-6) above for the objective of

the firm, it is conceivable that the utility function U may

be maximized over a time period T, although dividends d may

be largely negative at some point in time. It is therefore

reasonable, following many authors, to introduce a minimum

constraint on dividends at each point in time. We shall re­

turn to this below.

The finm has two important financial decisions to make:

(i) how large should investments and dividends be, and (ii)

how should they be financed to achieve the firm's objective.

If the firm decides on large dividends in the short

run then there will be less cash left for investment in the

firm and long run profits will be small. In this situation

the firm can of course borrow, but as leverage increases the

interest rate will rise and interest costs will become

prohibitive. Thus optimum investment and debt values may

perhaps be found.

In order to pursue this question, we need to specify

our model and assumptions further.
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We can make the following assumptions:

A 1 Investments and dividends are financed either by re­

tained earnings or by borrowing .. Share capital is kept

constant ..

A 2 Operation profit before depreciation, interest and tax

is concave in capital ..

A 3 Dividends are constrained, so that they are at least as

large as a certain percentage of the after-tax operat­

ing profit ..

A 4 Operating profit is proportional to sales revenue.

A 5 The average interest rate on debt is a non-decreasing

function of the firm's financial leverage, i.e. the

debt's proportion of total capital ..

A 6 Net working capital is zero.

A 7 The utility function in the objective (above) is linear.

A 8 The discount rates for dividends and sales are assumed

to be identical ..

A 9 The discount rate is assumed to be exogenously given

and, for instance, independent of the corporate income

tax rate and the general interest rate.

A 10 The firm has initially a given equity.

A 11 The firm does not experience technological development

(in the operating profit function).

In the dynamic economic models of the firm of optimal

control type mentioned in Section 2.1.2 above, similar assump­

tions to A 1 - A 11 are made.

Assumption A 1 is not especially restrictive because

financing by new share issues is normally rather insignifi­

cant (cf. for instance Wood, 1975, po 53) ..

Assumption A 2 represents a limit to size and growth

of the firm because each additional unit of capital implies

a lower marginal return on capital.

Assumption A 3 is commented on below in Section 2.2.5.

Assumption A 4 is special for our model because we

study a managerial firm and require an expression for sales
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in the model. A 4 together with A 2 put certain restrictions

on the underlying production function a

Assumption A 5 represents a limit to size and growth of

the firm (as A 2 does) because as leverage increases, the in­

terest cost will gradually become prohibitive.

Normally we assume that the interest rate tends to in­

finity as debt leverage tends to unity. Assumption A 5 has

been used in a static context by for instance Jensen &

Johansson (1969, Chapter 10), who obtain similar results in

a static model as we do in the dynamic model in Appendix 2.1.

Ludwig (1976, pp. 5-6) surveys eight restrictions on debt

capital (limited debt l limited new debt, increasing interest

rates etc) that have appeared in the optimal control litera­

ture of which assumption A 5 is one.

Assumption A 6 is a common assumption in economic

theory and it will be adopted here too. If the firm is con­

sidered to be mainly a production unit operating in perfect

certainty in the input and output market, A 6 is a reasonable

assumption. Also A 6 may be used as a first approximation of

a more realistic situation. The model in this chapter is, in

essential aspects and cases, also valid for the case when net

working capital is proportional to fixed capital.

Assumptions A 7 and A 8 are first approximations and

may in a later stage be modified in order to obtain more

general results.

Assumption A 9 is also a first approximation. Actually

the discount rate may well be a function of for instance

leverage, tax rates and the general interest rate level.

This implies that the results obtained in this chapter are

of a partial nature and may be subject to modification for

more general assumptions. In Chapter 5 we shall analyze

the effect of modifying the assumption of a given constant

discount rate (A 9) in some specific cases.

Assumption A 10 implies a given state of the firm at
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the beginning of the time period. This assumption is commonly

used in the literature (Section 2.1.2).

Assumption A 11 is also commonly used in the literature

(Section 201.2). However, especially in dynamic models, tech­

nological development is of great interest but the dynamic

models will then be of a non-autonomous nature and consid­

erably more difficult for analysis.

Assumption A 7 means that

U = (l-S)-M + S R1

where S = weighting factor, 0 ~ S < 1 0

The managerial coefficient S is assumed to be small in

relation to unity in order to preserve profit as the main

element in the objective of the managerial-type firm and

also to avoid mathematical intricacies in the limit cases of

S approaching unity.

The objective function of our model is thus

T -it - -iT
Max U = J e [(l-S)-d(t) + SGR(t)J cit + e (l-S)y(T)

o

where according to assumption A 8,

i,= i Z= i

and where i is the common discount rateo

2.2.2 Equity Growth and Dividends

(2-9b)

Given our assumption A 1 of no new share issues, the growth

in equity as an accounting identity is equal to net profit

less dividends, thus

y = (1- L) lf (K) - it. W - aK I - d

where

(2-10)

y

T

f(K)

K

i'

equity, at book value

income tax rate, 0 ~ T <

operating profit, before depreciation, interest and

taxes

capital = debt + equity

interest rate on debt
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w debt

a rate of depreciation of capital, O~a<l

d dividends.

The dot over a variable, eog. y, symbolizes time deri­

vation, i.e. y = ~. Operating profit f in (2-10) is a con­

cave function of capital K according to assumption A 2:

f' (K) > a (2-10a)

fit (K) ~ 0 (2-10b)

We use capital K and debt w as variables in a finan­

cial theory of the firm, instead of output price and quantity

as in traditional price theory.

Net profit in (2-10) is equal to operating profit f(K)

minus interest cost on debt i'w, minus depreciation of capi­

tal aK, minus income tax Te (f(K) - i'w - aK) ..

In order to simplify expression (2-10) we may define

a new variable v thus:

v = y + (1-T)(i'w + aK) (2-11)

The economic meaning of the new variable v is retained

earnings plus after-tax interest cost and after-tax depre­

ciation. v is thus partly an investment variable. In the no­

tax case, v is internally financed investment and interest,

cf. (2-11) ..

If the expression for v in (2-11) is inserted into

(2-10), we have for dividends the reduced expression

d = (1-T)f(K) - v (2-12)

2 .. 2.3 State Equation

The interest rate i' may be expressed according to assumption

A 5 as

i' i' (m) . di' d2 (i'm)
Wl th ~ > 0 and ~2- > 0 (2-13)

where m = debt leverage, or debt/capital.

The firm has initially a given equity according to

assumption A 10,

yeO) = Yo

where Yo= initial equity, a given constant.

(2-14)
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We may now study the behavior of the firm in terms of

the investment variable v and the leverage variable m and

see how the equity of the firm y will develop in response

to changes in them. To use the terms of control theory, the

investment variable v and the leverage variable m are con­

trol variables and equity y is a state variable.

We may transform all previous expressions into the

variables equity y, "investment" v and leverage m, by express­

ing capital K and debt w in equity y and leverage m.

By definition capital is equal to equity plus debt, and

debt is equal to leverage times capital, i.e.

K = Y + w

w = mK

We thus have

K =....x.-
l-m (2-17)

(2-18)

By inserting expressions (2-17) and (2-18) for capital

K and debt w into (2-11), we obtain a state equation for

equity y expressed in the control and state variables

y = v - (l-T)oh(m)oy

where h(m) is defined as

(2-19)

h() a + i'(m)om (2-20)
m = l-m

In other words, h(m) is depreciation and interest cost

per equity dollar.

2.2.4 Sales Revenue and the Objective Function

Sales revenue is assumed to be proportional to operating

profit, according to assumption A 4, thus:

R(t) = yof(K) (2-21)

where y = constant, y~lo

By inserting dividends (2-12) and sales revenue (2-21)

into the objective function (2-9a), we obtain
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[6 • f (K) - n· v] d t + e- i T n 0 y (T ) (2-22)

where, by definition

K = .2-
l-m

and where 0 and n are defined such that

(l-S)(l-T) + SY
1-13

202.5 Constraints on Leverage and Dividends

(2-17)=(2-23)

(2-24)

(2-25)

We shall assume that the firm requires some equity, i.eo

m < 1 (2-26)

and that total debt is positive or zero, but not negative,

i.e.

m ~ a (2-27)

A firm with a negative debt could be interpreted as an

all-equity firm with not only productive assets represented

by capital K, but also purely financial assets (-w) generat­

ing a rate of return of it. This possibility is treated in a

similar context by Hochman, Eo, Hochman, O. & Razin, A.

(1973) •

The dividend constraint in assumption A 3 mentioned

above means that

d ~ (l-b)-(l-T)f(K) (2-28)

where b = retention factor, 0 < b ~ 10

This is a dividend constraint based on gross profit

rather than on net profit, which in some form is assumed

by other authors (Section 201.2) 0 Which type of dividend

assumption is most valid is an empirical question. However,

a dividend constraint based on gross profit is possible,

considering that firms may continue paying dividends at least

in the short run, even though they have a net loss. From

(2-12) and (2-28), the dividend constraint is

b(l-T)f(K) - v ~ 0 (2-29)
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In the tax case this dividend constraint (2-29) is

relatively more manageable than the constraints used in the

financial control-theory models mentioned earlier in this

chapter, which is another reason for choosing it here.

2.2.6 S~umrnary of the Model

We can thus state our model as

l\1ax U(m,v,y)
ffi,V

subject to

y = v - (l-T)·h(m)-y

b('-T)f(---,y) - v ~ a
-m

m ~ a

yeO) = Yo

(objective function)

(state equation)

(dividend constraint)

(leverage constraint)

(initial equity)

(2-30)

(2-19)=(2-31)

(2-29)=(2-32)

(2-27)=(2-33)

(2-14)=(2-34)

where U(m,v,y) is specified in (2-22) and (2-23) 0 Leverage m

and the internal investment and interest cost variable v are

control variables, while equity y is state variable.

2.3 DYNAMIC OPTIMUM

2.3.1 Necessary Conditions for an Optimum

The dynamic financial model of the firm (2-30)-(2-34) is well

suited for analysis by Pontryagin's Maximum Principle. Cf.

Pontryagin et ale (1962).

The dynamic Lagrangian L is

L •e it = Ii· f (1 :m) - nv + A[v - (1-T ) h (m) y] + )11 [b (1-T )f ( 1:m) -v] + )12m

(2-35)

where A(t) is an adjoint variable representing the instant

value of an imputed equity dollar and ~1 (t) and ~2(t) are

dynamic Lagrangian multipliers.
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The necessary conditions for an optimum are

L = 0
v

L = 0
m

L - -A(Ae-it )
y cit

LA Y

III [b ( 1- T ) f ( 1:m) - v] 0

112 em = 0

ACT) n
yeO) Yo

ll, ~ a

llZ ~ 0

that

(2-36)

(2-37)

(2-38)

(2-39)

(2-40)

(2-41)

(2-42)

(2-43)

(2-44)

(2-45)

We thus have a system of six equations (2-36)-(2-41),

in six variables v, m, y, A, ll, and 112. If a solution exists,

we have a sufficient number of equations to solve the problem.

For the two first-order differential equations (2-38)

and (2-39), the initial and terminal values (2-42) and (2-43)

specify a two-point boundary value problem.

The dynamic Lagrangian is linear in the control vari­

able v and, since v is not bounded by fixed limits, we set

the coefficient for v in L equal to zero as in (2-36) 0 Also,

we constrain the state variable y to be continuous, which

rules out infinite v values, from (2-31).

2.3.2 Different Policies

From (2-40) and (2-41) we get four possible policies for the

firm.

Policy A: ~1 > 0, 112 = 0

Minimum dividends. Debt financing.

Policy B: III > 0, m = 0

Minimum dividends. All equity firm.

Policy c: III = 0, 112 = 0

Free dividends. Debt financing.
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Policy D: ~l = 0, m = 0

Free dividends& All-equity firm.

We shall discuss these different policies later.

2.3.3 Analysis of Necessary Conditions

(Z-46)

0 (2-47)

(2-48)

(2-49)

(2-50)

(2-51)

(2-52)

(2-53)

or respectively

L1 (A, 111) = 0

LZ (m,y,A,111 ,11Z) = 0

L3 (m, y , A, A&, 111) = 0

L4 (m,y,y,v) = 0

We shall now analyze the necessary conditions (2-36)-(2-39),

which in turn are

-n + A - J-l 1 = 0

o £'0 K
m

- A(l-T) h'GY + 11lb(l-T)£'~Km + ~z

o £' & K - A(l-T) h + 11 b (l-T) £' e K = i A - "A
y 1 Y

v - (l-T)h(m)oy = y

where L1 , L2 , L3 and L4 are functions, and the alphabetical

subscripts represent partial differentiation with respect to

the subscripted variable&

By eliminating 11
1

and y from (2-50)-(2-52), we obtain

A" = [i - (1- T ) (i 'm) ] 0 A + 11 ] -m ( 2- 54 )
m 2 y

By eliminating 11
1

from (2-50) and (2-51) we obtain

(2-55)

Now we may analyze the various policies more closelyo

2.3.4 Policy A. Minimum Dividends. Debt Financing

The condition for this policy 11,>0 implies from (2-40) that
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.
y

Thus, from (2-49),

(l-T) [bf (--"L) - h (m) syJ
l-m

(2-56)

With ~2 = 0 for this policy, and using (2-54), we get

Ae = [i - (l-T)(i'm) ] &A (2-57)
m

(2-59)

2.3.4.1 ~gQnQill1g_!nt§rQr§t~t!Qn_Qf_th§_bgjQint_Y9~igQl~

From (2-57) the adjoint variable A is an exponential function

of time with a non-linear exponent. Also the terminal value

of A is n from (2-42) 0 We thus have

A(t) > 0 (2-58)

which means that the instant value of an imputed dollar of

equity is positive.

However, (2-44) and (2-46) imply further for an

optimum, that

A(t) ~ n

In other words in the profit maximlzlng case of B = 0

and, thus, n = 1, the instant value of an imputed dollar of

equity is at least one dollar, which seems reasonable.

In the managerial case B > 0, the instant value of an

imputed dollar of equity need only be larger than something

less than unity (n) from (2-59), because other dollars, for

example of debt, are also of value to the managerial firm

by increasing the size component of the firm's objective

function.

(2-59a)(l-T)(i'm)m =

The condition (2-59) must be checked for a specific

optimum policy A.

The necessary condition (2-57) implies
1.°

1
1.

1

where
-it

A1 = A • e (2-59b)

and A1 is the value at time t 0 of an additional dollar

of equity imputed at time t.

In other words, (2-59a) implies that at optimum the

marginal after-tax weighted cost of debt capital with re-
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spect to leverage is equal to the relative depreciation of

the value of an imputed dollar of equity.

From (2-55), we have

A = A(m,y) (2-60)

We may eliminate A by differentiating (2-60) with

respect to time and inserting this into (2-57) and using

(2-56) 0 We thus obtain

m = m(m,y) (2-61)

or
(-fll)

[(1-m)2h'-bf'] e [(l-T)(i'm)m - i]-(l-T)(bf-hy) -f-.-. (l-m)h'

( -ftr)
(l-m) (i'm)mm + Y----f-'- h' (2-62)

Thus y and mare, from (2-56) and (2-62) respectively,

expressed only in m and ¥, so that we may draw a phase dia­

gram in the m-y plane.

It is interesting to note that for the special case

treated in AppendiX 201, i.e. for f(K) ~K, fV (K) = ~,

f" (K) = 0 and b = ], (2-56) reduces to (2-107) and (2-62)

reduces to (2-114) 0 The second terms in the numerator and

denominator respectively of (2-62) are non-vanishing in the

general case, on account of the concavity of the operating

profit function, ioeo because f"(K) ~ O. Thus the optimum

with increasing leverage m> 0 in the special case in

Appendix 2.1 (2-130), may very well be reversed to a de­

creasing leverage m< 0 in the more general case treated

here. Also intuitively, we may expect that a linear operat­

ing profit f(K) may place a premium on leverage growth,

whereas a concave operating profit f(K) will probably dis­

courage a growing leverage because of diminishing returns

for operating profit f(K) 0

203.4.3 Phase Diagram for Policy A

By analyzing the first-order differential equations for y
and m, (2-56) and (2-62), we obtain the phase diagram in
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the m-y plane in Figure 2:1. By linearly expanding (2-56)

and (2-62) around the stationary point (m!, y!) where y = 0

and ill = 0, we find that the eigen-values of the system are

real and of opposite signs, so that (rn!, y!) is a saddle

point. We thus have the trajectory movement around (m!, y!)

as depicted in Figure 2:1 1) 0 The thick curve, ending at

(m+, y+), in the left part of Figure 2:1 may be neglectedc c
for the moment.

m

1

m+ m+
A ' c

~

\ m = 0
A

y = 0
A

IJr Y

y+
C

y+
A

Figure 2:1. Phase Diagram for m and y. m = Debt Leverage. y = Equity.

(m~,y~) Intersection of the Curves IDA= 0 and YA= O.

(m~,y~) Stationary Equilibrium (Policy C). Yo = Initial

Equity.

1) Cf. Appendix 2.3.
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2.305 Policy Bo Minimum Dividendso All-Equity Firm

Given the conditions for this policy ~1 > 0 and

m = 0

and using (2-40), we get

v = b(l-T)f(y)

and thus from (2-49) and (2-63), we get

y = (1-T) [bf(y) - ay]

From (2-65), we have

y = yet)

(2-63)

(2-64)

(2-65)

(2-66)

and it is thus, in principle, possible explicitly to solve

this policy.

20306 Policy C. Free Dividends. Debt Financing

Given the conditions for this policy ~l = 0 and ~2

using (2-46) and (2-54), we get

A = n
i = (1-T) (i'm)m

Thus, from (2-68), we find that

m = m+ = constant
c

0, and

(2-67)

(2-68)

(2-69)

From (2-67), (2-69) and either of (2-47) or (2-48) we

find that

y = y+ = constant
c

and, thus, from (2-69), (2-70) and (2-49) that

v = v+ = constant
c

(2-70)

(2-71)

(2-72)

We thus have a stationary equilibrium for the firm,

which according to (2-67) coincides with the terminal con­

dition for the adjoint variable A (2-42) 0

We must check that the constraints (2-32) and (2-33)

are satisfied, and we start with (2-33) 0 We set

i' (0) = i' = constant
a

and, following assumption A 5, have

i' =~ > 0 (2-73)
m - dm

where i; interest rate for the all-equity case.
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Thus for the constraint (2-33) to be satisfied we find

from (2-68) that

(2-74)

i.e. the all-equity after-tax interest rate must be lower

than the discount rate. This is rather intuitive, because

debt is unlikely to occur in a stationary equilibrium when

the all-equity after-tax interest rate is higher than the

discount rate.

The constraint (2-32) is fulfilled for

b(l-T)f(K+) - v+ ~ 0
c c

From (2-49) and (2-70) we have

v~ = (1-T)0h(m~)oy~

which, inserted into (2-75), gives us

(l-T) [bf(K+) - h(m+)y+J ~ 0
c c c

or

h(m+)y+
b ~

c c
b-

f(K+) C

C

(2-75)

(2-76)

(2-77)

where the constant b is defined in (2-77). From (2-77) we
c

see that the retention factor b must be sufficiently large

for an interior solution such as Policy C to be feasible.

From the definitions of (mt,yt) in (2-62) and (2-56)

and of (m+,y+) in (2-68) and the constraint (2-77), we mayc c
deduce
m+ = m+
A c (2-78)

(2-79)

Thus we have deduced the position of the stationary

equilibrium (m~IY~) in the m-y phase diagram in Figure 2:1.

2.3.7 Policy Do Free Dividends. All-Equity Firm

Given the conditions for this policy ~1 = 0 and

m = 0

and using (2-46), we obtain

A = n

(2-80)

(2-81)
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and also using (2-48), we obtain

i f'(y) = i + a(l-T)
n

From (2-82) we find that

y= y; = constant

and thus from (2-49) that

v1 = v; = constant

(2-82)

(2-83)

(2-84)

We thus have a stationary equilibrium for the firm,

which according to (2-81) coincides with the terminal con­

dition for the adjoint variable A (2-42).

However, we have to check that the necessary condition

~2 ~ 0 (2-45) is satisfied. (2-45), (2-47), (2-48), (2-80)

and (2-81) imply

i ~ (l-T)i'o (2-86)

i.eo the all-equity after-tax interest rate must be higher

than the discount rate. This is rather intuitive, because

otherwise a debt situation is likely to occur in a stationary

equilibrium ..

2.3 .. 8 The Optimal Path in the i ~ (l-T)i~o Case

We shall study the Yo ~ y; and i ~ (l-T)i'o case. The other

cases can be studied in the same way.

The case y < y+ means that we study an expansion patho c
of equity of the firm rather than a contraction path. The

case i ~ (l-T)i ' means that the discount rate is larger thano
the after-tax all-equity interest rate. This appears to be

a plausible case since (l-T)i' is the minimum after-tax in-o
terest rate for debt and it seems natural that the owners

and managers of the firm employ a higher discount rate than

this minimum ..

In the i ~ (l-T)i ' o case we know from the above analy­

sis of the different policies that Policy C satisfies all the

necessary conditions while Policy D does not ..
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Also Policy C, which is the point (m6'Y6) in the m-y

phase diagram in Figure 2:1, satisfies the transversality

conditon (5-42) 4 We would therefore expect either of the

Policies A and B to end at the point (m+,y+). However,c c
Policy B is a no-debt policy m = 0 and its y-m trajectory

is therefore confined to the y-axis in Figure 2:1. Since our

problem-formulation implies continuous m and y, Policy B is

ruled out in this case. Thus the optimal path is Policy A

followed by Policy C in the i ~ (7-T)i'o case. A requirement

for this is that the time period T is sufficiently long, so

that the firm will have sufficient time to expand to the

point (m~,y~).

Of all possible trajectories in the y-m phase diagram

in Figure 2:1, the optimal one is thus the most heavily

marked one ending at point (m+,y+). We can see from Figurec c
2:1 that leverage decreases over time

(2-87)

as opposed to the opposite result obtained in the special

case in Appendix 2.1, cf. (2-130).

From (2-57), (2-58), (2-68), (2-69), (2-73) and (2-87)

we have

A
O

< 0

which together with (2-42) means that

A(t) ~ n

(2-88)

(2-89)

(2-90)

and thus that the necessary condition (2-59) for Policy A is

fulfilled in the optimal enchainment of policies A + C pro­

posed here.

The optimal behavior of the firm is thus initially to

choose a high leverage in order to exploit the high return

on capital soonest possible, and then gradually to consoli­

date the firm as it grows.

We also see from Figure 2:1, as expected, that equity

increases over time, i.e.

y ~ 0

and from (2-23), ~2-56) and (2-62) we can deduce that

iz ~ 0 (2-91)
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The size of the firm thus grows in spite of decreasing

leveragea

These results were obtained from the necessary con­

ditions (2-36)-(2-45). From the economic interpretation of

the model it appears likely that these conditions are also

sufficient for a maximum, despite the non-convexity of the

dividend constraint (2-32). We shall not here go further

towards proving that the necessary conditions obtained are

also sufficient, as this would be mathematically rather

tedious~

It is interesting to mention here that suggestive and

heuristic results of the type just mentioned regarding

sufficiency - rather than results deduced by a strict mathe­

matical proof - are rather common in the economic optimal

control literature according to Sydsaeter (1978). We do not

propose this as a defense of our procedure but only note

that our study is similar to other published studies in this

respecta

It should be mentioned here, in this respect, that the

linear expansion around the stationary point in Section

203m4o3 is valid only in a small neighborhood around this

point. The slopes of the curve ~A= 0 and to an extent the

curve YA= 0 in the phase diagram Figure 2:1 are subject to

a similar limitation~ However the results may nevertheless

be valid also in an extended neighborhood around the station­

ary point (cf. for instance Magill, 1970, ppo 39-40) 0

2~4 COMPARATIVE STATICS AND COMPARATIVE DYNAMICS IN THE

i ~ (1-T)i'o CASE

We can now look at some comparative static and comparative

dynamic effects in our model in the i ~ (l-T)i'o case.

In this section we shall study the effects of increas­

ing the managerial coefficient B in the objective function,

while in the special case in Appendices 2.1 and 2.2 we shall
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(2-92)o

examine the effect of increasing the general interest rate

level i'o and the corporate income tax rate T e

The comparative dynamics analysis of an increase in

the managerial coefficient S is of special interest here

because it constitutes a comparative study of a managerial­

type firm compared to a profit-maximizing firm (in the case

of S = 0).

From the conditions determining the points (m1,Y1) and

(m+,y+) mentioned above, we can deducec c

dI:1l

ciS
dyl

ciS
dK+

A

dS
dd +

A

ciS
and

o

o

o

(2-93)

(2-94)

(2-95)

dm+
c

dB
dy+

c
dS
dK+

C

dB
dd+

C

dS

o

> 0

> 0

{
~ 0 for S .~ So
~ 0 for S ? So

(2-96)

(2-97)

(2-98)

(2-99)

where So is a coefficient dependent on i, i', a, T and y.

