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research possible,

Stockholm, March, 1969

THE ECONOMIC RESEARCH INSTITUTE
at The Stockholm School of Economics
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CHAPTER 1

Summary
The firm, the ore deposit, and the decision models

This is a report on a research project in which a number of decision models
have been developed. They are intended to simplify or improve the decision
making in & mining company in conneotion with the exploitation of ore deposits.
The main results of the study are presented in this chapter. Naturally many
important items regarding assumptions and methods as well as conclusions and
results have been excluded in this summary. The subsequent chapters contain
the full exposition.

A mining company is assumed to have one or more ore deposits at its disposal.
The goal of the company is taken to be maximum fit in the long run. The
capital yalue at the decision time1) of futurez payments to and from the firm
as a oonsequence of the exploitation of the ore deposit, is used in the company
as an operational criterion in choioces between alternative actions, i.e. as a
practical measure of the long-range profit of different ways of utiliging an
ore deposit. The rate of interest is a given constant. All the data that are
relevant for a decision are assumed to be known with certainty.

If the ore deposits are to be mined deoisions must be made in a number of ques-
tions. The questions constitute decision problems and decision variables or
decision parameters. The opiimum values of the decision variables will be de-
termined by means of decision models., The decision problems and decision va-
riables, which are ireated, are:

Problem 1) Which ore deposits should be mined?

Problem 2) How quickly should the ore be extracted? (The anmual rate of
produoction).

Problem 3) How extemsively or oarefully should the ore be recovered? (The
mining limit, or the cut-off grade).

1) The capital value at the decision time is the ocapital value discounted to
the time of the decision, i.e. as a rule & present value. Compare Schneider
(1944, p. 21).

2) Puture as seen from the decision time.
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Problem g! Which machinery and technical methods should be used? (The
technology).

Problem 5) How far should the crude product be refined? (The refinement level).

The market situation is assumed to be externally given, sc that the price is
uniquely determined when the above decisions have been made. Decisions concerning
ore prospecting are presumed to be made independently, and are not treated here.

The decision models, which have been constructed as part of the project, are
optimisation models, by means of which the optimum courses of action are deter-
mined. A general assumption in the optimigation models is that all decision
variables {(or parameters) except one, namely the variable whose optimum value is
to be determined, are given constants.

The second deoision problem, the determination of the optimum rate of produotion,
will be treated first, because it gives a good picture of the principal problems
encounterad in constructing the models, and how they are solved. The models will
also prove useful in solving the first problem, i.e. if the ore deposit is worth
mining.

Two models for optimiging the rate of production will be treated:

1) A simple model for determining the optimum rate of production in a mine,
if the rate does not change during the production period of the mine, It
is a static model, which has been ireated by e.g. Massé (1959, pp. 348
1
££.) /.

2) A more developed model introducing a means of taking into acoount possible
ohanges in the rate of production due to future decisions. It is assumed
that optimum decisions are made also in the future. These decisions can be
predicted and taken into account as the future is assumed to be known with
certainty. The model thus optimizes successive interdependent decisions on
principles generally used in dynamic programming, and is in this sense a
dynamic modelz). The model has been converted into a computer program
(Appendix B).

1) The complete references are given in the list of References.

2) The model was also described in a preliminary report on this project
(Norén, 1967).
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In order to facilitate this exposition, the assumption is introduced that the
company owns only one ore deposit with a homogeneous ore and with clearly de-
fined boundaries between the ore and the non-ore rock. The two models are
founded on two different sets of assumptions concerning the properties of the
deposit and the mining method. The mine of the first model may be visualized
as an open pit with its ore-treating and transporting facilities, whereas the
mine of the second model may be visualized as a mine with underground mining in
a steep ore body utilizing some mining method with stepwise sinking to main
haulage levels, from which the ore is subsequently hoisted to the surface for
further treatment (Fig. 1:1). The ore extraction starts at the top of the ore
body and proceeds downwards. The stepwise sinking constitutes zones, into which
the ore deposit is partitioned. The second model can, however, be used for the
first type of mine as well.

Expansion or contrac-
tion_investments

e— Hoisting shaft

'——————————l
5
~——Crushing plant

J

%V_/
The ore
deposit

Fig, 131 Vertical section through a mine. The shafts, tunnels, machinery, etc.
corresponding to three iypes of invesiments (expansion or contraction
investments and zone investments; section 1313) are indicated. The
working face is the point or points in the deposit, which are currently
being mined.
== The ore flow in mining
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The third decision problem, i.e. to find optimum mining limits, is surveyed next.

Two cases are treated:

1) An ore deposit consists of a main ore body (M in Fig. 1:12), surrounded by a
number of smaller ore bodies, A, B, C, and D, Whioh should be mined and
which should be left in place? An application of one of the models for op-
timizing the rate of production provides a solution of this problem,

- ‘\‘&

Fig, 112 Horizontal section through.a main ore body and surrounding smaller
ore bodies,

2) 4n ore deposit contains a rich principal vein surrounded by, or extending
into, poorer ore as shown in Fig. 1:3. Now the boundaries of the ore body,
are no longer clearly defined. As successively poorer ore is recovered

through extending the mining lim=

Marginal grades: its, the average grade decreases

and the ore reserve increases.

1 ' .
Sub-2 Z / / / 7 Zone ¥What ore should be mined, and
zones 1 what should be left in place?

s [ [ [ ]
W/ ] fz.
Sub—2/ ,d/ ,{

The ore deposit is partitioned

into zones and subzones, and the

zones / mining limits are assumed to be

®
/ ) / determined successively as the
[; 1 . s
K ’ 60.0% mining proceeds downwards. The
! 57.5% mining limite are represented by
’ 5;'0% the average grades in the subzones.

A dynamic model (see above) for

Fig. 1:3 Vertical section through an ore optimizing the average grades in
deposit demonstrating the concepts
of a mining limit, a cut-off grade,
a mrgiS‘%& grade, and an average and converted into a computer

1
program (Appendix B).

the subgones has been construoted

grade.

1) In the computer programs the average grades are treated as fractions, i.e.
%/100, e.g. 60 % is represented by 0.60,

2) Ore reserve: Each section a~b, b-0, c=d, and d-e is assumed to contain the
(continued)
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Finally, the fourth and the fifth decision pi-oblems, determining the optimum
technology and the optimum refinement level, respectively, are solved by apply-

ing some of the other models.

Optimum rate of production: Massé's static model

Assumptions

An ore deposit contains 100 MT1) of ore., As the ore is extracted payments will

occur, which, after income taxes have been taken into account, amount to:

Ore price 20 m/'r1)
- Payments for current costs (only varia~
ble current costs are assumed to occur) 10 T
a Current net payments 10 XB/T 10 KR/T

Expansion invesiments (investments in

machinery, buildings, etc. in comnec-

tion with the opening of the mine, i.e. 50 KR/T annual
acquisition of production capacity, or capacity
expanding the rate of production (from

0)3 hence "expansion investiments®

(continued)

1)

same tonnage of ore, e.g. 1 MT/Bection/eubzone (MI: see below).

Marginal grades: The lines drawn upwards from a, b, etc. connect points
in the ore deposit where the ore contains the indicated fractions of iron
(or other useful substance). The marginal grade diminishes at an equal
rate in the whole interval 65% - 45%.

Ave: ades: If the mining limits a and b are selected, the mar inal
grade is E@ and the average grade of the ore mined will be 62.5%, 1f

a and ¢ are selected, the marginal grade is 55% and the average grade
60%, etc. Note how the ore reserve and the marginal and the average grades
are interrelated.

The cut—off grade is the mining limit expressed as a marginal grade or as
an average grade.

Regarding measures, the following conventions are applied:

KR - Swedish "kronor" (the monetary unit)
KR/T - Swedish "kronor" per ton

MKR - Millions of Swedish "kronor"

MT - Millions of tons

T - Ton(s)

Capitael letters are used as a concession to the printers of most compuiers
in order to obtain a uniform standard in all parts of this report, including
those concerned with the computer programs.
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In calculations the company uses an annual rate of interest after tax of 5%.

All prices and costs are assumed to be constant over time.

The expansion invesiment is supposed to be completed and paid for at the end of
year O. The resulting capacity is available from the beginning of the year 1.
The amount invested is directly determined by the annual capacity (MT/year).

The capacity is assumed to be fully utiligzed during the entire production period
of the mine. The decision concerning the rate of production is thus made in
year O as the capacity is determined. It is binding for the future, until all

the ore has been recovered.

Capital-value model

In this case the capital=value model is extremely simple, and may be expressed
in the following manner:

1)

(1) Capital value of annual current net payments

- SZ! Expansion investment

= Capital value at time O of the ore deposit

The optimum rate of production and thus the optimum capacity is the rate which
gives the highest capital value of the ore deposit.

Optimum annual rate of production

The table of Fig. 1:4 demonstrates how to calculate the ocapital value and its
sige at different rates of production. The table aleo shows the direct (and
evident) conneotion between the rate of produotion and the production period
of the ore deposit. The maximum capital value is obtained at a rate of
production of about $ MT/year. Thus the production period of the ore deposit
will be 20 years. The example is graphically represented in Fig. 1:5.

1) If the production period is T years and the rate of interest is 100-r %,
the annual amount is multiplied by

T -1
z(1+r)'t=1i?l— for t=1,2,...,T.
=1



Rate of
produc-
tion

NT/year
0.1

0.5
1
2

3.33

6.67
10
20
50
100

Fig, 1:4

Fig., 1:5

Produc—~
tion
period

Years

1,000
200
100

50
30
20
15
10

23

123

1,000 952

Current net payments Expangion Difference =
sl Capvalue  CRFE SR O
MKR/year MKR MKR MKR
1 20 5 15
5 100 25 75
10 198 50 148
20 365 100 265
33.3 512 167 345
50 623 250 33—
66.7 692 333 359
100 112 500 272
200 866 1,000 - 134
500 928 2,500 - 1,572
5,000 - 4,048

Capital values at time O of the ore deposit at different

anmual rates of production (compare Fig. 1:5).

MKRA Cap. value
+ L of current net
payments
4001 Cap. value
i 1 of deposit
: ¥ Annual cur-
200+ | rent net
}, ! < «_ Payments
U
0 T F T i T T T ;
5\ 10 15 MT/year
. Rate of
2001 Optimum production
Expansion
4001 investment
MKR|
=\

Capital values at time O of the ore deposit at different
annual rates of production (compare Fig. 1:4).
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124 Massé's conclusions on production period and capacity utilization

125

Massé draws some interesiing conclusions from his model. For example, making
certain assumptions, primarily that the current net payments per ton of annual
rate of production and the expansion investment per ton of increase in the
annual rate of production (i.e. capacity) are constant over time, and equal for
all rates of production, and that they are equal for all parts of the ore de-
posit, he deduces that the optimum action is to obtain production capacity at
one single moment, i.e, at time O, and to fully utilize the capacity through-
out the production peried.

In addition, using the same conditions, Massé states that the optimum rate of
production varies proportionally with the size of the ore reserve of the deposit.
This means that the optimum length of the production period is the same for a
large ore deposit as for a small, ceteris paribus. He also demonstrates that
the optimum rate of production increases as the current net payments per ton
increase, and decreases as the expansion investment per ton expansion of the
annual rate of production increases.

Further conclusions

Some further observations may be made in addition to Massé&'s conclusions. If
the original assumptions ex post prove wrong, the decision concerning the rate
of production may have to be revised. This will occur if the ore price falls
unexpectedly. First, consider the case of a price fall of limited durationm,
i.e. the price is expected to resume its original level before the end of the
produotion period. The price fall may be countered in several ways, e.g.

1) by producing as before, i.e. at capacity, and selling at the lower price, or
2) by stopping production for the duration of the recession and selling the ore
thus saved in the future at the original price1 . An analysis by means of the

static model gives the following couclusions2 s

1) The relative profitability of the various actions depends primarily on the
extent of the fall in prioce and the remaining production period of the ore
deposit.

2) If the remaining production period is long, i.e. if the price fall occurs
some time during the beginning of the produotion period, a very considerable

1) The oompany is assumed to face a fixed price, which it cannot influence.
The alternative of producing on stock is disregarded.

2) Norén (1968, pp. 6-8).
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price reduction is required to make the alternative of cutting production
preferable.

3) The closer the end of the production period, the smaller is the prioe re-
duotion necessary to motivate a temporary closing of the mine.

As opposed to the previous case, a durable prioe fall, i.e. a price fall that
is expected to be permanent, does not imply any opportunity of selling the ore
which is not immediately mined and sold at a higher price in the future. In
this case the optimum action is to continue production at capacity, if the
price fall is not so great as to force the oompany to close the mine. The lat-
ter alternativ will have to be considered in the example given in section 123,
if the price decreases by more than 10 KR/T after tax.

The importance of the rate of interest may also be illusirated. A tempting

intuitive way of reasoning is to say that the higher the rate of interest, the

lower is the capital value at time O of future anmual current net payments.
This entails that the ore

should be recovered more

Optimum Optimum quickly, i.e. the annual rate
production rate of
period, production, of production should be great-
yearg MT{year er. However, as may be seen
151 from Fig. 1:6, this conclu~
2 pion is valid only up to a
25 certain limit, i.e. up to
10 4 about 12% in the given ocase.
Above the limit the optimum
50 .
100 rate of production decreases
as the rate of interest in-
@ i---- 0-+rrrprrrr bttt >
0 5 10 15 20 % Annual creases.
rate of
interest

Fig. 1:6 Optimum rates of production and optimum
production periods at different rates
of interest. Other data according to
the example of section 123.
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13 Optimum rate of production: The dynamic model

131

131

Assumptions

Successive interdependent decisions

The static decision model is in many instances too simple. It describes the
reality in sufficient detail to give relevant information for decisions only

in certain special cases. It is especially insufficient if the original as-
sumptions are such that it is possible at the outset to predict that reasons for
changing the rate of production determined originally will present themselves

in the future. In this case it is not reasonable to hold on to the assumption
of a constant rate of production during the whole production period of the ore
deposit.

A principal reason why it could be favourable at a future point of time to change
the rate of production determined originally, is that a considerable part of the
plant, which determines the production capacity, must be renewed. For instance,
a new main haulage level (see Fig. 1:1) may have to be built to replace an older
one which has served a part of the ore deposit (a zone) that has been emptied
of ore. For what capacity should the new main level be built? The optimum de-
cision on that occasion depends on the rate of production in the past. Simul-
taneously the previous rate of production has been influenced by the assump-
tions in the past concerning the capacity of the main level in question. In
this way a network of interrelations may exist, which is disregarded in the
static model.

Another reason for changing the rate of production determined originally in a
subsequent decision has already been discussed, i.e. changes in prices and costs
over time. It was assumed that these were unpredictable at the time of the orige
inal decision. Therefore they were not, and could not be, taken into account in
the original optimization of Fig. 1:4. If the changes can be predicted, the

case is different. As the future has been assumed to be known with certainty,
the variations in a complete analysis should influence the original decision,

which may include taking variations in the rate of production into account.

A more realistic model should incorporate a system for considering the inter-
dependencies of decisions at different points of time. It should also allow for
variations in prices and costs with the time, including the effects of the tech-
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nological evolution, and with the progress of the mining, e.g. that different
paris of the mine have different properties, and that it is usually more expen—
sive to extract ore from the lower levels of the mine than from the upper levels.
Thus it seems neoessary to develop a model for dynamic op'|;i.mizxs:|;ion1 s Which also
oontains a more detailed description of the payments caused by the ore extrac-
tion.

The important difference between a static and a dynamic optimization may be stat-
ed thus: In a static optimization it is assumed that all decisions regarding the
future are made at one single moment, i.e. the initial or actual decision time,
whereas in a dynamic optimization it is assumed that the initial decisions are
changed and completed at future decision times, In the dynamic optimization it
ie assumed that one decimion is made first at the beginning of the production
period, and that decisions are then made at certain time intervals, when the
management of the company haes to consider the possibilities of making changes.
The decisions are optimum decisions. They are optimized under the conditions
that have been determined through previous decisions, and the effects on future
deoisions are taken into account. HMassé'e static model is applicable in the
special case where one single decision involving only a constant rate or pro-

duotion ie made.

An ore deposit and a mining technique - an example

An ore deposit contains 150 MT of ore. It is to be mined in three steps, i.e.
gones, each containing 50 MT (compare Fig. 1:1). Bach zone is served by a main
haulage level, which must be completed before any ore can be extracted from the
gone. A hoisting plant, a sorting plant, repair shops, transport facilities, an
office building, housing, etc. are common to the three zones. The corresponding
investment is the expansion investment. The deposit is not previously mined,
which implies that an expansion investment has to be completed at the end of
year O. Then the resulting plant can be utilized from the beginning of year 12).

1) The dynamic aspects have been observed by several authors, e.g. by
Hotelling (1931).

Massé (1959) also approaches the dynamic aspects in his discussion of
uncertainty in the estimate of the size of the ore reserve.

2) In the computer programs and, as a consequence, also in Appendix D where the
various payments are defined, the investment is for technical reasons assumed
to be completed at the end of year 1 and taken into production from the
beginning of year 2. This complication is disregarded in the present dis-—
cussion and in Appendix A, ae digreseing into such details would obscure the
main issue.
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Investments traceable to one zone are named zone investments, and are assumed

to be completed at the starting time of the zone. The starting time of a 2zone

is assumed to coincide with the moment of closing down the previously mined
zone. The mining starts in zone 1 at the beginning of year 1. The rate of
production in a certain zone is determined when the investmenis are being de-
termined, i,e. immediately before the mining starts in the zone, and is as-

sumed to be fixed for the entire production period of the zone.

The assumption of a constant rate of production during the production period of
a zone is partly motivated by the conclusions of section 124 concerning the op-
timum capacity utilization, as each zone may be considered a mine having approx-

imately the properties assumed there.

If the rate of production is changed at the starting time of a new zone, the
works and utilities constituting the expansion invesiment at time O have to be

changed. If the rate of production is increased, this causes further expansion

investments. If it is decreased, this causes contraction investments. They

are assumed to coincide in time with the zone investments.

Payments incurred as a consequence of the final closing of the mine are called

close—~down payments. They are assumed to be paid at the end of the production

period of the deposit.

Payment functions

In addition to the investments and close—down payments, which have already been

discussed, current payments are introduced into the model. They are assembled

into the annual current net payment which has three main components:

1) Current payments for products sold (+)

2) Current disbursements incurred in the current production (=)

3) Current reinvestments (not including the zone investments) (-)
These payments are expressed in MKR/year, and are assumed to constitute a con—
stant flow during any single year if the interest is reckoned continuously.
They are assumed to be paid at the end of the year if the interest is reckoned
discontinuously. The discontinuous case has been chosen for this summary and
for Appendix A1).

1) The method of continuous reckoning is applied in the computer programs.
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All paymenis are assumed to be primarily functions of the decision variable,
i.e. the rate of production, or, in oertain cases, the change in the rate of
production. However, there are other important factors. In order to make the
payment functions more generally valid for different parts of the same deposit
(gones and subzones), and for different deposits as well as for other decision
problems, the payments are expressed as explioit functions of 1) the anmual rate
of production, which may vary from one zone to another, 2) the average grade of
the ore mined in a subzone, which may vary from one subgone to another, 3) the
size of the zone, 4) the depth of the current main haulage level, which is ex-
pressed in terms of the ore reserve of zone 1 for the first main level, of the
ore reserve of gzones 1 and 2 together for the second main level, etc., and

5) the point of time at which the payment is made, or at least the year during
vwhich it is made, All the five independent variables are explicitly considered
in spite of the fact that only the rate of production is a decision variable in
the optimization model, whereas the other variables are assumed to be constants,
i.e., treated as parameters with given values.

The payment functions will not be treated in detail. They may assume practical-
ly any form whatever within the framework of the model. For instance, a number
of complete payment models are given in the preliminary report1), and a set of
payment functions is described in Appendix D2). The former are simple as they
are intended for manual solutions, whereas the latier is intended for computer
solutions and rather flexible, as the set of functions contains about 70 coef-
ficients, which can be used to achieve functions approximating reality over a
comparatively wide range. The set of 70 coefficients may vary with the time,

as different sets can be given for each of the years 1, 2, ..., 4, where A stands
for a data horizon which may be anything from 2 to 50 years. The payment funoc-
tions can, in this way, be made to vary with the time.

Capital-value model

The fundamental idea of the capital-value model is simple. All payments that
occur as a result of the exploitation of the ore deposit, are discounted at the

given rate of interest to a common point of time, and added. This gives the

1) Norén (1967).

2) The payment functions have been constructed for hypothetical ore deposits.
It is expected that the functions will in reality have to be "tailor-snade"
to fit the individual case. However, parts of the hypothetical functions,
espeoially those of Appendix D, may be to a great extent directly appli-
cable.
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capital value at that point of time of the deposit. The capital-value model

was formulated in this way in the static model. The capital-value model in the
dynamic optimization model is constructed similarly, but the successive decisions
concerning the rate of production causes other capital values than that at time
O of the entire ore deposit to be of interest. It is now assumed that decisions
are made so as to make the capital values at the decision times, i.e. at the
starting times of zones 1, 2, or 3, respectively, of the ore remaining in the
deposit at these points of time, as large as possible. Hence, the capital value
at time O of the entire ore deposit is the decision criterion only when the rate
of production is originally determined at the starting time of gone 1. As the
rate of production is determined anew at the starting time of zone 2, the ore

of zone 1 has already been mined. Consequently, only the ore reserves of gzones

2 and 3 remain. Thue the capital value of zones 2 and 3 discounted to the start-
ing time of zone 2 is the relevant criterion. Finally, the capital value at

the starting time of zone 3 of the only remaining zone is the criterion for the

last decision.

The relevant capital values can be calculated in several ways. One way is to
do this in two steps. In the first step the capital values of the gones as sep-
arate units at their respective starting times are calculated. However, the
technological interrelations between the zones are taken into account, e.g. as
the investiments required to alter the rate of production are part of the pay-

ments.

1)

and added to capital values which are relevant for the respective decisionms,

In the second step the capital values of the separate zones are discounted

i.,e, the capital values at the decision times of the ore remaining in the de-
posit at the respective times. The rates of production giving the highest

capital values are the optimum rates, which are assumed to be selected in the
decisions. The two steps are illustrated in Fig. 1:7 and Fig. 1:8. The fol-

lowing symbols are used:

Bn Capital value at time Tn of zones n, n+1, n+2, ..., N.

B'n Capital value at time Tn of zone n.

Maximum Bn The highest value of Bn as a function of Qn, if Qn+1 is de-

Qn...N termined so as to make B, as high as possible, if also
Qn+2 is such that Bn+2 is as high as possible, etc. up to

1) In the computer programs, and consequently also in Appendix D, all payments
are, for technical reasons, discounted at once to time O, No further dis-
counting is needed in that case.
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and including Q‘N and BN The notation thus implies optimiza-
tion of Qn, provided that Qn+1’ Qn+2’ ooy Q’N are similarly

optimized.

N Number of zonmes (in the example Na3),

n=1,2,...,N Subscript of zones. They are mined in the order 1, 2,
esaey N,

Q, Rate of production in zone n.

(1+r)-t Present value of 1 KR payable in t years at a rate of in-

terest of 100-r %

T Starting time of gzone n.

Tn Production period of zone n.

The capital values at the decision times of the future mining, i.e. B1, BZ’ and
B3 are measures of the profit of future mining as it will be experienced at the
three respeotive decision times. It has been assumed that an optimum decision
ig made at each decision time, which implies that the decision is optimal under
the conditions prevailing at the decision ‘I:i.lne1 . These conditions are influ-—
enced by previous decisions, Available capacity is an example of such a condi-
tion. Assumptions concerning future decisions are also part of the assumptions
for any current decision, What is decided in the future is in turn dependent
on preceding decisions, thus also on the current one. The capital-value cal-

culations must take all such interrelations into account.

The capital values at the respective decision times are easily calculated if
the rates of production in all zones were known. This is taken as a starting
point in determining the optimum rates of production: The rates of production
in all the sones are given arbitrary values, which are then systematically
varied. A number of sets of rates of production, each set consisting of one
rate for each zone, is obtained, and the capital values (B1, By B3) pertaining
to each set may be calculated. For the nearest zone the rate of production
whioch, when combined with the optimum rates in the subsequent zones, gives the
highest capital value at the given decision time, is the optimum. In many cases
the optimum set of rates of production is the one that makes the capital value
of the entire ore deposit a maximum.

1) This is an application of the "principle of optimality". See e.g. Bellman
(1957! P» 83 .
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Zone 1
+ (1) Capitel value at time 7, 'ERA

of current net payments + c

t t
= (2) Zone investment in gzone 1 p:;:x‘zztsne
-—

- (3) Expansion investment at TJ T T T T .

time T, T2 10 1'5 Years
= Capital value at time T1

of zone 1, i.e. B'1 Zone and expan-

MKR sion investments
-V

Zone 2
+ (1) Capital value at time T, MKR A

of current net payments +
- (2) Zone investment in zone 2
- (3) Expansion or contraction T T, ]' ]’ T ]‘ ]’

investment at time T, | : — —>

0 '1‘3 15 Years

= Capital value at time T,

of zone 2, i.e. B'2

MKR

Zone 3
+ (1) Capital value at time Ty MKR A

of current net payments .

— (2) Zone investment in zone 3

=~ (3) Expansion or contraction
investment at time T3

o -r_:a
F +3
N
w’-]
—
+—
—
+—
—t

- (4) Close-down payment at 5 Years
time T,+T
3" 3
- Capital value at time T Close~down
. 3 MKR
of zone 3, i.e. B'3 _ payment

Fig. 1:7 Step 1: The capital values of the zones at their respective
starting times are calculated. The graphs illustrate
the various payments which have been determined through
the payment functions. The production period of each
gone is assumed to be 5 years.
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Decision at time T1: Determine optimum Q1

-T1 —(T1+ Tz)
Maximum B1=B'1+B'2-(1+r) +B'3.(1+r)
Y..3
MKR " B'1-f(Q1). Q, is to be determined.
3,1 5 B'2-f(Q1,Q2). Q2 has not yet been
I .r'i determined.
. Tme o g (
T . . ! 3" Q2,Q3). Q2 and Q3 have not yet

r—L
<

L

OV
<

’ been determined.

Decision at time T2: Determine optimum Q2

_"I‘2
Maximum B_=B' _+B'_+(1+r)
Q 27273
20003
Bl
MKR 2 3‘2-f(Q1,Q2). Q1 is given and
B! i i .
T3 Pime Q2 is to be determined
'1‘ . : —> B'3-f(Q2,Q3). Q3 has not yet been
1 2 3 determined.

Decision at time T.: Determine optimum Q

3 3
R oB'
l(;xmum JB3 B 3
3
MKR 303 3'3-f(Q2,Q3). Q, is given and
. N I Time Q3 is to be determined.
T1 T2 T3

Fig. 1:8 Step 2: Capital values at the decision times of future'mining are
caloulated and applied as decision criteria. Each decision
directly concerns the rate of production in the nearest
gone, but indirectly influences all the decisions.
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133 Optimisation methods
1331 Dynamic optimization

The core of the optimization problem, as it has been formulated here, is to find
a system for determining which sets of rates of production are to be examined.

A traditional and generally valid method for solving dynamic programming prob-
lems, of which this1§rob1em is an example, may be stated concisely in three
points in this case ‘:

1) Optimize Q, for all possible combinations of values of Q, and Q,.

2) Apply the result in optimizing Q2, thus also Q3, for all possible values
of Q1‘

3) Apply the result in optimiging Q1’ thus also Q2 and Q3.

As the method apparently requires a considerable amount of calculating, simpli-
fications are desirable. It is also possible to find simpler optimigation
methods by utilizing some speoial characteristics of the present problem and
introducing certain special assumptions. However, the fundamentals of the
general method are retained.

1332 Assumptions for the simplified dynamic optimigation

In order to simplify the calculations the number of interrelations between
decisions at various points of time is reduced to a minimum. Therefore, the
interdependencies between the zones are assumed to be exhaustively described

in terms of:

1) The starting time of the current zone. This point of time is measured on
a continuous time scale with the zero point at the starting time of zone 12).
The starting time of the current zone sums up in one single date the rates
of production and the ore reserves actually extracted in the preceding
zones, i.e. in the zones previously mined.

2) The rate of production in the preceding zone. It defines the production

1) This is an application of Bellman's (1957, pp. 6~9) solution.
2) Compare the footnote in section 1312, which also applies here.
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capacity available without further expansion or contraction investments

when the mining of the current zone will start1 .

The mining limit, the technology, and the refinement level of the preceding
zone, These variables or parameters define the properties of the existing
works, equipment, service utilities, etc. in other dimensions than the rate

of production.

The accumilated quantity of ore reserve used up from the starting time of
zone 12 . Along with the number of the zone it defines how far the mining
has proceeded, which part of the ore deposit is currenily being mined, and
the remaining ore reserve.

Further assumptions have already been mentioned or implied. Those which are

most important for the optimization are:

1)

2)

3)

4)

1)
2)

3)

The mining company is the decision-making unit. The capital value at the
decision time of fntu.re3 payments is the decision criterion. The goal of
the mining company is to attain maximum capital value. The rate of interest

is given and constant over time,

The company does not control any other ore deposits which are influenced
by the decisions concerning the rate of produotion, and will not do so in
the future either. Decisions concerning ore prospecting are presumed to
be made independent of decisions concerning the deposit.

The size of the ore reserve and other properties of the ore deposit are
known with certainty.

The mining limits, the partitioning of the deposit into zones and other
dimensions of the technology, and the refinement level have already been
determined. The zones are mined in the order 1, 2, and 3, or, more gen-
erally, 1, 2, ..., N,

Disregarding that the production capacity mey diminish as a consequence
of the increasing depth (especially the hoisting capacity).

More exactly: the cumulative equivalent ore reserve. See section 2 of
Appendix D,

Future as seen from the decision time,
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5) The sizes of the payments are determined by a number of given payment func—
tions. The payment functions may vary with the time, If that is the ocase
the variations over time are known with certainty.

6) The rate of production may be changed only when the mining activities are
transferred from one zone to another. It is thus constant during the produc-

tion period of a zone. Changes cause expansion or contraction investments.

7) The rate of production always equals the production capacity.

1333 Two concrete methods

Two methods for solving the stated optimization problem have been developed.

The first is a manual graphical method, which may be used if the mumber of

zones is small, say 1 - 4. It is restricted also in other respects, as the pay-
ment functions, for practical reasons, must be very simple (compare section 1313),
and constant over time (compare above, assumption 5)). This decreases the use—
fulness of the method, which is also influenced by the fact that a very large
mumber of calculations are required to obtain a solution if the nmumber of zones
is increased above 1 or 2,

The technique of the graphical dynamic optimization has been taken as a starting
point of the computer program for optimizing the rate of production. This
program is the second method. The limitations of the graphical method have been
relaxed, so that the assumptions listed in the previous section are entirely
accurate. However, some subproblems, especially that of payment functions vary-
ing with the time, are solved through iterative optimizations. The tentative
optimum of one optimization is thus utilized to define new assumptions for the
next optimization. The iteration continues until a stated minimum increase in
the capital value of the ore deposit is no longer obitained through further op-
timigations. The iteration is programmed to take place automatically. The
iterative method suffers from some weaknesses, which affects the reliability of
the optimization negatively. There are, though, possibilities of testing and
controlling the results, which at least partially eliminates thias disadvantage.

The computer program has been successfully tested on a few hypothetical and
practical cases. However, more testing is required before it can be considered
fully reliable.
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1)

The two optimigation methods will not be described in detail in this summary ‘.
The basic ideas of the optimigation model will be discussed2 y though, in close
relation to the graphical method shown in Appendix A, and as the model is applied
in the case of three zones3 . As previously mentioned (section 1331), the zones

are optimized in the order 3, 2, and 1. Thus, consider first zone 3.

The capital value at time T3 of zone 3 is shown in Fig. 1:9. For the curve B3

it is assumed that Q2-Q3. Now, assume that Q2 is a given constant, less than

Q3, and that the expansion investment is 50 KR for each ton the annual rate of
production is expanded. It is evident
that the expansion increases the cap-

ital value after the expansion invest-

i ment has been deducted, i.e, it is

33 Expansion gpnyiactlon ?
limit eimit profitable, if the capital value ac-
2001 cording to the curve B3 increases by

50 KR, or more, as Q3 increases by one
1001 ton. On the other hand, if the cap-
0 3 R ital value increases by less than 50
rT T 5y T rrrrerrr2>

0 5 10 MT/year KR an expansion is not advantageous.

A tangent to the curve is constructed,
Fig. 139 Expansion limit and contrac~  which has the gradient 50 KR/T/year
;;?ns:;mi:ct?o:o?§2?. (Fig. 1?9, C13, left?. The rate of
production at the point of tangency
is the expansion limit, To the left
of the limit the gradient of the curve is greater than 50 KR/T/year, and expan—
sion up to the expansion limit is profitable. To the right of the limit it is

not profitable to increase the rate of production.

Similarly, if Q2 is assumed to be greater than Q3, i.e. if the rate of produc-
tion is decreased, and the contraction investment is 20 KR for each ton the
anmal rate of production is diminished, a tangent having the gradient

=20 KB/TVyear may be drawn (Fig. 1:9, C13, right). The point of tangency indie
cates the rate of production which is the contraction limit. If Q2 exceeds the

1) The simplified graphical dynamic optimization is described in Appendix 4.
The principles of the method used in the computer program are on the whole
the same. The main difference is the iteration. The program is described
in Appendices B, C, D, and E, The optimization methods are further dis-
cussed in following chapters.

2) As the assumptions of the two methods are not identical they represent two
versions of the optimigation model.

3) The variations over time of the payment functions are therefore disregarded
for the moment.
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contraction limit, the optimum decision is to decrease the rate to that limit.
If Q2 is in the interval between the expansion and the contraction limit, the
optimum decision is to keep the rate of production constant, i.e. Q2=Q3 is
optimum,

Next, assume that the expansion investment is a fixed amount, e.g. 20 MKR, plus
50 KR for each ton the annual rate of production is increased. The expansion
limit still holds good in the sense that the rate is optimally increased up to
that limit. However, Q2 must now be so low that the increase in the capital
value according to the curve B3 also
covers the fixed amount, 20 MKR., As

MKRA Lower Upper . io s
33 constancy constancy may be seen from Fig. 1:10, this is
limit | 1 limit the case if Q2 is lower than the rate
<4 )
200 I of production denoted as the lower
i
100.- i ! "a3 constancy limit. Similarly, an upper
20 E ! constancy limit is constructed. It
K¥KR
K ————+>  should be carefully noted that Fig. 1:9
0 5 10 MT/year

represents a special case, where the

Fig, 1:10 Constancy limits in zone 3. lower constancy limit coincides with
By see section 132. the expansion limit, and the upper

constancy limit with the contraction

limit.

In this way the four limits are determined for every zone except zone 1 for
which the optimum rate is directly determined (Fig. 1:12). 4s B, is the crite-
rion in zone 3, 32 and B1 are the criteria in gones 2 and 1, respectively
(section 132).

The four limits and their implications are illustrated in Fig. 1:11. If the

A : >: ;<€ . A ..
Lower : : Upper Limits in zone n
constancy Expansion Contraction constancy and
limit in limit in limit in limit in Rate of production
zone n zone n zone n zone n in zone n-1
— 4 + + + > MT/year
' J) S v J.L ‘v— o e
The rate of The rate of produc- The rate of produc~
production in tion is not changed tion in zone n is
zone n is in- (Qn-Qn_1). decreased to the
creased to the contrection limit.

expansion limit.

Fig., 1:11 The optimum rate of production in zone n for various rates of
production in szone n-1,
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rate of production in zone n-1 is lower than the lower constancy limit, the op-
timum decision for zone n is to increase the rate to the expansion limit. If
the rate of production in zone n-1 exceeds the upper constancy limit, the op-
timum decision for zone n is to decrease the rate to the contraction limit.
These decision rules will be applied to determine an optimum set of rates of

production, or an optimal policy, for zones 1, 2, and 3.

1334 Optimum

The results of the partial optimizations in the zones, i.e. of determining and
applying the four limits previously discussed, can be summarized as in Fig.
1212, The curve C13 is recognized from Fig. 1:9. The others are obtained in
a similar way. In principle the figure illustrates the results of the graph-
ical method as well as of the computer method. However, the output of the com—
puter program is confined to key information necessary to interpret the results

instead of the complete curves.

The decision model is primarily intended to supply information for the decision
at time T1. At this point of time it is determined whether the ore deposit
should be mined. The rate of production in zone 1 is also determined. The
curve C11 summarizes this information. It shows the capital value at time T1
of the entire ore deposit as a function of Q1, which is measured on the "hori-
zontal™ axis, The highest capital value is obtained at Q1=10 MT/year. This is
the optimum rate of production in zone 1, The curve CI1 presupposes optimum
rates in the future, i.e. optimum Q2 and Q3. In Fig., 1:12 the optima can be
found by means of the curves C12 and C13 together with the expansion limits,

the contraction limits, and the constancy limits.

In zone 2 the expansion limit and the lower constancy limit is 7.1 MT/year.
Thus, if the rate of production in zone 1 is less than 7.1 HT/year, the optimum
rate in zone 2 is 7.1 MT[year. The contraction limit and the upper constancy
limit is 20 MT/year. If the rate exceeds 20 MT/year in zone 1, the optimum
action at time ‘1‘2 is to cut production to that rate. Fianlly, if the rate in
zone 1 is between 7.1 and 20 MT/year, the optimum action at time T2 is to keep

the rate constant.

Depending on the rate of production in zone 2, the optimum rate in zone 3 sim-

ilarly varies between 5.7 and 8.5 MT/year.
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Fig, 1:12 Capital values at the times T1, T2, and T, of the zonee which re-
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Assuming optimum decisions in zones 2 and 3, the optimum rate of production in
gone 1 is 10 MI/year. Then, according to Fig. 1:12, the optimum rate in zone

2 is also 10 H’I‘/year, and in gone 3 it is 8.5 HT/year. The optimum rates in
zones 2 and 3 are only predictions concerning future decisions, which are taken
for granted in the actual decision, i.e. in determining the rate of production
in gone 1. The optimigation described does not provide the information on which
the decisions at the starting times of zones 2 and 3 are based. At these points
of time, i.e. at times T2 and T3, the model is employed to make new optimiza-
tions. New data reflecting the best available information at these respective
decision times are used. The actual rate of production, or the capacity at the
decision time is a part of the new data. The zones will also be renamed. At
the starting time of the second zone this zone will be the first of the remain-
ing ones, thus zone 1. The former zone 3 will become zone 2. The optimization
method is then applied as before, only this time it is adapted to two zones in-
stead of three.

The principles of the optimization methods are applicable irrespective of the

number of zones ‘.

Until now the payment functions have been assumed to be constant over time.
They may vary. To take such variations into account, iterative optimizations
are made. This is impracticable if the graphical method is used, but iterations

are made automatically in the computer method.

Conclusions

According to the curve (11 in Fig. 1:12 the capital value of the entire ore
deposit is positive at optimum., Thus, the deposit should be mined. A negative
capital value at all rates of production indicates that the deposit cannot be

profitably mined.

The curve (11 also reflects the situation before the start of the mining in
another respect. The point of time at which all the ore has been extracted
from the deposit is still very distant. The final closing of the mine consti-
tutes an opportunity cost of ore. 4s this is still a cost in the distant fu-

ture, its present value is low, which tends to increase the optimum rate of

1) Compare the first paragraph of section 1333, The maximum number of zones
is 14 in the computer programs.
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production. The most important constraining factor is the investments which
rapidly inorease as the rate of production inoreases. Both the expansion in-

vestment and the szone investments exert this influence.

The curve (12 illustrates some aspects of the situation when the construction
of the mine including its works and machinery has been completed, and mining
is well under way. If the rate of production in zone 1 is somewhere between
the lower and the upper constancy limits in gone 2, the optimum action at time
'I'2 will be to keep the rate censtant. It follows that it might prove extremely
difficult to correct a previous erroneous decision.

As the production capacity is determined by previous investments, and cannot
be profitably increased, it will be a constraint on the short-run production
planning., The opportunity cost of ore is often entirely disregarded in usual
criteria for short-run planning, such as different forms of annual surpluses.
If such criteria are applied, the current capacity will be considered too low.
Consequently, a strong drive towards improvemenis and rationalization aiming
at increased production capacity is to be expected. In order to avoid errors
in such decisions it may be useful to put the decisions into their proper con-
text by means of the proposed decision models.

The situation changes towards the end of the production period of the mine,
which is illustrated by the curve (13. The closing of the mine is now near in
time. The opportunity cost of ore is high enough to motivate a decrease in
the rate of production. Excess capacity, which has to be disposed of, is typ-
ical of the situation. If the closing of the mine, even if it is made succes-~
sively, incurs costs, e.g. for finding new employments for the personnel or
for restoring nature in the vicinity of the mine, the cutting of production is
hampered. It might be felt that the end of the production period approaches
only too quickly.

High close—down payments, especially in combination with high production costs
in the lowest parts of the mine, introduce another problem. The capital value
of the remaining ore will sooner or later be negative. This situation will
arise sooner, the greater the close-down payments are, ceteris paribus. From
then on the mine operates at a loss in the long run, but the mining company
cannot improve its situation by immediately closing the mine, as the close-
down payments in that case would be incurred at once, which would increase
their capital value at the current point of time. At the same time such a

decision would deprive the company of the annual current net payments during
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the remaining production period. Thus, an earlier close—down would only make
the capital value at the current point of time more negative. The production

continues until the entire ore reserve has been extracted1).

The financial implications of the situation is that future payments to the com-
pany do not cover future expenditures. The deficit will have to be paid at the
end of the production period. Funds must have been accumulated in the company

during previous years. A very restrictive and far-sighted financial policy

is necessary.

14 Optimum mining limits

141

Multiple interrelated ore bodies

In section 11 the following problem was stated: Determine the optimum mining
limits if the ore deposit is broken up into several separate parts, some of
which may be left unexploited (Fig. 1:2). The problem is not explicitly for-
mulated in the decision models discussed previously, but these are nevertheless
useful in a simple solution of the present problem, which has been recommended
by Carlisle (1954): Compare alternative mining limits, each at its optimum

rate (or set of rates) of production.

The ore of each ore body of Fig. 1:2 is assumed to be homogenecus. The optimum
rate of production is first determined on the assumption that only the ore body
M is mined. It is then determined on the assumption that only M and A are min-
ed, only M and B, etc. The parameters of the payment functions, the partition-
ing into zones, and the ore reserve have to be determined separately for each
such combination of ore bodies. The optimum rate of production and the corre-
sponding capital value are determined for every possible combina,tion2 . The
combination giving the highest capital value is the optimum combination, The
ore bodies, which are not members of the optimum combination, cannot be prof-

itably exploited, and should be left in place.

1) This does not mean that the deepest part of an ore deposit should always
be mined. This is another optimization problem, which is easily solved
according to the principles put forward in section 141,

2) Some combinations can often be eliminated on the basis of more general
congiderations, e.g. the alternative M+A, if A and B contain the same sort
of ore. 1In this case M+B is clearly superior to M+d, as it apparently in-
volves lower preparation and transport costs.



Fundamental conditions for the practical use of the method is that an exhaus-
tive list of mutually exclusive altermatives can be made, and that the number
of alternatives is comparatively small.

142 Decreasing marginal grade in an ore deposit

1421

Assumptions

The second case in determining mining limits introduced in sectian 11 deals
with an ore deposit where the ore grows successively poorer as the deposit is
more extensively mined (Fig. 1:3).

The ore deposit is assumed to extend downwards and to comsist of three gones,
each partitioned into three subgones according to Fig. 1:3. The subzones are
successively mined in the following order1 s 11, 21, 31, 12, 22, ..., 23, 33.

Mining limits may be changed from one subgone to another, e.g. following the
line indicating the marginal grade 60% in subzone 11, then be changed to the
55% line in subzone 21, etc. The marginal cut—off grades are then 60%, 55%,
etc., respectively. However, for practical reasons the decision variable of
the proposed model is the average grade in each subzone. Consequently, the
measure of the mining limit is the average grade. A4s may be seen in Fig. 133
an average grade in a subzone implies a mining limit in the more direct sense.

The average grade is assumed to be determined for each subzone at the point of
time at which the mining operations are transferred to it, i.e. at the starting
time of the subzone, time Tn'n' The average grade is assumed to be kept con-
stant during the production period of the subgone.

The payments connected with the ore extraction are essentially the same as
those discussed in section 1313, 1In fact, the same payment functions are
utiliged in the computer program for optimizing the average grade as in that
for optimizing the rate of production. However, one type of payment will
appear, which has not yet been discussed: If the average grade is changed, a
grade-change investment must be made, e.g. in order to adapt the ore-treatment

1) The subscripts are written in the order: subzone, zone. Commas are in-
gerted between the members of multiple subscriptis only where they are
necessary for the sake of clarity. Examples: Subgone 21 means subgzone
2 of zone 1. Subzone 11,5 means subzone 11 of zone 5.
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plant to the new ore, i.e. to the new average grade. The grade-change invest-
ment is assumed to be small in comparison with the expansion and the contrac-

tion investment.

As before, the values of other decision variables or parameters, such as the
rate of production, are assumed to be given constants. However, it should be
noted that the method mentioned in section 141 opens up a way of taking into

account interdependencies between the various decision variables.

1422 Capital-value model

The capital-value model discussed in section 132 is utilized with the following
additions:

1) The capital value of the zone, B'n, is broken up into the capital values
of the subzones, B'n'n' Let 'Pn,n be the production period of subzone
n'n, Then, for example,

-7 -(T,.+T )
B'1-B'11+B'21-(1+r) 11+B'31-(1+r) e .

2) The current payments occur in each subzone, as does the grade-~change in-

vestment,

3) The zone investments as well as the expansion and the contraction invest-
ments occur only in the subzones 11, 12, and 13, i.e, in the first subzone

of each zone, The close-down payments occur only in subzone 33.

4) Bn'n is the decision criterion instead of Bn’ the capital value at time

'I‘n of future mining as seen from that point of time. B is the capital

n'n
value at time Tn'n of subzone n'n and the subsequently mined subzones,

i i L} L} 1 L} A}
e.8. B22 is the sum of the capital values B 22! B 327 B 13 B 23? and B 33

all discounted to time T22.

1423 Optimigation method

The ore reserve increases as the mining limits are extended, i.e. as the
average grade is made smaller. As the rates of production are given constants,

the production period of the entire ore deposit as well as the production
periods of the single subgones also increase, A decision concerning the average
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grade influences future decisions. The grade—change investment also implies
that the current deoision depends on the average grade in the preceding sub-
gone which is just being finished at the decision time, Consequently, the

decisions concerning the average grades in the various subzones are interde-
pendent. This must be considered when the optimum average grades are deter-

mined, Therefore, a dynamic optimization method is applied.

The dynamic optimisation methods described in sections 1333 and 1334 are not
applied in this case, mainly for two reasons:

1) A simpler method is desired as the number of decisions is greater (op-
tima are determined for the subzones instead of for the zones), primarily
because the grade~change investment is very small in comparison with the

expansion or the contraction investment.

2) The smallness of the grade-change investment makes the determination of
limits similar to the expansion limits, the contraction limits, and the
upper and the lower constancy limits less important. The limits would
more or less coincide at the maximum of the capital value curve (compare
Fig. 1:19).

An optimization method especially designed for determining os)timum average
grades has been developed in the form of a computer program1 . It operates
in the following manner:

The optimization starts from an initial guess comprising the average grades
of all subgones of all zones. Then all the starting times, i.e. Tn,n for
n'=1,2,3 and n=1,2,3, are determined. The optimum average grade in the last
subzone, 33, is then determined by systematically varying the grade until

the average grade giving the highest capital value 333 is encountered. Next,
the optimum in the penultimate subzone, 23, is determined similarly. The
average grades of the previously mined subzones are still kept constant at the
values given in the initial guess. In the subzone succeeding the current one,
i.e. in the last subzone, the optimum average grade determined in the previous
step is also kept constant. Thus, the capital value B23 can be calculated for

every possible average grade in subzone 23, and its maximum can be established.

1) The program has been tested to the same extent as that for optimizing the
rates of production.
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In the third step the optimum in subzone 13 is found, given the initial guess
for the preceding subzones, i.e. 11, 21, ..., 32, and the optima already de-
termined for the subsequent subzones, i.e. 23 and 33. In this way optima are
calculated for all subzones in the reverse order to that in which they are
mined. However, if the optima do not coincide with the initial guess, the
assumptions on which one subzone is optimized are rendered invalid by the sub-
sequent optimizations of other subzones. Therefore, when the optimum average
grade in subzone 11 has been determined, the process is repeated from the be-
ginning, replacing the initial guess with the set of optimum average grades
just determined. This is repeated until the capital value of the entire ore

deposit, i.e. B11, cannot be increased substantially.

The method is easily extended to any number of subzones and zones. The com-

puter program handles a maximum of 20 subzones in each of a maximum of 14 zones.

Conclusions

A few general observations on the behaviour of the optimum average grades can
be made.

There is a tendency for the optimum average grade to decrease as the ore extrac-
tion proceeds. In the beginning of the production period only the best parts

of the deposit are recovered, while towards the end the poorer parts are also
worth mining1). An explanation of this phenomenon is that the opportunity

cost of ore is low in the beginning, when the closing of the mine still is in

a distant future. As the end of the produotion period approaches, the oppor-
tunity cost increases, which makes the mining of successively poorer ore prof-
itable.

The tendency towards decreasing average grades over time is traceable also
within the zones, as in each zone the opportunity cost of ore increases as the

next zone investment approaches in time.

The optimum decisions at the various decision times are nol necessarily the
same as the decisions which would give the maximum capital value of the entire

ore deposit, i.e. make the value of B11 a maximum,

1) This is a conclusion, whioh has also been reached by Hemning (1963).
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152

Repeated application of the previous models

The optimum technology and the optimum refinement level can be determined with
the method described in section 141. The model for optimizing the average grade
can be used in this connection as an alternative to the model for determining
the optimum rate of production. In any case, the optimization is made within
the framework of the described capital-value models. However, as it is not
always possible to make an exhaustive list of the possible alternatives the
problems are only partially solved. The method only serves to select the best
alternative among a given set of alternatives,

If the decision variable is continuous the method is useful in obtaining an
approximate optimum. Various values of the decision variable are systemat-
ically selected and evaluated until an acceptable approximation of the optimum
has been found.

Simplified methods

In sections 141 and 151 it has been understood that the rate of production or
the average grade should be optimized for each given alternative., This appar-
ently implies the assumption that the optimum values of these variables de-
pend on the current alternative, i.e. on which ore bodies are mined, on the
technology applied, etc. If experience from previous analysis shows that these
optima are not influenced by, or are not semnsitive to which altermative is de-
cided on, the rate of production and the average grade can be taken for granted
and be made equal in all alternatives, This will save a considerable amount of
calculating work., The simplification may also be combined with alternating
optimizations of the relevant decision variables, e.g. the rate of production
and some technology variable, such as the sizes of the zones. The latest op-
timum of the most recently optimized variable is then inserted as a condition
for a new optimization of the other variable,

The capital-value model which is integrated into the two previously mentioned
computer programs, has been inserted into a third program, which is otherwise
independent. The program can be used to calculate the capital values of a set
of predefined .altemtives.
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16 Solutions of the five problems

Five problems were posed in section 11, Optimization models have been construct-
ed for solving them. Two models are fundamental because either or both of them
are>app1ied in solving all the problems. Both models are based on the theory of
dynamic programming. The two principal optimization models have been developed

into computer programs:

EXRATE for determining optimum rates of production.

CUTOFF for determining optimum average grades (cut-—off grades).

Problem 12 is to determine which ore deposits should be mined. Both principal
models yield the capital value of the deposit, which can be used to
determine whether a deposit is worth mining, More complicated deci-
sion problems with two or more deposits can also be solved, although

the methods have not been discussed in this summary.

Problem 2) is to determine optimum rates of production, and is solved by means
of EXRATE.

Problem }2 is to determine optimum mining limits. Mining limits which are able
to be expressed as average grades, are optimized directly by means
of CUTOFF. Other forms of mining limits are optimized by repeated
application of EXRATE, or CUTOFF, or both these models,

Problem is to determine the optimum technoiogy, and is solved by repeated
application of EXRATE, or CUTOFF, or both these models.

Problem 5) is to determine the optimum refinement level, and is solved in the
same way as Problem 4).

The models are based on certain assumptions which limit their practical useful-

ness, especially concerning Problems 4) and 5).

It has been assumed in this summary that the mining company controls one single
ore deposit., Problems involving multiple deposits are solved by repeated appli-

cation of the two principal models (section 73).
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17 Introduction to the following chapters

With the summary as a background the models will be discussed and explained in

detail.

CHAPTER 2

CHAPTER 3

CHAPTER 4

CHAPTER 5

CHAPTER 6

CHAPTER 7

CHAPTER 8

The problems to be solved are stated more precisely and the purpose

of the study is specified.

General problems of model building are discussed with a view to the
problems which are to be solved. Important assumptions are derived
by a study of the boundaries of the models, and by specifying the
types of decision models which are relevant for the decision problems
treated in this study.

The assumptions made in building the decision models are enumerated.

Pormal decision models are formulated.

Methods are derived and discussed for solving the decision problems

as they are formulated in the decision models,

The formal decision models of CHAPTER 4 and the solutions derived

in Chapter 5 are brought together to form complete decision models.

The models treated in Chapters 3 to 6 are based on two major assump-
tions. PFirst that the decision maker is able to carry out decided

changes in the values of controlled variables, e.g. the rate of pro-
duction, instantaneously whatever the size of the change. Secondly,
that the decision maker controls only one ore deposit. The decision

models are extended to cases where these assumptions are relaxed.

Some conclusions are discussed.
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CHAPTER 2

The study: Its problems and purpose

Exhaustible resources

Two principal groups of natural resources can be distinguished, renewable re-
sources, e.g. growing forests, and exhaustible resources, e.g. mineral depositis.
The boundary between the two groups is not quite distinct. Thus, in the short
run a forest may be regarded as a limited stock of trees which can be used up1).
According to Gray (1913, p. 469) the renewal problem is also an economic ques—
tion: Does it pay to renew the resources? The magnitude of a mineral deposit
as known at a certain time is a given constant, but the limits of the known
deposit can be extended through prospecting. Prospecting in combination with
the exploitation can thus result in renewal of the resources. This type of
renevwal is more apparent if a larger area is examined instead of a single de-~
posit: New deposits are located as the previously known deposits are exploit-

edz).

Renewal in the form of locating unknown deposits does not result in a factual
increase in the existing amount of the substance forming the resources. It
only increases the possibilities of an acting agent to utilize the substance.
In spite of this the renewal through exploration is important as the first
condition for successful utilization is that the deposit is known. This sub-

jectivity is implicitly assumed in terms such as "resources" and "deposit".

1) Streyffert (1938, pp. 136 ff.), among others, discusses the forests as
exhaustible resources and the optimization of the production period. His
approach is similar to Massé's approach in the static model described
in section 12, The assumptions concerning the payments differ, though,
and Streyffert mainly discusses the effects of variations in unit exploi-
tation costs as a result of variations in the length of the production
period, and of price variations over time. Regarding the latter, he con-
cludes that the optimum production period will increase as the price of the
final product increases over time (ibid. p. 161).

2) A parallel may be found in forestiry. For example, "Faustmann's formula"
from 1849 gives the capital value of a forest on the assumption that the
exploitation continues forever in identical replacement cycles (Streyffert
1938, p. 11). The formula is applied in determining the optimum produc-
tion period, i.e. the length of the replacement cycle (ibid. p. 41).
However, the parallel is not perfect as it presupposes that new deposits
are found at the same rate as the older ones are exhausted. Instead, the
rate of renewal of resources, minerals as well as forests, is rather an
optimization problem (Gray 1913, p. 469).
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This study is confined to the treatment of mineral deposits which have already
been detected. In compliance with existing recommendations1) a mineral deposit
is defined as a geologic formation containing minerals which are or might become
useful and extractable. The study is also restricted to exhaustible resources.
Furthermore, in order to simplify the discussion it will be oonfined to ore
deposits, which are defined in agreement with the above definition of mineral

deposits. However, the analysis applies to other exhaustible resources as well,

The ore of an ore deposit can be exploitable or not exploitable in the economic
sense, i.e. the exploitation can have a positive or a negative value according
to some measure of value, 4lso, a deposit can be only partly exploitable.
Exploitable ores constitute ore reserve32 . The value of the exploitation of
ore, and consequently the ore reserves depend on present technological and
economic conditions and on present expectations concerning future conditionsB).
The ore that is not exploitable might become exploitable if the expectations
are changed. Hence, it is called potential ore4). Together, the ore reserves
and the potential ore of a deposit, a district, a country, etc. form the ore

resources4 of the deposit, the district, the country, etc., respectively.

The ore contents of an ore deposit can be known with a varying degree of cer-
tainty. Usually three degrees of certainty are distinguished, such as proved,
probable, and possible ore5). In the present analysis ore reserves and ore

resources will include all ore, irrespective of the degree of certainty of the

estimate.

Some of the ore is lost in the processes of extracting and refining it. Ore
losses incurred before the ore is loaded at the working face for transport to

the gravity shafts, the crushing plant, the sorting plant, etc. (see Fig. 1:1),

1) For example, in a survey of world iron-ore resources initiated by the United
Nations (Survey 1955, p. 45 (Percival)) and by Svenska Gruvfireningen
(1964, p. 18).

2) 1In discussing certain problems, e.g. the drawing of mining limits, the ore
reserve is a variable. Then it should be interpreted as the exploitable
ore if the suggested mining limit is the optimum limit.

3) In the industry the practice is to use similar definitions of ore reserves,
except that the present conditions are often stressed to the exclusion of
the future conditions, as e.g. in Survey 1955, p. 20 and p. 170 (Blondel
and Lasky).

4) Tbid. pp. 20 and 173.
5) 1Ibid. pp. 20 and 171. Other classifications exist (ibid.).
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may be distinguished from ore losses in subsequent stages, i.e. ore losses main-
ly incurred in the sorting and the dressing plant. It should be observed that
the latter, i.e. the ore losses where waste is removed, need not necessarily
mean losses of the valuable substance of the ore. Furthermore, in some mining
methods, especially caving methods, waste rock originally situated outside the
ore body will be mixed into the ore. The phenomenon will be called a negative
ore loss {in the mine). Thus, e.g., of an initial amount of 1.0 MT of ore in
its original, solid state only 0.9 MT will be loaded, transported, and treated.
0.1 MT' is lost. In addition to this negative ore losses of, say, 0.05 MT occur,
which increases the extracted quantity to 0.95 MT. Out of this perhaps only
0.8 MT will remain after sorting, dressing, and other treatment. The rest, i.e.
0.15 MT, has been removed as waste.

The tonnage which is transported and treated in the mine as well as the input
tonnage of the sorting plant, will be 0.95 MT', i.e. the tonnage afier the ore
losses (positive and negative) in the mine have been deducted. The mining and
the ore treatment facilities must be dimensioned for this tonnage. Thus, to
simplify the following discussion all ore tonnages are defined as the tonnages
after the tonnages, in absolute values, of positive ore losses in the mine have
been subtracted, and of negative ore losses in the mine have been added, but
before ore losses in subsequent stages of the process have been deducted. This
applies to ore reserves as well as to production capacity and rate of produc~—
tion., Thus, the ore reserves will be measured in terms of extracted quantity
of ore, extracted waste rock included1 . The grade of the ore is defined cor-
respondingly, i.e. as the grade of the mixture of ore and waste rock that is

loaded at the working face.

The problems

Decision makers

At least two parties are traditionally considered to have an interest in the
exploitation of ore deposits, i.e. the exploiting party or the mining company,
and the community which is usually represented by those invested with the polit-
ical power. Hotelling (1931), Ciriacy-Wantrup (1952), and Scott (1954), among
others, discuss the opposing interests of the mining company and the community,

1) This is contrary to practice, e.g. in Sweden. See Svenska Gruvfdreningen
(1964, p. 20), where it is stated that the ore reserve should be measured
as the ore in place, i.e., in its original, solid state.
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their symptoms, their effects, their reasons, etc. The problem of exploiting
ore deposits can be approached from an economic as well as from a political
point of view, and on the macro as well as on the micro level. Only the eco-
nomic aspects will be discussed, principally from the point of view of the min-
ing company, i.e. its management. However, in a few exceptional cases the re-
sults of the managerial analysis will be superficially treated from the point

of view of the community.

Goals of the decision maker

Decisions concerning the exploitation of ore deposits are made in the light of
the goals of the mining company. The decisions are assumed to be rational in
the sense that they result in a maximum degree of goal satisfaction within the
restrictions on the freedom of action which may prevail. The decision maker
thus optimizes his decisions1). Applying the reasoning of March and Simon

(1958, pp. 137-138) optimization presupposes the following assumptionss:

1) The decision maker has to make a choice from a given set of alternatives.

2) A set of consequences is attached to each alternative action. The conse—
quences can be known with three different degrees of certainty:
a) certainty, i.e. the outcome of each alternative is fully kmown
b) risk, i.e. more than one outcome is possible (ex ante) and all these
are fully known, together with an objective probability distribution
of outcomes2 .
¢) uncertainty, i.e. more than one outcome is possible (ex ante), but the

objective probability distribution is not knownz). (Genuine uncertainty).

3) The decision maker is able to rank the outcomes in order of preference,
from the most preferred to the least preferred.

4) The decision maker chooses the alternative to which the preferred outcome met
is attached. In the case of certainty, the choice is unambiguous. In the
case of risk, the optimum decision is usually considered to be to select the

alternative for which the statistically expected utility (measured on some

1) Satisficing behaviour is an alternative to optimizing behaviour. See e.g.
March and Simon (1958, pp. 141 and 169).

2) March and Simon (ibid.) do not explicitly state the "ex ante" assumption,
nor do they state that the probability distribution should be objective.
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given scale) of the possible outcomes is as high as possible. In the case
of uncertainty, the choice is more difficult, and will not be discussed

1
here ‘.

The present study will be confined to the case of certainty.

The goal of the mining company is assumed to be maximum profit for the company.
Profit maximization is, however, not the only possible goal. This has been
recognized by several authors, e.g. Frenckmer (1953) and Johamsson (1961, p. 3).
The problem will not be dealt with here, except to take the opportunity to point
out that even if the mining company has another goal, profit maximization offers
a basis for determining the cost in terms of forgone opportunities, which the
company is incurring in order to attain the other goal or goals. Thus, the

goal of profit maximization is accepted for this study. However, the goal is
not operational, as no unambiguous measure of profit exists (Frenckner 1953,

pp. 17-19). For this reason it is, in accordance with the reasoning of March
and Simon (1958, p. 156), replaced by an operational subgoal in the actual de-
cision making.

An operational subgoal which is often, but not always, consistentz) with the
more general goal of profit maximization, is maximum capital value at the de-
cision time of future payments occurring as consequences of the different al-
ternatives. The term "payments" is defined so as to cover payments received
by the company as well as expenditures, i.e. payments from the company or neg-
ative payments. In the case of risk, the corresponding operational goal is
maximum statistically expected value of the possible capital values. The con=-
nection between a selected subgoal and a more general goal has been itreated on
a more general level, although in different specialized contexts, by March and
Simon (1958), Danielsson (1963), Langholm (1964), and Hillsten (1966). The
connection between the two specific goals, i.e. profit maximization and capital-
value meximization, has been treated by e.g. Lutz (1951). The discussion will
not be repeated here. It is sufficient to observe that in spite of certain
weak points the capital value has been accepted as a measure of long-run profit
where the profit is a result of a series of payments at various points of time,
i.e. in investment problems, by several recent authors, e.g. Massé (1959) and
Johansson (1961).

1) Milnor (1954) and lLuce and Raiffa (1957, pp. 278 £f.) make more comprehen—
sive studies of various criteria in the case of uncertainty.

2) 'The "goodness"™ of criteria has been discussed by e.g. Hitch and McKean
(1954). They state that the test for a "good" criterion is its consistency
with a good criterion at a higher level (ibid. p. 179). A4lso, compare
H&llsten's (1966, pp. 2-3) "global model™ and "decision model™.
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One of the more difficult problems encountered in connection with capital-value
maximigation is to determine the rate of interest to apply in the calculations.
In order to solve this problem, and also to eliminate other weak points of the
pure capital-value maximization, certain programming methods have been developed.
Recent examples of the latter approach are those presented by Charnes, Cooper,
and Miller (1959), Albach (1962), Hillsten (1962), and Weingartner (1963).
However, in decisions involving consequences over very long time intervals the
latter approach does not differ substantially from the traditional capital-value
approach1 . As the decision problems which will be discussed here, are mainly
of the long-range type the more easily handled traditional capital-value approach
will be applied. The rate of interest is assumed to be a given constant.

To summarize, the operational goal of the mining company is assumed to be to

obtain maximum capital value at the decision time of future payments, The cap-

ital value is the decision criterion and the optimization criterion, i.e. among
the available alternative courses of action the company will select the one
ensuring maximum capital value. The rate of interest is assumed to be given,
and the future to be known with certainty.

The capital value is widely accepted as an optimization criterion in the liter—
ature concerning long-range mining decisions2 . It is not always evident what
types of payments are included in the capital-value computations, but at least

Ciriacy~Wantrup and Massé (ibid.) discuss payments and points of time of the

payments, Other criteria are also discussed in the 1iterature3). If motives
for the selected criteria are mentioned, the reasons commonly stated for one

criterion or the other are practice in mining companies or difficulties in

applying the capital-value criterion.

1) The programming approach involves a horizon in time beyond which traditional
capital-value methods are usually applied. The horizon is for practical
reasons comparatively close to the decision time, e.g. 3 to 5 years after
the latter. In decisions involving very long periods of time, the first
few years are presumably not crucial to such an extent as to motivate a
technically difficult discrimination in the method of evaluating the al-
ternatives, However, the problem should be borne in mind in a sensitivity
analysis.

2) The capital value is used as the final criterion by e.g. Gray {1913, pp.
474-475), Hotelling (1931, p. 140), Ciriacy-Wantrup (1952, p. 77), Carlisle
(1954, p. 601), Herfindahl (1955, p. 131), Massé (1959, p. 350), Billiet
(1959, p. 22), Ugglae (1958, p. 202), and Albach (1967, p. B-554, however,
on the assumption of a fixed time horizon). On the other hand, H3llsten
(1966), and others, question the ability of the capital-calue criterion to
reflect the interests of the owners of the company in investiment decisions
(of which the present decision problems are examples).

3) Henning (1963, p. 54) discusses capital-value criteria as well as other
criteria.
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For optimizations on communal levels a “communal capital-value criterion” is
used by e.g. Hotelling (1931, p. 143) and Ciriacy-Wantrup (1952, p. 230). How=
ever, in order to make the criterion applicable in this context the payments as
defined on the company level, have to be adjusted (ibid.)1). As the management
of the mining company is often interested in knowing the social optimum as well
as the optimum from their own point of view, and as they have a capital-value
optimigation method available, it is a natural step to try to use the same method
in both instances. This is the principal reason for digressions to the communal
levels in this study.

Decision variables

In the preceding section it has been referred to "decision problems™ which have

to be solved s0 as to maximize the capital value. The decision problems of this

study will now be defined. Exhaustibility will be considered a principal prop-

erty of ore deposits. Consequently, the problems connected with ore prospecting

will be excluded, as prospecting from the point of view of the individual mining
R R L2

company is a means of renewing depleted ore deposits ‘. Thus, the ore reserve

3)

is considered the main resiriction in the production model”’ of the mining com—
pany. The problem of the company is to exploit the available deposits in the
best possible manner, i.e., so that the capital value of future payments due to
the exploitation of the deposiis is a maximum. Further, the atiention will be
concentrated on decisions which especially influence the ore reserves and the

production periods of the deposits.

The market situation is assumed to be given so that the mining company faces a
set of demand functions for its products. Thus, decisions concerning pricing
and marketing will not be treated.

1) From the point of view of the community a "communal capital-value" appears
to be a reasonable measure of the economic consequences of alternative acts.
See e.g. Werin (1968, p. 71). For developing countries it is, however, more
dispatable. See e.g. Kahn (1951) and Rollins (1955 and 1956).

2) The economics of prospecting has been treated by e.g. Grayson (1960) and
Allais (1957). Herfindahl (1955) discusses the effects of prospecting on the
optimum rate of production in a deposit when the company faces perfect com-
petition on the ore market. He also investigates the market equilibrium with
respect to exploration and exploitation on the assumption of a competitive
industry, and concludes that for the industry as a whole the aspect of ex-
haustibility is relevant only at a late stage in the history of the resource,
as exploration becomes too expensive in comparison with the value of new de-
posits (ibid. pp. 133=135).