The reason why the managerial coefficient B does not

affect the stationary equilibrium leverage m+ (2-96), is that
c

the objective function (2-9a) is linear in dividends and

sales. The cost side of the objective function, which deter~

mines the stationary equilibrium leverage, cf. (2-68), is

unaffected by a linear addition via B of sales to the objec­

tive functione We may thus expect adjustments to the y-m

phase diagram as in Figure 2:2.
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m

-------Illas-IIP y

Figure 2:2. Comparative Dynamics Effect of a Shift in the Managerial

Coefficient 6 from 61 to 6
2

, where 62 > 61 . ill = Debt

Leverage. y Equity. (rnl,y!) = Intersection of the Curves

rnA= 0 and YA= O.

(m~l ,y~l) and (m~2,y~2) are the Stationary Equilibriums

(Policy C) for 61 and 6
2

respectively.

It is interesting to note that optimal final capital

increases as the firm takes a step towards "rnanagerialness"

(2-98) 0 This result is expected.

By studying the mathematical expressions for the slopes

of the 61 and 62 paths in Figure 2:2, as in Treadway (1969),

we can deduce that 6 1 and 62 trajectories may have a common

tangency point. We cannot thus be quite sure that the rela­

tion of the 6
1

and 6 2 trajectories is as in Figure 2:2. But

we would expect heuristically from (2-97) and this discussion

that
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(2-100)

where the superscript 0 denotes the instantaneous equilib­

rium of the firm
1
). If (2-100) is the case, which should be

checked more closely, we obtain the important result that

the comparative dynamics effect of an increased managerial

influence on the firm (2-100) is different from the compar­

ative statics effect (2-96) 0 As firms are perhaps more often

than not out of stationary equilibrium, we would therefore

expect comparative-dynamics results such as (2-100) to be

just as important empirically as comparative-static results

such as (2-96).

The comparative dynamics result (2-100) can be checked

by using the methods described in Oniki (1973). However, we

shall not pursue this matter here, as the mathematics be­

comes rather tedious.

2.5 SUMMARY AND CONCLUSIONS

The aim of this chapter has been to develop a dynamic finan­

cial model of a managerial··~type firm in a marginalist-type

framework, in order to gain some insight into the dynamic

financial behavior of such a firm and into the way its be­

havior differs in this respect from that of a profit-maxi­

mizing firm.

The purpose is also to gain some insight into the ad­

justment of the firm to a final state rather than into the

continuous growth of the firm at a steady rate. In Appendix

2.1 the aim is to study a more conventional continuous growth

case but of the non-steady-state growth type.

A feature that distinguishes the model in this chapter

from most other dynamic financial models of the firm is that

it analyzes a managerial type of firm .. The goal of the man-·

agerial-type firm studied here is a linear function of equity

share value and long-term sales. The long-term sales compo­

nent in the objective function is assumed relatively small.

1) Cf. Appendix 2030
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As we are mainly interested in directions of change and rela­

tive comparisons, this latter assumption is not all too re­

strictiveo Also the model differs from other similar models

in that it includes the corporate income tax and - in

Appendices 201 and 202 - a study of the comparative dynamics

of a change in the tax rate (as well as in the general in­

terest rate) 0 Appendix 2~2 is interesting because it provides

a comparative dynamics analysis for the whole time period

according to a general method by Oniki (1973) 0

The factors that limit the growth of the firm in the

model studied are an increasing interest cost and diminish­

ing operating returns to capital~ Other models l ), instead,

assume for instance an upper limit on debt instead of an in­

creasing interest cost.

The model is studied in an optimal control theoretic

framework and utilizes the Pontryagin Maximum Principle. The

Lagrangian-type dynamic multiplier for the dynamic equity

transition equation is discussed from an economic point of

viewo The multiplier is given an economic interpretation as

the imputed value at optimum of an equity dollar. As in math­

ematical programming - and its corresponding shado\N values ­

this economic interpretation is an interesting reason for

using the method of optimal control theory and the Pontryagin

Maximum Principle in economics 0

The model studied predicts that the relation between

the discount rate for dividends - and, in our case, also

sales - and the after-tax all-equity interest rate, is of

importance for type of phases or policies of development of

the firm. This result is supported by results of other

authors l ) 0 Such a result is also expected as the model deals

with optimal financing, and the relation between marginal in­

terest rates is one rather natural determinant of financial

policies in a marginalist-type model of the firm (Carlson,

1) Bensoussan, Hurst & Naslund (1974, Chapter 4) as an exampleo
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1939, ppo 124-125, and others) 0 Should government fiscal or

monetary policy measures change the relation between the in­

terest rates mentioned, the model predicts that the firm may

switch its whole policy to a completely different path of

development. A dynamic model of the type studied here is thus

of interest in analyzing shifts in the structural dynamics

of the firm due to economic policy measures 1) ~ This is per-

haps one of the most interesting reasons for studying eco­

nomic models of the firm in an optimal control theoretic

frameworke

In the case of a small enough initial equity and in

the case of the discount rate being greater than the after­

tax all-equity interest rate, which would appear to be a

plausible case, the managerial-marginalist-type firm of the

studied model exhibits growth in both total capital and

equity 0 The model studied also implies that the firm ini­

tially chooses a high leverage in order to exploit the high

return on capital soonest possible, and then immediately pro­

ceeds to gradually decrease leverage and consolidate the

firm as it growso This result is supported by the work of

Jacquemin (1972, p. 132) and Jacquemin & Thisse (1972, ppo

67 and 83) 0 They state that in dynamic economic models of

this type, the optimal behavior of the firm is to use its

control policy most heavily in the initial periods and con­

tinually decrease the effort as the final state is approached.

The decreasing leverage implies that the binding mini­

mum dividends, being dependent on capital - in the studied

model - grow more slowly than equity. Thus the model normally

implies a dividend lag behind earnings, which is equivalent

to a fairly rapid internal increase in equity and most likely

a fall in leverage. This phenomenon of decreasing leverage

due to a dividend lag behind earnings, can be observed,

1) Bensoussan, Hurst & Naslund (1974, Chapter 4) as an example.
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according to Miller (1977, p. 264), during a period of expan­

sion in the economy. The dynamic model studied here, and in

particular the dividend constraint, thus furnishes a possible

explanation for this.

As mentioned above the optimum dynamic policy implies

an increasing equity. Equity increases, and earnings are re­

tained, as long as the imputed relative value of a dollar of

equity (-~l/Al) is greater than the loss in shareholder util­

ity of retaining the marginal dollar (i) 1). Gradually the im­

puted relative value of a dollar of equity will decline and

no longer be greater than the loss in shareholder utility of

retaining the marginal dollar. At such a point in time, as

expected, a stationary equilibrium is reached - which we have

called Policy C 2) .

In order to compare the managerial-type firm, with a

profit-maximizing firm, a comparative-statics and a compar­

ative-dynamics analysis of shifts in the managerial coeffi­

cient (in the utility function) has been performed. It was

found that an increase in the "managerialness" of the firm

most likely would call for an increase in leverage during

the adjustment of the firm towards its final state (compar­

ative dynamics), whereas the final state itself is unaffected

(comparative statics), given the assumption of a linear objec­

tive function. This comparative dynamics result is supported

by economic reasoning because increased flmanagerialnessfl

places a premium on sales and thereby leverage rather than

on profit and interest costs.

It is especially interesting to note that the compar­

ative-dynamics effect of an increase in managerial influence

on the firm is probably different from the comparative­

statics effect. As firms are perhaps more often than not out

of stationary equilibrium, one may therefore expect compar­

ative-dynamics results deduced from dynamic economic models

of the type studied here, to be just as important as a basis

1) This follows from (2-59a), (2-68) and (2-87).
2) Cf 0 (2-59a) and (2-68).
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for empirical studies, as comparative-statics results deduced

from either static models or steady-state growth models.

The dynamic financial model in this chapter may be used

for other comparative dynamics predictions concerning e.g.

tax shifts and general interest rate shifts. Such predictions

may also be deduced for other variables than leverage. In

the general model these predictions become, to an extent,

indeterminate and also mathematically cumbersome. However,

in the special case in Appendices 2.1 and 2.2 further spe­

cific predictions along these lines are deduced.
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APPENDIX 2Ql

2Q6 A DYNAMIC FINANCIAL MODEL OF A MANAGERIAL FIRMo

SPECIAL CASE

We shall now study a special case of the model in this chap­

ter which can be solved analytically and therefore provides

more specific results.

Let us modify assumptions A2 and A3 as follows:

A2'. Operating profit before depreciation, interest and tax

is linear in capital.

A3' & Dividends are constrained to be non-negative.

In other words, from A2', the operating profit can be

written:

f(K) = ~K (2-101)

where w is a positive constant. This is an assumption used

fairly often in financial and growth theories of the firm,

for instance in Gordon (1962) and Lesourne (1973).

From A3', the dividend constraint is d(t) ~O, which is

~quivalent to setting

b = 1 (2-102)

in our general model.

We shall study the same case as in the general model

y { y+ and i~(l-T)i' I which implied an optimal behavior of
o c 0

Policy A followed by Policy C.

The assumption A2' implies that the dynamic Lagrangian

(2-35) is linear in the state variable y and that Policy C is

indeterminate in equity y and the investment variable Vc We

shall therefore study the other case Policy A, the minimum

dividends policy, closer in this Appendix.

2.6.1 Optimal Leverage, Equity and Equity Growth

The static return on equity before tax r e is equal to oper­

ating profit less depreciation and interest, in relation to

equity. Thus
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(2-103)

It follows from (2-103) that

dYe d(i' m)
(l-m) ~ = r e-~

In our special case, (2-60) becomes

which is independent of equity Ye

(2-58), (2-104) and (2-105) imply

drd: ~ 0·
From (2-20), (2-56) and (2-103) we find that

(2-104)

(2-105)

(2-106)

y (2-107)

that is
t

(I-T)ojr
e

(m(u»du

yet) = y Qe 0
o

(2-108)

(2-109)

i.eo the growth rate of equity is the after-tax return on

equity, as expected when dividends are zero.

For the non-managerial case B = 0, and following
'"(2-105), leverage ill is a constant, which we shall denote m.

For the managerial case S > 0, (2-106) gives us

m (t) > ill
opt

and (2-106), (2-108) and (2-109) give us

y (t) < yet) (2-110)
opt

where yet) is the optimum in the profit-maximizing steady­

state growth case B = 0 and m t and Y t denote the optimumop op
in the managerial case S > o.

Following (2-107), the growth rate of equity g can be

written

g = 1. = r (l-T)
y e

(2-111)



(2-112)

A

ill m,
A

m m.

m m,

66

For the non-managerial case B = 0, (2-104) and (2-105)

give us

dre _
dm - 0 ..

As re(m) is concave over a relevant interval around

the rate of return on equity r e has a maximum at

The concavity of re(m) over a relevant interval around

can be derived from (2-103) using (2-104) for simpli-

fication and making the plausible interest rate assumption

d 2 (i 'm)
--->O~

dm2
(2-112a)

Thus, as the optimum ill t in the managerial case S > 0op
differs from the leverage ill that maximizes the rate of return

on equity r
e

, we have from (2-106) and (2-109)

and thus from (2-111)

gS>O < gS=O

(2-112b)

(2-113)

ieee the equity growth rate in the managerial case is lower

than in the non-managerial case. This is expected because

the no-dividend case studied here implies that the equity

growth rate is equal to the after-tax rate of return on

equity (2-111) which intuitively should have its maximum in

the profit-maximizing case. Equivalently we may expect the

managerial-type firm to sacrifice some return on equity in

order to obtain greater size, ieee equity plus debt.

The main result of this section is that leverage is greater

(2-109) 1 equity smaller (2-110) and the equity growth rate

lower (2-113) along the optimal time path in the managerial

firm case B > 0 compared with the profit-maximizing firm case

B = O. The first two results are reasonably intuitive in the

corresponding static case - which is not reported here - and

are apparently also valid in the present dynamic growth case.
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2.6.2 Leverage. Analytical Solution

We shall now attempt to find an analytical solution to our

special case. The general expression (2-62) reduces to

met) = [d(i'm) - r (m)] .1(l-T) d(i'm) - iJ !d
2

(i'ffi) (2-114)
[dm e Ll

dm 'I dm2

Set the inverse of the right-hand side of (2-114) equal

to ¢ (m(t)). Thus

¢(m(t)) (2-115)

(2-114) and (2-115) give us

m= l/¢(m)

Thus

T II!T
fdt J ¢(u)du
t m

where m = m(t) and mT= m(T) e

From (2-117) we get

~
t = T - J ¢ ( u) d,u

m

Define ¢(u) from

¢' (u) = ¢(u)

Then (2-118) becomes

t = T - ¢(~) + ¢(m)

(2-116)

(2-117)

(2-118)

(2-119)

(2-120)

which is the explicit solution for the control variable m,

although stated in inverse form, i.e. time as a function of m.

mT= m(T) is a constant which can be calculated from

(2-105) and (2-42).

Assuming i' (m) is a general rational function, i.e. a

quotient of two polynomials, ¢(m) in (2-115) will then also

be a general rational function and by splitting ¢(m) in par­

tial fractions, ¢(m) may be explicitly calculated in terms
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of general rational functions, logarithm functions and arctg

functions. This case covers a reasonably large class of feas­

ible interest rate/leverage relationships. The optimal con­

trol variable m(t) can be analyzed a step further in such

cases.

Assuming

only if m ~ 1lim i' (m)

then

lim ¢(m) iff
mil

d(i'm) _ r (m) = 0 and/or (l-T) d(dim'm) - i = 0
dm e

(2-121)

(2-122)

(2-123)

In other words the denominators in the partial fractions

of ¢(m) are readily found from the optimal condition in the

S = 0 case and the minimum condition for the tax-adjusted

cost of capital.

We shall now analyze the sign of musing (2-114). From

(2-58) we have

A(t) > 0

Thus from (2-105)

d(i'm) > 0
~-re (2-124)

(2-125)

(2-126)

In other words, from (2-104) and (2-124), the marginal

equity with respect to leverage is negative.

assumption as to the interest rate function

rate of return on

A plausible

is
d" ,
-~- > 0
dm

d 2 i'
~ 0

dm 2

which implies

> 0
d 2 (i 'm)

dm2

which is equivalent to (2-112a) 0

(2-112a)=(2-127)
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Assuming the marginal tax-adjusted cost of capital is

positive at optimum, we have

(l-T) d(i'rn) - i > 0 (2-128)
dm

This implies from (2-42) and (2-57) that

A ~ n (2-129)

which fulfills the necessary condition (2-59) and thus justi­

fies (2-128) ..

In other words, from (2-114), (2-124) f (2-127) and

(2-128), we find that

met) > 0 (2-130)

i.e. there is increasing leverage.

In the profit maximizing case S

(l-T)

as

[
d(i f m)] .
--- > l.drn A

m=m

Following (2-105) for B

(2-131)

0, (2-131) may be expressed

(l-T)-r (m) > i
e

(2-132)

In other words, in the profit-maximizing case S = 0, a

positive net economic return (2-132) implies that the minimum

dividends policy (Policy A) studied here, is optimal as ex­

pected.

In the case of the managerial-type firm, the relation

(l-T)r (rn t) > i (2-133)e op

implies that (2-128) and thus the necessary condition (2-129)

is satisfied, following (2-124).

In other words, a positive net economic return (2-133)

implies that the minimum dividends policy (Policy A) studied

here is optimal also in the case of a managerial-type firm.

Actually, as long as the maximum net economic return is

positive (2-132), the necessary condition (2-129) is satis­

fied in the case of a managerial-type firm. This follows

from (2-131) being equivalent to (2-132) and from (2-109)

and (2-112a) ..

Our finding as regards increasing leverage over time
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(2-130) for a firm with B > 0, offers another explanation for

this leverage phenomenon which is commonly observed in, for

instance Sweden. Cf. for example Bertmar & Molin (1977) .. The

explanation in our case is that the firm subscribes not only

to a profit goal but also to a size goal. We do not suggest

that this is a main reason, but it is interesting that our

model, with all its simplified assumptions, comes to this

conclusion.

A prerequisite for this result is that the discount

rate i is not too high, in which case leverage is already big

to start with, after which it decreases. This follows from

(2-114), (2-124) and (2-127) ..

r ] +[ d(i 'm) __i J8 [ 1- dre)d
2
(i 'm) ] _

e dm 1-T dm dm 2

2.6.3 Accelerating Leverage

The sign of the change in increase in leverage mmay also be

investigated. Differentiation of (2-114) with respect to time

gives us

•• / (1 ).. _ [ d (i 9 m)m -T m - dID-

d 3 (i 'm)

-ill dm3 1

d2 (i 'm) 1-T

dm2

(2-134)

The first two terms are positive from (2-106), (2-124),

(2-127) and (2-128), whereas following (2-127) and (2-130)

and assuming

(2-135)> 0,
d 3 (i' m)

dm 3

the third term is negative. However for small S-values the

third term is in many cases of an order of magnitude smaller

than the second term, because of the occurrence of two rela­

tively small factors in the numerator of m in (2-114). Thus,

in many cases, for small S

met) > ° (2-136)

and leverage ill thus accelerates.
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2.6.4 Optimal Equity. Analytical Solution

From (2-108) we find that optimal equity y can be written

t
(I-T) J re(m(u))du

yet) y ·e
o

o (2-108)=(2-137)

In order to calculate the integral in (2-137), we ob­

serve from (2-116) that

dt = ¢(m)dm

and thus, with a new integration variable ~,

T ~

J r (m(u))du = I r (~)¢(~)d~
t e m e

(2-138)

(2-139)

where mT= m(T) is a constant which can be calculated from

(2-42) and (2-105) ..

In the special case where i' (m) is a general rational

function, re(~) and ¢(~) are also general rational functions

and the integral in (2-139) may be calculated analytically

as discussed in the optimal m case above.

2.6.5 Optimal Capital

We can now study the development of the firm's capital, which

may also be conceived of as a measure of the size of the firm ..

From (2-23) we may deduce by time differentiation that

iz y m
-=-+--
K Y I-m

(2-140)

In the case studied above, from (2-107) with r e > 0 and

from (2-130), we obtain

K > 0 (2-141)

In other words it is optimal for the firm to accumulate

capital. From (2-109), (2-113), (2-130) and (2-140) it is not

immediately evident whether the growth rate of capital is

larger in the case of the managerial firm than in the case of

the profit-maximizing firm.

However, we may take this analysis one step further,

by observing from (2-103), (2-107), (2-114) and (2-140) that

the growth rate of capital K/K is a function of leverage m,
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which we denote here G(m) 0 Thus, from (2-140) we find that

iz L 1 (m)
G(m) = K = (1-T)e r e (m) + 1-m (2-142)

where we have defined

(2-143)

The functional form of Ll(m) is given in (2-114).

As we know from (2-109), the optimum leverage in the

case of the managerial firm is larger than the optimum

leverage in the case of the profit-maximizing firm. Thus we

may study the sign of ~~ at m = ill, and from that draw con­

clusions about the relation between the capital growth rates

in the two types of firms. By differentiation of (2-142), we

get
dr

e
G'(m) = (l-T) dm

and thus

L' (m)
G' (m) = _1__

1-ill

because

dr
(d:) A a

m=m

Li (m) L1 (m)
+--+-­

I-m (1-m)2
(2-144)

(2-145)

(2-146)

from (2-112), and because

L
1

(m) = a (2-147)

(2-148)

from (2-105), (2-114) and (2-143), for S = 0 ..

From (2-114) we may, after some calculation and using

(2-146) and (2-147), determine L'l(m), so that from (2-145)

we get
G' (m) = _1_ • [(1-'[ ) (d (i 'm) ) - iJ

1....m dm m=m
From (2-131) and from (2-148), we obtain

G' (m) > 0 (2-149)

In other words for ill t close to ill and, thus, for smallop
S, we may conclude that
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Gs>o > GS=O (2-150)

i.e. the capital growth rate for the managerial firm is

larger than the capital growth rate for the profit-maximizing

firm.
It is interesting to note from (2-148) that this con­

clusion rests on the condition that the optimum (=rnaximum)

growth rate of equity in the profit-maximizing case is larger

than the equity discount rate, cf. (2-111), (2-131) and

(2-132). In the infinite horizon case this would cause prob­

lems of convergence, but not in our case where a finite time

horizon is used in the model.

From (2-23), (2-34) and (2-109) we may conclude that

K(O)S>O > K(O)S=O (2-151)

in other words the initial capital of the firm in our special

model is larger for the managerial firm than for the profit­

maximizing firm. We shall investigate these matters more

closely in a further specification of our special model in

Section 2.6.8 of this Appendix.

2.6.6 Comparative Dynamics at End of Time Period

We now want to determine how a tax change will affect the

leverage and equity growth rate of the firm at time T.

We thus differentiate (2-105) totally with respect to

the tax rate T for t=T.

(2-152)

For

d 2 (i' m)
------ > 0

dm2

or (112a), and for S > 0, we get from (2-152)
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(2-153)

From (2-152) we find that if the tax rate on profit in­

creases, the profit-maximizing firm (8 = 0) will not increase

its leverage. This is because our profit-maximizing firm maxi­

mizes the return on equity after tax with respect to leverage,

which as expected gives the same result irrespective of

changes in the multiplicative tax rate.

In the managerial case the negative effect of a tax in­

crease on after-tax profits can be partly offset by the in­

crease in sales resulting from an increase in leverage. Cf.

(2-153) .

The optimum equity growth rate g is obtained from

(2-111) :

g = Y = r (l-T) (2-111)=(2-154)
y e

For sufficiently small Swe may expect from (2-ll2b) and

(2-132) that

(l-T)-r (m ) > i
e opt

(2-133)=(2-154a)

(2-155)

and thus especially

r (m t) > 0 (2-154b)
e op

which is equivalent to a positive equity growth rate according

to (2-154) 0

Following (2-154) we get

d dre dm
~=-r + (l-T)-e­
dT e dm dT

and for t = T, (2-106), (2-153) and (2-154b) qive us

dg(T) < 0
dT

(2-156)

In other words for t = T, the optimum growth rate of

equity decreases as the tax rate increases, for both the

profit-maximizing and the managerial firm. This is what would

be expected.

Also from (2-106), (2-154) and (2-155) we obtain

I

dre I dm(T)= r + (l-T)o - 0--
e dm dT

(2-157)
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and

!dg(T)

16=0
r (2-158)

dT e

which implies, following (2-153), that

Idg(T)

16>0
> !4g(T) I (2-159)

dT dT 8=0

In other words for t = T, the managerial firm is more

affected by a profits-tax change than the profit-maximizing

firm, with regard to a change in equity growth rate.

This is because, in the profit-maximizing case, the

equity growth rate, which is the return on equity after tax

re(l-T), is directly decreased by the tax change, whereas in

the managerial case, for t = T, the return on equity before

tax (re ) also decreases because of the effect of an increasing

leverage (2-106) and (2-153).

We also want to determine how a change in the external inter­

est rate will affect the financing and net worth or equity of

the firm at time T.

As regards the interest rate i'

where

3i'
~ > 0

o

(2-160)

(2-160a)

and where i is a coefficient in the interest rate functiono
which is influenced by the general interest rate level of the

economy.

By differentiating (2-105) totally with respect to the

external interest rate level i o for t = T, we get

dm(T)---rr- = -
o

ai' a2 i'ar- + m(l-m) ai am
o 0

(l-m) 32 (i'm)
3m2

(2-161)
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For

32 (i 'm)

8m2

or (112a), and given a positive numerator in (2-161), which

appears to be a plausible case,

d~iT) < 0 (2-162)
o

In other words for t = T, both our profit-maximizing and

managerial firms will decrease their leverages in response

to an external interest rate increase. This is to be expected.

From (2-154) we find that

1 d
or or

gee----=--+--
1-'"[ di 3i am

o 0

dm
di

o
(2-163)

The first term in (2-163) is negative from (2-103) and

(2-160a) and the second term is positive for t = T from

(2-106) and (2-162) 0

For the profit-maximizing firm, (2-112) and (2-163)

give us

dg (T) I
~

o 13=0

< o (2-164)

In other words the equity growth rate of the profit­

maximizing firm at terminal time is reduced for an external

interest rate increase. This is intuitive, since in this

special case the equity growth rate is equal to the return

on equity (2-154) and the direct effect of an increase in

the interest rate on the return on equity (r
e

) is of course

negative (2-103).

In the managerial case, however, the interest rate in­

crease also has an indirect positive effect on the equity

growth rate (g) because of the lower leverage for t = To Cf.

(2-162) and (2-163). Whether this effect implies less re­

sponse on the part of the managerial firm compared with the

profit-maximizing firm to an external interest rate increase
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at the horizon date, depends on the specific interest rate

function i ' (m) 0 However for a small managerial coefficient

S we may expect, from (2-104) and (2-105), the second term

in (2-163) to be small, so that the equity growth rate is re­

duced for an increase in the external interest rate also in

the managerial caseo

We have studied the effect of economic policy measures, such

as changes in tax rate (T) and interest rate Cia), on the

financing and net worth or equity of the firm at the horizon

date. We can now summarize the results.