3) Dang (1966, p. 10) desoribes a production model, whioh is a generalized form
of the production function, as "a system of quantitative relationships ex-
pressing the restriotions which the technology of the process imposes on the
simultaneous variations in the quantities of inputs and outputs".
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The following decision problems remain to be solved as the deposits are exploited

(compare the descriptions of various types of ore deposits in section 11):

Problem 1) Which ore deposits should be mined? or: Ie the deposit exploitable?

Problem 2) At what rate should the ore be extracted? (The annual rate of pro—

duction),

Problem 3) How extensively or carefully should the ore be recovered? (The

mining 1limit, or the cut-off grade).

Problem g! Which mining methods, machinery, technical methods, etc. should be

used? (The technology)1 .

Problem 5) How far should the crude product be refinedz)? (The refinement

1)

2)

3)

level)3).

Technological efficiency is presumed. In production theory, e.g. according
to Dang f:966, pp. 14-15), the relevant range of economic choice is restrict-
ed to technologically efficient alternatives, i.e. alternatives which are not
"... technologically inefficient in the sense that it is possible to produce
more of one output without having to produce less of any other output and
without using more of any input, or that it is possible to produce the same
amounts of all outputs with less of one input and not more of any other in-
put. ...". Carlson (1939, pp. 14-15) holds a similar view,

However, the problem of determining optimum technology is not solved by this
assumption, especially as the technological decisions have consequences during
a considerable time period as well as an influence on the ore reserve (e.g.
through ore losses) and the properties of the final products. Thus, e.g.,
different mining methods cause different ore losses which not only influ-
ence the ore reserve but also the properties of the final products, as the
ore losses are often incurred in certain limited parts of the deposit (which
influences the output if the deposit is not homogeneous), or are selective

as regards the mechanical structure of the ore (the latter being an important
aspect of the quality of the output, i.e. the final product). The problem
of technology in production is penetrated more thoroughly by Frisch (1965,
especially pp. 24~28 and 40 ff.).

The term "refinement™ is used in a wide sense, including crushing, sorting,
dressing, sintering, pelletizing, stockpiling, etc.

If the final product of a mine is one single product, the refinement level
amounts to the same as the quality of the product. Dan¢ (1966, p. 133) dis-
tinguishes between product quality from the point of view of production and
product quality from the point of view of demand. Both aspects are covered
by problems 4) and 5). Compare next page, footnote 1).

The output of the mine may, however, comprise a number of products which are
produced in the same process. The relative quantities of the different prod-
ucts can be varied, at least within certain limits. Then, according to Dang
(1966, p. 167) as well as Frisch (1965, p. 11), the case is one of joint
production.

Finally, a part of the output can be processed further, e.g. transformed in-
to pellets or sinter instead of being sold as ore. This may be considered
a case of assorted production (Frisch 1965, p. 1),

All these aspects are covered by the concept of a refinement level.
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The names of the decision variables, i.e. the variables concerning which deci-

sions are to be made, pertinent to the problems, are written in brackets. Al-
ready at this stage of the discussion it should be noted that the names refer to
single variables only in special cases. For instance, in the general case the
rate of production refers to a set of rates, i.e. one rate in each zone of a de-
posit (compare sections 11 and 1312), or even several sets, i.e. one for each de-
posit, if the mining company controls more than one deposit in which the rates

of production may be varied freely. Similarly, the other variable names may

represent sets of variables.

The decision problems of questions 3, 4, and 5 are multi-dimensional also in
other respects. According to section 11, Fig. 1:2 and Fig. 1:3, the mining lim-
its may concern the selection of an optimum combination of interdependent ore
bodies or the determination of mining limits within an ore body. Naturally, the
two problems can appear jointly in one single mine. The technology is also
multi-dimensional as it concerns decisions regarding mining methods, mining
equipment, zone sizes, plant lay-out, etc. Finally, the refinement level is a
collective notation for the number of qualitatively different final products,
their metal percentages and fragmentation, the extent to which the ore is
sintered, etc.1 .

The decision variables can be continucus as well as discontinuous. EZxamples

of the former type are the rate of production and the special case of mining
limits called the cut-off grade. Only these iwo decision variables will be for-
mally treated as continuous variables in this study. Examples of the latter
type are mining methods and the combinations of final products. Discontinuous
decision variables are formed by discrete alternatives (Ackoff 1962, p. 112).
The decision variables will be further specified as the specific decision
problems are dealt with.

1) The technology and the refinement level are interdependent as, e.g., dif-
ferent mining methods result in various properties of the output. In some
respeots it might even be stated that the one determines the other. Often
a decision concerning one variable infringes the range of possible choices
ooncerning the other. However, it appears impracticable always to fully
distinguish between the two aspects, i.e. technology and refinement level.
In such cases the decision problem can be treated as a technology problem
if the input or production side cf the problem appears most important to
the decision maker, and as a problem of refinement level if the output or
marketing side is more interesting. This does not exclude simultanecus
optimization of two or more variables which are pertinent in both cases.
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224 Decision models

Quite generally, a scientific model may be viewed as a simplified or idealized
representation of states, events, and objects1 . Problem situations have been
described in the preceding sections, situations in which decisions have to be
made. The corresponding class of models is decision models2 . & decision
model contains3 s

1) A measure of the value to the decision maker of alternative decisions (the

decipion criterion of the company, i.e. the capital value).

2) Decision variables which are controlled by the decision maker (the deci-

sion variables of the mining company).

3) Parameters, i.e. variables and constants which are not controlled by the

decision maker (e.g. the ore resources and the market situation).

4) 4 functional relationship between the decision criterion on one side, and

the decision variables and the parameters on the other.

5) Constraints or restrictions on the decision variables (e.g. available tech-
niques and that the anmial production accumulated over the production period,

equals the ore reserve).

Points 1) to 4) describe the goal function4) or the objective functionS) of the
company. Thus, the decision model consists of a goal function and a set of

restrictions.

So far only the measure of the operational goal of the company, i.e. the deci-~
sion criterion of the company, has been taken into account in the decision model.
The model contains no statement of how the company is going to apply the crite-
rion in its decisions. As the company is assumed to seek maximum value of the
measure within the given constraints, i.e. to optimize, the prccess of obtaining
the maximum should also be incorporated in order to complete the mcdel. This

form of decision model will be called an optimization mode16 .

1) The definition is essentially the same as those given by Churchman, Ackoff,
and Arnoff (1957, p. 157) and Ackoff (1962, p. 108).

2) Ackoff (1962, p. 111).

3) The exposition is an application of Ackoff's (1962, p. 111) description
of decision models.

4) A term used by Hillsten (1966, p. 1).
5) A term used by Dang (1966, p. 1).

6) An alternative goal is satisficing, i.e. attaining a satisfactory value of
the measure of the operational goal (compare the first footnote of section
222, including the reference 1o March and Simon). The corresponding form of
the decision model would be called a satisficing model.
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The optimization model is a simplified representation of the decision problem.
Approximations and omissions have been made. The actual decision situation is
represented by a decision model where it is only partially described: The de—
cision model represents a precisely defined and comgaratively simple model sit-—
(the actual decision situa-

tion), the influences of which are not taken into accountz). The same holds

1
uation which exists in an unstructured environment
true for the optimization model. Thus,

1) actual decision makers are represented by an idealized entity, i.e. the de—

3)

cision maker~’ or the mining company.

2) actual goals of the decision makers are represented by a single goal, i.e.
the operational goal4)

5)

tioned under 1) and 2) above, is represented by the parameters ’.

or to attain maximum capital value.

3) the environment’’/ of the decision model in other respects than those men—

4) the actually available alternative actions and their consequences are rep-

resented by the decision variables and the value of the goal functions).

5) the actual decision is represented by the optimum a1ternative7).

These are important weak points in the optimization models, which should be
considered when the models are constructed and applied.

1) This view on a decision model is held by Danielsson (1963, p. 46) as well
as Hillsten (1966, p. 3) and others.

2) Such influences are aspects pertaining to HSllsten's "global model" (ibid.).

3) The problem of determining who is decision maker in an organization is
treated by e.g. March and Simon (1958, pp. 112 ff.).

4) Compare section 222, It is only an assumption, not a proved fact, that the
operational goal is congsistent with the more general goal of profit maximiza-
tion. Further, the latter is not proved to be the actual goal of the
decision maker.

5) The term is Hillsten's (1966, p. 1).

6) According to the preceding discussion, and Ackoff (1962, p. 11). Further-
more, various approximations generally encountered within decision models
are discussed by Ackoff (1962, pp. 117 £f.).

7) The decision maker does not necessarily choose the optimum solution arrived
at by means of the decision model, and the application of the optimum solu-—
tion to the decision problem might deviate from the application presumed
in the model (Ackoff 1962, p. 139).
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The future is assumed to be known with certa.inty1). As this assumption is not

a very realistic one, some reasons in favour of it will be given. Thus, it is

e simplification which makes it easier to build a decision model and to find a
solution to & decision problem as it is represenied in the model. A model assum-
ing certainty is useful in the study of other aspects of the problem than those

oonnected with risk and uncertainty.

The certainty model may also be seen as a preliminary to a model where risk or
uncerteinty is taken into account. An example of this is that it can be used
in a sensitivity analysis which establishes the importance of different para-
meters with respect to the goal assumed, i.e. their influence on the capitzal

value2 +« Then it can be determined whether the certainty model combined with

a sensitivity analysis is sufficient from the point of view of the decision

3)

maker or whether a more sophisticated model is desirable™’. In the latter case

1) The problems of exploiting ore deposits are undoubtedly problems of risk or
uncertainty. The ore resources of large areas are usually not known with
certainty, and neither are those of a single deposit, although the range of
possible outcomes may not be as wide in the latter case as in the former.
The former case has been studied by e.g. Allais (1957), who treats mining
exploration in the Sahara as a problem of risk, applying the expected cap-
ital value of ore deposits as the main criterion (however, the dispersion
is also taken into a.ccount). .-The principles should be applicable to pros—
pecting for solid fuel or oil as well (ibid.). Drilling for oil has been
treated as a decision problem under risk as well as uncertainty by Grayson

(1960).

Decision problems under risk and uncertainty concerning a single ore deposit,
have been treated by e.g. Billiet (1959) and Massé (1959). Ventura (1959)
discusses and develops Billiet's model further. Their common problem is

to determine optimum rates of production, i.e. rates giving maximum expected
capital value, when the ore reserves are known as probability distributions.
Albach (1967) also treats mining problems under risk. Billiet and Massé
also examine the case of genuinely uncertain ore reserves, applying the
criterion of "minimax regret" (see e.gz. Milnor (1954) or Luce and Raiffa
(1957, pp. 280 ff.) concerning this criterion).

The ore reserve of an ore deposit is not the only parameter which is known
with some degree of uncertainty. The future market situation and, conse~
quenily, the prices or quantities sold of the final products, and the future
investment and production costs, are also elements introducing risk or
uncertainty.

2) The sensitivity analysis may be considered an experimentation on the de-
cision model., Experimentaticn as a means of determining the relevance and
the importance of variables upon one another has been discussed by e.g.
Churchman, Ackoff, and Arnoff (1957, pp. 163-164 and 577 ff.) and Ackoff
(1962, pp. 311 ££.). '

3) This is a question of economic cptimigzation, i.e. weighing the cost of an
extended analysis against the gains of better decisions. Compare e.g.
Churchman, Ackoff, and Armoff (1957, p. 106) and Ackoff (1962??
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important parameters can be detected by means of the sensitivity analysis. Thus
the interest can be focused on relevant parametiers in subsequent attempts to
improve the decision model1 .

The building of a decision model assuming certainty can also be a first step in
the construction of a decision model assuming risk. In this case probability
distributions of parameter values are introduced into the certainty model at

a subsequent stagez). Furthermore, those parts of the certainty model where
alternative actions are evaluated in terms of the capital value, are necessary
in determining conditional values, i.e. the capital values of alternative actions
if the actual values of the probability-distributed parameters were givenB).
This applies also in the case of genuine uncertainty, where alternative actions
have to be evaluated under various assumptions concerning the uncertain

4)

variable ‘.

Because of these considerations the aspects of risk and uncertainty are not
explicitly treated in this study. Instead it is observed that it should be
possible to make an extensive sensitivity analysis and to evaluate predefined
alternatives. It is assumed that this will enable each user of the models
described in this study to take the most important uncertain factors of his
special decision problem into consideration outside the models discussed. Thus,
the decision situation which has been presented in preceding sections will be
treated under the assumption of certainty. How can the corresponding optimiza-

tion model or models be comstructed, and the decision problems be solved?

1) A relevant parameter is here a variable or comstant which influences the
capital value significantly from the point of view of the decision maker.
The definition is in accordance with Ackoff's (1962, p. 311) more general
definition.

2) This approach has been used by e.g. Billiet (1959) and Massé (1959). It
should also be noted that dynamic programming (which will be used) permits
a unified approach to the cases of certainty and risk (Bellman and Dreyfus
1962, p. 43§.

3) The use of the conditional value in decisions under risk is discussed by
e.g. Schlaifer (1959, pp. 24 ff.). He also gives a more general definition
of the conditional value.

4) See e.g. Luce and Raiffa (1957, pp. 275 ff.).
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23 The purpose

The purpose of this study can now be stated. In order to solve the decision
problems stated in section 223 optimization models will be constructed and
methods to determine optimum solutions will be found, The decision criterion
is the capital value at the decision time of future payments. The rate of in-
terest is a given constant. The study will be concentrated upon the types of
ore deposits described in sections 11 and 21. The future is assumed to be known
with certainty.

The study will mainly be confined to models for optimizing the rate of produc—
tion and the cut—off grade in the single—deposit case. Hence, tiwo principal
optimization models will be constructed. Models for optimizing the other de-
cision variables will be constructed only to such an extent that this can be

done by applying the two principal optimization models or their main components.

A few characteristics of the decision situation will be varied, and the corre-
sponding adaptations of the optimization models will be discussed:

1) Decisions at a single point of time versus a series of interdependent

decisions at various points of time.

2) a single decision variable at each decision time versus simultaneous de-

cisions concerning two or more decision variables.
3) Factor and product prices comnstant versus variable over time.
4) Unlimited versus restrioted rate of expansion of the rate of production.

5) A single ore deposit versus two or more deposits.

Naturally, it is not possible to predict all decision situations which may ap-
pear in reality. Many more decision situations are met with in the mining com-
pany than those treated here. Therefore, the optimization models will not cover
all possible cases., Instead, they are intended to be examples of how specifio,
realistic, and complicated decision situations can be simplified, and the deci-
sion problems solved accordingly.

A secondary purpose is to discuss the application of the deoision models to
decision problems as seen from the point of view of the community. This aspect
will be only superficially treated, mainly by indicating disorepancies between
the points of view of the mining company and the commmunity.
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CHAPTER 3

Model building

Some problems in model building

The relation between reality and the optimization model has been discussed on a
general level in section 22. 4 model of the decision maker was combined with a
general model of the decision situation. This has resulted in an operational
goal and a measure of value consistent with the operational goal of the decision
maker., Thus the operational goal is maximum capital value and the measure is
the capital value associated with alternative actions. The general model of the
decision situation was combined with the operational goal to form the concept

of an optimization model.

The purpose of this study is to constiruct optimization models in order to solve
the decision problems stated. To achieve this it is convenient to determine a
few stages or steps which can be discussed successively. Thus the question
vwhether the optimization model can be partitioned into submodels which can be
treated separately will be examined.

After that, a few general problems regarding the optimization models must be
taken into consideration before an attempt is made to solve the actual decision
problems. A first problem is that a decision may have effects which are ex-
tended infinitely into the future. It may also have effects on the environment
of the optimization model, which are not included in the model. Thus, which
effects of a decision should be incorporated into the model must be determined.
This is the problem of the boundaries of the model.

Decisions at various points of time exert influence upon one another. A sec~
ond problem is thus to determine to what extent such interdependencies are
relevant, and should be taken into account. These are the problems of inter-
dependencies and static versus dynamic models.

A model may have to be tested. This constitutes a third problem.
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32 Submodels in the optimization models
)

An optimigation model may include submodels1 . In the present case two sets of
submodels can be distinguished. The first set consists of informal submodels
in the general model of the decision situation describing the ore deposits, the
mining operations, and the market situation. These models are called informal,
because they are not developed into internally complete, systematic descriptions
of what they represent. The models describing the ore deposits have been made
comparatively complete, though, in section 11. The models of the mining opera-
tions have also been comparatively fully treated in sections 11 and 13122 .
Otherwise the informal models are to a great extent implied in the assumptions
of the formal models discussed below.

The informal models discussed are thus conceptual intermediaries between the

formal models discussed below and reality. They can also be regarded as frag-

ments of a global model>). The structure is illustrated in Fig. 3:1.

Reality Reality Reality
Model of Model of Model of
decision mining market
maker operations situation

v v

General model of the decision situation

Optimization model l

Fig. 3:1 The informal submodels of the optimization model,

| | = Informal model [:l- Formal model

———> = Direction of influence

1) Ackoff (1962, p. 112).

2) The descriptions of the ore deposits and the mining operations are mainly
based on the author's experiences of the iron-ore mines in northern Sweden
and on an elementary mining textbook, Gruvkursen {1961).

3) HAllsten's (1966, p. 1) comcept. Compare seotiom 224.
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The second set of submodels consists of formal submodels which will be construot-
ed in this study. They are all concerned with one single ore deposit, and in
order to treat more than one deposit a combination of one-deposit models will

be used. The formal submodels for one deposit comprise an ore-reserve model,

a set of ent models, and a capital-value model. The ore-reserve model ex-

presses the ore reserve as a function of one of the decision variables, namely
the cut-off grade or the average grade of the ore1). The set of payment models
expresses §ayments at any given point of time as functions of certain decision

variab1952 and parameters (the payment functions). The assumptions of the ore-

reserve model and the payment models are derived from the general model of the
decision situation and its submodels. The ore-reserve model and the payment
models are submodels in the capital-value model which expresses the capital
value of an ore deposit as a function of decision variables and the ore re-—
serve. The values of the decision variables are assumed to be given. The
model is subject to further assumptions derived from the general model of the

decision situation and its submodels, especially the ore-reserve restriction,

i.e. that the annual production accumulated over the production period, must

equal the ore reserve,

Reality Reality Reality
¥odel of
decision .
maker General model of the decision situatlonf—
£
(]
o’&oe 060'10 l l
oL 2 % Payment . |Ore-reserve
45x° models model
Goal
Capital-value /

Opss model
L Py 5
on ic—
Optimization Restric
model tions

Fig, 3:2 The formal submodels of the optimization model.
Legends See Fig. 311.

1) Compare Fig. 1:3.

2) The identity of the variables is irrelevant for the moment. They are dis—
cussed below and in section 4 of Appendix D.
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In the special case vwhere only one ore deposit is taken into consideration, the
capital-value model also contains the goal function of the optimization models.
In other cases the capital-value models of the relevant deposits have to be com-
bined. This will be discuss;d in Chapter 7., Until then it will be assumed that
the mining company is concerned with only one ore deposit. The optimization may
be subject to further restrictions.

The structure of formal submodels is illustrated in Fig. 3:2,

Boundaries of an optimization model

Boundaries and assumptions

Each alternative action in a decision situation is characterized by its effect
on the situation of the decision maker. Ideally, all effects should be taken
into account in the optimization model. However, the model is a simplifica~
tion, and only a selected set of effects is included. This has already been
discussed in section 224, The simplifications determine the boundaries of the
model1 . Thus the boundaries of the optimization model have to be defined in
various dimensions2 s such as e.g. which variables and parameters to include,
the precision in the description of relationships, and the precision in the
calculations., To the extent that these boundaries are recognized, they form
the explicit assumptions of the model. Hence the boundary problem adds a new
dimension to the discussion of formal and informal models in section 32, i.e.
there exists a set of assumptions which completely defines the formal model.
The assumptions may be implicit or explicit. This does not hold true for the

informal model.

The specific assumptions of the optimization models will be treated in connec-
tion with the actual construction of the models. Regarding these assumptions
the method used in determining the boundaries, i.e. in establishing the assump-~
tions or determining what is taken into account in the model and not, will not
be discussed further. Only the problem of defining a horizon in time will be

discussed here, as time may be considered an additional dimension in the other

1) Langholm (1960, p. 455).

2) Langholm (1960 and 1964) discusses the boundaries of decision models. He
is primarily interested in time horizons, but as a starting point he treats
the present more general delimitation problem (ibid. 1960, pp. 454-455 and
1964, pp. 12 and 18 ff.). The latter problem has also been discussed by
e.g. Danielsson (1963, pp. 46 ff.) and H&llsten (1966, pp. 1 £f.).
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assumptions, This is so because the effects of a decision have extension in
the time dimension. Furthermore, many effects extend into the infinitely dis-
tant future. For instance, an ore deposit cannot be mined again, once it has
been exhausted.

332 Time horigons
3321 Information horizon and model horizon

At the time of the decision the decision maker kmows the consequences of his de—
cision only up to a oertain future time. The latier constitutes his informa-
tion hori.zon‘l . A time horizon beyond which consequences are not taken into
account can also be determined for an optimization model. This is the model
ho:z-i.zon2 . The model horigon is sufficiently distant if the optimum decision

is independent of what happens beyond it. Langholm has derived criteria for
determining if a model horizon is sufficiently distant. A sufficient crite-
rion is tha;)the optimum decision will be thg same for all possible states at

the horizon~’/.

The choice of a model horizon will be discussed by applying a general method
introduced by Savage (1954), and used by e.g. Danielsson (1963), Hillsten (1966),
and Langholm (1960 and 1964) in their analyses of models. The method in ques—
tion is to compare conclusions (i.e., optima) obtained by means of one model with
the corresponding conclugions obtained by means of another more extensive model,
i.e. a global model, which includes that which is represented by the former

model as well as the context or environment of this moc:lel4 .

3322 The global model

Langholm (1960, p. 457) states that the model horizon is sufficiently distant
in the general case if it is moved into the infinitely distant future. This

1) Langholm (1964, p. 85). Langholm's definition is broader, but the defini-
tion given above suffices for the present discussion,

2) Langholm (1960, p. 455) and Langholm (1964, p. 19).
3) Langholm (1960, p. 458) and Langholm (1964, p. 53, 248, and 399). Other

criteria are derived. These will not be applied here, as the criterion
mentioned is simple, and yields conclusions that appear satisficing in
practice.

4) Compare Danielsson (1963, p. 88), Hillsten (1966, p. 1), and Langholm
(1960, p. 455).
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is consequently assumed to be the case in the global model which will be dis—
cussed first. Smaller models with closer horizens will then be examined in
order to establish whether the alternative horizons are sufficiently distant
or not,

The ore deposit is mined during its production period. A certain part of the
deposit is mined during the production period of the part in question. Only
such parts of an ore deposit are discussed, which are mined one at a time. The
entire deposit as well as each part is mined without interruption until the
entire ore reserve of the deposit or the part of the deposit has been extraoted.
Thus, the production period is the period of time during which an ore deposit
or & certain part of it is being exploited. The production period is delimited
by the point of time when the mining of the relevant ore commences and the
point of time when the mining of the ore in question ends, Unless otherwise
stated, the production period is the production period of the entire ore de-—

posit.

The ore reserve and the payments occurring as a consequence of the exploitation
of the ore in a deposit have been assumed to be known with certainty (sections
23 and 32). The point of time when the ore reserve has been exhausted and the

wine is being closed, i.e. the end of the production period, is in important

respects an information horizon. Up to this moment the alternatives considered
are fully defined in terms of the decision variables and the interdependencies
between decisions at various points of time are determined by the ore~reserve
model, the payment models, and the ore-reserve restiriction. The paymenis are
also determined as functions of the decision variables,

In addition, it is assumed that the decision variables, i.e. the rate of pro-
duction, the average grade, etc., cease to have a direct influence upon sub-
sequent decisions and events at the end of the production period. The assump-
tion appears realistic as the ore reserve has been exhausted, the mine is closed
and the haulage and sorting plants have been dismantled, sold, or transferred

to other activities of the company, the personnel have been pensioned, dis-
missed, or transferred to other activities, etc. at this moment. The payments
incurred in these close-down activities are explicitly taken into account in

the payment functions1).

1) The close~down payments (section 1313 and section 41 of Appendix D). The
capital value of activities beyond the end of the production period are
included to a certain limited extent. This occurs, however, only if pro-
duction factors are transferred to other activities within the company
beyond the point of time mentioned. The capital values at the end of the
production period of future payments due to the factors, are then included
as "scrap values". As a consequence the information horizon is somewhat
diffuse.
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The period of time from the decision time to the end of the production period
is the remaining production period. The capital value of paymente during this
period (close-down payments included) summarizes all the relevant consequences
which occur during the period as a comsequence of the decision. This capital
value will be called the capital value of future mining. It is assumed to be
discounted to the decision time at the given constant rate of interest.

The model horizon has been assumed to be infinitely distant. Then the activ-
ities beyond the information horizon (the end of the production period) must be
explicitly taken into account in the optimization model. This can be done in
the following manner. The rate of interest is assumed to equal the opportunity
cost of money capital. Thus it is assumed that money capital can be obtained
at the given rate of interest, and that excess money capital is placed at the
given rate of interest within the model horizon1 + The capital value at the
decision time of future mining is discounted toc the information horizon. This
capital value is the amount of money capital which is to be used beyond the
information horizon. It can be calculated for all alternatives under consid-
eration, As the decision variables themselves have been assumed not to have
any influence on events beyond the information horizon, all interdependencies
between the period of time preceding the horizon and the itime succeeding it, can
be expressed in the point of time forming the information horizon and capital

values discounted to this moment.

The capital value of activities before the information horizon (the end of the
production period) is added to the capital value of those after the information
horizon, all values being discounted to the information horizon. The sum of
the capital values can then be discounted to some other common point of time,
if desired. This is the optimization criterion of the global model used in

evaluating smaller models with closer model horigzonms.

Alternative model horizons

Decision models with closer horizons will be compared with the global model.
It is first assumed that the model horizon of the smaller model is the in~

formation horizon in the alternmative giving the longest production period, i.e.

1) The assumptions are implicit in the use of a fixed rate of interest. See
e.g. Johansson (1961, p. 14).
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the most distant information horizon. The alternatives are those considered
at the decision time. In all other altermatives the information horizon is
closer. The activities in the time period between the information horizon and
the model horizon, are in these alternatives assumed to give the capital-value
increment O, The capital values of the alternatives discounted to the model
horigon are then obtained by multiplying their capital values at the decision
time by a constant1 which is equal for all alternatives. Thus, the amount of
money capital which is to be used beyond the model horizon, is proportional to
the capital values at the decision time of future mining in the alternatives
considered. This relationship is the only route through which decisions before
the model horizon can influence the activities beyond the horizon.

The activities beyond the fixed model horizon give a capital~value increment.
The incremental capital value can equal O or either be positive or negative.

It is not taken into account in the smaller model. In the global model, how-
ever, it is added to the capital calue of future mining, as seen from the de-
cision time, discounted to the model horizon of the smaller model, i.e. it is
added to the available money capital. Hence, in principle it affects the de-
cision. It has been stated that the activities beyond the model horizon and
consequently also the incremental capital value, are influenced by the decision
only through the available money capital. If it is assumed that the incre-
mental capital value increases, does not change, or decreases by less than one
monetary unit for each additional monetary unit available at the model horizon,
the sum of the available money capital and the incremental capital value in-

creases. The sum decreases if the available money capital decreases.

The available money capital is the capital value at the decision time of future
mining discounted to the model horizon. The sum of the capital values of the
activities before and after the model horizon increases, on the assumptions
made above, if the available money capital increases. Viewed from the decision
time this signifies that the capital value of future mining and succeeding
activities increases if the capital value of future mining increases, and de-
creagses if the capital value of future mining decreases. The former capital
value is the criterion of the global model. The latter capital value is the
criterion of the smaller model, i.e. if the model horizon is the most distant

information horizon among the alternatives considered.

1) The compound amount factor for the period between the decision time and
the model horizon.
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The conclusion is thus that the optimal decision is found to be the same if the
model horigon is placed at the most distant information horizon as if it is
placed at a point infinitely distant in the future. The optimal decision is
the same for all possible states at the closer model horizon on the assumptions
specified above. Thus the closer model horizon discussed is sufficiently dis-
tant according to Langholm's criterion which was described in section 3321,

4 second aliernative model horizon can be discussed in the following way. The
aotivities during the time between the information horizon and the model hori-
zon have been assumed to yield an incremental capital value of O. Hence, the
capital value at the decision time, determined according to the previous model,
does not change in any of the alternatives considered if the model horizon is
put equal to the information horizon, i.e. if the model horizon is placed at the
end of the production period of the ore deposit, instead of being fixed to the
given point of time defining the previously discussed model horizon. The capital
value discounted to the fixed point of time does not ohange either. On the
assumptions given the end of the production period is consequently also a
sufficiently distant model horigon.

4 third model horizon to investigate is that determined as a fixed point of
time preceding the most distant information horizon. In this case it is ap-
parent that for the alternatives resuliing in longer production periods some
ore is left at the model horizon. The mining of this ore comes as a direct
continmuation of the activities before the model horizon1). Production factors
obtained before the horizon, mining limits before the horigon, etc. may be of
immediate importance to the activities beyond the model horizon.

If the model horigon is defined as for the present the ore-reserve restriction
will not be effeotive in some of the alternatives considered. In other alter-
natives the restriction will be effective. The variations in the length of
the production period will also be taken into account only partially. Thus,
the optimigation is made in such a way that the influence of the alternatives

1) In some special cases independence between activities before and after the
model horizon (except for the available money capital and the incremental
capital value obtained bty means of the former) can be assumed, although the
ore deposit is not exhausted at the model horizon. For example, the legal
rights to the deposit may end at a given point of time, and they may be
impossible to renew. From the point of view of the mining company this
time determines the ore reserve. The point of time in question is then a
sufficiently distant model horizon under the same conditions as those
making the end of the production period a sufficiently distant model horizon.
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on these factors are only partially taken into account. In the alternatives
where the model horigon is closer than the information horizon this implies
that the size of the ore reserve is unlimited as viewed within the time limit
drawn by the model horigon.

If the ore reserve is coneidered infinitely large, as above, and thus inex-
haustible, the optimum value of a decision variable is that which gives maximum
capital value at the decision time of the activities before the infinitely dis-
tant model horizon. Assuming the same rate of interest, the anmity of the cap-
ital value calculated over the time between the deoision and the horizon, has
its maximum for the same value of the deoision variable. Observing this, some
consequences of the fixed model horigon in question can be deduoced from some v
examples treated in the literature. They regard the optimum rate of productio 1
and the optimum mining 1imit2). In the examples the ohange of the model horigon
from the end of the production period to the closer fixed date resulted in a
higher rate of production3 and a less extensive mining limit, i.e. a shorter
production period. The conditions were not changed in other respects than those
regarding the model horizon.

The conclugion is that the optimum is affeoted by the change to the third, closer,
model horizon as the effects in the period of time between the second and the

third horizon are not taken into account4), e.g. the effect that the length of

1) Gray (1913, pp. 473 and 475) and Carlisle (1954, p. 601). The rate of pro—
diction giving maximum annual profit is larger than that giving maximum cap-
ital value of the (remaining) ore. Thus, the anmuity being a measure of
anmual profit, the fixed horizon in question implies a larger optimum rate
of production.

2) Carlisle (1954, p. 606). The "level of recovery” giving maximum annual
profit is less extensive than that giving maximum capital value of the {re—
maining) ore. Thus the closer horizon implies a less extensive mining limit
(i.e. a higher average grade of the ore mined).

3) An illustration of this is also easily made by means of the example in sec-
tions 121-123 where the rate of production, according to Massé (1959, p.
350), is proportional to the ore reserve., If the ore reserve is not a
restriction it is infinite from the point of view of the model, which would
imply a rate of production approaching infinity.

4) The second model horigon was sufficiently distant on the assumptions given.
It is used here as a bagis of comparison instead of the global model. 1In
other words, the model having the second model horizon is a global model in
comparison with the model having the third model horizon.
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the production period is influenced. Consequently, a model horizon determined
as a fixed point of time which precedes the information horizon, is not suffi-
ciently distant for the main body of the decision problems atudied1) (compare
section 223).

A fourth horizon may be considered, where the horizon is the end of the produc—
tion period of a part of the ore deposit, e.g. a zone. This means apparently
that the size of the ore reserve is more or less arbitrarily determined. Con-
sidering Massé's conclusions (see section 124) this is equivalent to determining
an arbitrary rate of production. In general this horizon would mean that the
effects of decisions concerning the current zone on succeeding zones, are neg-—
lected. Thus e.g. the effects of the alternatives considered, which occur at
the end of the production period of the deposit, are erroneously referred to
the end of the production period of the part of the deposit. A change in the
length of the production period is in itself such an effect. Optimizations of
decisions which affect the production period are then dependent on the deter—
mination of this type of horizon. The conclusion is again that the horizon
discussed here is not sufficiently distant for this study2 .

3324 A sufficient model horizon

In summary it can be concluded that a model horizon coinciding with the end of
the production period of the ore deposit is the closest horizon which is suf-

1) To make decisions giving maximum annuity of the capital value at the decision
time, when the anmuity is calculated over the production period of an ore
deposit containing a limited ore reserve, would yield similar nonoptimal de-
cisions concerning identical decision problems. The reason is that the
annuity criterion would imply a series of successively mined identical ore
deposits, which would extend infinitely into the future. This would also
imply an infinite ore reserve. The case can be compared with the chain of
identical machine replacements treated in the traditional investment theory,
e.g. by Preinreich (1940, p. 19), where the anmuity of the capital value of
the single project, calculated over the service life of the latter, is the
criterion in determining the optimum chain of identical projects. The rate
of interest being a given constant, this criterion is equivalent to the crite-
rion of the capital value of the infinite replacement chain as the latter is
obtained by multiplying the single-project capital value by the anmuiiy factor
divided by the constant rate of interest. The capital value of the infinite
chain is used as the criterion by e.g. Schneider (1944, p. 84), Churchman,
Ackoff, and Arnoff (1957, p. 485), and Massé (1959, p. 60).

2) An example of this case has previously been presented by the author (Norén
1967, Appendix 1). It clearly shows that the optimum strongly depends on
the size of the arbitrarily selected part of the ore deposit (ibid. p. 1:24).
However, it should be noted that the analysis is incomplete there, as only
a special case has been treated, i.e. the value of the decision variable was
assumed to be constant over the entire period considered.
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ficiently distant according to the criterion stated in section 3321, The con-

clusion rests on some assumptions:

1) The decision variables cease to have a direct influence upon subsequent de-
cisions and evenis at the end of the production period.

2) Activities between the end of the production period in the general case and
the end of the production period in the altermative resulting in the longest
production period among all considered altermatives, yield an incremental
capital value of O,

3) The capital value of activiiies beyond the most distant end of a production
poriod (the same as in 2) above) increases, does not change, or decreases by
less than one monetary unit if, at the point of time in question, one more
monetary unit is placed in the aotivities after that time.

4) There is no time limit imposed on the mining compeny for the exploitation
of the ore deposit.

The first assumption is a natural consequence of the fact that mines are usually
abandoned when they have been exhausted. The second means that the capital in-
vested1) is placed at the given rate of interest during the period of time ad-
jacent to the period during which the consequences of the decisions have been
assumed to be known. The third means that beyond the most distant model horizon
marginal amounts invested may yield any return as long as it is better than if
the marginal amount wes given away or lost., The assumpiions do not appear very
restrictive from s practical point of view. The second assumption might be the
most difficult one as it presupposes some precise knowledge of a time beyond the
end of the production period of the ore deposit. If the fourth assumption is
not fulfilled a fixed model horizon should be determined, which equals the time
1limit imposed.

The horizon discussed at present will be used in the models comstructed in this
study as it appears to be sufficiently distant to yield dependable optima at the
geme time as it is a natural information horizon. The optimization criterion

can thus be defined more precisely as the capital value at the decision time of

the ore deposit if the ore deposit is not yet being mined at the decision time,
and the capital value at the decision time of remaining ore if the ore deposit

is being mined. The two capital values are collectively named the capital value

1) The capital value of remaining ore at the decision time discounted to the
model horizon.
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of future minigg. The word "future" refers to the time after the decision time.
The ocapital value is discounted to the decision time if no other date is indi-
cated.

The horigzon chosen is implied in several optimization models presented in the
literature, e.g. Gray (1913), Hotelling (1931), Carlisle (1954), Billiet (1959),
Massé (1959), and Henning (1963). Thus, the choice is very traditionmal.

It should be observed, however, that in special cases where the effects on the
length of the production period and where other long-run effects after a given
point of time, are not relevant for the decision, a closer horizon is appro-
priate. For example, the mining company may have obtained only a temporary
legal right to exploit the deposit. Then a fixed model horizon is determined
by this-fact. The case of a fixed model horizon has been studied by Albach
(1967).

The model horizon varies beiween alternative decisions considered at the same
decision time, This is the case also in traditional investment theory if non-
repetitive investment projects1) with different service lives constitute the
available alternatives. The model horizon is then the end of the service life
of the project. The decision criterion is the capital value of payments during
this period>’.

The model horizon coincides with the information horizon. It cannot be moved
closer to the decision time without a considerable risk of errors. However,
the future is known in less detail the more distant it is. BEven if this is
theoretically in conflict with the assumption that the future is kmown with
certainty, it is a practically relevant observation. Thus, there is reason to
consider how less detailed information concerning the more distant future can
be introduced into the certainty model. The information horizon is thus re-
solved into subhorizons which are different for various types of information.
These will be called data horizons.

1) Including projects involving a finite number of repetitions of an investment,
which have been treated by e.g. Preinreich (1940, pp. 15-16) and Schneider
(1944, pp. 83-84).

2) The case has been ireated by e.g. Preinreich (1940, pp. 12-15), Schneider
(1944, pp. 74-83), Massé (1959, pp. 41-57) and Johansson (1961, pp. 16-22).
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3325 Data horizons

The information horizon has been based on the technology of mining, i.e. it has
been defined as the end of the production period of the ore deposit or the mo—
ment when the mine is finally closed due to the fact that the ore reserve is

exhausted. However, as the ore reserve is an economic concept (section 21) the

information horizon is not independent of economic facts and considerations.

The economic data used in the optimization model are the rate of interest which
has been assumed to be a given constant and the coefficients of the payment
functions. The coefficients1) determining the functions include factor and pro-
duct prices as well as factor quantities. Thus, again there is no definite

limit between economic and technological assumptions,

A practical problem is to find coefficients of the payment functions, which
cover the period from time zero to the information and model horizon. These
horizons are variables in the optimization models, which depend on the values
of the decision variables. Thus, the coefficients of the payment functions must
cover an indefinite period. To simplify the model it is assumed that the coef-
ficients are known for all future occasions. Then infinity constitutes a most
distant data horigon, i.e. the infinity data horizon, but only data concerning

the time up to the model horizon are relevant for the model.

It is assumed that the information concerning the coefficients of the payment
functions is successively less detailed for increasingly distant future times.
Three periods with different degrees of detailed knowledge will be distinguished
in the optimigation models proposed in this study. The most detailed informa-—
tion is available for the first period which begins at time zero and ends at a
point of time which will be called the data subhorizon. The data subhorizon is
the end of a calendar year. Within the period all coefficients must be deter—
mined individually for each calendar year separately. The coeffioients of
years 1 and 2 form the basis for the estimates of the coefficients. Those of
the sucoeeding years up to the data subhorizon are also estimated individually,
which assumes the same very high level of information as for years 1 and 2, The
data subhorizon may occur at different times for differemt payment funotions,
i.e. for different types of payments. Thus, there exisis a set of data sub-

1) These coefficients are also called parameters in the computer programs
(compare PAR(JD,LT) in Appendix C).
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horizons, which consists of one horizon for each payment function. The deter-
mination of the aotual dates of the data subhorizons is a part of the process

of determining the coefficients themselves.

As the information becomes successively more difficult to obtain, the individ-
ual estimates are replaced by estimates of price-index numbers, one for each
calendar year and payment function1 . The other oocefficients are then kept un-
changed from one year to another. The step from individual annual estimates of
all coefficients determining a certain payment function to annual estimates of
index numbers, is taken at the data subhorizon. Index numbers are specified
annually up to a data horizon which is the end of the last calendar year for
which such index numbers are obtained. The data horizon is equal for all pay-
ment functions. The period between a data subhorizon and the data horizon
forms a second period for which the information concerning the coefficients is
less detailed than for the first period, i.e. for the time preceding the data
subhorigon.

A third period for which the information is still less detailed begins at the
data horizon and extends to the infinity data horizon. For this period it is
assumed that the coefficients, including the price-index numbers, of the data-

horizon year form the best available estimate.

The data horizon and subhorizons have been established as a result of the de-
crease in knowledge as the distance in time between a decision and its conse-
quences increases. The long-range forecast is assumed to be less detailed than
the shori-range forecast. The data horizon and subhorizons can also be deter—
mined from another point of view, namely the degree of approximation in the
optima obtained, which the decision maker desires. Closer data horizons may be
accepted for a rough estimate than for a more exact one. To what extent a given
set of data horizons resulis in erroneous suboptimizations depends on circum-
stances in the particular cases, e.g. the rate of interest, the alternatives
available, the values of parameters and coefficients in the optimization model,
etc. For this reason the problem will not be treated here. The data horizons

are instead regarded as factors to be examined in a sensitivity analysis.

1) Compare sections 42 to 49 of Appendix D.
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34 Interdependencies and static versus dynamic optimization models

i

Static versus dynamic optimization models

Statics is usually opposed to dynamics in economic theory, but the meaning of
the terms is not unanimously agreed on. Baumol (1959, pp. 3 ff.) surveys a num
ber of definitions used in various contexts, The distinction between economic
dynamics and statics is in his own definitions that economic phenomena are
studied in relation to preceding and succeeding events in the former case but
not in the latter1 . Comparative statics is an application of economic statics,
vhich lies between statics and dynamics. Here, the situation immediately before
a change in one or more of the conditions determining the situation, is compared
with the situation immediately after the changez). A form of dynamic analysis
is period analysis, where the events of one period of time are explained by
events in preceding periods, external changes being allowed for3). The lengths
of the periods are defined by the requirement that they must be so short that
the plans existing at the beginning of a period are not changed during the
period4 . A period analysis comprising only one period is a special case, where
the analysis is static in the sense defined above.

The principal ideas in the period analysis are useful in formalizing the dis-
cuseion of the decision problems of this study. If committingj) decisions con-
cerning all relevant decision variables are made at one single point of time,
the analysis of the decision problems is static as only one period of time is
involved. The length of the period is the time elapsed between the decision
time and the model horigon, i.e. the remaining production period6 . The cor-

responding optimization model is a static optimization model. It is charac-

terized by having only one decision time explicitly taken into account.

1) Baumol (1959, pp. 4~5).

2) 1Ibid. pp. 4 and 118.
3) Ibid. p. 128.
4) 1Ibid. p. 134.

5) Committing is here used in the sense that a decision, by definition, binds
the decision maker to the consequences of the decision, and that the deci-
sion cannot be changed once it has been made, except by making a new deci-
sion at a later point of time. Compare e.g. Drucker (1959, p. 239).

6) Note that this period may vary as the value of the decision variable varies
(compare section 3323).
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Decisions concerning the relevant decision variables can be made at different
points of time. If the decisions are interdependent the analysis of the deci-
sion problems is dynamic, and is an instance of period analysis. The length of
the period is the interval between the decisions. Depending on the’'decision
variable examined, the length of the period may vary as the value of the deci-
sion variable varies, e.g. if the decisions are concerned with only a specific
part of the ore deposit and influence its production period1), or be a constant

number of years. The corresponding optimization model is a dynamic optimization

model. It is characterized by having more than one decision time explicitly
taken into account. The decisions at the different decision times are inter-

dependentz).

A special type of decision problem involving more than one period is that which
concerns independent decisions only. In that case the problems need not be
studied in relation to one another. They are adequately treated in separate
optimizations where a static optimization model is applied to the decision prob-

lem of each decision time.

Interdependencies between decisions have been found important in the choice of
optimization models to be built. Before they are discussed, however, a few words
will be said about dynamic programming, which is a mathematical theory especially
designed for the treatment of interdependent decisions. The theory affects the
model building.

Dynamic programming

Dynamic programming is the mathematical theory of multi-stage decision processes,
i.e. sequence of decisionsS). To a decision problem involving a sequence of de-
cisions the solution obtained is an optimal policy, i.e. a sequence of optimum
values of the decision variables4). The meaning of an optimal policy is speci-
fied through the principle of optimality which is interpreted in this study in

the following way:

1) Compare the production periods of zones and subzones discussed in Chapter 1.

2) A decision is assumed to be irrevocable in the static optimization model as
it can be changed only by making a new decision, and only one decision time
is involved. In the dynamic optimization model a decision is not irrevocable
but assumed to be committing for the time being until the end of the period,
i.e. until a new decision time has been reached.

3) Bellman (1957, p. vii).

4) 1Ibid. p. 17. Bellman also gives a more general definition (ibid. p. 82).
Note also that the set of optimum values of the decision variables does not
need to be unique (ibid. p. 85).
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1)

The initial state, i.e. the state prior to decision 1, is given. It provides

N decisions are to be made for N successive periods in the order 1, 2, ..., N.
the background of decision 1, As a result of decision 1 the state at the end

of period 1 has changed. The new state constitutes the background of decision 2.
A8 a result of this decision a new state is obtained at the end of period 2,
which forms the background of decision 3, and so on for the whole sequence of
decisions. An optimal policy has the property that each decision is optimal
against the background formed by the state resulting from preceding decisionms,
and on the assumption that the succeeding decisions are also optimal in this
sense, i.e. the remaining decisions also form an optimal policy as seen from

the end of the current period2 .

The principle of optimality is fundamental in dynamic programming. It leads up
to a mathematical formulation of the decision problem, which is a second princi-
pal feature of dynamic programming, i.e. the recurrence relation (ibid. pp. 83
ff.). 1In order to demonstrate the latter some symbols are needed:

3)

B Capital value at the beginning of period”’ n of the activi-

ties during the periods n, n+l1, n+2, ..., N.

B! Capital value at the beginning of period n of the activities
during the period as a function of the state at the beginning
of the period and the relevant decision variable (Qn), the
value of which is determined through a decision at the be-
ginning of the period. B'n is independent of Qi for

i=n+1, n+2,...,N.
e Base of natural logarithm.
-j.q;

e Present-value factor for 'rn years at the continuous rate of

interest j.

1) Period as defined in section 341, i.e. the interval between decisions, thus
a period of time during which the plans existing at the beginning of the
period are not changed.

2) This should be compared with Bellman's (1957, p. 83) definition of the prin-
ciple of optimality, where only the step from the initial state to the state
at the end of the first period and the intermediate first decision, are ex-
plicitly treated (although it is prescribed that the remaining decisions must
form an optimal policy). The objective of his analysis is to determine an
optimal policy in the sense that it gives maximum N-stage (N-period) return
(ibid. pp. 7 and 84). Then dynamic programming can be applied to other
problems involving interdependent decisions than the problems involving
period analysis discussed above (ibid. p. xi). The difference will be dis~
cussed later.

3) Note that the subscripts of the zones are designated by n and N elsewhere in
this study. They can be interpreted as periods. Thus the common notation.



83 342

j Continuous rate of interest (100-j %).
:aximun Bn Capital value Bn if the values of Qn’ Qn+1’ ceny QN
n...N constitute an optimal policy.
N Total number of periods. The periods appear in the order
1, 2, ..., N,
Q, Decision variable (e.g. rate of production) in period n.
'I‘n Length of period n.

The decision problems of this study can then be formulated as in the following
example where only one decision variable is determined at each decision time,
i.e. at the beginning of each period. The optimization model is then the follow-
ing recurrence relation:

-j+ T

Maximum B = B' +Maxioum B ,-e n (3.1

Q

n...N n+l...N

where n=1,2,...,N and B, .=0.

N+1
Other restrictions determine 'Pn and influence B'n but these need not be dis-

cussed at the present moment (see e.g. section 32).

To suit this optimization model the capital-value model is also written as a
recurrence relation. Thus, for n=1,2,...,N:

_3.1}
= ' -
Bi B i+Bi+1 e (3.2)

where i=n,n+1,...,N and BN+1=0'
Other restrictions exist, but need not be discussed here.

The principle of optimality and the recurrence relations are used in determining
optimum decisions at each decision time, i.e. at the beginning of each period.
This is not always the same as to determine the combination of decisions which
leads t0o maximum capital value at the beginning of the first period. The opti-
mization problem can instead be formulated thus: Determine the combination of
decisions which leads to maximum capital value at the beginning of the first
period, subject to the restriction that each subsequent decision is optimal from
the point of view of the current decision time. The restriction means that the
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second and following decisions shall be a combination leading to maximum capital
value at the beginning of the second period (the first decision being given),
subjeot to the restriction in question, that the third and following decisions
shall be a combination leading to maximum capital value at the beginning of the
third period (the first two decisions being given), subject to the restriction,
etc. The restriction will be referred to as the restriction in the principle

of optimality.

There is often no conflict between the optimization subject to the restriction
described and an optimization without the restriction, i.e. to determine the
oombination of decisions giving maximum capital value at the beginning of the
first period. The restriction exerts influence only where the optimum decision
for a period n, as determined at the beginning of period n, differs from the
optimum decision for period n in conjunction with decisions for preceding peri-
ods, the combined optimum being determined at the beginning of a period preced-
ing n. Such a situation is conceivable, however, and an example will be given,
although it might seem to be somewhat farfetched1). An optimization regarding
two periods n=N and n=N-1, is considered. The length of each period, i.e. 'Pn,
is a decision variable at each decision time Tn’ i.e., the beginning of each
period. Hence, the decision times Ti for i=n+1,nm¥2,...,N are variables too,
which depend on the decision at time Tn' Paymenis for reinvestments and other
costs for maintaining equipment in a useful condition (in short, reinvestments)
are important for the decisions. The equipment is assumed not to need any re-

investments during the last years before time T 10 i.e. the end of period N.

N+
No adverse effects are expected from stopping the reinvestments during these

years.

In the planning of the mining company it is assumed that a specific reinvest-
ment policy is adopted: At any decision time the company cannot count on more
than five years without reinvestiments. The time for stopping reinvestments is

determined at the beginning of the period during which the five-year limit is

1) The example is obtained as a result of a simplification made concerning the
reinvestments in the mining company in the payment models of section 44 in
Appendix D. There it is assumed that the reinvestments decrease linearly
with the remaining production period after a point of time when the remain-
ing production period has reached a certain given value (021 a)- If less
than ¢21,a years remain at a given decision time, the remaining production
period can be varied freely, but the effect of such variations on reinvest-
ments made before the current decision time, is ignored. Thus, the discus-
sion of the example is also a discussion of assumptions and consequences of
the simplification. The simplification might be inconsistent with rational
decision making, and be an impracticable policy, but these aspects will be
neglected here.
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reached. If less than five years remain to time TN+1’ a decision increasing
the number of the remaining reinvestment-free years up to five years is accept-
ed although the decision might increase the total number above five. In addi-
tion it is assumed that TN—1< (TN+1-5)< TN' The recurrence relation is applied,

which gives the situation shown in Fig. 3:3 (rate of interest 0%)

MKR AB MKR/A\ Reinvest-
year{ ments

12 4----2 Ty 5 years

| r___/\___ﬁ
10 + /;\ 1

|

—

f '
IR 4] : :
[~ "7 777 1
T e I ] |
4 4 \ : 2 +—=-~- —' :
t 1
27T o ! T [ s
o o Ty o L/t . . — Tige
L T T T T T 7 / T T I T 1 T T T |
1 2 3 4 5 6 Years Ty-1 Bl TN+1
Fig. 3:3 Capital values at de- Fig. 3:4 Decision times and reinvestment
cision times TN—1 and policy according to the optima

TN as functions of TN_1 obtained from Fig. 3:3.

and TN’ respectively.
Max BN==8.
N

The optimum decision at time T, is to make TN=4 years. Reinvestments are not

N
made during this period. One reinvesiment-free year remains for period N-1.

The optimum decision at time T is to make TN_1=3 years. At the same time

N-1
it is determined that reinvestments should be made during the first two years

only. The decisions are illustrated in Fig., 3:4.

The situation will change if all decisions are assumed to be made simultaneously
N-1" It can be decided that ’I‘ﬁr}, which decreases BN by 1 MKR (Fig.
3:3). However, this also makes it possible to decide that the reinvestments

at time T

should be stopped one year earlier. According to Fig. 3:4 the reinvesiments
amount to 2 MKR/year. If it is assumed that no other effectis will occur, the
: R . ' .
result is an increase in B Ne1? and thus also in BN—
BN—1 increases by 2-1=1 MKR to 13 MKR owing to the changes in comparison with

19 by 2 MKR. Consequently,
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the optimum of Fig. 3:4, Similar conclusions can be reached making other as-—
sumptions concerning the reinvestments, e.g. that they are being stepped down
successively during the given number of years according to some givén rule,
instead of being stopped altogether.

A combination of values of the decision variables can thus be found, which
yields a higher capital value at the beginning of period N-1 than do the opti-
mum decisions at each separate decision time according to the recurrence rela—
tion. In spite of this the latter optimum is preferred in the optimization
model because a deviation from it would imply that the decision maker acting at

time T would make the decision for the decision maker aoting at time TN’ and

N-1
have some means of enforcing his decision. This is assumed not to be the case.

A fundamental assumption for the principle of optimality in period analysis, as
it is formulated here, can be stated against the background of the preceding
discussion. A decision maker optimizes his decisions as the decision problems
present themselves at the decision time on the assumption that future decision
makers will do likewise, He does not consider what would have been better for
a preceding decision maker if the latter could have trusted him to act in his

favour ‘.

The solution to the dynamic problem posed can be obtained by successive approxi-
mations as described by Bellman (1957, pp. 9 and 88-89), observing the implica-
tions of the interpretation of the principle of optimality. The first step,
i.e. the initial approximation, is to determine the optimum decision in period N
as a function of the variables defining the state at the beginning of period N
(time TN):

Maximum By=B'y (3.3)

U

The second step is to determine the optimum decisions in the periods N-1 and N
as a function of the variables defining the state at the beginning of period

N-1 (time TN—1)’ As the latter variables, together with QN—1’ determine the

1) 1t follows that the dynamic programming formulation discussed here is not
applicable in determining optimum values of decision variables which are
determined simultaneously, i.e. at one single decision time. In this case
the values of the decision variables giving the maximum capital value at
time T, are desired.
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state at time TN’ the optimum value of QN is determined through the first steps

i.e. through (3.3). Thus, the result of the first step is used in the second ' :
. . -3+ Ty

Maximum By ,=B'\, ,+Maximum By-e (3.4)

Ui,y b

The third step is to determine the optimum decisions in the periods N-2, N-1,
and N as a function of the variables defining the state at the beginning of

period N-2 (time Ty ).
to determine optima in the succeeding periods, i.e. optimum values of QN—1 and

As in step two the result of the preceding step is used

QN' A fourth, a fifth, etc, step are taken similarly, the recurrence relation
(3.1) being the general form of the functional relations (3.3) and (3.4), until
the N:th step.

In the N:th step the state at the beginning of the period (time T1) is given
(see above). Hence, the optimal policy is determined when the optimum decision
in period 1, i.e. the optimum value of Q1, has been determined for this state.
As before the result of the preceding step, i.e. step N-1, is used to determine

optima in the succeeding periods, i.e. the optimum values of Q2, QB’ cesy QN'

Interdependencies in the general model of the decision problem

Two types of interdependencies between decision variables have been mentioned:
those between simultaneously determined variables and those between decisions

at different points of time. Both types appear together in the decision prob-
lems ireated in this study. The interdependencies are numerous and complicated.
They vary in form and importance from one deposit to another. For these reasons
it would be impracticable to give a complete description of all conceivable in-

terdependencies. Thus, only some examples will be discussed in this exposition.

A variable can influence another variable directly or indirectly. Direct in-
fluence occurs where the value of one variable affects the value of the other

1) The reformulation of the principle of optimality implies that the term
~j M
Maximum B“-e and the corresponding term in the more general formula-

N

tion (3.1) are not necessarily absolute maxima. They are restricted maxima
which merely indicate the capital values of activities after times T, and
Tn+1’ respectively, .if the decisions at these points of time are 0p¥imal.
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without intermediate optimizations, e.g. as the rate of production influences
payments received for products sold or the length of the production period.
Indirect influence occurs where the value of one variable influences the value
of another as a consequence of intermediate optimizations, e.g. where the prices
of the final products influence the optimum rate of production or the remaining
ore reserve influences the optimum mining limit, the optimum rate of production,
etc, The direct influences form the structure of the capital-value model and

the restrictions on the optimization.

Simultaneous decisions concerning different decision variables are to a great
extent interdependent. For instance, the mining limit directly influences the
size of the ore reserve., At the same time the optimum mining limit may be in-
directly influenced by the remaining production period at the decision time,
vwhich depends on the remaining ore reserve1 . Another example is that for a
given ore reserve the production period is determined by the rate of production.
The optimum rate of production is indirectly influenced by the size of the ore
reserve2 and occasionally by the production period3 . The payments are di-
rectly influenced by all decision variables. At the same time the optima are
indirectly influenced by the payment functions, i.e. the payments. The above
examples and further relations are illustrated in Fig. 3:5. Compare also sec-—

tion 223, where interdependencies are discussed in footnotes to points 4) and 5).

Direct interdependencies between decisions at different times are to a great

extent a result of the technology of the ore-extraction process. Production

4)

capacity '/ obtained after a decision in one period remains available for utili-

zation in subsequent periods in so far as it is not confined to a single periods.
In order to change the capacity, costs (investments) are incurred. The mining

1)} The influence of the remaining production period on the optimum mining limit
is shown by e.g. Henning (1963, p. 57).

2) Massé (1959, p. 350). Compare section 124.
3) Hotelling (1931, p. 164), especially in cases with small fixed investments.

4) The measure of capaciiy used in this study is the anmual rate of production.
The maximum rate, or the capacity, is here defined as a long-range average
rate where certain variations in the utilization of the fixed factors of
production, are smoothed out. The variations smoothed out are those caused
by circumstances which are not conirolled by the decision maker, i.e. cir-
cumstances not constituting decision variables in the optimization models.
For a discussion of fixed production factors and capacity see e.g. Frisch
(1965, p. 15) and Dang (1966, pp. 8 £f.).

S) An example of production factors used only during one period are those ob—
tained in connection with the zone investments (section 1312).
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Fig. 3:5 Some of the most important interrelations between different
variables determined simmltaneously.
—> Direct influence —— — — 3 Indirect influence

limits may determine the utilization of certain plant or the shape of a main
haulage level, etc. Thus, in order to change a mining limit, investments might
be necessary to adapt the mine. The technology chosen and the refinement level
can also often be changed if certain investments are made. Consequently, de-
cisions at one time directly influence payments in later periods when changes
are to be made. Furthermore, the remaining ore reserve is at any time directly
influenced by the rates of production and the mining limits in all preceding

periods, and by the mining limits in all subsequent periods.

Indirectly, by itself and by way of its direct influence on the remaining pro-
duction period, the remaining ore reserve influences the optimum values of the
decision variables. Algo, the payments exert indirect influence upon the optima
(Fig. 3.5). These indirect influences lead to indirect influences over time.

For example, the choice of a rate of production during one period (the original

1) Only certain technological decisions influence the ore reserve directly.
See e.g. the discussion of ore losses in section 21 and the footnote to
point 4 in section 223.
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deoision) direotly influences future payments (for changing the rate of produc-
tion) which indirectly influence the opiimum rates of future periods. The lat—
ter, again, indirectly influence the remaining production period at the original

decision time, thus indirectly influencing the original decision.

Similar chains of interdependencies could be described for most decision varia-
bles and combinations of decision variables. Instead of this, however, simpli-
fied assumptions concerning the interdependencies will be discussed in order tc
make the decision problems manageable. It is apparent, however, that the deci-
sion problems discussed in this study involve interdependent decisions at dif-
ferent decision times. Hence a dynamic optimization model is relevant (section

341), and the theory of dynamic programming is applicable (section 342).

Decigions and interdependencies in the dynamic optimization models

Elimination of simultaneous decisions

Two factors of importance in determining which interdependencies should be
taken into account and how this should be done can be deduced from the discus-
sion in the previous sections, namely the decision variables determined siml-
taneously, i.e. at the same decision time, and when decisions are made, i.e.
the decision times themselves or, in the vocabulary of period analysis, the
length of the periods. Regarding the first factor it is assumed that only one
decision problem exists so that only one decision variable has tc be determined
for each period. The problem of simultaneous decisions will then be reopened
at a later stage of the discussion. Thus, optimization models will be construct-
ed on the assumption that all decision problems except one have already been
solved. The solutions assumed are incorporated into the parameters and coef-

ficients of the optimization models1 .

Rate of production and average grade as decision variables in two principal

models

The simplifying assumption leads to the problem of determining which decision
variables should be selected for explicit treatment. It has been stated

1) It has already been assumed that only one ore deposit is involved (section
32). Influences from other deposits of the mining company are consequently
not included. However, in principle such influences do not differ from
other interdependencies. They can thus be treated in the same manner.
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(section 223) that the interest was primarily to be concentrated on decision
problems influencing the size of the ore reserve and the length of the produc~
tion period. According to Fig. 3:5 the rate of production and the mining limits
are such factors. Hence a model will be constructed for optimizing the rates of
production during a set of periods. The mining limits are assumed to have been
determined beforehand. Another model will be constructed for determining the
optimum mining limits during a set of periods. There the rates of production
are assumed to have been determined in advance. In order to simplify the lat-
ter model the average grade of the ore mined will be used as a decision variable
for each period, as this is a continuous variable (section 223). The average
grade was defined in section 11 (Fig. 1:3)1 .

As another simplification the two optimization models thus constructed or the
capital-value models included in the optimization models will be used in deter-
mining the optimum values of other decision variables, including the refinement
level, other forms of mining limits than that measured in average grade (sections
11 and 14), and the technology. According to Fig. 3:5 the latter two groups of
decision problems may have a direct influence on the ore reserve. Consequently,
it is especially important that the models can be used also for these problems
without distorting the results.

Decision times

The other factor of interest in discussing interdependencies is the lengths of
the periods or the decision times (section 3441). They depend on the problem

to be solved. The model horizon determines the maximum length of a period. The
period or periods must also cover the whole of the time within the model horizon.
The technology of the mining described in sections 11 and 1311 suggests that the
production periods of the respective zones of the ore deposit are employed as
periods in the period analysis that aims at determining the optimum rates of pro-
duction. Together, the production periods of all zones form the production peri-
od of the ore deposit, the end of which constitutes the model horiszon.

1) Alternatively, the marginal grade could be used as a decision variable. A

oertain stability over time in the quality of the final products of the mine
is assumed to be desirable., For this reason it is assumed that the short-run
production planning aims at smoothing out fluctuations in the average grade
of the ore produced, so that the average grade is constant during the pro-
duction period of each subzone. The mine, the plant, etc. are assumed to be
adapted to the average grade. Then the revenues and a considerable part of
the costs of production depend more directly on the average grade than on the
marginal grade. For this reason the consequences of the decision are assumed
to be more easily described in terms of the average grade, and the latter is
selected as a decision variable.
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The period has been defined as a period of time during which the plans existing
‘at the beginning of the period are not changed (section 341), i.e. the interval
of time between decisions. If it is assumed that a change in the rate of pro-
duction is made only after a decision and that the decision is implemented with-
out loss of time, i.e. that the change occurs instantaneously at the decision
time, the plan existing at the beginning of the period must be to operate at a
constant rate during the period. Furthermore, it is assumed that the rate of
production equals the production capacity (defined in section 343)., The assump-
tion of a constant rate of production during the production period, which equals
the capacity, is reasonable against the background of Billiet's and Massé's
analysis of the static (single-period) case1 . It should be kept in mind that
this is only an assumption made to simplify the model. Billiet (ibid.) dis-
cusses the conditions which must be fulfilled if the assumption is to represent

. 2
an optimum ‘.

The periods of the optimization model used in determining optimum average grades
can be chosen in a similar way. There is, however, one important difference.

In comparison with the rate of production the average grade is often very easily
changed. Instead of investments in new machinery and equipment, minor adjust-
ments may suffice. Then the reasons for keeping the average grade constant over
long periods of time decrease in imporiance. Consequently, the lengihs of the
periods should be shorter. This is accomplished by subdividing the zones into
subzones and using the production periods of the subzcnes as periods in the

period analysis (section 11).

As a simplification it is assumed that the average grade is constant during the
period and that any change in the average grade is preceded by a decision which
is then implemented instantaneously at the decision time. Whether it is optimal
to keep the average grade constant during the production period depends on the
technological and economic conditions of each individual decision problem. 1In

some cases the average grades obtained may have to be regarded as discontinuous

1) Billiet (1959, pp. 22-24) and Massé (1959, pp. 348 ff.). See also section
12, where Massé's model and some of his conclusions are described.

2) The conditions are fulfilled in the special case discussed in section 12,
The exact formulation of the conditions will not be repeated here. It may
be enough to describe the conditions as restrictions on the variations over
time of the payments involved in the optimization model (the ore reserve of
the deposit is assumed to be constant).
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approximations of a continuously changing average grade1). On the other hand,
such conditions can also prevail that changes are not easily made. This does
not involve any special problems as the optimum decisions will then be to choose

the same average grades for two or more successive periods.

In summary, the periods of the dynamic optimization model for determining opti-

mum rates of production are the production periods of the zones. The rate of

production is constant during this period, and determined through a decision at

the beginning of the period, i.e. the decision time is the starting time of the

zone. The periods of the dynamic optimization model for determining optimum
average grades are the production periods of the subzones. The average grade
is constant during this period, and determined through a decision at the be~
ginning of the period, i.e. the decision time is the starting time of the sub-
zone. For simplicity it is also assumed that each zone is subdivided into the
same number of subgzones. It follows from the definitions that the starting
time of a zone always coincides with the starting time of a subzone (the first
subzone of the zone). It is also assumed that the partitioning of the ore
deposit into zones and subzones is given and constant. A measure of the size

of a zone or a subzone satisfying this condition will be discussed later on.

The actual decision and future decisions

Only the first decision in a sequence of decisions involved in the dynamic op-
timization model, is actually implemented. This is an important facet of all
long-range planning, which has been pointed out by e.g. Drucker (1959, p. 239),
who emphasizes that decisions are made only in the present. Other decisions are

nothing but intentions. Consequently, the actual decisions concern the rate of

production in the first zone2 considered in one model and the average grade in
the first subzone considered in the other model. If the ore deposit is not pre-

viously mined at the actual deoision time (the time of the first decision) the

actual decision conoerns the first zone or subzone, respectively, of the deposit.
If the deposit is already being mined at the actual deoision time the actual
decision concerns the next zone or subzone, respectively, for which the decision
variable is still a variable and not a constant determined in a previous deci-

sion.

1) Another approximation has previously been suggested by Hemning (1963): Anmual
decisions. A model based on this assumption has also been discussed by the
author (Norén 1967, pp. 160-173). The present approximation has been chosen
for this study because it permits a simple solution which applies in situa-
tions where decisions for the subzones are relevant as well (section 56).

2) he gzones and subgzones are mined successively in a predetermined order
(beciones and_subzongg are min nd P
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In a dynamic optimization model decisions at the beginning of each period are
optimized. All decisions except the actual decision are future decisions as
viewed from the actual decision time. The future decisions are only predictions
of what will actually be determined in the future, made in order to provide pre-~
dictions of the consequences of the actual decision when its influence on future
decisions is taken into account. Of course, as the future has been assumed to
be known with certainty, these predictions are also assumed to come true. How-
ever, if the certainty model is viewed as a simplified representation of a sit-
uation involving risk or uncertainty, no coniradiction arises if it is also
stated that when, after some time, the decisions that were originally future
decisions become actual decisions, these decisions will probably turn out to
differ from the predictions. It follows that the optimizations made in connec—
tion with the actual decision do not provide optima to be used in future deci-
sions. New optimizations have to be made then, which utilize more up-to-date

information.

However, in the discussion of the dynamic optimization models the future deci-
sions will be treated as if they were actually implemented. The first decision,
i.e. the actual decision, is assumed to be made at time zero1). The subsequent

decisions (the current decisions) are then made at the current decision times,

i.e. the starting times of new zones or subzones, respectively, depending on
whether optimum rates of production or optimum average grades are being deter-

mined.

Simplified intertemporal interdependencies

Interdependencies between simultaneous decisions have been assumed to be in-
corporated into the parameters and coefficients of the optimization models, all
decisions except one at each decision time having been assumed to be made in
advance. Also the interdependencies between decisions at different decision
times have to be simplified if the optimization models are to be reasonably

simple,

In the optimization model for determining the optimum rates of production the

decision times are the starting times of the zones. The date of the starting

1) Time zero is replaced by time 1 (the end of the first year) in the models
of the computer programs. All other decision times are consequently dated
by the actual time plus one year. This complication will not be discussed
here. Compare section 3 of Appendix D.