Responses at the Horizon Date to Economic Policy Measures.

The Profit-Maximizing Firm Model:

Parameter

Variable

ill

g

o
i o

Responses at the Horizon Date to Economic Policy Measures.

The Managerial Firm Model:

Parameter

Variable

ill

g

+

i o

.- (+)

The managerial firm model provides an alternative pre­

diction of firm behaviour in the respect that an increase in

the profits tax rate causes an increase in leverage to

counteract the tax loss. This is contrary to the result

obtained in the profit-maximizing firm model.

This is somewhat similar to the difference in the price­

output decision in the static case between a profit-con-
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strained sales maximizing firm and a profit-maximizing firm,

when the tax rate is changed (Baumol, 1959).

The above results are valid at the horizon date .. How­

ever, they are most likely also valid immediately before the

horizon date, due to continuity. Furthermore, for the profit­

maximizing firm they are valid at all points in time because

the optimum profit-maximizing firm is in a situation of

steady-state growth. Because of their plausibility, they may

also be valid for other points in time in the case of the

managerial firm ..

In order to test this last proposition, an analysis in­

fluenced by Oniki (1973) is undertaken in Appendix 2.2. The

conclusion of Appendix 2.2 is that the results in the two

tables in this section for the horizon date also hold for

the whole time period, at least for small values of the

managerial coefficient 6.

The comparative dynamics analysis in Appendix 2 .. 2 is

interesting also because this type of analysis (Oniki (1973))

is only little reported yet in the economics literature and

because it apparently in special cases may provide useful

results.

2.607 A Further Specification of the Special Model

In order to further analyze the special model studied in this

appendix, we shall specify the interest rate function i' (m)

and derive an analytical solution.

Let us assume an interest rate i' of the form (2-160)

and with

lim i'(m) (2-165)
m-+1

and

i' (0) i
o (2-166)

where i o is a constant.
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The simplest if (m) of this type is

item) = i +b e ~
o 1 I-m

(2-167)

where b 1 is a constant, governing how the interest rate in­

creases with leverage.

The interest rate function (2-167) satisfies (2-125)­

(2-127) and (2-135). Inserting (2-167) into (2-115) and cal­

culating the partial fractions and integrating, we obtain

the optimum (2-120) explicitly

2b1 m-v
1

m-vZ
t = T + {C 0In---+ C ·In-- +

Bo (Ao+2b1) 1 ~-v1 2 ~-v2

m-v
3+ C -In-­

3 Il\r-v3
(2-168)

where

A fl-a-i
o 0

(2-169)

C.
1.

B i -b _2-
o 0 1 1-'[

I-v.
1.

i

(2-170)

(2-171)

l±(+
o

(The m-va1ues that give extrema
of the cost of capital)

(2-172)

A
o (Optimum m for the 6=0 case) (2-173)

(2-174)

(2-175)

(2-176)

Optimal equity y is calculated as mentioned earlier in

Section 2.6.4 and results after integration in a long expres­

sion which will not be reproduced here.

Instead the result of these calculations in a numerical

example will be discussed.

A + C
meT) 0 0

Inr A + C + 2b10 0

C
6 y u

0 (I-B) (1-'[)

B > 0
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2e6e8 Numerical Example

Assume the following constants:

11 30% hI 2%

a = 13% i 6%

y 3 T 10

and the following cases, for tax rates and general interest

rate levels:

I T 40% and i 8%
0

II T = 50% and i 8%
0

III T = 60% and i 8%
0

IV T = 50% and i 7,5%
0

V T 50% and i 8,5%
0

By calculating optimal behavior in these cases for

S = 0 f 01 and B= 0 respectively, the effect of economic policy

levels on the long-run behavior of managerial-type firms and

profit-maximizing firms may be compared.

The optimum leverage and after-tax rate of return on

equity for the profit-maximizing firm 13=0 for alternative II

become m= 0,69 and (l-T) ore(rn) = 13,6% respectively.

The interest cost of delaying the imputation of an

extra equity dollar by one time period is I~/A-il which, for

B = 0 and following (2-57), is equal to (l-T) [(i 8 m)mJm=ffi = 13,6%.

As economic reasoning leads us to expect, this is equal to

the after-tax rate of return on equity for the profit-maxi­

mizing firm above.

We also see that in this numerical example i>(l-T)io '

because i=6% and (1-T)io =4% in alternative II above.

From the above calculations and (2-109) and (2-125) it

is evident that (2-128) is valid, which verifies (2-130), ieee

we have an increasing leverage ill > 0 in this numerical example

in the managerial firm case.

Also, the above calculations regarding marginal interest

rates verify (2-88), i.e. we have a decreasing imputed in­

stant value for an extra equity dollar A < 0 for both the

managerial-type firm and the profit-maximizing firmo
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The growth of the firm, given various tax rates and

interest rates, can be seen in Table 2:1.

The calculations in Table 2:1 show that the growth

rate for the managerial-type firm is larger than for the

profit-maximizing firm, as we should expect from (2-150) ~

The results in Table 2:1 also show that new higher

tax-rate levels and interest-rate levels have a greater abso­

lute effect on the growth rate of the managerial-type firm

than on the growth rate of the profit-maximizing firm. In

both cases the growth rate decreases.

However, the relative effect of such policy measures

on the growth rate of the firm is greater for the profit­

maximizing firml~This may be because growth in the profit­

maximizing case is a result of profit-maximizing and is there­

fore more sensitive to cost increases from interest rates and

taxes. On the other hand, growth in the managerial case is a

result also of non-profit maximizing behavior, and it is

therefore relatively less sensitive to cost components such

as interest rates and taxes.

Numerical computer calculations based on the analytical

solutions (2-168)-(2-176) have been made for this special

case for other optimal stock variables such as equity and

debt, as well as for optimal flow variables such as invest­

ments and their financing by external or internal means, and

also for return on equity. These calculations provide the

same information for each of these variables as Table 2:1

provides for capital.

The analytical results obtained in this appendix are

confirmed by the numerical example just studied. For example

the acceleration of leverage (2-136) is confirmed. Also the

analytically deduced absolute effects of shifts in the cor­

porate income tax and general interest rate are confirmed by

the numerical example at all points in time.

1) The difference in the numerical example is moderate, cf Table 2:1.
This may depend on the small value of the managerial coefficient
B = 0,01 used in the example.
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Table 2:1. Firm growth given various tax rates and general interest

rates and for different types of firm. Ko= Initial Capital.

KT= Terminal Capital. i o= General Interest Rate. T Cor­

porate Income Tax Rate. 6 = Managerial Coefficient.

K -K
Ao

. T 0
for i 8% and variousF~rm Growth --K--- T.

0
0

Relative Decline in Growth Rate

6=0_ 6 = 0,01 6 = ° 6=0,01

T = 0,4 409,11% 445,78%

T = 0,5 288,16% 316,06%

Diff.T 0,4 -+ 0,5 120,95% < 129,72% 29,56% > 28,43%

T = 0,6 195,94% 215,82%

Diff T 0,5 -+ 0,6 92,22% < 100,24% 32,00% > 31,72%

K -K
B. Firm

T 0
for 50% and various iGrowth -K--- T

0
0

Relative Decline in Growth Rate

6 = ° 6 = 0,01 6 = ° 6=0,01

i 7,5% 311,26% 341,08%
0

i = 8,0% 288,16% 316,06%
0

Diff.i = 7,5% -+ 8% 23,10% < 25,02% 7,42% > 7,34%
0

i = 8,5% 267,50% 293,67%
0

Diffoi = 8% -+ 8.5% 20,66% < 22,39% 7,17% > 7,08%
a

2.6.9 Summary and Conclusions of Appendix 2.1

The aim of Appendix 201 has been to analyze a special case

of the dynamic financial model of a managerial-type firm in

the main part of this chapter in order to gain further in­

sight into the dynamic financial behavior of such a firm and

how this behavior differs from that of a profit-maximizing

firm ..
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The special assumptions are that operating profit is

a certain fixed percentage of total capital and that divi­

dends are only restricted to be non-negative. Also, as in

the general case, the discount rate is assumed greater than

the after-tax all-equity interest rate, the managerial co­

efficient S is assumed to be small and the limit to growth

is assumed to be the rising interest cost as leverage in­

creases. Furthermore it is assumed that the interest cost

in relation to capital, increases with leverage at an in­

creasing rate (2-112a). Appendix 2.1 is limited in scope to

the analysis of the case of minimum dividends and non-zero

debt (Policy A) .

The necessary condition for Policy A to be optimal is

satisfied if the maximum after-tax rate of return on equity

is greater than the discount rate (2-132). This is a rather

plausible result, as such a case puts a premium on capital

accumulation - and thus minimum dividends - by the genera­

tion of positive net economic profits.

The necessary condition for an optimum also implies

that the managerial-type firm grows continuously in the

studied time period. Whereas the profit-maximizing firm ex­

hibits steady-state-growth, the managerial-type firm grows

at a non-steady-state rate.

As is expected the model predicts that the managerial­

type firm grows faster and is more heavily levered with debt

than the profit-maximizing firm.

The model also predicts an increasing leverage over

time for a managerial-type firm compared to a constant lever­

age over time for a profit-maximizing firm. This offers

another explanation for the phenomenon of increasing lever­

age found in e.g. Sweden. Cf. for instance Bertmar & Molin

(1977). The explanation offered by the model is that the

firm not only subscribes to a profit goal but also to a size

goal. It is not proposed here that this is a main reason,

but it is interesting that the model, with all its simplified

assumptions, comes to this conclusion.
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The model also predicts that at the horizon date the

managerial-type firm increases debt leverage in response to

an increase in the corporate income tax rate whereas the

profit-maximizing firm does not. This result is somewhat

similar to the difference in the price-output decision in the

static case between a Baumolian sales-maximizing firm and a

profit-maximizing firm when the corporate income tax rate is

changed (Baumol, 1959).

It should be stressed here - with taxes as an example ­

that the model of the firm in this chapter is partial. For

instance, the model does not take into consideration the

possibility that the discount rate may be affected by a tax

shift $ Neither does the model take explicit consideration to

personal income taxes and capital gains taxes. These consid­

erations may be built into the model at a later stage.

As expected, the model predicts - at the horizon date ­

a lower debt leverage in response to an increase in the gen­

eral interest rate level for both a managerial-type firm and

a profit-maximizing firmo

The just mentioned predictions of the effects of

changes in fiscal and monetary policies may well, due to

their plausibility, be valid at other points in time than at

the horizon date. In order to test this, an analysis accord­

ing to Oniki (1973) is undertaken in Appendix 2.20 The con­

clusion of Appendix 2.2 is that the comparative dynamics re­

sults for the horizon date also hold for the whole time pe­

riod for small values of the managerial coefficient s.
In order to further analyze the special model studied

in this Appendix 2.1, the interest rate function i' (m) has

been specified here and a numerical example has been studied

using computer calculations based on a derived analytical

solution. The numerical example confirms the analytical re­

sults in Appendix 2.1 and also provides comparative dynamics

predictions for capital. In the numerical example, the growth
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of the firm is reduced in response to a tax rate increase

or an interest rate increase both in the case of a mana­

gerial-type firm and a profit-maximizing firm. However, the

relative effect on the growth of the firm is relatively

smaller in the managerial firm, in the numerical examplel ) ,

probably because the managerial firm, compared with the

profit-maximizing firm, is less sensitive to cost increases

from interest rates and taxes. This in turn would depend on

the non-profit component of the managerial firm's objective

function.

1) The difference in the numerical example is moderate, cf Table 2:1.
This may depend on the small value of the managerial coefficient
S = 0,01 used in the example.
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APPENDIX 2.2

2.7 ECONOMIC POLICY AND THE GROWTH AND FINANCING OF A

MANAGERIAL FIRM. SPECIAL CASE.

In this Appendix 2.2 we shall study the effect of a profits

tax rate change and interest rate change on the entire opti­

mal time path of the firm in the special case treated in

Appendix 2.1. Previously these tax and interest rate shifts

have been analyzed at the horizon date in Appendix 201, Section

2.606. The aim here is to analyze if the results at the hori­

zon date are valid also for the whole time period.

The method of Oniki (1973) appears useful for this ana­

lysis and will be used here. One reason is that even though

an analytical solution is derived in Appendix 2.1, Section

2.6.2, the comparative dynamics result is not readily found

from ito Another, and more important, reason for the choice

of the method of Oniki (1973) is that it is rather general

and does not presuppose an analytical solution. An explicit

analytical solution is rather uncommon in optimal control

theory.

2.701 Optimum Necessary Conditions

We shall summarize the necessary conditions for a maximum in

the special case treated in Appendix 2.1.

1..° -A [(l_T)d(i
f

m)_i] (2-177)dm

y re(m) III (l- T )y (2-178)

m = m(A, T) (2-179)

yeO) Yo (2-180)

A(T) = n (2-181)

where

y equity; the state variable

m leverage; the decision or control variable. Leverage

is debt in proportion to debt and equity
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if interest rate on debt

i discount rate

r e return on equity; cf. (2-103)

A shadow value for an extra dollar of equity

T profits tax rate

T terminal date

Yo initial equity

n weighting factor of share value in the objective

function.

The expression (2-179) is a short-hand notation for the

optimum condition for leverage (2-105).

The expression (2-178) or (2-107) states that at opti­

mum, equity grows at a rate equal to the return on equity

after tax. This is self-evident when no dividends are paid

out, which is the case studied here (Policy A in Section

2.3.4) .

The expression (2-177) is equivalent to (2-57) and an

economic interpretation is given in Section 2.3.4.1.

The initial condition on equity is (2-180) and the

terminal condition for the shadow value is (2-181) from (2-42).

We thus have a two-point boundary value problem with

three equations (2-177)-(2-179) and the three variables le­

verage m, equity y and the shadow value A. Formally a solu­

tion to our problem may thus be found from (2-177)-(2-181).

Corporate income tax and profits tax will be used inter­

changably as denominations.

2.7.2 Comparative Dynamics of a Corporate Income Tax

Rate Change

Our problem is one of comparative dynamics or sensitivity

analysis of a dynamic solution with respect to a marginal

profits tax rate change. We must thus find the derivatives

dyx= ? d Ax = ? dmx =
dT· dT· dT

where we use the asterisk to denote the optimal solution of

the two-point boundary value problem (2-177)-(2-181), when
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necessary. A first step is to find the effects of a profits

tax rate change on the initial and end valueso

By differentiation of (2-180) and (2-181) we have

immediately

dyX(O) =
0dT

dAXCT)
Q-d-T- =

(2-182)

(2-183)

As we consider the variables a function of the two

variables time t and profits tax rate T in this comparative

dynamics analysis and as we assume the variables continuously

differentiable, we have in general:

dy(t) _ dy(t')
""d=r - -d-T--

t=t'

dA(t) _ dA(t')
""d=r - -dT--

t=t'

(2-184)

(2-185)

(2-187)

(2-186)

o

= 0

In other words, to find the marginal effect at time t'

of a marginal change in the profits tax rate, we can set t=t'

before we differentiate. Thus from (2-182)-(2-185),

dyX(t) I-dT--

t=Q

dAX(t) I-dT--

t=T

The critical value to determine now is,

dA
X

(t) I
dT

t=O

(2-188)

ioe. the initial value of the shadow value or rather its

derivative with respect to the profits tax T. Once this is
dA £y dm

found, the total time development of dT ' dT and dT may be

found from (2-177)-(2-179) or rather the derivatives of them,

which after some calculus from (2-177) and (2-178) respec­

tively are
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- == - r( 1-T ) r - i J.. d A + r A
ciT leI d~ e
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(2-189)

- y(l-m)
[~f
d 2 (i f m)

dm2

(2-190)

In order to see the signs of the coefficients better l

we may write (2-189) and (2-190) for short

ddt [~ ~] = [- ] ~~ +[+ ]

ddt [ ~~ J = [+] ~~ +[+] ~~ +[- ]

(2-191)

(2-192)

d 2 (i'm)for the assumed case of dm~ > 0, i .. e .. (2-112a), and

for the economic assumption (l-T)re - i > 0 which appears

plausible from (2-132) and for small B.. Cf .. (2-133) = (2-154a) ..

Also in the left-hand members we have used,

:t t~~ J

ddt t~~ J

d
CIT

d
CIT

t ~~ J

t~~ J

(2-193)

(2-194)

which follow from similar reasons as (2-184)-(2-185) ..

Returning to the problem (2-188), we have

dAX(t) I-d-T-

t=O

= _ dA(T) /dA(T)
dT dJ\(O)

(2-195)

according to Oniki (1973, p. 279, formula (62 a)) ..

In general,the method of solution in this Appendix 2 .. 2

is directly influenced by Oniki (1973) ..

In (2-195) and the following, where necessary, the

variables without an asterisk represent a solution to
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(2-177)-(2-179) based on given initiaZ values Yo and A(O)

respectively.

We shall denote this initial value for the shadow

value AO which is considered a constant in the analysis:

(2-195a)

In order to find the denominator of the right-hand

side of (2-195), we differentiate (2-177)-(2-178) with re­

spect to the initial value A(O):

(2-196)

(2-197)

As with (2-191) and (2-192), we may write (2-196) and

(2-197) respectively

ddt [d~~O)j

ddt [d~~O)J ~+
dA(O)

dy
dA(O)

(2-198)

(2-199)

The initial values are from (2-l80) and (2-195a) re­

spectively

dA(t)

It=o
_ dA(O) _

1 (2-200)dA(O) - dA(O) -

dy(t)

!t=O
_ dy(O) _ dyo _

0 (2-201)dA(O) - dA(O) - dA(O) -

We may thus draw the following phase diagram:
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1

t=T
dy

dA(O)

Figure 2::3. dA dy
Phase Diagram for dA(O) and dA(O) . A = Instant Value of

an Imputed Dollar of Equity (Adjoint Variable). A(O) = The

Value of the Adjoint Variable ACt) at Initial Time t=O.

y = Equity.

d [riA 1
Cit dA(O)"j < 0

The small" arrows indicate the direction of the curve

and are deduced from the signs of the time derivatives in

the left-hand members of (2-198) and (2-199) 0 For example in

the first quadrant and on the ordinate, (2-198) and (2-199)

imply

and ddt [d~~O)] ~ 0 •

dA ~This means that dA(O) decreases and dA(O) increases over time,

as indicated by the small arrows in Figure 2:3.

The full-drawn curve in Figure 2:3 is based on the ini­

tial values (2-200)-(2-201) and the small direction arrows

just mentioned. The curve is a rough approximation of the

optimal time path. As the end point of the optimum time path

lies in the first quadrant in Figure 2:3, we have

dA(T) 0
dA(O) >

(2-202)

In order to find the numerator in (2-195) we shall now

construct a phase diagram similar to Figure 2:3 but for the

equations (2-191) and (2-192).

The initial values are from (2-180) and (2-195a) re­

spectively

dA(t) I

ciT
t=O

o (2-203)
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ciT
t=O

o
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(2-204)

We thus have the following phase diagram:

dA
---cf[

t=t

dy----..a--------...-------------llIP"-dT

Figure 2:4. dA dy
Phase Diagram for dT and dT . A = Instant Value of an

Imputed Dollar of Equity (Adjoint Variable). y = Equity.

T = Corporate Income Tax Rate.

< 0

The small direction arrows have an analogous inter­

pretation to those in Figure 2:3 and are based on (2-191)­

(2-192) •

We see from Figure 2:4 that the curve will start in the

second quadrant and never pass into the third and fourth quad­

rants. Thus

dA(T) > 0 (2-205)
dT

From (2-195), (2-202) and (2-205), we get

dAx(t) I-d-T-

t=O

We are now in a position to draw the following phase diagram,

using (2-186), (2-187) and (2-206):
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t=O

Figure 2:5.
dAX dyx

Phase Diagram for d~ and~ . AX = Optimal Instant Value

of an Imputed Dollar of Equity (Adjoint Variable). yX =

Optimal Equity. T = Corporate Income Tax Rate.

The small direction arrows are obtained from (2-191)

and (2-192), which also are valid for the variables with

asterisk.

We see from Figure 2:5, that

dAX

Cf[ ~ 0

dyx < 0
ciT .....

for all t

for all t

(2-207)

(2-208)

From (2-179), we get

amX dA x amx
=-- --+--

oA X dT aT
(2-209)

From (2-105), by inversely differentiating, we have

drnx
0w<

arnX
0->

d't

Thus (2-207) , (2-209)-(2-211) imply

dmX
0 for all t-- >

dT

From (2-106) , we have

(2-210)

(2-211)

(2-212)

~ 0 for all t (2-213)
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Thus (2-212) and (2-213) inserted into (2-155) imply

dg
X

< 0
dT for all t (2-214)

We have thus in (2-212) and (2-214) obtained the main

result of this section, that the corresponding results ob­

tained for the terminaZ time in Appendix 2.1, Section 2.606

also are valid at aZZ points in time for sma~~ B. This result

was not unexpected considering the strong assumptions of the

model but also not completely self-evident.

The economic interpretation of the obtained results are

the same as already discussed in the section mentioned. We

should add here that not only the optimum growth of equity

(2-214) but also the optimum equity itself (2-208) decreases

if the profits tax rate is raised.

The comparative dynamics approach of Oniki (1973) to

optimal dynamic economics, appears to be an interesting paral­

lel to the traditional comparative statics approach of opti­

mal static economics.

2.703 Comparative Dynamics of an Interest Rate Change

In the previous section we studied the comparative dynamics

effect of a profits tax change on the financial model of

Appendix 201. Here we shall study in a similar way the effect

of an interest rate change on the same model of the firm.

The optimal conditions (2-177)-(2-181) are the same,

except that we now write the optimal leverage (2-179) as

(2-215)

Also we recall from (2-160) that the interest rate is,

(2-216)

where i is a coefficient in the interest rate function whicha
depends directly on the general interest rate level of the

economYe
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The problem is to find the derivatives of equity,

shadow value and leverage respectively with respect to the

rate of interest for all dates t:

?
dAX
-- = ?di .

o

This means that we seek the effect of a change from

one constant interest rate level for the time period to

another marginally increased constant interest rate level for

the time period. This marginal shift in the constant interest

rate level is valid from the initial timeQ The analysis is not

fully dynamic, because the optimum transient response to a

jump in the interest rate level at t=O is not studied.

A first step is to find the effects of an interest rate

change on the initial and end values.