95 3445

time summarizes the rates of production of all previously mined zones as all
factors determining their ore reserves, e.g. the mining limits, are given and
thus also the ore reserves of the zones. For this reason and in order to take
purely temporal variations in consequences into account, the decision time it-—

self is used as one of the variables defining the intertemporal relations.

The ore reserve of each zone is given, The remaining ore reserve at any deci-
sion time is often of importance for the optimum. It is known if the subscript
number of the zone for which the optimization is currently being made (the
current zone), is known. Hence the subscript number of the current zone is used

as a variable defining intertemporal relationms.

The production capacity in works, equipment, service facilities, etc. which are
common to all zones (see sections 11 and 1312), is assumed to equal the rate of
production. The common production factors are thus assumed to be adapted to the
rate of production in the zone currently mined at any time. To achieve this, a
change in the rate of production is assumed to cause an expansion or a contrac-
tion investment (section 1312). Hence, the rate of production in the previously
mined zone defines the state of the existing common production factors at any

decision time.

In the optimization models for determining the optimum average grades a corre-
sponding trio of variables is selected, i.e. the decision time or the starting
time of the current subzone (the subzone for which the optimization is currently
being made), the subscript numbers of the current zone and subzone, and the

average grade in the previously mined subzone.

The cost of hoisting as well as other costs of mining and transporting the ore
from the working face to the surface (see Fig. 1:1) depend on the level of the
zone currently mined. For simplicity it is assumed that this dependence is a
function of the remaining ore reserve after the current zone has been exhausted1)
or the subscript number of the zone itself. Both are defined by means of the
subscript number. The latter can also be used to define other properties of the
ore deposit or the mining technology which are peculiar to individual zones.

Some related detail problems are treated in section 633 (varying ore reserve per

metre or foot vertical distance).

1) More exactly, by the cumlative equivalent ore reserve of the first subzone
of the zone mined immediately after the current zone. See RES(NS,g) in sec~

tion 222 of Appendix B and assumptions 7) and 39) (the expression z::ai) in
section 42 below. i=1
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the state at the decision time, i.e. at the starting time of the current zone or

In both models the following state va,riables1 are thus assumed to fully specify

subgone:

1) The starting time of the current zone or subzone.

2) The subscript number of the current zone and subzone. If the rate of pro-—

duction is being determined, the current subzone is always subzone 1.
3) The rate of production in the zone preceding the current zone.

4) The average grade in the subzone preceding the current subzone.

The reinvestments form a further intertemporal interdependence as they depend

on the remaining production period of the ore deposit (section 342). The rates
of production and average grades of the zones and subzones, respectively, which
are mined after the current zone or subzone, also constitute intertemporal in-
terrelations as they determine the remaining production period and the capital

value of future mining, both influencing the current optimization.

Model testing
2)

used in order to deduce which alternative from among a set of alternative actions

The dynamic optimization models are normative ’ in their uses, i.e. they are

is optimal according to some given criterion. It is not relevant to test such
a model against reality with respect to its normative functions, i.e. to compare
the prescribed behaviour with the actual behaviour of the decision maker,

The optimization models, however, also contain important elements of description
and prediction. They describe the ore deposit, the mining operations, and the
ecenomic consequences of alternative actions, The descriptions mostly refer to
future states and actions, and are then predictions. From this point of view
the models can in principle be tested. How accurately do the models describe
the situation at the actual decision time, and how accurately do the models
predict relevant future states and effects resulting from alternative actions
in the present? These two questions should be answered, but there are certain
diffioulties involved, which prevent it from being done in this study. The
models are being disocussed on a more general level, especially with regard to
their assumptions, instead of being rigorously tested.

1) Compare e.g. Bellman (1957, p. 81).
2) Normative in the sense the word is used by e.g. Ackoff (1962, p. 31).
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Some of the difficulties encountered if the models are to be tested systemati-
cally should be mentioned1). One is that the models refer to ore deposits in
general and that they in actual applications are intended to be adapted to the
specific situation, mainly by the selection of data, but also in some respects
by changes in the structure of the modelsz). Accuracy in one application is not
an indicator of accuracy in another application. A second difficulty arises as
a consequence of the distance of the model horizon. The production period of
an ore deposit is usually at least 10 to 20 years3 , and sometimes 50, or 100
years, or more. The final test of predictions cannot be made until the time for

which the prediction is made, has been reached.

Both difficulties mentioned indicate that the testing of the optimization models
preferably is postponed and made by actual users of the models4). For this
reason the discussion on a more general level mentioned above may be considered

enough for this study.

1) Methods of model testing are described and discussed by e.g. Churchman,
Ackoff, and Arnoff (1957, pp. 577 £f.) and Ackoff (1962, pp. 392 ff.).

2) Compare section 1313.

3) Allais (1957, pp. 292 and 321) uses 25 years as a normal minimum production
period.

4) A sensitivity analysis can be used to locate crucial points in the model,
thus reducing the drawbacks of not having a well-tested model. It can also
be used to determine permissible sizes of possible errors, or to determine
the effect of errors of given sizes. The use of sensitivity analysis where
tests are impracticable is suggested by e.g. Churchman, Ackoff, and
Arnoff (1957, pp. 590-591).
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CHAPTER 4

Capital-value model and the two principal optimization models

Introduction

It has been stated in Chapter 3 that two main optimization models are to be con-
structed, one for determining optimum rates of production in the zones of a
single ore deposit and one for determining optimum average grades in the sub-
zones of the deposit. Dynamic optimization models making use of dynamic prog-
ramming are suitable in solving the optimization problems discussed. A major
formal submodel of the optimization model is the capital-value model, which

will be comstructed in this chapter.

The decision problems of the two main optimization models are interdependent.
Although it has been declared that the two problems will be optimized separately
at first, a joint optimization will be prepared from the beginning. For this
reason a common capital-value model will be made where the capital value at any
decision time of future mining is expressed as a function of both sets of de-—
cision variables, as well as of the variables specifying the state at the de-
cision time with respect to both decisions. The two sets of decision variables
are the sequence of rates of production in future zones and the sequence of

average grades in future subzones.

As a starting point in the construction of the capital-value model the assump-
tions will be specified. Two submodels of the capital-value model will then be
disoussed before the latter is finally obtained. In addition, the two dynamic

optimization models will be formulated as problems of dynamic programming.

Optimization models of ore deposits have been constructed before this. They
have frequently been referred to in this study, and some of the more interesting
models found in the literature will finally be discussed and compared with the

proposed models.

Assumptions

Assumptions concerning the decision problems studied have been made in Chapters

2 and 3., They will be ennmera.ted1 here together with a number of new assump-

1) For each assumption which has already been treated the section where the
assumption is originally discussed is indicated.
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tions on which the two optimization models rest. It should be noted that the
assumptions refer to the optimization models, including the submodels first

discussed, and not only to the latter.

1) The models are constructed and applied to decision problems as seen from the
point of view of an idealized decision maker, i.e. the mining company.
(Sections 221 and 224.)

2) The mining company has one single ore deposit at its disposal. (Section 32.)

3) Ore prospecting for new deposits does not take place, or is determined in-
dependently of the ore deposit of 2). If the prospecting results in new
deposits they are assumed to be independent of the present deposit, and the
latter is assumed to be independent of the new deposits. This is an inter-
pretation of an assumption made in section 223, namely that problems con-

nected with ore prospecting are excluded from the study.

4) The ore deposit is of one of the general types described in section 11,
especially Fig. 1:1, Fig. 1:2, and Fig. 1:3. Thus, the ore reserve is known
with certainty and it is determined as a single-valued function of all rel-
evant mining limits. It includes proved, probable, and possible ore. The
latter two classes of ore are treated as if they were known with certainty.
(Sections 11 and 21.)

5) The ore deposit is partitioned into N zones, and each zone into N' sub-
zones., The partitioning of the deposit into zones and subzones is made
through decisions concerning the technology of mining, the decision vari-
ables being the sizes of the zones and subzones. If the partitioning is
irrelevant for a certain deposit, N, or N', or both N and N' may equal 11 .
The sizes are assumed to have been determined. See also assumption .
(Sections 11 and 3443.)

6) If the partitioning into zones is irrelevant from the point of view of
mining technology, an arbitrary partitioning into zones can be made in
order to approximate the decision times of a series of decisions concerning
other decision problems than the partitioning itself (compare section 3443).
The same holds true for the partitioning into subzones if the latter is

irrelevant from the point of view of mining technology.

1) The optimization problem is a static problem if NaN'a1, The dynamic opti-
mization model can, however, be applied also in this case, as it is simply
a special case of period analysis, which involves only one period. Compare
section 341.
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The measure of the size of a subzone is the equivalent ore reserve in it.

The equivalent ore reserve is the reserve if the average grade of the ore

mined in the subzone assumes a certain given value which has been deter-

. 1 . . .
mined in advance ', i.e. the equivalent average grade. The size of a zone

is the sum of the equivalent ore reserves in the subzones of the zone. As

a complement to assumption 5) it is assumed that the mining limits in other
dimensions than the dimension average grade are given and constant in the
two principal optimization models (compare e.g. Fig. 1:2 and the correspond-
ing decision problem posed in section 11). On the assumptions made the

sizes of the zones and subzones are given and constant.

As the size of a subzone is a given constant, the ore reserve of the sub-
zone is assumed to be a single-valued function of the average grade of the
ore mined in the subzone. This function is contained in the ore-reserve

model, and expresses the ore reserve2 in subzone n'n as a function which

is fully determined by the following parameters and variables:

Cin Technical coefficients relevant for zone n. i=1,2,3,4.
Ci Technical coefficients relevant for all zones. i=5,6,7,8,9.
Sn The equivalent average grade in zone n, which is assumed to

be equal in all subzones of the zone.

h The average grade of the ore mined in subzone n' of zone n.

R The equivalent ore reserve in subzone n' of zone n.

The assumption 7) implies that the partitioning into zones and subzones
must be reconsidered if the mining limits are altered, except if the latter
are expressed as average grades. Coefficients and parameters which deter-
mine the relationships between the sizes of zones and subzones and the

values of other variables, e.g. payments, must also be revised.

The subzones and zones are mined successively in the orderB) 1, 21, 31,
veey N1, 12, 22, 32, ..., N'2, 13, 23, 33, ..., N'N. This order is

implied where the ordinals of the zones, i.e. n=1,2,3,...,N, and the

In principle the equivalent average grade can be determined arbitrarily, but
some values are preferred for practical reasons. See e.g. sections 222
(HEQV(N) and PAR(JD,LT), especially PAR(4,LT)) and 513 (HNORM) of Appendix
B. Note that the difference between HEQV(N) and PAR{4,LT) is significant
in the payment functions (section 4 of Appendix D).

In this study it is also occasionally called the actual ore reserve in order
to distinguish it from the equivalent ore reserve.

The notation has been explained in section 1421 (footnote).
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ordinals of the subzones, i.e. n'=1,2,3,...,N', are referred to. (Section
1421.) It follows that the entire ore reserve is assumed to be extracted.
(Section 21.) The starting time of a zone or a subzone coincides with the
end of the production period of the preceding zone or subgone, respectively.
(Sections 341 and 3443.)

The decision maker has to make a choice from a given set of alternatives.
(Section 222.)

A set of consequences is attached to each alternative action. The conse-

quences are known with certainty. (Section 222.)

The decision maker is able to rank the consequences in order of preference,
and chooses the alternative to which the preferred consequences are attach-

ed, i.e. the optimum alternative. (Sections 222 and 224.)

The goal of the decision maker is to obtain maximum capital value of future
mining. The consequences of the alternatives are thus measured in capital
value. The model horizon is the end of the production period of the ore
deposit, which implies the four assumptions enumerated in section 3324.
Only the fourth will be repeated here: There is no time limit imposed on
the mining company for the exploitation of the ore deposit. The importance
of assumption 10) for the determination of the model horizon should be ob-
served. (Sections 222, 224, and 3324.)

The decision problems are discussed on a general level in section 223, In
the two optimization models they are represented by two sets of decision
variables, i.e. the rate of production in each zone and the average grade
in each subzone. The rate of production is not changed within a zone, and
the average grade not within a subzone, All other decisions are assumed

to have been made1 so that the consequences of the alternatives considered
are determined if the values of the decision variables in the two sets are
determined. (Sectioms 223, 224, 3441, and 3442.)

The alternatives considered are defined by the values of the decision vari-

ables. The latter are controlled by the decision maker. (Section 224.)

In determining optimum rates of production the average grades are assumed
to be given constants. In determining optimum average grades the rates of
production are assumed to be given constanis. Compare assumption 15),
especially the footnote. (Sections 3441 and 3442.)

1)

Compare assumptions 5) and 7) where special cases of such decisions are
treated. The assumptions are also more exacting there, as the decision
variables involved (the sizes of the zones and the subzones and the mining
limits except the average grades) are assumed to be given constants.
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The decision times are the starting times of the zones and the subzones when
the rates of production and the average grades, respectively, are determined.
According to assumption 15) the values of the decision variables are not

changed between decision times. ({Section 3443.)

The capital value as an optimization criterion involves some specific as—
1
sumptions ', One is that the consequences of each alternative can be fully
desoribed in terms of a flow2 o§ future payments which expresses the ex-
3

pectations at the decision time~’. The flow is single-valued.

A second specific assumption is that the rate of interest is a given con-
stant. The rate of interest is assumed to express the minimum return on
capital invested in order to induce the decision maker to invest capital in
a project. The decision maker is assumed to be able to borrow or lend any
amount desired at the given rate. (Section 3322.) Note: No "risk discount".

A third specific assumption is that the series of payments does not include
interest payments, amortizations, and similar payments of a purely financial
character,

A fourth specific assumption is that the groduction is assumed to be instan-
taneous in the sense that current inputs4 are purchased, paid for, and
used at the same instant of time as the resulting quantities of final pro-
ducts (various forme of ore) are sold and paid for by the buyer. The pro-
cess is continuous and the current payments (section 1313) form a continuous
flow over time. All investments are made simultaneously with the corre-
sponding investment decisions, the equipment, machinery, etc. required
being purchased, installed, paid for, and taken into production at the
decision time5 . The close~down payments are assumed to be made at the end

of the production period of the ore deposit6 .

The specific assumptions (19) - 22)) are made by direct application of the
corresponding assumptions made by Johansson (1961, p. 19).

Johansson (1961, p. 19) assumes a series of payments when the interest is
reckoned discontinuously. Here the interest is reckoned continuously. Then
it is simpler to assume a flow of payments (ibid. pp. 196-197). The flow
may contain discontinuities, e.g. the zone investmenis.

Compare sections 224, 32, and 3322 above where assumptions have been made
to the same general effect.

Current inputs are e.g. materials, labour, energy, etc. (Danp 1966, p. 6).

Johansson (1961, p. 19) does not assume the interest to be reckoned contin-
uously (assumption 23)). For this reason the assumptions here deviate from
his. For example, he assumes that investmenis take place at the beginning

of a year and that current payments are made at the end of the years. How-

ever, in an appendix he also studies the continuous case, where the funda-

mentals of the present assumptions are found (idid. pp. 194 ff.).

Compare the salvage value in the investment theory (ibid. p. 196) .
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Interest is reckoned continuously.

The money value, i.e. the purchasing power of money, is constant over time.
If the money value varies the models can be used provided that all payments
are expressed in real units, i.e. in units of constant purchasing powerS and

1
that the rate of interest correspondingly is the real rate of interest .

Taxes are payments similar to all other payments in that they shall be taken
into account in the evaluation of the alternatives to the extent that they
are related to the latter2 « In the present study other taxes than income
taxes are assumed to be treated as other payments3). Income taxes are
assumed to be taken into account directly as the sizes of other payments

are determined. In order to facilitate this transformation of payments be-
fore tax into the corresponding payments after tax the following two as-

sumptions are being made4) {26) and 27)).

The flow of payments in each infinitesimal instant of time or, for simplic-
ity, each single payment before tax is assumed to be transformed into the
corresponding payment after tax independently of other payments. Payments
of different types (assumption 37)) are also assumed to be transformed in—

dependently. The term "payments™ is used to denote payments after tax.

The given and constant rate of interest is the rate after tax. The latter
is thus assumed to be independent of other variables and parameters in the
model.

In the general formulation of the optimization models the payments can be
functions of time, the time being an independent variable, e.g. due to
changes over time in the prices of production factors and final products,
changes which are independent of the ore deposit and the mining company.
The influence of time upon the sizes of the payments may be taken into
account by inserting time as a variable in the functions determining the

payments, This is not practiced in the models proposeds). Instead the

See e.g. Johansson (1961, pp. 159-173 and 217-224) and Edwards and Bell
(1961, especially pp. 31-69) for a discussion of methods of taking money-
value variations into account and the measurement problems attached to such
variations.

See e.g. Frenckner (1957) and Johansson (1961, pp. 56 and 62). The impor-
tance of various forms of taxes on mining decisions has also been discussed
by Hotelling (1931, pp. 164 ff.) and Ciriacy-Wantrup (1952, Chapter 13).

Johansson (1961, p. 5).

Johansson (1961, p. 62-84) discusses how to treat income taxes in capital-
value calculations, including the determination of the rates of interest
before and after tax.

It would involve some computational problems to make such functional rela~
tionships flexible and fairly generally applicable. A oomputationally
similar problem is that of discounting, which involves only one time rela-
tionship, equal for all paymenis and simple in form, i.e. a constant
relative change.
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influence of time is taken into account by varying the set of coefficients
which determines the payment functions. A separate set is determined for
each calendar year, beginning with year 1 and ending with the year which is
defined as the data horizon. The payments are thus expressed as step func-
tions of time. (Section 3325.)

Data subhorizons may exist within the data horizon. They delimit periods for
which more detailed predictions exist from periods for which the predictions
are more rough. Data subhorizons may coincide with the data horizon.

Beyond the data horizon the payment functions of the data~horizon year are
assumed to be relevant. (Section 3325.)

The technology changes over time, the markets of production factors and
final products change, the know-how of management and other personnel of
the mining company changes, etc. All conceivable and predictable changes
over time are included in the variations determined by the step functions
of time of assumption 28). This includes rationalization, i.e. invesimentis
necessary to improve the process of extracting and treating the ore, the
subsequent reductions in expenditures and increases in revenues due to
improvements in products and reduction of waste, etc. The present assump-
tion might also be interpreted to mean that, at least to a certain limited
extent, the decisions concerning technology and refinement level may be made
at fixed time intervals, i.e. annually, as well as at intervals determined

by the production periods of zones and subzones,

The rate of production is assumed to equal the production capacity. The
former is the annual rate measured in tons according to section 21. The
latter is measured in tons as the rate of production, and has been defined
in section 343. According to assumption 15) the rate of production is

constant during the production period of a zone. (Section 3443.)

1)

The average grade of a subzone equals the average grades of the ore mined
at each instant of time during the production period of the subzone. The
average grade is measured according to Fig. 1:3 in relation to the tonnages
of ore measuring the ore reserve according to section 21,

The mine, including equipment and machinery, sorting plant, service facili-
ties, etc. is assumed to be adapted to the rate of production and the

average grade prevailing at any point of time. (Sections 3443 and 3445.)

"Mined" means produced and sold (assumption 22)).
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The adaptation prescribed by assumption 33) takes place when a decision is
made to make a change ', i.e. at the starting times of the zones and sub-
zones (assumptions 15) and 18)). The adaptation involves payments for chang—
ing the mine, including equipment and machinery, sorting plant, service

facilities, etc. The payments are expansion investments if the rate of pro-

2) g oi4 s
duction is increased, contraction investments ) if it is decreased, and

grade—change inveatmentsB) if the average grade is changed (increased or

decreased). The current payments4 y the zone investments5 s and the close-

down paymentaS)

are presumably influenced by the adaptation. This is as-
sumed to have been taken into account in the coefficients determining the
payment functions which define the payments in question. The adaptation is
thus regarded as a decision problem pertaining to the technology or the re-
finement level6 y which is assumed to have been solved, so that the effecis
on the payments can be expressed as given functions of the other decision

variables.

The adaptation is instantaneous at the decision time (assumption 22)). This
also follows from assumptions 15) and 18) and is stated in seciion 3443.

The size of a change is not limited in any way. It is e.g. assumed to be
possible to acquire production capacity by infinitesimal increments and
there is no upper limit to the size of an instantaneous increase in the pro-

duction capacity and, consequently, in the rate of production.

The markets on which the company purchases production factors and sells the
final products, are assumed to be given, so that the prices are single-valued

functions of the amounts of factors purchased and products sold at any time.

If a decision is not made to make a change, the production capacity of the
mine is assumed to be constant during the entire production period. Usually
the capacity declines as the mining proceeds to greater depths, e.g. because
of increasing difficulties in the vertical transport of ore, machinery, ma-
terial, men, etc. The capacity reduction is disregarded in the present mod-
els. The problem of decreasing capacity and a graphical solution of it have
previously been discussed by the author (Norén 1967, pp. 96-101),

Compare the discussion of these payments in section 1312,

Compare the discussion of these payments in sections 1412 and 3443. The
grade—change investments are in the final model assumed to be small in a
sense defined in section 562.

Defined in section 1313,
Defined in section 1312,

For instance, by adjusting a given sorting plant or changing it, the final
products from a given input of crude ore can be changed. Conversely, a
change in the quantity or the average grade of the crude ore influences the
final products. Input, sorting plant, and final products are all influenc-
ed by the adaptation. The rate of production and average grade refer to the
crude ore.
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The properties of the factors and products are determined through previous
decisions (assumption 15)). Concerning the final products it is consequent-
ly assumed that the payments received for products sold can be expressed as
a function of the rate of production, the average grade, and, according to
assumption 39), some other variables of less importance from the point of

view of the market.

37) Eight different types of payments are distinguished:

Current payments: Current payments for products sold (1)
Current disbursements incurred in the current
production (2)
Current reinvestments (not including zone
investments) (3)

Investments: Zone investments (4)
Expansion investments (5)
Contraction investments (6)
Grade-change investments (1

Close—down payments (8)

The current payments constitute a continuous flow which is measured per

annum, i.e. in monetary units per annum or MMR/year. Together they form the

(annual) current net payments which are defined as (1)-(2)-(3). Investments

and close—down payments are paid at the points of time indicated in assump-

tion 22) and are measured in monetary units (MKR). The payments of differ—
ent types are additive if they occur simultaneously and otherwise if they
are discounted to a common point of time at the given rate of interest.

38) The payments are measured against the alternative of not exploiting the ore
deposit1).

39) The payments are expressed in functions which are fully determined by the
following parameters and variables:

a Coefficients of the payment functions (assumption 28) and
section 3325). The coefficients represent the environment
of the decision model (section 224), including the conse-
quences of the decisions which are assumed to have been made

1) Compare the investment theory, e.g. Johansson (1961, p. 19), where in con-

nection with a machine investment the payments are measured against the
alternative of not making the investment.
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before the model is applied (assumption 15) with partic-
ular cases in assumptions 34) and 36)).
i=21,2,,..,70. a=1,2,...44.

a The calendar year during which the payment or flow of pay-
ments occurs (assumption 28)). a=1,2,...,A where A de~

notes the data horizon. The value of & is determined

1la, if the starting time of the current zone is given
when the rate of production is being optimized
o (section 3445) or

1. if the starting time of the current subzone is given
when the average grade is being optimized (section
3445) and

2., if the rates of production and average grades in the
current zone and subzone and in all subsequently
mined zones and subzones are known1 . The principle
of optimality (section 342) indicates one way of
determining the latter, ‘

gt:Ri or The cumulative equivalent ore reserve of zone n+1, i.e.
il the sum of equivalent ore reserves Ri in the zones

ER.+IIZRM i=1,2,...,n, or the cumulative equivalent ore reserve of
=1t ket subzone n'+1,n, respectivelyz). n' and n are the sub-

where k=1,2,...,n' zone and zone during the production period of which the
payment is made. The values of the respective expressions
are determined if the values of n or n' and n are given.
The payments can be functions of n and n' (section 3445)3l
The paymenis may also be funciions of Rn or Rn'n'

1)

2)

3)

The equivalent ore reserve and the equivalent average grade of each subzone
are given constants (assumption 7)). Then the corresponding actual ore re-
serve, or simply ore reserve, is determined as the average grades are known
(above and assumption 8)). The chronology of the process is easily derived
from this and assumption 10)., This is done in the beginning of section 3 of
Appendix D, and will not be repeated here.

Refers to the ore reserves which have been exhausted before the zone (or sub-
zone) in question is being mined. Hence the zone n+!1 and the subzone n'+1,n
are referred to. Thus the cumulative and the remaining equivalent ore re-
serves of a zone (or a subzone) added together equal the equivalent ore re-
serve of the deposit as viewed from the actual deciﬁ;on time.

Note that R, is used in the payment functions. Ri=3,=1an'i where

n'=1,2,,..,N' and Rn,. are given constants according io assumptions 7) and 8).

i
Some complications are treated in section 633.
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B,

N'e

hN' 1 if n'=1
’

1,n if n* >1

T1,N+1

The reinvestments are treated as current payments.
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The rate of production in the zone preceding the zone
during the production period of which the payment occurs.
Qn—1 is known if the state at the current decision time
is given (section 3445) and the rates in the subsequently
mined zones are also known (point 2 under variable a
above). Qo reflects the state at the actual decision

time and may be equal to O or a given positive constant,

The average grade in the subzone preceding the one during
It is

known under the conditions stated under Qn-1’ "average

the production period of which the payment occurs.

grades" replacing "rates". BN'O is denoted HOO and is

a given positive constant which reflects the state at

the actual decision time. If the deposit is not being

mined at this time Eo

ceding subzone is in the final model assumed

in the pre-
to have only
production

o=0. The average grade

a small influence on the payments during the
period of a subzone, especially if the average grades in
the two subzones do not differ very much. The meaning

of this is explained more precisely in section 562.

The end of the production period of the ore deposit. It
is known under the conditions stated under a, and deter—
mines the length of the remaining production period

(section 3445).

The rate of production in the zone during the production

period of which the payment occurs.

The average grade in the subzone during the production
period of which the payment occurs.

The subzone and zone, respectively, during the production
Observe that n'

n denote the current subzone and zone in other contexts.

period of which the payment occurs. and

This implies e.g. that

the equipment and machinery acquired by an expansion invesiment are succes—

sively being replaced right from the instant they have been installed.

Two

important exceptions are possible whithin the framework of the model, i.e.

to define an arbitrary development during the first years after the actual

decision time and to define a rule according to which the reinvestments
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2)
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1)

decrease during the last years of the production period ‘. The former is
defined by means of the relevant coefficients for the first years. The
latter should be some simple function of the remaining production period.
Examples are found in section 44 of Appendix D and in section 342, Thus,

it is assumed that the reinvestment decisions are made according to a pre-
defined rule causing a flow of payments as discussed above (assumption 15)).

In addition to those parameters and variables mentiomed in assumptions 8)

and 39) the capital value of future mining is also determined by:

b] The given and constant contimuous rate of interest
(assumptions 20) and 23)).

The production period of subzone n' of zone n. See Tn'n'

T The starting time of subzone n' of zone n. Denoting the
current decision time Ta s the following starting times
are needed2)° T T T T
: a[3 o +,30 Tae2,3 N3
T1,?+1, T2' FRLIREEY TN'N’ The similarly subscripted
u

production periods Tn'n are also used.

In addition, the subscript numbers of the current subzone and zone are

3)

used. They are denoted O and [3, respectively, above™’.,

The development of reinvestments over time and other problems in determining
reinvestments have been treated in the literature on the theory of produce
tion, e.g. by Frisch (1965, pp. 293 ff.), and the theory of investment, e.g.
by Johansson (1961) and Nislund (1966). The latter authors discuss factors
influencing the service life and the interdependence between service life
and other payments, e.g. maintenance costs.

Frisch shows how reinvestments first increase, then fluctuate, and finally
converge to a constant level if the service lives of the equipment forming
the primary or initial investment are continuously distributed (a continuous
or approximately continuous distribution is held to be realistic; ibid. pp.
298 and 302). New primary investments are assumed not to be made and the
process is perpetual. The initial increase and fluctuations in the beginning
of the production period of the deposit can be taken into account in the pay~-
ment model. For the rest of the period the constant level is assumed to
represent actual reinvesimenis. Reinvestiments are accordingly ireated as
current payments.

If new primary investments are made later during the production period (e.g.
expansion investments) a new period of fluctuations will occur before a new
constant level is attained (ibid. pp. 304-308). This is disregarded in the
payment model, where it is simply assumed that the new constant level

is attained immediately after the change. This also holds true for other
changes, e.g. reductions in the rate of production and changes in the
average grade.

1,N+1

T is also relevant, but has been mentioned in assumption 39).
The symbols are used for other purposes also. :
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-1?

and Ecz-1 (if Q>1) or By, 4 (i Q=1). (Section 3445). This assump-
9 ? -

tion has been incorporated into the preceding assumptions. The values of the

42) The state at the current decision time is specified by Ta , O, ﬁ, QE

variables are given constants when the current decision is being made (sec—
tion 342 in the definition of the principle of optimality). The values are

provided by the optimization method.

43) In optimizing the principle of optimality is applied. This means here,
loosely expressed, that future decisions are assumed to be optimal as viewed
from the point of time when they are made. (Section 342.)

44) In determining altermatives to be evaluated in the optimization the ore-
reserve restriction is observed, i.e. Tn'n'Qn=Rn'
n'=1,2,...,N'. All of the ore reserve is mined (assumptions 10)).

(Section 32.)

n for n=1,2,...,N and

The assumptions listed proceed in general from reality, i.e. the decision prob-
lem, toward the optimization models, from the general to the specific, and from
the ore deposit to the market. To some extent the assumptions follow from one
another or a specific assumption may be contained in another more general one.
In this way some consequences of an assumption have been stressed whereas others
have not been mentioned at all. This has been done with a view to what may be
important in applications of the models, and the resulting redundance should be
more clarifying than confusing.

Ore-reserve model

The ore-reserve model describes how the ore reserve in a subzone varies with the
average grade of the ore mined in the subzone. The prevailing assumptions are
stated in section 42. Assumptions 4) to 10) are especially relevant for this
model. The ore deposit illustrated by Fig. 1:3 is the informal model which forms
the background. The ore-reserve model can be extended to sover deposits such as
that of Fig. 1:2, but with successively decreasing marginal grades for more ex-
tensive mining limits in each or some of the ore bodies. It can also be extended
to ore deposits where the marginal grade decreases in many or all directions from
a central core. The subzones need not be horizontal layers as shown in Fig. 1:3.
The principal condition is that there exists a decision rule combining an aver—
age grade with a physical mining limit in such a way that the ore reserve of a
subzone of & given and constant size (a given equivalent ore reserve) is a
single-valued function of the average grade. In addition the subzones must also

be mined successively, one after another.
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The ore-reserve model is not necessary for the deposit of Fig. 1:1, where the
mining limits are given. However, the capital-value model and the optimization

models containing the ore-reserve model are fully applicable in this case too.

Although the mining limits are given geometrically, mining limits exist in other
dimensions, limits which are not given. An example may be given. In certain
mining methods, e.g. sub-level caving, waste rock from outside the ore deposit
is mixed into the ore in the process of blasting (in rounds) and loading at the
working face. After each round the ore loaded first is usually pure, but as the
loading continues an increasing quantity of waste rock appears, which must be
loaded, transported, and treated with the ore. A mining limit exists here,
which under certain a.ssumptions1 can be expressed a&s a marginal grade or an
average grade. The mining limit is of course a rule for determining when to
stop loading2 . The presently discussed ore-reserve model is applicable if the
rule gives a relation between the ore mined in a subzone3 (waste rock included;
see section 21), i.e. the ore reserve of the subzone, and the average grade of
the same ore. The relation must express the ore reserve as a single-valued
function of the average grade.

A general formulation of the ore-reserve model can be stated as follows (Rn,n
denotes the ore reserve in subzone n' of zone n; compare assumption 8)):

Rip = (b _, B ,n,& , )

n n'n’"n n'n (4.1
The general formulation must be specified if the model is to be applied to a

specific decision problem. The specific formulation depends on the ore deposit
and the technology of the particular problem. An example of a specific model is

given in section 2 of Appendix D.

The specific model is part of the optimization models constructed in this study.
The optimization model includes methods for determining the optima. As will be
discussed in next chapter the optimization models are transformed into computer
programs which yield the optima desired. The specific ore-reserve model formu-
lated in Appendix D is consequently inserted in the programs. It is, however,
not essential for the programs, as the latter are constructed so as to facil-
itate changes in the ore—reserve model within the limits defined by the assump-

tions, the general model, and the program (section 1 of Appendix D).

1) The particular assumptions will not be discussed here.

2) The problem has been ireated by e.g. Hillberg and Sjéstrand (1958), Hansagi
(1959), Ahlmann (1963}, and Norén %1963 and 1967).

3) TFor example, in the mining method mentioned above, a sublevel may constitute
a suitable subzone.
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Payment models

The payment models are concentrated in the payment functions, i.e. the payments
expressed as functions by means of the parameters and variables listed in as-
sumption 39) in section 42. The models are also in other respects constructed
on the assumptions given in section 42. One payment function is defined for
each type of payment (the types are defined in assumption 37)). It is, however,
possible to reduce the number of functions within the framework of the optimiza-
tion models. For example, one single payment function instead of three may de-

fine the current net payments.

No general formulation of the payment functions will be given, as the general

functions would only contain the list of parameters (except cia) and variables,
which has already been presented in assumption 33). A set of specific payment
models is described in section 4 of Appendix D, Some of the models do not con—
tain all the parameters and variables available, as it is assumed that the cor-
responding payments are insensitive to the parameters and variables excluded.
As the specific ore-reserve model the specific payment models may be different
for different specific situations. The payment models are also inserted into
the computer programs, but in such a way that changes in the payment models are
faoilitated within the limits defined by the assumptions and the program (sec-
tion 1 of Appendix D).

The payment models as well as the ore-reserve model can be made specific in two
different but interrelated steps. The first step is to forecast the consequences
of the alternatives considered in terms of ore resources1 s Ore reserves, and
payments. The second step is to translate the forecasts into specific models,
i.e. to express them as functions by means of the constants and variables enu-

merated in assumptions 8) and 39) in section 42.

The general outline of the forecasting is determined by the models, as the lat-
ter indicate the information needed to evaluate the alternatives considered in
the optimization problem. The specific models also contain hypotheses concern—
ing interrelations between variables. The hypothetical models are useful where
all alternatives cannot be considered separately. Instead, a few alternatives
can be selected, and the consequences of these alternatives estimated. The hypo-
thetical models may indicate especially important alternatives or differences

between alternatives. The hypothetical models can then be used to predict the

1) Ore resources are defined in section 21. The equivalent ore reserve is a
measure of ore resources.
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consequences of further alternatives. Independent predictions for such alter-
natives are also made in the same way as for the original alternatives., A
comparison between the two predictions yields a test of the hypothetical mod-

els1 .

The ore-reserve model and the payment models described in Appendix D may be use-
ful as hypothetical models. Such models should be adaptable to a wide variety
of problem situations, i.e. they should be flexible. The models are rather
flexible. A comparatively large number of coefficients are used in addition

to parameters such as in and B The factors influencing the payments are

e
mostly kept apart and the rela:ignships are usually expressed as simple linear
functions or exponential functions which are added to yield the total payments.
Their relative importance is easily controlled by means of the values of the
coefficients. In the computer programs they are also easily exchangeable as

parts of the models can be removed or altered separately.

To translate the forecasts into specific models is to revise the hypothetical
models so that they reflect the forecasts as well as possible. Approximations
and simplifications are necessary, as predictions concerning the complicated
reality and the relationships between the predictions have to be described as
functions by means of the parameters and variables availablez). Methods for
revising the models and estimating the values of the coefficients will not be
discussed here3 . They are discussed to some extent in Appendix B (sections
222, 322, 422, 51, and 52) and Appendix C (section 1).

To facilitate the interpretation of the payment functions into payments under
various assumptions a subsidiary computer program has been made, which produces
graphs of the payment functions. Another program has been made to aid in
revising the values of the coefficients of the payment functions (section 5 of
Appendix B). The programs should be useful in the forecasting step in deter-
mining the values of the coefficients of the hypothetical models and in the

1) The problems of forecasting (evaluation of variables) and testing of hypo—
theses will not be treated in this study. They have been itreated by e.g.
Ackoff (1962, pp. 140-309) and textbooks on statistics and managerial eco-
nomics,

2) By changing the computer programs the number of coefficients can be increased.
It may e.g. be useful to define a set of coefficients in the payment func-
tions, which consists of a set for each zone or even for each subzone.

3) Curve fitting and estimation in general have been discussed by e.g. Ackoff
(1962, pp. 251-281). The technique of regression analysis may be useful.
See e.g. references in Ackoff (1962, pp. 329-332).
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testing of the latter models, as well as in the translating step where the pay-

ment models to be used in the optimizations are established.

Capital-value model

The capital-value model determines the capital value of future mining if the
ore-reserve model, the payment models, and the values of all decision varia~
bles are given. It is described in section 3 of Appendix D. The model is in-
serted into the computer programs and is formulated with a view to programming
problems., Hence the capital value is discounted to time zero and the actual
decision time is the end of the first year, i.e. T11=1 (compare section 3444).
This means that a capital value obtained by the capital-value model, i.e.

BCI o’ should be discounted to the current decision time in order to be equal
to the capital value used as decision criterion, i.e. B , according to sec—
tion 3324 and assumption 14) in section 42 (compare also Elction 342 where the

recurrence relation is discussed). Thus
j-T
B.n =B e af .2

where T is the current decision time, i.e. the starting time of subzone
X of zone [3, for which the optimum value of the decision variable is currently

being calculated. However, for all alternatives considered at time %1[3 the
j-T
value of e C(ﬁ is equal as Taﬁ is a constant (assumption 42)). Consequent-

ly, BC( and B will rank the alternatives equally, and Ba[a o can be used

aflo

as criterion instead of B .
afs

It is now apparent that the capital-value model of Appendix D is a recurrence
relation similar to the relation (3.2) in section 342, The differences are
explained by (4.2) and by the facts that the capital-value model is more spe—
cific regarding the payments during each period and that the periods are de-
fined as the production periods of subzones ‘. The ore-reserve restiriction
(section 32) is taken into account in the definitions of the production period

and the decision times.

1) See footnote to B'n, in section 46 regarding close-down payments and

B

nO
1,N+1,0°
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A general formulation of the optimization models

The capital-value model contains the goal function of the optimization models
and the ore-reserve restriction. The optimigation problems are dynamic and a
suitable optimization method has been derived from the theory of dynamic prog-
ramming (section 342 and the conclusion ending section 343). The optimization
models are thus recurrence relations expressing the goal function and the prin-
ciple of optimality, completed with the prevailing restrictions, i.e. in this
case the ore-reserve restriction. The recurrence relations indioate a general
method of solving the optimization problems (section 342), whioh is part of the
optimization models.

1)

In addition to previously defined ’ symbols the following ones are needed:

B Capital value at time zero of payments occuring as a

'n' n0
oonsequence of the mining of subzone n' of zone n,

including the investments at time T s the current

n'n
payments during the production period Tn'n’ and close—

down 1:.a,ymenta2 if n'n equals N'N,

Maximum B, Capital value B
& n'n0 n

'n0
1] [}
n'n...N'N En'+2,n’ ey By

an optimal policy.

;f the values of En'n’ En'+1,n’

1,n41° 52,n+1’ «+ey By, constitute

Maximum B1n0 Capital value B1n0 if the values of Q‘n’ Qn+1’ Qn+2’
Qn...N ceny QN constitute an optimal policy (compare assumption
18) in section 42).

It has been stated that two optimization models were to be constructed in a
first stage. A general formulation of the two models follows:

= Bt i
_Eaxim‘um Bn'nO B n'no ¥ Maximum

B Bn'+1,n,0 (4.3)
n'n...N'N n'+l,n...N'N

1) The symbols are also enumerated in Appendix F.

2) The close-down payments are forming the capital value B1 Nl in the
capital-value model of Appendix D. They are a constant 6n$e’9he decision
at time TN'N has been made and, consequently, not subject to any decision
at time T 1 To simplify the formulation of the optimization model they
are inclu&éH in the capital value B'N'NO’ thus making B1 N+ o=0.

’ ’
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where1) n'=1,2,...,N' and n=1,2,...,N,
Bnr ,Ne1,070s &nd
1,n+1 substitutes n'+1,n if n'=N',

Nl
X - ' .

gaxlmum B1n° é‘=1B n'no * gaxlmum B1,n+1,0 (4.4)
n...N n+1.. . N

where n'=1,2,...,N' and n=1,2,,.,.,N and

By ne1,0 = 0

(4.3) and (4.4) are subject to_common restrictions:

Ry = f(sn'n’En’n’Rn'n) and (4.1)
Toin'Q = Rpey for n'=1,2,...,N' and n=1,2,...,N. (4.5)
T11 =1 (406)
Tyrat,n = Toopt Tpip £OF 0'=1,2,..0,N' and n=1,2,...,N (4.7)

where 1,n+1 substitutes n'+1,n if n'=N' and

T11 and T1 N1 8Te the beginning and the end, respectively, of the produc-

’

tion period of the remaining ore reserve at the actual decision time,

i.e. T11.
The general formulation indicates the general method of solving the two opti-
mization problems. This method has been discussed previously. However, to
complete the optimization models the method will be specified in detail. Opti-
mization methods will be discussed in Chapter 5. Their application to the two
problems treated now as well as to the other decision problems discussed in

section 223 will be considered in Chapter 6.

1) It should be observed that n'n denotes the current subzone here, i.,e. the
same as the subscripts (|} in sections 42 and 45 as well as in section 3
of Appendix D.
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Before the optimization methods are expounded, however, some of the more inter-
esting optimization models concerning ore deposits, which have been published
previously, will be discussed. Such models have been referred to repeatedly in
the preceding chapters. They do not treat exactly the same decision situations
as those discussed here. A survey of the differences in this respect may be
useful in determining whether to use some earlier model or one of those present—
ed in this study for the solution of the practical decision problems facing an
individual decision maker.

Some earlier optimization models in mining

This is a survey of the decision problems and decision situations treated by

1
various authors, rather than a survey of the models themselves ). Furthermore,
only differences between the problems and situations treated in these works and

those dealt with in this study are discussed.

Except for Albach's (1967) model the models are concerned with one single ore
deposit. Albach's problem can be stated as that of determining the optimum
combination of rates of production in a given set of open-pit mines within a
fixed time horizon ("planning horizon"). The rates are determined periodically,
the length of the periods being a given constant, e.g. one year. The produc-
tion capacity of each mine may not be exceeded, and the total production per
unit of time in all mines must meet given delivery requirements. Risk plays

an important role as the ore reserve of each deposit is known only as a

stochastic variable.

One of the earlier models encountered in the literature was presented by Gray
(1913). He determines optimum annual rates of production, provided that de—
cisions are made annually, on the assumption that expansion and contraction in-
vestments equal zero regardless of the size of a change. In particular it is
indicated that the variation over iime of the oplimum rate is extremely great
under this assumption, as well as that the rate would be "more nearly uniform"
if investments in fixed capital were necessary2 . Gray also relates his deci=~
sion model and discussion to the classical economic theory (especially Ricardo).

1) A survey of the models mentioned here (except those dated 1967) has pre-
viously been made by the author (Norén 1967, pp. 9-54).

2) Gray's model and discussion have been important to the author as they very
distinctly indicate the dynamic nature of the optimization problem in
question. Hotelling's (1931) and Henning's (1963) models have been of
similar importance.
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Hotelling (1931) determines the optimum rates of production as a function of
time and assumes continuous decisions. As Gray he first assumes that expansion
and contraction investments do not exist, The influence of various market forms
(free competition, monopoly and duopoly) and forms of taxes are examined. In
addition, the optimum course of exploitation from a social view is discussed.
The influence of investments in fixed capital is also treated, although sepa-
rately from the rest of the analysis. Hotelling determines the conditions for
optima analytically (calculus of variations) whereas Gray has used simple numer—
ical methods.

Ciriacy-Wantrup (1952) takes the discussion of conservation of natural resources
as a starting point for a comprehensive treatment of problems regarding exploi-
tation of ore deposits and related problems from the point of view of the in-
dividual mining company and that of the community. The decision situations of
individual companies are mainly the same as those treated by Gray and Hotelling.
Another problem of practical interest is discussed, which should be mentioned.
This is the practical implementation of a theoretical optimization, and the

s 1
relation of the optimization to the actual behaviour of the decision maker ‘.

Herfindahl (1955) discusses primarily exploration and exhaustibility, using

Gray's discussion and main assumptions.

Billiet (1959) and Massé (1959) have been discussed in sections 12, 224 (risk
and uncertainty), and 3443. In the case of certainty they treat the problem
of determining the optimum rate of production for an ore deposit which, in the
terminology of this study, consisits of one subzone in one zone (N=N'=1), i.e.
a single-period or static problem. However, they also penetrate a dynamic
aspect of the single~period problem by examining the conditions on which the
optimal policy is to keep the rate of production constant during the period
(the production period of the deposit).

Ventura (1964) should be mentioned together with Billiet as he reformulates
Billiet's optimization problem under risk as a dynamic programming problem. He
does this in a survey of mining problems in general, e.g. prospecting, evalua-
tion of the ore reserves and average grades in ore deposits, exploitation de-

cisions, and technical problems.

1) Compare section 224 (the footnote to "weak point" 5).
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Rice (1963) analyses and compares a couple of schematic formulae for evaluating
ore deposits, "Hoskold's formula" and "Morkill's formula®". "Hoskold's formula"™
proves to be inconsistent with the capital-value criterion under certain condi-
tions, whereas "Morkill's formula" can be made to yield the same capital value
as a straightforward capital-value calculation.

Carlisle (1954) treats the problems of determining an optimum rate of produc—
tion, an optimum mining limit, and the optimum combination of rate and limit.
The rate and the limit are assumed to be determined at the beginning of ihe pro-
duction period of the deposit and to remain constant throughout that period.

The basic analysis is made on the assumption that the rate of interest equals
zero, or without discounting. Investments in fixed capital take place at the
beginning of the production period. Tessaro (1960) demonstrates some of

Carlisle's models with some numerical examples.

Henning (1963) treats the problems of determining an optimum rate of production,
optimum mining limits, and the optimum combination of rate and limits. The
optimization problems are treated on assumptions principally the same as those
used by Carlisle. Regarding the mining limits the analysis is extended to a
dynamic optimization model where the capital-value criterion (with a rate of
interest exceeding zero) is used. The mining limit is expressed as a cut-off
(marginal) grade. The ore deposit and the timing of the investments are such
that the deposit can be described as consisting of one subzone in one zone.

The grade-change investment equals zero regardless of the size of a change. The
optimum cut-off grades are determined annually according to an approximate for-
mula based on these assumptions.

Ruskin (1967) describes various computer programe for mining applications. One
is a model of the ore deposit for determining e.g. ore reserves and average
grades by zones. Up to nine zones can be distinguished by defining the shape
and size of each zone. Another program uses the first program as a model of
the ore deposit and, assuming open—-pit mining, simulates the mining process in
order to determine the optimum shape of the open pit. A further program cal-
culates the capital value of the deposit for a given production plan. The

program mentioned first provides necessary data concerning the ore deposit.

Although they entirely use other optimization criteria than the capital value,

models presented by the following authors should be mentioned:



Bisdorf (1958 and 1962):

Callaway (1958):

Dorstewitz, Wilke, and
Bindels (1963):

Lane (1961):

Manula and Kim (1967)

Soukup (1963):

Wilke (1962):

121 A7

Mainly rate of production.

Short-run rate of production and average grade
by break-even analysis.

Mainly mining methods.
Mining limits.
Short-run planning of production and stock-

piling to meet a given demand. Computer

program available.
Mining limits.

Mining methods.
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CHAPTER 5

Optimization methods

Decision problems and solutions

The solution of a decision problem is the course of action to pursue. An opti-
mization model is a guide in the search for the best course of action. The
solution of the optimization problem posed in the model yields optimum values

of the decision variables. The latter are solutions of the decision problem
only in so far as the model adequately represents the decision problem1 .« The
problem of determining the optimum values of the decision variables of the opti-
mization model will be treated here. The term "solution" consequently refers

to solutions of the optimization problems as they are posed in the optimization

models.

This chapter will mainly deal with solutions of the problems of determining
optimum rates of production and optimum average grades. However, a discussion
of solutions of other optimization problems is also important, although it will
be comparatively short. Optimization problems where only one decision variable
is concerned at each decision time are simplest, and will be treated first.
Solutions of the more complicated problems where two or more variables are de-—

termined at each decision time are discussed then.

There are two principal ways of solving the optimization problems, namely ana—
lytically and numeriacally2 . Numerical solutions are preferred in the present
case for several reasons. They appear to be simpler as there are a number of
fairly complicated relationships between the variables involved, especially

if parametric variables such as the equivalent ore reserve, the equivalent aver-
age grade, and the rate of production (if the average grade is being optimized)
or the average grade (if the rate of production is being optimized), are re-
tained in the functions. They are usually easier to explain, and yield solu-
tions in a form which is often more suitable for presentation to the decision
maker. If the numerical solution resulis in a direct evaluation of a set of

alternatives, i.e. yields the capital values of the alternatives, the resulis

1) Churchman, Ackoff, and Arnoff (1957, p. 169) and Ackoff (1962, p. 343).
2) Ackoff (1962, p. 343).
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are not only easily presented, but the material for a simple form of sensitiv~
ity analysis is prepared with the solution. This should be useful for the de~
cision maker in his evaluation of the solution. Thus, numerical optimization
methods directly utilizing the capital values of a set of alternatives are pre-
ferred.

The importance of a sensitivity analysis has been stressed by Bellman (1957,

p. 6). It has also been discussed in section 224, where the desire to facili-
tate an extensive sensitivity analysis was expressed, and in section 35. Two
sensitivity problems may be considered. One is to determine the influence of
a change in the assumed conditions on the optimum solution., The other is to
determine the cost in terms of the difference in capital value between an op-
timum solution and a certain non-optimum solution, i.e. the cost of a certain
deviation from the optimum. The direct evaluation of a set of alternatives
mentioned above immediately solves the latter problem, at least partially. The
former problem can be solved by repeated optimizations on varying conditionms.
For this reason the optimization model should be easy to apply repeatedly to the
same optimization problem. In addition, there should be means available to de-—
termine capital values of single alternatives which have not been considered
previously, partly as new alternatives may turn up during the process of find-
ing and evaluating a solution, and partly as a means of roughly determining

the importance of a given change in the conditions without carrying out the

entire optimization procedure.

If the payment functions are very much simplified and certain other simplifi-
cations are introduced (discussed below), solutions can be obtained by mamual
calculations. In general, however, this is impracticable, especially if solu~
tions are to be obtained repeatedly for varying conditions. It is obviously
convenient to use an electronic computer. For this reason the optimization

models are transformed into computer programs. The latter will be referred to

as programs.

The purpose of this chapter and the next one is, accordingly (compare section
3442 and assumption 15)):

1) To introduce a program for determining optimum rates of production by zones
according to the optimization model (4.4) in section 46, Name of program:
EXRATE.

2) To introduce a program for determining optimum average grades by subzones

according to the optimization model (4.3) in section 46. Name of program:
CUTOFF.
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3) To introduce a program for determining the capital value of the ore deposit
according to the capital-value model described in section 45, if the values
of all decision variables (and all parameters and coefficients) are given
(compare above, especially the paragraph concerning sensitivity analysis).
Name of program: CAPVAL.

4) To establish if and how the three programs can be utilized for optimizations

if multiple~variable decisions are considered.

The programs are described in Appendix B and Appendix E. Appendix B is mainly
intended to serve as a manual for a user of the programs. It also introduces
the optimization methods although from a more technical angle. Appendix E con-
tains the FORTRAN source programs which are the most exact and complete formu—
lations that exist of the models and methods utilized.

The theory of dynamic programming provides the basis of the methods used in the
two optimization programs. A quality of dynamic programming is that the methods
used to arrive at a solution can be adapted to the specific properties of an
individual optimization problem in such a way that the problem is more easily
solved than by the general method described in section 3421). Thus, such prop-
erties will be looked for, and the specific optimization methods will be pres-
ented. To this end a simplified version of the problem of determining optimum
rates of production will be treated first., The simplifications are that the
importance of time is disregarded to & certain extent, and that payment and
capital-value functions have certain properties. The importance of time is dis-
cussed first. The importance of other simplifications are then discussed in
connection with the solution of the simplified version of the problem. Alter-
native methods are then discussed against the background of the available solu~—

tion with a view to their use in digital computers.

First, the optimization of the rate of production will be discussed in sections
52-55. Next, the optimization of the average grade will be treated in section :
56. Simultaneous optimization of rate of production and average grade will

then be discussed in section 57. Finally, other decision problems will be
treated in section 58.

A short summary of the optimization models will appear in Chapter 6.

The ambition is not to find the best method to arrive at a solution, but rather

to find a passable method. The same limited level of efficiency is aimed at

1) Bellman and Dreyfus (1962, p. viii).
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as regards the computer programs. More efficient methods and programs may be
developed than those presented in this study.

The importance of time

The state at each decision time is determined by the values of the five state

’

variables Ta , A, [3 QR_ys and h or E‘N P (a.ssumption 42) in
section 42). Using the typographlcally simpler nota

ions of section 46, (Il is
replaced by n', and [3 by n (current subzone and zone, respectively). The dy-
namic optimization method determines in which order the zones and subzones are
optimized, i.e. the reverse mining order (section 342 and assumption 10)). Thus,
the values of n' and n are given at each decision time. It is assumed that only

the rate of production is being optimized. Then the values of h or

L
EN',n-1 are given constants (assumption 17) and n'=1 (assumptionn18;5? The re-
maining variables are T1n and Qn—1' Their values depend on decisions before
time 'I‘1n concerning Q1, Q2, ooy Qn_1. When the decision concerning Qn is ac~
tually being made T1n and Qn—1 are, of course, given constants, and the problem
is reduced to determining the optimum value of Qn on the asagmption that
Q 1? Q FPYIRETY Qn are also optimized at the corresponding decision times, i.e.

T 1° T 29 teed T1N’ respectively.

1,n+ 1,n+

In the optimization model, however, the state at the decision time is fully
specified only at T11. At all other decision times 'I‘1n and Qn—1 are not speci-
fied. They depend on optimigations which still remain to be done when Qn i
being optimized. Thus, the optimum value of Qn must be determined for all
possible combinations of values of T1n and Qn—1 if the dynamic-programming
solution described in section 342 is to be used. Within the limits determined
by the ore-reserve restriction and the chronology of the mining process (the
expressions (4.5), (4.6), and (4.7) in section 46) any combination of values is
possible1 . Owing to the expansion and the contraction investments the optimum
value of Q may be strongly influenced by the value of Q , (section 3443). In
addition Qn_1 may also influence other payments (assumption 39) and section 44).
Hence it is essential to determine the optimum value of Qn ag a function of

Q

n—1

The decision time, T1n’ remains to be discussed. The value of T1n influences

the capital value expressed as a function of the decision variable by way of

1) T1 is a given constant if the value of Q ig given in the special case
whére n=2.
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dating the payments and the capital value at the decision time. The dating of
the payments affects the discounting procedure as well as the size of the pay-
ments (assumption 28)). The dating of the capital value exerts influence on

the discounting only.

The payments and, consequently, the capital value of future mining are discount-—
ed to time zero. The capital value discounted to the current decision time 'I‘1n
is an equivalent optimization criterion (section 45). Assumption 22) and the
expression (4.7) in section 46 ensure that if the decision time is moved by any
given amount of time, all future payments are moved in the same direction by the
same amount of time, if the future decisions are assumed to be unaffected. As
the rate of interest is constant over time (assumption 20)) the discounting pro-
cedure is independent of the value of T1n if the capital value at the decision
time T1n is used as optimization criterion. Hence, 'I‘1n can be disregarded in
the discounting procedure if the latter is changed so that the optimization

model is of the form expressed in (3.2) in section 342.

The dating of the payments affects their sizes. The value of T1n determines the
payment times. The effects on the optimization depends entirely on the specific
assumptions of each particular case concerning the payment functions. The dat-
ing is irrelevant if the payment functions do not vary with the time, i.e. if
the sets of coefficients c; (assumptlon 39)s i=1,2,...,70) are equal for all
values of a, and time is not inserted as a variable in the payment functions.
Assuming this, T1n can be disregarded also as the variable that determines the
dating of the payments.

The decision time, i.e. the value of T1n’ can be disregarded in the optimization
on the conditions specified, if the problem is to determine optimum rates of
production. Qn—1 is then the only variable among the variables determining the
state at the decision time, the value of which is not specified when the opti-

mization is being made1 .
The simplified optimization problem will be solved next.
1) Similar conclusions can be reached concerning the problem of optimizing

average grades. hn h¥ is then the only state variable which
must be varied in op¥1&121ng h&"ddcision at time L
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Simplifying assumptions

As an intermediate step in solving the optimization problems posed in section 46
(A general formulation of the optimization models) a simple example concerning
the rate of production will be solved. The simplification rests on the follow-

ing simplifying assumptions which have been discussed in section 52:

1) The capital value at the decision time of future payments is used as opti-
mization criterion instead of the capital value in question discounted to
time zero. This is in accordance with assumption 14), but a change in the

models introduced in sections 45 and 46.

2) The payment functions are equal for all times and do not include time as a
variable (a change in assumptions 28), 29), 30), 39), and 40)).

In order to confine the discussion of the direct influence of the value of Qn—1
on the optimum value of Qn to expansion and contraction investments and in order
to simplify the payment functions determining the investments, it is further

assumed that:

3) Qn—1 is not included as a variable in any payment function but those deter-
mining the expansion and contraction investments (a change in assumption

39)).

4) The expansion and the contraction investments are continuous and linear
functions of the expansion, i.e. Qn-Qn_,' if Qn> Qn—1’ and the contraction,
i.e. Qn—1_Q'n if Qn-1>Qn’ respectively. They equal zero if Qn_,'nQn. They
are independent of the level of the rate of production, i.e. Qn-1 and Qn

taken separately. These are restrictions to be added to assumption 39).
5) N'z=1, and the subzone subscript is deleted. Thus, B1n-Bn, T1n—Tn’ etc.

6) The capital values at the decision times of future mining, i.e. Bn for
n=1,2,...,N where n denotes the current zone, are expressed as centinuous
functions of the respective Qn. For the sake of simplicity an unrealistic
assumption is made here, which will be discussed later. Each function is
first monotonously increasing at a decreasing rate, and then monotonously
decreasing at an increasing rate, for increasing values of the Qn in ques~
tion if Qn=Qn_1.
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532 Solution by a graphical method

A method of determining the optimum rates of production is described in Appen—
dix A. The simplifying assumptions of section 531 are used. A summary has been
given in section 1333 and the method will not be described here1 . It is a

graphical method and the computations are assumed to be made manually.

The method can be used for practical optimizations if the simplifying assump-
tions can be accepted as fairly representative of the actual situation. How-
ever, it involves a considerable amount of computation and curve drawing. The
payment functions should be very simple, and the number of zones small (say 3
or 4) if the amount of computation is not going to be prohibitive for a manual
solution.

The optimization would be considerably simpler if a static model could be used.
The graphical method has been used in an analysis of static optimization models
as approximations of the dynamic model discussed here2 . In the static models
the rate of production was assumed to be constant throughout the production
period of the deposit. The optimization problem was that of the actual decision
time, i.e. T11, and the optimum according to the static model was compared with
that of the first zone according to the dynamic optimization. The analysis was
based on a number of hypothetical examples. In many cases the iwo models yield-
ed identical optima, but differences of the order 20 % were also encountered3 .
The general conclusion was that a dynamic optimization was safest as no general
rules could be given to determine whether the static model gave the correct
solution” (in comparison with the dynamic model). The analysis was confined

to the case where the payment functions are independent of time. It was, how-
ever, inferred that the static approximation was less reliable if the payment
functions varied with the time5 . It is concluded that a more efficient dynamic

solution is desirable.

1) The use of tangents to a curve to find optima and the interpretation of
curves pertaining to one period as functions of variables pertaining to
another period are essential ingredients of the solution. Methods of the
former type have been used by e.g. Hirshleifer (1958). The latter type of
methods is a direct application of the optimization method described in
section 342.

2) Norén (1967, pp. 105-121).
3) TIbid. p. 111, -

4) TIbid. p. 121.

5) TIbid. p. 120.
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Extension of the graphical method

Introduction

Apart from the computational difficulties, the shortcomings of the graphical
method are due to the simplifying assumptions enumerated in section 531. Ac-
cording to section 52 optimum is not affected by the simplifying assumption 1).
Thus, the simplification need not be discussed further. The simplifying assump-
tion 2) is concerned with payment functions and time, and is often practically
significant. Solutions where the payment functions may vary with the time will
be discussed in section 542. 3) and 4) constitute restrictions on the payment
functions, If they are removed certain complications arise, which will be il-
lustrated in section 5332. 5) has been made for convenience only, and is de-
leted. 6) will be discussed in section 5333.

The symbol n denotes the current zone, and if not otherwise stated n#l1, as the

first gone is treated in a special way (see Appendix A)}. This will be taken

for granted in the subsequent discussion in this chapter.

Nonlinear expansion and contraction investments

The simplifying assumption 3) can be removed if the capital value at the de-
cision time of the payments mentioned in 3) are added to the expansion and
contraction investments on the condition that the capital value in question
meets the conditions specified in 4). Also, 3) can be removed unconditionally
if 4) is removed. However, to simplify the discussion, only the expansion and

contraction investments will be mentioned in the subsequent sections.

If the simplifying assumption 4) is removed the expansion and contraction limits
are no longer easily determined points of tangency. These limits and the con-
stancy limits may be multivalued, e.g. functions of Qn—1 or Qn' Several cases
can be distinguished. The expansion investment may be a degressively increasing
function of the expansion (Qn—Qn_1), but independent of Q . and Q taken sep-
arately. Fig. 5:1 is an application of the technique described in Appendix A,
and demonstrates the resulting complications (compare Fig. A:2 in Appendix A).
Expansion curves substitute the expansion lines. If Qn_1='y1 expansion to

Qn='Y 3 is equally profitable as expansion to Qn='Y4. If Qn—1 <y1 expansion to
'Y4 is preferred to expansion to 'Y3. IfQ _, >y1 expansion to Y3 is pre-
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ferred. More exactly, from a given

MKB.‘\B1 value of Qn 1 the optimum expansion is
n -

[3 to the value of Qn for which the slope
in of the curve [31n is equal to the slope
of the highest expansion curve at the
given value of Qn_1. The expansion
limit is thus a function of Qn—1 and

there may be values of Qn—1 for which

Q‘n the decision maker is indifferent to
-1

B1n

+
+

Q‘n expansion to two or more alternative

|
] |
o
|
1 |
| |
| |
I I
| I
b
1
| i

1
P
+—t

rates in zone n. For example, Y, is
Y Y, Y. Y XT/year !
1 2 93 44 _ such a value of Qn-1 if no expansion

curve exists at Qn—-1=y1’ which yields

Fig, 5:1 Degressive expansion invest- a higher capital value than those to
ment. Y 3 and 'Y4.
[31n= see Appendix A (Bn),
e.g. Fig. A:5. The other The lower constancy limit ('Yz) is the

1)

curves are expansion curves ‘. rate Qn for which the slope of the
curve B1n equals the slope of the ex-
pansion curve at the origin of the
latter, i.e. where Qn—Qn_1=0 (the point where the expansion curve joins the
curve B1n)' It coincides with the lowest expansion limit. The optimum capital
value B1n expressed as a function of Qn__1 is the envelope of the expansion
curves if Qn—1 is smaller than the lower constancy limit (Qn—1 <'Y2), and the

if Qn

_q is larger (the heavy solid curve).

curve
in

1) The expansion and contraction curves will appear in figures in the subse-
quent discussion without being explicitly identified as such. They should
easily be recognized where they appear.
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Fig. 5:2

Similar conclusions may be drawn if the
expansion investment is a progressively
increasing function of the expansion

(Q 0, ,)-

Here the lower constancy limit

Fig. 5:2 contains an exam-
ple.
coincides with the highest expansion

limit (y 3) .

The expansion investment has been assum—
ed to be independent of the level of
the rate of production, i.e. Qn and

e,
examples.

taken separately, in the preceding
Fig. 5:3 demonstrates exam-
ples where the expansion investment is
a linear (homogeneous) function of the
expansion and a function of the rate

of production after the expansion as
well. In graph A a given expansion is

more expensive the higher Qn is after

the expansion. In graph B a given expansion is less expensive the higher Qn is

after the expansion.

The graphs do not need to be explained or commented fur-

ther, as the previously described technique is utilized.
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Expansion investment dependent on the rate of production after
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Only expansion has been discussed but it is apparent that similar problems may

occur regarding contraction and that similar graphical solutions can be found.

Multimodality

If the simplifying assumption 6) is removed, situations as those illustrated in
Fig. 5:4 may arise. Case A does not involve any serious difficulties. In case
B, however, the expansion and contraction limits as well as the constancy limits

depend on the value of Qn—1'

MKRA\Bm MKRA\ B

2220

i B1n

ﬂ- - — ————

o
| | Q
' -1
Pt ! DN
1v—v T 7
V¥, ¥y ¥, Y5 ut/vesr

Fig. 5:4 Multiple tangential expansion and contraction lines.

It should be noted that 6) ensures that similar cases do not appear. Fig. A:6
(the curve [32) and Fig. A:9 (the curve [3N-1) in Appendix A show, however, that
the complications illustrated in Fig. 5:4 are inherent in the optimization method.
The assumption cannot be accepted in a practical model. Furthermore, the

capital value is composed of discounted payments which are added. The payment:
functions may be nonlinear functions of the decision variable. Hence, when they
are added together (after discounting) they may result in a corresponding capi-
tal-value function which is multimodal with respect to the decision variable,

i.e. a capital-value function which has more than one maximum (compare Wilde

1964, p. 6).
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Conclusions

It is concluded that the graphical method can be extended and used in solving
the more complicated problems which arise if the simplifying assumptions 3),

4), 5), and 6) are removed, although the amount of computations may become very
large. In its original, simple form the graphical method is not general in
application, Difficulties arise if the expansion and contraction limits and the
constancy limits are not constant with respect to Qn—1’ i,e. if the decision
rule yielding optimum decisions for zone n varies with the rate of production in
the preceding zone (n-1). This problem has in principle been solved by extend-
ing the graphical method. Furthermore, the payment functions must be constant
over time if the method is to be manageable (the simplifying assumption 2)).
Finally, the graphical operations must be transformed into numerical operations

1)

in order to suit a program for a digital computer ‘.

Iterative methods: Solution by repeated complete optimizations

Some definitions

The optimum rates of production are determined sequentially in the graphical
method. The optimum values of Qn were determined in the order n=N,N-1,N-2,...,1.
The resulting values of Qn for n=1,2,...,N form an optimal policy. The sequence

of optimizations yielding an optimal policy will be called a complete optimiza-

tion. The successive optimizations concerning the separate zones (or subzones

if the average grade is being optimized) will be called partial optimizations.

The optimum obtained for the current zone (or subzone) in a partial optimiza-

tion will be called a partial optimum or the optimum of the current zone (or

subzone). The results of the partial optimizations are the decision rules

implied in the expansion and contraction limits and the two constancy limits.

Solution if payment functions vary with the time

Choice of method

The problem to be discussed is how to introduce payment functions which vary

with the time into the optimization. According to section 52 the problem is

1) The extension of the graphical method has previously been treated by the
author (Norén 1967, pp. 91-96). Numerical solutions were not discussed
there.
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equivalent to re-introducing T1n as a state variable1 . A direct method of in-
troducing T1n into the optimization is to repeat the partial optimization for a
number of alternative values of T1n and use all the partial optima thus ob-
tained as decision rules in subsequent optimizations. However, it is easily
seen that the method grows complicated after a couple of partial optimizations,
and leads to a large amount of computation,

Another method is to set arbitrary values to T, for n=2,3,...,N (T11 is a given

constant) and determine the partial optima ass;:ing that the decisions concern—
ing the current zone are made at these arbitrary times. A decision rule is
first obtained for n=N., The rule is used in the optimization of the decision
rule for n=N-1. The decision rules of zones N and N-1 are used in the sub-
sequent partial optimization, etc., until the first complete optimization has
been carried out. The values of T1n for n=2,3,...,N+1 are then determined from
the optimal policy obtained, and a new complete optimization utilizing these
values is performed. New complete optimizations are made similarly until B11,
i.e. the capital value of future mining at the actual decision time T11, ceases

to increase.