By differentiation of (2-180) and (2-181), we have

immediately from (2-184) and (2-185)

dyX (t) dyx (0)
0

di di
0 0

t=O

dAx(t) dAx(T)
0

di di
0 0

(2-217)

(2-218)

t=T

In analogy to (2-195) we have a third boundary value:

= _ dA (T) IdA (T)
di

o
dA(O)

t=O

From (2-202) we have

(2-219)

~~~~~ > 0 (2-220)

Studying comparative dynamics for i o instead of L does

not alter this result.

To find the numerator of (2-219) we derivate (2-177)

and (2-178) with respect to i o and obtain after some calculus

respectively
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dA- = -[CI-T)r -iJ d~ + A(l-~)~ ai'
di e d~ ~ I-m 3i
000

(2-221)

dy _
~ - (l-T)y(l-m)

o

ld::f
------ 0 ddt + r e (l-T) It ddZ - (I-T)yA

_ d2 (i 'm) 0 0
A----

3m2

(2-222)

where

m ai' are am
A = I-m .. 3i - am 31

o 0

As in (2-l60a), economic reasoning implies

(2-223)

ai'3i > 0 (2-224)
o

Also, at optimum (2-106) implies

ar
_e < o.

dm

After some calculus we obtain from (2-105)

(2-225)

am _
ai -

o

ai' a2i'
3i + m(l-m) 3i 3m

o 0

2 (" )(l-m) a ~ m
am2

For (2-l12a), i .. e.

(2-226)

a2 (i 'm)
--->0

am2

and a positive numerator in (2-226), which appears plausible

considering (2-224), we get from (2-226)

am
ai: < 0

o
(2-227)

We notice the equivalence between (2-161) and (2-226)

which is natural because in (2-161) we have also kept A con­

stant.

For the profit-maximizing firm (2-112), (2-223) and

(2-224) imply

(2-228)
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Continuity implies that A > 0 also for small 6:

A >0smallS (2-229)

However for large 6, A may be negative.

In order to see the signs of the coefficients in (2-221)

and (2-222) better, we may now write them for short

d (ddt)dt
0

d
(ddZ)dt

0

(2-230)

(2-231)

where we have assumed (l-T)re-i> 0, which appears plausible

from (2-132) and for small So Cfo (2-l33)=(2-1S4a) 0

The top sign in (2-231) represents small 6 and the

bottom sign represents large s.
The initial values are from (2-180), (2-184), (2-185)

and (2-19 Sa) :

dA Idi
o t=O

dy
di

o

dA(O) dAo
= err.- = di

o 0

_ dy(O) _ dyo- err.- - dl
o 0

o

o

(2-232)

(2-233)

t=O

It is now possible to construct the following phase

diagram from (2-230)-(2-233):
ciA
dl

o

t=t

t=O
dy
dio

Figure 2:6. dA dy
Phase Diagram for ---do and ---do . A Instant Value of an

10 1-0

Imputed Dollar of Equity (Adjoint Variable). y = Equity.

i = General Interest Rate Level.
o
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The full-drawn curve in Figure 2:6 represents the case

of small a and the dashed curve represents the case of large

S •

We see from Figure 2:6 that the curves will start in

the first or second quadrant and never pass into the third

and fourth quadrants.

Thus

-d~iT) > 0 (2-234)
o

From (2-219), (2-220) and (2-234), we get

< 0 (2-235)

We are now in a position to draw the following phase

diagram, using (2-217), (2-218) and (2-235):

dAX

di
o

dyX
di

o

Figure 2:7.

t=O

Phase Dl'agram for ddA.
X

and dy.x xl dl· A = Optimal Instant Value

of an Imputed Dollaroof Equit? (Adjoint Variable). yX =
Optimal Equity. i o= General Interest Rate Level.

The small direction arrows in Figure 2:7 are obtained

from (2-230) and (2-231), which also are valid for the vari­

ables with asterisk. The full-drawn small direction arrows
•are valid for small 8 and for large S also the dashed ones

are possible ..



99

The full-drawn curve in Figure 2:7 represents the case

of small B and the dashed curve is an example of how an opti­

mal time path perhaps may look for large B. In any event, for

large B we can not, in a general analysis like this, state

for sure that the optimal time path will confine itself to

the third quadrant in Figure 2:7.

However, we see from Figure 2:7 that

for all t (2-236)

and

{
~ 0 for all t, for small S;
5 0 for large B;

From (2-215), we get

Also from (2-105) and (2-213), we find that

(2-237)
(2-238)

(2-239)

amX l/dA x __ x--- - (l-m )aA x - affix
AX. a2 ( i ' mX)

8mx2

< 0 (2-240)

f
< 0 for t=T and its vicinity;

dmx _
< 0 for all t, for small B;di -

a § 0 for large B;

Thus ( 2- 21.8), (2- 227), (2- 236 ) and ( 2- 240 ) imp1y ,

(2-241)

(2-242)

(2-243)

In a general analysis like this, we can not for sure
drnx . .

state that di 1S negatlve for large So
a

From (2-103), we get

mX ai'
- I-mx ai

a
< 0 (2-24L~ )
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Thus from (2-163), (2-213), (2-240) - (2-242) and (2-244),

dgX

di
o { < 0 for all t, for small 8;

§ 0 for large B;
(2-245)

(2-246)

We have thus in (2-242) and (2-245) obtained the main

result of this section that the corresponding results obtained

for the terminal time in Appendix 2 0 1, Section 2.6.6.2 also are

valid at all points in time for small B.

Small 8 represents a firm which basically is a profit

maximizer but also has a small element of sales maximization

in its objective. As mentioned earlier in this chapter, such

a firm is a type of managerial firm.

The obtained result was not unexpected considering the

strong assumptions of the model but also not completely self­

evident. The economic interpretation of the obtained results

is the same as already discussed in Appendix 2.1, Section

2.6.6. We should add here that

dg X

di < 0
o

is valid for the managerial-type firm according to (2-245) and

not only for the profit-maximizing firm.

We should also like to add here that not only the opti­

mum growth of equity of the managerial-type firm (2-245),

but also the optimum equity itself (2-237) decreases if the

general interest rate level is raised~ As the initial equity

is given and as (2-245) is valid for all points in time,

(2-237) follows intuitively from (2-245).

2.7.4 Summary of Appendix 2 0 2

The aim of Appendix 2.2 has been to analyze the effect of

shifts in fiscal and monetary policies on the optimum growth

of equity and optimum financing of a managerial firm of the

type studied in Appendix 2.1.

The comparative dynamics method of Oniki (1973) was

employed and proved useful.
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The results obtained for the horizon date in Appendix

2.1, Section 2.6.6 were confirmed at all points in time for

small values of the managerial coefficient s.
The comparative-dynamics analysis in this Appendix 2.2

is interesting also because this type of analysis (Oniki,

1973) is only little reported yet in the economic literature

and because it apparently may provide useful results.
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APPENDIX 2.3

2.8 DYNAMIC ANALYSIS OF THE MINIMUM DIVIDENDS POLICY A

In this appendix we shall provide the deductions underlying

the conclusions in Section 2.3.4.3 regarding the phase

diagram of Policy A in Figure 2:1. Also, we shall analyze

the comparative dynamics of a shift in the managerial coef­

ficient Sf as discussed in Section 2.4.

The methods used correspond to those used by Treadway

(1969) and Gould (1970).

2.8.1 The (m,y) Phase Diagram of Policy A

The system of motion in Policy A is described by the equa­

tions (2-56) and (2-62):

ill = M(m,y) (2-247)

y = Y(m,y) (2-248)

where M(m,y) and Y(m,y) are defined as the right-hand sides

of (2-62) and (2-56) respectively. We shall not use the

index A every time to denote that Policy A is studied.

The slopes of the loci ill = 0 and y = 0 at the station­

ary point (m!,y!) in the (m,y) phase diagram Figure 2:1 are

respectively

dm I
My(ml,Yl)

< 0
dy m=O (+ +Mm mA,yA)

and
+ +

dm I
Yy'(mA,yA)

< 0
dy y=O Ym(m;,yl)

(2-249)

(2-250)

which confirm the signs of the slopes at (m!,y!) in Figure

2:1. This follows from

Mm(m;,y;) > 0

My (ml,Yl) > 0

(2-251 )

(2 ...252)
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+ +Ym(mA,yA) < 0 (2-253)

Yy(ml,Yl) < 0 (2-254)

which have been calculated straight-forward from the defi­

nitions of M(m,y) and Y(m,y), using afterwards the relations
+ +)M(mA'YA 0 (2-255)

Y(ml,Yl) a (2-256)

y+ y+
(l-m+) _f(_A_) > y+of' (_A_) (2-257)

A l-m+ A l-m+
A A

where expression (2-257) is the condition for concavity of

f ( • ) . .
From (2-251)-(2-254) we find that m > 0 to the right

of the locus m= 0 in Figure 2:1 and y < 0 to the right of

the locus y 0 in Figure 2:1. By assuming a point on one

of the loci ill = 0 or y = 0 in Figure 2:1, we obtain the

relation between the slopes of the two loci and thus the

depicted movement in the phase diagram in Figure 2:1. In

order to ascertain this motion we shall study the nature of

the stationary point (m:,y:) in the phase d~agram Figure 2:1.

This will be done by linearly expanding the expressions

(2-247) and (2-248) for ill and y respectively, around the

stationary point (m~,y~) ..

The linear part of the Taylor series expansion about

the point (m~,y1) is

[

+-m-m

y-y; . (2-258)

where M , M ,Y and Yare evaluated at the critical point
+ + ill Y m Y

(IDA'YA) ..

If the main matrix in (2-258) is denoted a, the eigen-

values v are obtained from the determinant equation

la - vII o (2-259)

where I is the unity matrix.
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The eigen-values are

M+Y{ MY-MY}
ill Y 1 + +4 Y ill ill Y

\)1,2 = 2 -
(M + Y )2

ill Y

where M Y - MY> 0 at the critical point (illA+,yA+).
y ill ill Y

Thus the eigen-va1ues are real and of opposite signs,

so that (m~,y~) is a saddle point. The trajectory movement

around (m1,Y1) in Figure 2:1 is thus confirmed. However,

this result is only valid in a neighborhood of (m~,y~) such

that linear expansion is reasonably accurate.

From the saddle-point property follows that among the

paths to the left of the locus ill = 0 in Figure 2:1 there

exists only one path approaching the critical point (m~,yt).

This one is illustrated in Figure 2:1.

2.8.2 Comparative Dynamics of a Shift in the Managerial

Coefficient

Figure 2:2 indicates that a shift in the managerial coef­

ficient 8(8 2 > 81 ) will increase leverage along the optimal

adjustment path of the firm. However the two curves 81 , 6 2
can change position if they intersect at some point, i.e. if

(2-261)

where the superscript 0 denotes the instantaneous (non­

stationary) equilibrium of the firm.

We may also write (2-261) as

a
as t~;O] ~ 0

p

(2-262)

at the point of intersection P.

As we have

ill
Y

(2-263)
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dmo
dy is independent of the managerial coefficient Sf follow-

ing (2-56) and (2-62), and thus from (2-262), we get

;S l~;oJ = 0 (2-264)

Thus the curves most likely do not intersect and there­

fore (2-100) probably is valid, i.e.

dmo
-- > 0dS

Q.E.D.

(2-100)=(2-265)
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3 A DYNAMIC ADVERTISING MODEL
OF A LABOR-MANAGED FIRM

The economics of the labor-managed firm has been the subject

of increasing attention. This was discussed in Chapter 1,

Sections 1.304 and 106, to which reference is made.

In particular the optimal price-output decision and the

related input decision of the pure labor-managed firm have

been analyzed in the literature and compared with the corre­

sponding optimal behavior of the profit-maximizing firm (e.g ..

Ward, 1958 and Damar, 1966) ..

The object of this chapter is however to analyze the

dynamic advertising behavior of the labor-managed firm as

discussed in Chapter 1, Section 106.2.

More specifically the aim of this chapter is to develop

a dynamic advertising model of a labor-managed firm in a

marginalist-type framework, in order to gain some insight

into the dynamic advertising behavior of such a firm and how

its behavior in this respect differs from that of a profit­

maximizing firm.

First a general analysis of the advertising behavior

of a labor-managed firm will be studied in Section 3.1. In

order to obtain more specific results a special case is

studied in Section 3 .. 2. Finally Section 3.3 contains a

summary ..
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3.1 GENERAL ANALYSIS

First the static case will be discussed as a background.

3.1.1 Static Case

The profit-maximizing firm (PM) maximizes the economic

profit of the owners after labor has received a fixed wage

rate. The labor-managed firm (LM), on the other hand, maxi­

mizes the return accruing to labor after the capital owners

have received a fixed income rate.

Thus the objective in the PM-case can be written

Max {pq - r-K - wo·L - a} (3-1)

and the objective in the LM-case

Max {pq - ~K - a} (3-2)

where

p price of output

q output quantity

K capital input

r user cost of capital

L labor input

Wo average wage rate

a advertising expenditure.

Following Vanek (1970, p. 1), the term "labor" is

used here to include everyone working in the economic unit

studied.

In order to avoid double calculation the objective

function may be swnmarized as

peq - roK - c ow L - a
IT = 0 0 (3-3)

c
1

oL + c
2

where the objective function IT is defined from (3-3) and

c
o

= c Z= 1, c
1

= 0 for the PM-case (3-4)

and

(3-5)
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In other words, for both types of firm, the problem is

Max IT(p,q,a,L)
p,a,L,q

(3-6)

subject to a production function of capital and labor and

subject to a demand function of price and advertising:

q f(K,L) (production function) (3-7)

q g(p,a) (demand function) (3-8)

Capital K is regarded as an exogenously given con­

stant. Denoting the Lagrange coefficients for (3-7) and

(3-8), A1 and A2 respectively, the problem is to maximize

the Lagrangian M:

M = IT + A1· [q- f (K , L)] + A2· [q- g(p , a)J (3-9 )

Differentiating M partially with respect to p, a, L

and q respectively gives us the following necessary con-

ditions for a maximum:

q / (cl L + c Z) - A g = 0 (3-10)2 p

- 1 / (c
1

L + c 2) - AZga = 0 (3-11)

- (coGwo + IT GC
l

) / (clL + c Z) - A1f
L

0 (3-12)

p/(c1L + c Z) + A1 + A2 0 (3-13)

where alphabetical indices represent partial differentiation.

Division of (3-11) through (3-10) and using (3-8)

gives us

g + g /g = 0 (3-14)
p a

The optimal condition (3-14) may be expressed in terms

of elasticities, defined as:

n =- pg /g
P

8 = aga/g

(3-15)

(3-16)

where n is the price elasticity of demand, and 8 is the

advertising elasticity of demand.

(3-14), (3-15) and (3-16) give us

a
pg

8

n
(3-17)

which represents a statement of the Dorfman-Steiner theorem

(Dorfman & Steiner, 1954).
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(3-17) states that the ratio of advertising to sales

is equal to the quotient of the advertising elasticity and

the price elasticity.

It is interesting to note that the Dorfman-Steiner

theorem is unaltered in the case of a pure labor-managed

firm compared with the case of a profit-maximizing firm.

This follows from (3-17), as (3-17) is independent of the

constants co,c
l

and c 2 . This similarity sterns from the gen­

eral aim in both types of firms for the efficient use of

non-labor resources (Vanek, 1970) 0

Although the Dorfman-Steiner theorem is applicable to

both types of firm, the optimal advertising/sales ratio

will most likely differ because the quotient of the elas­

ticities 8 and n will normally differ at the respective

optimums of the two types of firm.

However, for constant price and advertising elastic­

ities nand 8, the relative advertising behavior ­

advertising/sales - is the same for both types of firm,

from (3-17). Thus this is an important case, in which the

social favorableness of the labor-managed firm claimed by

Vanek (1970, pp. 120-123) does not necessarily hold. Meade

(1970, p. 413, fn. 2) and Ireland & Law (1977) have also

questioned Vanek's (1970) position in this respect.

The respective optimums may be calculated by solving

the system of equations (3-7)-(3-8) and (3-10)-(3-13) 0

Insert (3-10) and (3-12) into (3-13),

c w + n c = (p + gig )ef (3-18)
o 0 1 P L

which represents the regular marginal value product con­

dition that an input factor, in this case labor, is employed

up to the point where its cost rate is equal to its marginal

value product.

(3-7) and (3-8) give us

£(K,L) = g(p,a) (3-19)
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Thus we have three equations (3-14), (3-18) and (3-19)

and three unknown variables p, a and L. First solve L from

(3-19) and insert L into (3-18), after which only two equa­

tions (3-14) and (3-18) and the two unknown variables p and

a remain .. In general a solution may therefore be found.

A requirement for a maximum is also that second-order

sufficiency conditions are satisfied. This is analyzed

further by Ireland & Law (1977)"

3.1.2 Dynamic Case

It is now interesting to ask whether a dynamic counterpart

to the Dorfman-Steiner theorem can be found for the labor­

managed firm.

To try to answer this question, the same formulations as in

the static case above may be used. However, we must also

take account of the carry-over effect of advertising,

A = a - bA (3-20)

where

A accumulated goodwill of past advertising 1)

b the decay rate of A if no new advertising (a) is under­

taken.

The objective in this case can be written
(X)

Max f e-pt IT dt
p,a,L,q 0

(3-21)

subject to (3-3), (3-7), (3-8) and (3-20) .. p is the discount

rate of the labor collective and capital K is assumed con­

stant ..

The assumption that capital K is constant is question­

able in a dynamic analysis over a long time period .. However,

the main aim is to analyze advertising ceteris paribus and

to provide a comparative advertising study of the labor-

1) Schmalensee (1972, Chapter 2) has pointed out the difficulty of ob­
serving advertising goodwill A, and therefore has proposed other
types of dynamic advertising models.
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managed and profit-maximizing firm, rather than to incorpo­

rate "best" possible assumptions., Also, the analysis here

is explorative and may be extended to account for other

assumptions at a later stage.

The dynamic objective (3-21) is a somewhat arbitrary,

yet plausible, objective of a pure labor-managed firm. The

choice of it is not intended to give us the "best" objective ..

It is rather a first exploratory step .. The dynamic objective

(3-21) is supported by the studies of Atkinson (1973) and

Litt, Steinherr & Thisse (1975), who use objectives similar

in form. In the Appendix of this chapter we have mentioned

some alternative dynamic objectives of a pure labor-managed

firm.

Following Pontryagin's Maximum Principle (Pontryagin

et al., 1962) the Hamiltonian H is

H.e pt II(p,a,L,q) + A, [q-f(K,L)] + A2 [q-g(p,a,A)] +

+ A3(a-bA) (3-22)

where demand in the dynamic case is also dependent on the

accumulated advertising goodwill A, and A3 is the adjoint

variable.

p, a, Land q are control variables and A is a state

variable. The necessary conditions for a maximum are, in

correspondance to (3-10)-(3-13),

q/(c,L + c2) - A2gp 0 (3-23)

- 1/(c1L + c2) - A2ga + A3 = 0 (3-24)

- (cowo + IIc,)/(c1L + c2) -A1 f L 0 (3-25)

p / (c
1
L + c2) + A1 + A = 0 (3-26)2

- AZgA - A3b PA 3 - A3
(3-27)

where expression (3-27) is new in comparison with the

static case and represents the necessary condition for the

adjoint variable A3 . A3 has the interesting property of

representing the imputed value of an extra unit of adver­

tising goodwill A..
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The transversality conditions are

-ptlim e OA
3

(t) ~ 0
t-+ oo

(3-27a)

o (3-27b)

t-+ oo

and the initial condition is assumed to be

A(O) = A
o

(3-27c)

where Ao is a positive constant.

We shall now study the case of a profit-maximizing

firm and thereafter study the case of a labor-managed firm.

(3-28)

In the case of a profit-maximizing firm c o= c 2= 1 f c 1= 0 and

(3-23) and (3-24) give us

~ = --:--:--8_-:-
pq n(1-A 3)

By inserting (3-23) into (3-27), we obtain

(3-29)
n [A 3( p +b ) - ~3J

where s = AgA/g is the elasticity of demand with respect to

advertising goodwill.

(3-28) is a dynamic counterpart to the Dorfman-Steiner

theorem (Dorfman & Steiner, 1954) and has been developed by

Jacquemin (1973). 8/(1-A 3 ) in (3-28) may be conceived of as

the long-term advertising elasticity of demand, which for

the normal case of 0 < A3 < is greater than the short­

term elasticity 8, as is to be expected.

(3-29) is an extension of the Nerlove-Arrow theorem

(Nerlove & Arrow, 1962), which treats the special case of

A3 = 1 e This generalization of the Nerlove-Arrow theorem

for the profit-maximizing firm (3-29) has been developed

by Jacquemin (1973) 0 (3-29) states that the ratio of adver­

tising goodwill to sales is equal to the quotient of the

elasticities of advertising goodwill and price. However,the

~= s _
pq



(3-30)
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elasticity of advertising goodwill is adjusted by the factor

1/[A3(P+b)-~3J, representing the effect of a non-unit shadow

value for advertising goodwill.

In the case of a labor-managed firm c o = c 2= 0, c 1= 1 and

(3-23) and (3-24) give us

~ = __8__
pq n(1-A

3
L)

By inserting (3-23) into (3-27), we obtain

A= E: _

pq
(3-31)

In other words, in contrast to the static case, the

Dorfman-Steiner theorem (3-28) is modified in the dynamic

case for a labor-managed firm (3-30).

The extended Ner1ove-Arrow theorem (3-29) is also

modified for a labor-managed firm (3-31).

The modified theorems (3-30) and (3-31) are not so

unexpected because A3L in the case of the labor-managed

firm corresponds formally to A3 in the case of the profit­

maximizing firm, due to the L in the denominator of the

objective function in the labor-managed case.

As in the static case, the formal similarity between

(3-28) and (3-30) and between (3-29) and (3-31) does not

mean that the advertising/sales ratio and advertising good­

will/sales ratio, respectively, are equal for the two types

of firm, since optimal elasticities, labor force and the

adjoint variable may take on different values for the two

types of firm.

As in the static case, the optimal solution may be

calculated from the necessary conditions and constraints

above. However, they now involve differential equations

over time instead of variables constant in time~ This may

complicate an analytical solution considerably.
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After a certain passage of time, a steady-state solution

will probably be obtained in the optimum. This steady state

solution could be expected to have properties similar to

the static case.

To deduce the steady-state solution we let A = 0 and

A= O. The necessary conditions (3-23)-(3-27) and transver­

sality conditions (3-27a)-(3-27b) are satisfied in this case.

By eliminating the adjoint variable from (3-28)-(3-29) and

(3-30)-(3-31) respectively, the same expression is obtained

in the PM-case as in the LM-case, namely

~ = l {e + _E:_ (3-32)
pq n l+p/b

where the expression in parentheses is the "enlarged" long­

term elasticity of advertising.

As expected, the steady-state solution (3-32) - due to

the similarity with the static case - is the same, formqlly,

for the profit-maximizing and the labor-managed firm. This

formal similarity most likely stems from the general aim

in both types of firm to use non-labor resources efficiently.

Although (3-32) is the same in form for both the PM­

firm and LM-firm the actual value of the advertising/sales

ratio is different because the optimum elasticity values

~, e and E: are different in the two cases. However, for a

demand function with constant elasti~ities with respect to

price, advertising and goodwill, (3-32) implies the same

steady-state advertising/sales ratio for the labor-managed

firm as for the profit-maximizing firm.

(3-32) implies the interesting result that even though

the firm is in a static situation, the regular static

Dorfman-Steiner theorem is not valid. This is due to the

assumed carry-over effect of advertising and the dynamic

model formulation. For E: = 0, which means that demand is

unaffected by previous advertising, (3-32) is reduced to

the regular static Dorfman-Steiner theorem (3-17) as expec­

ted.
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The steady-state advertising/sales ratio in (3-32) is

positively influenced by advertising elasticity 8, goodwill

elasticity € and goodwill decay coefficient b and negatively

influenced by price elasticity n and discount rate P. This

is as we may expect.

A static and a dynamic microeconomic model of the optimal

advertising behavior of a labor-managed firm have been dis­

cussed in Section 3.1 of this chapter. The optimal adver­

tising behavior of a labor-managed firm was also compared

with that of a profit-maximizing firm.

An interesting conclusion was that the static Dorfman­

Steiner theorem is valid also for the labor-managed firm. It

carne to our knowledge after the contents of this chapter was

written that especially Ireland & Law (1977) and also

Steinherr (1975) had performed a similar static analysis.

However, it seems that neither author has proceeded to a

dynamic analysis as in this chapter.

The dynamic Dorfman-Steiner and extended Nerlove-Arrow

theorems are valid for the labor-managed firm provided that

A3L for constant-L is substituted for A3 9 A3 is the dynamic

shadow value for advertising goodwill and L is labor quan­

tity. However, this similarity in mathematical form does not

imply similarity in magnitude. Rather, in the general case,

because of different optimum elasticities, goodwill shadow

value and employment, we can expect different optimal dynam­

ic advertising behavior for the two types of firm.

As expected, the steady-state advertising/sales ratio ­

due to the similarity with the static case - is the same,

formally, for the profit-maximizing and the labor-managed

firm. Furthermore for a demand function with constant elas­

ticity with respect to price, advertising and goodwill, the

steady-state advertising/sales ratio is the same for the labor­

managed firm as for the profit-maximizing firm. The steady-



116

state advertising/sales ratio is greater than the static

one, for constant elasticities of demand, because of the

carry-over effect of advertising 0

The results are limited by the assumptions of the

analysis, such as regarding the objective function of the

labor-managed firm (cf. Section 3~1.2ol and the Appendix) 0

The assumption that the labor-managed firm and the profit­

maxinlizing firm have the same discount rate may be questioned

(Atkinson, 1973 and 1975, Steinherr & Peer, 1975) 0 For in­

stance if, as is often argued, the rate of time preference

is higher for labor than for capital owners then future in­

come streams may be more heavily disounted in a labor­

managed firm (Litt, Steinherr & Thisse, 1975, po 5) 0

Some of the results are dependent on the questionable

assL®ption that both firms have the same level of capital

input and are subject to the same production function.

Differences in the economic environment of the two types of

firm might further complicate the picture.

The assumptions of this study are used mainly for

ceteris paribus reasons and because we are interested in a

comparative analysis of two types of firm, rather than in

the "best" possible assumptions for one type of firmo

Another reason for using simplified assumptions is that the

analysis is of an explorative nature. As a next step, the

assumptions used can be modified and the results compared

to those found here. The analysis in this study may be con­

sidered a first approximation to such extended studies.

302 SPECIAL ANALYSIS

From the general results deduced in Section 301 it is diffi­

cult to get a direct idea of the difference in optimal

dynamic advertising behavior between a labor-managed firm

and a profit-maximizing firm. We shall therefore assume

specific demand and production functions in order to gain
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some further insight into the mattero However, we shall

first make some small modifications in the dynamic model

used above 0

First, since capital is assumed to be fixed, it will

be appropriate to assume a finite instead of an infinite

time horizono Second, the structure and analysis of the

model can be simplified, without loss of generality, by

assuming advertising and labor rather than advertising and

price to be independent variables. Thus, in our modified

model, advertising expenses allow the firm to charge a

higher price, while output level is determined independently

by optimal labor inputo

3.201 Demand Function

In order to keep the analysis to manageable proportions, we

assume a simple price-elastic revenue function that is com­

bined additively and multiplicatively separable, and which

can be written

R = pq

where

(3-33)

R

p

q

a

A

reven~e

price of output

output quantity

current advertising expenditure, a > 0

accumulated advertising goodwill

positive coefficients less than unity

positive coefficients.

This is equivalent to a demand function of the con­

ventional price-elastic decreasing hyperbolic type:

(t,-l (tZ (t3
P :::: 61q A + 6Za /q (3-34)

Changes in advertising a and advertising stock A are

equivalent to a shift in the demand curve.
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3.2.2 Static Case

We shall first study the static case and assume a revenue

function such as in (3-33). However, we shall let A be equal

to an exogenously given constant As.

Following (3-33) the profit function (3-1) is then

Ct., Ct.z 0,3
ITpM = B1q As + BZa - rKo - a - woL (3-36)

where

wo= wage per labor quantity

q q(L) = output quantity, q(O) 0

r = user cost of capital

Ko= capital

It is assumed that output increases with labor but at

a decreasing rate:

qL > 0 and qLL < 0

Capital is

stant Ko·
Setting

8IT pM
0=

8a

assumed to be an exogenously given con-

the optimum advertising outlay is

1
T=-a

3
apM = (820,3) (3-37)

Due to diminishing marginal revenue products of labor

and advertising, and the separability of the profit function

(3-36), sufficiency conditions for a maximum are satisfied.

We can also see this by partially differentiating (3-36)

twice with respect to a and L:

(3-37a)

(3-37b)
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(3-37c)

(3-38)

In the case of the labor-managed firm, the objective

function (3-2) can be written

Ctl. 0,2 0,3
Sl q As + B2a - rKo - a

L

and, because of the separability of the revenue function

(3-33), the same partial optimum as in the profit-maximizing

case is obtained

1
1-0,

3 (3-39)

To check sufficiency conditions, we shall analyze the

optimum labor quantity.

By equating the marginal revenue product of labor with

the average labor income, or using normal first-order con­

ditions, we can find the optimum labor quantity. From (3-38),

we get

(3-40)

Thus, by letting this equal zero, we obtain the

following conditon for the optimum labor quantity:

(3-41)

By inserting the advertising optimum (3-39), which is

independent of L, into '(3-38) we obtain from (3-40) at

optimum

(3-42)

which ensures that the sufficiency condition for a local

maximum is satisfied.
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o is in principleHowever, a corner optimum at L

possible if the function

0,3
c(a) = a - 62

a + r K
o

is negative in which case TI LM tends to infinity.

c(a) has a minimum at

(3-43)

]

~
3

0,3
c(a

LM
) = r K

o
- (6

2
9 a

LM
- a

LM
) 0

In order to have a specific well-behaved case, we

shall assume that

r K
o

(3-44)

for which the local maximum derived above is also a global

maximum. Assumption (3-44) implies that, at optimum, the

capital rent is greater than a function of the optimal

advertising outlayo By moving the term a LM to the left-hand

side of (3-44), we see that (3-44) is equivalent to assuming

that the current advertising term in the revenue function

(3-33) is less than capital rent and advertising expenditure

at optinlUffi.

In this special case, the advertising optimum for the

labor-managed firm is the same as for the profit-maximizing

firm according to (3-37) and (3-39) 0 Normally, however, the

labor-managed firm optimally advertises less in the short

run than the profit-maximizing firm (e.g. Vanek, 1970,

pp. 120-123) .

However, it is also interesting to analyze the rela­

tive advertising behavior, i.e. advertising in relation to

output and revenue (cf. Meade, 1972, p. 413, fn. 2,

Steinherr, 1975 and Ireland & Law, 1977).



121

From (3-36) and (3-38) we have

(3-45)

At the optimum for IT pM ' a small decrease in employment

L causes the left-hand side of (3-45) to increase, because

IT pM changes very little in the neighborhood of its optimum~

As Wo is a constant, (3-45) implies that IT LM increases and

thus in the case of unique maximums that

< (3-46)

Thus the optimum labor-managed monopolistic firm is

smaller, in the short-run, than the optimum profit-maximizing

monopolistic firme However, this is only valid when TI
pM

> 0

at the PM-optimum. In the reverse case, the opposite of

(3-46) is valid, as can be seen from (3-45) e

From (3-33), (3-36a), (3-37), (3-39) and (3-46) we

find that

[~rp\ [~rpt
(3-47)

q LM - q PM

~ fpt ~ a loPt
paq LM > (3-48)

pq- PM

This means that the monopolistic labor-managed firm

advertises more heavily in relation to output and revenue

than the monopolistic profit-maximizing firm (Ireland & Law,

1977, po 233) e However, this was deduced for our special

case where the optimum advertising levels for the two types

of firms are equal, from (3-37) and (3-39) 0 This in turn is

because the revenue function (3-33) is additively separable

in current advertising expenditure a.

In the more general case

opt

< apM

as is discussed in eog. Vanek (1970, ppo 120-123).

(3-49)
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As regards the relative advertising behavior in the

more general case, (3-46) suggests that it is an open ques­

tion which type of firm advertises most heavilyo This depends

in each case on the specific demand function, as Ireland

& Law (1977) have elaborated ono Steinherr (1975) has

shown that for many normal demand functions the opposite

of (3-47) and (3-48) is valid.

Let us now turn to the dynamic case.

3.203 Dynamic Case

Before we go into the dynamics of the special case, we shall

state the general model of Section 301 in a form correspond­

ing to the framework of this Section 3.2.

The dynamic advertising problem we shall study is

T
Max J e-

pt n dt
a,L 0

subject to

A = a - bA

A(O) = A
o

(3-50)

(3-51)

where

p discount rate of the labor collective

b depreciation of advertising goodwill

Ao positive constant

and where the goal function n is different in the profit­

maximizing npM and labor-managed firm IT LM case.

We shall, as before, derive the necessary conditions

for an optimum by using Pontryagin's Maximum Principleo

The Hamiltonian H for our problem (3-50) and (3-51)

can be written

HePt = n + A(a - bA) (3-52)
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where current advertising a and labor L are control vari­

ables, advertising goodwill A is state variable and A is

the adjoint variable.

By letting Ha = a and HL= a we obtain necessary con­

ditions for the control variables:

o

IT
a

IT
L

Also by letting

d -pt
HA=- dt CAe )

(3-53)

(3-54)

(3-55)

we obtain the necessary condition for the state variable

-~ ITA - (p+b)A (3-56)

To interprete (3-56), we note that the shadow value A

embodies at time t the future earnings power of an additional

unit of advertising goodwill at time t. This earnings power

decreases, according to (3-56), at the rate that marginal

income minus interest and depreciation are generated. This

corresponds to the optimum relation for an investment in

capital goods.

Optimal a, L, A and A time functions may be formally

derived from the four independent equations (3-51), (3-53),

(3-54) and (3-56). However, it is difficult in practice to

derive an analytical solution even with simple demand and

production functions in IT. We can nevertheless analyze the

solution a little further by assuming a revenue function of

the type we have in (3-33).

(3-57)- a - w L
a

For the profit-maximizing firm our special case imp,lies that

a
1

a
2

a
3

ITpM = B1q A +62a

1) This result (3-53) is interesting because it states that, for A > 0,
the marginal revenue of advertising is lese than marginal cost. Thus,
the dynamic effect of advertising offers an alternative hypothesis to
the sales maximization theory of Baumol (1959). Cf. Jacquemin (1973,
pp. 202-203).
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(3-58)= 0- w
o

Unlike the static case (3-36), we have now omitted the

constant capital rent rKo for the sake of simplicity,

because it does not affect the optimum state and control.

From (3-54) follows that a necessary condition for a

maximum is that

cHI PM 0.,-1 0. 2
8L = Slo.1q qL A

As the first term in (3-58) is decreasing in L, the

partial sufficiency condition for a maximum in L is satis­

fied. (3-58) gives L as an implicit function of A. By

formally inserting this into (3-57) we get TI pM as a function

of the advertising variables a and A.

For the labor-managed firm our special case implies, in

analogy to (3-38), that

- a
(3-59)

where capital Ko is an exogenously given constant.

From (3-54) follows that a necessary condition for a

maximum is that

(3-60)

The partial sufficiency condition for labor is satis­

fied which is confirmed by the similarity of (3-60) and

(3-40), and the result of (3-42).

(3-60) gives L as an implicit function of a and Ao By

formally inserting this into (3-59) we get TI LM as a function

of the advertising variables a and A.

From (3-53), (3-57) and (3-59) we obtain the necessary con­

ditions for current advertising in the PM-case and LM-case

respectively, i.e.
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(3-61)

(3-62)

The transversality condition for our problem is that

o

o

This implies, following (3-61)-(3-64), that

1
T=-a

3(6
2

0.
3

)

(3-63)

(3-64)

(3-65)

(3-66)

which, as expected, coincide with the static solutions

(3-37) and (3-39) 0

We can also calculate analytically the stationary

part of the trajectories by letting A = 0 in (3-51) and

~ = a in (3-56) 0 However, instead we prefer to further

specify our model in order to obtain some more detailed

results on the complete optimal time-trajectories.

Although there are many well-known production functions in

the literature, such as Cobb-Douglas, CES (Constant Elas­
1)

ticity of Substitution) and others , we shall choose the

following one:

L
q = £1 (K) 81+1

qL > 0, qLL < 0

(3-67)

(3-68)

This type of microeconomic production function implies

that, for a given capital input Ko ' production is technolog­

ically limited to f l (Ko )' or qrn as we shall denote it, no

matter how much labor is employed. Other production func-

1) Cf. for instance Naylor & Vernon (1969, p. 81).
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tions theoretically allow unlimited output even in the short

run, i.e. for constant capital, (3-67) does not. Technolog­

ical development is assumed away in (3-67).

The reason for choosing the relatively simple produc­

tion function (3-67) is that it is specific and keeps the

analysis to relatively manageable proportions without

severely limiting the generality of the results. Also,

originally the idea was to assume a production function

limited from above in order to eliminate possible piece­

wise infinite optimal solutions. As a next step, other pro­

duction functions may be used, but as our main interest is

in a comparative analysis of the profit-maximizing and

labor-managed firm, the comparative results may not differ

all too much because of the choice of production function.

We shall now proceed to specify the optimum labor conditions

and the income functions, first for the labor-managed firm

and then for the profit-maximizing firm~

By inserting the prodtiction function (3-67) into

(3-60), we obtain for the labor-managed firm the necessary

labor condition

a]
-a2 a, L (1-a1+L)

c(a)oA = S,qm a +1 (3-69)
(l+L) 1

c(a) is defined in (3-4j).

Since the right-hand side of (3-69) is an increasing

function of L, and since (3-69) represents

3IT
LM

3L

we get

32 rr
LM

< 0
8L 2

and thus the partial sufficiency condition for labor is

satisfied.



127

Using (3-69), the goal function (3-59) of the labor­

managed firm can be simplified thus

(3-70)
c(a)

ITLM = a1 0 L(1-u
1

+ L)

(3-69) gives the necessary condition for a partial

local optimum in employment for the labor-managed firm, and

gives labor as an implicit function of the advertising vari­

ables. This implicit function can, as mentioned above, be

used in principle to express the goal function TI LM as a

function of the advertising variables a and A only.

Let us also specify more closely the optimum con­

ditions for the profit-maximizing firm.

After inserting the production function (3-67) into

the optimum condition (3-58), we obtain

(Xl u2 l-u1 u
1

+1
Slulqm A = Wo L (l+L) (3-71)

We can also simplify the profit function (3-57) some­

what by inserting (3-71) into (3-57), such that

(3-72)
TN

II == ~
PM u,

The expressions (3-69)-(3-72) are of interest for

calculations later on, but first we shall briefly discuss

some sufficiency conditions.

We shall not deduce comprehensive sufficiency con­

ditions here, but only mention three plausible aspects.

First, in order to have a well-behaved limited interior

optimum we may expect, from (3-59), that u
1

+ a 2 < 1.

Second, we may assume, for the same reason, the exponent of

advertising goodwill a 2 to be small. Third,in order to

avoid a corner optimum at L = 0 for the labor-managed firm,

we assume (3-44) to be valid.

In order to analyze our problem further and come to

detailed results regarding the optimal time-trajectories,

we shall now study a specific example.
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We shall specify some parameter values and proceed to a

numerical solution.

Numerical Solution

Algorithms based on the idea of differential dynamic pro­

gramming 1) seem appropriate to our case with, basically,

one state variable and one control variableQ

Computer tests were run with the following parameters

for the demand function:

1
B1

0.
1 -I

0.
2

_ 1
B2- "8

0.
3

_ 1
-2

and with the following other parameters:

T

b

60

0,2

P

A
o

q =
ill

0,1

0,75

For the profit-maximizing firm we further assume

wo = 1 and for the labor-managed firm that rKo = 0,45, which

satisfies (3-44).

Using (3-50), (3-51), (3-69) and (3-70) we obtain

the optimum trajectories shown in Figures 3:1 - 3:4 for the

labor-managed firm.

For the profit-maximizing firm, the computer tests

were run with the expression (3-50), (3-51), (3-71) and

(3-72), which resulted in the trajectories to be found in

Figures 3:1 - 3:4.

Labor was found to be LLM= 0,134 and LpM= 0,173 in

the steady-state phase, as expected from (3-46), and thus,

following (3-67), output quantity is well below its assumed

1) Cf. Jacobson & Mayne (1970) and Johnsson & Nordlund (1974)0



129

$/tirne
unit

0,35

LM

PM

Profit-Maximizing Firm (PM)
0,314

0,308
Labor-Managed Firm (LM)

0,30

0,25

t = ° Time t = 60

Figure 3:1. Optimal Advertising Costs a. Computer-Calculated Curves.

r K
o
= 0,45 and wo= 1.
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$ $

Profit-Maximizing Firm (PM)
---------_._--~---

~----------~----- .. __.~------~
Labor-Managed Firm (LM)

1,50

1,569
1,541

1,00

t = 60Time

0, 75 ~ . ____J

t = 0

Figure 3:2. Optimal Advertising Goodwill A. Computer-Calculated

Curves. r Ko= 0,45 and wo= 1.
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$/out­
put

Labor-Managed Firm
2,605

2,126
Profit-Maximizing Firm

t = 0

Figure 3:3.

Time t = 60

Optimal Advertising/Output Ratio a Computer-Calculated
q

Curves. r Ko= 0,45 and wo= 1.
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Figure 3:40 Optimal Advertising/Sales Ratio a _ Computer-Calculated
pq
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limit. Except for initially, the relation (3-46) was found

valid.

The analytical results obtained above in Section 3.2

are confirmed by the numerical example.

Discussion of Results

From Figures 3:1 - 3:4 we can see that the results from the

static case hold in the dynamic case at the horizon date in

our example. However, an interesting new insight is obtained

from the dynamic example. It exemplifies a case where, in

spite of the larger absolute advertising activities of the

profit-maximizing firm, the relative current advertising of

the profit-maximizing firm is smaller than for the labor­

managed firm. Thus, as indicated in Section 301.1, the

social advantage claimed in this respect by Vanek (1970,

pp. 120-123) and debated by others, is perhaps an open

question that requires further research.

A rather long time period, for the assumed constant

capital, was chosen in the numerical case, to be sure of

obtaining a stationary equilibrium. The main results would

perhaps not be very different if a shorter time period were

chosen.

As a next interesting step, the computer tests may be

run with other parameter values in order to obtain compar­

ative-dynamics predictions.

We can see in Figure 3:1 that it is optimal for the

labor-managed firm to advertise much initially and then to

gradually decrease advertising until a steady-state level is

reached. This is similar to the result obtained by Jacquemin

(1972, p. 132) and Jacquemin & Thisse (1972, pp. 67 and 83)

in the case of a profit-maximizing firm. We have actually

extended their results to the case when labor is an extra

control variable, in this numerical example. We can also

see in Figures 3:1 - 3:4 that the model implies a turnpike-
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property (Shell, 1967 and Maler, 1974, Chapter 3) for the

advertising variableso Although we have not done a formal

analysis, this discussion suggests that the labor-managed

firm has a phase diagram, in the a,A-plane, that is similar

to the one envisaged by Jacquemin (1972 and 1973) and

Jacquemin & Thisse (1972), and which we shall analyze

further in Chapter 5, Sections 5.4 and 505.

3.3 SUMMARY AND CONCLUSIONS

The aim of this chapter has been to develop a dynamic adver­

tising model of a labor-managed firm in a marginalist-type

framework, in order to gain some insight into the dynamic

advertising behavior of such a firm and how its behavior in

this respect differs from that of a profit-maximizing firm.

A dynamic advertising model is constructed and a de­

duction of the dynamic counterpart to the Dorfman-Steiner

theorem and to the extended Nerlove-Arrow theorem is provided

for the labor-managed firmo This, it seems, has not pre­

viously appeared in the literature. The dynamic Dorfman­

Steiner theorem implies, for constant price and advertising

elasticities, that the dynamic labor-managed firm has a

greater advertising/sales ratio than the static labor­

managed firm. The dynamic firm advertises more than the

static one in order to build up advertising goodwill for

the future. This behavior is common to both the labor­

managed firm and profit-maximizing "firm and illustrates

their common general interest to use non-labor resources

efficiently.

Put in another way, an important result of the

dynamic model is that the marginal revenue of advertising

is less than marginal cost. Thus, the dynamic effect of

advertising offers an alternative hypothesis to the sales

maximization theory of Baumol (1959) 0 This has been pointed

out by Jacquemin (1973) 0 In fact this is a special case of

the more general hypothesis that marginal revenue is less
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than marginal cost when long-run effects are taken into

account (Jacquemin & Thisse, 1972) ~ This general result

offers an alternative, within the area of profit-maximization,

to the managerial theories of the firm. This general result

also illustrates the hypothesis that the firm will sacrifice

some current profit in order to obtain larger profits in

the future.

Another conclusion is that the dynamic Dorfman­

Steiner theorem and extended Nerlove-Arrow theorem are

valid also for the labor-managed firm under the qualifica­

tion that AL for constant L is substituted for A. A is the

dynamic shadow value for advertising goodwill and L is

labor quantity. This could be expected, because the maxi­

mization of total labor income - which is equal to average

labor income multiplied by labor - is equivalent to the

maximization of profit, for constant labor. However, this

similarity in mathematical form does not imply similarity

in magnitude. Rather, due to different optimum elasticities,

goodwill shadow value and employment, different optimal

dynamic advertising behavior of the labor-managed firm and

profit-maximizing firm is expected.

In a steady-state situation for the firm, the model

indicates that the value of the advertising/sales ratio

normally is different for the labor-managed firm and the

profit-maximizing firm. However, for a demand function with

constant elasticities with respect to price, advertising and

goodwill, the model studied predicts that, in the steady

state, the advertising/sales ratio for the labor-managed

firm is the same as for the profit-maximizing firm. The

steady-state situation is most likely an optimum state in

the studied model after a certain passage of time.

In order to obtain detailed results regarding the

optimum time-trajectories, assumptions have been made

about the structure of the demand function and production

function, and about the numerical values of the parameters.
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An interesting new insight has been obtained from the

dynamic example. It represents a case where, in spite of

greater absolute advertising activities of the profit­

maximizing firm, the relative current advertising of the

profit-maximizing firm is smaller than for the labor­

managed firm. Thus the social advantage of the labor­

managed firm that is claimed in this respect by some authors,

and debated by others, perhaps remains an open question re­

quiring further research.

Finally, it should be stressed that the above results

rest on a number of limiting assumptions, for instance as

regards structure of model employed, goodwill transition

equation, objective function, discount rate, demand and

production function, social-economic environment and the

assumption of constant capital input. Also, the models are

partial and do not explicitly take into consideration com­

petition and reactions from other firms in the product mar­

ket. However, the analysis in this chapter nevertheless pro­

vides some interesting insight and may provide a basis for

modification and further inquiries.
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APPENDIX 3.1

3.4 GOAL FORMULATION OF THE LABOR-MANAGED FIRM

There are many possible dynamic goal formulations for our

advertising model of the labor-managed firm with finite

time horizon. For example,

T

J
-pt

Max e TILM dt
a,L 0

T

J
-pt

Max e TILM dt
a,L 0

subject to A(T) ? A c
(3-74 )

T
TI dt + A(T) • e - pT }Max {f e -pt

LMa,L 0

T
d A(T) - PT}Hax {f -pt

e TILM t + L(T) • e
a,L 0

(3-75 )

(3-76)

where Ac = constant, and where for instance Ac ~ Ao(=initial

advertising goodwill) .

The last of these goal formulations (3-76) also

suggests that the relevant state variable may be advertising

goodwill per unit of labor AIL rather than advertising good­

will A.

In Section 3.2 we have chosen the first of these goal

formulations (3-73), at this explorative stage, in order to

keep the analysis as simple as possible. Another reason is

that our main aim here has been to compare advertising be­

havior of the two types of firm, rather than to analyze the

absolute best - and in some sense most realistic - model of

the labor-managed firm.

The goal formulation (3-75) implies the same necessary

conditions as the goal formulation (3-73) except that

(3-77)

This means, following (3-61) in Section 3.2, that

lim a pM =
t-+T

+ 00 (3-78)
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and the problem of an infinite control thus arises. The goal

formulation (3-76) generally calls for an even more complex

analysis than the other goal formulations do.
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4 THE DYNAMIC ADJUSTMENT OF A
COMPETITIVE LABOR-MANAGED
FIRM TO A PRICE CHANGE

401 INTRODUCTION

A peculiarity of the competitive labor-managed firm in its

pure static Illyrian form is its low short-run elasticity of

supply in comparison with the competitive profit-maximizing

firm. In the pure static case of the one-product firm in

which labor is the only variable factor, the short-run

supply curve of a competitive labor-managed firm even bends

backwards, as many authors from Ward (1958) onwards have

shown.

However, in the longer term when capital is also vari­

able, the long-run tendency towards capital expansion and

corresponding labor expansion may eventually counteract the

short-run contraction in labor that is caused by a price

increase. In the present chapter this process of adjustment

to a price increase will be discussed first in static terms

in Section 4.2 and then in dynamic terms in Section 403.

More specifically the aim of this chapter is to de­

velop a marginalist-type model of the dynamic adjustment of

a competitive labor-managed firm to a change in output price.

The purpose is to gain some insight into the dynamic employ­

ment behavior of such a firm and how its behavior in this

respect differs from that of a profit-maximizing firm.
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402 STATIC CASE

The goal of a competitive pure labor-managed firm (Ward,

1958, Vanek, 1970) is to maximize income per unit of labor,

i.-eo>

(4-1)

where

nLM

p

q

r

K

L

here

ied ..

income per unit of labor

price of output (or value added per unit of output)

output quantity

user cost of capital

capital input

labor input

Following Vanek (1970, p. 1) the term "labor" is used

to include everyone working in the economic unit stud-

Let us first analyze the short-run case and thereafter

the long-run case ..

4.201 Short Run

In the short run, i.e. with fixed capital, labor is expanded

until the marginal value product of labor is no longer

greater than the average labor income, i.e.

LM
pqL = rr (4-2)

where alphabetical subscripts denote partial differentiation.

Relation (4-2) is represented graphically in Figure 4:1

for two price levels Pl and P2 where P2 > Pl·
For a given L (and K), it is quite clear from (4-1)

and (4-2) that a price increase from Pl to P2 will shift pqL

less than rr LM and thus the intersection L+ of the pqL-curve

and rrLM-curve in Figure 4:1 will move to the left, ieee opti­

mum employment will decrease, L; < L~o As output in the

short run is directly determined by employment in the model,
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the supply curve will thus surprisingly have negative price

elasticity (Ward, 1958, Vanek, 1970) 0

Assuming diminishing returns to labor in the produc­

tion function, i.eG qLL < 0, the second-order conditions

for a maximum are satisfied because the pqL-curve in

Figure 4:1 then cuts the nLM-curve from above, and the nLM_

curve will have the general increasing-decreasing shape

shown in Figure 4:1.

$/unit
of labor

L

Figure 4:10 Labor-Managed Firm: The Effect of a Price Change on
Short-Run Optimum Employment (Labor).
p output price. (P2 > p,)
q = output quantlty
L = labor

+ +
L"L2 = optimum labor for price Pl,P2 respectively

nLM = income per unit of laboro

4 .. 2 It 2 Long Run

In the long run, capital is no longer fixed but capital is

employed up to the point where the marginal value product of

capital is equal to the user cost of capital, i.e.

(4-3)



(4-6)

142

where the production function depends on capital and labor,

i .. eo

q = q(K,L) (4-4)

The problem of maximizing average labor income in (4-1)

in the long run is thus a problem of maximizing a function

of two variables K and Lo

The two necessary conditons (4-2) and (4-3) may be

written,

F(K,L) =pqL - rr
LM = 0

f(K,L) =pqK - r = 0 (4-7)

where the functions F(K,L) and f(K,L) are defined by (4-6)

and (4-7) ..

The long-run optimum is obtained by finding the inter­

section of the two curvep (4-6) and (4-7) in the K,L-plane.

The slopes of these curves are found by differentiating

(4 - 6) and (4-7), i. e 0

~
dLJ __ -qKK (4-8)
dK f=O qKL

F=O
(4-9)

For qKL > 0, qKK < 0 and qLL < 0, which is a

reasonable case, the f-curve is positively sloped

according to (4-8) 0 The first term in (4-9) is then also

positive and, as the second term is zero at optimum, the

F-curve is also expected to be positively sloped, at least

in a neighborhood around the optimum, due to continuity 0

Thus, schematically, we can draw the F-curve and the f­

curve in a neighborhood around the optimum as in Figure

4: 2.
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K

Figure 4:2. Labor-Managed Firm: Neighborhood of Long-Run
Capital and Labor Optimum.
K capital input
L = labor input +
e = long-run optimum (K+,L )
e o= initial state (Ko,Lo )
e,= short-run labor optimum of initial state
The double arrows represent the sign of
firM and rrkM in the respective quadrants.

The intersection of the two curves in Figure 4:2 at e

is the long-run optimum of the labor-managed firm which we
+ +shall denote (K ,L ).

As

rrLM
= 1- ~ F (K L)

L L '
(4-10)

(4-11)

second-order conditions imply that rrtM
> 0 to the left of

the F-curve in Figure 4:2, indicating a tendency there

towards an increase in L, and vice versa to the right of
LMthe F-curve in Figure 4:2. In the same way, IT K > 0 below

the f-curve, implying a tendency there towards an increase



144

in K, and vice versa above the f-curve in Figure 4:2. These

adjustment tendencies are indicated in Figure 4:2 by the