The method has certain properties common with the single-factor procedure for
experimenta.l2 optimization suggested by Friedman and Savage in 1947 and dis-
cussed by e.g. Ackoff (1962, pp. 385-387) and Wilde (1964, pp. 124 ff.)3 . In
the single-factor procedure one controlled variable is optimized while all other
controlled variables are held constant. Then the next controlled variable is
optimized, all others again being held constant, etc. All the controlled vari-
ables are optimized in this way. The procedure is applied repeatedly until an
optimum is found4). The method suggested differes from the single-factor pro-
cedure in an important respect. In reality one set of variables, the decision
times, are fixed when the decisions are made concerning the other set of vari-
ables, the rates of production. Hence the procedure can only be used to a

limited extent in that an optimum decision rule can be determined for a given

1) Note that the simplifying assumption 5) in section 531 has been removed.
Thus, the subscript indicating the subzone has been re-introduced.

2) The optimization method is experimental as it involves experimentation on the
model, i.e. simulation (Ackoff 1962, pp. 346 and 38%).

3) Wilde calls the method the sectioning method. Reference: See Ackoff or
Wilde (ibid.).

4) The method is ineffective for certain kinds of sharp ridges on the surface
constituted by the capital-value function, Then the optimum cannot be
reached by this method (Wilde 1964, p. 125). An example of such a ridge is
found in Fig. 5:7 (section 5432), the diagonal between the two constancy
limits,
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decision time whereas it is irrelevant to try to determine the optimum decision
time for a given decision rule (the restriction in the principle of optimality).
In addition, it should be observed that the optimization criterion changes suc-
cessively from one partial optimization to another as the remaining ore reserve
changes. The goal function changes in content. Thus, the relevant iterations
are those comprising the entire optimal policy, and not those made in order to

determine an individual optimal policy.

Description of the method

The second method outlined in the preceding section will be used, and needs to
be described in more detail. The approach can be discussed by means of a hypo-
thetical example. The contour map in
Fig, 5:51 shows the contours of the
Year AT surface formed by the capital-value
function which determines B1n. The op-
timization in zone n is first made on
the assumption that T, =7, (the arbi-
trary value). The decision rule which
is to be optimized, i.e. the four lim-

YO T —-* its, is represented by the variable

(Rule)1n. The decision rule is assumed

to be independent of Qn_1 and Qn taken

separatelyz). The contours indicate

! the capital value at time T1n of future
: - mining, i.e. B1n’ if the decision rule
' - indicated by (Rule).ln is followed in

Q3 Q2 Q1 (Hule)1n determining Qn and the corresponding

rules are followed in subsequent deci-
Fig. 5:5 Decision times taken into sions at times T1,n+1’ T1,n+2’ ceny
account through repeated P

complete optimizations. 1,N°

In the partial optimization of zone n
in the first complete optimization the
decision rule 91 is found to be optimal. It is thus used to determine Qn in

the remaining optimizations where (Rule)1i for i=n-1,n-2,...,2, and Q, are

1) This type of graphical representation has been used by e.g. Wilde (1964,
p. 68) in his discussion of optimization methods.

2) The simplifying assumption 4) in section 531 and, according to the conclusion
in section 5333, also the simplifying assumption 6).
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determined. In these optimizations the value of 'I‘1n varies as the values of
the various Qi are varied in the course of the experimentation. 91 is not op-
timal for all the cases which arise during the optimization procedure, but is
used in spite of this. The errors thus introduced should be corrected in a

second complete optimization.

The first complete optimization is assumed to have yielded an optimal policy
where T1n=Y1. The tentatively optimal decision rule 91 is inoptimal as it
yields the capital value B, indicated at the point (Qq Y 1), which could be
increased to a maximum by using 92‘ The latter is the rule obtained and used
in the second complete optimization. When the second complete optimization has
been carried out three important questions must be answered: Did B11 increase?

Is still T1n=y1? Is the optimum approached?

Behaviour of the capital value

B11 need not necessarily increase because the principle of optimality, as inter-
preted in this study, introduces a restriction on the optimizations (section
342). Except for such cases where the restriction is effective, however, B11
should increase if Yo” Y1 (Fig. 5:5). The following discussion may clarify the
matter. The partial optimizations in zones n and n-1 form a part of the second
complete optimization where T1n has been assumed to equal y1 when the second
rule, i.e. (Rule)1n=gz, was determined. A change in (Rule)hn_.,| (an expe11°i-
ment) causes T1n to change in value, e.g. to Yz. This incurs a reduction ’ in
the value of B1n’ as the decision rule leads to a choice giving the value of

B, indicated at the point (92, Y 2). The change in (Rule)1’n_1 is an improve-

ment only f it results in an increase in B1 y i.e. if the decrease in B1n
?

n-1

discounted to time T1 et is more than balanced by an increase in the capital
b

value of zone n-1""., Only then the alternative decision rule for zone n-1 can

be optimal. The decision rule for zone n influences B only in this way.

1,n-1
Hence an improvement as seen from time T, in the decision rule (l'\*ule)1n can

1) An increase in B may also occur. The increase is then smaller than it
would have been 1? the optimal set of decision rules for the new value of

T,, had been used (compare a relatively small decrease in T, from y1 in

Fig. 5:5).

It should be noted that B1 must be recalculated for each new alternative
decision rule in zone n-1. In Appendix A, where the payments were inde~
pendent of the value of T y & given curve expressing B, as a function of
Q,_, could be used (e.g. t e curve a3 in Fig. A:5). In the present case
one such curve exists for every value of T1n'

2) The interest on B1n during the time between y1 and Yz is disregarded in
this explanation.
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only increase the capital value B1 1’ This holds true for successive values

s
of n, i.e, for n=N,N-1,N-2,...,1. Thus, B11 increases for successive complete
optimizations, or is constant, if the restriction in the principle of optimality

is not effective (compare section 342).

The conclusion is not valid for B1n if n>1, B1n may be reduced if the reduc~
tion is compensated in zones mined previous to zone n, i.e. in zones

1y 2y «e.y n=1. The step from 91 to 92 illustrates the point.

Convergence

The question whether T1n=‘Y1 after the second complete optimization has been
carried out, is a question of convergence ‘. It is pertinent also with respect
to the decision rules. The first complete optimization yields the final solu~
tion in the simple case treated in sections 531 and 532 (see also Appendix A).
Assuming that the payment functions vary discontinuously (annually) with the
time and alternatingly towards increasing and decreasing payments (assumption
28)) no general answer appears possible2 . Instead it will be accepted that

the decision rules do not always converge and the computational methods, i.e.
the computer programs, will accordingly be formed so that it is indicated
whether the rules converge or not3 . As B11 may decrease for successive com—
plete optimizations (according to the restriction in the principle of optimality)
no general rules for selecting an optimal policy can be given if the rules do
not converge. The "optimization" is then merely explorative, and yields a basis

for applying other methods, including the judgement of the decision maker.

An operational criterion of convergence is that the optimum rate of production
and the four limits constituting the decision rule of each zone in one complete
optimization are equal to the corresponding rates and limits in the preceding

complete optimization. If the series of complete optimizations is interrupted

1) The conditions for convergence in dynamic-programming solutions have been

discussed by Bellman (1957).

2) A number of examples have been solved in testing the program EXRATE which
contains the model, Converging decision rules have been found in all cases,
usually after less than three complete optimizations. However, the testing
is incomplete as the examples cover only a few possible situations.

3) Intermediate output data are printed by the programs. This enables the
researcher to observe the performance of the programs at the different
stages of the optimizations. See Appendix B.
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vergent. A new effort may also be made by repeating the procedure using the

prematurely1 y it may be possible to deduce whether the optimizations are con-

last complete optimization as a starting point.

Certain new potentially optimal alternatives may have to be evaluated if the
optimizing method fails. This can be done independently of the optimization
programs by means of the program CAPVAL. In making conclusions from such alter—
natives it should be observed that the restriction imposed by the present appli-

cation of the principle of optimality must be respected.

Optimum and suboptima

If the decision rules do not converge the method generally does not yield an
optimum. There remains to be established whether an optimum is actually ob-
tained if the decision rules converge2 . This is undoubtedly the case if the
simplifying assumptions of section 531 are made (only the simplifying assump-
tions 2), 4), and 6) are practically important). The payments may also in-
crease or decrease by a uniform fraction per unit of time, e.g. % 3% per
annum, as this is equivalent to a decrease or an increase, respectively, in

the rate of interestB). The method is not affected by this.

If the payment functions vary discontimuously or fluctuate with the time, more
than one capital-value maximum may exist, but only one is found. If the search
technique is strictly rising, the outcome of a search for maxima on a multi-
modal capital-value surface (the response surface) depends on where the search
starts (Wilde 1964, p. 88). The present technique is not sirictly rising as

By, may decrease (the movement from (91, YO) to (91, Y 1) in Fig. 5:5 owing

to the first complete optimization) but this does not involve any systematic
search for alternative maxima, and the outcome of the search depends on the
starting point. PFor this reason the arbitrarily selected decision times used

in the first complete optimization must be exchangeable. Then new series of

1) The interruption rules are described in section 222 (the variables DELTA3
and JTOTMX) of Appendix B.

2) The uniqueness of optima of dynamic-programming problems has been discussed
by Bellman (1957).

3) If u is the relative increase per unit of time in payments (reckoned
continuously) and j is the continuous rate of interest, a disoounting rate p
is derived from the present-value calculation as follows:

emivt _eu-t=e-( j=u) “t_g-p-t

p=j-u
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complete optimizations can be made for varying initial decision times, and com-
pared. The importance of the problem of selecting the best optimum can be
evaluated by means of the different optimizations, and the number of further
experiments determined a.ccordingly1 . The solution giving the highest capital
value B11 is selected as the best solution available.

The relevant value of B11 is that of the last complete optimization in each
series of complete optimizations because this is the alternative which best
meets the conditions imposed by the restriction in the principle of optimality
(section 342). Convergence has been assumed. Then the partial optimizations
in the preoeding complete optimizations are made on more erroneous assumptions
concerning the state at each current decision time than the last complete op-

timization.

Solution if the decision rule for zone n depends on the decision in zone n-1

Description of the method

The graphical methods described in section 533 made it possible to solve prob-
lems where the decision rule for zone n depends on the rate of production in
the preceding zone. The simplifying assumptions 3) to 6) in section 531 could
be removed. However, the graphical methods in question can only with diffi-
culty be transformed into purely numerical methods. Some other solution is

desirable.

The method of repeated complete optimizations offers an alternative. The ar-
bitrarily selected decision times used in the first complete optimization
imply a single~valued set of rates of production, or Qn for n=1,2,...,N (ex-
pressions (4.5) — (4.7) in section 46). This set of rates will be called the
initial guess. In the second complete optimization the initial guess is re-
placed by the first optimal policy, i.e. the optimal policy obtained in the

first complete optimization. In a third complete optimization the second op-
timal policy serves in place of the initial guess, etc. To start with the more
general case, a complete optimization which is not the first one will be treat—
ed in the beginning. The optimal policy determined in the latest complete
optimization forms a natural starting point in the current complete optimiza-

tion. The optimal policy contains an optimum value of Qn—1' The decision

1) The problem of evaluating saquential experiments has been discussed by
e.g. Ackoff (1962, pp. 361-363) from the point of view relevant for this
question.



141 5431

rule for the current zone n will be determined for the optimum value of Qn—‘ to
the extent this is possible. Another approximation will be used where this is

not possible.

The method can be described by means of the type of graphs known from Appendix A.

The curve [31n in Fig, 5:6 shows the capital value Bh1 if the values of

Qn+‘!’ Qn+2
on the assumption that Q =Q , (section

y eeey QN are optimized, but

4 of Appendix A). The latest complete
optimization has yielded Qn_1=‘y1 as an
optimum. This is the starting point.
MEKR A\ B1n Only expansion is economically relevant
here. Fxpansion to Qn=(EL) yields
LCIL E}. CL U(EL maximum capital value. EL is the ex-

. 1)
pansion limit if Qn—1_Y1'

The expansion curve to (EL) is relevant
for expansion to (EL) from all values
OSQn 1<(EL). Hence, the capital

Q, value increases only if R ,< (LeL),
- -

) “  and LCL is the lower comstancy limit if
Y1 Y2 the expansion ends at Qna(EL) indepen—

dently of the actual value of Qn—1'
Fig, 5:6 Approximate decision
rule for zone n. The problems concerning contraction
remain to be solved. As Y.’ is too low
to permit efficient contraction of the
rate of production, a new value of Qn—1 must be found. Assume for the present
moment that a value Qn_1='Y2 has been found. The contraction limit is then CL,

and the upper comstancy limit UCL (Fig. 5:6).

The value selected for Qn—1 influences the optimization, i.e. the determination
of CL and UCL. Y1 is the best available estimate of the value Qn—1 will have
when the value of Qn is actually determined. It is therefore assumed that if
contraction takes place, the contraction will be made from a fairly low value
of Qn—1' In order to be of interest, however, the latter should be greater than
the contraction limit. The upper constancy limit determined in the latest com-

plete optimization is greater than or equal to the contraction limit obtained in

1) (EL) denotes the value of Q which forms the expansion limit EL.
Similarly: (LCL) and LCL, (CL) and CL, and (UCL) and UCL.
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that complete optimization. Hence, in many cases it can be expected to have, or
to be close to a value which hae this property. The value of Qn—1 is thus set
equal to the upper constancy limit of the complete optimization which precedes
the current one, plus a given constant1 . The constant added reduces the number
of cases where the value selected lacks the specified property of being greater
than the contraction limit which is searched for.

A corresponding rule is used if the optimum value of Qn_1 exceeds the upper con-
stancy limit, the values of both variables being those of the latest complete
optimization. Then the current determination of the contraction limit is made
for the optimum value of Qn—1’ and the upper constancy limit is determined cor-
respondingly. The contraction limit is determined for a value of Qn_1 which
equals the lower constancy limit previously determined in the latest complete

_— . . . 2
optimization, minus a given constant ’.

The starting-point values of Qn—1 corresponding to 'Y1 and 'Yz in Fig. 5:6 are
set equal to the previously determined lower constancy limit, minus the constant,
and upper constancy limit, plus the constant, respectively, if the optimum

value of Qn_1 should fall in between the two limits, or equal one of them. In
all other cases either the expansion limit or the contraction limit is deter—

mined with Qn—1 equal to the most recent optimum value of Qn— The constancy

1"
limits are then determined as described.

A previously determined optimum value of Qn_1 and previously determined constancy
limits do not exist when the first complete optimization is made. The initial
guess concerning Qn_1 is used as regards the determination of the expansion limit
in zone n. For programming reasons a comparatively high arbitrary value of

Qn_1 is selected for the determination of the contraction limit. The constancy
limits are determined as before, i.e. along the expansion and contraction curves
to the respective expansion and contraction limits which have just been deter-
mined. Furthermore, a test is performed to ensure that the two values of Qn_1
are reasonably distant from the expansion limit and the contraction limit ob-
tained, and that the former values enclose the limiis. A new, more distant value
is tried if any of the values selected proves to be too close to the relevant

3)

limit. The procedure is repeated until satisfactory values have been found™’.

1) The constant is 4-DELTA1. The parameter DELTA1 is specified in the input
data of the program (sections 321 and 322 of Appendix B).

2) DELTA1.
3) The procedure is described in more detail in section 552 and in Appendix B

(section 322, the variable M), Note that what is "reasonably distant"
(above) is specified by the values of the parameters M and DELTA1.
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The method described yields an approximation of the graphical solutions given
in Fig. 5:1, Fig. 5:2, Fig. 5:3, and Fig. 5:4. The expansion and contraction
limits vary with Qn_1 there. They are here approximated by two fixed limits,
i.e. EL and CL, respectively, in Fig. 5:6. The constancy limits are constants
in both types of solutions, but they are only approximated here (LCL and UCL
in Fig. 5:6).

Finally, it should be observed that the expansion and contraction investments
have been treated as if they were the single types of payments depending on the
value of Qn—1' This has been made for convenience only. The method suggested
easily copes with the extended interdependence {compare the beginning of sec-
tion 5332).

Nature and importance of the approximations

The nature and importance of the approximations introduced by the method de-
scribed in section 5431 can be studied by means of contour maps. Fig. 5:7 shows
the case treated in Appendix A. The rates of production and the capital-value
amounts are obtained from Fig. A:3 as regards the contraction limit and the up-
per constancy limit, and from Fig. A:7 as regards the expansion limit and the
lower constancy limit. The contours are the locus of the points where the cap-
ital values Bn are of the values indicated. The diagonal Qn—1=Qn indicates the
alternatives where the rate of production is not changed. Above and to the

left of the diagonal is a contraction area. Below and to the right of the diag-

onal is an expansion area.

There is a sharp ridge along the diagonal. Where this ridge marks the highest
capital values attainable for given values of Qn_1 the optimum decision is to
make Qn=Qn-1' This occurs between the two constancy limits LCL and UCL. If
Qn_1<(LCL) a higher capital value is attainable if the rate of production is
increased. A maximum is reached at Qn=(EL). This is the expansion limit.
However, it should be observed that the capital value may decrease first, as in
the figure, for small increases in the rate of production, because it influences
the search for the maximum. It is similarly found that contraction to the con-
?raction limit CL is the optimum action if Qn__,| >(UCL). The heavy solid lines
indicate the optimum values of Qn for different values of Qn_1. The optima are

reached if the decision rule stated in section 6 of Appendix A is used.
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Owing to the simplifying assumptions made in section 531 the expansion limit is
equal for all values of Qn—1 if 0<:Qn_1fE(LCL) and the contraction limit is equal
for all values of Q . if Qn_1Z(UCL). On these assumptions the contour map and
the limits are also independent of the decision time, i.e. of the value of T1n’
and, consequently, independent of the subsequent partial optimizations in the
current complete optimization (section 532 and Appendix A). The contours change
with the value of T1n if the simplifying assumption 2) is relaxed. The ensuing

difficulties have been discussed in section 542.

The more complicated cases discussed in section 533 can be illustrated similarly.
The capital values, the expansion limits and the lower constancy limits from
Fig. 5:1 and Fig. 5:2 are reproduced in Fig. 5:8. The contraction limits and
upper constancy limits are drawn arbitrarily, but the following discussion nat-

urally applies also to more complicated cases of contraction.

MT/ A Q

year ’ yean n-1 CL and UCL ,

B n increas— ‘B n increas—

ing ing

Yo7 )
S
d '
7’ i

/ ! S %
L

LCL EL MTyyear MT/year

A B

Fig. 5:8 Expansion limits in zone n dependent on Q according to Fig. 5:1
(egraph A) and Fig. 5:2 (graph B).
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The heavy solid lines indicate the optimum decisions concerning Qn. The graph-
ical solutions shown in section 533 yield a decision rule leading to these optima.
The approximate solution described in section 5431 (Fig. 5:6) is based on the
assumption that Qn_1=‘y1. Approximate optima are determined with the decision
rule defined by LCL and EL, the latter being the approximate lower constancy
limit and expansion limit of Fig. 5:6. The line Qn=(EL) for 0<Q _, < (LeL)
(graph A) and the diagonal line from the point ((LCL), (LCL)) to the point where
the rates of production equal the correct lower constancy limit (light solid
lines) indicate the decisions concerning Qn which are made if the approximate

decision rule is applied. Graph B is interpreted accordingly.

It is easily seen that the approximation is close to the actual optimum if Qn—1
is close to ‘Y1. As Y1 is determined so as to be equal to or as close as pos-
sible to the optimum value of Qn_1 of the complete optimization preceding the
current one1 s good approximations are obtained in the most important interval.
Hence, the approximate decision rule does not appear to introduce any signifi-
cant risk of erroneous optimizations or non-convergence if Qn_1 converges to—
wards an optimum in repeated complete optimizations if the exact decision rule
is used. Two areas may show tendencies of instability, i.e. where Qn—1 is close
to LCL or UCL. Here small changes in Qn—1 may result in large changes in Qn.
However, the effect on subsequent partial optimizations is minor as by defini-
tion of LCL and UCL the capital value does not change in proportionz). For
example, the capital value is equal for Q =Q , and Qn=(EL) if @ _,=LCL (com—
pare LCL and EL in Fig. 5:8, graph A).

The cases illustrated in Fig. 5:3 in section 5332 are of the same nature, and can

be treated similarly. The same conclusions are reached.

The approximate solutions discussed refer to the cases of nonlinear expansion
and contraction investments introduced in section 5332 where the decision rule
for zone n depends on the decision in zone n-1., Such a dependence may also be
caused by multimodality of the capital value B1n when this is expressed as a

function of Qn with Qn=Qn_1. The case has been introduced in section 5333 and
illustrated in Fig. 5:4 (graph B). The same type of approximate decision rule

1) Except where the current complete optimization is the first one.

2) The subsequent partial optimizations are influenced only by the reduction
in th; capital value B1n (in comparison with the actual optimum capital
value).
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is used to simplify the computational ireatment of this problem as has been dis-—

played above. Some new problems arise, which are illustrated in Fig. 5:9.

/Ao,

year

CL and UCL

{ 1 '
LCL and EL MT/year LCL and EL MT/year
A B

Fig, 5: Capital-value surfaces according to Fig. 5:4.

If O<Qn—1 < ’Y1 in graph A the capital value B1n
one at Qn-'y,' and the other at Qn= 'yz. However, expansion to Qn=Y2 yields the
higher capital value for all the relevant values of Qn—1' Y2 is the expansion

has two maxima for Q >Q ,»

limit. It is independent of the value of Qn—1' New problems do not arise
except that B1n expressed as a function of Qn may have two maxima. According to
the method described in section 5431 (Fig. 5:6) the search for a maximum, i.e.
for an expansion limit, proceeds from a preselected value of Qn_1. The search
must continue until all maxima have been found, and the highest maximum yields

the desired limit. The heavy solid line indicates optimum.

The situation is more complicated in graph B of Fig. 5:9. The heavy solid lines
indicate the true optima which are determined as before. It is found that the
decision rule, i.e. the four limits, depend on the value of Qn-1' One set of
limits is found if the search is confined to the interval Qn—1 >Y3! and another
is obtained of O<Qn_1 < y3. If both intervals are searched, both sets will be
found. The approximate method will select only one set of limits, namely the
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limits LCL, EL, CL, and UCL in the figure1). Thus, the approximate decision
rule will give Qn=Qn-1 for Y2<Qn_1 <Y4 instead of the truly optimal values
indicated by the heavy solid lines in this interval.

The approximation introduces an error into the optimization. Its influence on
the capital value can be appreciated in the figure. The nature of the error will
not change with repeated complete optimizations, unless the capital-value sur-
face changes drastically. This may happen if the payment functions vary with
the time. Then the approximate decision rule is selected more or less acci-
dentally if a multimodel surface should be introduced after the first complete
optimization in place of a formerly unimodal one, or if the true limits should
be changed outwards (a considerably lower expansion limit or a considerably
higher contraction limit). The choice depends on the previously determined

decision rules.

However, the dependence on chance is mostly restricted to that complete optimiza-
tion in which the drastic change is introduced. The limits are often automat-
ically corrected in subsequent complete optimizations if no new drastic changes
occur, except where gaps of the type represented by the difference between Y1
and Y4 or YZ and 'YS, are great. A tendency towards the extreme limits exists,

although it is not to be relied on in all case52 .

1) According to section 5431 a low value of Q 1 is used in determining the
approximate expansion limit, and a high vaYue in determining the contraction
limit. The constancy limits are determined by calculations based on the
other limits. Hence the choice of the extreme limits. However, there is
always the risk that the parameters M and DELTA1 are set too low. Then
the program (EXRATE) will simply approximate the decision rule with one of
the two sets of corresponding limits.

2) Compare Fig. 5:6 and observe the effect of ¥;>(LCL). Note that the new
value of LCL after reduction by DELTA1 forms the y1 used in the partial
optimization of zone n in the subsequent complete optimization.
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Approximations in the method
suggested.
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Yq» Y,¢ See section 5431
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The nature of the approxima-
tions made in the method sug-
gested can be illustrated by a
hypothetical example where vari-
ous simplifications are brought
Fig. 5:10 shows the

true optima of such a case, and

together.

the approximate optima which
are normally obtained if the
simplified decision rules are
utilized. The approximate lim—
its are denoted LCL, EL, CL,
and UCL, as before. The con—
tour lines are excluded. By
making the approximations it
is possible to treat cases
vwhere the decision rules for
zone n depend on the decision

in the preceding zone, n-1.

Multimodality in the partial optimizations and computational methods

Maxima to search for

The techniqué of finding points of tangency and the other graphical techniques

utilized in the solutions discussed in this chapter can be transformed into a

search for maxima as regards the approximate expansion and contraction limits.

This is emsily seen from Fig. 5:7 and Fig. 5:8 if compared with Fig. 5;6. B

is the capital value at the decision time of future mining.

in
For a given (low)

value of Q ., i.e. Y4 in Fig. 5:6, the value of Q, is determined for which

B1n is maximum. The value of Qn is the approximate expansion limit. Then, for
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another given value of Qn-1’ i,e. the considerably higher value 'Y2 in Fig. 5:6,
another value of Qn—1 is determined for which B1n is maxinmum. This is the ap-

proximate contraction limit.

The decision time T1n has been assumed constant in the partial optimization with
respect to the alternatives compared then, i.e. with respect to Qn and the vari-
ous values of Qn—1 forming the points of departure in the maximizations. Hence,

the capital value B1n can be substituted by B without affecting the optimiza-

1n0
tion (section 45). Doing this the capital value maximized is recognized as that

which is maximized in the optimization model (4.4) in section 46.

An approximate lower constancy limit is the rate of production Qn=Qn—1 which
yields the same capital value (B1n or B1n0) as the expansion from that rate of
production to the expansion limit 1), Correspondingly, an upper constancy limit
is the rate of production Qn=Qn_1 which yields the same capital value as the
tontraction from that rate to the contraction limit. A simple trial and error
method is used in the search for constancy limits. It is described in section
321 (EX7) of Appendix B, and will not be treated here.

There is one optimization which has not been discussed, except for in Appendix A,
i,e. to determine the optimum value of Q1. Here the value of Qn—1’ i.e. QO’ is
a given constant (assumption 39)). Fxpansion limit, contraction limit, and con—
stancy limits are not needed. It is sufficient to determine the value of Q1 for
which B110 is maximum. The value of Q1 supplied by the initial guess or the
latest complete optimization forms a natural starting point in the search for a

maximum.

Three different problems involving a search for maxima have been stated, i.e.
determining expansion limits, contraction limits and the optimum value of Q1- In
all cases (n=1 included) the maximum value of B1n0 expressed as a function of Qn
is desired. For this reason a common search method will be used. The capital-
value functions in question may be multimodal with respect to Qn. This compli-
cates the search procedure as usual procedures for unimodal functions are not
satisfactory2 . The search is made in two stages, i.e. a first approximation

and a second approximation.

1) From here on the approximate limits are called the expansion limit, the
contraction limit, and the constancy limits.

2) Wilde (1964, p. 13). Wilde discusses optimum methods for unimodal functions.
No effort is made to optimize the search procedure in this study. The method
suggested is the simultaneous method with uniform spacing (ibid. p. 22)
repeated twice, i.e. in a two-stage sequential search. In addition, the
number of experiments in the simultaneous method is determined by the outcome
of the previous experiments, i.e. sequentially.
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552 The first approximation

The principles of the first approximation are shown in Fig. 5:11. In optimizing
Q1 the value of B110 is first determined for Q1 equal to the optimum value of Q1
in the latest complete optimization or, if the current complete optimization is
the first one, the value of Q1 given in the initial guess. The value of B110
for lower values of Q, are then determined successively until a sequence of
strictly decreasing values of B110 is obtained for successively decreasing values
of Q1. The process is then repeated from the original point of departure but

for increasing values of Q1. The search is here terminated when a sequence of

strictly decreasing values of B110 has been obtained for successively increasing
values of Q1.

\ B
VKRB, 10 MKRAB, MKR A Bino

/E/N

)

Ql // / & /. Qg
Previous MT/year Y1 MT/year MT/year YZ
opt. Q1
A: Optimum Q1 B: Expansion limit in C: Contraction limit

zone n in zone'n

Fig. 5:11 Search for capital-value maxima.
Y1 and y2 according to section 5431 (Fig. 5:6).

xobservation ® observed maximum.

The interval between the observations can be selected by the program user. It
is the value of the parameter DELTA1. The number of observations yielding
strictly decreasing values of B11O is another parameter to be determined by the
researcher, i.e. M1). The parameters are discussed in sections 222 and 322

of Appendix B. Sections 221 and 321 in Appendix B (the subprograms CUT2 and
EX2, respectively) contain further details of the method.

1) M=3 in Fig. 5:11.
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The same method is used in determining the expansion and contraction limits. The
search, however, proceeds only in one direction. The starting points in the
search are Qn='Y1+DELTA2 and Qn='y1-DELTA2, respectively. DELTA2 is a parameter
whose value is small, which will be discussed in the next section. In addition,
it is prescribed that at least the first M observations yield strictly increasing

values of B1 in the first complete optimization (compare section 5431).

10
Complications arise owing to multimodality. The value of M must be great enough
if the search is not to be interrupted prematurely. DELTA1 must also have a
suitable value. Some types of errors are illustrated in Fig. 5:12, Two maxima
will not be detected. The situation is not very probable but may exist. A
remedy for these types of errors may be to make the optimization repeatedly,
using various values of M and DELTA1., It should be noted that M and DELTA1
interact here. A smaller value of DELTA1 is desirable, but this may require a
greater value of M. A great value of M causes extensive computation and makes

. L1
the optimization procedure expensive

1n0

b}

7

MT/year

Fig. 5:12 Hypothetical example showing some errors which may be committed in
the first approximation. M=3,

X observation ® observed maximum

1) Recommendations as to the sizes of the parameters cannot be made here.
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The second approximation

The second approximation is made on the principles illustrated in graph A of
Fig., 5:11. The starting point is a maximum observed in the first approximation.
The interval between observations is DELTA2 which is small in comparison with
DELTA1 (say e.g. one-fifth or one~tenth), and can be determined by the program
user (section 322 of Appendix B). The equivalent of M is a fixed constant in
the program. (Section 225 of Appendix B, where the average grade is discussed,

applies here.)

The second approximation is carried out around all maxima observed in the first

approximation., The maximum giving the highest value of B is finally selected.

1n0
The search for the maximum terminates here. Thus, DELTA2 determines the maximum

precision in the optimization.

The discussion of the methods for determining optimum rates of production is now
concluded. The methods described are used in the program EXRATE. A summary
description will appear in Chapter 6. The program is described in section 3 of
Appendix B.

timum ave ade

Application of the optimization model for rate of production

The average grade can be optimized with methods similar to those proposed for
the optimization of the average grade, provided that the interdependencies be-
tween decisions at various times are those specified in section 3445 and assump-
tion 42), and that the other assumptions made in section 42 are valid as well.
Expansion and contraction investments and other payments of similar character
(compare the beginning of section 5332) are then replaced by the grade-change
investments. The partial optimizations concern subzone n'n instead of zone n,
En'n is the decision variable instead of Qn, and B is the criterion instead
of B1n0'

n'n0

The same optimization methods can accordingly be used. Only small changes in
the program EXRATE would be necessary to adapt the program to the new decision
problem. The preceding discussion of the optimization of the rate of production
would apply. However, the present optimization problem can be solved By a
simpler method. Hence, the necessary changes in the program EXRATE will not be
discussed.
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562 A simple solution

It was argued in section 3443 that the average grade is often more easily changed
than the rate of production. Then the grade—change invesiments are small, at
least for small changes in the average grade. Further, it was assumed in assump-
tion 39) in section 42 that payments during the production period of one sub-
zone are not very much influenced by the average grade in the preceding subzone,
especially if the average grades in the two zones are fairly similar. The as-
sumptions are based on the observation that the sorting plant, dressing plant,
e'l:c.‘I are normally flexible with respect to changes in the properties of the in-
put ore within a certain interval. However, repeated small changes in one direc—
tion will accumulate, and the interval of flexibility will be left. Hence, the
peyments for one subzone depend on the average grade in several of the preceding
subzones. In spite of this only the average grade in the preceding subzone is
included in the payment model {assumption 39)). This yields a correct descrip-
tion of the reality behind the model if e.g. maintenance and replacements of
parts of the plants can be utilized to achieve a successive adaptation of the

plants to the changing average grade with small extra costs.

The payments influenced by the average grade are summarized in the equivalents
of the expansion and contraction curves (compare section 5332). The small

degree of dependence on the average grade in the preceding subzone2 , 1.e.

hn'-1

n’ leads to the situation illustrated in Fig. 5:13. The optimum change
b

: T~ N . s : : :

is to hn'n Y3 if En'-1,n is close to YB’ i.e. if the change is small. Then

the equivalents of the expansion limit, the contraction limit, and the two con-
stancy limits all coincide at the value YB. This will be utilized to simplify

the optimization method.

1) As the rate of production is measured in tons of crude ore, a change in the
average grade of the ore does not influence the utilization of equipment for
drilling, loading, hauling, crushing, hoisting, etc. to the extent that
these activities concern the crude ore (compare Fig. 1:1). There are ex-
ceptions but they are assumed to be insignificant. For example, a lower
average grade implies longer iransports as the mining is more extensive
(Fig. 1:3), the low-grade ore may have another volume/mass relation, another
mechanical structure, etc. than a high-grade ore, which may cause extra pay-
ments if the grade is changed.

2) Henceforth the special case where h

. T © .¥'—1,n is replaced by EN',n—1’ i.e. where
n'=1, will not be indicated explicitly.
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If the four limits coincide at ‘y3, the optimum decision is always to make
En,n=Y3. This decision rule substitutes the more complicated decision rule
used in the optimization of the rate
of production. No other changes are
made in the original method (section
we B, 561). 4n initial guess is made, which
comprises hn'n for n'=1,2,...,N' and
n=1,2,...,N. The subzones are opti-
mized successively, starting with
subzone N'N and continuing with sub-
zones N'-1,N, N'-2,N, etc. The op-

ﬁn.n timum value of En,n, i.e. the equi-
valent of y3 in Fig. 5:13, is
determined for the value of En'-‘l,n
which is given by the initial guess

]

]
Il
'l
t
'l
[
.
I
] i
b
o
Lo
[
] |
L

g if the first complete optimization
Y Y, ¥ %/100 v .
1 2 83 is being made, or by the preceding
complete optimization in other cases.

Pig. 5313 Changes in average grade at The method is the one described for

time T, .
7 *nrn optimizing Q, in section 552 (Fig.

ﬁn'n: see Bn in section 4
of Appendix A (adjustments
refer to grade here, not tions are made repetitively as de~

rate). scribed in sections 542 and 5431.

5:11, graph A). Complete optimiza-

The program CUTOFF is constructed on the basis of the method indicated. It is
described in section 2 of Appendix B.

563 Nature and importance of the approximations

The method yields approximate optima. If e.g. ﬁn'-1,n= Y.', the optimum value
of En'n=Y2 (Pig. 5:13). En'n=y2 will be kept throughout the current complete
optimization, even if, e.g., the optimum value of in'—1,n= 'y3 is obtained in the
next partial optimization, Fig. 5:14 illustrates the matter. Bn'n is calcu~
lated on the assumption that the optimum average grades have been determined
for the subsequently mined subzones, and are implemented. The heavy solid line

indicates the optimum decisions concerning -ﬁn'n ag a function of En' 1.0 A
=l



156

A
%o Pat-1,n
4
Ve
3 I 7
=:Bn'n
175 Rl
Ve
Ve
Y, 1%
B S A y
1 4
7 B,
%/100
Fig. 5:14 Capital values B , for

combinations of average
grades in the subzones
n'-1,n and n'n,

decision rule following this line
would yield the true optimum, In-
stead, the approximate decision
rule b , =L, is followed, which has
been determined for hn'—1,n=y1
in the partial optimization of sub-
zone n'n. This is correct if the
next partial optimization yields
hn,_1’n wy1. On the other hand,
if the optimum value of h_,
n'=1,n
proves to be e.g. Yz, the rule
causes an error. However, the er-
ror is corrected in the next com-
plete optimization where the op-

timum is then found to be h L

n'n” 2°
Hence, on the given assumptions
the optimization converges towards
an optimum in the same manner as
the optimization of the rate of
production, and with the same ex-

ceptions.

If a change in the average grade
is not as easily made as has been
assumed, two separate constancy

limits will exist, the lower and

the upper. The optimization still

converges towards an optimum, except for the case where there is a fixed payment

to be made for each change or if a small change is very expensive, whereas

greater changes incur comparatively small additional expenses (see e.g. Fig.

5:7).

Such payments occurring in subzone n'n do not involve any difficulties

in the optimization of En‘n for a given value of Hn' 1.n° The difficulty arises
=y

in the subsequent optimization of En'-

curve Bn'-1,n

1,n
will have a peak for En'—1,n=En'n= 'Y3 as shown in Fig. 5:15.

for a given value of h

n'=2,n" The

.ﬁn'n=y3 is the approximate optimum just obtained. The peak is artificial, as

a correct decision rule for subzone n'n would make En'n equal to En'- within

1,n

the interval delimited by the constancy limits for subzone n'n. The optimum

hn

h

(] ,n- nt

n" 'Y3 is incorrectly determined for subzone n'-1,n.
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MKRA B, 1 The error may be corrected by re-
n'=9,n
’ peated complete optimizations, but

only if hn'n and h'=1,n

much that the peak ceases to in-

change so

fluence the optimization (illus-
Bn'-1,n traied in Fig. 5:15: if b, <'Y1
orh , >y2). If the fixed pay-
ment for a change at time Tn'n or

its equivalent in the case where a

|
\ I
| |
] i
i |
1 |
i |
i |
! i
i

]
! 1
| 4

h

En'-2,n small change is comparatively ex-

n'—1§? pensive, is small, the interval
- Fig., 5:1 is small and
Y, Y Y, %/100 Y- ¥, (Fig. 5:15)
the effects of the error correspond-
Fig. 5:15 Changes in average grade at ingly less serious. To avoid the
time T if fixed payments

error the original method (section

'-1,n
occur ?or éhanges at time T , .
n'n 561) must be reverted to.

The fixed payments for changes
at time T 1_1,p 2T ignored in
drawing the equivalents of the
expansion and contraction lines.
4 The fixed payment.

57 Simultaneous optimization of rates of production and average grades

The problem of simultaneous optimization of rates of production and average
grades will here be solved by applying a method which is selected because it is
obvious when the two programs EXRATE and CUTOFF are available. Many other

methods can be used and some of them are probably superior to this one.

For EXRATE a given set of average grades is assumed to exist, and for CUTOFF

a given set of rates of production (assumption 15) in section 42). In addi-
tion, the initial guess provides values of the respective decision variables of
the two programs. To simplify the discussion, rates and grades are said to
constitute the initial guess in both programs. The method suggested is to make
the two optimizations alternately, each time inserting the latest optimal policy
as a new initial guess1 . This is continued until the capital value ceases to

. . 2
increase or increases at too small a rate to motivate further optimizations ‘.

1) The method has been suggested by Carlisle (1954, p. 607) and by Henning
(1963, p. 57) for the case where only one decision time and two decision
variables are involved.

2) This is a problem of optimizing the search procedure, which will not be
treatgd)here. A similar problem has been discussed by Ackoff (1962, pp.
361-363).
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The method can be viewed as an application of the single-factor procedure1) with
two decision variables, i.e. the optimal policy concerning the rate cof produc-
tion and the optimal policy concerning the average grade. This method is in-
effective if sharp ridges of the type found in Fig. 5:7 (section 5432, the
diagonal between the two constancy limits) exist on the capital-value surface
formed by the capital value expressed as a function of the two policies. The
optimization will terminate at either end of such a ridge or somewhere on the
ridge depending on the initial guess. In addition to this weak point the
method suffers the shortcomings of the two separate methods.

Whether ridges of the indicated type generally exist is not known. It may,
however, be found out in each particular case by repeating the procedure with
widely separated first initial guesses. Equal optima are arrived at if the
source of error discussed is not at hand. If different optima are obtained
initial guesses in between the original ones may be tried. This will yield
a fairly good solution, but not the optimum one.

By using the method the dynamic aspects are not taken into account as regards
the combination of rate and grade at each particular moment. In order to do

this the method should be applied repeatedly in the following manner:

1) 48 if the actual decision time (section 3444) were T‘IN’ i.e. for zone N

only.

‘2) As if the actual decision time were 'I'1 N1’ i.e. for zones N-1 and N only.
SN=

The optimum decision rules obtained through execution of point 1 are used

for zone N.

3) As 2) for T o» and using the results of 1) and 2)

1,8~

etc.

This method is not developed here as it would require so long computer times
and so much administrative work that it would probably be impracticable in most
situations. The simpler method yields only an approximate optimum. The nature
and extent of the approximation will not be expounded in this study.

Other optimization problems

Remaining optimization problems are 1) those concerned with mining limits in
other dimensions than the average grade, 2) technology, and 3) refinement

1) Seotion 5421.
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level. It is assumed that the number of aliernatives considered is finite and
small, or that the results obtained concerning a small number of alternatives

yield a sufficient precision from the point of view of the decision maker.

An example of the latter case may be found in the problem of determining where
to stop mining an ore deposit which extends to a great depth. The partitioning
into zones being given, the following alternatives may be considered: Mine 14
zones, mine 13 zones, mine 12 zones, or mine 11 zones. If e.g. the mining of
13 or 12 zones proves to yield about the same capital values whereas the mining
of 14 or 11 zones yields lower capital values, it is concluded that the optimum
is somewhere in the neighbourhood of 12 and 13 zones. The decision maker is
assumed to accept this precision. If he does not, which may happen where other
decision variables are concerned, new alternatives are comstructed and evaluated,
alternatives which are close to the best ones according to the first optimiza~-
tion.

The method suggested is to optimize each alternative by means of EXRATE and
CUTOFF and to select the alternative giving the highest capital value. If either
the rate of production or the average grade is not influenced by the choice,
CUTOFF or EXRATE, respectively, is used. If neither rate nor grade is influ-
enced, the program CAPVAL can be used. CAPVAL calculates the capital value of

one or more given alternatives (section 4 of Appendix B)1).

The description of the alternatives must be made in terms of the coefficients
defining the ore-reserve model and the payment models (sections 43 and 44) and
the parameters for stating equivalent average grades (HEQV(XN)), equivalent ore
reserves (RES(NS,N)), the number of zones (NMiX), and the number of subzones
(NSMAX). Hence, a new set of parameters and coefficients must be determined for

each alternative.

The method has the disadvantages of the methods used in EXRATE or CUTOFF if
either of these programs is used and, if they are combined, those mentioned in
section 57. In addition, the often cumbersome determination of the coefficients
of the payment functions must be made repeatedly. Only a few alternatives can
be evaluated. It is practically impossible to make dynamic optimizations in this
way. The advantages of the method are that the long-range effects on the ore

1) The method of combining the two main optimization models in evaluating the
alternatives and the method of assuming rates and grades to be given and
simply calculating the capital value of the alternatives, have previously
been discussed by the author (Norén 1967, pp. 181-185) for solving similar
optimization problems, although with considerably simpler models involved.
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reserve, the production period of the deposit, and the timing of major invest-
ments (the zone investments) can be taken into account in the evaluation of the
alternatives. Only three detailed models (the three programs mentioned) need
to be consiructed where more sophisticated solutions of the problems discussed
at present would probably require as many detailed models as there are separate
decision problems. It may be possible, however, to find a common procedure for
solving three or more decision problems jointly. This problem is left for the

future.

)

decisions, e.g. in short-range production planning and minor investment decisions

1
Simpler '’ models can be used where the long-range effects are irrelevant for the

in a going concern.

Finally, some practical points may be made. CAPVAL should be used to a great
extent in evaluating the alternatives, also where the rates of production and
the average grades are decision variables. Several alternatives can be evaluat-
ed in one single run. CAPVAL uses far less time in the computer than EXRATE
and CUTOFF. However, it yields only approximate evaluations as it does not op-
timize, but the nature and extent of the approximations are easily controlled
by means of the two optimizing programs. It should also be observed that those
optimization problems should be treated first, which are expected to be unsensi-
tive to changes in the solutions of the other decision problems. The more sen—
sitive optimizations can then be made for fairly accurate values of the more

stable decision variables, which reduces the number of iterations2 .

1) Simpler with respect to the long-range effects. They may naturally be much
more sophisticated in other respects.

2) It has been recommended by e.g. Ackoff (1962, p. 385) that the most important
variables are optimized first in using the single factor procedure. This
is an application of the same principle.
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CHAPTER 6

Optimization models

Introduction

The decision problems to be solved have been stated in section 223. Different
optimization models are needed for the various decision problems. They will

be presented in this chapter. A full description of the optimization models
contains the optimization methods as well as the general formulation. A gen—
eral formulation of the two optimization models constructed for determining op-
timum rates of production and optimum average grades has been given in section
46, Solutions of these and other optimization problems have been derived and
discussed in Chapter 5. Hence, this chapter is essentially a summary of Chapters
4 and 5.

The optimization models are based on the assumptions enumerated in section 42.
Some important assumptions are that the mining company is the decision maker,
that the company controls only one ore deposit, and that the rate of production,
the average grade, and other decision variables may be changed instantaneously

by any amount.

As a general rule it is recognized that the mining of an ore deposit is of ad-
vantage to the decision maker, and thus entered upon, if the capital value at
the actual decision time is positive. If the deposit is already being mined at
this point of time continued mining is advantageous if the capital value of
future mining is higher than the capital value, discounted to the same time, of
future payments occurring if the mine is closed immediately (compare assumption

38)).

Optimum rates of production

An optimum rate of production is determined for each zone according to the op-
timization model (4.4), subject to the restrictions (4.1) and (4.5) to (4.7),
as described in section 46. A dynamic-programming solution is based on the
graphical solution provided in Appendix A. The graphical solution is transform
ed into a numerical one according to section 55. By applying this solution (a

1 :
complete optimization) iteratively ’, payment functions can be assumed, which

1) This is done automatically in the computer program.
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vary with the time, and expansion limits, contraction limits, and constancy lim-
its are permitted, which vary with the rate of production in the zone preceding
the zone currently optimized (the current zone). The solution of these partic—
ular problems are discussed in section 54. The functions expressing the capital
values of future mining as functions of the decision variables relevant at the
various decision times1 may be multimodal or contain discontinuities (sections

5432 and 55).

The optimization model is contained in the program EXRATE which is described in

Appendix B,

The optimization model has some defects. It has not been established that the
solution will always converge towards an optimum if the payment functions vary
arbitrarily with time. In this case, if the solution converges towards an op-
timum, this optimum may be a suboptimum (section 542). Then, however, it may

be possible to determine more than one optimum by varying the initial guess,

and select the best optimum (section 5425). Multimodality in the capital-value
functions (see above), drastic decreases in an expansion limit or a lower con-
stancy limit, and drastic increases in a contraction limit or an upper constancy
limit from one complete optimization to another may cause suboptimizations or
errors (section 5432). The correct maximum is not always found where the
capital-value function is multimodal. The risk of this depends to a great ex-
tent on the values of two parameters (M and DELTA1), which are determined by the

program user for each particular optimigation (section 552 and Appendix B).

The optimal policy determined by means of EXRATE is of the general shape shown
in Fig. 6:1. The graph is based on a hypothetical example used in testing the
program. The zones are all of the same sigze and the payment functions are

oonstant over time.

The rate of production is constant during the production period of the first
three zones. Massé's conclusion that the optimum action is to mine at a con-
stant rate whioh equals the production capacity, is valid here (compare section
124). The rates decrease in the last zones. Gray's (1913, pp. 475-476) and
Hotelling's (1931, p. 164) oconclusion that the optimum rate decreases over time

is valid here (compare section 47). Another of Massé's conclusions takes here

1) B, as a function of Q, at time T, for n=1,2,...,N,

in



163 62

MT/ Q,
year &
T X ® a o
T g %
12 1 o) ;
a O
! a
4 | T
| | Qn ea n
' |
L ' b
1 | —_ 4
| i 6 .
! | :
t
8+ : | ) I
| ) Q
4 ! I 0
I i I
| : | !
6+ | | [ :
\\ * 1 : : ; .
T , . | ,
i .
l ! ANAN 1 ! { Time
0 o Tl Tr AR ' ' ' Years
1 12 13 18- Tix T N1

Fig. 6:1 General shape of the optimal policy: Rates of production
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precedence over the one mentioned above, i.e. that a small ore reserve tends
to yield a lower optimum rate of production than a larger reserve (section

124)1).

1) Massé's conclusion is more precise and based on certain specific assumptions.
The formulation given above is a generalization of his conclusion describing
a mere tendency and the assumptions can be disregarded.
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Optimum mining limits

Mining limits in various dimensions

Mining limits can be drawn in several dimensions. Measured in the average grade
of the ore in a subzone the mining limit represents a geometrical delimitation
as discussed in section 11 (Fig. 1:3), or a decision rule applied in loading at
the working face (section 43), or some other form of continuous limit with the

particular property of being able to be determined for each subzone.

An ore deposit may consist of more than one ore body or have narrow ore veins
(section 11, Fig. 1:2). Which ore bodies and veins to be mined and which to
be left in place is also a problem of determining mining limits. It may be
termed the problem of subsidiary ore bodies.

kn ore deposit may extend to a great depth. There may exist a level under which
mining is not profitable. The mining limit to be determined is the optimum
bottom level of the mine.

Optimum average grade

An optimum average grade is determined for each subzone of each zone according
to the optimization model (4.3), subject to the restrictions (4.1) and (4.5) to
(4.7), as described in section 46. A dynamic—programming solution is based on
the principles indicated in section 62, i.e. those applied in optimizing the
rates of production, except that a simplification is introduced. The simplifica-
tion is based on the assumption that the average grade is comparatively easily
changed from one subzone to another (section 562).

The optimization model is contained in the program CUTOFF which is described in
Appendix B.

The optimization model has the shortcomings specified in section 62, except for
that which concerns the four limits exclusively. In addition, if a fixed amount
must be paid out each time the average grade is changed or if a small change is
very expensive, the model may fail to yield a true optimum (section 563). The
failure can be partly remedied by repeated applications with different initial
guesses, or by using another model which is described in section 561, but which

is not transformed into a computer program.
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The optimal policy determined by means of CUTOFF is of the general shape shown

in Fig. 6:2 which is based on the same example as Fig. 6:11§. There is a tenden~
cy for the average grade to decrease as time passes, i.e. a tendency towards more
extensive mining limits. The tendency is in accordance with Henning's (1963,

p. 57) results. The tendency is intensified in the later subzones of each zone,
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Fig. 6:2 General shape of the optimal policy: Average grades.

I Starting time of a zone T Starting time of a subzone

which is in accordance with the general tendency. The latter is due to the fact

that the ore reserve is used up so that the final closing of the mine, i.e.

T
s N+
produce and sell an additional ton of ore at time T

49 approaches as time passes. The opportunity loss of not being able to

1,N41 is evaluated higher

at the current decision time the closer T is, because of the positive rate

1,N+1

of interest. An additional ton of ore can be gained at time T1 N+ 1 by mining
’

an extra ton at the extensive limit at the current decision time. Thus, the

. : . . 2
increasing opportunity cost results in a decreasing average grade ‘.

1) The two optimizations start from the same initial guesses as regards rates of
production as well as average grades. The input data used in the actual
computations contain certain systematical errors, the influence of which has
been corrected in the graph.

2) In principle the argument follows Henning's argument (ibid. p. 56).
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A similar argument can be put forward with respect to the ore reserve of each
zone. The opportunity cost of ore at the end of the production period of the

zone is influenced by the interest on the zone investment and consequently higher
than the opportunity cost of ore immediately after the zone investment has been
made. This explains why the tendency towards decreasing average grades is inten-
gified in the later subzones of each zone, and reversed or very weak at the start-

ing times of each zone.

Subsidiary ore bodies

An example of subsidiary ore bodies is given in Fig. 1:2. Another example is
shown in Fig. 6:3. The problem is to determine which ore bodies to mine and
which to leave in place. Some comple~

mentary assumptions must be made in

Ground level

addition to assumptions 4) and 5) in

section 42.

The ore bodies are assumed to be parti-
tioned into zones so that each zone con-
tains a given and constant amount of
equivalent ore reserve from each ore
body. The amounts can be changed by
changing the partitioning into zones or

by excluding either a subsidiary ore
body or a part of it, e.g. B in zone 2.

Fig, 6:3 Vertical section through It is thus assumed that the mining pro-
main ore body M with the
subsidiary ore bodies A
and B. bodies currently being mined, and that

ceeds simultaneously in the various ore

the proportions of equivalent ore re-

serves used up in the various ore bodies
are given constants for each gone. If this strong interdependence does not exist,
the ore bodies should be treated as different ore deposits.

As an explanation of a point in section 3445 and in assumption 39) another prob-
lem may be treated in this context. The cumulative equivalent ore reserve is

used as a measure of the distance between the ground level and the current main
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haulage level. This distance influences certain payments, especially those for
hoisting the ore and for transporting men, machinery, and material to the work-
ing level (section 3445). The measure has been chosen as an approximation of
more direct measures such as meires, feet, etc. In the cases illustrated in
Fig. 1:1 and Fig. 1:3 the approximate measure is in proportion to the distances
measured in metres or feet. This is not the case in the example shown in Fig.
6:3 if ore body B is included. This must be taken into account in estimating
the payment functions in which the equivalent ore reserve is a variable, e.g. by
eliminating the fluctuations of the equivalent ore reserve per metre or foot
vertical distance by means of some corrective linear, exponential, sine, etc.
function in the payment functions in question. The subscript number of the zone
can be used as a measure if the distance in metres or feet between the top level
and the bottom level of a zone is equal for all zones. It should be observed
that this problem may arise in an ore deposit consisting of only one ore body
as well,

The optimization model can be described as follows. With the zones given as

shown in Fig. 6:3 a number of alternatives can be defined, for example:

Alternative Zone 1 Zone 2 Zone 3
1 M M M
2 AM AM AM
3 AM AM M
4 AM AM ABM
5 AM ABM ABM

M, AM, etc, refer to including the parts of the ore bodies M, A and M, etc. which
are relevant for the different zones. The list of alternatives is not exhaustive.

It is assumed that other alternmatives have been eliminated (compare section 141).

The optimization method to be used has been described in section 58. In order
to find the optimum alternative the optimum in each alternative 1 to 5 is deter-
mined by means of EXRATE (the optimization model of section 62). The alterna-
tive yielding the highest capital value is the optimum desired. EXRATE and
CUTOFF are used aliernately if the average grades are decision variables in any
of the ore bodies (section 57). CAPVAL can be used to evaluate the alternatives
if the rates of production and the average grades are given in all alternatives.
CUTOFF can be used if the rates are given in all alternatives, but not the

average grades.

The solution suffers the imperfections of the other optimization models applied.
They have been stated in seotions 62 and 632 for cases where EXRATE or CUTOFF,
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respectively, are utilized. The weak points of both programs remain if they are
oombined in a simultaneous optimization of rates and grades. Then, in addition,
the danger of obtaining an inoptimal combination of rates and grades may exist,
and, further, the dynamic aspects of the interdependencies between rate and grade
at each moment are not observed. This means that the optima obtained for the
actual decision time may be erroneous (section 57).

CAPVAL does not contain an optimization method and, consequently, the shortcom-
ings of the optimization methods discussed so far are not relevant if this prog-
ram is used. However, independently of the optimizations within each one of the
enumerated alternatives (1 to 5) the optimization model used for selecting the
optimum alternative has some disadvantages. The alternatives have to be defined
in terms of a fairly large number of parameters and coefficients, which may be
difficult to determine. Hence, only a small number of alternatives can be con—
sidered. This makes it practically impossible to make a dynamic optimization
of the decision problem discussed.

Optimum bottom level

The problem of determining where to stop mining an ore deposit for which complete
exhaustion of the ore resources does not set a definite end to the mining, will
be treated here. It occurs where payments for current operating costs, invest-
ments, etc. increase as the mining proceeds to greater depths or in some other
direction1 , 10 such a degree that the capital value of the deposit can be in-
creased by a reduction in the equivalent ore reserve> (compare assumption 10)).
The same effect may occur where the quality of the ore deteriorates as the min-
ing proceeds. Similar problems may also arise if the prices of the final prod-
ucts are expected to decrease as time passes or the costs of extraction are ex—

pected to increase (ceteris paribus).

1) An example where another direction is relevant is that a deposit (ore,
gravel, clay, etc.) is a vein which is exploited cheaply at one end but in-
creasingly costly towards the other end, e.g. because the ground is already
exploited there for other purposes, such as housing or industrial buildings.
(The zones are here vertical sections instead of horizontal sections of the
deposit.)

2) Neither EXRATE nor CUTOFF permits a rate of production equalling zero. Nor
can the average grade be so high that the ore reserve of a zone or a sub-
zone equals zero. If the automatic optimizations lead to such results, the
program execution is stopped before the optimizations are completed. Such
a stop may very well be the first indication that a part of the ore deposit
should be left in place.
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A solution of the problem is obtained by the optimization method described in
section 58. Thus, the relevant alternatives are defined (see example in section
58) and evaluated as indicated. The principal weak points of the model are the

same as those of the model described in section 633.

Optimum technology

On the relevance of the long-range model

The optimization method to be used is the one described in section 58. There
are many technological problems in mining. For many of them the method suggest—
ed is unsuitable as it lays much stress on the long-range consequences of con—
sidered alternatives, especially the influence of the alternatives on the ore
reserve and on the production period of the ore deposit, which may be irrelevant
for many problems. For other problems where the long-range consequences are
relevant there may be difficulties in describing the alternatives considered in

terms of the parameters and constants available.

In general, the optimization model in question is relevant where the alterna-
tives directly (and differently) influence the equivalent ore reserve (compare
sections 21 and 223), the average g'ra.de1 s and the rate of production in a
working mine2 . The production period of the deposit, the timing of zone in-
vestments, etc. are influenced in these cases, which motivates that the decision

is made with a view to the long-range effects.

In other cases the alternatives considered merely influence certain payments,
e.g. if an investment is made in order to reduce the payments for current pro-

duction costs. In principle, such changes influence the long-range optimizations

1) Compare e.g. sub-level mining described in section 43. A mining method
where no waste rock is mixed into the ore would evidently yield other aver—

age grades.

2) The rate of production should be somewhere between the constancy limits,
and should consequently not be changed, if the rate had previously been
optimized. However, it is often possible to make changes in the technology
used (mining methods, machinery, planning, etc.) which increase the over-
all capacity at much lower costs than those assumed in the optimization.
This is a symptom of erroneous assumptions in the optimization (in assump~-
tions 30), 31), 33), and 34)) but it will nevertheless most certainly hap-
pen in practice. The unique change in the production capacity may then be
in effect throughout the production period of the zone, or longer, depending
on whether the change is bound to a particular zone, and when a contraction
in the rate of production will be optimal.
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via the payment functions, but it may be safely assumed that this can be neg-
lected where only small changes are concerned. Then the present model is irrel-
evant or at least unnecessarily complicated (compare section 58). The model may

be relevant, however, if the projects considered are of a substantial size.

Two technological problems where the optimization method of section 58 is rele-~
vant will be treated separately. The first is to determine optimum zone sizes
(see assumption 7) for definitions) and the second is to determine the optimum

mining method in a special situation.

Optimum zone sizes

The size of a zone can be changed by moving the main haulage level upwards or
downwards (Fig. 1:1) or the corresponding change where other factors constitute
the relevant delimitations. Keeping to the case shown in Fig. 1:1 an increase
in the size of one zone results in decreases in one or more other zones, or in

a decrease in the number of zones‘| . A large zone is more expensive than a
small one where zone investments are concerned. For example, the length of the
gravity shafts and that part of the hoisting shaft which pertains to the partic—
ular zone ' are longer and more expensive. The main haulage level, the crushing
plant, etc. are built at a lower level which may make them more expensive. The
quality of the final product may also be influenced as the natural crushing
which takes place in gravity shafts increases with the length of the shaft.

This influences payments for current operating cosis or the prices of the final

products in one direction or the other.

1) A similar problem has been treated by Schneider (1944, pp. 83-84). His
problem is there to determine the optimum service life of each machine in
a finite chain of machine replacements. The number of machines in the
chain is a given constant. This is a parallel to the case where the number
of zones is given, and the optimum way of dividing the deposit into the
given number of zones is sought. There is one essential difference between
the two problems, namely that there is no restriction in Schneider's prob-
lem, which corresponds to the ore-reserve restriction.

2) The shaft from ({ to the bottom the shaft is part of the zone investment
for zone 1 (Fig. 1:1). This part of the shaft is subsequently used in
hoisting from lower zones, but it has to be completed before the mining
starts in zone 1. For the new zone the shaft is prolongated by a length
which corresponds to the distance between main haulage levels. These pro-
longations are parts of the respective zone investments. The delimitation
(I between expansion investments at time T,, and zone investments at time
T,, is arbitrary, and has been made in order to make the zone investments of
zone 1 comparable to those of subsequent zones.
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The sige of each zone is a variable in the payment functions (assumption 39) and
the example in section 45 of Appendix D), as well as the level of the main haul-
age level., Hence, a single set of coefficients of the payment functions may
suffice to describe all the alternatives considered. This facilitates the op-
timization substantially, as alternatives can be picked and evaluated with a

minimum of work once the functional relationships have been esta.blished1 .
The optimization model is similar to that described in section 633 and the weak

points of the latter are relevant, except for the possible improvements mentioned

abovez).

Optimum mining method — An example

The ore deposit shown in Fig. 6:3 can be mined in several ways. One problem
may be to decide to what extent the upper part of the deposit should be exploit-
ed by open-pit mining and from where the deposit should be exploited by under-
ground mining. Assuming that the problems met in selecting the actual mining
methods to be used in the open pit and in the underground mine, have been solv-

ed, the principles of a solution will be discussed here.

The two paris of the deposit are assumed to be mined successively from above.
The step from open-pit mining to underground mining may be such a drastic change
that the same payment functions cannot be used for both stages. An extension
of the payment models presented in section 44 is needed, as there is very little
room for defining different payment functions for different zones within the
framework of these models. The necessary change has been mentioned in section
44, and is a very simple one: A set of coefficients is defined, %an °F an'n
where i=71,72,..., 8=1,2,...,4, n'=1,2,...,N', and n=1,2,...,N. The maximum
value of i is the number of coefficients desired for each zone or subzone. It
must be determined with a view to the memory capacity of the computer (espec-

ially if n' is also used as a subscript or if A is large).

1) There are occasions when paymenis expressed as simple functions of size and
level are not decisive factors, e.g. if the geological structure of the bed-
rook varies irregularly with the level. Then each alternative may have to
be evaluated more elaborately by means of individual payment functionms.

2) A graphical solution of a simplified version of the optimization problem has
previously been shown by the author (Norén 1967, pp. 185-197). The computer
programs being available, the solution is, however, too cumbersome ito be
practically useful. For this reason it is not shown in this study.
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The new coefficients are used in the payment models as the coefficients c_
(assumption 39) in section 42)1). With this extension different f‘unction: can
be constructed for different zones or subzones within the framework of the
models, especially within the programs EXRATE, CUTOFF and CAPVALZ). Naturally,
the program user is free to use the whole or only a part of the new set of
coefficients. It may e.g. be adequate to define one set of payment functions
vwhich is common to all zones exploited by open-pit mining, and another set of
functions which is valid for all under—ground mining. Such short-cuts can be

made within the subprograms containing the payment functions.

A way of optimizing the border line between the two parte of the deposit can be
found by assuming that a number of zones, e.g. five, are mined as an open pit.
The sizes of the zones are here determined by the mining method used. It may
e.g. be useful to define zones so that periodically recurring removals of waste
rock can be treated as zone investments3). The zones are defined as before in
the section of under—ground mining. The models in their extended form are
applied as described in section 58 in order to evaluate the alternative describ-
ed above, and other alternatives obtained by varying the zone sizes and the
number of zones detailed to each of the two main sections of the deposit. The
optimization is simplified if the payments in each section can be expressed as
simple functions of the zone size and the bottom level of the zone (see section

642).

The optimization model has the disadvantages described in section 633.

Optimum refinement level

So far the flow of ore from the working face in the mine to the port of ship-
ping or the customer of the mining company has been studied from the mining
side. The output has been assumed to be sold at a price determined by a given
function (assumptions 36) and 39)). It has been pointed out that the quality

(in a wide sense) of the output can be influenced by decisions concerning min-

1) The set of coefficients Cia cannot be removed without further changes in
the programs.

2) The new coefficients must be defined in the programs (in COMMON) and data-
input and data-output statements must be inserted. These changes are
easily made.

3) The model discussed in section 642 can in that case be used to optimize
waste-rock removal. It should be noted that the extension of the payment
models is not necessary if the entire ore deposit is mined by open-pit
mining.
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ing limits and technology. It can also be influenced more deliberately by a
decision maker. The problem has been called that of optimizing the refinement
level,

A mine usually yields more than one final product. This is illustrated in

Fig. 6:4. BEach final product has its own market, which is, more or less,

Step 1 Step 2 Step 3
Final Final Final
Afjpduct 1 product 2 product 3
9 J
Crude > —>
ore from —> —
the mine
%
> - > (_/’Substance
N ﬂ\\ ~\\ added
SR )
Waste 1 Waste 2 Waste 3

Fig, 6: The flow of ore through three steps of sorting and/or dressing.
The rate of production is defined in tons of crude ore in this

study.

independent of the markets of the other products. The waste may also in it-
self be or contain potential final products1 . The payment models are ex-
clusively concerned with the tonnages of crude ore from the mine. Thus, the
payments received for the various final products are added and expressed as a
function of the rate of production, i.e. the tonnage of crude ore which is the
input to the sorting plant, the average grade of that ore (which equals the
average grade of the currently mined subzone), and other variables and para-
meters (assumption 39)). The corresponding current operating payments include
current operating payments in sorting plant, dressing plant, etc., among them
payments for substances added in the process (step 3). The expansion invest-
ment, the contraction investment and the grade-change investment are assumed to

include payments for obtaining and changing the necessary plants.

1) This has been observed by e.g. Frisch (1965, p. 11) and Dang (1966, p. 167).
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In the terms of the models presented, a change in the refinement level is a
change in some of the payment functions, e.g. an increase in the investments
defined by the expansion-investment function combined with an increase in the
current net payments. The rate of production, the average grade, etc. are in-
fluenced only indirectly, via the optimizations (section 343). Hence, the
relevance of the long-range effects discussed in this study depend on the size
of the change considered or the size (measured in payments) of the differences
between the alternatives considered. Where the long-range effecis are relevant
the method described in section 58 can be used. Other cases will not be treat-
ed here1 .

The ore deposit has been assumed to be the main factor of production {assump-
tioms 2}, 3), 10), and 14), for example). This assumption can be invalidated
by a change in the refinement level. If sinter plants, blast furnaces, etc.
are built up around the deposit by the mining company, the latter may find
itself in a situation where the existence of the ore deposit is of minor in-
terest. The necessary ore can be obtained from other mines if the mine of the
company is exhausted. There is reason to assume that the end of the production
period of the deposit is not a sufficient model horizen (section 332) in such
a case, and the optimization models may be inapplicable2 . This should be
kept in mind if the method of section 58 is used to evaluate more radical
changes in the final products. In addition, the optimization model has the
disadvantages stated in section 633.

Conclusion

According to section 23 the purpose of this study is to comstruct optimization
models and find methods to determine optimum solutions of the decision prob-
lems stated in section 223, A limitation of the decision problems to be treat-
ed has been made in section 223. Only problems influencing the ore reserve or
the production period of the deposit were to be treated. The task is now con—
sidered completed for the special case where only one ore deposit is concerned

and where changes can be made unrestrictedly and instantaneously, although

1) The products are made jointly in the same process which, for technical
reasons, cannot be divided into subprocesses for the respective products.
The production model then encompasses the entire mine, sorting plant, dress-
ing plant, etc. This is a case of multi-product processes or multi-ware
production treated by Dang (1966, pp. 167 and 181-189) and Frisch (1965,
pp- 269-289).

2) The model horizon is sufficient if external ore is prohibitively expensive.
In other cases the increase in the costs of raw material (i.e. the crude
ore) must be taken into account. In certain simple cases these cost in—

creases may be treated as close-down payments, but ordinarily this will be
too crude a method.
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only two problems have been penetrated more thoroughly, i.e. the problems con-
cerning rates of production and average grades. Other decision problems have
been treated more superficially on the basis of the solutions of the first two
problems.

The solutions have been derived on assumptions enumerated in section 42, which
infringes the general validity of the solutions. Furthermore, the optimization

methods are imperfect, which has been stressed in this chapter.