double arrows in the four quadrants defined by F = 0 and

f = O. The general configuration of the two curves in rela­

tion to each other in Figure 4:2 is a necessary one for a

maximum.

4.2.3 Adjustment Process

We are now in a position to study the long-run effect of a

price change on a competitive pure labor-managed firm.

Assume that the short-run optimum for constant capital

Ko and output price Po is eo in Figure 4:2. The corresponding

F-curve and f-curve have not been drawn in Figure 4:2.

A price increase from Po to, let us say, p is assumed

to shift the F-curve and f-curve to those shown in Figure 4:2.

The new short-run equilibrium of the labor-managed firm is

thus el' implying a decrease in employment, as discussed in

Section 4.2.1.

However, in the long run when capital is variable, we

can expect capital to increase up to its long-run equilib­

rium level e, so that the first adjustment will be in a

direction north-west from eo. This is also consistent with

the double arrows in the quadrant for eo. However, if the

firm could invest sufficiently much and increase labor

sufficiently fast without incurring too high adjustment

costs, the adj~stment process could actually move north­

east from eo directly towards the long-run equilibrium e,

ignoring the intermediate short-run tendencies. The magni­

tude of the adjustment costs for capital and labor and the

shape of the three-dimensional production "mountain" over

the K,L-plane, are main determinants of the path which the

firm will take from e to e.o
We are thus led to the study of the adjustment process

as a dynamic process.
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403 DYNAMIC CASE

Following from the above, the analysis may be furthered by

making assumptions regarding the dynamic adjustment processo

403.1 Assumptions and Model

A common type of adjustment process in economics is
.
K I - 0lK (4-12)

(4-13)

where

K capital input

I investment quantity

L labor input

1 net employed labor input per time period

0, depreciation of capital

02 quit rate of labor

A dot over a variable denotes time differentiation.

The former adjustment process (4-12) is well known

from capital and growth theory and ~he latter (4-13) is

rather well-known from dynamic labor economics as in for

example Salop (1973) 0

However, as was mentioned above, there are limits to

the speed with which the adjustment may take place without

causing significant costs for the firm. One way of taking

this into account is to set upper and lower limits to in­

vestment I and new labor hires 10 Another way is to let I

and 1 vary freely, but to introduce an extra adjustment

cost term C(I,l) into the objective function, income per

unit of labor, i.e.

nLM = pq - rK - C(I,l) (4-14)
L

where C(I,l) rises, possibly at an increasing rate, with

increasing absolute values of I and 10 A recent review of

this second method as applied to a profit-maximizing firm is

to be found in Soderstrom (1974, Chapters IV and V) 0
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The above two methods can also be combined 0

As a first exploratory step we can choose the first

method and set upper and lower bounds on investment I and

new labor hires 1, i.eo

I
inf

~ I ~ I
sup

1inf ~ 1 ~ I sup

(4-15)

(4-16)

where I. f and I are constants representing the lowerln sup
(infimum) and upper (supremum) bound of investment and linf

and 1 are constants representing the lower (infimum) andsup
upper (supremum) bound of new labor hires.

Let us assume also that the dynamic objective of the

pure labor-managed firm is to maximize the present value of

income per unit of labor using the discount rate of the

labor collective 0 This is a somewhat arbitrary, yet plausi­

ble, dynamic objective of a pure labor-managed firm. The

choice of it is not intended to give us the "best" objective.

It is rather a first exploratory step. Our dynamic objective

is supported by the studies of Atkinson (1973) and Litt,

Steinherr & Thisse (1975), who use similar objectives. Some

alternative dynamic objectives of a pure labor-managed firm

are mentioned in Chapter 3, Section 3.4 of this study.

Our problem is thus

T
Max J e-ptrrLM cit (4-17)
1,1 0

subject to (4-12)-(4-16) with C(I,l) _ 0 and the following

initial and terminal conditions,

K(O)

L(O)

K(T)

K
o

L
o

:;, K
o

constant

constant

(4-18)

(4-19)

(4-20)

(4-21)

The end point of the time period is T and the discount

rate is Po
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The initial conditions (4-18) and (4-19) are repre­

sented by the point e in Figure 4:2 and we assume Ko < K+
+ 0

and L < L 0o
The terminal conditions (4-20) and (4-21) state that

capital and labor should not be lower at the end of the time

interval than at the beginning. This is an arbitrary assump­

tion but, on the other hand, as we shall see, it has little

significance in the case we are studying, i.e. the optimal

adjustment process from eo to e in Figure 4:2.

Our problem (4-12)-(4-21) is a problem of optimal

control with investment I and new labor hires 1 as bounded

control variables, and capital K and labor L as free state

variables, apart from the initial and terminal conditions

(4-18) - (4-21) .

Assuming concavity in rrLM(K,L) in a neighborhood around

its maximum, including the initial point eo in Figure 4:2,

the sufficiency conditions for an optimum (maximum) adjust­

ment path are satisfiede 1) We are thus sure that if we find

a solution to the necessary conditions of an optimum adjust­

ment path, this solution will be a maximum.

The next step is thus to obtain the necessary con­

ditions for an optimum. Problem (4-12)-(4-21) lends itself

to analysis by the Maximum Principle as developed by

Pontryagin et ale (1962) 0

The Hamiltonian H can be written

H_e Pt = rrLMCK,L) + A1(l-o,K) + A2(1-o2L)

where A
1

and A2 are adjoint variableso

The Maximum Principle states that

Max H
1,1

are necessary conditions for a maximum 0

1) Kamien & Schwartz (1971) and Seierstad & Sydsaeter (1977).

(4-22)

(4-23)
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As H is linear in the controls I and 1, we have a

bang-bang solution. The controls that maximize H depend on

the signs of A1 and A2 0 We have three cases for I, vizm

Path 1: A1
> 0 ==> I I (4-24)

sup
Path 2: A1

< 0 => I lint (4-25)

Path 3: A1 a => I determined below (4-26)

and three cases for 1, vizm

Path A: A
2

> 0 => 1 1 (4-27)
sup

Path B: AZ
< 0 => 1 linf (4-28)

Path c: A2 0 => 1 determined below (4-29)

Path 1 represents, from (4-12) , an increasing concave

exponential capital growth curve for

I > 0 K+ (4-30)
sup 1

where (K+,L+) represents the maximum of rrLM(K,L) i.eo point

point e in Figure 4:20

Path 2 represents, from (4-12), a decreasing convex

capital contraction curve for

(4-31)

(4-32)

Path A represents, from (4-13), an increasing concave

exponential labor growth curve for

1 > <5 L+
sup 2

Path B represents, from (4-13), a decreasing convex

exponential labor contraction curve for

+
linf < 02Lo (4-33)

where (Ko,Lo +) represents the short-run maximum of rrLM(K,L)

for the initial capital Ko ' ioe. point e, in Figure 4:20

We shall assume (4-30)-(4-33) to be valid, since this does

not essentially limit our analysis.

The Maximum Principle also implies that the state

variable conditions

(4-34 )
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d -pt1\ = - dt (AZe )

and the transversality conditions

o
o

(4-35)

(4-36)

(4-37)

(4-39)

are necessary conditions for an optimum, although in the

case of the transversality conditions this is only so when

there is inequality in (4-20)-(4-21). This is most likely

in our case, but should be checked afterwardso

For Path 3, (4-34) reduces to

H
K

= rr~M = I 0 f (K,L) = 0 (4-38)

i.e. the f-curve in Figure 4:2.

For Path C, (4-35) reduces to

LM 11\ = TIL = L 0 F(K,L) = 0

i. e GO the F-,curve in Figure 4: 2 •

We have now analyzed the various time paths and need

to link them together, i.e. to synthesize them j so that the

objective function is maximized.

4.3.2 Synthesis of Time Paths

It appears likely that the labor-managed firm will 'end up at

the maximum point e in Figure 4:2, provided - as we shall

assume - that T is large enough. Also, it is likely that

the sooner it reaches e the better, but not at the expense

of too low an average for labor incomes rr
LM during the

period of adjustment.

We shall not embark here on a rigorous analysis of the

synthesized time paths that are optimal under various assump-

tions regarding adjustment rates 1. f' 1 , I. f I andIn sup In, sup
production function q = q(K,L) 0 Rather we shall only indi-

cate some plausible possibilities. From the configuration

of Figure 4:2 it seems plausible that capital should be

increased as fast as possible up to the long-run equilibrium
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level K+~ In other words the optimum capital adjustment

would be as shown in Figure 4:3.

K

Path 3

Path 1

K
a

t
o T

Figure 4:3. Labor-Managed Firm: The Adjustment of Capital K
to its Final State, in the Case of an Increase in Price.
K+= steady-state capital
Ko= initial capital
T = terminal time.

initial growth of capital I - 0lKosup
be small in relation to maximum initial contraction of labor

This is in agreement with the capital adjustment

behavior of the competitive profit-maximizing firm, as is to

to be expected as regards the non-labor inputs of the labor­

managed firm9 l )

Should maximum

82L
O

- linf' and should initial marginal labor income of

capital rr~M(K ,L ) be small in relation to initial marginal
o 0 LM

labor income of decreasing labor [TIL (K ,L ) I, then we mayo 0
expect L(O) < 0 and, thus, an optimum adjustment process for

labor as illustrated in Figure 4:4 and as in Figure 4:2.

1) Bergstrom (1973, p. 109).
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L

Path C

Path A

L Path B
o

t
o T

Figure 4:4. Labor-Managed Firm: The Adjustment of Labor L
to its Final State, in the Case of an Increase in Price o

L+= steady-state labor
L = initial labor
TO= terminal time.

We shall discuss the just mentioned statement leading

to L(O) < 0 in more detail here.

If maximum investment I is only little larger thansup
initial depreciation 0lKo ' then initial net capital increase

K(O) will be small for Path 1. This follows from the equa­

tion of motion (4-12).

Also, if initial departure of labor 02Lo is large in

relation to minimum new labor employment 1. f' then initial
. ln

net labor decrease L(O) will be large for Path Bo This

follows from the equation of motion (4-13).

We may illustrate this in another way_ The direction

of the trajectory at the initial point eo in the phase

diagram Figure 4:2, is determined by

IdKJ K(O) (4-40)
LdL t=O 1(0)
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The less negative the slope

t=O

the more horizontal the trajectory at eo in Figure 4:20 A

large negative L(O) and a small K(O) will achieve this,

from (4-40), and this will strengthen the proposed opti­

mality of Path B at t = 0 and thus L(O) < O.

The adjustment process in Figure 4:4 indicates the

short-run tendency for a pure labor-managed firm to decrease

employment immediately after a price increase (Path B). How­

ever, after a while the long-run expansion tendency takes

over and employment increases again (Path A) up to its long­

run equilibrium level (Path C).

This behavior is distinct from that of the competitive

profit-maximizing firm, which will increase employment in

the short-run in response to a price increase and will

follow a monotonously increasing path towards long-run equi­

librium ..

4 .. 3 .. 3 Comments

The long-run process of adjustment to a price increase in

the competitive labor-managed firm has been qualitatively

described by Bergstr6m (1973, pp. 130-131). His description

corresponds to the heuristically proposed optimum adjust­

ment process illustrated in Figures 4:3 and 4:4.

Figure 4:4, referring to the labor-managed firm,

suggests that,in the short run,labor adjustment is rather

rigid in response to an increase in industry demand and

price during a recession .. Also, greater short-run stability

in employment when industry demand and price decrease in a

depression may be expected compared to a profit-maximizing

firm (Bergstrom, 1973, p .. 130).

However, as mentioned before, the adjustment process

depends on the allowed adjustment rates for I and 1, and on

the slopes of the production function. Thus other optimum
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adjustment processes for labor, such as Path A + Path C

with switching point at L+ or with switching point below L+,

are also conceivable~ Also, the optimum capi"tal adjustment

may be Path 1 + Path 3 with switching point below K+& The

relation in time between the switching points of the optimum

L(t)-curve and the optimum K(t)-curve is also an open ques­

tion. A full analysis of the optimum synthesis of the time

paths may be done by inserting the different alternatives in

the objective function (4-17) and then maximizing with

respect to the switching points, and choosing the alterna­

tive that gives the highest value to the objective functionl)~

Litt, Steinherr & Thisse (1975) have studied the in­

vestment decisions of a labor-managed firm in an optimal con~

trol theoretic framework similar to ours. However/they assume

instantaneous adjustment of labor rather than continuous

adjustment as in our case (4-13) and (4-16) 0 They also assume

that investment is financed out of retained earnings rather

than externally as we do. In spite of these differences! it

is interesting to note that Litt, Steinherr & Thisse (1975) /

in one of their cases, corne to the conclusion that employ­

ment decreases until it reaches an assumed minimum limit,

which is somewhat similar to our Path B~

Ward (1958), Vanek (1970) and others have shown that

the reaction of a pure static labor-managed firm to a change

in output price may be modified when including many variable

factors in the model instead of only one (labor) as in our

caseo We may expect similar modifications in the dynamic

case studied here but we shall not elaborate on thiso

4.4 SUMMARY AND CONCLUSIONS

The aim of this chapter has been to develop a marginalist­

type model of the dynamic adjustment of a competitive

labor-managed firm to a change in output priceo The purpose

1) Alternatively we may analyze the shadow values A1 and A2 in (4~34)­

(4-37) starting backwards from t=T, using the continuity of Al and A2
and then finding the condition for A2(O) < 0 (Path B)e
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has been to gain some insight into the dynamic employment

behavior of such a firm and how its behavior in this respect

differs from that of a profit-maximizing firmo

A peculiarity of the competitive labor-managed firm

in its pure static form is its low short-run elasticity of

supply, as compared with the competitive profit-maximizing

firm. In the pure static case of a one-product firm with

labor as the only variable factor, the short-run supply

curve of a competitive labor-managed firm will even bend

backwards as many authors have shown. However, in the longer

term when capital is also variable, the long-run tendency

towards capital expansion and a corresponding expansion in

labor might counteract the short-run contraction in labor

that is caused by an increase in price. The short-run and

long-run adjustment behavior of the labor-managed firm to

a change in price have been linked together in this study in

an optimal control-theory framework 0 The problem does not

seem to have been analyzed in this way before.

In the one-product, one non-capital factor case, a

possible prediction of the model in this chapter is that an

increase in price implies a decrease in employment at first

in the labor-managed firm, to be followed by an increase in

employment up to the long-run equilibrium level. In other

words, the labor-managed firm would follow different struc­

tural paths at different times in its adjustment process.

The profit-maximizing firm of neo-classical economics would

however normally react to a price increase by continuously

expanding employment both in the short-run and long-run.

From the model studied it seems plausible that the

adjustment process depends on the allowed adjustment rates

for investment and employment and on the marginal labor

income of capital and labor. Although a strict proof is

not given for the result in the previous paragraph it seems

safe to assume, from the discussion in this chapter that

there exists a set of parameter values for which the stated

result is valido However, similarly, there also probably
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exists a set of parameter values for which the result in

the previous paragraph is not valide The main object of

this chapter has been to form a framework for analysis of

the problem rather than to obtain all-conclusive results.

Further insight into the dynamic adjustment of a

competitive labor-managed firm to a change in output price

may be gained from the proposed model py specifying the

parameters or relations between the parameters and further

analyzing the synthesis of the various paths.
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5 A DYNAMIC DISCOUNT RATE OF THE
FIRM

In dynamic as compared to static economic models it is of

interest to evaluate entities at various points in time. This

is often accomplished by a weighting process and often by an

exponential discounting processo The discount rate in the

latter case is generally assumed to be an exogenous constant.

In this chapter we shall discuss some modifications of this

assumption within the general framework of models using an

exponential discounting factor, and we shall analyze the

effects of such modifications.

More specifically the aim of this chapter is to de­

velop dynamic economic models of profit-maximizing firms in

a marginalist-type framework/in which the discount rate is

not constant but is either exogenously or endogenously vari­

ableo The purpose is to gain some insight into the effects

of such non-constant discount rates compared with constant

discount rates in specific cases.

In Section 5.1 we study the effect of an exogenously

variable discount rate in certain instances, while in Section

5.2 we analyze the effect of an endogenously variable cost

of capital in a Fisher-Hirshleifer framework (Hirshleifer,

1970) •

In Section 5.3 a dynamic counterpart of the Fisher­

Hirshleifer framework of Section 502 is formulated and in

Section 5.4 we study the effect of an endogenously variable

discount rate on the dynamic semi-investment behavior of the
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firm. The results found in Section 5.4 will then be applied

in Section 5.5 to some well-known advertising theorems.

Section 5.6 contains a summary and conclusions.

5.1 AN EXOGENOUSLY VARIABLE DISCOUNT RATE OF THE FIRM

We shall in this section assume that the firm exists in a

perfect capital market, but that the market interest rate

varies over time r = r(t) e

Our aim is to inquire into the effects of such an

assumption, as compared with the assumption of a time­

constant market interest rate.

5.1.1 Specific Model

In order to obtain concrete results, we shall study a spe­

cific model of the firm

t

-J r(u)duT
M = J d(t).e 0

o

T
-f r(u)du

cit + y(T)oe 0 - I (5-1)

where

M net share value, ieee share value of the firm over

and above the net book value of the firm

d(t) dividends

y(T) terminal value of the firm

I net book value of the firm (a positive constant)

T terminal time

r(u) market interest rate at time u.

We shall assume the functions d(t) and y(T) to be

exogenously given, eeg. given by some other optimization pro­

cess (since they normally interact with one another) .

We shall study a linearly increasing and cyclically

fluctuating interest rate respectively:

ret) r + r °t (5-2)
0 y

ret) r + r ·sin w(t-t0) (5-3)
ill a

where r
0'

r y' r ro' r a' w, t are given positive constants.
0
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We may insert the respective interest rates (5-2) and

(5-3) in our model (5-1) and perform the time integrations

and obtain the share value M. However, to do this we require

an explicit expression for dividends d(t). We assume divi­

dends d(t) to be exponentially decreasing, as

(5-4)

where B1«Bo and Bo ' B1 and b are positive constants.

We also specify the terminal value of the firm y(T) to

be exponentially decreasing, i.e.

-sT
Y(T) = S • e

o
(5-5)

where So and s are positive cons tants .

The time integration in the linear interest case (5-2)

is carried out in Appendix 5.1 for B1= 0 and results in ex­

pression (5-61) in that appendix.

In the cyclical interest rate case (5-3) the result

after time integration is that in the first approximization

M = C(B ,b) - C(B
1

,O) + S e-h(T) - I
o 0

where

r
h(T) = - (s+r )T + --2. [cos w(T-t ) - cos wt J

ill woo

(5-6)

and C(Bo,b) and C(B1,O) are functions of T and derived in

Appendix 5.2 in (5-68) ..

As we have derived explicit solutions for the net share

value of the firm M, we may now numerically calculate the

effect of a time-variable interest rate r(t) in the two

cases (5-2) and (5-3) 1 as compared with the constant interest

rate case ..

Alternatively we may maximize the net share value of

the firm M with respect to terminal time T and thereafter

calculate the net share value M(Tmax ) for the optimal time

period Tmax ' and compare the variable and constant interest

rate cases. We shall choose this latter alternative, which is

somewhat more complex than the first alternative.
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In order to obtain concrete results let us assume

specific numerical values, viz. in the linear interest case

(5-2) ,
d(t) lS.e-O,13t

yeT)

ret)

I

50 o e-O,lT

0,1 + r t
y

50

(5-8)

(5-9)

(5-10)

d(t)

yeT)

ret)

I

Bo =15, B
1

=O, b=0,13, 8
0

=50, s=0,1 and ro=O,le

In the cyclical interest case (5-3) let us assume that

15.e-0 ,13t 1,5 (5-11)

50oe-O~lT (5-12)

A 1 • 2IT ( ), + r a s~n 10 t-to (5-13)

50 (5-14)

2rri.eo Bo =15, B
1
=1,S, b=0,13, 8

0
=50, s=O,l, rm=O,l and w=-yoo

In the case of maximizing net share value M with re­

spect to the time horizon T, we obtain the results in the

linear interest rate case in Figure 5:1 and in the cyclical

interest rate case in Figure 5:2. These results were calcu­

lated by Ekman & Wejke (1964), who interpreted the model

(5-1) as a machine investment problem. The model in this

section may be interpreted as a model of a firm whose main

activity concerns an investment project that is limited in

time. A possible example is a firm whose object is to con­

struct a building or similar.

5,,102 Discussion

We can see from Figure S:l that for positive slopes r of
y

the linear interest rate, the optimal net share value of the

firm decreases as expected and that the decrease compared to

the constant interest rate case r = 0 is not insignificant.
y

In the cyclical interest rate case in Figure 5:2, with

a ten year interest rate cycle starting with an interest rate

increase (cf. (5-13) for t o = 0) 1 the optimal net share value
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of the firm decreases as expested. We also see from Figure

5:2 that the decrease is not insignificant.

The linearly increasing interest rate case is interest­

ing, because it illustrates Gordon's (1963) concept of dis­

counting more heavily in the future to take into consider­

ation increasing uncertainty 0

The analysis of a cyclical interest rate is also in­

teresting because it illustrates the effect of business cy­

cles on the value of the firm. By varying the frequency of

the cycles wand the starting point of the cycles to' we may

derive how the value of the firm changes under different

assumptions regarding the business cycle. There is some dis­

cussion of this in Ekman & Wejke (1964, pp. 5:14-5:18).

However, in interpreting the economic results of this

section we should remember that the analysis is partial and

that other variables in our model apart from the interest

rate may be affected by the business cycle and other environ­

mental effectso

In spite of the special nature of the case studied in

this section, the general conclusions above may well hold

for more general models and numerical examples because the

model is only used as a basis for comparison and because the

numerical example is a non-extreme case.

We shall not elaborate on the effects of an exogenously

variable discount rate here but rather in the following sec­

tions also study an endogenously variable discount rate.

5.2 THE FISHER-HIRSHLEIFER PROBLEM

The firm's investment and finance problem may be charac­

terized by the standard Fisher-Hirshleifer production­

exchange problem (Hirshleifer, 1970) as illustrated in

Figure 5:3. P represents the production opportunity curve

and M the market exchange line. Co is consumption in period

zero and c is the discrete perpetuity consumption level

from period one to infinity (Hirshleifer, 1970) 0 Co and c
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c

(p)

~
3

P

C
--------------"-------''"------------~_ _::L.. .. 0

(po)

Figure 5:3. Productive and Consumptive Opportunities. P is production
opportunity curve. M, Ml, M2 and M3 are market exchange
lines. Y is endowment. co,c denote present and future con­
sumption. Po,P denote present and future production. Ps is
the point where the market exchange line is tangential to
the production opportunity curve. Vs is the corresponding
productive present value. Pd is production point with maxi­
mum productive present value Vd. The dashed curve between
Ps and Vd, represents the envelope of the dominating market
exchange lines in the first quadrant.
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may be interpreted as payments from the firm to the capital

holders e

Given an endowment Y in Figure 5:3, the problem is

to find the point which the firm should choose on its pro­

duction opportunity curve, i.e. how much of current produc­

tion, which is denoted Po ' should be sacrificed for future

production, which is denoted p.

Let us limit ourselves to a firm which has a large

nu~ber of profitable productive investment projects in

relation to its endowment in period zero. More specifically

let us assume that all the firm's endowment in period zero

can be invested in future production at a rate of return

higher than the firm's cost of capital. If we assume that

the last dollar of endowment in period zero can be invested

in production at exactly the firm1s cost of capital, the

c~axis will pass through point Ps where the market line M2
is tangent to the production opportunity frontier in

Figure 5:30 The following analysis is also valid for all

positions of the c-axis to the right of the point PsG This

is because the market exchange line, rather than the pro­

duction oppor"tunity curve, will form the efficient frontier

of the total opportunity set in this casee

Let us assume now that instead of being in a perfect

capital market, the firm exists in an imperfect capital

market in the sense that a larger firm enjoys a lower cost

of capital than a smaller firme Although this assumption is

plausible, there are grounds for assuming the opposite

alsoo However, the main object of this chapter is not to

make the best or most realistic assumptions but rather to

make such plausible assumptions that enable us to do explo­

rative analyses of variable discount rates or costs of

capital 0 Let us also assume that the size and the productive

capital of a firm are correlated. We shall further assume

that the firm can obtain external funds at the same cost of

capital, regardless of the quantity of funds supplied. This
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may be accomplished, for instance, by keeping the debt/

equity ratio of the supplied funds constant and equal to

the debt/equity ratio of the endowment 0

The previous paragraph implies that the market line

is linear but that its slope decreases for greater p-values

on the production opportunity frontier in Figure 5:30

This is indicated by the line M, in Figure 5:3 as

compared to line Mo The maximum productive present value

Vd is obtained at Pa (with the market line M3 ), whereas the

maximum productive present value in an assumed constant

discount rate case Vs is obtained at Ps (with the market

line M2 ), which unlike Pd is a tangency pointo This requires

second-order conditions to be satisfied.

From this discussion follows that point Vd is the

largest attainable co-value for the total opportunity set,

and point Ps is the largest attainable c-value in Figure 5:3,

if we limit ourselves to the first quadrant in Figure 5:30