The optimization models have been constructed for the decision situation speci-
fied in the assumptions. It is now time to examine the influence of some changes

in the decision situation,
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CHAPTER 7

The optimization models in alternative decision situations

A review of decision situations

The alternative decision situations for which the optimization models should be
adaptable have been stated in section 23. Some of the alternative situations
have already been treated.

The first set of alternatives comprises decisions at a single point of time
versus a series of interdependent decisions at various points of time. The
problem has been discussed in section 34, and the two main optimization models
cover both types of situations as the single decision is a special case of the
more general problem with a sequence of interdependent décisions. The programs

containing the optimization models can be used for both types of situations.

Where other decision problems than determining rates of production and average
grades are concerned it has been assumed that the number of alternatives con-
sidered is finite and small, or that the results obtained concerning a small
number of alternatives yield a sufficient precision from the point of view of
the decision maker (section 58). This practically excludes the optimigation of
sequential interdependent decisions, if the interdependencies were to be taken
into account in more detail. An approximate optimization is made instead, where
that alternative (a set of present and future choices) is accepted as optimum,
which yields the maximum capital value at the actual decision time, i.e. T11
(section 633). Hence, it is disregarded that a future choice yielding maximum
capital value at time T11 may be different from a future choice yielding maximum
capital value at the time the choice is actually made, i.e. it is disregarded

that the problem is a dynamic optimization problem (section 342).

The second set of alternative decision situations comprises a single decision
variable at each decision time versus simultaneous decisions concerning two or
more decision variables. The two main optimization models have been combined
in order to optimize simultaneous decisions concerning rates of production and
average grades (section 57). They have also been used to find optimum combina~
tions of e.g. technology or refinement-level variables and rates and grades
(sections 58 and 633 to 65). However, it is disregarded that the problem is a
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dynamic optimization problem. A dynamic optimization model for a combined op-
timigzation of rates of production and average grades has been outlined in sec-

tion 57, but considered too cumbersome for practical use.

The third set of alternmative decision situations comprises factor and product
prices which are constant over time versus such that are variable. The opti-
mization models allow practically any time pattern in this respect (assumptions

28) and 39)).

The three types of variations in the decision situation treated above will not
be discussed further in this study. Three other aspects of the decision situa~
tion have, however, so far been treated too narrowly. These will be expounded

in the following sections. The alternative decision situations are:

4) Unlimited versus restricted rate of expansion of the rate of production.
5) A single ore deposit versus iwo or more deposits.

6) The mining company as a decision maker versus the community.

Restricted rate of expansion of the rate of production

The assumption of instantaneous and unlimited changes

It was assumed in assumptions 22) and 35) that all changes are instantaneous
and unlimited in size. This may be a good approximation for small changes, but
if the optimization yields as a result that e.g. the rate of production should
be doubled or tripled instantaneously at the actual decision time, the change
often cannot be realized. This may be due to the market where large additional
sales may be obtained only through extreme price reductions. The market may
also be able to absorb a certain additional quantity of ore, but no more. There
may be restrictions on the ability of the mining company to increase the capac-—
ity of plants, railways, ports, etc.

Similar restrictions may exist concerning all decision variables, but the prob-
lem is most obvious concerning the rate of production. This particular problem
will for that reason be examined more closely. It should, however, be viewed as
an example of a more general problem, although the generalization is not carried
out here.
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The assumption of instantaneous changes introduces a deviation from the factual
situation1) but it is easily evaded, at least from a practical point of view.

It may be assumed that in order to increase the rate of production an investment
project is carried out and paid for during a given period of time. The decision
time is set equal to the date when the investment project is completed. The
rate of production is increased from this moment. The payment functions do not
describe actual payments, but the relevant payments discounted to this fictitious
decision time. The expansion investment includes losses and extra outlays which
occur after the project is completed, in an initial period before the plant has
been adjusted to optimum performance. Interpreted in this way the assumption of

instantaneous changes is usually a fairly close approximation of reality.

Restricted rate of expansion and payment functions

The resirictions on the rate of expansion of the rate of production may in
principle be inserted directly in the payment functions. An example is shown
in Fig. 7:1. The maximum value of Qn
MKR/ A Current being Y1 in a certain year, the payment
year | net function exisis only in the interval
payments 0<Q < Y.I in this year. Correspond~
ingly it is assumed that the function
. - . < .
exists in the interval 0<@ <7, in

N
N

A

\
- —-————2

the next year, in the interval

0<0n < y3 in a third year, etc. The

function is for simplicity used in the
Q interval Qn>0 in the optimization,
g The simplification is in accordance with
Y, Y, Y3 MT/year the assumption of unrestricted rate of

expansion,

8 U .

Fig. 7:1 Current net paymenis as a
function of the rate of

production The payment functions actually used in

the programs can easily be resiricted
to a given interval for each year by a
discontimuity with some prohibitive

payment function inserted in the

1) Production usually takes time, and so do changes in the factors of produc—
tion. Related problems have been discussed by e.g. Frisch (1965, pp. 29-
38), who distinguishes between momentary and time-shaped production or, what
amounts to almost the same distinction, between static and dynamic theories
of production (ibid. p. 30).
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interval of non—-existence. However, this would not solve the problem of opti-
mizing the rate of production because it is also assumed that the rate of pro-
duction is constant during the production period of a zone. The interval of the
payment function that happens to be relevant at time T1n would be decisive. As-
sume that the interval 0<Q <Y, is relevant at time T
according to the model be to produce 'Y1 (Pig. 7:1) throughout the production

The optimum would

period of zone n, if the restriction were effective. On the other hand, the
actual optimum would probably be to plan an increasing rate of production during
this period. The optimization models comstructed are not capable of dealing
with payment functions as those of Fig. 7:1 in a proper way.

The payment functions must be assumed to exist for the entire range Qn>0 and
the location of a discontinuity in the functions expressing the current payments
must not change from one year to another as suggested in Fig. 7:1. Some other
solution of the present problem must be found. In principle the problem could
be solved by means of a model which permits more frequent, e.g. annual, changes
in the rate of production, and rates of production which are smaller than the
production capacity. Such a model would be rather complicated in comparison
with the models contained in the programs EXRATE, CUTOFF, and CAPVAL, and has
not been constructed. Instead, an approximate solution is obtained by means of
the original models.

An approximate optimization

The optimization model in the program EXRATE yields the lower constancy limits
and the expansion limits for all zones as a part of the resulis. The limits
can be utilized in an approximate solution of the problem of determining opti-
mum rates of production if the rate of expansion is restricted. It is assumed
that the production can be increased continuously by a given rate, i.e. the
maximum rate of expansion or the expansion potential, and that this maximum
rate of expansion is fully utilized until the then relevant lower constancy
limit is reached. The decisions are assumed to be made at the starting time of

each zone as before. Some details of the method have to be examined.

The lower constancy limits and the expansion limits are in EXRATE determined on
the condition of unrestricted expansion. The limits should now be determined
on the condition that the rates of production in the first zones are determined
by the maximum rate of expansion. This can be achieved by means of the initial
guess, although only approximately. The optimigation model for optimizing the
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rates of production is used, i.e. the program EXRATE (section 62). The rates
of production of the initial guess are determined according to Fig. 7:2. The
maximum rate of expansion may change over itime, e.g. at a given point of time
(Q in Fig. 7:2). The assumptions of the original model are not changed in any

other respect.

uT/ \Qn

year Q*(t)

|
|
: |
Q : | | !
2 ' i I !
| : [ ] :
Q‘] | ) | 1 '
| : ' t 1 i
- - |
QO \ | | : | : |
] | i ) i N |
| [ | ! ; | |
e : o : | LY
0 a Tire (years)
T11 T12 T13 T14 T15 T16

Fig. 7:2 1Initial guess based on the maximum rate of expansion

*
Q (t) is the maximum rate of production as a function of time t, which is reach-
*
ed if the maximum rate of expansion is fully utilized. Q (t) is approximated by
Qn for n=1,2,...,N (the first five zones are shown in the figure). Qn is deter—

mined by the equation

rI.1,n+1
X Q(t)at (1.1)

T1n

1

Q = p————
n T1,n+1"T1n

Thus, Qn is the mean rate of production during the production period of zone n.
Other values than the mean value may be considered, e.g. values obtained if the
utilization of the available expansion potential were optimized within each zonme.
Alternatives will not be discussed here as they do not influence the principles

of the solution.

The first complete optimization is made with the initial guess as a starting

point. The decision times are determined from the initial guess. The value of
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Qn—1 of the initial guess determines the state at the decision time T1n when the
expansion limit and the lower constancy limit are being determined for zone n,
provided that the value of Qn_1 does not exceed the lower constancy limit and
that it is not too close to it (seotion 5431). Consequently, the expansion lim-
it and the lower constancy limit in the zone during the production period of
which the optimum course of action is to stop the expansion, are determined on
the basis of the approximately correct rates of produotion in the preceding
zones, which are given in the initial guess, and the corresponding decision

times.

The two limits discussed are used to determine an optimal policy. The expansion
continues until the rate of production equals or exceeds the lower constancy lim-
it of the current zone‘| . It is assumed that the initial guess provides the op-
timal policy in all zones where the initial guess does not provide a rate of
production which exceeds the lower constancy limit, and that these zones are the
first ones, i.e. zones 1, 2, 3, ... . Usually the limits in question have lower
values in each successive zone (Fig. 6:1), whereas the initial guess provides
increasing rates (Fig. 7:2). Hence, the expansion will not be resumed once the
rate of production has reached a level where the lower comstancy limit and the

expansion limit have been effectivez).

The details of the application of the two limits in determining when and how to
stop expanding, can be formed in several ways as the entire procedure is approx-
imate. An application in line with the definitions of the limits is shown in

N .
1,n+1)—(EL) where (EL) is the

expansion limit in zone n. The expansion continues until Q*(t)a(EL) which occurs

*
Fig. 7:3. The expansion ceases in zone n if Q (T

for t='y. The mean rate of production in zone n is calculated by equation (7.2)

which is similar to (7.1).

1) An alternative method utilizing a static optimization model for determining
the optimum rates of production at different future decision times after ex-
pansion from time T 1 to the respective decision times, has previously been
described by the a.u'?:hor (Norén 1967, pp. 221-229). The present method yields
a more reliable approximation of the optimal policy as dynamic aspecis are
considered in the optimization of the rates of production after the period of
expansion, and is more easily applied as the results of one unrestricted op-
timization can be used in place of the resulis of many static optimizations.

2) Exceptions may occur where the payment functions vary with the time. The
exceptions will not be treated here,
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FPig. 7:3 The optimal policy approximated by the initial guess, the expansion
limit (EL), and the lower constancy limit (LCL) in zone n.

1,041 1n

1 * *
O T | | et (-, )] (71.2)
T
1in
It is assumed that at time T, el the capacity of the mine equals Q*(Y), i.e.
? *
the rate of production when the expansion stops. Provided that Q (Y ) exceeds
the lower constancy limit and is less than the upper constancy limit in zone n+1
*
the optimum decision at time T1,n+1 is to make Qn+1=Q (Y ).
*
There are a couple of further possibilities. If Q (T1 n+1)<(EL) the expansion
?
is not stopped in zone n. It may occur that the expansion can continue during
the entire production peried of zone n-1 without reaching the expansion limit of
*
thie gone, but that the expansion causes Q (T1n) to exceed the lower constancy
*
1limit (LCL) in zone n. In this case, thus, if Q (T1n)> (LCL) no expansion is
* * 2 . >
made, and y.Tm 8o that Q =Q (T1n) and Q_ ,=Q (’1‘1n) if this rate of production

n+
lies between the two constancy limits in zone n+1.

The rates of production in subsequent zones are determined as usual according
to the decision rules defined by the expansion limit, the contraction limit,
and the constancy limits., The solid line indicates the optimal policy in
Fig. 7:3. A new problem arises here.
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The four limits have to be determined by repeated complete optimizations in cer-
tain cases (section 54). The repetitions are made automatically in EXRATE. The
optimal policy obtained in the preceding complete optimization replaces the ini-
tial guess for all zones, and the optimal policy is determined on the assumption
that the expansion is not restricted. Hence, the second and following complete
optimizations are irrelevant for the present problem1 . Repetitions are not
necessary for zones 1, 2, ..., n-1, where n is the zone in which the expansion
is stopped. However, repeated complete optimizations are necessary under the
conditions discussed in section 54 for zones n, n+1, n+2, ..., N.

Relevant repetitions of the complete optimizations can be achieved in the fol-
lowing way: A new optimization is made with the optimal policy according to

the first optimization as an initial guess. Thus, in this initial guess Qi for
i=1,2,...,n~1 are determined according to the expression (7.1), Qn is determined
by (7.2), and Q; for i=n+1,n+2,...,N are determined in accordance with the de-
cision rules obtained in the first complete optimization. The new complete op-
timization is made with EXRATE. If new values are obtained for EL and LCL (Fig.
7:3) in zone n or for the limits determining the decision rules for subsequent
zones, new values of Qn’ Qn+1’ etc. are determined accordingly. The procedure

is repeated until worth-while improvements are no longer obtained.

The optimization is based on the same main principles as the optimization under
unrestricted expansion, and the imperfections mentioned in section 62 exist here
too. In addition, the maximum rate of expansion is assumed to be fully utiliged
during the period of expansion, although the production capacity may have to be
increased in fairly large steps, and the continuous maximum increase is approxi-

mated by a discontimuous increase.

Some generaligations

The maximum rate of expansion may be a decision variable. It may be possible
to increase it by changing the market policy, the product mix, or the invest-
ment policy. The payment functions are influenced by such changes, e.g. the

1) EXRATE automatioally makes at least three complete optimizations (section
226 of Appendix B). Only the first onme is relevant. A way of suppressing
the irrelevant optimizations is to insert the statement "GO TO 960" between
cards 0168 and 01685 in the main program of EXRATE (see Appendix E) or to
allow so short a time on the computer that the job is terminated shortly
after the first complete optimizatien.
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prioes of the final products may decrease, extra investment costs have to be
paid, etc. It may also be possible to improve the payment functions by reducing
the maximum rate of expansion.

Alternatives with different rates of expansion can be optimized as described in
seotion 723, and the resulting capital values of the ore deposit be compared.
The alternative giving the highest capital value is preferred. Another useful
approach is in certain cases to calculate the capital value for a couple of
optimal policies based on different maximum rates of expansion. The difference
indicates what can be gained by finding a way to relax the restriction on the
rate of expansion.

The optimization method can also be generaliged in that the revised optimiza—
tion model described in section 723 can replace the original model for optimiz—
ing the rate of production in the more general optimization methods described
in sections 57 and 58, which are repeatedly referred to in section 633 and sub-
sequent sections of Chapter 6.

725 An interpretation of the discontinuous expansion

The rate of production is in the models assumed to change only at the starting
times of the zones. This is assumed in order to simplify the models, but the
simplification is based on certain observations made by Billiet and Massé (sec-
tion 3443). A factor of importance is also that the zone investment is often
large and that the capacity of the mine is to a great extent determined during
the production period of a zone by the installations made as zone investments
{compare Fig. 1:1). For this reason expansion investments have been assumed to

be coordinated with the zone investments.

It has been put forward in section 721 that changes are time-consuming and that
an expansion may cause extra outlays in an initial period before the plant has
been properly adjusted. These observations are readily extended to the assump-
tion that the capacity is installed and taken into production successively during
a period of time near the starting time of a new zone. It can also be assumed
that ways of improving the utilization of the installations are successively
found, so that the capacity can be increased also between the periods during which
new installations are being taken into production.
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Assuming this, the step-wise increasing rate of production is an approximation
of a rather continuously increasing rate which fluctuates around a trend line,
i.e. Q*(t). Fig. 7:4 shows an approximate optimal policy in such a ca.se1). The
optimal policy can only be roughly estimated by means of the present model, as a
step-wise increase is assumed. Moreover, short-run considerations will influence
the aotual behaviour of the mining company. Fluctuations on the ore market,
fluctuations in the supply and the prices of factors of production, etc. will

alternately decelerate and accelerate the expansion. These comsiderations are

MT/ A Rate of
Year| production

QO Time
0 'I! Years
1 Ty, 541

Fig. 7:4 An optimal policy roughly estimated by means of the optimization
model.

here called short~run considerations because they are in effect only during short
intervals in the production period of the deposit, although they may extend over
several years. The fluctuations are not taken into account in the model when
determining the expansion during the period of expamsion. It is simply assumed
that the maximum rate of expansion is a long-range average which is fully

utilized.

1) The optimal policy of Fig. 7:4 has the general form predicted by Hotelling
(1931, p. 164), and found empirically (ibid.).
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73 Multiple ore deposits

31

Independent deposits

Until now it has been assumed that the mining company has only one ore deposit
at ite disposal (assumption 2)). A mining company having more than one deposit
must oo-ordinate the exploitation of the deposites so that the capital value of
all deposits taken together is maximum, if the goal of the company is maximum
capital value of future mining. The deposits may be independent of one another
or interdependent. Both cases will be treated.

True independence may be non-existent as the financial effects of the exploita-
tion of one deposit extend throughout the mining company. This influences the
opportunity cost of capital and, hence, the rate of interest. However, the rate
of interest is assumed to be a given constant (assumption 20)}), and it is assumed
to take the financial interdependencies into account. The rate of interest ex-

presses the financial interdependence.

1)

than the financial ones are assumed to exist. The single—deposit optimization

Each ore deposit ’ can be optimized independently if no other interdependencies
models can be applied to each deposit. The capital values of the separate de-
posits are additive. Hence, the highest total capital value is obtained by
simultaneous optimal mining of all deposiis with positive capital values and
other deposits worth mining (compane section 61). However, the conclusion is

valid only on certain conditions which will be discussed below.

The payment functions may vary with time in such a way that the capital value

at time zero of a deposit can be increased by postponing the opening of the
deposit. This possibility is open only for deposits which are not being mined
at time zero. For such deposits an optimum opening time can be determined.

The optimization models are applied as before with the addition that the actual
date of time zero is varied, e.g. successively set equal to the years 1970, 1975,
1980, 1990, and 2000. The payment functions are varied accordingly, and the op-
timum capital value is determined for each timing alternative. The capital
values are then discounted to a common point of time, e.g. 1970, and the alter—
native yielding the highest discounted capital value is approximately the op-

timum,

1) One ore deposit may consist of several ore bodies which are mined as one
single mine. See section 633.
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The optimization of the starting time of a deposit is relevant for companies
having only one deposit as well as for companies having several deposits. In
the latter case the payment functions relevant for different deposits may vary
differently with time. Then it is no longer certain that the optimum action is
1o exploit all deposits simultaneously, but the starting time of each deposit
can s8till be determined independently of the other deposits.

Interdependent deposits

The ores from different deposits may be processed in a common plant, transport-
ed on the same railway, shipped over the same port, sold on the same market,
etc. The payment functions relevant for the different deposiis influence each
other. The details of the interdependencies will not be discussed.

The interdependencies can be taken into account by an application of the method

desoribed in section 58. Only the special features of the multiple-deposit

problems will be treated here. Whatever the optimization problem, each deposit
is optimized as if independent, with payment functions deterwined for given
values of all decision variables concerning all other deposits. The given values
should be preliminary estimates or guesses of the final optimum values. The
optimum of the first deposit is determined for payment functions based on these
assumptions. Then the payment functions of the second deposit are determined on
the basis of the optimum of the first deposit and the originally estimated or
guessed values of the decision variables concerning the other deposits. The op-
timum of the second deposit is determined for these payment functions. The
other deposits are optimized similarly. The procedure is repeated until a sta-
ble state has been found or until the sum of the capital values of the individual
depos.’:;s cannot be increased significantly from the point of view of the decision
maker ‘.

The method has the weak points of the optimization model described in section
633.

1) Alternative models have previously been discussed by the author (Norén 1967,
pp. 210-219). They are based on much more resirictive assumptions, which
made it possible to find some cemparatively simple solutions. They are not
repeated here as the simplifications are no longer necessary when the com-
puter programs presented here are available.
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The method described presupposes that all deposits are mined simultaneously.

A8 this may not be the optimum course of action, alternatives where the opening
of certain deposits is postponed must be examined too. The method suggested in
section 731 can be applied, although difficulties must be expected in defining
a set of alternatives in which the optimal or approximately optimal alternative

is a member.

The special case where the rate of expansion is restricted has been treated
separately in the study of the single deposit. The solution presented can be
extended to the present situation with two ore more interdependent deposits.
It is assumed that the maximum rate of expansion is a common restriction for
all deposits. Then the problem to be solved is how to allocate the available
expansion potential between the deposits. A rough estimate is obtained by
trying some alternative allocations and determining the total capital value of

the deposits at the optimal policies of the deposits in each alternative.

The optimal policy and the capital value of each deposit is determined accord-
ing to section 723. Payment functions as well as the maximum rate of expansion
in each deposit have to be determined as described above, i.e. so that they are
oonsistent with the values of the decision variables, which are assumed for the
other deposits. Further details will not be discussed, except that it will be
pointed out that the proportion of the total maximum expansion allocated to each
deposit may change over time. This may even lead to postponing the opening of

a new deposit.

Thus, a rapid expansion is motivated in a deposit where a certain increase in
the rate of production yields a greater increment to the capital value of all
deposits than the same increase in any other deposit. The incremental capital-
value gain for the given increase in the rate of production decreases as the
rate of production increases, and is zero or negative after the lower oonstancy
limit has been reached. Hence, after a period of rapid expansion in the deposit,
the incremental capital-value gain has decreased to the same level as the corre—
sponding gains in other, more slowly expanding deposits. Then the rate of ex-
pansion should be decreased in the first deposit and correspondingly increased
in the other deposits. Once the incremental capital-value gain is the same for
all deposits for a given increase in the rate of production, the optimum allo-

cation is the one maintaining this state of ba.lance1 .

1) This analysis is an application of the analysis usual in the theory of price
discrimination, where the optimum distribution of a given output between the
markets is the one yielding equal marginal revenues in all markets. See
e.g. Henderson and Quandt (1958, p. 171). A formal analysis of some special

(Continued)
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The method suggested for determining an optimal policy concerning the rates of
production in interdependent deposits with restricted expansion may be compli~
cated and difficult to apply. For this reason a short—cut will be suggested.

This is done quite parenthetically and the new sources of error introduced will

not be disocussed.

1) 1t is assumed that there are only two or three deposits. Start with the
two deposits in which expansion appears most advantageous. EXRATE is used
to determine the expansion limits and lower constancy limits.

2) If the total meximum expansion to be partitioned between the two deposits
ig 1 unit per annum, find first the optimum allocation if the deposits ex—
pand at a constant ratio, e.g. 0.6 and 0.4 units per annum in deposits 1
and 2, respectively, until either deposit ceases to expand at a time y
(Fig. 7:3), say Y, in deposit 1. After time 7Y, deposit 2 expands at the
rate 1 unit per anmum until a time Y,. CAPVAL is used to evaluate the
alternatives which have to be exa,minea to find this allocation. The limits
determined in 1) are used in constructing the alternatives. If necessary
the limits are recalculated by means of EXRATE,

3) Examine if the total capital value of the two deposits can be increased by
expanding at the rate O units per annum in one deposit and 1 unit per annum
in the other during e.g. alternmatively 3, 5, 10, and 15 years reckoned from
time T,, of the expanding deposit. During subsequent years (i.e. 4 and
following, 6 and following, etc.) the previously determined optimum alloca~
tion 0.6 and 0.4 units per annum, respectively, is assumed until either
deposit ceases to expand. After that moment all expansion is concentrated
on the still expanding deposit. The limits determined in 1) or 2) are used
in determining when to stop the expansion. CAPVAL is used to evaluate the
alternatives.

4) If 3) has yielded a new optimal solution, e.g. 10 years without expansion
in deposit 1, it is established whether the allocation 0.6 and 0.4 units
per anmum is still optimal. Thus, new alternatives are evaluated in the
same way as each alternative was evaluated in 3), and compared with the
best aliernative to date (10 years with the expansion O and 1, then 0.6 and
0.4 in the respective deposit).

5) Point 3) is repeated if 4) has yielded a new optimum., 4) is repeated then,
if necessary. This is continued until the capital value camnnot be increased
significantly (from the point of view of the decision maker). New limits
are determined by means of EXRATE if the limits are influenced by the alter—
natives.

6) It is examined whether a third deposit can compete with the first two de-
posits for expansion potential. The expansion in the first two deposits
is reduced in proportion to their respective expansion during each year in
order to permit expansion in the third deposit.

The short-cut has been used practically for two deposits, both being mined at
time Zzero. A simple interdependence in addition to the common expansion re-
striction could be corrected for manually. The limits determined by EXRATE
were not influenced by the alternatives considered so much that they had to be
recalculated.

(Continued)

cases has previously been made by the author (Norén 1967, pp. 212-218). Where
the expansion is unrestricted an optimum combination of rates of production in
the deposits is one for which the incremental capital-value gain for any change
is zero (or negative).
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A special subprogram was written for CAPVAL, which determines the mean rates of
production in each zone of each of two deposits for a given combination of maxi-
mum rates of expansion. The allocation of the rate of expansion must be of the
following form: Expand at the rates xq and xp MT/year, respectively, in deposits
1 and 2 from time Tq1 to a given arbitrary time ({, and at the rates yq and yp
MT/year, respectively, from then on. From the moment one of the deposits ceases
to expand, according to the rules stated in section 723 (Fig. 7:3), the whole
expansion is transferred to the still expanding deposii, until this deposit
ceases to expand too. After the expansion has stopped the rules stated in sec—
tion 723 are followed {i.e. the usual decision rules utilizing the given expan-
sion limits, contraction limits, and constancy limits for each deposit). The
subprogram is not published in this report.

The models in social optimizations

It has been assumed that the mining company is the optimizing decision maker
for whom the optimization models are constructed. The community has also an in-
terest in the exploitation of ore deposits, and a few observations will be made
concerning the utilization of the optimization models proposed here for social

optimizations.

The capital value as a criterion in optimizations from the point of view of the
community has been discussed in section 222, There it was also stated that the
payments had to be adjusted. Thus, the payment functions have to be replaced by
functions reflecting the economic effects on the community as a whole. This can
be done within the framework of the models suggested. The rate of interest
varies from one mining company to another depending on the financial structure
of the company and available alternative investment opportunities. The rate of

1
interest of the community must be found out, which may cause difficulties ’.

The community is interested in all ore depositis in the region or nation. The
deposits are interdependent through factor and product markets. The single-
deposit approach cannot be utilized without a study of these interdependencies
in order to establish their significance. The depositis which have not yet been
detected are also significant, as they too will be a part of the resources of

the community when they are detected.

The model horizon may be too close from the point of view of the community. The
mining industry and industries using the products of the mining industry may have

1) See e.g. Prest and Turvey (1965) and Werin {1968) for references and a dis—
cussion concerning social costs, rate of interest, etc.
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to be replaced by other industries, and ore may ha.ve‘ to be obtained from else-
where when the deposits are exhausted. These problems have no place in the
models presented, except as close-down payments.

The solutions of these problems will not be disocussed. The problems have prima-
rily been stated as a warning against rash generalizations regarding the use of
the optimization models. The models are essentially constructed for optimiza-
tions on the company level.
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CHAPTER 8

Conclusions

Two principal decision models

The main problem dealt with in this study is to construct decision models for an
optimizing decision maker who has a limited and exhaustible supply of resources
(an ore deposit) which constitutes the principal object of his activities, or
else is independent of his other activities, If his mining activities and his
other activities are interdependent, the study applies in the special case where
the interrelations are restricted to the financing and a constant rate of inter-
est can be determined. Two principal optimization models are presented, one for

determining the optimum rate of exploitation (the rate of production) and one

for determining the optimum level of exploitation, i.e. the degree to which the

resources are utilized when the non-utilized amounts of the resources are assum—
ed to be spoilt and useless for future use (the mining limit expressed as the
average grade of the ore mined). Either of the models provides an answer to

the question whether a certain resource should be exploited or not.

The two principal optimization models are based on the theory of dynamic prog-
ramming., Efficient, although not optimally efficient, solutions have been found,
which have simplified decision rules as their main components (section 6 of Appen-
dix A, sections 5431 and 562). The decision rules concerning the rate of exploi-
tation are based on the assumptions that changes in the rate are expensive, and
hence to be avoided in a certain interval, and that the optimum change is to al-
ter the rate to a certain value if a change is made. The decision rules con-
cerning the level of exploitation (average grade) are based on the same assump-
tions concerning changes, except that it is assumed that small changes are not

expensive.

The two principal optimization models are formed to computer programs, EXRATE
and CUTOFF. The programs simulate the mining of an ore deposit from the time of
the decision to the end of the production period of the deposit. The output of

the programs describes the economic consequences of the mining thus simulated.

The two principal optimization models presuppose that only one source of re—
sources (deposit) is involved. Thus, it is assumed that the decision maker con—

trols only one source, two or more sources so highly interdependent that they can
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be treated as one source (ore bodies in an ore deposit)1), or iwo or more in-
dependent sources. The single-deposit models can be used for these cases. The
two principal models are also based on the assumption that a change of any size
in rate or level of exploitation can be made over a very short time (unrestrict-
ed instantaneous changes).

Extensions of the two principal models

Optimization models are presented where the level of exploitation in other di-

mensions than the average grade of the ore mined, the technique of exploitation,

and the refinement level of the final products are decision variables as well

as the rate of exploitation and the level of exploitation expressed as the av-
erage grade. Further, the models discussed are extended to cases where the rate
of expansion of the rate of exploitation is restricted, and two or more inter-
dependent sources of the resources are controlled by the decision maker. The
extended decision models are all based on the two principal optimization models
or the capital-~value model which is common to the two principal models. The
capital-value model yields the capital value of future exploitation of the re-
sources for a given plan of exploitation, and is contained in a separate com-

puter program, CAPVAL,

The two principal optimization models are constructed and presented in full
detail, whereas the extended optimization models are presented in more general
terms. This refleots an important difference in the state of completion of the
two principal models versus the extended models, i.e. the former optimize the
decision variables automatically in computer programs, whereas the latter in-
volve experimentation on the models of the decision problems and evaluation of
the experiments by means of the former models.

Models for long-range decisions

The alternative courses of action considered by the decision maker are evaluat-—
ed mainly with respect to their long-range consequences. Short-run optimisza~
tions of the decision variables are disregarded in the models. The optima ob-
tained by means of the models should be interpreted as a framework for the
short=run decisions.

1) Compare the concept of limitational factors of production where the tech-
nology of the process presoribes fixed proportions of the factors in ques-—
tion. See e.g. Frisch (1965, pp. 225 £f.) or Dan¢ (1966, pp. 16 £f.).
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Sensitivity analysis is important for the decision maker in his evaluation and
utilization of the results of the optimizations. Sensitivity analysis is easily
performed where only the two principal models are involved by repeating the op-
timizations with varying assumptions concerning size and quality of the ore de-
posit, sige of payments, relationships between decision variables and payments,
and rate of interest. The programs are comnstructed so as to facilitate such
variations. The sensitivity analysis is more complicated for the extended
models as the effect of each change must often be evaluated by repeated appli-
cations of the two principal models.

Related problems remaining to be solved

Some problems are neglected in this study although they are relevant in certain
decision situations where the exploitation of exhaustible resources is concern—
ed. Exploring for new sources of the resources, e.g. exploring for new ore de-—
posits, is not treated and the impact on present decisions of expectations that
new sources will be found is disregarded. Short-run deviations from long-range
optimal policies are not discussed1). The models do not allow for risk and
uncertainty. These problems and many others offer a wide field where the models
presented can be developed and improved, or replaced by others. Some other
models already in existence have been referred to. In addition to this the
extended models representing more complicated decision situations could probably
be developed further. For example, multiple-deposit models in which expecta-
tions concerning the detection of new deposits could be taken into account

should be of interest, especially for social optimizations.

It is felt, however, that before the models presented in this study are develop-
ed into more complex systems it would be of immense value to have the models
put to the acid test — applications in a variety of actual decision situationms.
This will reveal weak points and supply material for more precise definitions

of the problems to be solved.

1) The case of restricted rate of expansion may be considered a study of such
short-run deviations. However, it is also mainly concerned with the study
of long-range effects. No short-run optimization is made.
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Assumptions

A summary of the assumptions for the simplified dynamic optimization is given

in section 1332, The graphical solution and the graphical technique of pres-
entation necessitate some constraining assumptions. As this reduces the realism
of the optimization model it should be observed that the constiraints depend
partly on the graphical method as such, and partly on a wish to make the de-
scription of the graphical method as simple as possible., Thus, the assumption
2) below is not necessary. Neither 1) nor 2) are necessary if the optimiza-
tion is made by means of a suitable computer program. 3) only defines an

example.

The following additional assumptions are made:

1) The capital calue of a zone is independent of the starting time of the
zone, i.e, of the time passed since the mining started in the first zone.
This excludes the possibility of paymenis, whose sizes are dependent on
the time at which they are payable. Thus it is assumed that factor and
product prices are constant over time. On the other bhand the assumption
does not prevent the payment from changing over time as a consequence of
the progress of the mining, e.g. to new parts of the mine, or at a new

rate of production.

2) The expansion and the contraction investments are proportional to the size

of the change of the rate of production at a given moment.

3) The following data are given: An ore deposit is to be mined in three zones,
each being of the size 50 MT, The expansion investment is 50 KR for each
ton by which the anmual rate of production is increased. The contraction

investment is 20 KR for each ton by which the rate is decreased.

In section 1331 the general method of dynamic optimization in the case of three
successive decisions has been summarized in three points. The points will be

treated in sections 2 to 5 on the basis of the simple example of 3) above. The
example represents a special case. A more general case will be treated in sec~

tion 6. There the assumption 2) above will be relaxed to some extent.
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2 Constant rate of production as a starting point

As a starting point it is assumed that the rate of production will be the same
in all zones1). The capital values at the three decision times (the starting
times of the zones, i.e. T for n=1,2,3) of the zones which are not yet mined
at these points of time, are calculated, i.e. B for n=1,2, 3 The capital

values are illustrated in Fig. A:1. As the rate of production is not changed

during the production period neither

MKR}PBn . expansion nor contraction invesiments
600T g?p:zgisvalue are involved, except at time T,.
2 and 3
[ As B.|<B2 the capital value of zone 1,
400+ i.e. B'1, is negative. This implies
that expenditures exceed payments re-—
[ ceived. Naturally, the reason for this
2001+ is the expansion investment at time T1,
which is common to all zones, but only
E reduces B1, not B2 or BB'
Y t The curve B, in Fig. A:1 directly
° 5 10 MT/year corresponds to the capital-value curve
of the static model (Fig. 1:5 in
Fig. A:1 Capital values of future Chapter 1). They both show the cap-

mining at times T o’ i.e.
Bn’ for n=1,2,3 aB func-
tions of Qn 1f Q =Q2-Q at various rates of production, which

ital value of the entire ore deposit

are assumed to be constant during

the whole production period. In a
static optimization the curve yields the optimum rate of production 9.5 MT/year,
i.e. at optimum Q =Q2 —9 5 MT/year.

3 Dynamic optimization in the last (third) zone

On the present assumptions there is no reason to assume that the optimal
policy is to produce at a constant rate of production. The conditions under
which it is advantageous to change the rate, must be determined. Considering

the simplifying assumptions introduced, the first point of the description

1) In the computer program this starting point is replaced by an arbitrary
set of rates of production in the zones, named the initial guess.

2) The symbols are listed and defined in Appendix F.
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of the general method of dynamic optimization should be interpreted as follows

{compare section 1)
1a) Optimize Q3 for all possible values of Q,.

This step is taken in Fig. 412, B3 is taken from Fig., At1. First, suppose
that Q2-4 M’l‘/yea.r. Then the capacity available at the starting time of zone
3 is also 4 MT/year. If Q3=4 MT/year, i.e. if the rate of production is not
changed, B3=28 MKR., An increase in the rate of production in zone 3 so that
Q3-4.5 MT/year, would yield B3=-93 MKR, if enough capacity had existed, or if
the price of capacity had been zero. This is explained by the postulate of
Fig. A:1 saying that B3 is the capital value of gzone 3 if Q2=Q3, i,e. if the
capacity necessary for Q3 has already been installed before time T3.

If Q2=4 MT/year an increase in the rate of production at time T3 by 0.5 MT/yea.r,
gives Q3=4.5 MT/year, and causes an expansion investment of 50 KR/T/year - 0.5
MT/year = 25 MKR. Then B3=93-25=68 MKR. If Q,=3.5 MT/year it is also easily

MKR A 133 Expansion limit
in zone 3
104

200 F = =~ =TT T

Expansion line

1.7°50a85 MKR
> > t0 5.7 MTZLG&!‘

M54+ - —— —
3 F e m
68 | 0-5750=25 MKR:
B -————-
84— ———— 3 X
° — ——t>
0 MT/year

Expansion line
to0 4.5 MT/yea.r

Fig., A:2 Expansion of rate of production at time T3.
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seen that another 25 MKR must be invested in order to increase the capacity

8o that Q,=4.5 MT/year. Then By=93-50=43 MKR. A straight line can be drawn
through the points (3.5,43), (4,68), and (4.5,93). This is the expansion line
t0 4.5 MT/year. It shows the capital value of zone 3, i.e. B3, at Q3=4.5 MT/year
as a function of Q2, if 0< Q2< Q3. Q2 is measured on the horizontal axis.

Again, let Q,=4 MT/year. What happens if the rate of production at time T3
is increased by a greater amount, e.g. by 1.7 MT/year so that Q3=5.7 MT/year?
If a sufficient capacity had already been installed at the time of the ex-
pansion, Fig. A:2 indicates that B3=200 MKR. The expansion investment is,
however, 50.1,7=85 MKR. Thus, after the expansion investment has been taken
into account B3=200-85=115 MKR. A straight line is drawn through the points
(4,115) and (5.7,200). This is the expansion line to 5.7 MT/year. The line
shows the capital value of zone 3, i.e. B3, at Q3=5.7 MT/year a8 a function
of QZ’ if 0<:Q2< Q3. Q2 is again measured on the horizontal axis. As the
greater expansion yielded a capital value of 115 MKR it is apparently pre-
ferred to the smaller expansion, which yielded only 68 MKR.

In this way it is possible to construct an expansion line to an arbitrary
value of Q3. The line is drawn to the left from the point on the original
curve B3, where Q3 has this arbitrary value, i.e. the rate of production

after the expansion. The gradient is the same for all expansion lines, and

is determined by the expansion investment. Thus, the gradient is 50 KR/T/year.

The \greater the distance between the horizontal axis and an expansion line
(at a given value of Qz), the higher is the capital value of zone 3, and
the more advantageous is the implied expansion. The expansion line to

5.7 MT/year is a tangent to the original curve. It thus offers the highest
capital value at all relevant rates of production in zone 2, i.e. if

0<Q,< 5.7 MT/year. Consequently, if Q< 5.7 MT/year the optimum action at
time T3 is to increase the rate of production to 5.7 MT/year. To expand
further would decrease the capital value. For example, the dotted and
dashed expansion line indicates lower capital values than the expansion

line to 5.7 MT/year. It also indicates capital values, which are lower
than those indicated by the segment (! of the original curve B3. Similarly,
every expansion line to a rate of production exceeding 5.7 MT/year will
indicate lower capital values than their corresponding segments of the curve
B,. Consequently, it is advantageous not to increase the rate of production

3
if it already exceeds or is equal to 5.7 MT/year in zone 2.
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The rate of production at the point of tangency will be named the expansion
limit in gone 3. It bears on the decision at time 'I‘3, when the rate of pro-

duction in zone 3 is determined.

In a similar manner it is determined whether it is profitable to decrease the

rate of production at time '1‘3. Contraction lines may be drawn. Their gra-

dient is determined by the contraction investment. Thus, in the present case

it is =20 KR/'I‘/year. The tangential contraction line shows, according to
Fig. A:3, that the optimum rate of

production in zone 3 is 8.5 MT/year,

MKR AB
3 iContraotion if Q,> 8.5 MT/year. This rate of pro-
11imit in 2one 3 2 . o
200 1 duction is the contraction limit in
1 !
' zone 3. The contraction line to 8.5
100 + X MT/year also shows the capital value
! y
3 ‘ B3‘ of zone 3, i.e, B3, at Q3a8.5 MT/year
0 : r—r—— 5, . .8'-5,1(;) — l.ﬂ‘/ry;u as a function of Q,, if Q,>8.5 mr/
year.
Fig. A:3 Contraction of rate of pro-
duction at time '1‘3. The expansion line to the expansion

limit, the contraction line to the
contraction limit, and the segment

of the curve B, situated between the

3
MKR 4\B3 two points of tangency, constitute
Expansion c;ﬁga::l:zne 3 @ new curve, a 3+ Which indicates
200 T limit i ! the capital value of zone 3, i.e.
]
! : B,, as a function of Q, at optimum
100 } v N Q 3 2
af & E 5 N 3 values of Q, (Fig. A:4). Thus, the
o 3 3L 3_+5 task of the first point - 1a) Opti-
: T '85' 1) T T A >
0 557 10 MT/yea.r mize Q.’: for all possible values of

Q2 - has been completed.
Fig, A:4 Optimum capital value at
Ez:tfgnogfzng 3asa The analysis implies the following
optimum values of Qi Q;=5.7 MT/year
if 0<Q,<5.7 MT/year, Q3-Q2 if
5.75Q258.5 MT/year, and Q3=8.5 nr/
year if Q2>8.5 MT/year.
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4 Dynamic optimization in the penultimate (second) zone

The second point of the description of the general method of dynamic opti-~

mization was stated in section 1331,

It is applied in the present case:

2) Apply the result (of point 1)) in optimizing Q,, thus also Q3, for all

possible values of Q1.

Thus, the problem is to find the optimum values of Q2 at various values of

Q1. At all values of Q2 the optimum values of Q3 and the corresponding capital

values of zone 3, i.e. B3, are known from the preceding section, and applied

in the solution of the present problem.

A5,
MKR 4 B
n g B
i PRt 2
/‘/.
600 i Expansion *
limit in Capi
zone 2 . apital B

value of
zones 2
and 3 if

] ==y

400

28{-=--4 "3 . 9
0 ———h r—tT—T>
0 557 M % 45 MD/year

Fig. A:5 Adjusting the capital value
of zones 2 and 3, i.e. B,,
at time T, for the optimlza-

tion in zone 3. Expansion
of rate of production at
time T2.
-T
2

b=87-(1+r) .

The method is illustrated in Fig.

"The curve 32 is taken from Fig. A:1,

and must be adjusted for the new
values of Q3, which have been deter—
mined in the preceding optimization
in zone 3. Thus, if Q,=4 MI/year,
B3 could be increased by 87 MKR

by optimizing Q3. As the original
curve B2 contains the capital value

at time T, of B3, also the increase

in B3 is giscounted to the same point
of time., The discounted increase
is added to the original value of
B2 at the given rate of production,
i.e. to 169 MKR.

the optimization in gzone 3

Thus, owing to

_QP2
B2=169+87-(1+r) =244 MKR, if

Q,=4 MI/year and Qy=5.7 MT/year.

As all points on the curve B2 are
correspondingly adjusted a new curve
indicating the capital value of zones
2 and 3 at optimum rates of produc-

tion in zone 3, is obtained, i.e. p2'

It is, however, still assumed that Q1=Q2. Expansion and contraction lines
may be drawn from various points on the curve B2 in the same way as they were

drawn from various points on the curve B3. The expansion line to 7.1 MT/year
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is the tangent, and consequently indicates optimum. The tangential and, thus,
optimum contraction line is not shown, but Q2=20 MT/year at the point of tan—
gency. Hence, in zone 2 the expansion limit is 7.1 M'I‘/year, and the contrac-
tion limit 20 M‘I‘/year.

The optimum rates of production in zone 2 are now determined: If 0<Q1<7.1

MT/year, Q,=7.1, thus expansion. If 7.1SQ1S20 MI/yesr, Q,=,. If Q,>20
MT/year, Q,=20 MT/year, thus contraction.

Dynamic optimization in the first zone

The third and last point of the description of the general method of dynamic
optimization has been stated thus:

3) Apply the result (of point 2) in optimizing Q1, thus also Q2 and Q3.

The curve B1 in Fig. A:6 shows the total capital value at time T1 of zones 1,
2, and 3, i.e. B1, as a function of Qn for n=1,2,3, provided that Q1=Q2=Q3.
However, it has been demonstrated that equal rates of production in all zones
is an optimum policy only in a certain interval. Hence, the curve B1 does
not properly describe the capital value of future mining, i.e. the capital
value which is the decision criterion in zone 1. The curve B1 must be ad-
justed to indicate the relevant capital value B1. At optimum rates in zones
2 and 3 the capital value at time T2 of the two zones, i.e. B2, is demon-
strated by the curve (12, which is derived from Fig. A:5 in the same manner
as was the curve (13 constructed in Fig. A:4. C(2 illustrates the optimum
capital value 32 as a function of Q1. The difference in capital value between
the two curves a2 and 32 for each possible value of Q1, is obtained and dis-
counted to time '1‘1, and added to the capital value indicated by the curve B1
at the same value of Q1. The operation gives the curve [31.

[31 indicates the capital value B1 as a function of Q,l at optimum values of
Q2 and Q3. The maximum capital value is obtained if Q1=10 MT/year. This
is the optimum rate of production in zonpe 11 .

1) In zone 1 the rate of production is directly optimized without first
determining the expansion and the contraction limit of zone 1. This is
possible as it has been assumed that before time T, the rate of production,
and thms also the production capacity, is a given constant. In the case
discussed this constant is equal to zero. The principles of the opti-
mization method are not affected if this capacity figure is given a
positive value.
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Fig. A:6 Adjusting the capital value of zones 1, 2, and 3, i.t::. B1? at
time T1 for the optimizations in zones 2 and 3. Optimum in

zone 1.
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As the optimum rate of production in zone 1 is determined as being 10 MT/year,
it is assumed that the zones 2 and 3 are mined at optimum rates. According
to the various expansion and contraction limits obtained, the optimum rate of
production in zome 2 is also 10 MT/year, whereas in zone 3 it is 8.5 MT/year.
However, the optima in the zones 2 and 3 are just reasonable estimates of
future decisions, applied in optimizing the actual decision, i.e. in optimizing
the rate of production in zone 1. The optimization described does not provide
the information whereon the rates of production in the zones 2 and 3 are actu-
ally determined. Instead, when these decisions are to be made, new optimiza-—
tions are carried out by applying the model to new data. These data should
be the best available at the times of these decisions. In these new and
future optimizations the zones will be renamed, so that zone 1 is the zone
which is to be mined next. The subsequent zones (or zone, if there is any)

are given the numbers 2, 3, etc.

The method described can be applied to any number of zones. The adjustments
necessary. to adapt the method to this more general case need no explanations.
It will suffice to say that a fourth point in the description of the general
dynamic optimization method of section 1331 is inserted between points 1 and
2. Considering the simplifications of section 1332 it can be stated as
follows:

1b) Optimize Qn for all possible Qn-1 on the assumption that optimum values
of Qn+1’ Qn+2’ ceey QN are selected according to the results of the
previous steps of the optimization procedure.

Constancy limits

In order to generalize the graphic dynamic optimization it is convenient to
introduce the concepts of a lower constancy limit and a upper constancy limit.

To explain the concepts the discussion concerning expansion and contraction
limits has to be reopened. It has been demonstrated that the optimum decision
is to increase the rate of production in zone n, i,e. Qn (nﬁ1), to the expan-
sion limit in zome n, if Qn-1 is smaller than the expansion limit in gzone n.
Now, suppose that the expansion investment consists of a fixed amount, e.g.

20 MKR, in addition to the amount proportional to the increase in amual pro-
duotion, i.w. the expansion investment amounts to 20+50'(Qn_an1) HKR1), which
should be compared with the expansion invesiment in the previous example, i.e.

1) Q, in WI/year.
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50°(Qn—Qn_1) MKR. If the rate of production is not increased the expansion

investment in both cages is assumed to be zero.

Fig. A:7 illustrates the new situ-

MKR A Lower Expansion ] o ) ]
R v 5. The grsons f s s
n . n -
200 T sion line has not changed. Conse-
100 + a quently, the expansion limit remains
SQR unaffected. This is shown by the
0 ;)W dashed line, which is the former ex-
pansion line. The dashed line also
Fig. A:7 Lower constancy limit in shows the capital value of zone 3
zone 3.

at time T3 as a function of Q2 for
Q3=5.7 MT/year under the assumptions
of section 3 of this appendix (Fig.
A:Z), i,e. where no fixed amount is to be paid. However, if the rate of pro-
duction is increased at all, even by a small quantity, in the present case
20 MKR have to be paid in addition to the 50 KR for each ton the annual rate
of production is increased. Hence, the capital value of zone 3 is 20 MKR
lower than the value indicated by the dashed line. The correct capital value

is indicated by the line C13, or the correct expansion line.

The curve 33 shows the capital value at time ‘1‘3 of zone 3 if the rate of pro-
duction is equally great in the zones 2 and 3. In the interval 4.8<Q2<5.7
MT/year this capital value exceeds the capital value according to the line
(13. Consequently, no expansion should take place in this interval., The rate
of production at the point where the expansion line C13 intersects the curve

B3 is the lower constancy limit in zone 3. Only if the rate of production in

zone 2 is lower than the lower constancy limit in zone 3, the optimum decision

for zone 3 is to expand to the expansion limit.

By analogy, an upper constancy limit

MKR 4 B3 Contraction Upper . . . )
1imit f constancy is obtained as demonstrated in Fig.
;sl}EEJL____ A:8. It is assumed that any decrease
00 + T S
200 i 3 in the rate of production incurs
100 1 Do 0 MKR  contraction investment of
[ ) .
o Q 10420 (Q2-Q3) MKR. In this case
o] "—r—T—1—ﬂ—4—ﬂ'ﬂ-igf—+-f-w—w—1-4-> the optimum decision is to decrease
0 5 10 MT/year

the rate of production in zone 3

Fig, 4:8 Upper constancy limit‘in to the contraction limit in zone 3
zone 3.
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only if Q2 exceeds the upper constancy limit.

Constancy limits are determined in the same way for all zones except the first,
which is still optimized directly. Consequently, in the general case there are
four limits to be determined for each zone n=2,3,...,N, N being the number of

zones.,

The case studied in sections 1 to 5 of this appendix is a special case, where
the expansion limit coincides with the lower constancy limit, and the contrac-—
tion 1limit with the upper constancy limit. However, the method applies also
in the present, more general case.
Only one point may need to be clari-
MKR A B fied: In the step from zone n to
zone n-1 (section 4) the capital-
value curve B, (for which it is
assumed that Q1=Q2=...=QN) has to be

adjusted, which gives the capital-~

400 A

value curve l3n_1. The method de-

200 '
d : | scribed in section 4 is applied
]
: : i N in accordance with the example given
a.// ; o Q  in Fig. A:9. It should be noticed
0 +————Ht—r—t—t—————>  that the constancy limits, not the
0 18557 8540  MT/year ’

expansion and the contraction limit,

Fig., A:9 Adjusting the capital value determine where the curve B -1 is
of zones N-1 and N for the
result of the optimization
in zone N (compare Fig. A:5). in general, Bn_1 from Bn—1)' (Com—

pare Fig, A:5, but note that the

curves BN_1 and 32 are not the same curves. The difference has no bearing on

separated from the curve By , (or,

the present discussion.)

The four limits constitute a decision rule which ensures optimum decisions
concerning the rates of production Qn in the 2zones n=2,3,...,N: If Qn_1 is

less than the lower constancy limit in zone n, expand the rate of production

so that Qn equals the expansion limit in zone n. If Qn—1 is greater than the
upper constancy limit in zone n, reduce the rate of production so that Qn equals
the contraction limit in zone n. Finally, if Qn—1 is equal to any of the two
constancy limits in zone n, or has a value between them, keep the rate of pro-

duction unchanged, i.e. make Qn=Qn_1.
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The optimization models concerning the single mineral deposit have been devel-

oped into three computer programs. They are described here together with two

subsidiary programs. The names and principal purposes of the programs are:

CUTOFF

EXRATE

CAPVAL

Long-run optimization of the average grade (relative contents
of metal or other useful substances) of ithe ore extracted from

the deposit.

Long~run optimization of the annual rate of production in the

ore deposit.

Computation of the capital value of the ore deposit if a com=
plete set of values of all variables and parameters influ-
encing the capital value is given. The program automatically
treats a number of predetermined alternatives in this way.
The program can be used to test the results obtained with
CUTOFF or EXRATE, and to supply information needed for making
an optimal choice between a number of fixed alternatives in
other dimensions than the two optimized in CUTOFF and EXRATE,
namely, the average grade of the ore and the rate of produc-

tion.

The subsidiary programs are:

PAYMTS

NEWPAR

Production of graphs of the functions which describe the pay-
ments flowing into and out of the mining company as a conse-—
quence of the development and exploitation of the ore deposit.
These payments are current (annual) payments, investments, and

payments connected with the final closing of the mine.

Assignment of new values to the parameters of the payment
functions and punching new data cards containing these new

parameter values.
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The programs are written in FORTRAN IV for IBM System/3601). In order to use
CUTOFF, EXRATE, and PAYMTS no knowledge of the FORTRAN language is required.
However, the subroutines CUT11, ANPAY1, ANPAY2, ANPAY3, and ANPAY4, which are
parts of these programs, must often be rewritten to suit the particular problem
of a user. In this case some acquaintance with FORTRAN is necessa.ry2 . This
condition also holds for the use of CAPVAL and NEWPAR, which are not complete
programs but merely frames of programs that are to be completed each time they

are used.

The source programs are punched on cards in Extended Binary Coded Decimal Ine
terchange Code {EBCDIC).

Some technical information might be useful for a user, for example program

sizes, computing times, and output quantities.

The numbers of punched cards in the FORTRAN source programs are given below as
a rough measure of the sizes of the programs. It should be added that the mem—

ory requirements of each program are less than 100K bytes3).

The execution times and output quantities are largely dependent on the size of
the mine, how many years the ore deposit is going to be mined, how many deci-
sions are to be optimized, i.e. how the ore deposit is divided into zones and
subzones, etc. The execution times, in minutes, and the output, in rows, are

therefore given for iwo sample cases:

33 The ore deposit is divided into 3 zones, each of which is
divided into 3 subzones. The production period of the de-
posit is 10-15 years. JTHOR=5.4

5-10 The ore deposit is divided into 10 zones,‘each of which is
divided into 3 subzones. The production period is 20-45
years. JTHOR=5,

1) The programs have been tested in an IBM System/360/75 only. Owing to the
great number of possible paths through the programs it has not been practical
to arrange a complete itesting.

2) See e.g. IBM System/360 FORTRAN IV Language, Form C28-6515-5, IBM 1965, 1966.

3) This is a measure of memory requirements or storage space in an electronic
computer. See e.g. reference in footnote 2.

4) The symbols are explained in Appendix C. Appendix B is mainly intended as a
manual for the program user. Consequently, in order to make the description
of the programs more closely related to the programs themselves the symbolic
representation of the programs has been chosen here.
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Size, Compilation Execution time, minutes Output, rows1)
Program Cards time, minutes Case 3-3 Case 5-10 Case 3-3 Case 5-10
CUTOFF 950  0.3-0.4 0.1-0.2 2 2,000 7,500
EXRATE 1,180 0.4-0.5 0.1-0.2 2 1,700 5,500
CAPVAL 560  0.2-0.3 0.022) 300 500
PAYMTS 540 0.3-0.4 0.1-0.2 3,000
NEWPAR 50 0.023) 0.03%) 150 (+45 cards’))

Fig, B:1 Sizes, computing times, and output quantities of programs.

1) Exclusive of compiler output.

2) Inclusive of the compilation of the main program. Execution time and output
refer to the one-alternative case.

3) Parameters for 5 years. Only 7 parameters are changed for each of the years.
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Program_ CUTOFF

Applications

An ore deposit is assumed to contain a rich principal vein surrounded by, or
extending into, poorer ore. As successively poorer ore is recovered through
extending the mining limits, the average grade decreases and the ore reserve
increases.1 The ore deposit is partitioned into NMAX zones, and each zone

ig in turn partitioned into NSMAX subzones. They are mined in the order
(Ns,N)=(1,1),(2,1),...,(NSMAX,1),(1,2),...,(NSMAX,NMAX) ,

The program CUTOFF is intended for the optimization of the average grade of the
ore mined in an ore deposit where this grade is a continuous variable. All
other variables are assumed to be predetermined. The average grade is ex-
pressed as the fraction of the metal or the other useful material contained in
the ore. It may vary with the time. Then it is assumed that the decision on a
change of the average grade is made immediately before the change is actually
made and that the average grade is subsequently constant until a new decision
is made. The average grade is decided for each subzone at the starting time

of the subzone, T(NS,N). The program is also valid for the special case of

one single decision, i.e. if the grade is optimized only once, at the beginning
of the production period of the mine, and then kept constant through the whole

period.

The decision concerns the average grade of all the ore mined in the subzone.
This should be carefully noted, as the decision variable in decisions of this
type is often the grade of an incremental quantity of ore, a marginal grade.

It is assumed that this marginal grade is deducible from the average grade. To
emphasize this connection the optimum average grade is also called "the cut-off

(mean) grade.

The program is essentially valid for all firms and ore deposits in optimizations
of the type discussed. Exceptions are the subprogram CUT11 and the four ANPAY
subprograms (see below), which might have to be altered to fit the particular

case.

1) Compare Fig. 1:3.
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22 Structure and operation

221 Survey of the structure

The program CUTOFF consists of a main program with 13 specially designed sub-
programs, Standard library programs are also utilized.

The main program controls the input operations, directs the sequence of sub-

zone optimizations, and usually decides when to stop the
calculations. It also contains tests to establish the plau-
sibility of the values of the decision variable - the average
grade. In addition, the principal function of the main pro-
gram is to control and coordinate the operations performed
in the subprograms, whose names and main functions are listed

below.

CUT1 with CUT11 calculates the starting time of each subzone and the time of the
final closing of the mine. CUT11 transforms the tonnage figure
of the equivalent ore reserve of the subzone into the corre-
sponding actual ore reserve figure after the average grade
of the subzone has been determined (see section 2 of Appendix D

for definitions).

CUT2 selects successively new average grades in the subzone that is to be opti-
mized, i.e. the current subzone. It uses the average grade
of the initial guess or of the latest optimum obtained as a
starting point. The Buccessive average grades are alternatives,
for which capital values are calculated. The alternative
giving the highest capital value is to be chosen as an optimum.
CUT2 selects the alternative grades using a comparatively large
increment, i.e. DELTA1, first in a sequence of Bsuccessively
falling grades, then in a sequence of successively rising
grades, in both cases beginning from the starting point men-
tioned above. CUT2 also decides when to stop selecting new

alternative grades.

CUT3 chooses the average grade giving the highest capital value, from among the
alternatives selected by CUT2. If the capital value has
multiple maxima when expressed as a function of the average

grade, CUT3 does not define only one maximum, but up to 5
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different maxima. Together, CUT2 and CUT3 give the optimum
or a set of potential optima in a first approximation, the
exactness of which is determined by DELTA1.

CUT4 selects successively new average grades in the same manner as CUT2, but at

smaller intervals, i.e. DELTA2. CUT4 uses successively the
grades at each of the 1 to 5 potential optima obtained in CUT3
as a starting point. The capital value of each new alternative
is caloulated, and the alternative giving the highest capital
value is taken as a more precise estimate of the potential
optimum. Each of the 1 to 5 potential optima is thus refined
in a second approximation. Finally, CUT4 chooses the potential

optimum giving the highest capital value. The average grade
of this alternative is defined as the optimum average grade of
the current subzone (or the cut—off (mean) grade of the sub-
zone, or the partial optimum of the subzone) at the current
complete optimization (see DELTA3 in section 222 of this
appendix and sections 225 and 226 of this appendix).

CUT5 caloulates the capital value of the subzones not yet mined at the time of

a given decision. Thus, the capital value calculated is that
of the subzone being optimized and of all the subzones subse-
quently mined. The capital value is completely recalculated
whenever CUTS is called1), e.g. every time CUT2 or CUT4 has
selected a new alternative. The results of previous capital-
value calculations are not utilized in any way, as they are
normally rendered irrelevant by modifications of the payment
flows or the times at which the investments occur. The capital
value is always discounted to time 0. The interest is reckoned

continuously.

ANPAY1, ANPAY2, ANPAY3, and ANPAY4 contain the payment models (see Appendix D),

PRICOM prints the

and thus give the different payments that are discounted in the
capital value calculations on the assumptions specified in
other parts of the program. These subprograms are called by
CUTS5 exclusively.

values of certain key variables if the execution of the program
should be interrupted due to inconsistent results in the calcu-

lations.

1) In order to use a subprogram of this particular type a main program (or
another subprogram) is said to call the subprogram.
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INDATT performs a set of testis of the input data. If non-permissible data are
encountered, an error indication stating the type of error
is printed for each error, and the program execution is inter-
rupted. The error indication code is explained in section 7
of this appendix.

PRICAP tabulates the pairs of associated average grades and capital values of
the alternatives selected by CUT2 or CUT4.

Input data

The first step in the execution of the program is to read input data. A list

of the data needed is given in section 6 of this appendix., Certain restrictions
imposed on the values of some of the input variables will be explained here. The
variables concerned will be itreated in order of appearance in the program. The
variables are defined in Appendix C. The initial guess concerns the average
grades, H(NS,N) for NS=1,2,...,NSMAX and N=1,2,...,NMAX.

NMAX Permigsible numbers of zones: 1,2,...,14.

NSMAX Each gzone is assumed to be partitioned into the same number
of subzones. The size of one or more subzones can, however,
equal O MT. Exceptions are subzones with the ordinals 1,
NSMAX-1, and NSMAX, In addition, iwo comsecutive subgones
cannot be of the size O MT,

Permissible values: 1,2,,..,20.

JTHOR Permissible values of the data horizon: 2,3,...,50.
DELTA1 Permissible values: Positive fractions with DELTA1> DELTA2.
DELTA2

DELTA1 should always be an exact multiple of DELTA2.

DELTA3 A complete sequence of optimizations of the average grades
of all the subzones, from the last subzone of the last zone
(NSMAX,NMAX) to the first subzone of the first zone (1,1)1) is

named a complete optimization and results in a complete set

of optima. If the capital value of the entire ore deposit at
the latest complete set of optima is more than 14DELTA3 times
higher than the corresponding capital value at the complete

1) The subzone last mined is mentioned first as the subzones are optimized in
the opposite order of mining. See section 224 of this sppendix.



HAEND1
HAEND2

HBIN

JTOTMX

QBIN

217 B 222

optimization preceding the latest one, the optimization is
repeated once more.
Permissible values: No restrictions, but 0.01 to 0.10 might

be appropriate in most cases.

If the average grade of any of the alternatives selected for
any of the subzones falls outside these two limits of plausible
average grades, i.e. the lower and upper, respectively, the
program execution is immediately interrupted.

Permissible values: Positive fractions with

HAEND1+2-M-DELTA1 < HAEND2,

If the ore deposit is not yet being mined at time T(1,1),
HBIN=0.0 is compulsory. In other cases 0.0 <HBIN<1.,0.

This is the maximum number of complete optimizations permitted
in the particular case {compare DELTA3). The program execution
is thus interrupted when JTOT has reached this value, regard-
less of the increase in the capital value at the optimum
achieved through the latest complete optimization.

Permissible values: 3,4,...,20.

CUT2 selects new alternative average grades for a given sub-
zone (the current subzone) using the average grade of the
initial guess or of a previously calculated optimum as a
starting point. The grades selected first decrease succes-
sively with the increment DELTA1. In this way new alterna-
tives are selected until the capital values of M consecutive

alternatives form a sequence of strictly falling values.

Then, using the same starting point CUT2 selects new alierna-
tives whose average grades increase successively until, once
more, the capital values of M consecutive alternatives form

a sequence of strictly falling values. The incremental change
is still DELTA1.

Permissible values: At least 3 and presumably no more than
20 or 30. The danger of arriving at non-permissible average
grades (less than or equal to HAEND1, or greater than or equal
to HAEND2) increases as M increases. It also increases as

DELTA1 increases.

If the ore deposit is not yet being mined at time T(1,1),
put QBIN=0.0. In other cases QBINZ2>0.0.
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Permissible values of the rate of interest: R>0.0.

This is the equivalent ore reserve mined prior to subzone NS
The
meaning of this can be clarified by means of an example: An

of zone N (the cumulative equivalent ore reserve).

ore deposit has been partitioned into 3 zones, each consisting
of 4 subzones. The equivalent ore reserve in each subzone is

1.0 MT. Then RES(NS,N) can be tabulated according to Fig. B:2,
Input values for NS=1,2,..,,NSMAX and N=1,2,...,NMAX+1 must be

given.

N= 1 2 3 4
NSa
1 0.0 4.0 8.0 12,0
2 1.0 5.0 9.0 -
3 2,0 6.0 10.0 -
4 3.0 7.0 11.0 -

Fig, B:2 Cumulative equivalent ore reserve, RES(NS,N).

RES(1,1)=0.0,
ore reserve of one subgzone must be larger than the cummlative
One
If a subzone containing O MT of ore

Permissible values: The cumulative equivalent
equivalent ore reserve of the previously mined subzone.
exception is permitted:
(see NSMAX) is inserted, the cumulative equivalent ore reserves
of two successive subzones will be equal. Fig. B:3 shows how

the figures of the previous example will be changed if the size

»f subzone (2,2) is altered to O MT,

1) RES(NS,N) can be interpreted by means of the mathematical symbols in Appen-
dix F in the following manner: Let RES(NS,N)=RES(QL ,D) where (O =1,2,...,N',
(3=1,2,...,8+1, except that Q=1 for (3=N+1. Then

if Q>1: if (=12

—  fw Q-1 - -1 N

BEEs(Q ’l3 )=E=1: Enn'n)"'z,;——.lnn'ﬁ BES(Q ’ﬁ )ag;—.l—— gnn'n
where n'=1,2,...,N', n'=1,2,,..  {l-1, where n'=1,2,...,N',

and n=1,2,...,[3-1, and n-1,2,...,D-1.
respectively. Aso, HES(QL,(3)=0 if Q=3 =1.
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N= 1 2 3 4
NS=
1 0.0 4.0 7.0 11.0
2 1.0 5.0 8.0 -
3 20 5.0 9.0 -
4 3.0 6.0 10.0 -

Fig. B:3 RES(NS,N) if the size of subzone (2,2) is
assumed O MT, i.e. if the mumber of subzones

in gone 2 in reality is 3 instead of nominally 4.

HEQV(N) The equivalent average grade must be given for N=1,2,...,NMAX,
Permigsible values: 0.0 <HEQV(N)< 1.0.

Q(w) The rate of production must be given for N=1,2,..,,NMAX,
Permissible values: Q(N)>0.0.

H(NS,N) The average grade (initial guess) must be given for
NS=1,2,...,NSMAX and N=1,2,...,NMAX,
Permigsible values: HAEND1 <H(NS,N) < HAEND2. The absolute
differences between H(NS,N) and the two extreme values should
also exceed |M-DEL'I'A1| considerab1y1).

Ci(N) These parameters are used in CUT11 (see section 2 of Appen~
i=1,2,3,4 dix D), They must be given for N=1,2,...,NMAX, Permissible

values: No limitations except those of the computer system.

Ci Parameters as Ci(N) but equal for all values of N.
i'=5’6’778)9
PAR(JD,LT) These parameters are used in the ANPAY subprograms (see section

4 of Appendix D). They must be given for JD=1,2,...,70 and
LT=1,2,...,JTHOR.

In the example of possible payment functions, which has been
used in the testing of the programs, and which is described

in Appendix D, PAR(4,LT) denotes a standard or normal average
grade of the ore mined. PAR(4,LT) should be given a value 80
that the payment functions can be deduced from empirical data
as easily as possible., Consequently, it is usually the same

every year, i.e. for all values of LT.

1) le denotes the absolute value of x.
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PAR(63,LT), PAR(64,LT),..., PAR(69,LT) are used as price-index
numbers for different types of payments. They describe how the
payments vary with the time, though in a most schematic way.
Payments whose changes over time have been investigated more
thoroughly can often be predicted in more detail. In such cases
a more detailed description of the variation of the payments
with the time can be made through the other parameters (g 62).

PAR(70,LT) is reserved for a test of the input data and its
value should be the subscript number of the year LT transform-
ed into a real number (i.e. written with a decimal point, e.g.
LT=5 gives PAR(70,5)=5.0).

In the models described in Appendix D parameters with
JD=1,2,3, 5,6,...,21, 56,57,...,60, and 62, are used exclu-
sively in models describing current payments and payments
occurring at the final closing of the mine. These payments
never occur during year 1. Thus, the parameters with the JD
numbers listed above can be freed for year 1, i.e. the para-
meters PAR(1,1), PAR(2,1), etc. Then they can be utilized
optiona.lly1 . For instance, they can be used to define dig-
continuities in the payment functions, or to extend the pay-

ment functions in other ways (see section 21 of this appendix).

Permissible values: No limitations except those of the com-
puter system and the following: PAR(4,1)=PAR(4,JTHOR) {owing
to a test in INDATT) and PAR(70,LT)=LT (see above).

After all input data have been read they are printed in tables, partly to enable

the user of the program to assure himself that intended data have been used in

the optimizations, partly to make it easier to distinguish between and recognize

alternative optimizations that have been made on varying assumptions, e.g. in

an analysis of the dependence of the optimum on the values of variables and

parameters, that are not known with certainty (sensitivity analysis),

1) To improve the reliability of the program it is then advisable to program
a direct RETURN (before any operations are performed) in ANPAY1 and ANPAY4
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Input data are tested in INDATT at this stage of the execution of the program.
If errors are detected they are indicated as described in section 7 of this

appendix, and the program execution is stopped.

223 (Capital value of the initial guess

The input data contain a complete production plan for the ore deposit, com-
prising its entire production period. The initial guess concerns the variables
which are to be optimized, i.e. the average grade in each subzone, or H(NS,N)
for NS=1,2,...,NSMAX and N=1,2,...,NMAX. On the assumptions thus implied the
capital value of the ore deposit is calculated as a preliminary step, prior to
the actual optimization. The capital value is discounted to time O. Invest-
ments in machinery etc., which must be made before the mining can start, are
presumed to be completed and paid at time 1.0, The mining then commences im-
mediately after time 1,0, Hence, the capital value is discounted to a point of
time that precedes the actual starting time by one year. This deviation from
common praciices in capital value computations is motivated by programming

considerations only.

If the ore deposit is already being exploited at time 1.0 the optimization will
embody only those parts of the ore deposit, which are to be mined after this
time, and only the ore reserve remaining at this time.

The payments vary with the time according to the parameters of the payment
functions, i.e. PAR(JD,LT). These parameters are fixed for each calendar year
LT=1,2,...,JTHOR. Parameter values associated with LT=1 are used when payments
at time 1.0 are calculated in the ANPAY subprograms, parameters with LT=2 are
used for payments during the second year, i.e. from time 1.0 up to and including
time 2.0, etc. For this reason and in order to discount the payments to time O,
precise information concerning the points of time at which the payments occur,
must be obtained.

The current payments are assumed to constitute a continuous and constant flow
during each of a series of time periods. The intensity of the flow can change

at the points of time delimiting the periods. These points of time are 1) "New
Year's Day", i.e. times 1.0, 2.0, ..., when the value of the subscript LT changes,
thus causing the program to make use of a new set of parameters, PAR(JD,LT), and
2) the starting times of the subzones as the average grade is determined for each

subgone, and any change of the average grade presumably influences the current
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payments, and 3) the starting times of the zones. This is because, in addition
to the previous reason, the rate of production is given as a separate constant
for each zone, and the rate of production is one of the factors influencing the
ocurrent payments. The symbolic representation of the set of times indicated in
2) is T(NS,N) with NS=1,2,...,NSMAX and N=1,2,...,NMAX, and T(1,NMAX+1). This

includes the set indicated in 3).

The zone invesiments and the expansion and contraction investiments programmed in
ANPAY?2, are completed and paid at the starting times of the zones, i.e. T(1,N)
for the gones N=1,2,...,NMAX. The grade—change investments programmed in ANPAY3
are completed and paid at the starting times of the zones or subzones, i.e.
T(NS,N) for ihe subzones NS=1,2,...,NSMAX of the zones N=1,2,...,NMAX. The
close-down payments programmed in ANPAY4 are paid at time T(1,NMAX+1), when the

mine is finally closed.

It is now apparent that the times T(NS,N), including T(1,NMAX+1), have to be
calculated before the capital value of the ore deposit can be determined. They
are calculated in CUT1 and CUT11, and printed together with the values of some
intermediate variables. Thus, a table containing the values of the following
variables is produced:

HEQV(N) for N=1,2,...,NMAX

DRES  for NS=1,2,...,NSMAX and N=1,2,...,NMax")

H(NS,N) for NSat,2,...,NSMAX and N=1,2,...,NMAX

EXDRES for NS=1,2,,..,NSMAX and Na=1,2,... ,NM.AX1)

T(NS,N) for NS=1,2,...,NSMAX and N=1,2,...,NMAX, and T(1,NMAX+1).

The capital value is calculated in CUTS5. The investmenis at time T(1,1)=1.0
are first determined through calling ANPAY2 and ANPAY3. These investments are
then discounted to time O. Then the current net payments of the first productive
year, i.e. year 2, are obtained from ANPAY1, They are integrated over the
calendar year and at the same time discounted to time O. This process is re-
peated for each of the following calendar years up to but not including the year
during which the first change between subzones occurs. The current net pay-
ments of the latter year are obtained by calling ANPAY1 as usual, but the cur—
rent net payments are not integrated over the whole year. Instead, they are
integrated only over that part of the year during which subzone (1,1) is being
mined. Naturally, they are discounted to time O.

1) Note that the variables DRES and EXDRES should logically be denoted DRES(NS,N)
and EXDRES(NS,N), respectively. However, as they are non-subscripted variables
in the program the original notation is retained.
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Next, if NSMAX>1 the grade-change investment at time T(2,1) is acquired from
ANPAY3 and discounted to time O. The current net payments in the current cal-
endar year is once more obtained from ANPAY?1 (the calendar year has not changed
since ANPAY1 was last called). The payments are discounted and integrated over
the remaining part of the year, i.e. from time T{2,1) to the end of the year.
Then ANPAY1 is called for the next calendar year, etc,

The procedure is repeated until the end of the production period, T(1,NMAX+1),
has been reached. The change between gones is treated in the same way as the
change between subzones, but with the complementary operation of calling ANPAY2
and discounting the expansion or contraction investments thus determined to

time O,

Finally, the close-down paymenis are acquired from ANPAY4, and are discounted.
The discounted values of the different payments are successively accumulated.

Hence, the capital value of the ore deposit has now been calculated.

For each calendar year and after every change between zones or subzones the
following current payments are printed as the capital value of the initial guess
is calculated: SS, SK, S5G, and SSKG1).

The accumulated capital value at time O of payments which have occurred from

time 1.0 to the end of the current year, is also printed annually.

BEvery time a change between zones takes place the investiments calculated by

ANPAY2 and ANPAY3 are printed, i.,e. the values of SLM, SPAR, SE, SF, SH, and
SEFHLE. For any change between subzones, which is not also a change between
zones, the values of SLM and SPAR are printed. In this case SPAR is ignored

when calculating the capital value.
The value of HEND is printed as it is obtained in ANPAY4.

Finally, the capital value of the initial guess is printed.

1) The printed amounts are identified with the variable names listed in
Appendix C. Further, as a similar output will appear in other stages of the
program execution, the names and values of the following variables are print-
ed to identify the output: JTOT, NA, NSA, JA, N, NS, JT, HB, and QB.
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224 Partial optimization in the subzone: The first approximation

The average grades are optimized for each subzone, starting with the ultimate
subzone, i.e. the last subz one of the last zone to be mined. A first and a
second approximation are calculated for each optimum. The method for the first
approximation is described in this section. The method for the second approx-
imation will be treated in the next section. The variables denoting the subscript
nunbers of the subzone that is currently being optimized are NSA and NA., Thus,
in the beginning NSA-NSMAX and NA=NMAX., After the optimum of this subzone has
been determined, the preceding subzone is optimized in the same manner. The
subzone preceding the pemultimate one, i.e. the subzone that will be mined
before the current ome, will then be optimized, and so on until the average grade
of subzone (1,1) has been optimized. An example of the sequence of optimiza-
tions follows where the subscripts (NSA,NA) are given. NSMAX=3 and NMAX=3:
(3,3), (2,3), (1,3), (3,2), (2,2), (1,2), (3,1), (2,1), and (1,1).

The calculations of the first approximation yield a rough optimum, or several

(5 at most) equally rough potential optima. The main features of the optimiza-
tion method have already been described in sectioms 221 (CUT2 and CUT3) and 222
(the variable M) of this appendix: A set of alternative average grades is se-
lected for the current subzone. The difference between two adjacent alternatives
is DELTA1. The capital value at time O of the subzones (NSA,NA), (NSA+1,Na),
(NSA+2,NA), ..., (NSMAX,NA), (1,NA+1), (2,NA+1), ..., (NSMAX, NMAX) is calculated
for each alternative. The alternative giving the highest capital value is the

potential optimum.

A few details of some importance remain to be mentioned. CUT2 selects the al-
ternative average grades. It is subsequently verified that the average grade
of each alternative falls between the predefined extreme values HAEND1 and
HAEND2, The number of alternatives must not exceed 93. The corresponding tests
are successively performed as the alternatives are being defined. If the aver-
age grade of a new alternative falls outside the given limits, or if CUT2 at—
tempts to define a 94th alternative, an error indication {PRICOM) is printed
and the program execution is stopped. If the alternative is accepted, the
starting times and the capital value of the alternative are subsequently calcu-
lated.

The starting time of the current subzone is determined by the initial guess or
by the latest complete set of optima (section 222 of this appendix, the variable
DELTA3). Hence, it is fixed and independent of the average grade of the current
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subzone. When a new alternative has been selected by CUT2, CUT1 is called and
the starting times of the subzones mined after the current one are calculated on
the new premises implied. The starting time of the current subzone is used as

a starting point in these calculations.

The capital value is computed in CUTS as described in the previous section. One
essential difference exists: The calculations do not start with the subzone (1,1)
but with the subzone (NSA,NA). The decision criterion is the capital value of the
subzones which remain to be mined when the decision is made at time T(NSA,NA).

The capital value is for computational and programming reasons discounted to time
0. This does not influence the correctness of the optimum obtained, even if the
optimization is regarded as a simulation of a future decision which will be made
with the capital value discounted to the decision time as criterion. The reas—
on for this is that the choice between the generated alternatives takes place

at one single point of time, which is assumed to be independent of the choice.
stever, this point of time is not independent of the choice, as the latter
will influence the optima of the previous subzones, which in turn will influence
the decision time itself. This interrelation is not considered in the optimiza-
tion of the current subzone. It will instead be taken into account in the next
complete optimization. All the decision times are then revised according to the
complete set of optima of the current complete optimization. Again, in the next
complete optimization the decision times are fixed and assumed to be independent

of the alternatives then being considered.

When CUT2 has selected a sufficient number of alternatives for the current sub-
zone (section 223 of this appendix, the variable M) CUT3, among these, selects
one or more whose capital values are maxima. The alternatives chosen are poten-
tial optima, which are subscripted JM=1,2,...,5. If the capital value, expressed
as a function of the average grade, has more than 3 maxima at average grades in-

ferior to a given limiting grade1 , the optimum subscripted 3, i.e. JM=3, will

1) The limiting grade is the average grade of alternative 1 (JA=l1), which consti-
tutes the starting point for the optimization of the current subgzone (NSA,NA).
The starting point is the average grade of the current subzone according to
the initial guess if JTOTa0., It is the optimum average grade of the current
subzone according to the latest complete optimization if JTOT> 0. Compare
section 226 of this appendix.
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contain the alternative with the highest capital value among the maxima encoun~
tered after1) the first and the second maximum. In a similar manner multiple
maxima at average grades superior to the same limiting grade are screened and
collected in the optimum subscripted 5, i.e. JM=5, if the total number of maxima
exceeds 5+k, k being the excess above 3} of the number of maxima encountered in
the lower region of average grades (if less than 3} such maxima ore encountered,
k=0).

In connection with the first approximation of the optimum of a current subzone
the values of the following variables are printed for each alternative, i.e. for
JA=1,2,...,£93: MINE LIFE=T(1,NMAX+1), HA(JA), and B(JA). The latter two arrays
are tabulated by means of the subprogram PRICAP.

The values of the following variables are printed for each potential optimum,
i.e. for JM=1,2,...,5: HAMAX(JM) and BMAX(JM). If the total number of poten—
tial optima is less than 5, the value 0.0 is given to the superfluous elements

of the two arrays.

No detailed information about the starting times of the subzones or about the
various payments, which constitute the capital values, is given in this stage

of the program execution.

If the potential optima with JM=3 or JM=5 contain multiple potential optima,
this is indicated together with the value of the subscript JA of each alterna-

tive thus included as a potential optimum.

When the first approximation has been completed one or more potential optima of
the current subzone (NSA,NA) are defined. These are now to be determined more
exactly. If there exists more than one potential optimum, one of them must be

selected.

Partial optimization in the subzone: The second approximation

The complete optimization

Each of the potential optima selected in the first approximation is determined
more exactly in a second approximation. The optimization method is essentially

the same as in the first approximation. The most important differences are:

1) Maxima at grades close to the average grade of alternative 1 (JA=1) are en~
countered first. Then maxima at grades which increasingly differ from this
starting point are encountered.
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1) The starting point (the first alternative with JA=1) is successively the
average grade of the 1st, the 2nd, etc. of the potential optima of the first

approximation.
2) New alternatives are in CUT4 generated with the increment DELTA2.

3) For each potential optimum of the first approximation only one more precise
potential optimum is determined in the second approximation. This is done in
cuT4.

4) New alternatives are selected until at least three successive alternative
average grades with the increment DELTA2 give strictly falling capital values,
and a fourth temporary a.lterna.tive1 with an average grade, which differs
from that of the previously selected alternative by 3+DELTA2, also has a
lower capital value than the three other alternatives mentioned (e.g.

B(7) >B(8)>B(9)>B(12)). The same rule applies to successively falling

as well as successively rising average grades.

5) A maximum of 13 alternatives with successively decreasing average grades
are selected and evaluated for each potential optimum JM. Including the
alternatives with successively increasing average grades, the number of
alternatives is increased to a maximum of 17. The additional alternatives
are enumerated JA=17, 18, 19, 20 if the limit 13 has been reached. The
temporary alternatives mentioned in 4) are not counted. If any of the two
limiting numbers of alternatives is encountered before the decision rule
of 4) applies, the generation of new alternatives in the direction in
question is terminated. One of the alternatives already selected is ac~
cepted as a potential optimum in the second approximation2 , namely the
alternative constituting the capital-value maximum having the highest
capital value. PRICOM is called, and gives an error indication, but the
program execution continues. Capital values are printed only for JA=1,2,...
...y10, and 17, if both limits have been reached.

1) This alternmative is temporarily given the subscript number JA+3, JA being
the subscript number of the third alternative with successively falling cap-
ital values. The temporary alternative JA+3 is not registered in the same
manner as the other alternatives, and consequently it is not printed in the
%ist c;;taining the average grades and capital values of the alternatives

see 5)).

2) Note that a potential optimum which has been defined in this way, and chosen
from among the alternatives 1 to 13, is replaced only by capital-value maxima
encuntered among the alternatives 17 to 20 giving a higher capital value.
Alternatives with grades that are lower as well as higher than the average
grade of alternative 1 are always selected and evaluated.
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The reason for the limitation to a comparatively small number of alterna-—
tives in the seoond approximation1 is that, it is feared, alternatives
agsociated with two different potential optima from the first approximation
might overlap. The overlapping alternatives will be selected and evaluated
at least twice, which is quite unneccessary and perhaps expensive. The
limitation diminishes this drawback, but it increases the possibility that
the actual optimum will not be a member of the set of alternatives examined.
Hence, the error indication should be interpreted as a warning that alterna-
tives betier than the optimum indicated might exist, i.e. that an erroneous
suboptimization has taken place.

6) 1If there is only one potential optimum, it will constitute the optimum of the
second approximation. If there exists more than one potential optimum, the
one giving the highest capital value will form the optimum of the second
approximation.

7) The time T(1,NMAX+1) and the average grade in the current subzone are printed
as the alternatives are selected. The average grade and capital value of each
alternative are printed by PRICAP when the calculations concerning the second
approximation of a potential optimum have been completed. When the optimum
of the seoond approximation has finally been chosen, the optimum average
grade in the current subzone and the corresponding capital value are printed
separately.

The optimization described is a partial optimization, and the optimum average
grade of the second approximation is a partial optimum, as only one subzone, the
current subzone (NSA,NA), is treated. The partial optimum of subzone (NSMAX,NMAX)
is determined first, then successively those of subzones (NSMAX-1,NMAX),
(NSMAX-2,NMAX),..., (1,NMAX), (NSMAX,NMAX-1), ..., (1,1). The complete set of

partial optimizations is a complete optimization. The complete set of partial

optima is called the optimal policy, or, in the computer program, the total

optimum.

It is assumed that the average grades in the subzones mined before as well as
after subzone (NSA,NA) are given constants, independent of the average grade in
the current subzone. As the partial optima are determined, they are inserted

successively as such constant average grades of the current subzones. However,

1) Compare the maximum number of aliernatives in the first approximation, i.e.
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the assumptions made in the partial optimizations are rendered invalid as sub-
sequently determined partial optima replace the initially assumed average grades.
As this interdependence has not been taken into account, only a tentative total
optimum has been found as yet. An iterative method has been applied to introduce

the interdependences into the calculations,

Iterative complete optimizations

In the first complete optimization, i.e. in the first series of partial optimiza-
tions fdrming the first complete optimization, the initial guess defines -the
average grades in the subzones whioh are mined previous to the current subzone
in every partial optimization. It also constitutes the starting points in the
partial optimizations. As the partial optimizations are completed, the partial
optima successively replace the initial guess. The value of H(NSA,NA) given in
the initial guess is, accordingly, replaced by the partial optimum of the current
subzone. When the first complete optimization has been carried out, all the

average grades of the initial guess have been substituted in this way1).

At this stage the capital value of the entire ore deposit is calculated in the
same way as was the capital value of the initial guess, but with the complete

set of optima inserted instead of the initial guess. The output described in
section 223 of this appendix will be printed. This output will be identified
with the sentence "TOTAL OPTIMUM NR 1%, the number inserted being current value
of JTOT,

The complete optimization is now repeated, the first complete set of optima sub-
stituting the initial guess. This results in a second complete set of optima,
which replaces the first set in the same manner as the first set replaced the
initial guess. Similar output data are printed. The capital value of the entire
deposit is calculated anew. Again, the output described in section 223 occurs,
now with JTOT=2,

In this way three complete optimizations are made. Then the program, according
to the values of BTOT(JTOT), BTOT(JTOT-1), DELTA3, and JTOTMX (see section 222

1) When the first complete optimization has been carried out, JTOT is increased

by one unit, from JTOT=0 to JTOT=1. As long as the calculations needed to
find the first complete set of optima are still going on JTOT=0. Generally,
JTOT is one unit less than the ordinal of the complete optimization, which is
actually under way. This is important in identifying the intermediate output
from the partial optimizations.
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of this appendix), determines whether the optimizations should be stopped, or if
a fourth, a fifth, etc. complete optimization should be made. When the optimiza-
tions have finally been ended, a list of the capital values of the ore deposit
at the successively calculated total optima, or optimal policies, is printed.

The program execution is then terminated.
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3 Program EXRATE

EY!

32

kY3

Applications

An ore deposit is assumed to be partitioned into NMAX zones, each partitioned
into NSMAX subzones. The program EXRATE is intended for the optimization of the
rate of production in the exploitation of the deposit. All variables except the
rate of production are assumed to be predetermined. The rate of production is
expressed in millions of tons per year, or Ml‘/yea.r, of ore mined, i.e. crude ore
leaving the deposit. The actual ore reserve in the deposit is measured corre-
spondingly. Hence, the sum of the annual tonnages over the production period of
the ore deposit coincides with this ore reserve. The accordance does not hold
true for the equivalent ore reserve, if the actual average grades do not corre—

spond to the equivalent average grades.

The rate of production may vary with the time in the sense that it can be changed
when a new zone is being started. The zones are mined in the order 1, 2, ...,
EMAX, It is assumed that the rate of production does not change during the pro-
duotion period of a gone, and that the decision for zone N is made at the start-
ing time of the gone, i.e. T{1,N), where N=1,2,...,NMAX. The program is also
valid for the special case of one single decisiom (NMAX=1).

The program is essentially wvalid for all firms and ore deposits in optimizations
of the type discussed. Exceptions are the subprogram CUT11 and the four ANPAY
subprograms (see below), which might have to be altered to suit the particular

case.

Structure and operation

Survey of the structure

The program EXRATE consists of a main program with 15 specially designed sub—
programs. Standard library programs are also utilized. EXRATE has principally
been constructed through reorganizing and extending CUTOFF., CUTOFF has been
presented first as it is simpler. The discussion of EXRATE will mostly be con-
fined to the alterations and extensions in comparison with CUTOFF. For this
reason some knowledge of the contents of section 2 of this appendix is neces—

sary, even for a reader mainly interested in EXRATE.
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The main program has, in principle, the same functions as the main program of
CUTOFF. However, the decision variable here is the rate of
production. Many of the subprograms are also similar (see
section 221). A general alteration has been made, which will
be mentioned here before the individual subprograms are dis—
cussed: COMMON” has been extended in EXRATE, which implies
that none of the subprograms of CUTOFF and EXRATE are identiocal,

EX1 with CUT11 is equivalent to CUT11 in CUTOFF. The output printed has been
somewhat modified.

EX2 successively selects new alternative rates of production in the zone which
is to be optimized, i.e. the current zone. When an expansion
or a contraction limit is being determined, the starting point
is a rate of production in the zone mined immediately before
the current zone. This rate is given by the main programz).
Successively higher rates of production in the current zone
are selected in determining an expansion limit, and succes-
sively lower rates are selected in determining a contraction
limit. These rates of production in the current zone are
alternatives for which capital values are subsequently cal-
culated. The alternative giving the highest capital value is
the 1limit desired. As the alternatives are selected at com—
paratively large intervals, i.e. DELTA1, they are sufficient
only for first approximations of the two limits (potential

limits).

For zone 1 the optimum rate of production is determined
directly. EX2 selects the alternatives which are to be
examined. Starting point is Q(1) of the initiadl guess, or
of the latest complete optimization (sections 322 and 326
below).

EX2 also decides when to stop the search for new alternative

rates of production.

EX3 chooses the altermative giving the highest capital value from among those
selected ‘by EX2. If the capital value, expressed as a func-

1)} A memory space common to the main program and the subprograms.
2) See section 327 of this appendix.
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tion of the rate of production, has multiple maxima, EX3
chooses up to 5 different alternatives, one for each maximum
(potential limits). As EX2 in some respects differs from
CUT2, EX3 also differs from CUT3. However, they are respective
counterparts in EXRATE and CUTOFF.

EX4 determines the expansion or contraction limit (NA>1), or the optimum rate
of production in gone 1 (NA=1), more precisely (increment
DELTA2) in a second approximation. In comparison with CUT4
in CUTOFF only the output printed is modified.

CUTS is similar to CUTS in CUTOFF.

EX6 calculates the optimum rates of production in those zones, which are to be
mined after the current zone. EX6 is called when the rate
of production in the current zone has been determined. The
decision rules implied in the expansion and contraction limits
and the two constancy limits are utilized in these calcula-
tions (Appendix A4).

EX] calculates the constancy limits through suocessive comparisons of alterna-

tives in pairs:

Alternative 1: Equal rates of production in zones NA and NA-1,
NA being the subscript of the current zone,

Alternative 23 a) In_determining the lower constancy limits
Expansion from the rate of production of alter-
native 1 in zone NA-1 to the expansion limit in
gone NA. The rate of production of Alternative
1 is put lower than the expansion limit in
zone NA.
b) In determining the upper constancy limit:
Contraction from the rate of production of
Alternative 1 in zone NA-1 to the contraction
limit in zone NA. The rate of production of
Alternative 1 is put higher than the contrac-
tion limit in zone NA.

£n_dgt2n£ix_1:lgg_tge_lgwgr_cgngtgngy_limj._t new pairs of alter-

natives are selected with successively decreasing rates of pro-

duction in both gzones, i.e. NA and NA-1, in Alternative 1, and

in zone NA-1 in Alternative 2. These three changeable rates
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are always equal to one another. In the first pair the change-
able rates are DELTA! smaller than the expansion limit in zone
NA. In_dgtgrgigigg;tge_ugpgr_cgngtgngy_limit new pairs of al-
ternatives are selected correspondingly, although with succes-
sively increasing changeable rates. Furthermore, the change-
able rates in the first pair are DELTA1 higher than the con-
traction limit in zone NA. In both cases new pairs of alter-
natives are selected until the capital value of zones NA, NA+1,
...y NMAX in Alternative 1 is lower than or equal to the corre-
sponding capital value in Alternative 2, i.e. until it is more
advantageous to change the rate of production rather than to

keep it constant.

The desired constancy limit is that changeable rate which
makes the capital values of the two members of the pair of
alternatives equal. Hence, the limit is a rate between the
changeable rates selected in the last two pairs, or the change-
able rate selected in the last pair.

For each successive pair the changeable rate changes by DELTA1
in a first approximation and by DELTA? in a second approxima-
tion. In the second approximation the changeable rate in the
penultimate pair of alternatives, is taken as a starting point.
In addition, the changeable rate in one of the last two pairs
selected, is accepted as the desired constancy limit in the
second approximation. Which pair is accepted depends on the
differences between the capital values of Alternatives 1 and
2, i.e. that pair is accepted in which the absolute difference
is smallest. In other respects the method described pre-

viously applies in both approximations.

ANPAY1, ANPAY2, ANPAY3, and ANPAY4 are similar to the same subprograms in CUTOFF.

PRICOM has been extended to include the new variables in COMMON (see ™The main
progran").

INDATT is similar to INDATT in CUTOFF.

PRICAP is similar to PRICAP in CUTOFF.
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322 Input data

The same types of input data are needed in EXRATE as in CUTOFF (section 222 of
this appendix). However, there are some differences. The initial guess concerns
the rates of production, Q(N) for N=1,2,...,NMAX. In addition, some variables
now express rates of production, MT/year, although they expressed average grades
in CUTOFF:

DELTA1 This is the increment in the first approximations performed in
EX2 and EX7. 2-DELTA1 is chosen as the increment for the rate
of production in zone NA-1 in trying to find a sufficiently
low or high rate of production in zone NA-1 when determining
the expansion or contraction limit, respectively, in zone NA
(compare section 324 of this appendix and M below).
Permissible values: 0.0 <DELTA2 <DELTA1.

DELTA2 This is the increment in the second approximations performed
in EX4 and EX7. DELTA2 is also the minimum rate of production
in zone NA-1 when the expansion limit in zone NA is being de-
termined, and at the same time the minimum expansion limit.
Permissible values: see DELTA1 and section 222,

HAEND1 Permissible values: 0.0 <HAEND1 <HAEND2. HAEND2 should be

HAEND2 considerably greater than HAEND1, e.g. 100 or 200 times higher.
The rule given in section 222 of this appendix does not apply.

In other respects the meaning of input data and the limitations imposed on them
are the same as in CUTOFF. One explanatory note might be added:

M This is the minimum number of successive alternatives with
strictly falling capital values required to make EX2 stop se—
lecting new alternatives, as previously described. In connec-
tion with the first complete optimization, i.e. in partial
optimizations for the first complete optimization, M is also
utilized in calculating the expansion and contraction limits

in the following manner:
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Alternatives are tested successively. The difference between
the value of Q(NA) and a constant value of Q(NA-1) increases
steadily with the increment DELTA1 as new alternatives are se-
lected. As the alternatives are tested successively, their
capital values shall be increasing in at least the M consec-~
utive alternatives 1, 2, ..., M in order to make the partial
optimigation in question accepted. This means that if among
the M alternatives the capital value of the second of any two
oonsecutive alternatives should be lower than that of the first,
a new value of Q(NA-1) is selected, and the determination of
the expansion or contraction limit again starts from the be-
ginning. The new value of Q(NA-1) is 2.DELTA1 lower than the
old value if the expansion limit is being determined, and
2-DELTA1 higher if the contraction limit is being determined.

The application of these constiraints ensures that the capital
value first increases over a comparatively large interval be-
fore it commences to decrease as the expansion or contraction
of the rate of production is made successively greater. Sim-
ilarly, the rule implied in the first paragraph concerning M
(above), ensures that the capital value diminishes over a
comparatively large interval as the change of the rate of
production continues t0 increase. Beiween these two intervals
there is either a maximum, which is the desired limit, i.e.
the expansion or contraction limit (the first approximation),
or an interval of either constant or j)artly increasing, partly
decreasing capital values, which implies a set of potential
limits (compare section 224 of this appendix). Consequently,
this is a method of detecting and taking multiple maxima into
consideration, and a way of avoiding erroneous suboptimiza-

tions.

After all input data have been read they are printed in tables and tested in
INDATT in the same way as in CUTOFF.

323 Capital value of the initial guess

The initial guess, Q(N) for N=1,2,...,NMAX, is given as part of the input data,

The capital value at time O of the entire ore deposit is calculated with these
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rates of production. The method used in CUTOFF is utilized, and the same output
is printed (section 223 of this appendix). Note that the subzones are not elim—
inated, although the partial optimizations in EXRATE are concerned with the zones

only. The subgzones are.of importance in calculating the capital value.

Partial optimigations in the sone: The expansion limit

The expansion limit in the current zone, NA, is determined in a first approxima-
tion, giving one or more potential optima, i.e. potential expansion limits, in
EX2 and EX3 according to rules, which have been discussed in this appendix, i.e.
in sections 321 (EX2 and EX3) and 322 (the variables DELTA1 and M). The limit
is determined more exactly in a second approximation in EX4 as described in
sections 225, 321 (EX4), and 322 (the variable DELTA2) of this appendix., If

the first approximation should result in more than one potential expansion limit,
each of them is treated in a second approximation, and the one giving the highest

capital value is chosen.

For each new rate of production in zone NA, i.e. for each new alternative se-
lected by EX2 or EX4, the optimum rates of production in zones NA+1, NA+2, ...
+esy NMAX must be estimated, as these are dependent on the rate of production
in zone NA. This is done by calling EX6. After that a complete production plan
for the production period exists, and the capital value of zones NA, NA+1, ...
...y NMAX, which is the optimization criterion, can be calculated by first
calling EX1, then CUTS,

In the second approximation the expansion limit in zone NA might be a rate of
production which is smaller than the rate of production in zone NA-11 . As

this is inconsistent with the concept of an expansion limit, an error indication
is printed, a lower rate of production in zone NA-1 is selected, and a new
attempt to find an expansion limit is made., The expansion limit might also
coincide with the rate of the previous zone. As this is correct in some cases
but incorrect in others, it cannot be automatically rejected. Here is a poten-—
tial source of errors, which the program user should keep in mind. 4&n error

can be deteoted through the output printed: Coinciding rates are incorrect if

1) This cannot occur in the first approximation, where only rates of production
in zone NA are selected, which are greater than the rate in zone NA-1 (sec-
tion 321, EX2). There is no such limitation in the second approximation
(section 225, paragraph 4)).
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the capital value is an increasing function of the rate of production in zone

NA over an interval just above the rate in zone NA-1.

The principal reason for errors of this type is that DELTA2 is large compared
with the difference between the correct expansion limit and the rate of produc—~
tion in zone NA-t. If DELTA2 is greater than approximately one-fifth of this
difference the alternative with Q(NA)=Q(NA-1) will appear among the selected
alternatives. If in this case a payment appears which is, e.g., fixed and in-
dependent of the size of the expansion, but which also disappears if no expansion
takes place, the alternative with Q(NA)=Q(NA-1) is favoured, and will probably
be the optimum, i.e. the expansion limit. As no expansion takes place, this is

incorrect.

The rules given for CUTOFF apply, where practicable, in other respects, e.g.
regarding built-in limitations and tests (sections 224 and 225 of this appendix).

The values of the following variables are printed for each alternative selected
in the first approximation, i.e. for JA-1,2,...,5931): MINE LIFE=T(1,NMAX+1),
HA(JA), QX, and B(JA).

The values of the following variables are printed for each potential expansion
limit, i.e. for JM=1,2,...,5: HAMAX(JM) and BMAX(JM). Note that HAMAX(JM) in
EXRATE stands for a rate of production. In addition the comments on the output
given in the last four paragraphs of section 224 also apply here.

The computer output in connection with the seoond approximation is the same as
that of the first with the following exceptions: The values of HAMAX(JM) and
BMAX(JX) are not printed. The same type of output is printed for each potential
expansion limit. The expansion limit finally chosen is printed in a last
message.

Partial optimigations in the gone: The contraction limit

The contraction limit is determined using methods similar to those utilized in
determining the expansion limit. The difference is that the rates of production
in zone NA of the alternatives selected in EX2 in the first approximation are

1) In the first approximation Q(NA)=Q(NA-1)+DELTA? for JA=1.
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successively smaller, and always less than the rate of production in zone NA-1.
In the first approximation Q{NA)=Q(NA-1)-DELTA2 for JA=1.

The same type of output is printed as for the expansion limit.

Partial optimizations in the zone: The constancy limits.

The complete optimization

The constancy limits are determined by EX7. The method is described in section
321 of this appendix. The values of the following variables are printed for
each alternative of each pair of alternatives: MINE LIFE=T(1,NMAX+1), HA(JA),
QX, and JA. The subscript JA here has a special significance:

JA=1 denotes Alternative 1 in the first approximation (see section

321 of this appendix, the subprogram EX7).

JA=2 denotes Alternative 2 in the first approximation.
JA=3 denotes Alternative 1 in the second approximation.
JA=4 denotes Alternative 2 in the second approximation.

Note that HA(2)=HA(4)=(the expansion limit in zone NA) when
the lower constancy limit is being determined, and that
HA(2)=HA(4)=(the contraction limit in zone NA) when the upper
constancy limit is being determined. Note also that the values
1 and 2, or 3 and 4 reappear each time a new pair of alterna-

tives is considered.

When the two constancy limits have been determined, the partial optimizations in
the current zone are completed, and a summary of the results is printed. The
summary contains the expansion and contraction limits and the two constancy
limits in the current zone, i.e. the values of the variables QMIN(NA), QMAX(Na),
QL(NA), and QH(NA), and the capital values of the zones NA, NiA+1, ..., NMAX at
the two constancy limits.

Partial optimizations resulting in the four limits are performed successively
for all zones except the first in the order NMAX, NMAX-1, ..., 2. The rate of

production is optimized directly for zone 1. The optimum rate of production in

1) If a constancy limit coincides with the expansion or the contraction limit,
the corresponding capital value is not defined in the output.
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zone 1 implies a set of optimum rates in zones 2, 3, ..., NMAX (see EX6 in sec—
tion 321 of this appendix). The optimum in zone 1 and the corresponding optima
in the sucoeeding zones form a complete set of (partial) optima, or an optimal
policy. In the computer program the optimal policy is called a TOTAL OPTIMUM.
It is further identified by an ordinal, i.e. the current value of JTOT, since

the result of a single complete optimization is only a tentative optimum policy.

As in CUTOFF and for similar reasons the complete optimization is repeated a
number of times, One difference in the reasons for the iterations will be men-
tioned: In EXRATE the effect of decisions concerning the current zone on the
optimum retes in subsequently mined zones, is directly taken into account (in
EX6). This is not the case in CUTOFF.

Iterative complete optimizations

The iterations are made by analogy to those described in section 226 of this
appendix. Some differences are introduced, though:

Q(NA-1) is first set equal to Q(NA-1) according to the initial guess, when the
expansion limit is being determined in the first complete optimization. Q(NA-1)
is first set equal to QL(NA)+2°DELTA1 when the contraction limit is being de—
termined in the first complete optimization (JTOT=0). These first values of
Q(NA-1) are changed as described in section 322 of this appendix (the variable
M) if they are not acceptable (see M). For the second and following complete
optimizations, Q(NA-1) is primarily set equal to the optimum rate of production
in gone NA-1 according to the latest complete optimigation.” If this rate ex-
ceeds cr equals the lower constancy limit in zone NA, Q(NA-1) is set equal to
this limit minus DELTA1 if the expansion limit is being determined. If the op-
timum rate in gone NA-1 is smaller than or equal to the upper constancy limit
in zone NA, Q(NA-1) is set equal to the latter limit plus 4-DELTA1 if the con~
traction limit is being determined.

The ocutput in connection with the termination of a complete optimization is in
the first place of the same type as the output printed for complete optimiza-
tions in CUTOFF. In addition the four limits in each of the zones 2, 3, ...,
NMAX are tabulated.

The program execution is also terminated as described in section 226 of this
appendix.
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Program CAPVAL

Applications

By means of the program CAPVAL the capital value at time O of one to ten pre-
defined complete alternatives can be calculated. It is useful for several rea-
sons. The two optimizing programs CUTOFF and EXRATE have some weak points.
Therefore, it might be necessary to evaluate potentially optimal alternatives,
vwhich have been overlooked or eliminated in the automatic optimization proce-

dures.

In CUTOFF and EXRATE continuously variable average grades and rates of produc—
tion are optimized. A tool for caleculating the capital value of an ore deposit
in a number of given complete alternatives, is useful in other optimization

problems. CAPVAL is intended as such a tool.
This program is, as the other programs, essentially valid for all firms and ore

deposits in optimizations of the type discussed, except for CUT11 and the ANPAY

subroutines.

Structure and operation

Survey of the structure

The program CAPVAL consists of a main program with 9 special subprograms.
Standard library programs are also utilized.

The main program is only a frame of a program. It is not complete. In its

simplest form, which is demonstrated in Appendix E, the program
calculates the capital value in only one alternative, namely
that defined by the formal input data.

New alternatives are defined by inserting new FORTRAN state~
ments in the main program. In this way any of the original
input data can be changed, thus creating new altermatives.
As this involves changes in the main program, elementary
knowledge of FORTRAN programming is necessary for the effi-

cient use of the program.
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VALGRD reads and prints input data, and also prints the values of the same
variables and parameters for each new alternative. It calls
CUT1 and CUTS and prints the capital value of the ore deposit

in each alternative.

CUT1, CUT11, CUTS, ANPAY1, ANPAY2, ANPAY3, ANPAY4, and PRICOM are all similar
to the subprograms with the same names in CUTOFF.

422 Input data

Input data are treated in the same manner as in CUTOFF, except that they are not
tested (INDATT is not included)1). Data cards intended for EXRATE can also be
used. In that case the variables DELTA1, DELTA2, HAEND1, and HAEND2 should be
interpreted as in EXRATE.

For each new alternative the values of the input variables are printed. To get
this computer output correct, a special rule must be obeyed: If the number of
gzones is varied, the alternative comprizing the highest number of zones should
be the first, which is defined in the formal input data. The array PAR(JD,LT),
where JD=1,2,...,70 and LT=1,2,...,JTHOR, may be suppressed (see Appendix E,

the comments in the source program of the main program of CAPVAL).

423 The capital-value calculation

The method described in section 223 (Capital value of the initial guess) is
applied to all alternatives, and the same types of output are printed. However,
the output of intermediate resulis can be suppressed (see comment in the main
program in Appendix E). In that case only MINE LIFE=T(1,NMAX+1) and the capital
value of the ore deposit are printed. Output with or without intermediate re—
sults can be selected separately for each alternative, or generally for all
alternatives, or for any group of alternatives. In the version shown in Appen-

dix E output without intermediate results has been selected.

When all the alternatives specified in the main program have been treated, the

program execution is terminated.

1) 1If CAPVAL is used as a complement to CUTOFF or EXRATE, the input data are
usually tested in these programs. The execution time of CAPVAL is also short,
which reduces the cost of committing and correcting an error.
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5 Subsidiary programs

51

511

PAYMTS — Graphic representation of payments

Applications

Thi sizes of all payments are determined in the subprograms ANPAY1, ANPAY2,
ANPAY3, and ANPAY4. The payment functions programmed there are multi-dimensional
and not easily grasped. In order to facilitate the understanding of the economic
significance of the functions, and consequently to make it easier to understand,
explain, and demonstrate the assumptions concerning the paymente which are made
in the optimizations, the program PAYMTS has been constructed. It shows graph-
ically (via the printer) selected parts of the payment ﬁmctions.1

The parameters of the payment functions, PAR(JD,LT) with JD=1,2,...,70 and
LT=1,2,...,JTHOR, determine the payment functions. Values must be found for
the parameters, which make the functions as true representations of empirical
facts as possible. The graphs produced by PAYMTS facilitate the comparison of
the model with the facts. Discrepancies can be localized and corrected by ad-
Justing the parameter values. Such a comparison might also give impulses to
reprogram the ANPAY subprogram, e.g. to insert discontinuities into the payment
funotions In some cases this necessitatee ohanges in the main program of
PAYNTS.

512 Stiructure and operation

The program PAYMI'S consists of a main program with 6 special subprograms. Stand-
ard library subprograms are also utilized.

The main program reads and prints input data, determines all the variables in
the payment functions, systematically varies the values of
these variables, calls the ANPAY subprograms for calculating

1) CUT11 is a subprogram of a similar character. As it has been judged easy
to visualize the corresponding function (the ore-reserve model; section 2
of Appendix D) a special program for "reading™ it has not been constructed.
If difficulties should arise, the output of CUT1 in CAPVAL could be utilized
to tabulate the funotion.
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the payments under the various conditions, and finally calls a
curve-drawing subprogram. The main program also prints head-
ings which label the graphs.

The ANPAY subprograms are the same as in the program CUTOFF, except that the
last part of each subprogram now contains instructions for the

curve drawing instead of printing instructions.

PRICOM has been simplified to an error indicator, which only tells that an error

has been committed without giving any further information.

CURVE prints a curve or, more exactly, a series of asterisks approximating a
curve, from a (2x50) matrix (50 points in a two-dimensional

1
graph) ‘.

A number of different types of payments are treated as dependent variables

(section 514 of this appendix). All the different types of payments are functions

of several independent variables, such as the rate of production, the average

grade, and the expansion or the contraction of the rate of production (section
514 of this appendix). For each type of payment one graph is printed for each
independent variable influencing the payment. The independent variables are
those taken into account in the payment models of section 4 of Appendix D. 1In
each graph the value of one independent variable is varied over a large interval.
The values of the other independent variables are kept constant at preselected

normal values.

The sizes of the payments often depend on the points of time at which the pay-
ments occur (section 222 of this appendix, the variable PAR(JD,LT)). For this
reason the payment graphs are produced for two optional years from the years

2, 3, ...y JTHOR. In addition the graphs concerning ANPAY2 and ANPAY3} are al-
ways produced for year 1. If the two optional years are not explicitly defined,
the years 2 and JTHOR are automatically selected.

513 Input data

PAYMTS reads input data from punched cards according to section 6 of this ap-
pendix. Only the first data card is specially designed for PAYMIS, The others

1) The underlying idea has been borrowed from Kallin (1967).
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concern the parameters PAR(JD,LT), where JD=1,2,...,70 and LT=1,a,b. a and b
stand for two optional years within the data horizon JTHOR. The parameters are

read from the same cards as those used for the other programs.

The normal values of the independent variables are chosen in accordance with the
instructions inserted into the source program (Appendix E). It should also be
noted that normal values of especial interest in the acquisition of the input
data, e.g. values representing the best known intervals, or estimated optimum
values, are preferable. If the ore deposit is already being mined it might prove
suitable to choose normal values close to the actual ones. A4ll normal values

must be greater than zero.
The following input data are needed:

HNORM The normal value of the average grade should, if it is practi-
cable, be an exact multiple of 0.0006, 0.006, or 0.06 depend-
ing on which of these three values is closest to, but below
the desired normal value. The clearest output will be ob-
tained in this way. If the limits of the ore body and the
average grades in the subzones are fixed, set HNORM=PAR(4,LT).

QNORM The normal rate of production should be an exact multiple of
10, 100, etc., according to the rule given for HNORM and for

the same reason.

RNORM RNORM represents the average depth of the mine, measured in
cumulative equivalent ore reserve. It should be approximately
half the total equivalent ore reserve of the deposit., Other
values might be selected. See NMAX,

DRESET The normal size of a zone is measured in equivalent ore
reserve,
JTHOR If graphs for year 1 and two optional years are desired, only

parameters for these three years are read. The parameter

cards for the three years must, in this case, be separated from
the others. Put JTHOR=3. If parameters for all years are

to be read, JTHOR denotes the actual data~horizon year
(JTHOR>3). 1In this case graphs for years 1, 2, and JTHOR will
be printed.

NMAX The number of zones influences certain observation intervals.
Therefore put NMAX=10, if possible. Then also put
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RNORM=5.DRESET. If the actual number of zones essentially
differs from 10, say by * 3 or 4 gzones, NMaX should be the
actual number and RNORM should be an exact multiple of DRESET,
selected so that RNORM will be about half the total equivalent

ore reserve of the deposit.

I Depending on the value of this oontrol variable different sets
of graphs will be produced:

I=1: Graphs of payments acoording to ANPAY1 (current payments
to and from the firm).

I=2: Graphs of payments according to ANPAY2 (zone investments,
expansion and contraction investments), and ANPAY3 (grade-
change investments).

I=3: Graphs of payments according to ANPAY4 (close-down pay—
ments).

I24:Graphs of payments according to all ANPAY subprograms.

PAR(JD,LT) Parameters of the payment functions for three years or for
all years inside the data horizon are to be given (compare
JTHOR)

The input data, except I, are printed in tables. They are not tested (compare
section 422 of this appendix). None of the dependent variables (see section 514
of this appendix) may be put equal to zero for all examined values of the inde—
pendent variables.

514 The graphs

Graphs are produced for a number of combinations of independent and dependent
variables. The combinations are shown in Fig. B:4. For each graph the indepen-
dent variable indicated is varied whereas the others are kept comstant. The

variables are listed below as they are called in the graphs:

Independent variables

1 RATE, MT/YR Rate of production, MT/year., Q(N).

2 GRADE Average grade, %/100. H(NS,N).

3 CUM, RESERVE, MT The depth of the bottom of the current zone, measured

in cumulative equivalent ore reserve. RES(1,N+1).

4 RATE CHGE, MT/YR Change of rate of production, i.e. expansion or contrac-
tion. Q(N)-Q(N-1).
5 NIV, SIZE, MT Zone size in millions of tons of equivalent ore reserve.

RES(1,N+1)-RES(1,N).
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6 GRADE CHANGE Grade change in 1/100 percentage units.
H(NS,N)~H(NS~1,N) if NS>1 (-H(NSMAX,N-1) if NS=1).

7 ORE RESERVE, MT Total equivalent ore reserve of the ore deposit.
RES(1,NMAX+1).

Dependent variables

1 SALES, MKR/YR Payments received for ore sold in one year in
MKR/year. SS.
2 OP, PMTS, MKR/YR Payments for annual current operating costs. SK.
3 REINVEST.,MKR/YR Annual current reinvesimenis. SG.
4 CURR. NET,MKR/YR Annual current net payments. SSKG=SS-SK-SG.
S NIV, INVEST.,MKR Zone investment. SE.
6 CAPCITY INV.,MKR Expansion and contraction investments. SF and SH.
7 GRDECHGEINV, ,MKR Grade-change investment. SLM.
8 GRDCH SAVED, MKR Payment to be subtracted from SLM if NS=1. SPAR.
9 CLOSE DOWN, MKR Close-down payments. HEND,
Dependent Independent variables Sub-
variables 1 2 3 4 5 6 7 program
1 X X X )
2 X X X
3 X X X > ANPAY1
4 X X X )
5 X X X X } ANPAT
6
7 } ANPAY3
8
9 X X X } ANPAY4

Fig, B:4 Combinations of independent and dependent variables for which
graphs are produced.

The graphs do not illustrate all the interdependencies of the variables. It
should be especially mentioned that the dependent variables 6, 7, and 8 are
dependent also on the independent variable 1. Further, the relation between
the independent variable 3 and the dependent variable 5 is influenced by.the
independent variable 1. In order to illustrate such relations the graphs can

be produced in several editions, each with new normal values. In the above
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example a Bet of values of QNORM are selected. In addition, by putting I=2 the
sets of graphs are confined to the interesting dependent variables. Thus, by
utilizing the program repeatedly with varying values of HNORM, QNORM, etc., the
implications of the payment functions can be studied more thoroughly.

NEWPAR - Revising the parameters of the payment functions

Applications

In order to find acceptable values of the parameters of the payment functions
it is often a practical method to start from a set of roughly estimated parame-
ters, which are then successively refined. It is also interesting to repeat
optimizations under differing assumptions concerning the payment functions. In
both cases a selected few of the parameters that can be very numerous, are al-
tered each time. NEWPAR is a program for altering parameter values and punching
new data cards for PAR(JD,LT). NEWPAR reads the values of the old parameters,
alters the values of optional parameters, changes, if desired, the value of
JTHOR, and determines parameter values for added years, if any. The parameter
values for all years including the new horizon year are printed. At the same
time a new set of data cards, including all the parameters PAR(JD,LT) for
JD=1,2,...,70 and LT=1,2,...,JTHOR, is punched.

Structure and operation

The program NEWPAR consists of a main program. The program shown in Appendix E
is only a frame of a program. To function it must be made complete through
FORTRAN statements where the value of JTHOR for the old set of parameters, a
new value of JTHOR (if desired), and the desired new values of parameters are
stated.

The source program in Appendix E contains only the input and output statements,
which are common to all usages of the program. The card deck produced is ready

to be used in any of the other programs.
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Data input

Common features

Input data are read from cards in fixed formats. The organization of the input-
data cards will be described in these sections., The different programs use the
same data, or the same types of data to a considerable extent. So most of the
input-data cards can be used in any of the programs. They are described first.

The special arrangements for each program will then be discussed.

The first common input variable is RES(NS,N). Values exist for NS=1,2,...,NSMAX,
and N=1,2,...,NMAX+1. NSMAX<?20. NMAXZ14. Suppose first that NMAX=14. The
input format of RES(NS,N) is illustrated in Fig. B:5a. The value of RES(1,1) is
punched in the first 7 columns of the card, the value of RES(1,2) in the next

7 columns, etc, The positions of the decimal points are indicated'). The
values of RES (1,N) for N=1,2,...,11 are placed on the first card, and the
values for N=12,13,14 and 15 on the second. In the same manner the values of
RES(2,N) for N=1,2,...,15 are placed on the 3rd and 4th cards, of RES(3,N) for
N=1,2,...,15 on the 5th and 6th, and so on for NS=1,2,...,NSMAX.

If there are less than 14 zones, i.e. if NMAX <14, the highest value of N,
NMAX+1, is less than 15. Then, in each successive pair of cards NMAX+1 values
and not 15 values should be punched., If NMAX<9 no 2nd, 4th, etc, card is
needed, and only one card for each value of N may be used. Note that if NMAX=10
the second card is necessary, though it will contain no data.

Columns 78-80 contain an identification code: e.g. the letter R followed by the
value of the subscript NS. If two cards are needed for each NS the 2nd, the
4th, etc., card may be identified by an extra sign in a free column, e.g. by the
figure 2 in column 77.

The values of HEQV(N) for N=1,2,...,NMAX are punched according to Fig. B:5b.
Two cards are needed if NMAX2>11., If NMAX=11 the second card contains no data.
If NMAX £10 only one card may be used. The identification codes HEQ and 2HEQ

are optional.

1) The decimal point can be placed anywhere in the data field. However, the
input data are reproduced on the printer with the indicated number of
decimal places,
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The same rules apply for H(NS,N), where NS=1,2,.,.,NSMAX and N=1,2,...,NMAX,
Depending on NMAX, one or two cards are prepered for each NS, Columns 78-80 can
contain an identification code, e.g. the letter H followed by the value of the

subscript NS,

Q(N) for N=1,2,...,NMAX are to be transmitied between HEQV(N) and H(NS,N). The
format is demonstrated in Fig. B:6a. Two cards are necessary if NMAX2>11, If
NMAX=11 the second card contains no data, If NMAX<10 only one card is used.
The identifiers Q and 2Q are suggested.

The parameters C1(N), C2(N), C3(XN), and C4(N) for N=1,2,...,NMAX are transmitted
into the system according to Fig. B:6b. For C1(N) two cards are punched if
NMAX>9, and one card is punched if NMAX<8, C1 and 2C1 are identifiers. C2(N),
C3(N), and C4(N) are represented correspondingly, each on one or two cards ac—
cording to the actual value of NMAX. Corresponding identifiers: €2, 2C2, C3,
2C3, C4, 2C4.

The parameters C5, C6, C7, C8, and C9 are contained in one card, identified as
€9 (Fig. B:6b).

Fig. B:7 shows the format of the parameters PAR(JD,LT) for JD=1,2,...,70 and
LT=1,2,...,JTHOR. The order of the parameter cards is:

1st card: PAR(JD,LT) for JD=1,2,...,8 for LT=1
2nd card: PAR(JD,LT) for JD=9,10,...,16 for LT=1
PAR(JD,LT) for JD=57,58,...,64 for LT=1
PAR(JD,LT) for JD=65,66,...,70 for LT=1
PAR(JD,LT) for JD=1,2,...,8 for LT=2
PAR(JD,LT) for JD=65,66,...,70 for LT=2

PAR(JD,LT) for JD=65,66,...,70 for LT=JTHOR.

The free columns 73-80 can be used for identifying the cards, e.g. by punching

the value of the index JD of the last parameter of each card in columns 77-78,

and the value of LT (=year) in columns 79-80. The first card of the first year
is thus identified as 0801, the last card of the first year 7001, etc.
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These cards are common to the programs CUTOFF, EXRATE, and CAPVAL. The programs
PAYMTS and NEWPAR use only the cards containing PAR(JD,LT). When all the common
cards are used they should be sorted in the following order (only the identifiers

are indicated):

RO1, 2RO1, RO2, 2R02,..., R(NSMAX), 2R(NSMAX)
HEQ, 2HEQ

Q, 2Q

HO1, 2HO1, HO2, 2HO2,..., H(NSMAX), 2H(NSMAX)
¢1, 2¢1, €2, 2€2, €3, 2C3, C4, 2C4

¢9

0801, 1601,...,70(JTHOR)

The cards with identification codes beginning with the figure 2 must be excluded

for certain values of NMAX (see above).

CUTOFF

For CUTOFF one special card is needed. Its format and contents are defined in
Fig. B:8a. The program name is used as identifier. This card is the first data
card for CUTOFF, and it is placed immediately before the oommon input data cards.
No further data cards are needed.

In fields lacking a decimal point the input consists of integers, which should
be punched right-justified in the fields.

EXRATE

For EXRATE one special card is needed. Its format and contents are defined in
Fig. B:8b. The program name is used as identifier. This card is the first data
card for EXRATE, and it is placed immediately before the common input data cards.
No further data cards are needed.

In fields lacking a decimal point the input consists of integers, which should
be punched right-justified in the fields.
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64 CAPVAL

Any one of the complete sets of data cards for CUTOFF or EXRATE can be used for
CAPVAL. However, all parameters listed in Fig. B:8a (i.e. on the first card of
the data~card deck) are not necessary in this program. Only the values of NMAX,
NSMAX, JTHOR, HBIN, QBIN, and R have to be defined.

65 PAYMTS

For PAYMTS one special card is needed. Its format and contents are defined in
Fig. B:8c. The program name is used as identifier. Moreover, only the cards
containing the values of the parameters PAR(JD,LT), i.e. either the cards
0801,1601,...,70(JTHOR) or some of them, namely the cards for LT=1 and for two
further optional values of LT, are utilized. Note the comstraint JTHOR2>3, The
special data card, identified as PAYMTS, should be placed immediately before the
card 0801.

In fields that, according to Fig. B:8c have no decimal points, integer data should
be punched right-justified.

66 NEWPAR

In NEWPAR only the input-data cards containing the values of the parameters
PAR(JD,LT), i.e. the cards 0801,1601,...,70(JTHOR) are used. Note that the
program must be completed with a number of FORTRAN statements.
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7 Input-data errors. INDATT error codes.

The programs CUTOFF and EXRATE have in many cases comparatively long execution
times. In order to avoid unnecessary erroneous program executions a test of
oertain input data has been inserted before the real execution is started. The
test is performed in the subroutine INDATT., A detected error causes an error
indication and the disruption of the program execution. Furthermore, the com-
puter system includes standard error detection facilities.

An error indication from INDATT refers to a code number. The code numbers are:

NMAX >14

NSMAX > 20

JTHOR > 50
DELTA2 > DELTA1
DELTA3 > 1.

JTOTMX <3 or JTOTMX > 20
n<3

PAR(70,1) >1.
PAR(4,1) > PAR( 4, JTHOR)
R=0,

NO O = 0N\ W N =

-
(o]

The tests for errors in INDATT are easily revized or extended.
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8 Program or axecution errors. PRICOM

At certain points in the programs the consistenoy and the plausibility of the
operations or of the results of the operations of the programs, are tested. If
these are not satisfactory PRICOM is called and the execution of the program is
stopped. PRICOM prints "-STATE OF COMMON" followed by the values of some key
variables in COMMON. The first of these, the value of the variable IDENT, is

a reference to the point in the program where the error was detected. It is
generally the sequence number of the program cards (the numbers to the extreme
right in the source programs) of the FORTRAN statement preceding the CALL PRICOM
statement. From that point the real cause of the trouble should usually be
easily traced.

In addition to the output from PRICOM a few lines of the same general type be~
ginning with "-STATE OF CUTS"™ are printed if the error is detected in the sub-
program CUTS,

For formats of these messages, see PRICOM and CUTS.
This type of error can primarily be attributed to errors or inconsistencies

in input data, scurce program errors not yet detected, or properties of the
optimizing methods used.
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Appendix C

Variables in the computer programs

The name of a variable consists of one or more signs (letters or figures).
Subscripts are enclosed in brackets, e.g. xij is written as X(I,J). The
variable names often have mathematical counterparts used in this report.
These are written below the variable names, and are enclosed in brackets.

A complete list of the mathematical symbols is found in Appendix F. Only
variables encountered in the input or the output of the programs are listed.

Other variables are internal to the programs, and implicitly defined in the

programs.
B(JA) Capital value of the ore deposit or of part of it inm the
(8, Byn0? alternative JA. MKR.

1]
Bn'nO’ B n'O)

EMAX( M) Capital value at the maximum JM. MKR.
BTOT(JTOT) Capital value of the ore deposit at the complete set of
optima (optimal policy or total optimum) JTOT. MKR.
Cc1(N) - c4(N) Parameters for establishing the quantity of ore actually
(cin’ i=1, extracted in zone N as a function of the average grade and
2,3,4) the equivalent ore reserve used in zone N, i.e. for trans—

forming equivalent ore reserves into actual ore reserves.

C5 = C9 Parameters as C1(N) - C4(N) but equal for all K,

(ci, i-s,

6,758,9)
DELTA1 Increment of the first approximation. In CUTOFF the aver—

age grade is incremented by DELTA1-100 percentage units.
In EXRATE the rate of production is incremented by DELTA1

MT/year.
DELTA2 Increment of the second approximation. See DELTA1.
DELTA3 Minimum relative increase in the eapital value of the ore

deposit as a result of the latest complete optimization to in-
duce the program to make another complete optimization. A
fraction.



DRES
n'n)
DRESET
EXDRES
(R ,.)

H(NS,N)
()

n'n

HA(JA)

HAEND1

HAEND2

HAMAX(JM)

n'=1,n and

55 B

'yn=1

HBIN

00

(Ha,1,N+1)
HEQV(N)
(8,)
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Equivalent ore reserve in subzone NS of zone N. MT.

Normal equivalent ore reserve in one zone. MT,

Actual ore reserve in subzone NS of zone N. MT.

Average grade in subzone NS of zone N. A fraction.

In CUTOFF: Average grade in the current subzone NSA of the
current zone NA in altermative JA. A fraction.

In EXRATE: Rate of production in the current zone NA.
MT/year.

In CUTOFF: The lowest plausible average grade of ore
extracted from the deposit. A fraction.

In EXRATE: The lowest plausible rate of production.
HTﬁyear.

In CUTOFF: The highest plausible average grade of ore
extracted from the deposit. A fraction.

In EXRATE:s The highest plausible rate of production.
MT/year.

In CUTOFF: Average grade in the current subzone NSA of
the current zone NA at the capital.value maximum JM.

A fraction.

In EXRATE: Rate of produotion in the ourrent zone NA at
the capital-value maximum JM. MT/year.

Average grade in the previous subzone, i.e. in the subzone
subscripted (NS-1,N) if NS§1, and (NSMAX,N-1) if NS=1. A

fraction.

Average grade of ore mined immediately before starting in
zone 1 when the program is applied to an ore deposit which
is already being exploited. For fresh ore deposits it is
arbitrarily assumed that HBIN=0.0. A fraction.

Payments at time T(1,NMAX+1) in connection with the final
closing of the mine (olose=down paylents). MKR.

Equivalent average grade in zone N. It is assumed to be
equal in all the subzones of the zone. A fraction.



HNORM

IDENT

JA=1,2,...,99

JD=192544.9T0
(i, see
PAR(JD,LT))

TMa152, 00455

IT=1,2y...
(t in certain

cases)

JTHOR
(2)

JTOT=152, ...,
JTOTMX

JTOTMX

LT=1,2,...,JTHOR
(a)
M
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Normal average grade. A fraction.
In PAYMTS: Execution control variable.

Reference to the point in a program where the execution has
been disrupted because of an error detected. This reference

generally is the sequence number of a program card.

Subscript denoting the ordinal of the alternative being
processed or referred to, JA=95, or JA being negative, or
represented by asterisks means that no specific alternative

is being referred to.

Subscript of the parameter PAR(JD,LT) denoting the
JDth parameter for the calendar year LT.

Subscript denoting the ordinals of the capital-value maxima

detected in CUT3 or EX3.

Subscript denoting the calendar year of any point of time.
Times +0.0 up to and including 1.0 occur during the year 1,
i.e. JT=1, times after time 1.0 up to and including time 2.0

during the year 2, i.e. JT=2, etc.

The data horizon of the payment functions expressing the
number of years for which the parameters PAR(JD,LT) are
specified annually and the last calendar year thus specified.
For years beyond this horizon (JT>JTHOR) the parameters of

the horizon year, JTHOR, are assumed to be valid.

Subscript denoting the ordinals of the complete optimiza-
tions. Before the complete optimization JTOT is terminated
it is referred to as JTOT-1 in the data output related to it.

The maximum number of complete optimizations desired.

Subscript of the parameter PAR(JD,LT) denoting the calen=—
dar year JT. If JT>JTHOR, LT=JTHOR is assumed.

Minimum number of sirictly falling capital values in suc~
cessive alternatives JA= 1,2,.,..yM,M+1,M#2,... 10 induce
the program not to examine further alternatives in the

current direction.
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MINE LIFE This is not a variable name. It refers to the point of
(T,I N+1) time T(1,NMAX+1) which is one year more than the production
’

period of the mine, due to the fact that the ore extraction

commences at time 1.0, not at time O.

MKR This is not a variable name. It is an abbreviation for
"Millions of Swedish Kronor" but may, naturally, be inter=

preted as referring to any monetary unit.

MT This is not a variable name. It is an abbreviation for
"Millions of tons™. It may, however, be interpreted as any
ore—quantity measure, provided that all economic data are

measured against the scale thus implied.
N=142,...yNMAX Subscript of zones. The zones are mined in the order 1,2,
(n) .o g NMAX,

NA Subscript denoting the current zone, i.e. the current par—
tial optimization is concerned with the zone NA or with a

subzone of zone NA.

NIV This is not a variable name. It stands for "Zone".

NMAX The number of zones into which the mine is partitioned and
(¥) the subscript number of the one being mined last.

NS=1,2,,...,NSMAX Subscript of subzones. In each zone the subzones are mined
(n') in the order 1,2,...,NSMAX.

NSA Subscript denoting the current gubzone, i.e. the current par—

tial optimization is concerned with the subzone NSA of the

current zone NA.

NSMAX The number of subzones into which each zone is partitioned
(N') and the subscript number of the subgzone which is last mined

in each zone.

PAR(JD, LT) Parameters of the payment functions.
(ey,)

Q(x) Rate of production in zone N. It is assumed to be equal
(Qn) in all the subzones of the zone. MT/year.

QB Rate of production in the previous zone, i.e. in zone N-1.
(Qn_1) MT/year.

QBIN Rate of production immediately before starting in zone 1.

(Qp) If the ore deposit is not previously mined, QBIN=0. MT/year.
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QH(N) Contraction limit in zone N. MT/year.
QL(N) Expaneion limit in zone N. MT/year.
QMAX(N) Upper constancy limit in zone N. MT/year.
QMIN(N) Lower constancy limit in zone N. M‘I‘/year.
QNORM Normal rate of production. MT/year.
QX Rate of production in the zone immediately preceding the
current zone, i.e. in zone NA-1. If NA=1, QX=QBIN. MT/yea.r.
R Rate of interest (continuous). Re100%/year.
(3)
RES(NS,N) Cumulative equivalent ore reserve, i.e. the equivalent

(See reference) ore reserve in all the zones mined before subzone NS of
zone N. See section 222 of Appendix B, MT.

RNORM Normal cumulative equivalent ore reserve, i.e. about half the
total equivalent ore reserve of the deposit. See section 513

of Appendix B. MT.

SE Zone investment in zone N at time T(1,N). MKR.

(Ea1n)

SEFHLM Total investment at time T(1,N) (=SE+SF+SH+SLM). MKR.
SF Expansion investment at time T(1,N). MKR.

(Fa1n)

SG Annual current reinvestments in the year JT during the pro=~
(Ga.n'n) duction period of subzone NS of zone N. MKR/year.

SH Contraction investment at time T(1,N). MKR.

(Ha1n)

SK Payments for amnual ourrent operating costs in the year
(Ka.n'n) JT during the production period of subzone NS of zone N.

MKR/year.

SLM Grade—change investment at time T(NS,N). MKR.

(L +M )

an'n an'n

SPAR A payment reduction to be subtracted from SLM because the
change in the average grade of the ore occurs at the same time

as a zone investment. MKR.
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SUBNIV

T(NS,N)

(Tyn)

T(1,NMAX+1)

(T1,N+1)
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Annual payments received for products sold in the year JT

during the production period of subzone NS of zone N.

MKR/year.
Annual current net payments in the year JT during the pro—
duction period of subzone NS of zone N (=S5-SK~-SG) . MKR/year.

This is not a variable name. It stands for "Subzone".

Starting time of subzone NS of gzone N. Years from time O.

The time of the final closing of the mine. It is also re—
ferred to as MINE LIFE, It should be noted that the actual
production period is one year shorter than MINE LIFE as no

mining occurs during the first year. Years from time O.

This is not a variable name. It is an abbreviation for

"Year".
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Mathematical models in the computer programs
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Introduction

In the computer programs CUTOFF, EXRATE, etc. some specific mathematical
models are contained or implied. In order to facilitate the adaptation of
the programs to individual cases the mathematical formulation of these models
will be given. However, the over-all decision models will not be developed
here. Instead the detailed models of the ore reserve, of the capital value
of the ore deposit, and of the payments connected with the exploitation of
the ore deposit will be expounded.

The capital-value model is a general model whereas the others describe spe~
cial cases, The latter are mainly constructed for program testing and dem-
onsiration purposes. They are not intended to describe any existing mine
or ore deposit, but they are such that there could exist a mine for which
the models are fully relevant. It is expected that, if they do not suit a
particular case, they will be useful starting points in the construction of

more adequate models.

There are no restrictions regarding the reformulation of the ore-reserve
model or the payment models, as long as such reformulations do not introduce
variables and parameters not included in the original models described here.
If a variable that has not previously been used in a certain model, is to be
introduced intc it, it must be established that the variable has been ade-
quately defined at the points in the programs where the subprogram containing
the model is called1 . This necessitates some study of the source programs.
If any of the subscripted parameters C or c is to be introduced into a model
not previously containing it, it must be either freed from its former usez),
or applied as it stands. In the latter case the value of the parameter
naturally is the same in all its uses (see e.g. ¢ in sections 42, 43, 44,

45, etc. of this appendix).

4a

The symbols used are listed and defined in Appendix F,

1) The computer programs consist of main programs, each with a set of Bub-
gs. In order to use a subprogram of this particular type a main
program (or another subprogram) is said to call the subprogram.

2) Payments according to the subprograms ANPAY1 and ANPAY4 (section 41 of
this appendix) do not occur in year 1, while the other types of payments
(investments) usually do. The parameters for year 1 used in ANPAY? and
ANPAY4 can thus always be freed and introduced into the models programmed
in the other ANPAY subprograms.
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2 Ore-reserve model

An ore deposit is assumed to contain a rich principal vein surrounded by, or
extending into, poorer ore. As successively poorer ore is recovered through
extending the mining limits, the average grade decreases and the ore reserve

increases.

1)

with the average grade of the ore in the subzone, The fixed quantity of ore

The ore-reserve model defines how the actual ore reserve in a subzone varies

that defines the size of the subzone is the equivalent ore reserve, i.e. the

ore reserve of the subzone at a certain fixed average grade (the equivalent
average ggade). The ore-reserve model is placed in the subroutine CUT11.