For intermediary co,c-values the total opportunity

frontier will be represented intuitively by the envelope of

the market lines in the first quadrant of Figure 5:3, as the

productive point moves from Ps to Pdo The dashed curve from

Ps to Vd represents this envelope curveo We can see from

Figure 5:3 that the opportunity frontier set is no longer

convex, but concaveo

The consumptive optimum is obtained at that point on

the dashed envelope curve PsVd , where the highest indiffer­

ence curve is reached. The indifference curves have not been

drawn in Figure 5:3, but are assumed convex, as usual, and

confined to the first quadrante We make the further assump­

tion that the indifference curves are more convex at points

of tangency with the opportunity frontier, than the opportu­

nity frontier curve itself. This seems to be a possible

assumption, given reasonable limits to the change in the

cost of capital due to changes in the firm's capital 0 Given

this assumption, the consumptive optimum will be reached
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at the point of tangency between the dashed envelope curve

and the undrawn indifference curves. The productive optimum

is the top intersection between the market line that is

tangential to the envelope curve at the consumptive optimum

on the one hand, and the production opportunity curve on the

other hand.

The indifference curves may also be such that no tan­

gency with the opportunity frontier exists, and corner points

Vd or P s are optimal 0 The former is the case, for instance,

for a linear indifference curve with a rate of time prefer­

ence greater than that represented by the slope of a straight

line through Ps and V d in Figure 5:3 and vice versa for the

latter. Vd is also optimal for more general indifference

curves which at the intersection with the co-axis, have a

rate of time preference greater than that represented by the

slope of a straight line through Ps and Vd in Figure 5:3.

Should the indifference curves intersect the c-axis, and

should they have a rate of time preference there that is

lower than that of a straight line through Ps and Vd , then

the corner point Ps is the optimal solution •

.It should be mentioned here that Figure 5:3 is only

illustrative and does not necessarily reflect correct magni­

tudes or proportions. Figure 5:3 is only used in order to

clarify certain aspects in principleo

Having briefly discussed the corner solutions above

we shall now analyze the optimal interior solution mathe­

matically.

Our problem is to

Maximize U = v(co) + v(c)/n (5-15)

subject to

-1
po+f (p) = Yo

c-p = -r(K)(co-po)

p = f(K)

(the production opportunity curve)

(the market exchange line)

(the production or operating
profit function)

(5-16)

(5-17)

(5-18)
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where we have assumed an additively separable utility func­

tion with

v(c) one-period utility function; Vi (c) > 0, v" (c) < 0

n discount rate for future utility (a constant) •

We have denoted present and future production Po and

p, capital K, the cost of capital r(K) where r' (K) < 0 in

our assumed case, present and future consumption Co and c,

operating profit f(K) and endowment Yo (a constant) which

is assumed to represent a point on the co-axis in Figure 5:3,

in this analysis. Depreciation is assumed zero e

We want to maximize U in (5-15) with respect to Co and

c, subject to the constraints (5-16)-(5-18), which can be

reduced to a single constraint in co' c and pe This means

that the optimum consumptive point (co,c) automatically de­

termines the optimum productive point (po,p) 0

We thus maximize the Lagrangian L:

L U( co' c) + A1 [Yo - Po- f -1 (p)J + A2 [ c-p+r (K) (co-P0 ~ +

+ A3 [f (K)-p]

The necessary conditons are

L = 0, L = 0, L 0, Lp= 0, LK= °
Co c Po

vc/n + A2 = 0

- A, - Azr = 0

-1
- A,f

p
- AZ - A3 = 0

AZrK(co-po) + A3 f K= 0

(5-19)

(5-Z0)

(5-Z1)

(5-22)

(5-23)

The consumptive optimum is obtained from (5-19) and

(5-20)

v
Co

r=-v- n
c

(5-24)

which implies tangency between the market exchange line and

the indifference curve.
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The productive optimum is obtained from (5-21)-(5-23)

p = r+r p-c
K K r (5-25)

which depends on the consumptive optimum c and, consequently,

on the indifference curves.

For c = p, (5-25) implies PK= r which corresponds to a

productive optimum at point P s in Figure 5:3.

For c = 0, (5-25) implies PK= r + r K ~ which corre­

sponds to a productive optimum at point Pd in Figure 5:3.

This case corresponds to the maximization of the productive

present va1uee

Values of c intermediate to these two extreme cases

correspond to c-values on the dashed envelope curve PsVd in

Figure 5:30 The corresponding productive optimums are on

the arc from P s to Pd on the production opportunity curve.

The main result from (5-25) is that the introduction

of a decreasing endogenous cost of capital implies a further

expansion of the firm§s productive capital, in comparison

with the constant cost of capital case, because PK < r in

(5-25) for r K < 0 (and p > c) & This is because if we start

from a comparable optimum in the constant cost of capital

case, point Ps in Figure 5:3, we find that the positive

effect of a lower cost of capital on the total volume of

supplied capital, when expanding productive capital, is

greater than the negative effect of the fact that the rate

of return on the marginal productive investment is lower

than the cost of capitalo This net positive effect dis­

appears, however, as productive capital is expanded more

and an optimum is achieved. This requires second-order con­

ditions to be satisfied, which however shall not be elabor­

ated on hereo

The main conclusion - that the optimum is greater in

the dynamic cost of capital case than in the constant cost

of capital case - is valid for a certain class of indiffer­

ence curves; viz. all those for which an interior consump-
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tive optimum along PsVd (the dashed envelope curve) in

Figure 5:3 is obtained. This also requires second~order con­

ditions to be satisfied, in particular as regards the in­

difference curve (5-15). We shall however not elaborate on

this here but rather state a dynamic generalization of the

analysis, in the next section.

5.3 THE DYNAMIC INVESTMENT AND FINANCE BEHAVIOR OF

THE FIRM

A formulation of the dynamic investment and finance behavior

of the firm in the general case comparable to the two-period

analysis in the previous section, is

j v(c)e-nt dt
o

Max U
I,M

where

c = f(K) - I - N

and subject to

K = I - bK

B = r(K)B - N

(5-26)

(5-27)

(5-28)

(5-29)

where

B ~ 0 1 C ~ 0, K ~ a
new capital funds (accumulated)

cash flow from the firm to the holders of new capital

cash flow or operating profit

total capital

investment

cost of capital, dependent on the size of total capital

depreciation rate

consumption or withdrawals for the holders of initial

capital funds 0

The expression (5-26) corresponds to (5-15) and to the

indifference curves in the two-period case. The accounting

identity (5-27) and the time-development expressions of

total capital and new capital funds (5-28) and (5-29) re­

spectively, together correspond to (5-16)-(5-18) and to the

c

B

N

f(K)

K

I

r(K)

b
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total opportunity set (not the envelope curve) in the two­

period case. We have added depreciation in (5-28).

The problem is to maximize utility U in (5-26) with

respect to I and N as control variables and K and B as

state variables. It is interesting to observe that the

model of (5-26)-(5-29) has similarities in form to the model

of Hochman, E., Hochman, O. & Razin, A. (1973) 0

5.4 THE EFFECT OF AN ENDOGENOUS DISCOUNT RATE ON THE

DYNAMIC SEMI-INVESTMENT BEHAVIOR OF THE FIRM

By semi-investments we mean such expenditures, normally re­

ported in the accounts as costs, that have a current dernand­

increasing or cost-decreasing effect on the firm and which

also have a positive carry-over effect on profits in sub­

sequent years. Examples are marketing expenditures such as

advertising and sales promotion, and expenditures on re­

search and development, industrial engineering, machine main­

tenance and personnel development. They are thus of consid­

erable importance to the firm.

Referring to the Fisher-Hirshleifer case in Section

5.2 and Figure 5:3, let us assume that the indifference

curves (not shown in Figure 5:3) are such that the corner

point Vd in the total opportunity set is optimal. This im­

plies present value maximization with r(K) as discount rate.

Following the assumption in the first paragraph above,

let us add a positive effect of semi-investment I on current

operating profit, such that f f(K,I).

A dynamic model similar to the one in Section 5.3 may

be constructed. However, as mentioned above, the productive

present value is maximized rather than the consumptive

utility:

f -RMax V = p(K,I).e dt
I(t) 0

(5-30)
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(5-31)

(5-32)

Ko (a constant)

o
K(O)

R(O)R = r;

where

V present value of cash flow

p cash flow (or production in Fisher-Hirshleifer terms,

cf. Section 5 .. 2)

subject to

K = I - b K;

(5-33)

I(t) semi-investment

K(t) (semi-) capital

b depreciation rate

r discount rate

and where R is a new variable defined by (5-32) and K and R

are state variables and I is a control variable and

p = p(KtI) = £(K,I) - I

r = r(K)

and K = K(t), I I(t) and R R(t) and the initial capital

is Ko .

Following Uzawa (1968) in a similar context, we change

from normal time t to Upsychologicalll time R in order to elim­

inate one of the constraints.

According to (5-32)

dt = dR/r

and thus our problem reduces to

Max V = 7.£. e- R dr
I(R) 0 r

subject to

dK
dR = (I - bK) /r; K(O) = Ko

(5-34)

(5-35)

where "psychological" time R is now the time argument of the

variables involved, instead of normal time to

Let us follow Pontryagin et ale (1962) and formulate

the Hamiltonian H such that

P -R -RH = - e + Ae (I-bK) /r
r

(5-36 )
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-Rwhere A(R)e is the adjoint variable and represents a

shadow value, viz., the present imputed value of a unit of

capital at "time" R ..

Necessary conditions for an optimum are HI = 0 and
d -RHK= - dR (Ae ) where subscripts in general refer to partial

differentiation with respect to the subscripte

This leads to

PI + A = a

-rAR = A(r+b)
r K

LP + A(I-bK)]P -K r

(5-37)

(5-38)

We make the plausible assumptions cr~ 0 (first in­

creasing and then decreasing), c rI < 0 and cK~ 0, cKK~ 0.

Assuming a positive shadow price, ieee A > 0, (5-37)

implies that, along the optimum path, the semi-investments

or costs I should be expanded until the marginal revenue is

lower than marginal costo This apparent contradiction to the

traditional theory of the firm is due to the positive carry­

over effect of the semi-investments on future profits. This

conclusion is similar to the results of Jacquernin (1972,

ppe 130-131) and Jacquemin & Thisse (1972, pp. 66-67 and 83):)

To interpret (5-38), we note that the shadow value A

embodies at "time" R the future earnings power of an extra

unit of capital at "time" R., This earnings power decreases,

according to (5-38), at the rate that marginal operating

profit minus interest and depreciation plus the positive

effect of a decreased discount rate (r
K

< 0), are generated ..

The last term in (5-38) is the correction term due to the
Rdynamic discount rate and is equal to -rKeHe . It repre-

sents the marginal "interest"gain at "time" R, due to a

marginal decrease in the discount rate caused by a marginal

increase in capitalw

If max H is concave in K for given A and R, then a
I

policy satisfying (5~35) f (5-37) and (5-38) and the trans-

versality conditions

lim e-R A(R) ~ 0;
R-+oo

lim e-R A(R)K(R)
R -+ 00

o

1) As expected, this general result is unaffected by the assumption of an
endogenously variable discount ratee
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is optimal, if such an optimum exists. Cf. Arrow & Kurz

(1970, po 49) 0

After partial differentiation twice of (5-36) with

respect to K, it can easily be seen that a convex discount

rate function, i.e. rKK>O will increase the concavity of

H for H > O.

To find solutions to the optimization problem we elim­

inate A and AR in (5-37) and (5-38) and obtain together with

(5-35) the following. We have assumed f(K,I) to be additively

separable in K and I.

PK PI
rI = --- + --- (r+b)

R PII PII

r~ = I - bK

(5-39)

(5-40)

This is a system of two first order differential equa­

tions in the two unknown functions I(R) and K(R) with the

initial condition K(O) = Ko .

In general no analytical solution can be found to this

problem and a numerical analysis is required.

However, we can study the steady state I R= a and KR= 0

which implies that

r K
PK + Pr(r+b) - ~ p = 0

I = bK

(5-41)

(5-42)

and which satisfies the necessary, sufficient and trans­

versality conditions. We note the similarity between (5-25)

and (5-41) for b = 0, P I = -1 and c = o.
In the constant discount rate case this reduces to

(5-43)

I = bK (5-44)

where r m is a constant average discount rate r(Kd)<rm<r(Ko )

and Kd is the steady state optimum of the dynamic discount

rate case and r K< 0 and Ko < Kd .

We should like to find the relation between the steady

state optimum in the constant and dynamic discount rate case

respectively ..
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Inserting (5-44) in (5-43) and denoting the steady

state optimum in the constant discount rate case K
e

, we

obtain

(5-45 )

(5-46)

(5-47)

In general let us call the function in the left hand

side of (5-45) g(K). That is

g(K) = PK(K) + Pr(bK) (rm+b)

g' (K) = PKK(K) + bPrI(bK) (rm+b) < 0

From (5-41) for r K < 0, P > 0

PK(Kd) + Pr(bKd) (r(Kd) +b) < 0 (5-48)

For A > 0 we have PI < 0 in the vicinity of an optimum

according to (5-37) and since r(Kd ) < r m, (5-46) and (5-48)

imply that

g(K
d

) < 0 (5-49)

From (5-45) and (5-46)

g(K
c

) = 0 (5-50)

Thus (5-47), (5-49) and (5-50) imply that

K
d

> Kc (5-51)

and from (5-42) and (5-44)

(5-52)

where the indices for I have the same meaning as for Ko

Thus the steady state optimum for Ko < K
c'

Ko < Kd
and r K < 0 is larger as regards both capital and semi­

investment in the dynamic discount rate case than in the

constant discount rate case. This result is quite intuitive

and stems from the fact that when a single discount rate is

decided upon, it will normally constitute some sort of

average over the economic life of the problem. If the firm's

capital is inadequate to start with, then as an appropriate

capital level is reached the discount rate will decrease

below the constant "average" rate. A lower instantaneous

discount rate is generally favorable to investments and to

capital formation, which helps explain the result we have

obtained.
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At this point we may ask whether any general state­

ment can be made about how the optimum "time" paths of K(R)

and I(R) respectively are related in the dynamic and the

constant discount rate cases 0 The equations (5-39) and (5-40)

provide the answer in each specific situation, but general

statements are difficult to make. However, it is probable

that, due to continuity, K(R) and I(R) are larger in the

dynamic discount rate case than in the constant discount

rate case for some "time" interval preceding the steady

state .. This "time ll interval may not be small, and it can be

computed from (5-39) and (5-40) for each specific situation.

This can also be seen from the phase diagram in Figure 5:4,

which illustrates the case when Ko < Kd and r
K

< 0. We can

see that for a given initial capital Ko ' there is only one

stable trajectory IodId that describes the optimum path. The

proof of this will not be elaborated on here. The small

arrows in Figure 5:4 indicate the sign of KR and I R respec­

tively, and we note that I R < 0 for the optimum path IodI d ,

which means that optimum semi-investment I is greatest at

the start and is reduced as the steady state I d is approached.

The line of reasoning and results to be drawn from the phase

diagram for the dynamic discount rate case are thus similar

to those in the constant discount rate case discussed by

Jacquemin (1972) and Jacquemin & Thisse (1972) .. The constant

discount rate case is illustrated in Figure 5:5, where the

level of the curve I R= ° in the dynamic discount rate case

(dashed line) shows higher K(R) and I(R) values in the "time U

interval preceeding the steady state, in the way we have

already discussed.

Figures 5:4 and 5:5 are only illustrative and do not

necessarily reflect correct magnitudes or proportions. They

are only used in order to clarify certain principle aspects 0

Although the analysis in this section assumes

r' (K) < 0, i.e. a decreasing discount rate, the analysis

may well be performed with the alternative assumption
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L

K
K

o

Figure 5:4. Phase Diagram for Semi-Investment I and (Semi-)Capital K
in the Dynamic Discount Rate Case.
lad' Ko represent initial values. 10' Kd represent the
steady-state solution. I R = 0 and KR= a represent the curves
for stationary semi-investment and (semi-)capital respec­
tively. The straight arrows represent the directions of
change in the phase diagram.
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I

L
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I
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K
c

Figure 5:5. Phase Diagram for Semi-Investment I and (Semi-)Capital K
in the Constant Discount Rate Case.
loc' Ko represent initial values. I c ' Kc represent the
steady-state solution. I R= 0 and KR= 0 represent the curves
for stationary semi-investment and (semi-)capital respec­
tively. Id' Kd represent the steady-state solution in the
dynamic discount rate case. The straight arrows represent
the directions of change in the phase diagram.
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r 8 (K) > 0 also. However the main interest in this chapter is

on an analysis of a variable discount rate rather than on

the absolute best assumption of this variabilityo This view­

point is also taken generally as regards the chosen models

and assumptions in this chapter 0 It lies in the nature of

the subject studied that the analysis in this chapter is

explorative.

505 THE DORFMAN-STEINER 1) AND NERLOVE-ARROW 2) THEOREMS

One application of the model presented in Section 5.4 is to

the problem of the carry-over effect of advertising. Cf.

Chapter 3. The operating profit may be specified as

f(K,I) = hq - C(q)

where

h output price

q output quantity

C(q) costs of the firm apart from advertising expenditure.

Also

q = q(h,I,K)

where

(5-54 )

qh < 0, qr > 0, qK > 0, gIr < 0 and qKK < 0

I current advertising expenditure

K stock of advertising goodwill of the firm, summa­

rizing the effect of past advertising expenditures.

By formulating the Hamiltonian H as in Section 504 and

regarding price and advertising expenditure as control vari­

ables and advertising goodwill as state variable, a new

necessary condition ~~ = 0, i.e. ~ = 0 is added.

hq + q - C q = 0
h q h

(5-37) gives us

(h - C ) q - 1 + A = a
q I

~~ Dorfman & Steiner (1954).
Nerlove & Arrow (1962).

(5-55)

(5-56)
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From (5-38) we get
R

- rAR = (h - Cq ) qK - A(r+b) - rKHe (5-57)

(5-58)

(5-59)

where the subscripts refer to partial differentiation~

By inserting h - Cq from (5-55) in (5-56) and intro­
hducing the price elasticity of demand n = - q a- and the

I h q
advertising elasticity of demand e = qr'- q , we obtain

I _ 8
hq - n(1-A)

along the optimum path.

(5-58) is a dynamic counterpart to the Dorfman-Steiner

theorem 1) and has been developed by Jacquemin (1973) in the

constant discount rate casee l~A may be considered as the

long-term advertising elasticity of demand, which for the

normal case of 0 < A < 1 is greater than the short-run

elasticity 8, as is to be expected.

We have shown here that the Dorfman-Steiner theorem in

the dynamic discount rate case has the same form according

to (5-58) as in the constant discount rate case. However,

the ratio of advertising to sales will normally be different

because of a different A. By inserting h - C from (5-55) in
q

(5-57) and introducing the elasticity of demand with respect

to the level of advertising goodwill £ = qK ~ , we obtain

K s
hq = R

n{A(r+b) - rAR + rKHe }

(5-59) is a generalization of the Nerlove-Arrow

theorem 2) and has been developed by Jacquemin (1973) in the

constant discount rate case.

We have shown here that the generalized Nerlove-Arrow

theorem in the dynamic discount rate case includes in the

denominator for r K < 0 an extra negative term rKHeR repre­

senting the "interest" gain due to a marginal unit of good-

1) Dorfman & Steiner (1954).
2) Ner10ve & Arrow (1962)0
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will. The ratio of advertising goodwill to sales will thus

normally be different in the dynamic discount rate case as

compared with the constant discount rate case. However due

to different values of A in the two cases it is an open

question how the advertising goodwill ratio will change.

5.6 SUMMARY AND CONCLUSIONS

The aim of this chapter has been to develop dynamic eco­

nomic models of profit-maximizing firms in a marginalist­

type framework, in which the discount rate is not constant

but is either exogenously or endogenously variable. The

purpose has been to gain some insight into the effects of

such non-constant discount rates compared to constant dis­

count rates in certain cases.

First the effect of an exogenously variable discount

rate in a specific share-value model of the firm was studied,

after which the effect of an endogenously variable cost of

capital in a Fisher-Hirshleifer framework was analyzed. A

dynamic counterpart of the Fisher-Hirshleifer analysis was

stated and after that the effect of an endogenously variable

discount rate on the dynamic semi-investment behavior of the

firm was studied. Finally these latter results were applied

to some well-known advertising theorems.

In the case of an exogenously variable discount rate,

one interesting conclusion is that a cyclical discount rate,

compared with its constant average, altered the present value

in certain instances to a not insignificant extent.

The linearly increasing interest rate case is interest­

ing because it illustrates Gordon's (1963) concept of dis­

counting more heavily in the future to take into considera­

tion increasing uncertainty.

In the case of an endogenously variable discount rate,

it was shown how some dynamic semi-investment and advertising

models of the firm are modified.
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First the effect of a cost of capital that decreases

with firm size was analyzed in a two-period Fisher-Hirsh­

leifer framework. As expected, the firm was found to expand

its activities more than in the constant cost of capital

case in a number of instances.

The same result was also obtained as regards the

dynamic semi-investment behavior of the firm in the steady

state, as well as along the optimal trajectory near the

steady state (due to continuity) 0

The general result, in the type of dynamic models

studied in this chapter, that marginal revenue is less than

marginal cost in the dynamic case, is unaffected by the

assumption of an endogenously variable discount rate, as ex­

pected. The same is valid as regards the general dynamic

hypothesis that it is optimal for the firm to use its policy

most heavily in the initial periods and thereafter gradually

decrease the effort.

Also, modified dynamic Dorfman-Steiner and generalized

Nerlove-Arrow theorems were deduced. An interesting result

is that the dynamic Dorfman-Steiner theorem is invariant in

form when an endogenously variable discount rate is intro­

duced. The reason is that the Dorfman-Steiner theorem mainly

expresses instantaneous price and advertising and therefore

is not explicitly dependent on the discount rate. The

generalized Nerlove-Arrow theorem is modified with a new term

in the denominator when an endogenously variable discount

rate is introduced. This term represents the lIinterest"

effect of increasing advertising goodwill one unit, and is

a natural extension. As regards both of these dynamic adver­

tising theorems, the direction of the change is not self­

evident from the general expressions deduced.

Of special interest in the case of an endogenously

variable discount rate is the change-over in the solution

from regular time to "psychological" time (Uzawa, 1968).
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The analysis in this chapter appears to confirm that,

as soon as the assumption of a stationary perfect capital

market as regards the discounting process is dropped, the

analysis becomes relatively complicated both conceptually

and analyticallyo It follows from the nature of the subject

studied that the analysis performed is explorative. However,

the cases studied in this chapter provide interesting in­

sight and may also provide building blocks for further in­

quiries. Such inquiries may be especially timely, since

fluctuating discount rates and interest rates are increasingly

common in many economies today 0
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APPENDIX 5.1

5.7 NET SHARE VALUE FOR A LINEAR VARIABLE DISCOUNT RATE

Let us insert the linear interest rate (5-2), dividends

(5-4), assuming B,= 0, and the terminal value (5-5) into our

model (5-1) 0 First we derive the discount factor

t

-J r(u)du

e
o

t
-J (r +r u)du

o 0 y
e

-r ¥ t-r t 2 /2
e 0 y

Our model (5-1) can now be written

T -bt-r t-r t 2 /2 -sT-r T-r r 2 /2
M = f B e 0 y dt + S e ° Y - I

o 0

°
(5-60)

We denote the first term in (5-60) BoD and thus obtain

(r +b)2
o r r o+b 2---zr:- T -...z (t+ --)

D = e Y • J e 2 r y dt
o

which, after the substitution

r +b
u = /r(t+ _0_ )

y r y

can be written

D e

(r +b)2
o

--2-r--
y = _1_

;r
y

r +b
/r(T+ _0_ )

y r
y

I -u2/2
e du =

r +b
o

;r
y

r +b r +b
firr/r-- e [ G(Ir(T+ _0_ )) - G (_0_ ) ]

y y r y fr-
y
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where by definition

G(x) = --'-- • J e-
U2

/ 2 du 1)
ill -00

(5-60) can now be written

(r +b)2
o

M = Izrr/ r - e B • e
y 0

Zr
y

e [ G(Ir(T+
Y

r +b
o
r

y

r +b
» - G(_o_ ) J

;r-
y

+

-sT-r T-r T2/2
+ S e 0 Y - I

o
(5-61)

1) G(x) is thus the normal distribution function which can be found in
tabulated form.
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APPENDIX 502

508 NET SHARE VALUE FOR A CYCLICAL DISCOUNT RATE

Let us insert the cyclical interest rate (5-3) f dividends

(5-4) and the terminal value (5-5) into our model (5-1) Q

First we derive the discount factor

e

t

-f r(u)du
o

= e

t

-J [r +r • sin w(u-t )J du
mao

o

r
a

w
cos wt

o
(5-62)

The dividend term in our model (5-1) then becomes

t
-f r(u)du

r r
T

a
wt T -(rm+b)t

a
w( t-t )- - cos + - cos

J B(t)e
0

dt B e w 0
J

w o dte
0

0 0

r r
a

T -r t + ~ cos wet-to)- - cos wt
- B,e

w 0 f e
m w

dt =
0

where

(5-63)

C(Bo,b)

and

r
a

cos wt
w 0

r
T -r t + ~ cos w(t-t )
f e m w 0 cit

o

Let us introduce F as

F e

r a
- cos wt
w 0

r
a cos w(t-t )

e w 0 dt (5-64 )
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In order to solve this last integral F , we expand the

second exponential factor in the integrand in series 1) and

obtain, using the first two terms:

T -(r +b)t T
F = J e m dt + J

o 0

-(rm+b)t r
a

e 0 - cos
w

(5-65)

We define q r
m

+ b and denote the first term in (5-65)

F 1 and the second term F
2

8 F
1

can be readily integrated as

o

T -qT

J -qt l-e
e dt = --­

q

In order to integrate F 2 we use complex nurr~ers

cos w(t-t
o

) = Re e j w(t-to )

where j = imaginary unit.

T T
F • ~ = J e-qtcos w(t-t ) dt = Re J e-qt+jw(t-to) dt

2 r 0
a 0 0

Re -.-'- I e-qt+jw(t-to)
Jw-q 0

. T
- Re Jw+q I e-qt [cos w(t-t )+j sin w(t-t)J

w2+q2 0 0 0

1 T - t- -- I e q [q cos w(t-t )-w ·sin w(t-t )]
w2+q2 0 0 0

-'- {w[e-
qT

sinw(T-t) + sinwtJ-
w2+q2 0 0

- q [e-qT cos w(T-to)-cos wtJ }

As F = F
1

+ F
2

, we get from (5-64)

(5-66)

(5-67)

(5-68)

1 + z + z2/2 + •••••
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where F
I

and F 2 are stated explicitly in (5-66) and (5-67)

respectively. We shall not here write the complete expression.

Our problem is thus basically solved.

We obtain (5-6) by inserting (5-62) and (5-63) in our

model (5-1) e The dominating term in C is F
I

, which is

basically the expression for the constant discount rate case,

whereas F 2 is a correction term which disappears in the con­

stant discount rate case r = O.a