2)

For -ﬁn'nssn the following funciion is assumed

Cot1-C e, Cop (BB L)
e 6“ 7 n n+(1_cs)_an'n.(1+c1n.e 2n n n'n -C1n)

Rn'n=CS'Rn'n'
For ﬁn'n>5n the same function applies, C
by C3n and C4n
the programs but have not been used here.

n and C having been replaced

1 2n
» respectively. Two parameters, 08 and 09, are available in

3 Capital-value model

The capital value of the ore extraction from the deposit after the point of
time of a decision is the criterion of this decision. The capital values
calculated in the programs are referred to time zero, i.e. the payments con-
sidered are discounted at the given rate of interest, j, to time 0. Interest
is reckoned continuously and current payments are supposed to constitute a

continuous flow. The subprogram CUT5 containg the capital-value model.

The decision times Tn'n’ n' assuming any of the values 1, 2, ..., N', and n

any of the values 1, 2, ..., N, are determined in CUT1 or EX1 as follows:

Rn'n is defined in section 2 of this appendix.

1) The actual ore reserve in a subzone is the quantity of ore actually ex-
tracted or extractable from the subzone (i.e. exploitable ore. Compare
section 21).

2) The first term of the expression is a direct application of a relation-
ship for disseminated ore bodies given by Henning (1963).
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1]
oy =28 55 the production period of subzone n' of zone n.
n'n Qh

n=-1 N!
o -1+: kZ;TkJ. ET T1,N+1'TN'N+TN'N
n>1 n' >1

where i=1,2,...
k=1,2,...

If a condition written directly under a term in an expression, e.g. n>1,

is not fulfilled, the term is given the value zero.

Let x

n'na be the flow of payments during one year, as measured in money units
per year, provided that the subzone n' of zone n is being mined and that the
payment functions for year a adequately define the paymente during the ac-—
tual year (year a if a<A. Compare below.). Let also yn'na. be the payments
{usually negative) at time Tn'n according to payment functions for year a.
These payments are discontinuous. They comprise investments and similar
payments, such as paymenis in connection with the final closing of the mine.
Finally, let b(t) stand for the point of time ending the calendar year during
which t occurs,
thus: b{t)=1 for 0.0<t51.0

b(t)=2 for 1.0<152.0

Then, for a decision at time T(I s, ( assuming any of the values 1, 2y ceny
N', and |3 any of the values 1, 2, ..., N, the capital value forming the

decigion criterion is:

3T b(Tn'u) b(Tn'4-1,n)-2 i+
- n'n . —jet . jet
' n0 T ntna”® + g X e dt+ E X tpa'® dat
Ton 1-b('rn,n) i
Tn'+1,n
Jet

+ *n'na d";"'Bn'+1,n,0
(T )-1

n'+l,n
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where i=1,2,...,
n'= 0,0l +1,00+2,...,N' for Na[3, n'=1,2,...,N' for N> (3, and n'=1
for n=N+1, and
n=[j,[3+1,[3+2,...,u+1,
subject to the following rules:
The subscripts 1,n+1 replace the subscripts n'+1,n when n'=N'.
The upper limit of the first integral is altered to Tn'+1,n if
b(Tn'n)>Tn'+1,n'
The value of an integral or of the sum If;(t) is zero if the
value of the lower limit exceeds or i% equal to the value

of the upper limit of the integral or the sum. x m-o if n>N,

n'
Further, a=1 for 0.0<t <1.0

a=2 for 1.0<t£2.0

a=A for A-1.0<t<4, and

a=A for A<t.

One type of capital values appearing in the output of the programs should
be especially mentioned: CUMULATIVE CAP VAL FROM TIME O B(JA)= ... . These
capital values are intermediate values in calculations according to the
above formula. They consist of the discounted values of payments from time
0 to the end of the year defined in the output printed, or, if the output
appears in connection with a change between subzones or zones, from time O

to the starting time of the new subzone or zone.

4 Payment models

41

Introduction

The payment models describe the payments connected with the exploitation

of an ore deposit., Among these are the payments to the firm for ore sold,
the payments going out from the firm for current production costs, and re-
investments. It is assumed that these payments constitute a continuous flow,
and they are measured in money units per year (MKR/year). The surplus of the
payments thus received over the two types of disbursements constitutes the
annual current net payments. These are programmed in the subprogram

ANPAY1.
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Payments caused by and occurring at the time of moving the mining activities
from one zone to another, i.e. payments caused by changing zones, are the

gone investments of the new zone. At the same time the capacity of the mine

might be altered, causing payments named expansion investments or contraction

1n° The

investments., It is assumed that these payments occur at times T

payments are programmed in ANPAY2,

Similarly, it is assumed that payments at the starting times of new subzones
Tn'n’ are caused by any simultanecusly occurring change of the average grade
of the ore mined (the average grade is fixed during the production period of

each subzone). These grade~change investments are programmed in ANPAY3.

Payments occurring when the mine is finally closed at time T.| Ne1? i.e. the
b

close—down ents, are programmed in ANPAY4.

A schematic mode of describing the functions will be used:

\_.v_.J The key words tell which dependencies the different
Fixed, Volume, parts of the payment functions are mainly intended
etc.

to describe.
Certain interrelations are common to the different payment models:
hn'—1,n a En'n when n'=1 and n=1, if 500=0.0

Bytct,n = By, when n'=1 and n=1, if £, >0.0

i=1,2,...,n-1 when the upper limit of a sum is n-1
i=1,2,...,n when the upper limit of a sum is n
n'=1,2,,.,,N!

n=1,2,...,N

Qn—1 = Qo when n=1

n=1
3R, = 0.0 when n=1.
=i

n'=1,n becomes K',n-1 when n'=1,



27 D 44

42 Payments received for products sold

San'n [ Za.Qn+° nn 4a)+° ZR +ZR Q'n.c69,a.

i=l 1=1

s e — v— ] —— — N~
Basis Rate of Grade of the Part of the ore de- Rate Price
price produc— ore produced posit currently of index

tion mined pro-

A\ p——
—V duc-
influencing the price tion

43 Payments for current operating costs

c93.'(‘;"n

Kan'n {c6a ®7a Q*Cgyte _083+[°1O,a.'(°4a_5n'n)+

Lv_l \ v "4 \ aas
Fixed Rate of production

c ‘h c c
12,a’"n'n _12,a 4a :I
©19,a° (e -e ) |(@groqy o) +
. vi 4
Grade (and rate of production)
n

°15,a'ERi
(c14,:=1'e ) (Qn+°16 a.)} ‘68, a.
Part of the ore deposrt currently Pnce
mined {and rate of production) index

44 Current reinvestments

Gan'na[ c17,a+c18,a.'Qn+c19,a..(hn'n-c4a.) (q n*®20 a):l 67,

\w—l \_—V d V.  — \_v_—l

Fixed Rate of Grade (and rate of Price1)
produc— production) index
tion

If less than Cpq. g YEBTS remain of the production period of the mine
b

Gan'n is multiplied by the factor

1) In this index the first (the expanding) part of the reinvestment cycle
during the first years of the production period of the ore deposit can
be included (e.g. by analogy to the use of 021’3: °67,a.=0°°’ 0.2, 0.4,
0.6, 0.8, 1.0 for a=1,2,...,6, respectively).
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1,N+1

®21,a

T ~b(t)
—,—eee or, for the last calendar year, by O,

where b(t) denotes the end of the calendar year of the payment date. The
general definition of b(t) in section 3 of this appendix also applies here.

45 Zone invesiments

E c +c ‘Q +c . °25,a'Qn+c (Q-a_ .)Q+
aln 22,a"%23,a" *n"%24,a"® 26,a ' n n=1" "n
\ 7 \ - -\ /

Fixed Rate of production Change of rate of
production (and rate
of production)

c29 a'En'—1 n c29 a.°4a
[:"27,a'(°4a‘5nv-1,n)+°28,a'(° ’ Tee 77 )| Qn+(030,a) +
W ¥ |

—V—
Grade (and rate of production)

n
032,a.gai
CYIRL =031,a) " (Q+cgy o)+

Part of the ore deposit currently mined
(and rate of production).

c ‘R c o(c, -h )
.. 3,8 "n . .o 36,8 ‘742 n'-1,n’(,
(033,a e ™ -033,3) (Qn+°35,a.) e ’ }066,a

o — Y g
Size of the zone (and rate of production and grade) Price
index
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46 Expansion investments

47

c39 a “n-1"
= - . ! —
Fotn (°37,a ©38,a"® *°38,a
\ J AN ~ J \ — ]
Fixed Change of rate of production Rate of production
before the change

oo 4058 01,

;:4‘1,a'(c4a-ﬁn'-1,n).c
65,a
\ ~V 4 =
Grade Price
index

Further,

Fa1n=o if Q

Q

<0, i.e. in case of a decreasing or constant rate

n n-1 of production.

Qo=constant. Qo is the rate of production immediately before the starting

time of zone 1, If the ore deposit is not previously mined

Q0=O.

Contraction investments

H *—5 -C -ec44’a'. (Qn-Qn-1 )+c 9-045’3'Qn_1 .
ain V42,a “43,a 43,@
\ I A \ 4 o Ve ]
Fizxed Change of rate of production Rate of produc-
tion before the

change
e°46,a' (cga=Bp1_y ,n) e
65,a
N v W R
Grade Price
index
Further,
. _ > . R . .
Ha1n=o if Qn Qn_1__0, i,e., in case of an increasing or constant rate

of production.

Qo See section 46 of this appendix.
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48 Grade-change invesiments

I

is a variable, the value of which is calculated according to the
an'n
formula: c n
50,a R we
) e, *(c, -, . ) °52,a PR
T Qe nog 5l,a " 48 n'-1,n ‘e iwml
an'n n
N — \ ¥ N — )
ag \'d v
Rate of Grade before the Part of the ore
produc~-  change deposit currently
tion mined

For an increase of the grade the following formula applies:

L ( (En'-1,n_ n'n )L .
an'n_ c47,a,_°48,a. +c48,a an'n c64,a.
\—v_l\— v 4 \—\,—I
Fixed Grade change Price
(rela- index
tive
to the
size of
the grade
change)

ve 4958

For a decrease of the grade the following formula applies:

N 55,3'(En'-1,n-5n'n)

a.n'n=(c53,a.+c54,a.'e -054,3)'I;n'n.°64,a
Y~ ™ -~V / —
Fixed Grade change Price
(rela- index
tive

to the

size of

the grade

change)

[+

In addition:

= . - -—‘ < s > :
Lan'n_o if hn'n hn‘—1,n"o’ i.e. in case of a decreasing or constant grade.

=0 i _ > . . . R
Man'n_o if En’n Bn,_1’n__0, i,e. in case of an increasing or constant grade.

c =c =0.0 when n'=1, i.e. if the grade change takes place at the start-

47,3 53,2 ing time of a zone. Then the grade-change invest-—
ment can be coordinated with the much more promi-
nent zone investment and, because of this, a
saving may be achieved.
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49 Close-down payments

cSB,a.QN_c ).8059,a'(°4a—EN'N).
57,a

Ha,‘l,l¢+1=(656,a+(:5’{,a.'e
1 /7 . - 7\ v 7
Fixed Rate of production Grade

N
(062,a+°60,a°§;;31)'063,a

Fixed Size of the Price
(rela~ ore deposit index
tive

to the

size of

the ore

deposit)
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Appendix E

Source_programs

Contents Page
Introduction 277
CUTOFF 278
EXRATE 299
CAPVAL 37
PAYMTS 322
NEWPAR 335
Introduction

To most readers this appendix might appear unintelligible, and thus superfluous.

In spite of this it has been included, mainly for two reasons:

1 There are occasions when it is necessary to look into the source programs,
e.g. in case of errors (especially indicated through PRICOM) or if the prog-
rams are to be altered. And the program user usually has to adapt CUT11 and
the ANPAY subprograms to the actual cases.

2 The source programs are the most complete descriptions of the various models
oontained in the programs.

The source programs have been tested on some hypothetical examples as well as
in practical applications. The number of zones and subzones has been varied
from one of each to 10 and 5, respectively (oompare Fig. B:1 in Appendix B).
The payment functions have been fixed over time, except in one case. Manual
capital-value computations have been made in sore simple cases, and been com-
pared with those obtained by means of the programs. The consistency of the
optimizations has been controlled by inspection of the intermediate output.
Certain capital values in this output have been recalculated by means of CAPVAL.
The testing is not complete, and programming errors may still remain.

The source programs are available from the Economic Research Institute at the
Stookholm Sohcol of Economics.
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PROGRAN CUTOFF
GPTIMUM CUT—-OFF (MEAN) GRADES
VERSION 3, 15.8.68
COMMON B{99), BMAX{S), BYOT{20}, DRES, EXDRES, RFS{20,15), HB,
T(20+415), TBy, TE, C1(14)y C2(14), C3(14), ChlLl4), CSy Cé6,
c?7, C8, C9, DELTA3, DELTAl, DELTA2, H{20,14), HAL99),
HAEND1, HAEND2, HAMAX(S), HBIN, HEQV(14), PAR(T0,50),
Q(14), QBINy Ry IDENT, JTOT, JA, NAe NSA, Ny NS, NMAX,
NSMAXy M, JAENDl, JAEND2, JAMAX(S5)e JTOTMX, JTOTED, JC,
JDs JTo JTHORs JMy JMHMIN, I, IPRO, LT
READ INPUT DATA
READ (5,9020) NMAX, NSMAX, JTHOR, DELTA1l, DELTA2, DELTA3, HAENDI1,
2 HAEND2y HBIN, JTOTMX, My QBIN, R
NMA XD=NMA X+ 1
DO 21 NS=1,NSMAX
21 READ (5,9021) (RES(NS¢N)s N=1,NMAXD)
READ (5,9022) (HEQVI(N)}s N=1,NMAX)}
READ (5,9023) (Q(N), N=1,NMAX)
00 22 NS=1,NSMAX
22 READ (5,9022) (HINSeN}, N=1,NMAX)
READ (5,9024) (CLl(N), N=1,NMAX)
READ (5,9024) (C2(N), N=1,NMAX)
READ (5,9024) (C3(N)s N=1,NMAX)
READ (5,9024) (C&(N), N=1,NMAX])
READ (5,9024) (S, C6, C7, C8,C9
DO 23 LT=1,JTHOR
23 READ {5,9025) (PAR{JD,LT), JD=1,70)
WRITE INPUT DATA
WRITE (6,9030) NMAX,NSMAX,JTHOR, DELTAl, DELTA2, DELTA3, HAENDI,
2 HAEND2, HBIN, JTOTMX, M, QBIN, R
WRITE (6,9031)
WRITE (6,9090)
DD 31 NS=1,NSMAX
31 WRITE (6,9032) NS, (RESINSsN)e N=1g NMAXD)
WRITE (6,9033)
WRITE (649090}
WRITE (649034) (HEQVIN), N=1,NMAX)
WRITE (649035)
WRITE (649090}
WRITE (6,9036) (QUN), N=1,NMAX)
WRITE (6,9037)
WRITE (6¢9090)
DO 32 NS=1,NSMAX
32 WRITE 699038) NS, (HINS,N)o N=1,NMAX}
WRITE (6,9039)
WRITE (6,9041) (CL1{N), N=1,NMAX)
WRITE (6,9042) (C2(N), N=1,NMAX)
WRITE (6¢9043) (C3(N), N=1,NMAX}
HWRITE (6,9044) (C4(N), N=1,NMAX)
WRITE (6,9045) (S, C6, C7, CB, C9
KA=—4
KB8=0
41 KA=KA+S
KB=KB+S
IFUJTHOR-KB) 42,43,43
42 KB=JTHOR
43 WRITE (6,9046)
DO 45 JT=KA,KB

~ownmeswnNn

CMNS
CMN6
CNNT
CMNS
CMN9
CNN1O
CMN11

0012
0013
0014
0015
0016
0017
o018
0019
0020
0021
0022
0023
0024
0025
0026
0027
0028
0029
0030
0031
0032
0033
0034%
0035
0036
0037
0038
0039
0040
0041
0042
0043
0044
0045
0046
0047
0048
0049
0050
0052
0053
0054
0055
0056
0057
0058
0059
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WRITE (6490647) JT, (PAR{JD,JT), JD=1,9)
DO 44 KC=1,6

KD=10%KC

KE=KD+9
44 WRITE (6,9048) KCy(PAR{JID,JIT )y JD=KD,KE)
45 WRITE (6,9049) PAR{T70,JT}

IF(JTHOR-KB) 46,46,41
46 MRITE (6,9200)
TEST INTERNAL CONSISTENCY OF INPUT DATA
CALL [INDATT
INITIAL VALUES
JM=0
J1aT=0
JTATED=0
JA=1
HA(JA )= H(1,1}
T{l,1)=1.00
START FOR NEW TOTAL OPTIMUM
3 NA=1
NSA=1
JT=-1
IPRO= 0
GD To 10
MAX 99 TRIALS. MAX 6 AFTER THIS POINT. SEE CUT4, STATEMENTS 320 AND
326
9 IF(JA-93) 5,54
4 IDENT=0091
CALL PRICOM
sTop
CHECK FOR PRACTICAL CONSTRAINTS
5 IF (HA(JA)-HAEND2) T,4¢4
T IF (HA{JA)-HAEND1) 4,4,8
NEW TRIAL. HA{JA) FROM CUT2 OR CUT4
8 HINSA,NA)=HA({JA)
CALCULATE NEW STARTING TIMES
10 CALL CuT1
IF (JT) 90,130,400
FIRSYT SUBNIV. TO OPTIMIZE
90 CONTINUE
COMPUTE AND PRINT CAP VAL OF INITIAL GUESS OR NEW OPT
IF (JTOT) 94,95,95
94 IDENT=11612
CALL PRICOM
sToP
95 CALL CuTs
WRITE(6,9218) B(JA)
T0 WRITE MORE OF ANNUAL PAYMENTS, REMOVE 01162
IPRO= 1
JA= 1
96 NA=NMAX
NSA=NSMA X
JM=0
GO TO 130
NEW SUBNIV. TO OPTIMIZE
100 IF {NSA-2) 110,120,120
110 NSA=NSMAX
NA=NA-1
112 J7=0

CUTOFF

0060
0061
0062
0063
0064
0065
0066
0067

00675
0068
0069
ao70
0071
007150
007151
0072
0073
0074
0075
0076
00765
0077
0079
0080
0090
0091
0092
0093
0095
0096
0097
0099
0100
o101
0102
0104
0106
o107
011610
011611
011612
011613
011614
011616
011619

01162
01163
0117
0118
0119
0120
o122
0123
0124
0125
0126
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103
104
102
101

280

JM=0

GO TO 10

NSA=NSA-1

IF (NSA-2) 102,102,103

IF (RES({NSA,NA)— RES(NSA-1,NA)~ 0.001) 104,104,102
H{NSA-1,NA)}= HI{NSA-2,NA)

IF {RES{NSA+1,NA)- RES{NSA,NA)- 0.001) 101,101,112
H{NSA,NA)= H{NSA+14NA)

GO TO 100

C FIRST MEASUREMENT IN EVERY SUBNIV. IN FIRST APPROXIMATION

130

HA{1)=H{NSA,NA}

JA=1
JAEND 1=1
GO TO 400

C NEW TRIAL GRADES IN FIRST APPROXIMATION

200

220

CALL CUT2

GO TO (9,220),1
WRITE (6,9201)
CALL PRICAP

C-FIND 1 TO 5 MAXIMA IN FIRST APPROXIMATION

CALL CUT3

C FIND NEW TRIAL GRADES FOR REFINED OPTIMA FROM FIRST APPROXIMATION
C (= SECOND APPROXIMATION)

300

CALL CUT4
GO TO (9,900),1

C CALCULATE CAPITAL VALUE OF REMAINING ORE

400

CALL CUTS
1PRO=1

C FIND NEW TRIAL GRADE FOR FIRST RESP. SECOND APPROX.

600
C 1IF
9200
910

IF (JM) 600, 200, 300

sTop

NOT LAST SUBNIV., OPTIMIZE NEXT SUBNIV.
IF (NSA+NA-2) 910,920, 100

IDENT=0163

CALL PRICOM

sTOoP

C FIRST SUBNIV., NSA=NA=1, GIVES TATAL OPTIMUM

920

JTIOT=JTOT +1

BTOT{JTOTI=B(1)

WRITE (649211) JTOT, JTOT, BTOTCJTOT)
IF (JT0T-2) 3,3,930

C OPTIMIZE CNCE MORE IF LAST INCREASE IN CAP. VAL. WAS GREAT,OR STOP

930
940
960

IF (BTOT(JTOT)-B8TOT{JITOT-1)-DELTA3#BTOT{JITOT-1)) 960,960,940
IF (JTOT-JTOTMX) 3,960,960

JTOTED=JTOT

NA=1

NSA=1

IPRO=0

C FIND STARTING TIMES FOR NIV. AND SUBNIV. IN LAST OPTIMUM

CALL CuTl
IM=0
JA=1

C COMPUTE AND SPECIFY CAPITAL VALUE OF LAST OPTIMUN

9020
9021

CALL CUTS

WRITE (6,49217) (JTOT,BTOT{JITOT), JTOT=1,JTOVED)

STOP

FORMAT (2134 14+ 2FT7 .4y F6e3y 3FTa4e 213y FT.24 F6.3)
FORMAT (11F7.2/4F7.2)

0127
0128
0129
01294
01295
01296.
0130
01304
01305
0131
0132
0133
0134
0135
0136
0137
0140
0141
0142
0143
0144
0147
0148
0149
0152
0153
0154
0157
0158
0159
0160
0161
0162
0163
0164
0165
0166
01665
o167
0168
01685
0169
0170
o171
0172
0173
0174
0175
0176
0177
0180
0181
0182
0183
0186
0187
0188
0189



9022 FORMAT
9023 FORMAT
9024 FORMAT
9025 FORMAT
9030 FORMAT

~owndswnNn

9031 FORMAT
2N},
FORMAT
FORMAT
FORMAT
FORMAT
FORMAT
FORMAT
FORMAT
FORMAT

9032
9033
9034
9035
9036
9037
9038
9039

SN

9041 FORMAT
9042 FORMAT
9043 FORMAT
9044 FORMAT
9045 FORMAT
2
9046 FORMAT
9047 FORMAT
2
3
9048 FORMAT
9049 FORMAT
9090 FORMAT

SwnN

9200 FORMAT
9201 FORMAT

N

9211 FORMAT

N

9217 FORMAT

SWN

9218 FORMAT
END

281

(11F7.4/3F7.4)
(11F7.2/3F7.2)

{9F 8, 3/5F 8. 3)
(8(8F9.3/)y 6F9.3)

{32H1 OPTIMUM CUT-OFF (MEAN) GRADES //13H ¢INPUT DATA/

11H * NMAX=,13, 9H NSMAX=, I3, 9H JTHOR=, 14/

13H * DELTAL=y F7.4,

10H DELTA2=, F7.4410H DELTA3=, F6.3, 10H HAEND1 =,
FT7.4y 10H HAEND2=, FT.4y 8H HBIN=y FT7.4y

10H JTOTMX=4,13/ 8H * M=, I3, 8H QBIN=, F7.2,

S5H R=yF6.3)

(/768H0 *EQUIV CUMUL. ORE RESERVE MT TD BE EXTR. BEFORE (NS,

RES{NS,N} )

(1H ,11X, 12, 1X, 15F7.2)
{/34H0 *GRADE OF EQUIV RESERVE,
{15H leee NSMAX 414F7.4)
(729H0 *ANNUAL PRODUCTION MT, QIN})

({15H leee NSMAX , 14F7.2)

(41HL *INITIAL CUT-OFF (MEAN) GRADES H{NS,N) )

{1H »11Xe 12y 1Xy 14FT7.4)

(/36H0 #0RE RESERVE CCNVERTING PARAMETERS/

28H 1. DEPEND OF NIV, C-(N} / 8HO N=94XolHL yTXy1H2,
TXelH3 3 7TXsLHa s TX gL HS 9 TX g LHO g TX 9 LHT s 7TX 3 LHB o TX9 LH9y 6 X4 2H1 04
6X92H11ly 6X9y2HL12,6X,2H1346Xy2H14)

(8H Cl{iN)=,14F8.3)

(8H C2(N}=y14F8.3)

{8H C3{N)=,14F8.3)

(8H C4(N)=,14F8.3)

{24H0 2. INDEP. OF NIV, C-/1HO,7X9s3HC5=9F9.3493X,3HCO6=,
F9393Xy3HCT=9F9.3,3Xy3HCB8=9F9¢ 393Xy IHC9=,F9,3)

{49H1 ANNUALLY CHANGING ECONOMIC PARAMETERS, PAR(JD)}

HEQV (N} )

(1HO¢ 16X, 3HJID=,6Xy 2H*0, 8X, 2H%1, 8X, 2H®*2, 8X, 2H*3,

8Xy 2H®4, 8X, 2H*5, 8X, 2H*6, 8X, 2H*T, 8X, 2H*8, B8X, 2H*9/
9H YEAR 403, 3X, SH®= 0 , 10Xy 9F10.3)

(lH » 17Xy I1s 1X, 10FL10.3 )

(l1H 5 17X, 2HT ,F10.3)

{1HOy 11X, 8HNIV N= 1y 6Xy 1H2s 6Xy 1H3, 6Xs LH&, 6Xy LHS,
6Xe 1H6, 6Xy. LHT, 6X, 1HB, 66Xy 1H9y SX, 2H10s 5X, 2HLl,

5Xy 2H12, 5Xy 2H13, 5X» 2H1l4e 4X, 4H{(15)/ 14H SUBNIV NS=
)

{14H1*x0QUTPUT DATA, 10Xy 3HAND/ 12H ~TEST DATA)

(/754H0%¢CAPITAL VALUE Bl{JA) AT GRADE HA{JA) FIRST APPROX.
)

{19HL**TOTAL OPTINUM
11HBTOT{JITOT)=,F10.2}
{/43H0%¢RECORD OF VTOVAL OPTIMA,
8(13, 1Hy+FL10.2)/

1H 43X, 8(I341H,,F10.2)/

1H 43X, 4(1351H,,F10.2})
(45HO**CAPITAL VALUE OF INITIAL GUESS OR NEW OPT ,F10.2)

NR, I3, 3X, SHJTOT=, I3, 3X,

JYOT, BTOT{(JITOTI/1H o 3X,

CUTOFF

0190
0191
0192
0193
0195
0196
0197
0198
0199
0200
0201
0202
0203
0204
0205
0206
0207
0208
0209
0210
0211
0212
0213
0214
0215
0216
0217
0218
0219
0220
0221
0222
0223
0224
0225
0226
0227
0228
0229
0230
0231
0232
0233
0234
0235
0240
0241
0242
0243
02432
0244
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SUBROUTINE CUT1 1001
C FIND STARTING TIMES FOR NIVS. AND SUBNIVS. 1002

COMMON B8{(99), BMAX{S}, BTOT(20)}, DRES., EXDRES, RES(20,15), HB, CMNS

2 T{20.,15), 7B, TE, C1{14), C2(14), C3{14), C4l14), C5, Cé6, CMN6

3 C7, C8, C9, DELTA3, DELTAl, DELTA2, H{20,14), HAL99), CMNT

4 HAEND1l, HAEND2, HAMAX{S5), HBIN, HEQV(14), PAR{70,50), CMNB

5 Q{l4), QBIN, R, IDENT, JTOT, JAy NA, NSA, Ny NS, NMAX, CMN9

6 NSMAX, M, JAEND1, JAEND2, JAMAX{S), JTOTMX, JTOTED, JC, CMN10

7 JDy JT, JTHOR, JM, JMHMIN, I, [PRO, LT CMN11
10 N=NA 1012
IF (IPRO) 14411414 1013
11 WRITE (6,9214) JTOT, JT 1014
14 DO 29 NS=NSA,NSMAX 1015
IF (NS—NSMAX) 25,21,20 1016
20 IDENT=1017 1017
CALL PRICOM 1018
STOP 1019
21 DRES=RES{1¢N+1)—~RES (NS,N) 1020
CALL CuT11 1021
T(1yN+1)=T(NS,N)+EXDRES/Q(N) 1022
GO TO 26 1023
25 DRE S=RES(NS+1,N)~RESINS,N) 1024
CALL CuTll 1025
TINS+1yN)=T{NS,N) +EXDRES/C(N) 1026
26 TF(IPRO) 29427429 1027
27 WRITE (6,9215) Ny NSy HEQVIN)y DRES, EXDRESs T(NSsN), HINS,N) 1028
29 CONTINUE 1029
IF(NA—-NMAX) 35,50,33 1030
33 IDENT=1031 1031
CALL PRICOM 1032
sTOP 1033
35 NAD=NA+1 1034
36 DD 49 N=NAD, NMAX 103S
D049 NS=1,NSMAX 1036
IF (NS—NSMAX) 45,41,40 1037
40 IDENT=1037 1038
CALL PRICDM 1039
STOP 1040
41 DRES=RES{1yN+1)-RES(NS,N) 1041
CALL CuTll 1042
T{1,N+1)=TINS,N)+EXDRES/Q(N) 1043
GO TO 46 1044
45 DRES=RESINS+1,N)-RES{NS N} 1045
CALL CuT1ll 1046
TUNS+1 4N)=T {NS¢N) +EXDRES/Q(N) 1047
46 IF {IPRO) 49,47,49 1048
47 WRITE {659215) NyNS, HEQVIN), DRES, EXDRES, TINSsN)s H{NS,N) 1049
49 CONTINUE 1050
50 WRITE (6,9216) T{1,NMAX+1), JA, HA{JA) 1051
RETURN 1052

9214 FCRMAT (/100HO®®EQUIVALENT (DRES) AND MINABLE (EXDRES) ORE IN SUBN 1053
21V, STARTING TIMES (TINS.N) AND GRADES {HI(NS,N)/1H ,3X, SHJITOT=, 1054

3 13, 3Xy 3HJIT=,14/1H0, 21X ,1HN, 4&Xy 2HNS, 3X, THHEQVIN),7X, 1055

4 4HDRESy S5Xe¢ G6HEXDRES, 3Xy THTINS,N),s 3Xy THH(NS,N)) 1056
9215 FORMAY (1H 419X,13, 16y F10.4,2F11.2, F10.2y F10.4) 1057
9216 FORMAT {134 *&«MINE LIFE=, F10.2, 11H WHEN JA=, 13, 1058

2 14H AND HA(JA)=, F10.4) 10585

END 1059



1

2
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SUBROUTINE CUTLL

COMMON

8(99), BMAX(5), BTOT(2C), DRES, EXDRESsy RES(20,15), HB,
T(20,15), TB, TE, Cl1(14), C2(14), C3(14&),

C4l14), C5, C6,

C?7y CSy C9, DELTA3, DELTAl, DELTA2, H{20y14), HA(99),
PAR{ 70,50},

HAENDl,y HAEND2, HAMAX (5}, HBIN, HEQV{14},
Q(14)y QBINy R, IDENT, JTCTy JA, NA, NSA,

Ne

NSMAXs M, JAENDl, JAEND2, JAMAX(S), JTOTMX,

JOy JTy JTHOR, UM, JNHMIN, I, IPRO,

I[F (H(MSyNI-HEQV(N)) 1,1,2

EXDRES=CSENRESEEXP{COH+1.~CT*H(NSyN) ) +{1.~CS5)*DRES*( L. +C1(N)*EXP

RETURN

EXDRES=C5*DRES*EXPICOH+L.—CT*#HINS,NI1+(1.-C5)*DRES*{1.-C3{N)*EXP

RETURN
END

(C2(N) & (HEQVINI-HINS4N)))-CL{N)}

(C4INI®(HINS,N)-HEQVIN) ) ) +C3 IND)

Ly

NSy NMAX,
JTOTED, JC,

CUTOFF

7101
CMNS
CMNG
CMNT
CMN8
CHN9

CMNLO
CMN11L
7112

7113

7114

7115

7116

7117

7118

7119



C
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200

2011
2012

202

203

204

205

210
211

212

213
214

215

9210
2
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SUBROUTINE CUT2

FIND NEW TRIAL GRADE IN ACTUAL SUBNIV. IN FIRST APPROX.

COMMON B(99), BMAX(S), BTOT(20), DRES, EXORES, RES(20,15), HB,
T{20,15), TB, TE, Cl(14), C2(14), C3(14), Caell4), CS5, C6,
C7, C8y C9, DELTA3, DELTALl, DELTA2, H(20,14), HA(99),
HAEND1 » HAEND2, HAMAX(S), HBINs HEQV(14), PAR(70,50),
Q(14), QBINy R, IDENT, JTOT, JA, NA,y NSA, N, NS, NMAX,
NSMAX, M, JAENDLl, JAEND2, JAMAX(S5), JTOTMX, JTOTED, JC,
JDy JTy JTHOR, JMy, JMHMIN, I, [PRO, LY

IF (JAENDL=-(M#1)}) 201,202,202

IF (JA-1)} 203,2011,2012

WRITE (6,9210) JTOT, NA, NSA, T(Ll,NMAX+1)

JA=JA+]

HA(JAY=HA(JA-1)-DELTAL

JAENDL=JAENDI +1

I=1

RETURN

IF (JA-JAEND1) 203, 204,210

IDENT=2021

CALL PRICOM

stTop

JCD=JA-( M1}

DO 205 JC=JCDyJA

IF {B(JC)-BLJC-1)) 205,2012,2012

CONTINUE

JAEND2=JAEND]1 +1

JA=JA+1

HA(JA)=HA(1)+DELTAL

I=1

RETURN

IF (JAEND2-~-JAENDL-R} 211,212,213

JA=JA+1

HA(JA)Y=HA{JA-L1)#DELTAL

JAEND2=JAEND2 +1

=1

RETURN

JCO=JA-(M-2)

IF (BULJA-{M-1))-B(1)) 2149211,211

JCO=JA-(M-1)

D0 215 JC=JCDyJA

IF (B(JC)=-B(JC-1)) 215,211,211

CONT INUE

1=2

RETURN

FORMAT (33H1#%*NEW SUBNIV. TO COPTIMIZE. JTOT= ,LI3,5H. NA= ,13,
6H. NSA= ,13/ 13HO MINE LIFE= ,F10.2, 12H WHEN JA= 1 )

FND

2001
2002
CANS
CHNG
CHNT
CANB
CHN9
CHN1O
CMN11
2012
2013
2014
2015
2016
2017
2018
2019
2020
2021
2022
2023
2024
2025
2026
2027
20285
2029
2030
2031
2032
2033
2034
2035
2036
2037
2038
2039
2040
2041
2042
2043
2044
2046
2047
2048
2049
2050



o

220
221

230
231

232
233
234

236

240
241

242

246
248
250
255
260
261

262
263

264
265
266
270

271

~NoenSwnhN
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SUBROUT INE CUT3

FIND 1 TO 5 MAXIMA IN FIRSY APPROX.

COMMON B{99), BMAX(S5), BTOT(20), DRES, EXDRES, RES{20,15), HB,
T(20,15), T8, TE, C1{14), C2{14), C3(1l4), C4l14), C5, C6,
C7, C8y C9s DELVA3, DELTAl, DELTA2, H(20,14), HAL99),
HAENDL, HAEND2, HAMAX(5), HBIN, HEQV{14), PAR{ 70,50},
Ql14), OBIN, R, IDENT, JTOT, JA, NAy, NSA, Ny NS, NMAX,
NSMAX, M, JAEND1l, JAEND2y JAMAX(S), JTOTMX, JTOTED, JC,
JDy JT, JTHOR, JM, JMHMIN, 1, IPRO, LT

JAMAX(1)=1

D0 221 JIM=2,5

JAMAX (JM) =0

JM=1

00 236 JA=2,JAEND1

If (BlJA)-B(JA-1)) 236,230,230

IF (JAMAX(JM)-JA+1} 232,235,231

IDENT=30138
CALL PRICCM
STOP

IF (UM-3) 234,233,231
WRITE (6,9012) JM, JTOT, NA, NSA, JA
JAMAX3=JAMAX(3)
IF {B(JA)-B{JAMAX3)) 236,235,235
IM=JM+]
JAMAX{JMI=JA
CONTINUE
JMHM IN=JM
JAD=JAEND1 +2
TF{B(JAEND1+1)-B(1)) 255,255,240
IF  (JAMAX(1)-1) 241,242,250
IDENT=3032
CALL PRICOM
stoe
JAMAX{ 1) =JAEND1 +1
00 246 JA=JAD,JAEND2
IF(B(JA)-B(JA-1))248,248,246
JAMAX( 1)=JA
GO TO 270
JAD=JA+1
GO 7O 255
JM=JM+]
JAMAX( M) =JAEND1+1
DO 266 JA=JAD,JAEND2
IF (BUJA)-BIJIA-1)) 266,266y 260
IF (JAMAX(JN)-JA+1) 262,265,266
IDENT=3047
CALL PRICOM
sToe
IF (UM-5) 264,263,261
WRITE {6,9012) JM, JTOT, NA, NSA, JA
JAMAXS=JAMAX(S5)
IF (B(JA)-B(JAMAXS)) 26642664265
JN=JM+ 1
JAMAX (JN)=JA
CONTINUE
DO 274 JN=1,5
IF (JAMAX(JM)}) 271,272,273
IDENT=3059

CUTOFF

3001

3002
CMNS
CMN6
CMN7

CMN8

CMN9
CMN1O
CMN11}

30115
3012
3013
3014
3015
3016
3017
3ols
3019
3020
3021
3022
3023
3024
3025
3026
3027
3028
3029
3030
3031
3032
3033
3034
3035
3036
3037
3038
3039
3040
3041
3042
3043
3044
3045
3046
3047
3048
3049
3050
3051
3052
3053
3054
3055
3056
3057
3058
3059
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CALL PRICOM
sTOp
272 BMAX{JM}=0.
HAMAX {JM)=0.
GO TO 274
273 JA=JAMAX (JMN}
BMAX(JM)=B(JA)
HAMA X{JM)=HA[JA)
274 CONTINUE
WRITE (6,9207) JTOT, NA, NSA, {(HANAX(JM}, IM=1,5), {BMAX{IM), JM=

2 14 5)
JM=0
JA=0
RETURN
9012 FORMAT (/18HO®**MULT MAX IN JM=,12, 10X, SHJTOT=, I3, 3X, 3HNA=,I13,
2 3Xy 4HNSA=, 13, 3X, 3HJA=,I13)}

9207 FORMAT (/23HO*#0PTIMA FIRST APPROX./ lH , 3X, SHJITOT=, 13, 3X,
3HNA=, I3, 3X, 4HNSA=, [3/ 1HO, 16Xy 3HJIM=, 16Xy LlHly 9X,
1H2, 9X, 1H3, 9X, 1lH4, 9X, 1HS/ 1H 4, 3X, 10HHAMAX{JM)=,
16Xy SF10.4/ 1H 4 3X, SHBMAX(JM)=, 17X, SF10.2/}

SN

END

3060
30605
3061
3062
3063
3064
3065
3066
3067
3068
3069
3070
3071
3072
3073
3074
3075
3076
3077
3078
3079



301
303

305

308
3092

309
3091

310
311
312

313
314
315

316
v

318
319

320

321

322
323

~SOCvewnN
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SUBROUTINE CUuT4

FIND NEW TRIAL GRADE IN ACTUAL SUBNIVe. AND MAXIMUM IN SECOND APPR.
COMMON B(99), BMAX(5), BTOT (20}, DRES, EXDRES, RES(20,15}), HB,
T(20,15), VBy TE, C1{14)y C2(14), C3(14), C&{1&), C5, Cé6,

C7, C8, C9» DELTA3, DELTAl, DELTA2, H(20,14), HA(99),
HAEND1l s HAEND2, HAMAX(5)s HBIN, HEQV{14), PAR{70,50),

Q(14), QBINy, Ry IDENT, JTOY, JA, NA, NSA, N, NS, NMAX,
NSMAX, M, JAEND1l, JAEND2, JAMAX(S5)y JTOTMX, JTOTED, JC,

JOy JTy JTHOR, JMy JNHMIN, I, IPRO, LT

IF{JA) 303,301,308
JM=JMel
IF {JAMAX{JIM)) 303,340,305
IDENT=4015
CALL PRICOM
STOP
HA (1 }=HANAX (JM)
BU1)=BMAXI JIN)
JA=1
JAEND1 =1
IF (JAEND1-3) 309,310,310
IDENT=4011
CALL PRICOM
G0 TO 320
IF (JA-13) 3091,3092,3092
JA=JA+1
HA{JAI=HA(JA-1)-DELTA2
JAENDL=JAEND1+1
I=1
RETURN
IF (JA-JAEND1) 312, 311,322
IF (HAUJA-1)) 312, 318,313
IDENT=4018
CALL PRICOM
sTop
IF (B(JAI-B(JA-1)) 3144309,309
IF (B{JA-1)-BlJA-2)) 315,316,316
JA=JA+3
HA(JA) =HA{JA-3)-3.%DELTA2
HA(JA-1)=0.
JAEND1=JAEND1 +3
I=]1
RETURMN
IF (BMAX{JMI}-B{JA-1)) 317,3174309
HANAX{ JM)=HAC( JA-1)
BMAX{JM)=B(JA-1)
G0 TO 309
IF (B(JA)-B(JA-3}) 320,319,319
JA=JA-3
JAEND1=JAEND1-3
GO TO 309
JAEND1=JAEND1-3
DO 321 JC=1,3

JA=JAENDL 44C

INDE X=4—JC :

HA(JA I=HAL INDEX)
B{ JA)=B { INDEX )
IF (HA{JA-1)) 32343304324
IDENT=4045 )

CUTOFF

4001
4002
CMNS
CMN6
CMNT
CMNB
CMN9
CMN1O
CMN11
4012
4013
4014
4015
4016
41165
4017
4018
4019
4010
4011
401101
401102
401103
401104
401105
4012
4013
4012
4015
4016
4017
4018
4019
4020
4021
4022
4023
4024
4025
4026
4027
4028
4029
4030
4031
4032
4034
4035
4036
4037
4038
4039
4040
4041
4042
4043
4044
4045



324
325
326

3272

327
327

328
329

330
331

338
339

340
341

342

345
346
3417

348

9208

1=2
RETURN
9206 FORMAT {7/ SSHO*%CAPITAL VALUE B{JA) AT GRADE HA(JA)
2Xa)
2 2H)=, F7.4, 22H. CORRESP.

288

CALL PRICCM
STOP
IF (BUJAY-BLJA-1)) 325,327,327
IF {B{JA-1)-B(JA-2)) 326,328,328
JA=JA+3
HA(JA)=HA(JA-3}+3 ., 2DELTA2
HA{ JA-1)=0.
1=1
RETURN
IDENT=4055
CALL PRICCM
GO TO 338
IF (JA-20) 3271, 3272,3272
JA=JA+1
HA{JA)=HA({JA~-1)#DELTA2
I=1
RETURN
IF {BMAX{(JM)-BlJA-1)) 329,327,327
HAMAX (JM)=HA(JA-1}
BMAX(JM)=B( JA-1)
GO TnD 327
IF (B{JA)-B(JA-3)) 338,331,331
JA=JA-3
GO TD 327
JAEND2=JA-3
WRITE (6,9206)
CALL PRICAP
IF (JM-5) 301,342,341
IDENT=40T74
CALL PRICOM
STOP
H{NSA,NA)=HAMAX ( JMHMIN)
B8(1)=BMAX{ JMHMIN)
DD 348 JUM= 1,5
IF {JAMAX{JM)) 345,348,346
IDENT=4081
CALL PRICOM
STOP
IF (B{1)-BMAX(JM}) 347,348,348
H{NSA,NA)=HAMAX{JM)
B(1)=BrAX{JM)
CONTINUE
WRITE (6,9208) NSA, NA, HINSA,NA),
JA= 95
HA(JA)= H{NSA,NA)

FORMAT (/39HO*%0PTIMUM SECOND APPROX.9 HINSA¢NA)=H{41241Hy»
VALUE, F10.2)

END

SECOND APPRD

4046
4047
4048
4049
4050
4051
4052
4053
4054
4055
4056

- 4057

4058
4059
4060
4061
4062
4063
4064
4065
4066
4067
4068
4069
4070
4071
4072
4073
4074
4075
4076
4077
4078
4079
4080
4081
4082
4083
4084
4085
4086
4087
4088
408849
408850
4089
4090
4091
4092
4093
4094
4095



C

403
406
411

412
414

415
416
417
418
421
422
423
424
425
426

427

450

451

452

453
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SUBROUTINE CUTS
FIND CAPITAL VALUE OF REMAINING ORE
CONMCN 8(99), BMAX(5), BTOT{20), DRES, EXDRES, RES(20,15)}s HB,

T(20,15), TBy TE, C1U14)}, C2(14), C3(14)}, Céll4), C5, C6
C7, C8y C9, DELTA3, DELTAl, DELTA2, H(20,14), HA{99),
HAEND1, HAEND2, HAMAX(5), HBIN, HEQVIl4), PAR(70450),
Q(14), QBINs R, IDENT, JTOT, JA, NA, NSA, N, NS, NMAX,
NSMAXy My, JAFENDl, JAEND2, JAMAX{S)y JTOTMX, JTOTED, JC,
JDy JT, JTHOR, JM, JMHMIN, I, IPRO, LT

IPAR=T(1,NMAX+1)}+0.9999
TE=IPAR

B({JA)}=0.

C PAR FOR RIGHT YEAR, LT
LT=T{NSA,NA) +0.9999

IF (JTHOR-LT) 403,403,406
LT=3THOR

IFINSA-1) 411,412,416
IDENT=5020

GO TO

593

IF (NA-1) 41144144415
HB=HBIN

GO TC

417

HB=H{NSMAX,NA-1}

GO 71O

417

HB=H{NSA-14NA)
IF (NA-NMAX)} 421,421,418

IDENT=

GO V1O

5029
593

DO 599 N=NA,NMAX
IF(N-NA) 422,423,424
IDENT=5033

Gn 7O

593

NSB=NSA

GO

T0 425

NS B=1

IF

[NSB-NSMAX) 427,427,426

IDENT=5039

GO TO
o0

GO 1O

GO T0

593

598 NS=NSB,NSMAX
JTA=T(NS,N)+0.9999
TA=JTA

IF{NS—NSMAX) 450,451,452
JTC=T(NS+1,N}+0.9999
TO=T(NS+1,N)

453
JTC=T{14N#1}+0.9999
TD=T(1sN¢1)

GO TO 453

IDENT=5051

593

TC=J7C

JT=JTA

C TO WRITE —-STATE SF CUTS, REMIVE S5C555, INSERT SUBROUTINE IFPRI AND
C CALL IFPRI. CHANGE 5104 AND 5123 ACCORDING TO COMMENTS THERE.

C CALL IFPRI DELETED AND REPLACED BY 505550-53

IF (IPRD) 456,4554456

455

I= 0
G0 TO 458

CUTOFF

5001
5002
CMNS
CMN6
CMNT
CANS
CHN9
CNN1O
CMN11
5012
5013
5014
5015
5016
5017
5018
5019
5020
5021
5022
5023
5024
5025
5026
5027
5028
5029
5030
5031
5032
5033
5034
5035
5036
5037
5038
5039
5040
5041
5042
5043
5044
5045
5046
5047
5048
5049
5050
5051
5052
5053
5054

5055

505550
505551
505552



456

C CHECK IF

458

457
459

460

462

470
471

472

473

GO 1D

GO 10

GO 10

5o 1o

C NEW NIV,

474

2

C NEW NIV.

475

480

483

2

GO 10

290

I= -1

PAR FOR RIGHT YEAR

IPAR=PAR{TO,LT)

IF(JT-I1PAR) 459,460,457

IF(JTHOR-IPAR) 459,460,459

IDENT=5060

593

T8=J7 v

CALL ANPAY] {SSKG)

IF (JT-JTA) 462,470,490

IDENT=5064

593

IF (NS-1) 471,472,480

IDENT=5067

593

CALL ANPAY2 (SEFHLM)

IF (JTA-JTC) 475,474,473

IDENT=50T1

593

+ NEW SUBNIV. + PROD. TILL NEW SUBNIV., ALL IN SAME YEAR
BIJA)=B{JA)+(SSKG/RI*(1./EXP(R*T{NS,N) )-1. /EXPIRXTD) )~
SEFHLM/EXP{RET(NS,N})

GO 7O 590

+ NEW SUBNIV. + PROD. TILL END OF YEAR
BUJAY=BLJIA)+(SSKG/RI®[1./EXP(REY(NSoN) )-1 . 7EXPI{R2TA))—
SEFHLM/EXPI{R*T(NS,N))

GO TO 495

CALL ANPAY3 {SLM,SPAR)

IF (JTA-JTC) 485,484,483

IDENT=5083

593

C NEW SUBNIV. + PROD. TILL NEW SUBNIV., ALL IN SAME YEAR

484

2

BUJAY=B{JA)+ (SSKG/RIZ(L./EXP(RST(NSyN) }-1.7EXP{(R&TD))-
SLM/EXP{R®T{(NS,N))
GO 710 590

C NEW SUBNIV. + PROD. TILL END OF YEAR

485

490
491

C PROD.

492

C PROD.

493
495

2

GO TO

BUJA)=BIJIA)+(SSKG/RI*(1.7EXP(R*T(NSyN))-1. ZEXP(RETA))-
SLM/EXP(R®T{NS,N))

GO TO 495

IF (JT-JTC) 493,492,491

IDENT=5095

593

FROM BEG. OF YEAR TILL NEW SUBNIV. IN SAME YEAR

BUJA)=B(JA)+{SSKG/RI*(1./EXP(R*(TC~1.))-1./7EXP(R*TD))
GO TO 590

DURING ONE WHOLE YEAR IN SAME SUBNIV.

B{JA)=BUJA)+[ SSKG/RI*(L./JEXP(R*(TB=1.) )-1./EXP(R*TB))
IF (1) 497,494,498

C 510407 REMOVED. REINSERTY FOR -STATE OF CUTS

494
497

496
498

590
591

WRITE

GC YO

(6,9104) B(JA)

JT=JT+1

IF(JIT-JTHOR) 496,496,458
LY=LT+1

GO TO 458

IDENT=5113

593

IFUI) 598,592,591
IDENT=5116

505553
5056
5057
5058
5059
5060
506001
5061
5062
5063
5064
5065
5066
5067
5068
5069
5070
5071
5072
5073
5075
5076
5077
50775
5078
5079
5080
5081
5082
5083
5084
5085
5086
5087
5089
5090
5091
5092
5093
5094
5095
5096
5098
5099
5100
5101
5102
5103

5104
5108
5109
5110
5112
5113
5114
5115
5116
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593 WRITE (6,9103) JTOT, JA, NAy NSA, Ny NSy NSBy NMAX, NSMAX,
2 JMy JTy JTA, JTC, JTMAXD, PAR(1,LT), PAR{2,LT),
3 PAR{704LT)HB, Q(N), B(JA), SEFHLM, SLM, SSKG,
4 T(NS'N" TAy, TBy TCy TDy T{1l,NMAX+1l), TE
CALL PRICOM
STOP
C 512326 REMOVED. REINSERT FOR —~STATE OF CUTS
592 WRITE (649104) B(JA)
598 HB=H{NS,4N)

599 CONTINUE
CALL ANPAY4 (HEND)
BUJA)=B(JA)-HEND/EXP (R*T {1 ,NMAX+1))
RETURN

9103 FORMAT (/16H0 —STATE OF CUTS, 914,13, 16, 315, 2Fl0.3, FT.l,
2 FB8.4y FB.2/ 1H 77Xy 4Fll.2, 7F8.2)

9104 FORMAT (40HO®®CUMULATIVE CAP VAL FROM TIME 0 B8(JA)= , Fll.2)
END

CUTOFF

5117
5118
5119
5120
5121
5122

5123
5127
5128
5129
5130
5131
5132
5133
51335
5134



2

3
5

~otwmbwnN
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SUBROUTINE ANPAY1(SSKG)

FIND PAYMENTS IN YEAR JT FOR ORE SALES, RUNNING PRODUCYION AND RE-

INVESTMENTS

COMMON B(99), BMAX(S), BTOT(20), DRES, EXDRES, RES{20,15), HB,
Y(20,415)y TBy TE, C1{14), C2(14), C3(14), C4(14), CS, C6,
C7, C8y C9, DELTA3, DELTAl, DELTA2, Hl20414), HA{99),
HAEND1l , HAEND2, HAMAX (5}y HBINy HEQVI14)y, PAR{T0¢50),
Q(14), QBIN, Ry IDENT, JTOT, JAs NA, NSA, Ny NS, NMAX,
NSMAX, M, JAENDl, JAEND2, JAMAX(S), JTOTMX, JTOTED, JC,
JD, JT, JTHOR, JM, JMHMIN, [, [PRO, LY

HN=H(NS,N}

QD=Q(N)

SS=(PAR{1,LT)-PAR(2,LT)*QD*QD

2 +PAR{(3,LT)I®(HD-PAR(4,LT)})

3 #PAR(S,LT)I*(RES(L,N)+RES{1,N¢1)))2%*QD

SS=SSEPAR(69,4LT}

SK=PAR (6,LTI+PAR{T,LTI®QD+PAR(8,LT)*EXP(PAR(9,LTI*QD) —PAR(B,LT)
+{PAR(10sLTI®(PAR(44LT )=HD)}+PAR(11,LV ) *(—-EXP(PAR(12,LT)
PAR( 4, LTIV CEXPIPAR(L2,LTI%HDI IV« (QD+PAR(13,LT))

2
3
4  +{PAR(14,LT)®EXP(PAR(1SsLT)I®RES{1yN+1))-PARI14,LTII*(QD
5

. #PAR{(16,LT))
SK=SKZPAR{ 68,L T}
IF (TE-TB) 7+849
IDENT=812351
CALL PRICOM
sTOP
SG=0.
GO YO 2
SG=PAR{17,LT)+PAR(18,LTI=*=QD
2 +PAR(19yLT)#(HD-PAR(4,LT))%(QD+PAR{20,LT})
SG=SG*PAR{67,LT)
IF (TE-TB—-PAR(21,LT)} 1,1,2
SG=SG*{T (1,NMAX+1)-TB)/PAR(2]1,LT)
SSKG=55-SK-~SG
IF (IPRD) 5,3,5
WRITE (6,9231) STOT, NA, NSA, JAy Ny NS, JT, HBy SS, SKy SGy SSKG
RE TURN

9231 FORMAT (/16HO**ANPAY1 JTOT=,13, 4H NA=, I3, 5H NSA=, [3, 4H JA=,

2 I3y 3H N=y [35 4H NS=,13, 4H JT=o 14/ LH ¢ 3Xy 3HHB= FT.4,

3 &H SS=.F10.2' 4H SK=.FIO.Z.#H SG"FIOoZ' 6H SSKG"FIO.Z’
END

8101
8102
8103
CMNS
CNN6
CMNT
CNNB
CMN9
CMNL1O
CMN11
§l12
8113
8ll4
8115
8l1é6
8117
8118
8119
8120
8121
8122
8123
812350
812351
812352
812352
812354
812355
8124
8125
8126
8127
8128
8129
8130
8131
8132
8134
8135
8136
8137



10
11

12

13

20

23

25

9232 FORMAT (/16HO#*®ANPAY2 JTOT=,13,4H NA=,13, SH NSA=,13, 4H JA=,I13,
3H N=413y 4H NS=¢I3, 4H JT¥=414/ 1H ,3X,3HQB=,FT.2y 4H SE=,

293

SUBRAOUT INE ANPAY?2 (SEFHLM)
FIND PAYMENTS IN YEAR JT FOR INVESTMENTS EXCEPTING GRADE CHANGE
INVESTMENTS
COMMCN B(99), BMAX(S), BTOT(20), DRES, EXDRES, RES{20415), HB,
T(20,15), 7B, TE, C1(14), C2(14), C3(14), C4ll4), C5, Cb,y
cTy C8, C9, DELTA3, DELTAl, DELTA2, H{20414), HA(99),
HAFNOl, HAEND2, HAMAX{(5), HBIN, HEQV(1l4), PAR(70,50),
Q(14), QBIN, R, IDENT, JTOT, JA, NA, NSA, N, NS, NMAX,
NSMAX, M, JAEND1, JAEND2, JAMAX(S), JTOTMX, JTOTED, JC,
J9y JT, JTHOR, JM, JMHMIN, I, IPRO, LT
AN=(N)
IF (N=1) 1,42,3
IDENT=8214
CALL PRICGM
STOP
Q8=90IN
IF (REBIN) 145,9
HB=H(NS,N)
GO T™H 9
CA=QIN-1)
SE=PAR{22,4LT)+PAR(23,LTI*QD¢PAR(24,LTI*EXP(PAR(25,LT)*QD)
+PAR(26,LT)*(QD-0QB)*QD
+{PAR(27 4LT)*(PAR(4,4LT)-HB)¢PAR{28,LT)IX(EXP(PAR(29,LT)*HB)
=~EXP(PAR(29,LT)*PAR(4,4LT))))*(QD¢PAR(30,LT))
+(PAR(314LT)I®EXP(PAR{32,LTI®*RES(1,sN+1)}-PAR(31,LT))}
*(QD+PAR(61,LT))
+{PAR(33,LT)*EXP{PARI344LT)I®(RES(1,N¢+1)-RES(1,N)))—-PAR(33,LT))
*¥(QD+PAR(35,LT ) I*EXP(PAR(36,LT)I*(PAR(4,LT)-HB))
SE=SEXPAR(66,LT)
IF (Q(N)-QB+0.005) 11,10,10
IF (QIN)-Q3-0.005) 12,12,13
SF=0
SH=(PAR(42 ,LT)-PAR(43,LT )%EXP{PAR(44,LT)*(QD-QB) )+PAR( 43,LT))
2 *EXP(~-PAR(45,LT)#QB)
3 *EXP{PARU46,LT)*(PAR(4,LT)-HB))
SH=SH%=PAR(65,LT)
G0 TO 20
SF=0
SH=C
G0 TG 20
SF=(PAR(3TLT)-PAR{38,LT )*EXPIPAR(39,LT)*{QB-QD) )+PAR(38,LT)}
2 *EXP(-PAR(40,LT)%QB)
3 *EXP(PAR(41,LT)*{PAR(4,LT)-HB))
SF=SF%PAR(65,LT)
SH=0
CALL ANPAY3 (SLM,SPAR)
SEFHLM=SE+SF+SH+SLM-SPAR
IF (IPRO) 25423,25
WRITE (6,9232) JTOT, NA, NSA, JA, N, NS, JT, QB, SE, SF, SH,
2 SLM, SEFHLM
RE TURN

~CwmPLwnN

OGN HWN

2
3 F10e2y 4H SF=,F10.29 4H SH=yF10.2y S5H SLM=,F10.2,
4 8H SEFHLM=,F10.2)

END

CUTOFF

8201
8202
82013
CMNS
CMN6
CMUNT
CMNB
CMNS
CMN1O
CMN11
8212
8213
8214
8215
8216
8217
8218
8219
8220
8221
8222
8223
8224
8225
8226
8227
8228
8229
8230
82305
8231
8232
8233
8234
8235
8236
8237
8238
8239
8240
8241
8242
8243
8244
8245
8246
8247
8248
8249
8250
8251
8252
8253
8254
82545
8255



12

13

14

23

25

9233 FORMAT (/16HO**ANPAY3

~NowVdwunN

2

2
3
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SUBROUTINE ANPAY3 (SLM,SPAR)
FIND PAYMENTS IN YEAR JT FOR INVESTMENTS FOR GRADE CHANGE
COMMON B{99), BMAX(S), BTOT(20), DRES,

T(20,15)y 7By TE,

C?7, C8, C9, DELTA3, DELTAl, DELTAZ2,

EXDRESy RES{20,15), HB,
Clt 14}, C2(14)y C3(14), C4(14), C5, Cb,

H{20414), HA{99),

HAEND1l, HAEND2, HAMAX(5), HBIN, HEQV{14), PAR(70,50),
Q(14)y QBINy, R, IDENT, JTOT, JA,
NSMAXs My JAENDLl, JAEND2, JAMAX{5}, JTOTMX, JTOTEDs JC,

JD' JT. JTHOR' J"'

HD=H (NS, N}

QD=Q(N
IF (NS

)
tN=-2) 1,2+ 4

IDENT=8315
CALL PRICOM

sTOP
IF (HB
HB=H{N

SA=CDZEXP (PAR(50,LT) /QD)

IN) 1,3,4
SN}

JMHMIN, I, IP

*EXP (PAR{SL+LT)=(PAR(4,LT)-HB))}

HEXP (PAR(S52,LTI*RES(1,N+1))
TF(H(NSyN}-HB+0.00005) 13466
5¢N)-HB-0.00005) 12,11,11
SLM=PAR(4T syLT)—PAR(48,LT)SEXP(PAR(49,LT)*(HB-HD) )+PAR{ 48,LT)
SLM=SLM&SAXPAR(64,LT)
SPAR=PAR(4T7,LT)*SA2PAR{64,LT)

IF{H(N

GO TO
SLM=0
SPAR=0
GO TC

14

14

NA, NSA, Ny NS, NMAX,

RO, LT

SLM=PAR(S3)LTI4+PAR(S4,LT)S*EXP(PAR(S55,LT)®(HB-HD) )-PAR(54,LT)
SLM=SLM&SA&PAR{64,LT)
SPAR=PAR{534LT)¢SA*PAR{64,LT)
IF (IPRO) 25,23,25

WRITE

RETURN

£ND

(6+9233) JTOT, NA,
SPAR

3H N=,4,13, 4H NS=,I
9H H{NSyNI=,FT,.4,

NSA, JA, Ny NSy JT, HB, HINS,N), SLM,

3, 4H JT='I4'
SH SLM=,F10.2

JTOT=,13, 4H NA=,13, S5H NSA=,13,

4X1 3HHB='F7-4'
6H SPAR=, F7.2)

4H JA=,13,

8301
8302
CMN5
CMN6
CMNT
CMN8
CMN9
CMN1O
CMN11
8312
8313
8314
8315
8316
8317
8318
8319
8321
8324
8325
83255
8326
8327
8328
8329
8330
8331
83315
8332
8333
8334
8335
8336
8337
83375
8338
8339
8340
83405
8341



C

3
5

9234 FORMAT (/16HO*®ANPAY4
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SUBRCUTINE ANPAY4 (HEND)
FIND PAYMENTS IN YEAR JT FOR FINAL CLOSING DOWN OF MINE
COMMON B(99), BMAX{S), BTOT(2C)y DRES, EXDRES, RES({20,15), HB,

c1, C8, €9, DELTA3, DELTAl, DELTA2, H{20,14), HA(99),
HAENDLl, HAEND2, HAMAX(S), HBIN, HEQV{14), PAR{70,50),
G{14), OBINy R, IDENT, JTOT, JA, NA, NSA, N, NS, NMAX,
NSMAX, M, JAEND1, JAENDZ2, JAMAX(S), JTGTMX, JTOTED, JC,
JNy JTy JTHOR, JM, JMHMIN, I, IPRO, LTV

0D=Q{ NMAX)

HENR=(PAR(S64LT ) +PAR(ST LT ) %EXP (PAR(S58,LT)*QN)-PAR(STyLT))

2 *FXP(PAR(S9LT)&(PAR(4,LT}-HB))

3 *(PAR(62yLT J4PAR{60,LT) *RES{14NMAX+1))

HEND=HEND*PAR(63,LT)

IF (TPRO) 5,43,5

WRITE (649234) JTOT, NA, NSA, JA, Ny NSy JTe HEND

RETURN

NP wWwNnN

2 I3y 3H N=,13¢4H NS=,13,4H JT=,14, 4X, SHHEND=,F10.2)
END

1120,15), ¥B, TE, C1{14), C2(14), C3(14), C&{14), CS, Cb,

J‘DT=,[3U 4H NA=, l3' SH NSA='I31 4H JA=’

CUTOFF



C

C

C

c
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SUBROUTINF PRICOM

PRINT KEY VARIABLES IN COMMON OF CUTOFF AND SUBROUTINES

COMMON B(99), BMAX{S5), BTOT{20)y DRES, EXDRES, RES(20415), HB,
T(20,15), TBy TE, C1{14), C2(14), C3(14), C4l(1l4}, C5, CH,
c7, C8y C9, DELTA3, DELTALl, DELTA2, H{20,14), HA(99),
HAEND1, HAEND2, HAMAX(5), HBIN, HEQV(1l4)}y PAR{(70,50),
Gl(14), QBIN, R, IDENT, JTOT, JA, NAy NSA, Ny NSo NMAX,
NSMAX, M, JAENDl, JAEND2, JAMAX(S5), JTOTMX, JTOTED, JC,
JDy JTy JTHOR, JM, JMHMIN, I, IPRC, LT

N pswWN

WRITE (6,9101% IDENT, JTOT, JA, NAs NSA, Ny NSy, NMAXe NSMAX, M,
JAENDL1, JAENDZ, JAMAX(1), JAMAX{3)}, JAMAXI(S),
JTOTMXy, JTOTED, JCy JTy JTHOR, JM, JMHMIN, I, IPRO,
Cl1{1}, CL{NMAX), C1{14), C2(1), C2(NMAX), C3{1),
C3(NMAX)}, C4l1l), C4INMAX), C4(14), C5, Cb&, C7,
c8,y C9, B(1)y B(2)y B(99), BMAXI1l), BMAX(3), BMAXI(S),
8TOT(1), BTOT{3), BTOT(20), DELTA3

~>wpEN

WRITE(6,9102) DELTALl, DELYA2, H{lel)e H{NSMAX, 1), H{2,2),
HUNSMAX,NMAX), H{20,14), HA{1), HA(2), HA(99),
HAENDl, HAEND2, HAMAX(1), HAMAX{3), HAMAX(S5), HB,
HBIN, HEQVI1l), HEQVINMAX), HEQV(14), LT, PAR(1,1),
PAR{70,JTHOR), PAR(T70,50), Q(1l), QINMAX), Q{14),
QBIN, R, DRESy EXDRESs RES(1ly1l)}y RES(NSMAX,1),
RES(252)y RES{NSMAX,NMAX), RES(20,415), T(l,1),
TINSMAX,s1), T(2,2), T(NSMAX,NMAX), T(20,15),
T(1,NMAX+1), TBy TE

VO~NOIHWN

RETURN

9101 FORMAT (/18HO0 —STATE OF COMMON, 16, 1714,y 169 IS, 413/ 1H , TX,

2 10F10.3/ 1H » 7Xy SF10.3/ 1H 4, 7Xy 9Fll.2y F7.3)

9102 FORMAT (1H , 7X, 12F8.4/ 1H o 7Xy 8F8.4y 14y F10.3, 2F6.1/ 1lH

2 TXy 4F8.2y F7.3, 7F9.27 lH , 7X, 8F8.2)

END

9101
9102
CMNS
CMN6
CMN7
CMNB8
CMN9
CMN10O
CMN11
9112
9113
9114
9115
9116
9117
9118
9119
9120
9121
9122
9123
9124
9125
9126
9127
9128
9129
9130
9131
9132
9133
9134
9135
9136
9137
9138



~e o wed

L ®

10
12
13

14
15

16
17

18
19

20
21

22
100
101

105

9028 FORMAT {/59H0 *NO ERRORS IN INPUT DATA DETECTED,

9029 FCRMAT {/16H

~NoruvnswnNn

2
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SUBROUTINE INDATT
CHECK INTERNAL CONSISTENCY OF INPUT DATA

COMMON B(99), BMAX(S), BTOT(20), DRES, EXDRES, RES(20415), HB,
T(20,15), T8, TE, CL{14), C2114), C3{14), Ca(l4)y C5, Cb,
C7, C8y C9, DELTA3, DELTAl, DELTA2, H(20+14), HA(99),
HAENDLl, HAEND2, HAMAX (S}, HBIN, HEQV(14), PAR(70,50),

Q(14), QIBIN, Ry IDENT, JTOT, JA, NA, NSA, Ns NS,

NSMAX, M, JAENDl, JAEND2, JAMAX{S), JTOTMX, JTOTED, JC,

JOy JTy JTHOR, JMy JMHMIN, I, IPRO, LT
JA= 0
IFINMAX=14) 2,241
JA= 1
WRITE {6,49029) JA
IFINSMAX=20) 4,443
JA= 2
WRITE (6,9029) JA
IF{JTHOR-50) 646,45
JA= 13
WRITE (6,59029) JA
IF(DELTA2- DELTAL) 8,7,7
JA= 4
WRITE (6,9025) JA
IF(DELTA3- 1.) 1049,9
JA= S
WRITE (6,902%) JA
IF{JTOTMX— 20) 12,12,13
IF{JTOTMX- 3) 13,14,14
JA= 6
WRITE (6,9029) JA
IF(3- M) 16,416,15
JA= 7
WRITE (6,9029) JA
IF{PAR(T7041)- 1.00005) 18417417
JA= 8
WRITE (6,9029) JA
IF(PAR(4,1)- PAR{4,JTHNR)-0.00005) 20,19,19
JA= 9
WRITE (6,49029) JA
IF(R) 21,21,22
JA= 10
WRITE (6,9029) JA
G0 7O 130
IF{JA) 105,101,105
WRITE (64,9028}
RETURN
STOP

SELF. }

END

BUT LOOK FOR YOUR

+*ERROR OF TYPE ,13,24H DETECTED IN INPUT DATA.