The error we commit in (5-65) by including only two

terms in the series expansion, is of the same order of magni­

tude as the first term omitted, i.e.

B
o

T e

r
a

w
cos wt

o e-
qt

cos L w(t-t ) cit ~
o

r

~ :0 e - : cos wto [r:f [l-e-(rm+b)T] r~+b

This latter expression follows from cos L w(t-t ) < 1o
and (2-66).

In normal cases the error in the net share value M is

of the order of magnitude 2-4 %.
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6 SUMMARY AND CONCLUSIONS

This microeconomic study of the firm addresses dynamic pro­

cesses such as financing, capital investment, marketing in­

vestments and labor planningG It lies in the nature of

these activities that they are fully dynamic and therefore

best analyzed in a fully dynamic frame of reference. A compre­

hensive dynamic optimal treatment has only been feasible

the last decade or so with the development of new mathemati­

cal techniques, such as optimal control theory.

The study also addresses the current issue of the

dissipation of the power of the owners of the firm and the

consequent increase in power of other groups in the firm

such as managers and labor.

The main objective of the study has been to develop

some microeconomic models of the dynamic economic behavior

of firms that maximize other goals than profit alone. The

managerial and labor-managed firms have been studied in this

respect in an optimal control theory framework, and the

results have been compared with those of the profit-maximizing

firm.

Also the effect of non-constant discount rates on some

dynamic optimal economic models of the firm, has been studied.

An important reason for analyzing growth and dynamic

economic behavior at the level of the firm is that growth in

society is determined to a significant extent by firms.
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More specifically, the aim of this study has been to

develop dynamic economic models of firms maximizing other

goals than profit alone - and also to an extent profit­

maximizing firms - in a marginalist-type framework, in order

to gain some insight into the dynamic economic behavior of

such firms and how this behavior differs from that of a

profit-maximizing firm.

A possible use of such insight is to provide elements

of firm behavior that perhaps may be used in a broader

macroeconomic or general equilibrium framework. In general,

hypotheses of firm behavior may be generated. New insight

into the dynamic optimal economic behavior of the firm may,

apart from this, be of interest in that it, hopefully, adds

to the general stock of knowledge on optimal firm behavior

as such.

The background, scope and aim of the work was discussed

in Chapter 1. In Chapter 2 the dynamic optimal financial

behavior of a managerial firm was studied and in Chapter 3

the dynamic optimal advertising behavior of a pure labor­

managed firm was studied. The object of study in Chapter 4

was the dynamic optimal employment adjustment behavior of a

competitive pure labor-managed firm to a change in output

price.

The aim of Chapter 5 was to develop dynamic optimal

economic models of profit-maximizing firms in a marginalist­

type framework in which the discount rate is not constant

but is either exogenously or endogenously variable. The pur­

pose was to gain some insight into the effect of such non­

constant discount rates compared with constant discount rates

in certain caseso

In Chapter 1 different types of theories of the firm

have been discussed and the scope of the study was narrowed

down to the discipline of economics and especially the econo­

mic theory of the firmo Three important a.reas of development

in the economic theory of the firm were mentioned: the

dynamics of the firm, the objectives of the firm and uncer-
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tainty. These areas were discussed and the scope of the

inquiry further narrowed down to the first two areas, namely

the dynamics and objectives of the firm. Finally the litera­

ture and issues in these areas were discussed and the scope

was further narrowed down to the subjects that have been

studied in chapters 2-5.

The aim of Chapter 2 was to develop a dynamic optimal

financial model of a managerial-type firm in a marginalist­

type framework, in order to gain some insight into the dynamic

optimal financial behavior of such a firm and into the way its

behavior differs in this respect from that of a profit­

maximizing firm.

The purpose was also to gain some insight into the ad­

justment of the firm to a final state rather than into the

continuous growth of the firm at a steady rate. In Appendix

2.1 the aim was to study a more conventional continuous

growth case but of the non-steady-state growth type.

The firm has two important financial decisions to make:

(i) how large should investments and dividends be, and

(ii) how should they be financed to achieve the firm~s objec­

tive. It lies in the nature of this financing - and investment­

process of the firm that it is fully dynamic and thus is best

analyzed in a fully dynamic framework. There,fore recently a

number of fully dynamic financial optimal control models of

the firm have appeared in the literature.

A feature that distinguishes the model in Chapter 2

from most other dynamic financial models of the firm is that

it analyzes a managerial type of firm. There has been little

study of any fully dynamic financial model of the managerial

firm in the economic literature. This is notable because

capital investment and financial considerations are probably

particularly important in attaining a goal such as size (and

lor growth), which is characteristic of the managerial firm.

The goal of the managerial-type firm studied here is a linear

function of equity share value and long-term sales. The long­

term sales component in the objective function is assumed
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relatively small. As we are mainly interested in directions

of change and relative comparisons, this latter assumption

is not all too restrictive. Also the model differs from other

similar models in that it includes the corporate income tax

and - in Appendices 2.1 and 2.2 - a study of the comparative

dynamics of a change in the tax rate (as well as in the

general interest rate). Appendix 2.2 is interesting because

it provides a comparative dynamics analysis for the whole

time period according to a general method.

The factors that limit the growth of the firm in the

model studied are an increasing interest cost and diminishing

operating returns to capital. Other models, instead, assume

for instance an upper limit on debt instead of an increasing

interest cost.

The time preference is introduced in two forms (a) via

the discount rate and (b) via a minimum constraint on divi­

dends. This appears plausible since firms probably have some

"subsistence" contribution which must be paid to the owners

and above that level they presumably have more freedom.

The model is studied in an optimal control theoretic

framework and utilizes the Pontryagin Maximum Principle.

The Lagrangian-type dynamic multiplier for the dynamic equity

transition equation is discussed from an economic point of

view. The multiplier is given an economic interpretation as

the imputed value at optimum of an equity dolla~. As in

mathematical programming - and its corresponding shadow

values - this economic interpretation is an interesting reason

for using the method of optimal control theory and the

Pontryagin Maximum Principle in economics.

The model studied predicts that the relation between

the discount rate for dividends - and, in our case, also

sales - and the after-tax all-equity interest rate, is of

importance for type of phases or policies of development

of the firm. This result is supported by results of other

authors. Such a result is also expected as the model deals

with optimal financing, and the relation between marginal
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interest rates is one rather natural determinant of financial

policies in a marginalist-type model of the firm. Should

government fiscal or monetary policy measures change the rela­

tion between the interest rates mentioned, the model predicts

that the firm may switch its whole policy to a completely

different path of development. A dynamic model of the type

studied here is thus of interest in analyzing shifts in the

structural dynamics of the firm due to economic policy meas­

ureso This is perhaps one of the most interesting reasons

for studying economic models of the firm in an optimal control

theoretic framework 0

In the case of a small enough initial equity and in

the case of the discount rate exceeding the after-tax all­

equity interest rate, which would appear to be a plausible

case, the managerial-marginalist-type firm of the studied

model exhibits growth in both total capital and equity. The

model studied also implies that the firm initially chooses

a h~gh leverage in order to exploit the high return on capital

soonest possible, and then immediately proceeds to gradually

decrease leverage and consolidate the firm as it grows. This

result is supported by the work of other authors. They state

that in dynamic economic models of this type, the optimal

behavior of the firm is to use its control policy most heavily

in the initial periods and continually decrease the effort as

the final state is approached.

The decreasing leverage implies that the binding mini-

mum dividends, being dependent on capital - in the studied model

- grow more slowly than equity. Thus the model normally

implies a dividend lag behind earnings, which is equivalent

to a fairly rapid internal increase in equity and most likely

a fall in leverage. This phenomenon of decreasing leverage

due to a dividend lag behind earnings, can be observed,

according to some authors, during a period of expansion in

the economy. The dynamic model studied here, and in particu-

lar the dividend constraint, thus furnishes a possible

explanation for this.

As mentioned above the optimum dynamic policy implies

an increasing equity. Equity increases, and earnings are
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retained, as long as the imputed relative value of a dollar

of equity is greater than the loss in shareholder utility

of retaining the marginal dollaro Gradually the imputed rela­

tive value of a dollar of equity will decline and no longer

be greater than the loss in shareholder utility of retaining

the marginal dollar. At such a point in time, as expected,

a stationary equilibrium is reached.

The optimal debt policy is such that the imputed

relative value of a dollar of equity is equal to the marginal

after-tax weighted cost of debt capital with respect to

leverage. The former relative value decreases and in the

steady-state, which corresponds to the static case, the nor­

mal static marginal condition is valid, viz. that the

marginal weighted cost of equity capital is equal to the

marginal after-tax weighted cost of debt capital with respect

to leverage.

In order to compare the managerial-type firm, with a

profit-maximizing firm, a comparative-statics and a compara­

tive-dynamics analysis of shifts in the managerial coeffi­

cient (in the utility function) was performed 0 It was found

that an increase in the "managerialness" of the firm most

likely would call for an increase in leverage during the

adjustment of the firm towards its final state (comparative

dynamics), whereas the final state itself is unaffected

(comparative statics), given the assumption of a linear

objective function. This comparative dynamics result is

supported by economic reasoning because increased Umanageri­

alness ll places a premium on sales and thereby leverage

rather than on profit and interest costso

It is especially interesting to note that the com­

parative-dynamics effect of an increase in managerial

influence on the firm is probably different from the compa­

rative-statics effect . As firms are perhaps more often than

not out of stationary equilibrium, one may therefore expect

comparative-dynamics results deduced from dynamic economic
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models of the type studied here, to be just as important as

a basis for empirical studies, as comparative-statics results

deduced from either static models or steady-state growth

models.

The dynamic financial model in Chapter 2 may be used

for other comparative dynamics predictions concerning e.g.

tax shifts and general interest rate shifts. Such predictions

may also be deduced for other variables than leverage. In

the general model these predictions became, to an extent,

indeterminate and also mathematically cumbersome. However,

in the special case in Appendices 2.1 and 2.2 further speci­

fic predictions along these lines were deduced. Reference

is made to the Summary in Section 2.6.9.

The aim of Chapter 3 was to develop a dynamic optimal

advertising model of a labor-managed firm in a marginalist­

type framework, in order to gain some insight into the dyna­

mic optimal advertising behavior of such a firm and how its

behavior in this respect differs from that of a profit­

maximizing firm.

A main focus of interest in the Western literature

on the economic theory of the labor-managed firm has been

the comparison of the labor-managed firm with the profit­

maximizing firm. One point that has been discussed is whether

market expenditures such as advertising are smaller in the

labor-managed case than in the profit-maximizing case. If

this is so, it could be argued that in this respect the

labor-managed situation is socially more desirable.

Advertising has an inherent growth-generating property

and furthermore may have a carry-over effect on future sales.

The advertising process of the firm is thus actually dynamic

and may therefore in such cases best be analyzed in a dynamic

framework. Therefore recently a number of fully dynamic opti­

mal advertising models of the profit-maximizing firm have

appeared in the literature.

However, no fully dynamic advertising model of a labor­

managed firm has been presented in the economic literature,
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even though this may perhaps provide interesting results

on for instance the issue of comparative advertising be­

havior mentioned above.

A dynamic advertising model was therefore constructed

and a deduction of the dynamic counterpart to the Dorfman­

Steiner theorem and to the extended Nerlove-Arrow theorem

was provided for the labor-managed firm. This, it seems,

has not previously appeared in the literature. The dynamic

Dorfman~teinertheorem implies, for constant price and

advertising elasticities, that the dynamic labor-managed

firm has a greater advertising/sales ratio than the static

labor-managed firm. The dyna~mic firm advertises more than

the static one in order to build up advertising goodwill

for the future. This behavior is common to both the labor­

managed firm and profit-maximizing firm and illustrates

their common general interest to use non-labor resources

efficiently.

Put in another way, an important result of the

dynamic model is that the marginal revenue of advertising

is Zess than marginal cost. Thus, the dynamic effect of

advertising offers an alternative hypothesis to the sales

maximization theory of Baumol. This has been pointed out

by other authors. In fact this is a special case of the

more general hypothesis that marginal revenue is less than

marginal cost when long-run effects are taken into acount.

This general result offers an alternative, within the area

of profit-maximization, to the managerial theories of the

firm. This general result also illustrates the hypothesis

that the firm will sacrifice some current profit in order

to obtain larger profits in the future.

Another conclusion- was that the dynamic Dorfman-Steiner

theorem and extended Nerlove-Arrow theorem are valid also

for the labor-managed firm under the qualification that AL

for constant L is substituted for A. A is the dynamic

shadow value for advertising goodwill and L is labor quan­

tity. This could be expected, because the maximization of

total labor income - which is equal to average labor income
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multiplied by labor - is equivalent to the maximization of

profit, for constant laboro However, this similarity in

mathematical form does not imply similarity in magnitude.

Rather, due to different optimum elasticities, goodwill

shadow value and employment, different optimal dynamic

advertising behavior of the labor-managed firm and profit­

maximizing firm is expected.

In a steady-state situation for the firm, the model

indicates that the value of the advertising/sales ratio

normally is different for the labor-managed firm and the

profit-maximizing firm. However, for a demand function with

constant elasticities with respect to price, advertising

and goodwill, the model studied predicts that, in the steady

state, the advertising/sales ratio for the labor-managed

firm is the same as for the profit-maximizing firm. The

steady-state situation is most likely an optimum state in

the studied model after a certain passage of time.

In order to obtain detailed results regarding the

optimum time-trajectories, assumptions were made about

the structure of the demand function and production func­

tion, and about the numerical values of the parameters.

An interesting new insight was obtained from the

dynamic example. It represents a case where, in spite of

greater absolute advertising activities of the profit­

maximizing firm, 'the relative current advertising of the

profit-maximizing firm is smaller than for the labor­

managed firm. Thus the social advantage of the labor-manaqed

firm that is claimed in this respect by some authors, and

debated by others, perhaps remains an open question

requiring further research.

Finally, it should be stressed that the above results

of Chapter 3 rest on a number of limiting assumptions, for

instance as regards structure of model employed, goodwill

transition equaition, objective function, discount rate,

demand and production function, social-economic environment
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and the assumption of constant capital input 0 Also, the

models are partial and do not explicitly take into consi­

deration competition and reactions from other firms in the

product marketo However, the analysis in Chapter 3 neverthe­

less provides some interesting insight and may provide a

basis for modification and further inquiries.

The aim of Chapter 4 was to develop a marginalist­

type model of the dynamic optimal adjustment of a competi­

tive labor-managed firm to a change in output priceo The

purpose was to gain some insight into the dynamic optimal

employment behavior of such a firm and how its behavior in

this respect differs from that of a profit-maximizing firm.

A peculiarity of the competitive labor-managed firm

in its pure static form is its low short-run elasticity of

supply, as compared with the competitive profit-maximizing

firm. In the pure static case of a one-product firm with

labor as the only variable factor, the short-run supply

curve of a competitive labor-managed firm will even bend

backwards as many authors have shown. However, in the longer

term when capital is also variable, the long-run tendency

towards capital expansion and a corresponding expansion in

labor might counteract the short-run contraction in labor

that is caused by an increase in price. The short-run and

long-run adjustment behavior of the labor-managed firm to

a change in price have been linked together in this study

in an optimal control-theory framework. The problem does

not seem to have been analyzed in this way before.

In the one-product, one non-capital factor case, a

possible prediction of the model in Chapter 4 is that an

increase in price implies a decrease in employment at first

in the labor-managed firm, to be followed by an increase in

employment up to the long-run equilibrium levelo In other

words, the labor-managed firm would follow different struc­

tural paths at different times in its adjustment process.

The profit-maximizing firm of neo-classical economics would

however normally react to a price increase by continuously
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expanding employment both in the short-run and long-run.

From the model studied it seems plausible that the

adjustment process depends on the allowed adjustment rates

for investment and employment and on the marginal labor

income of capital and labor. Although a strict proof is

not given tor the result in the previous paragraph it seems

safe to assume, from the discussion in this chapter that

there exists a set of parameter values for which the stated

result is valid. However, similarly, there also probably

exists a set of parameter values for which the result in

the previous paragraph is not valid. The main object of

this chapter has been to form a framework for analysis of

the problem rather than to obtain all-conclusive results.

Further insight into the dynamic adjustment of a

competitive labor-managed firm to a change in output price

may be gained from the proposed model by specifying the

parameters or relations between the parameters and further

analyzing the synthesis of the various paths.

The aim of Chapter 5 was to develop dynamic economic

models of profit-maximizing firms in a marginalist-type

framework, in which the discount rate is not constant but

is either exogenously or endogenously variable. The purpose

was to gain some insight into the effects of such non­

constant discount rates compared to constant discount rates

in certain cases.

First the effect of an exogenously variable discount

rate in a specific share-value model of the firm was studied,

after\~hich the effect of an endogenously variable cost of

capital in a Fisher-Hirshleifer framework was analyzed. A

dynamic counterpart of the Fisher-Hirshleifer analysis was

stated and after that the effect of an endogenously variable

discount rate on the dynamic semi-investment behavior of

the firm was studied. Finally these latter results were

applied to some well-known advertising theorems.

In the case of an exogenously variable discount rate,
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one interesting conclusion was that a cyclical discount

rate, compared with its constant average, altered the present

value in certain instances to a not insignificant extent.

The linearly increasing interest rate case is interest­

ing because it illustrates the concept of discounting more

heavily in the future to take into consideration increasing

uncertainty.

In the case of an endogenously variable discount rate,

it was shown how some dynamic semi-investment and advertising

models of the firm are modifiedo

First the effect of a cost of capital that decreases

with firm size was analyzed in a two-period Fisher-Hirshleifer

framework. As expected, the firm was found to expand its

activities more than in the constant cost of capital case

in a number of instances.

The same result was also obtained as regards the dyna­

mic semi-investment behavior of the firm in the steady state,

as well as along the optimal trajectory near the steady

state (due to continuity).

The general result, in the type of dynamic models

studied in Chapter 5, that marginal revenue is less than

marginal cost in the dynamic case, is unaffected by the

assumption of an endogenously variable discount rate, as

expected. The same is valid as regards the general dynamic

hypothesis that it is optimal for the firm to use its policy

most heavily in the initial periods and thereafter gradually

decrease the effort.

Also, modified dynamic Dorfman-Steiner and generalized

Nerlove-Arrow theorems were deduced. An interesting result

is that the dynamic Dorfman-Steiner theorem is invariant in

form when an endogenously variable discount rate is introduc­

ed. The reason is that the Dorfman-Steiner theorem mainly

expresses instantaneous price and advertising and therefore

is not explicitly dependent on the discount rate. The

generalized Nerlove-Arrow theorem, on the other hand, is

modified with a new term in the denominator when an endo-
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genously variable discount rate is introduced. This term

represents the "interest" effect of increasing advertising

goodwill one unit, and is a natural extension. As regards

both of these dynamic advertising theorems, the direction of

the change is not self-evident from the general expressions

deduced ..

Of special interest in the case of an endogenously

variable discount rate is the change-over in the solution

from regular time to "psychological" time.

The analysis in Chapter 5 appears to confirm that, as

soon as the assumption of a stationary perfect capital

market as regards the discounting process is dropped, the

analysis becomes relatively complicated both conceptually

and analytically. It follows from the nature of the subject

studied that the analysis performed is explorative. However,

the cases studied in Chapter 5 provide interesting insight

and may also provide building blocks for further inquiries.

Such inquiries may be especially timely, since fluctuating

discount rates and interest rates are increasingly common

in many economies today.

Following this summary of the various chapters, a few

concluding comments would be appropriate.

Perhaps the most important theme of this study is

the dynamic optimization analysis of firms with other

objectives than profit alone.

Due to the nature of the subject, and to the relative

novelty of the area studied and the methods used, the whole

study may be considered as an exploratory investigation.

Many of the assumptions made could be substituted for other

and more realistic assumptions. However, the choice of

assumptions was often motivated on grounds of simplicity in

order to have a manageable analysis. Although many assump­

tions may be considered unrealistic, perhaps they can be

regarded as a first approximation which may be modified

in a further analysis. Some of the assumptions are: the

firm is studied in complete isolation from the rest of
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the economy, uncertainty does not enter explicitly into

the analysis, inflation is absent, the parameters are

constant in time and no technological development occurs

in the firm.

Also, it should be mentioned that the main result of

the study is perhaps not the specific conclusions about

optimal dynamic firm behavior in the cases studied, but

rather the optimal dynamic analysis of firms with other

objectives than solely profit, as such. In other words the

analysis to achieve the results is perhaps equally important

as the results themselves~

Several areas of inquiry could or should be added.

An important one concerns the further testing of the

models and results against existing empirical evidence.

However, as mentioned above, the models include various

limiting assumptions that often preclude the possibility of

testing the models and results against existing empirical

evidence.

Various hypotheses posed in the study, for example

that relative advertising expenditure in the labor-managed

firm is greater in comparison with the profit-maximizing

firm, may of course be subjected to testing in new empirical

studies designed for the purpose. Other hypotheses, such as

the significance of a fluctuating discount rate on the

equity share value of the firm, may be more difficult to

test empirically because of the relative theoretical ab­

straction inherent in the discount rate; also, even if

that could be overcome, there would still be the difficulty

of finding an appropriate fluctuating time series for the

discount rate.

Apart from adding more realistic assumptions and/or

more empirical testing, the study could also be extended

by developing the theoretical analysis and results both

in economic and mathematical terms. Especially, the economic

interpretation of the analysis may be extended and compared
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to other theoretical economic studies. More work may be

done in clarifying how the obtained results depend on the

various assumptions and which alternative assumptions may

be used$ Also, further sensitivity analyses (comparative

dynamics) and numerical calculations could be undertaken.

This may in turn facilitate empirical testing.

There are therefore many areas calling for further

investigation, and many questions left open, which in a

sense means that the study has been worthwhile.
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