CUTOFF

9141
9142
CMNS
CMN6
CMNT
CNNB
CMN9
CMN1O
CMN11
9153
9154
9155
9156
9157
9158
9159
9160
9161
9162
9163
9164
9165
9166
9167
9168
9169
9170
9171
9172
9173
9174
9175
9176
9177
9178
9179
9180
9181
918110
918111
918112
9182
9183
9184
9185
9186
9187
9188
9189
9190



C

w N

10
11
9202

~NooVvPwnNn
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SUBRCUTINE PRICAP
PRINT TABLE OF CAPITAL VALUES
COMMON B(99), BMAX(S5), BTOT(20}, DRES, EXDRES, RES(20,15), HB,
T(20,15), TH, TE, C1(14), C2(14), C3(14), C4(14), C5, C6,
c?, C8, C9, DELTA3, DELTAL, DELTA2, H{20,14), HA(99),
HAENDL, HAEND2, HAMAX(S5)y HBIN, HEQV(14), PAR(70,50),
Qt14), Q8IN, Ry IDENT, JTOT, JA, NA, NSA, Ny NS» NMAX,
NSMAX, M, JAENDLl, JAEND2, JAMAX(S), JTOTMX, JTOTED, JC,
JOy JT, JTHOR, JM, JMHMIN, I, IPRO, LT
KB=9
IF (JAEND2-KB)243,3
KB=JAEND2
WRITE (6,9202) JTOT, JM, NA, NSA, (HA(JA), JA=1,K8)
WRITE {649203) {B(JA), JA=1.,KB)
IF{ JAEND2-9) 11,11,8
00 10 KC=1,9
KA=10%KC
KB=KA+9
IF (JAEND2-KB) 4,5,5
KB=JAEND2
WRITE (649204) KCy (HA{JA), JA=KA,KB)
WRITE (6,9205) KCy (B(JA) JA=KA,KB )
IF {JAEND2-K8) 11,11,10
CONT INUE
RETURN
FORMAT (1H ,3X,SHITOT=,13, 3X, 3HIM=,12, 3X, IHNA=,I3, 3X,
4HNSA=,13/ 1HO, 16X, 3HJA=, 6X, 2H*0, 8X, 2H¥1l, 8X, 2H%*2,

8X, 2H®3, 8X, 2H¥*4, BX, 2H*5, 8X, 2H*6, BX, 2H*T, B8X, 2H%*8,

8Xy 2H¥*9/ 11HO HA(JA)=, 4Xy SHE®E= 0 410X 9F10.4)

9203 FORMAT (10H B{JA)=y 5Xy SH¥&= 0 , 10X, 9F10.2}
9204 FORMAT {11HO HA{JA)=y 4X9 2HE=412y 1Xy 10F10.4)
9205 FORMAT (10H BLJA)=y SXy 2HE&=,12, 1X, 10F10.2)

END

9201
9202
CMNS
CMN6
CMNT
CMNB
CMN9
CMN1O
CMNL 1L
9212
9213
9213
9214
9215
92155
9216
921651
921652
9217
9218
9219
9220
9221
9222
9223
9224
9225
9226
9227
9228
9229
9230
9231



[2¥zXal

PROGRAM EXRATE
OPTIMUM RATES OF PRODUCTION, QIN)
VERSION 2, 8.8.68
COMMON QMIN(14), QLI 14}, QH(L4), QMAX(14) QX
COMMON B(99), BMAX(S5), BTOT{(20), DRES, EXDRESe RES{ 20,15}, HB,
¥(20,15), TB, TE, Cl(14), C2(14), C3(14), C4(14), C5, C6,y
cr, C8, C9, DELTA3, DELTAl, DELTA2, H(20,14), HA(99),
HAEND1 , HAEND2, HAMAX (5}, HBIN, HEQVI14)y, PAR(TO0,50),
Q(14), QBINs, R, IDENT, JTOT, JA, NAy, NSA, Ny NS, NMAX,
NSMAXy M, JAEND1l, JAEND2, JAMAX(S), JTOTMX, JTOTED, JC,
JDy JT, JTHOR, JMy JMHMIN, Iy IPROe LT, IX
DIMENSION QOPT(14)
READ INPUT DATA
READ (5,9020) NMAX, NSMAX, JTHOR, DELTAl, DELTA2, DELTA3, HAENDI,
2 HAEND2, HBIN, JTOTMX, M, QBIN, R
NMAXD=NMAX+1
DO 21 NS=1,NSMAX
21 READ (5,9021) (RES(NSsN), N=1,NMAXD)
READ (5,9022) (HEQV(N), N=1,NMAX)
READ (5,9023) {Q(N)y, N=1y4NMAX)
DO 22 NS=1,NSMAX
22 READ (5y9022) (HINSsN)}, N=1,NMAX}
READ 1(5,9024) (C1l(N), N=1,NMAX)
READ (5,9024) (C2IN)4s N=1,NMAX)
READ (5,9024) (C3(N), N=1,NMAX)
READ (5,9024) (C4(N), N=1,NMAX)
READ (5,9024) C5, C6, CT74 C8,09
D0 23 LT=1,JTHOR
23 READ 15,9025) (PAR(JD,LT), JD=1,70)
WRITE INPUT DATA
WRITE (6,9030) NMAX,NSMAX,JTHOR, DELTAl, DELTA2, DELTA3, HAEND1,
2 HAEND2, HBIN, JTOTMX, M, QBIN, R
WRITE (6,9031)
WRITE (6,9090)
DO 31 NS=1,NSMAX
31 WRITE [6+¢9032) NS, (RES{NSsN), N=1,NMAXD)
WRITE (6,9033)
WRITE (649090)
WRITE (649034) (HEQV(N), N=1,NMAX)
WRITE 1649035)
WRITE (6,9090)
WRITE (6,9036) (QIN), N=1,NMAX)
WRITE (649037)
WRITE (6,9090)
DO 32 NS=1,NSMAX
32 WRITE {6,9038) NS, (H(NSyN)y» N=1,NMAX)
WRITE (6,9039)
WRITE (649041) (CL(N), N=1,NMAX)
WRITE (649042) (C2(N), N=1,NMAX)
WRITE {6,9043) (C3(N)y, N=1,NMAX)
WRITE (6,9044) (C4IN), N=1,NMAX)
WRITE (6,9045) CS, C6, C7, C8, C9
KA=-4
KB=0
41  KA=KA+S
KB=KB+5
IF{JTHOR-KB) 42,43,43
42 KB=JTHOR

~ouwnmbwnNn

EXRATE

CMN4
CMNS
CHN6
CMNT
CMN8
CMN9

CMN10
CMN11
00115

0012
0013
0014
0015
0016
0017
0018
0019
0020
0021
0022
0023
0024
0025
0026
0027
0028
0029
0030
0031
0032
0033
0034
0035
0036
0037
0038
0039
0040
0041
0042
0043
0044
0045
0046
0047
0048
0049
0050
0052
0053
0054
0055
0056
0057
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43 MWRITE (6,95046) 0058
DO 45 JT=KA,KB 0059
WRITE (649047} JT, (PAR(JDLJT), JD=1,91% 0060
N0 44 KC=1,6 0061
KD=10#*KC 0062
KE=KD+9 0063
44 WRITE (65,9048) KC,y(PAR{JDyJIT)y JD=KD,KE) 0064
45 WRITE (6,9049) PAR(T0,J4T) 0065
IF(JTHOR-KB) 46446441 0066
46 MWRITE (6,9200) 0067
C TEST INTERNAL CONSISTENCY OF INPUT DATA
CALL INDATT 00675
C INITIAL VALUES 0068
JM=0 0069
JT0T=0 0070
JTOTED=0 0071
JA=1 007150
HAtJA)= QM) 007151
T(1,1¥=1.00 0072
QOPT(1l)= Q(1) 00725
QX= QBIN 00726
C START FOR NEW TOTAL OPTIMUM 0073
3 NA=1 0074
NSA=1 0075
IPRO = 0 155
C FIND STARTING TIMES FOR NIV. AND SUBNIV.
CALL EX1 16
JM=0 87
IF(JTOT) 94,95,95 88
94 IDENT=89 89
GO TO 135 90
C FIND CAPITAL VALUE OF INITIAL GUESS 91
95 LALL CUTS 92
WRITE (6,9218) B(JA) 95
IPRO=1 96
C OPTIMIZE LAST NIV., NMAX
JA= 1 965
96 NA= NMAX 97
GO T0 130 98
C OPTIMIZE PREVIOUS NIV., NA-1l
100 NA= NA - 1 99
JM= O 100

C LOWER LIMIT = EXPANSION LIMIT
C FIND LOWER LIMITS FOR RATE

130 JA= 1 101
IXx=1 . 102
IFIJTOT) 131,140,132 103

140 IF(NA-1) 131,133,136 104

131 IDENT=105 105

135 CALL PRICOM 106
STOP 107

132 [IF(NA-1) 131,133,134 108

C FIND OPTIMUM RATE IF NA=1

133 Qx= QBIN 109
HA(1)= QOPT(1) 110
JAENDL= 1 111
WRITE (6,9225) JTOT 1115

GO TO 9 112
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C FIND LOWER LIMITS FOR RATE, CONT.

134
150

151
152
145

136

137
138
142
141

IF{QOPT(NA-1)— QMINI{NA)}) 150,151,151
QX= QOPT(NA-1)

GC TD 152

QX= QMIN(NA)-DELTAl

WRITE (6,49223) JTOT,NA
QINA-1)= QX

HA(1)= QX + DELTA2
JAENN1= O

JAEND2= 1

GO TO0 9

QX= Q{NA-1)+2¢DELTAL
WRITE (649223) JTOT,NA
QX= QX - 2. * DELTAL
IF(QX-DELTA2) 142,141,141
QX= DELTA2

Q{NA-1)= QX

HA(1)= QX + DELTA2
JAENDL= O

JAEND2= 1

GO T0 9

C FIND CPTIMUM RATE OR OPTIMUM LOWER OR UPPER LIMIT. FIRST APPROX.

200

220

C
300

C GO
304
C GO
305
306

307

CALL EX2
GO YO (9,220), 1
WRITE (6,9201)
CALL PRICAP
CALL EX3
SECOND APPROX.
CALL EX4
GC TO {9,304),1
TQ CONSISTENCY TEST OF LOWER (305) AND UPPER (3103 LIMITS
GO TO (305,310), IX
TO 920 VIA 510 If NA=1 FOR DECISION ON NEW GPTIMIZATION
IFINA-1) 306,510,307
INENT= 1312
GO TO 135
IF(QINA)- Q(NA-1)) 308,309,309

C LOWER LIMIT NOT ACCEPTED - TRY AGAIN

308

303

WRITE (649222) JTOT,NA,IX,QX,QI(NA)
IF(QX— 1.5 * DELTA2) 309,309,303

M= 0

JA= 1

QX= QX~- DELTAl
GO 7O 138

C LGWER LIMIT ACCEPTED — FIND UPPER LIMIT (510)

309

310
311

312

QLINAY= C(NA)

GO T0O S10

IF(NA-1) 311,319,312

IDENT= 1324

GO TO 135

IF{Q(NA)~ QINA-1)) 319,319,313

L UPPER LIMIT NOT ACCEPTED - TRY AGAIN

313

WRITE (649222) JTOT,NA,IX,QX,Q(NA)
JM= 0

JA= 1

QX= QX+ DELTAl

GO 1O 518

C UPPER LIMIT ACCEPTED

EXRATE

113
1131
1132
1133
1134
114
115
116
117
118
119
1195

121
122
123
124
125
126
127

128

1301
1302
1303
1304

1307
13095

1310

1311
1312
1313
1314

1315
1316
1317
1318
1319
1320

1321
1322
1323
1324
1325
1326

1327
1328
1329
133
134
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319 QH(NA)= QINA) 135
C - FIND OPTIMUM LIMITS FOR KEEPING RATE UNCHANGED
CALL EX7 136
C DECIDE ON NEW NIV. TO OPTIMIZE
GO TO 100 139
C CHECK FOR PRACTICAL CONSTRAINTS
9 IF(JA-93) 5,5,4 140
4 IDENT= 141 141
GO T0 135 142
5 IF(HAULJA) — HAEND2) 7,4,4 143
7 IF{HACUJA) — HAEND1) 4,4,8 144
8 Q{NA)= HA(JA) 145
C DECIBDE FUTURE OPTIMUM RATES
CALL EX6 146
C FIND STARTING TIMES FOR NIV. AND SUBNIV.
CALL EX1 147
C COMPUTE CAPITAL VALUE OF FUTURE MINING {=0F REMAINING NIVS.)
400 CALL CUTS 150
I1PRO= 1 153
C DECIDE ON NEXT STEP ACCORDING TC VALUES OF JTOT, JM, JA, NA, IX
IF(JTOT} 401,402,403 154
402 IF(JM) 401,410,300 155
403 IF(JM) 401,200,300 156
401 IDENT= 157 157
GO TO 135 158
410 1IF{JA-M) 411,415,200 159
411 IF{JA-1) 401,200,415 1600
415 IFINA-1) 41692004420 1601
416 IDENT= 1602 1602
GO TO 135 1603
420 IF{BLJA) - B(JA=1)) 430,430,200 1604
430 IF(QX— 1.5 ® DELTA2) 200,200,431 1605
431 JA= 1 1606
GO TO (137,517), IX 1607

C UPPER LIMIT = CONTRACTION LIMIT
C FIND UPPER LIMITS FOR RATE

510 1Ix= 2 1608
JM= 0 16085
JA= 1 1609

C OPTIMIZATION COMPLETED IF NA=l. DECIDE ON NEW OPTIMIZATION IN 920
C VIA 520 OR 512

IF{(JTOT) 511,520,512 1610
511 IDENT= 1611 1611
GO TO 135 1612
520 IF(NA-1) 511,920,516 1613
512 [IF{NA-1) 511,920,514 1614
514 IF{QDPTINA-1)—- QMAXINA)) 521,521,522 1615
521 QX= QMAX(NA)+DELTAl*4 16151
GO TO 523 16152
522 QX= QOPTINA-1) 16153
523 QINA-1)= QX 1616
HA{1)= QX— DELTA2 1617
JAEND1= 1 1618
WRITE (6,9224) 16185
GO Y0 9 1619
516 Qx= QL (NA) 1620
WRITE (649224} 16205

517 QX= QX¢ 2., * DELTAL 1622
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518 Q(NA-1)= QX 1623
HAU1)= QX- DELTA2 1624
JAENDL1= 1 1625
GO0 TQ 9 1626

C DEFINE OPTIMUM AND DECIDE ON NEW OPTIMIZATION

920 JTOT= JTOT + 1 1627
QOPT{1)= Q1) 1628
CALL EX6 1629
JA= 95 1636
BYOT(JTOT)= B8(1) 164
WRITE (6,9211) JTOT,JTOT,BTOT(ITOT) 1645
WRITE 1(6,9220) JTOT 165
DO 925 N=2,NMAX 166
COPTIN)= CQI(N) 1665

925 WRITE (659221) NyQMININ) ,CMAXIN) 4QLIN), QHINY 167

C OPTIMIZE AT LEAST 3 TIMES 0168
IF (JTOT-2% 3,3,930 01685
C OPTIMIZE ONCE MORE IF LAST INCREASE IN CAP. VAL. WAS GREAT,0R STOP 0169

930 IF (BTOT(JTOT)-BTOT(JITOT—-1)-DELTA3*BTOT{UTOT-1)) 960,960,940 0170

940 IF (JTOT-JTOTMX) 3,960,960 0171

960 JTOTED=JTOT o172
NA=] c173
IPRO=0 0175

C FIND STARTING TIMES FOR NIV. AND SUBNIV. IN LAST OPTIMUM 0176
CALL EX1 177
JM=0 0180

C COMPUTE AND SPECIFY CAPITAL VALUE OF LAST OPTIMUM 0182
CALL CuUTS 0183
WRITE (649218) BlJA) 01855
WRITE (6,9217) (JTOT,BYOV(JYOT), JTOT=1,JTOTED) 0186
sTOP 0187

9020 FORMAT (213,14y2FT7.2yF6a342FTe29FTe44213,F7.2,F6.3) 0188

9021 FORMAT (11F7.2/4F7.2) 0189

9022 FORMAT (11F7.4/3F7.4) 0190

9023 FORMAT (11F7.2/3F7.2) 0191

9024 FORMAT (9F8.3/5F8.3} 0192

9025 FORMAT (8(8F9.3/), 6F9.3) 0193

9030 FCRMAT (32H1 OPTIMUM RATE OF PRODUCTION //13H *INPUT DATA/ 0195

2 114 % NMAX=,13, 9H NSMAX=, 13, 9H JTHOR=, 4/ 0196
3 13H * DELTALl=y F7.2, 0197
4 104 DELTA2=, F7.2410H DELTA3=, F6.3, 10H HAEND1=, 0198
5 F7.2, 10H HAEND2=, FT.2, 8H HBIN=,y F7.4, 0199
6 10H JTOTMX=,13/7 8H & M=, [3, BH QBIN=y F7.2, 0200
7 SH R=4F 6. 3) 0201
9031 FORMAT (/68H0 *EQUIV CUMUL. ORE RESFRVE MT TO BE EXTVTR. BEFORE (NS, 0202
2N)Yy RESINS,N} ) 0203

9032 FORMAT (1H ,11X, 12, 1Xy 15F7.2) 0204

9033 FORMAT {/34HO0 =GRADE OF EQUIV RESERVE, HEQVIN}) 0205

9034 FORMAT (15H leeo NSMAX 414F7.4) 0206

9035 FORMAT (/29H0 &ANNUAL PRODUCTIGN MT, QIN)) 0207

9036 FORMAT (15H leee NSMAX , 14F7.2) 0208

G037 FORMAT (4]1H1 *INITIAL CUT-OFF (MEAN) GRADES HINS,N) ) 0209

G038 FORMAT (1H 411Xy 12y 1Xy 14F7.4) 0210

9039 FORMAT (/36HO *0ORE RESERVE CONVERTING PARAMETERS/ 0211

2 28H 1. DEPEND OF NIV, C-(N) / BHO = 94X 9 LHLyTX 9 1H2,y 0212
3 TXyLH3 9 TXy LHGy TXy LHS 3 TXy LHOy TX9 LHT o TX9 IH B3 TX¢1H9 46Xy 2H10, 0213
4 6X92H11ly 6X92H12 96X 42H1346X,2H14) 0214

9041 FORMAT (8BH C1l(N)=,14F8.3) 0215



9042 FORMAT
9043 FORMAT
9044 FORMAT
9045 FORMAT
2
9046 FORMAT
9047 FORMAT
2
3
9048 FORMAT
9049 FORMAT
G090 FORMAT

2

3

4
9200 FORMAT
9201 FORMAT

9211 FORMAT (/19HO**TOTAL OPTIMUM NR,

2
9217 FORMAT

3

4
9218 FCORMAT
9220 FORMAT

2(N) TO
9221 FORMAT
9222 FORMAT

2NA)
9223 FORMAT

ARFE RESP

304

(8H C2(N)=,14FB8.3)
(8H C3{N)=,14FB.3)
{8H C4(N)=,14F8.3)
(24H0 2. INDEP. OF NIVy C~/1HO47X43HC5=4F9,3,3X,3HCO=,
FOe333Xy3HCT=9F9.343X, IHCB=yFF.3,3Xs3HCI=,F9.3)

(49H1 *=ANNUALLY CHANGING ECONOMIC PARAMETERS, PAR(JD))
(1HO, 16Xy, 3HJID=,6X,2H*0,8X, 2H®1, BX, 2H®2, B8X, 2H%*3,

8X, 2H*4, 8X, 2H%*5, 8x, 2H*6, BX, 2H*7, 8X, 2H®8, BX,

9H YEAR o413, 3X, SH#= 0 5 10X, 9F10.3)

(1H » 17Xy, I1ly 1Xy 10F10.3 )

(LH 4 17X, 2HT ,F10.3)

(1HO, 11X, BHET., N= 1, 6X, 1H2,y 6Xy 1H3, 66Xy LH4, 6Xy 1HS,

6Xy 1H6, 6X,y 1HT, 6Xs 1HB, 6Xy 1H9y SX, 2H10, 5X, 2H1ll,

5Xy 2H12, 5X, 2H13, 5X, 2Hl4, 4X, 4H(15)/ 14H SUBNIV NS=
)

(l4H1**0UTPUT DATA, 10X,
(/53HO*«CAPI TAL VALUE B(JA)

13,

2H%9/

3HAND/ 12H
AT RATE HA(JA).
3)(. 5HJTOT=' l3’

=TEST DATA}

FIRST APPROX.])
3Xe
L1HBTCT(JTOT)=¢yF10.2)
{/743H0%**RECORD COF TOTAL OPTIMA,

8(13, L1Hy,F10.2V¥/

IH +3X, 8(I341H+,F10.2)/

1H +3X, 4(13,1Hy4F10.2)})
(4SHO**CAPITAL VALUE GF INITIAL GUESS OR NEW OPT LF10.2)
(783H0%%0PTIMUM RATES. CHANGE FRCM QUTSIDE QMIN(N) AND QMAX

QL(N) AND QHIN). JTOT= ,LI3/)

(6H N= 913929%XsFT7 245X 9FTe203XsFTe2¢3X4F7.2)
(68HO**QL(NA) OR QHINA) WRONG WHEN JTCT, NA, IX,

1313,2F7.2,23H NEW TRIAL IF QX LARGE )

s I3,5H. NA=,113/)

JTOT. BTOTUJTCTI/LIH 4 3X,

QXs AND Of

{ 30HL#*FIND EXPANSION LIMIT. JTOT=

9224 FORMAT [ 25H =*FIND CONTRACTION LIMIT / )

9225 FORMAT
END

{27HL**FIND OPTIMUM RATE. JTOT= ,13,7H. NA= 1/}

0216
0217
0218
0219
0220
0221
0222
0223
0224
0225
0226
0227
0228
0229
0230
0231
0232
0234
0235
0240
0241
0242
0243
2432
2433
2434
2435
2436
2437
2438
2439
244
245
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SUBROUTINE CUT11
CUTS
ANPAY1
ANPAY2
ANPAY3
ANPAT4
INDATT

These subroutines are, excepting COMMON, identically the same
in EXRATE end CUTOFF. Therefore, see CUTOFF.



c

~ v wWN

10

11
14

20

21

25

26
27
29
33

35
36

40

41

45

46
47
49
50

9214 FORMAT (/100HO*+EQUIVALENT (DRES) AND MINABLE (EXDRES) ORE IN SUBN

2
3
4
9215
9216
2
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SUBROUT INE €X1
FIND STARTING TIMES FOR NIVS. AND SUBNIVS.
COMMON QMIN(14), QL(14), QHU14), QMAX(14),QX
COMMON B(99), BMAX(5), BTOT(20), DRES, EXDRES, RES(20415), HB,
T(20415), TBy TE, Cl(14), C2(14), C3[14), C4(14), C5, C6y
C7, C8y C9y DELTA3, DELTAl, DELTA2, H{20s14)y HA(99),
HAENDly HAEND2, HAMAX(5), HBIN, HEQV(14), PAR(70,50),
Q(14), QBIN, R, IDENT, JTOT, JAs NA, NSA, Ny NS, NMAX,
NSMAX, M, JAENDl, JAEND2, JAMAX(S), JTOTMX, JTOTED, JC,
JDy JTe JTHOR, JM, JMHMIN, I, IPRO, LT, IX
N=NA
IF (IPRO) 14,11,14
WRITE (649214) JTOT, JT
DO 29 NS=NSA,NSMAX
IF (NS-NSMAX) 25,21,20
IDENT=1017
CALL PRICDM
STOP
DRES=RES({1yN+1)-RES(NS,N}
CALL CuT1
TOlyN+1)=TINS,N)+EXDRES/Q(N)
G0 TO 26
DRES=RES{NS+1 s N)—RESINS,N)
CALL CuTll
TINS+#1sNI=TINS,N)+EXDRES/QIN)
IFCIPRO) 29427,29
WRITE (649215) N¢NS,HEQVIN) yDRES,EXDRES+ TINS,N) ,Q(N)
CONTINUE
IFINA-NMAX) 35,50,33
IDENT=1031
CALL PRICOM
stop
NAD=NA+1
DO 49 N=NAD, NMAX
D049 NS=1,NSMAX
IF (NS—NSMAX) 45,41 ,40
IDENT=1037
CALL PRICOM
STOP
DRES=RES(1yN+1)~RESINS,N)
CALL cuTll
TOLeN+1)=TUNS,NI+EXDRES/CIN)
GO TO 46
DRES=RES(NS+1 4N)-RES (NS, N)
CALL CuTll
TINS#14N)=TINS,N)}+EXDRES/QIN)
IF (IPRO} 49,47,49
WRITE (6,9215) NyNS,HEOQOVIN) yDRES+EXDRES+TI{NSsN} s Q(N)
CONT INUE
WRITE (6,9216) T(1,NMAX+1), JA, HA{JA), QX
RETURN

IVy STARTING TIMES (T(NS,N} AND RATES (Q(N}} /1H ,3X, SHITOT=,

13y 33Xy 3HJIT=,1&/1HOy 21X y1HN, 44Xy 2HNS, 3Xe THHEQVIN) +7X,

4HDRES ¢ SXy 6HEXDRES, 3Xy THT(NSyN), 3X, THQIN) )
FORMAT (1H ,19X,I3, 16y F10.4,2F11.2, F10.2, F10.2)
FORMAT (13H **MINE LIFE=, F10.2, 11H WHEN JA=, 13,
10H HA(JA)=, F10.2, 10H AND QX= 5 F10.2)

1001
1002
CMN4
CNNS
CHNG
CHNT
CANS
CMN9
CHNL O
CMN11
1012
1013
1014
1015
1016
1017
1018
1019
1020
1021
1022
1023
1024
1025
1026
1027
1028
1029
1030
1031
1032
1033
1034
1035
1036
1037
1038
1039
1040
1041
1042
1043
1044
1045
1046
1047
1048
1049
1050
1051
1052
1053
1054
1055
1056
1057
1058
10585
1059



20
21

40
200
201

2011
2012

202
203

204

205
230

231

210
211

212

213
214

215

232
234
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SUBROUT INE EX2

FIND NEW TRIAL RATE IN ACTUAL NIV. IN FIRST APPROX.

COMMON QMIN(14), QLI{14), QH(14), QMAX(14),QX

COMMCN B(99), BMAX(S), BTOT(20), DRESy EXDRES, RES{20,15), HB,
T(?20,15), 7B, TE, Cl{14), C21{14), C3{14), C&ll4%), CS, C6,
c?, C8, C9, DELTA3, DELTAl, DELTA2, H(20,14), HA(99),
HAENDLl, HAEND2, HAMAX(S), HBIN, HEQV(14)}, PAR{70,50),
Q{14), QBIN, R, IDENT, JTOT, JA, NA, NSA, Ny NS, NMAX,
NSMAX, M, JAEND1l, JAEND2, JAMAX(S5), JTOTMX, JTOTED, JC,
JDy JT, JTHOR, JM, JMHMIN, I, [PRO, LT, [X

IF{NA-1) 20,200,40

IDENT= 20113

CALL PRICOM

sTOP

GO TO (210,200), IX

IF (JAEND1-(M+1)) 201,202,202

IF (JAa-1) 203,2011,2012

CONTINUE

JA=JA+1

HA(JA)=HA{JA-1)-DELT AL

JAENDL=JAEND 1+1

I=1

RETURN

IF (JA-JAEND1) 203, 204,210

IDENT=2021

CALL PRICOM

STOP

JCD=JA-(N-1)

DO 205 JC=JCD,JA

IF (8(JC)-B(JC~-1)) 205,2012,2012

CONT INUE

IF{NA-1) 230,231,232

IDENT= 202821

CALL PRICONM

sSTOP

JAEND2=JAENDL +1

JA=JA+]

HACJA)=HA(1)+DELTAL

=1

RETURN

IF (JAEND2-JAEND1-M) 211,212,213

JA=JA+1

HA(JA)=HA(JA~-1)+DELTAL

JAEND2=JAEND2 ¢#1

1=1

RETURN

JCO=JA-(M-2)

IF (BLJA-(M-1))-B(1)) 214,211,211

JCD=JA-(M-1)

00 215 JC=JCDsJA

IF {(8{JC)-BLIC-1)) 215,211,211

CONT{NUE

GO YO 234

JAEND2= JAENOL

=2

RETURN

END

NS wWwN

EXRATE

2001
2002
CMN&
CMNS
CMN6
CMNT
CMN8
CMN9
CMN10
CHMNLI
20112
20113
20114
20115
20116
2012
2013
2014
2015
2016
2017
2018
2019
2020
2021
2022
2023
2024
2025
2026
2027
202820
202821
202822
202823
20285
2029
2030
2031
2032
2033
2034
2035
2036
2037
2038
2039
2040
2041
2042
2043
2044
20444
20445
2046
2047
2048



C

220
221

230
231

232
201
202
233

234
235
236

205
206
210
240
251

242

246
248
250
255
260
261

262
263

~rWneSwnN
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SUBROUTINE EX3

FIND 1 TO 5 MAXIMA IN FIRST APPROX

COMMON QMIN(14), QLI14), QH{(14), QMAX{14),QX

COMMON B({99), BMAX{S), BTOT{(20), DRES, EXDRES, RES{20,15), HB,
T(20415)y TBy TE, Cl{14), C2(14), C3(14), C4(1l4), CS5, C6,
CT?, C8y C9, DELTA3, DELTAl, DELTA2, HI20414)s HA{99),
HAEND1, HAEND2, HAMAX(S), HBIN, HEQV{(14)}, PAR{70,50),
Q(14), QBIN, Ry IDENT, JTOT, JAs NAy NSA, Ny NS, NMAX,
NSMAX, M, JAENDLl, JAEND2, JAMAX(S}, JTOTMX, JTOTED, JC,
JOs JT, JTHOR, JM, JMHMIN, I, (PRO, LT, IX

JAMAX(1)}=1

DO 221 JUM=2,5

JAMAX(JM) =0

JM=1

DO 236 JA=2,JAENDI

IF (B(JA)-B(JUA-1)) 236,230,230

IF (JAMAX{JM)-JA#]1) 232,235,231

IDENT=3018
CALL PRICOM
sToP

IFINA-1} 231,202,201
IF(IM-5) 234,233,231
IF(IM=-3) 234,233,231
WRITE (649012} JM, JTOT, NA, NSA, JA
JAMAX3=JAMAX (3}
IF (BUJA)-B(JAMAX3 )} 2364235,235
JM=JM+1
JAMAXJM)=JA
CONTINUE
JMHM IN=JM
IF(NA-1) 231,210,205
GO TO (210,206), IX
JMHMIN= 1
GO TO 270
JAD= JAEND1+ 2
IF(BUJAENDL+1)-Bl 1)) 25542554240
IF  (JAMAX(1)-1) 241+242,250
IDENT=3032
CALL PRICOM
sTopP
JAMAX{1)=JAEND1+1
DO 246 JA=JAC,JAEND2
IF{B(JA)I-BlJUA-1)) 248,248,246
JAMAX{11=JA
G0 T0 270
JAD=JA+1
Ga TO 255
JM=JM+1
JAMAX(JM)=JAEND1+1
D0 266 JA=JAD,JAEND2
IF (BUJA)-BIJA-1)) 266,266+ 260
TIF(JAMAX(IM)— JA +1) 262,265,266

IDENT=3047
CALL PRICOM
sTOP

IF (JUM=5) 264¢263,261
WRITE (6,9012) JM, JTOT, NA, NSA, JA
JAMAX5=JAMAX (5)

3001
3002
CMN4
CMNS
CMN§
CMNT?
CMN8
CMNS
CMNLO
CMN11}
30115
3012
3013
3014
3015
3016
3017
3018
3019
3020
30204
30205
3021
3022
3023
3024
3025
3026
3027
3028
30284
30285
30286
30287
3029
3030
3031
3032
3033
3034
3035
3036
3037
3038
3039
3040
3041
3042
3043
3044
3045
3046
3047
3048
3049
3050
3051
3052
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IF {B{JAY-BLJUAMAXS)) 266,266,265
264 JN=JM+]
265 JAMAXL UM} =JA
266 CONTINUE
270 DO 274 JM=1,5
TF (JAMAX(IMY) 271,272,273
271 IDENT=3059
CALL PRICCM
STOP
272 BMAX{JM}=0.
HAMAX{JM)=0.
GO TO 274
213 JA=JAMAX UM}
BMAX(JM) =B JA)
HAMAX (JM)}=HA{ JA}
274 CONTINUE
WRITE (6,9207) JTOT, NA, NSA, (HANMAX(JUM}, UM=1,5), (BMAX(JM}, JM=

2 1,5}
JM=0
JA=0
RETURN
9012 FORMAT (/18HO®&MULY MAX IN JM=,12, 10X, SHITOT=, I3, 3X, 3HNA=,13,
2 3X. 4HNSA=' l3' 3X1 3HJA='I3’

9207 FORMAT {/23HO®*OPTIMA FIRST APPROX./ 1H , 3X, SHJTOY=, I3, 3X,
2 3HNA=, 13, 3X, 4HNSA=, I3/ 1HO, 16Xe 3HJIM=, 16Xy 1Hl,s 9X,
3 1H2, 9X, 1H3, 9Xs lH4, 9Xs 1HS/ 1H , 3Xy L1OHHAMAX(JIM)}=,
4 16Xy SF10.27 1H o 3X, SHBMAX{IM)}=y 17X, S5F10.2/)
END

EXRATE

3053
3054
3055
3056
3057
3058
3059
3060
30605
3061
3062
3063
3064
3065
3066
3067
3068
3069
3070
3071
3072
3073
3074
3075
3076
3077
3078
3079



301

303

305

308
3092

309
3091

310
311
312

313
314
315

316
317

318
319

320

321
322

~oVPpwnN
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SUBRCUTINE EX4

FIND NEW TRIAL RATE IN ACTUAL NIV. AND MAXIMUM IN SECOND APPROX.

COMMCN OMIN{14), QL(14), QH(14), QMAX(14),QX

COMMCN B{99), BMAX{5), BTOT(20), DRES, EXDRES, RES{20,15), HB,

T(20,15)y TBy TE, Cl{14}, C2(14), C3{14)}, C4l14), CS5, C6,
C7, C8y C9, DELTA3, DELTAl, DELTA2, H{20,14}, HAL99),
HAEND1, HAEND2, HAMAX(S5), HBIN, HEQV{14), PAR(T70,50),
Q(l4), QBIN, R, IDENT, JTOT, JA, NA, NSA, N, NS,
NSMAX, M, JAENDl, JAEND2, JAMAX(S), JTOTMX, JTOTED, JC,
JDy JTy JTHOR, JM, JMHMIN, I, IPRO, LT, IX

IF(JA) 303,301,308

JM=JM+ 1

IF (JAMAX(JM)) 303,340,305

IDENT=4015

CALL PRICOM

sTOP

HA {1 )=HAMAX [ JM)

Bl 1)=BMAX( JM)

JA=1

JAENDLI=1

IF (JAEND1-3) 309,310,310
IDENT=4011

CALL PRICOM

GO T0 320

If (JA-13) 3091,3092,3092
JA=JA+1
HA(JA)=HALJA-1 )-DELT A2
JAEND1=JAEND 1+1

I=1

RETURN

IF (JA-JAEND1) 312, 311,322
IF (HA{JA-1}) 312, 318,313

IDENT=4018
CALL PRICOM
sTop

IF (B(JA)-B(JA~1)) 314,309,309
If (B{JA-1)-B(JA-2)) 315,316,316
JA=JA+3
HA(JAY=HA{JA-3)-3.%DELTA2
HA(JA-1)=0.
JAEND1=JAENC1 43
=1
RETURN
IF (BMAX(JM)-B(JA-1}) 317,317,309
HAMAX (JM)=HA{JA—-1)
BMAX(JM)=B(JA-1)
G0 TO 309
IF (B(JA)-BUJA-31}) 320,319,319
JA=JA-3
JAEND1=JAEND1-3
GO YO 309
JAEND1=JAEND1-3
DO 321 JC=1,3

JA=JAENDL +JC

INDE X=4-JC

HA{JA)=HACUINDEX)
B{JA) =B { I NDEX)
IF (HA(JA-11) 323,330,324

4001
4002
CMN4
CMNS
CMN6
CMN7
CMNB
CMN9
CMN1O
CMN11
4012
4013
4014
4015
4016
41165
4017
4018
4019
4010
4011
401101
401102
401103
401104
401105
4012
4013
4012
4015
4016
4017
4018
4019
4020
4021
4022
4023
4024
4025
4026
4027
4028
4029
4030
4031
4032
4034
4035
4036
4037
4038
4039
4040
4041
4042
4043
4044



323

324
325
326

3272

327
zn

328
329

330
i

338
339

340
341

342

345

346
347

348

9206
9208
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IDENT=4045

CALL PRICOM

svoe

IF {B8{JA)-BlJA-1)) 325,327,327
IF (B(JA-1)-BlJA-2)) 326,328,328
JA=JA+3
HA{JA)Y=HA{JA-3)+3 . %¥DELTA2
HA{JA-1)=0.

1=1

RETURN

IDENT=4055

CALL PRICOM

GO Y0 338

IF (JA-20) 3271, 3272,32172
JA=JA+]

HA{JA)=HA(JA~1)+DELTA2

I=1

RETURN

IF (BMAX{JM)-B(JA—-1}) 229,321,327
HAMAX(JM)=HA(JA-1}
BMAX{JM)=B(JA-1)

GO T0 327

IF (BUJA)-B(JA-3)) 338,331,331
JA=JA-3

GO TO 327

JAEND2=JA-3

WRITE (649206}

CALL PRICAP

IF {JM-5) 301,342,341

IDENT=40T74
CALL PRICOM
sTaep

Q(NA )= HAMAX(JMHMIN)
B{1) =BMAX ( JMHMIN)
DO 348 JM= 1,5
IF (JAMAX{JM)) 345,348,346
IDENT=4081
CALL PRICOM
sTap
IF {B(1)-BMAX(JM)) 347,34E,348
QINA)= HAMAX (JM)
BE1)=BMAX{ M)
CONT INUE
WRITE (6,9208) NA,Q{(NA),B(1)
JA= 95
HA(JA)= C(NA)
[=2
RETURN

FORMAT (/53HO*®CAPITAL VALUE B(JA) AT RATE HA{JA). SECOND APPROX.)

FORMAT {/36HO«*DPTIMUM SECCND APPROX.
2 22H. CORRESP. CAP. VALUE, F10.2/1H1)

FND

Q(NA)= 0(112. 2H’='F1-2'

EXRATE

4045
4046
4047
4048
4049
4050
4051
4052
4053
4054
4055
4056
4057
4058
4059
4060
4061
4062
4063
4064
4065
4066
4067
4068
4069
4070
4071
4072
4073
4074
4075
4076
4077
4078
4079
4080
4081
4082
4083
4084
4085
4086
4087
4088
408849
40885
4089
4090
4091
4093
4094
4095



C

10

15
20

30
40
60
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SUBROUTINE EX6

FIND OPTIMUM RATES IN REMAINING NIVS., GIVEN RATE IN ACTUAL NIV,

CCMMCN QMIN{14), QL{14), QH(1l4)y, QMAX{14),QX

COMMON B{99), BMAX{S), BYOT{20), DRES, EXDRESs RES(20,15), HB8,
T(20,15), T8, TE, Cl(14), C2014), C3(14), C4(14), C5, Cb6,
c7, C8, C9, DELTA3, DELTAl, DELTA2, H(20,14), HAL99),
HAEND1, HAEND2y HAMAX{S), HBIN, HEQV(14)y PAR(70,50),
Q{14), QBIN, Ry IDENT, JTOT, JAy, MA, NSA, Ny NS, NMAX,
NSMAX, M, JAENDl, JAEND2, JAMAX(5), JTOTMX, JTOTED, JC,
JDy JTe JTHOR,; JMy JMHMIN, I, IPRO, LT, IX

IF{NA~-NMAX) 2,60,1

IDENT= 6012

CALL PRICOM

sTop

NAD= NA+ 1

00 40 N= NAD,NMAX

IF(QIN-1)- QMIN{N)) 10,10,15

QI(N)= QL(N)

GO TC 40

IFEQI(N-1)- QMAXIN)) 20,30,30

QINI= QIN-1)

GO YO 40

QIN)= QHIN)

CONT INUE

RETURN

END

6001
6002
CMN4
CNNS
CMNG
CNNT
CMNS
CMN9
CMN10
CMN11
6012
6013
6014
6015
6016
6017
6018
6019
6020
6021
6022
6023
6024
6025
6026
6027



10
11

20
QX

30

35
50

51

60

70

75

80
-3 8
82

90

95

100
200

~ocuwmbuwn
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SUBROUTINE EX7

FIND CPTIMUM LIMITS FOR KEEPING RATE UNCHANGED

COMMON QMIN{14), QLU14), QH(14), QMAX(14),QX

COMMON B1(99), BMAX{S5), BTOT{20), DRES, EXDRES, RES(20,15), HB,

T(20,15), V8, TE, Cl(14), C2(14), C3{14), C4(14)s CS, Cé6,
CT7, C8, C9, DELTA3, DELTAl, DELTA2, H{20,14)y HA(99),
HAENDl, HAEND2, HAMAX(S), HBIN, HEQVI14)}, PAR({70,50),
Q{14), QBIN, R, IDENT, JTOT, JA, NAs NSA, Ny NS, NMAX,
NSMAX, M, JAEND1, JAEND2, JAMAX(S), JTOTMX, JTOTED., JC,
JOs JTy JTHOR, JM, JMHMIN, I, IPRO, LT, IX

WRIYE (6,+9220)

YSIGN= 1.

HYL= QLINA)

Q(NA-1)= HYL

B{99)= 0.

CINA~-1)= Q(MNA~1)~ DELTALl#® YSICN
IF{Q(NA-1)) 40,40,11
Q{NA)= QINA-1)

JA= 1

CALL FXé6

AND HA(JA) FOR OUTPUT IN EX1
QX= Q(NA-1)

HA(JA)= GC(NA)

CALL EX1

CALL CuTts

GO TO (30435460,70), JA
QINA)= HYL

JA= 2

GC 10 20

IF{B{1)- B(2)) 40,540,410
CINA-1)= Q(NA-1 )+ DELTALl® YSIGN
QINA-1)= Q(NA-1)— DELTA2#% YSIGN
IF(QINA-1)) 95,95,51
QINA)= Q(NA-1}

JA= 3

GO T0 20

QINA)= HYL

JA= 4

GO YO 20

B{98)= B{(3)- B{4)
IF{B8(98)) 80,80,75

B(99)= B(98)

B(93 )= B(3)

GO Y0 SO

IF(YSIGN) 210,82,81
IF(8(98)+ B(99)}) 100,90,90
IDENT= T049

CALL PRICOM

sTOP

QMININA)= C(NA—-1)

B(11)= B(3)}

GO TO 200

QMIN{NA) = DELTA2

B(1l1l)= -0.

GO TO 200

QMININA)= Q(NA-1)+ DELTA2
B(ll)= B(93)

YSIGN= ~-1.

EXRATE

7001
7002
CMN%
CMNS
CMN6
CMNY
CMNS
CMN9
CMN1O
CMN11
7012
7013
7014
7015
7016
7017
7018
7619
7020
7021

702151
702152
7022
7025
7028
7029
7030
7031
7032
7033
7034
7035
7036
7037
7038
7039
7040
7041
7042
T043
T044
7045
T046
T047
7048
T049
7050
7051
7052
7053
7054
705431
705432
705433
7055
7056
7057
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HYL= QH{NA) 7058

GO TC S 7059

210 IF(B{(98)+ B(99)) 230,220,220 7060
220 QMAXINA)= QINA-1) 7061
B8(21)= B(3) 7062

G0 TO 250 7063

230 OQMAX{NA)= Q(NA-1) - DELTA2 T064
B(21)= B(93) 7065

250 WRITE (649219) JTOT,NAsQMININA) sQMAXUNAY s QLINA)  QHINA) ,B(11),B8(21) 7066
C CAPITAL VALUES AT LAST POINT WHERE NO CHANGE OF RATE OCCURS 7067
RETURN 7068

9219 FORMAT ( 80HO®*OPTIMUM RATES. CHANGE FROM OUTSIDE QMININA) AND QMA 7069
2X(NA) TO QLINA) AND QHINA) /1HO, 3XySHITOT=, 139 3Xy3HNA=,13,17X, 7070
IFTe296XsF Ta294XoF Te 294X9FT.2/1H043X42BHCORRESPONDING CAPITAL VALUE 7071

4S  ¢4X9sF1l0.2¢43X%X,F10.2+3X, SHAT LINITS ) 7072
9220 FORMAT ( 82HO=*#FIND OPTIMUM LIMITS FOR KEEPING RATE UNCHANGED. QX= 7073
2QMIN{NA) AND QMAX{NA) RESP. /) 7074

END 7075



315 EXRATE

SUBROUTINE PRICOM 9101

C PRINT KEY VARIABLES IN COMMON OF EXRATE AND SUBROUTINES 9102
COMMCN QMIN{14), QLILl4), QH{14), QMAX{141,QX CMN4

COMMON B(99),y BMAX(S), BTOT( 20}, DRESy EXDRESy RES(20415), HB, CMNS

2 T{20415), TB, TE, Cl{14), C2(14), C3( 14}, C4(14), C5, C6, CMN6

3 C7, C8, C9, DELTA3, DELTAl, DELTA2, H(20,14)¢ HA{99), CMNT

4 HAENDly HAEND2, HAMAX(S5), HBINs HEQV(14), PAR(T70,50), CMN8

5 Q(14), QBINy Ry IDENT,s JTOT, JAs NA, NSA, Ny NS, NMAX, CMN9

6 NSMAXy M, JAEND1l, JAEND2, JAMAX(S), JTOTMX, JTOTED, JC, CHMNlO

7 JDy JTy JTHOR, JM, JMHMIN, 1, IPRO, LT, IX CMN11

c 9112

WRITE(6,9101) IDENT, JTOT, JA, NA, NSA; Ny NS, NMAX, NSMAX, M, 9113

2 JAENDLl o JAEND2 , JAMAX(1)y JAMAX (3}, JAMAX(5), 9114

3 JTOTMX, JTOTED, JC, JTe JTHOR, JM, JMHMIN, I, IPRO, 9115

4 Cl(l)y CLINMAX)y Cll14), C2{(1), C2(NMAX)es C3(1), 9116

5 C3(NMAX) , C4(1), C4INMAX), C4(14), C5, C6. CT, 9117

6 cs, C9, B8(1), B(2), B(99), BMAX(1), BMAXI(3), BMAX(S5), 9118

7 BTOT(1), BTOT(3), BTOT{20), DELTA3 9119

C 9120

WRITE(6,9102) DELTALl, DELTA2, H{1l,1)s HINSMAX,1)}, H(2,2), 9121

2 HUNSMAXyNMAX), H{20,14)y HA(1), HAL2), HAL99), 9122

3 HAENDL, HAEND2, HAMAX(1), HAMAX(3), HAMAX(S5), HB, 9123

4 HBIN, HEQV(1), HEQVINMAX), HEQV(14), LT, PAR(1l4s1l}, 9124

5 PAR(T70,JTHOR) y PAR(70,50), Q(1), QINMAX)}, Ql14), 9125

6 QBINs R, DRES, EXDRES, RES(1s1)¢ RESINSMAX,1), 9126

7 RES(2,2)y RES(NSMAX.NMAX), RES(20,15), T(1,1), 9127

8 TINSMAX 1),y T(242), TUNSMAXyNMAX), T(20415), 9128

9 T(1,NMAX+1), TB, TE 9129

C 9130
WRITE (6,9104) QMIN(2), QMININMAX)},QMIN{14),QMAX(2) QMAXINMAX) 4 91301

2 QMAX(14),QL(2) ¢QULINMAX )}, QL(L14&},QH(2),QHINMAX),QH{14} 91302

3 QX IX 91303

RETURN 9131

9101 FORMAT (/18HO -STATE OF COMMON, 16, 1714, 16, 15, 4137 1H o TXs 9132

2 10F10.3/ 1H 4 7X, SF10.3/ 1H y 7X, 9F11.2, F7.3) 9133

c 9134

9102 FORMAT [1H 4 TX, 12FB8.4/ LH 4 Xy B8F8.4¢ I4&y F1l0.3, 2F6.1/ 1H , 9135

2 TXe 4F8.2y FT7.3, T9.2/ 1H o TXs 8F8.2) 9136

c 9137
9104 FORMAT (8X,13F8.2,I3) 91371

END 9138
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SUBROUTINE PRICAP

PRINY TABLE OF CAPITAL VALUES

COMMON QMIN{L4), QL{14), QH{14), QMAX{141,QX

COMMON B(99), BMAX{(S5), BTOT(20), DRES, EXDRESy RES(20,15), HB,
T(20,15), TBy TE, C1{14), C2114), C3L14), C4&{14), C5, C6,
c7, C8y C9 DELTA3, DELTAl, DELTA2, H{20,14), HAL99),
HAEND1, HAEND2, HAMAX(S5), HBINy HEQVI14), PAR(T0,50),
Q{14), QBIN,s, R, IDENT, JTOT, JA, NA, NSA, N, NS, NMAX,
NSMAX, My, JAEND1, JAEND2, JAMAX{S}, JTOTMX, JTOTED, JC,
JDy JTy JTHORy JMy JMHMIN, I, IPROs LT, IX

~NowneswnN

1 KB=9
IF (JAEND2-XB)2,3,3
2  KB=JAEND2
3 WRITE (6,9202) JTOT, JM, NA, NSA, (HA{JA), JA=1,KB)
WRITE (6,9203) {(B{(JA), JA=1,KB)
IF{JAEND2-9) 11.+11,8
8 DO 10 KC=1,9

KA=10+KC
KB=KA+9
IF (JAEND2-KB) 49545
4 KB=JAEND2
5 WRITE (65,9204) KCy (HA{JA), JA=KA,KB)

WRITE (6,9205) KCy (B{JA),JA=KA,KB )
IF (JAEND2-XB) 11+11+10
10 CONTINUE
11 RETURN
9202 FORMAT (1H ¢3XSHJITOT=¢13, 3X, 3HIM=,12, 3X, IHNA=,13, 3X,
2 4HNSA=,13/ 1HOy 16X, 3HJA=, 6X, 2H*0y 8X, 2H*1, B8X, 2H#*2,
3 8Xy 2H®3, 8X, 2H%4, 8X, 2H®S5, BX, 2H®6, 8X, 2H*7, 8X, 2H%8,
4 BXy 2H®9/ 11HO HA{JA)=, 44X, SH®= 0 410X49F10.2])
9203 FORMAT (10H B{JA)=4 5X, SH®&= 0 , 10X, 9F10.2)
9204 FORMAT (1l1lHO HA(JA)=, 4Xs 2HE=412, 1X, 10F10.2)
9205 FORMAT (10H BlJAI=, 5X, 2H®=,12, 1X,y, 10F10.2)
END

9201
9202
CMN4
CMNS
CMN6
CMN7
CMNB
CHMN9
CMN10
CMNLL
9212
9213
9213
9214
9215
92155
9216
921651
921652
9217
9218
9219
9220

+ 9221

9222
9223
9224
9225
9226
9227
9228
9229
9230
9231
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PRCGRAM CAPVAL
COMPUTE CAPITAL VALUE OF MINE
VERSICN 2, 15.8.68
DATA CARDS OF CUTOFF AND EXRATE EQUALLY USABLE
COMMON B(99), BMAX(5), BTOT(20), DRES, EXDRES, RES(20,15), HB,
2 1(20415)y TBy TEy C1(14), C2(14)y C3(14)y C4l14), C5, C6,
3 C7, C8, C9, DELTA3, DELTAl, DELTA2, H{(20,14), HA(99),
4 HAEND1, HAEND2, HAMAX{5), HBINy, HEQVI14), PAR{70,50),
5 Q(14), QBIN, Ry IDENT, JTOT, JA, NA, NSA, N, NS, NMAX,
6 NSMAX, M, JAEND1, JAEND2, JAMAX{5), JTOTMX, JTOTED, JC,
7 JDy JT, JTHORy JM, JMHMIN, I, IPRO, LT
INSERT IPRO= 0 FOR ANNUAL OUTPUT OR IPRO= 1 FOR MINIMUM OUTPUY
IPRO= 1
JTQTED= 1
JT0T= 0
101 CALL VALGRD
JT07= JT0T+ 1
GO TO (14243+44+5+6+7+8,9,10), JTOT
INSERY DATA ¢+ GO TO 101 CARDS OR CONTINUE CARDS BELOW
INSERT JTOTED= 2 BEFORE GO TO 101 CARD TO SUPPRESS TABLE OF
PAR(JD,LYT). TO REOPEN, INSERT JTOTED= 1 BEFORE ACTUAL GO TO 101 CARD.

—

QUODNMVH LN

37

CONTINUE
CONT INUE
CONTINUE
CONTINUE
CONTINUE
CONTINUE
CONT INUE
CONTINUE
CONTINUE
SToP

END

CAPVAL

CMNS
CMN6
CANT
CMNB
CMN9
CNN10
CMN11
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SUBROUTINE CUTY
CUT11
CUTS
ANPAY1
ANPAY2
ANPAY3
ANPAY4

These subroutines are identically the same in CAPVAL and
CUTOFF. Therefore, see CUTOFF.



SN

1

REA
2
2

21

22

23

WR1

4
2

31

32

41
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SUBROUT INE VALGRO
COMPUTE CAPITAL VALUE CF MINE

COMMON B(S9), BMAXIS5), B8TDT(20), DRES, EXDRES, RES(20,415), HB,

(20415}, 78, TE, C1{14), C2{(14)y C3{14)y C4(14), C5, C6,
C7, C8y C9y DELTA3, DELTAl, DELTA2, H(20,14), HA(99),
HAEND1l, HAEND2, HAMAX(5), HBINs HEQVI14), PAR(70,50),
Q(14), QBINy Ry IDENT, JTOT, JA, NA, NSA, N, NS,
NSMAX, M, JAEND1l, JAEND2, JAMAX(5), JTOTMX, JTOTED, JC,
JO, JTy JTHCR, JM, JMHMIN, 1, IPRO, LT

IF(JTOT) 1,244

ICENT= 1151

CALL PR1COM

STOP

D INPUT CATA

READ {5,9020) NMAX, NSMAX, JTHCR, DELTAl, DELTA2, DELTA3,

HAEND2, HBIN, JTOTMX, M, QBIN, R

NMAXD=NMAX #]1
D0 21 NS=1,NSMAX

READ (5,9021) (RES(NSeN), N=1,NMAXD)
READ (5,9022) (HEQVIN)y N=1,NMAX)
READ (5,9023) (Q(N), N=1,NMAX)
D0 22 NS=1,NSMAX

READ (5,9022) (H{NSsN}, N=1,NMAX)
READ (5,9024) (C1l(N), N=1,NMAX)
READ 15,9024) {C2(N), N=1,NMAX)
READ (5,9024) (C3(N), N=1,NMAX)
READ (5,9024) (C4(N)y, N=1,NMAX)
READ (559024} (5, C6y C7, C8,L9
DO 23 LT=1,JTHOR

READ (5,9025) (PAR(JC,LT)y JD=1,70)
TE INPUT DATA

WRITE (6,9030) NMAX,NSMAX,JTHOR, DELTAl, DELTA2, DELTA3, HAEND],

HAEND2 s HBIN,y JTOTMX, M, QBINs R

WRITE (645031)
HRITE {6,9090)
D0 31 NS=1,NSMAX

WRITE (6,9032) NSy(RESINS,N)y N=1,NMAXD)
WRITFE (6,9033)
WRITE {6,49090)
WRITE (649034) (HEQVIN), N=1,NMAX)
WRITE (6,9035) ‘
WRITE (6,9090)
WRITE (6,9036) (Q(N), N=1,NMAX)
WRITE (6,5037)
WRITE (649090)
DO 32 NS=1,sNSMAX

WRITE (649038) NSe(HINS¢N), N=1,NMAX)
WRITE (6,9039)
MRITE (6,9041) (C1IN), N=1,NMAX)
WRITE (6,9042) (C2(N)}, N=1,NMAX)
HRITE (6,9043) (C3(N), N=1,NMNAX)
WRITE (6+9044) (C4IN), N=1,NMAX)
WRITE (6,9045) C5, C6, CT74 C8y C9
GO TO (5,46), JVOTED
KA=~4
KB=0
KA=KA+5
KB=KB+S

CAPVAL

CMNS
CMN6
CMNT
CMN8
CMN9
CMN10
CMN11
1150
1151
1152
1153

12.0
13.0
14.0
15.0
16.0
17.0
18.0
19.0
20.0
21.0
22.0
23.0
24.0
25.0
26.0
27.0
28.0
29.0
30.0
31.0
32.0
33.0
354.0
35.0
36.0
37.0
38.0
39.0
40.0
41.0
42.0
43.0
44.0
45.0
46.0
47.0
48.0
49.0
50.0
51.0
52.0
53.0
54.0
55.0
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IF(JVHOR~KB) 42,43,43
42 KB=JTHOR
43 WRITE (649046)
DO 45 JT=KA,K8
WRITE (6,9047) JT, (PAR{JD,JT), JD=1,+9)
DC 44 KC=1,6

KD=10%KC

KE=KD+9
44 WRITE {6,9048) KC,{PAR{JD»JIT), JID=KD,KE}
45 WRITE (649049) PAR{T70,JT)

IF{JTHOR-KB) 46,446,461
46 WRITE (6592000

JM=0
JA=1

HA(JAN= H(1,1)
T(1l,1)=1.00

3 NA=1
NSA=1
JT=-1

10 CALL CuTl
COMPUTE AND PRINT CAP VAL OF INITIAL GUESS

95 JA=1

CALL CUTS
WRITE(649218) B(JA)

902C FORMAT
9021 FORMAT
9022 FORMAT
9023 FORMAT
9024 FORMAT
9025 FORKMAT
9030 FORMAT

~oWMePwnN

9031 FORMAT

(213 14y 2FTeby Fb6u3y 3FTa4y 213, FT.24 F6.3)

(1iFT7.2/74F7.2)

(L1F7.4/3F7.4)

111F7.2/3F 7.2)

(9F8.3/5F8.3)

(8(8F9.3/), 6F9.3)

(32H1 CAPITAL VALUE OF MINE //713H  *INPUT DATA/
11H # NMAX=y I3y 9H NSMAX=, I3, 9H JTHOR=, 14/
13 = DELTAL=y FT7.4,
10H DELTA2=, FT7.4,104 DELTA3=y F6.3, 10H HAEND1 =,
FT7.4, 10H HAEND2=y FT.4y 8H HBIN=y FT.4&,

104 JTOTMX=413/7 BH = M=y I3, 8H QBIN=y F7.2,
SH R=yF6.3)

(/68H0 *EQUIV CUMUL. GRE RESERVE MT TO BE EXTR. BEFORE (NS,

2N}y RESI{NS,N) }

9032 FORMAT
9033 FORMAT
9034 FORMAT
9035 FORMAT
9036 FORMAT
9037 FORMATY
9038 FORMAT
9039 FORMAT

SwN

%041 FORMAT
9042 FORMAT
9043 FORNMAT
9044 FORMAT
9045 FORMAT
2
9046 FORMAT
9047 FORMAT

{1H L11X, 12, 1Xy 15F7.2)

(/34H0 *GRADE DF EQUIV RESERVE, HEQV(N))

(15H leee NSMAX 414F7.4)

(/29H0 ®*ANNUAL PRODUCTION MT, Q(N))

(ISH looo NSHAX ’ ,.4':7.2)

(41Hl *INITIAL CUT-OFF (MEAN) GRADES HINS,N} )

(1H 411Xy 12, 1Xy L4F7.4)

(/36H0 *0RE RESERVE CONVERTING PARAMETERS/

28H l. DEPEND OF NIV, C-(N) 7 8HO N=y 4Xy1HLy TXy 1H2,
TXelH3 9 TXy IH&G 9 TX 9 1HS ¢ TX ¢ LH6 ¢ TX ¢ LHT s TX yLHB y TX 91 H9 96X 4 2H10,
6X92H1ly 6X9y2HL296Xe2H1346Xy2H14)

(8H C1{(N)=,14F8.3)

(8H C2(N)=,14F8.3)

(BH C3(NI=y14F8.3)

{8H C4&({N)=,14FB8.3)

(24HO 2. INDEP. OF NIVy C-/1HOs 7Xy3HC5=¢F 9.3 43X ,3HCH=,
F9e3 93X 93 HCT=9F923943X43HCB=9F9.353Xy 3HCI=,F9.3)

{49H]1 ®ANNUALLY CHANGING ECONOMIC PARAMETERS, PAR(JD))
(1HO 4 16Xy 3HJD=,6Xy2H*Cy BXy 2H*1, BX, 2H*2, BX, 2H*3,

56.0
57.0
58.0
59.0
60.0
61.0
62.0
63.0
64.0
65.0
66.0
67.0
68.0
72.0
73.0
T74.0
76.0
77.0
78.0
79.0
94.0
95.0
96.0
99.0
100.0
101.0
102.0
107.0
108.0
109.0
111.0
112.0
113.0
114.0
115.0
116.0
117.0
118.0
119.0
120.0
0121.0
122.0
123.0
124.0
125.0
126.0
127.0
128.0
129.0
130.0
131.0
132.0
133.0
134.0
135.0
136.0
137.0
138.0



2

3
9048 FORMAT
9049 FORMAT
9090 FORMAT

2
3
&4
9200 FORMAT

9218 FORMAT
END

8Xy 2H*®4, BX, 2H*5, 8X,
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2H®¥6,

9H YEAR 413y 3X, S5H&= 0 ,
(1H 4 17X, [ly 1Xy 10F10.3 )

(1H 4y 17Xy, 2HT ,F10.3)

{1HOy 11X, BHNIV N= 1, 6X; 1lH2y

8Xe
10X,

2HE&T, 8X, 2H*8,
9F10.3)

6Xy 1H3y 6Xy 1H4&,

6Xy 1H6, 6Xe 1HT, 6Xo 1HB, 6X, LHI, 5Xy 2H10, 5X,

5Xe 2H12y 5Xs 2H13, SX,
)

2H14,

4Xy

&H(15)/ 14H

{14H1+&«0UTPUT DATA, 10Xy 3HAND/ 12H -TEST DATA)

{34HO®*CAPITAL VALUE OF

MINE

*F10.2)

8X, 2H%9/

6Xy 1HS,
2H11,
SUBNIV NS=

CAPVAL

139.0
140.0
141.0
142.0
143.0
144.0
145.0
146. 0
147.0
160.0
161.0
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PROGRAM PAYMTS
COMPUT ING AND PRINTING PAYMENTS FROM ANPAY1-4
VERSION 3, 26.8.68
HNORM ., MAKE RELATION (MINIMUM GRADE) /HNORM/{MAXIMUM GRADE) 3/6/8
QNDRM. MAKE RELATION (MINIMUM RATE)}/QNORM/(MAXIMUM RATE) 1/10/50
RNORM, CHNOSE GENERALLY S*DRESET
DRESEV.MEAN NIV. SIZE {EQUIV.) OR, ALTERNATIVELY, 1/10 OF MINE SIZE
JTHOR. CHOOSE GENERALLY 3 AND INSERT PAR DATA FOR 3 OPYIONAL YEARS
NMAX. (MINE SIZE, EQUIV.)/DRESET. ORDINARILY= (NR OF NIVS.)= 10
I= 14293 OR 4y MEANING ANALYSING SUBRDUTINES ANPAYLl, 2¢#3, 4 OR 1-4
COMMON B{99), BMAX{S), BTOT(20), DRES, EXDRESy RES{20415), HB,
T(20,415)y TB,y TE, C1U14), C2(14), C3{124), Call4)}, CS5, Cé,
C7, C8, C9, DELTA3, DELTALl, DELTA2, H(20,14), HA(99),
HAEND1, HAEND2, HAMAX{5), HBIN, HEQV(14)}, PAR(70,501},
Q(14}), QBIN, R, IDENT, JTDOT, JAs NA, NSA, Ny NS, NMAX,
NSMAX, M, JAEND1l, JAEND2, JAMAX(5), JTOTMX, JTOTED, JC,
JDy JTy JTHOR,y JMy JMHMIN, I, IPRO, LT
COMPLEX*16 TEXT(20)
DATA TEXT/
1*RATEy MT/YR ‘e
2'GRADE : Yy
3'CUM. RESERVE, MT*,
4*RATE CHGE, MT/YR?,
S'NIV. SIZE, MT Yy
6*GRADE CHANGE '
7' ORE RESERVE, MT *
L]
L]

~NownLsEWN

8.
9!
L*SALES,y MKR/YR '
1'0P. PMTS, MKR/YR?',
2'REINVEST ., MKR/YR Y,
3'CURR. NET,MKR/YR®,
4°'NIV. INVEST.,MKR®,
S*CAPCITY INV.,MKR?,
6'GRDECHGEINV.yMKR Y,
T*GRDCH SAVED, MKR®,
8'CLOSE DOWN, MKR *,
gl l'
1 v/
READ(5,9310)
2 HNORM, QNORM, RNORM s DRESE Ty JTHOR o NMA X, I
DO 23 LT=1,JTHOR
23 READ (5,9025) (PAR(JD,LT}, JD=1,700
WRITE(6+,9315)
HRITE(6,9311)
2 HNORM, QNORM, RNORM, DRESET, JTHOR, NMAX
KAz=4
KB=0
41 KA=KA+S
KB=KB+5
IF (JTHOR-KB) 42:43,43
42 KB=JTHOR
43 HRITE (6,9046)
00 45 JT=KA,KB
KT= PAR{704JT)}
WRITE {6,9047) KT, (PAR{JD»JT)y JID=1,9)
D0 44 KC=1,6
KD=10%KC

W N -

&1
42

45

46

47
CHNS
CMN6
CHNT
CMNS
CHN9
CMN10
CMNLL
12.0
13.0
14.0
15.0
16.0
17.0
18.0
19.0
20.0
21.0
22.0
23.0
24.0
25.0
26.0
27.0
28.0
29.0
30.0
31.0
32.0
33.0
34.0
35.0
36.0
37.0
38.0
39.0
40.0
41.0
42.0
43.0
44.0
45.0
46.0
47.0
48.0
49.0
50.0
51.0
52.0



44
45

46

101
10

20

30

40

144
145

146
143

141
142
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KE=KD+9
WRITE (649048) KCy (PAR(JID,JT),y JD=KD4KE)

WRITE (649049) PAR(TO0,4T), JT

IF(JTHOR-KB) 46,46,41

CONTINUE

N= 2

NS= 1

H{NSyN)= HNORM

HB= HNORM

Q(N)= QNORM

QIN-1)= QNDRM

RES{1,N+1)= RNORM

RES{14N}= RNORM— ORESET

TE=21.0

TB=1.0

GO TO (1014201¢401,101),1

LT=2

JT=LT

QI(NI= QUN)710.

IPRO=20

DO 20 JA= 1,50

CALL ANPAYL({SSKG)

PAR(JA,10)= QIN)

QINI= CIN)+ GNORM/10.

QIN)= QNORM
HINS ¢yN)=HINSyN}/2.0
IPRO= 24

DO 30 JA= 1,450

CALL ANPAY1(SSKG)

PAR{JA,112= HINSN)

HINSyN)= HINSoN)+ HNORM/60.
HINS,N)}= HNORN

RES(1yN#1)= DRESET
RES{14N)=0.0

IPRO=28

00 40 JA=1,50

CALL ANPAY1(SSKG)

PAR{JA,12)= RES{1yN+1)
RES{14Nel)= RES(L,N+l)¢ DRESET/4.
RES{1+N)= RES{14N)+ DRESET/4.
RES{1sN+1)= RNORM

RES {1 ¢N)= RNORM- DRESET

KT= PAR(T70,JT)

KB= 16

00 142 JEKB=10,13

DO 141 JEXA=1,3

KB= KB+4

KA= JEKA+9

GO TO (144,1459146),JEKA

KC= 20

GO TO 143 . .
KC= 31

GO TC 143

KC=17

WRITE (6,9321) TEXTUJEKB)TEXTIJEKA) KT yTEXT(JIEKB) s TEXT{JEKB),

2 TEXT{ JEKB) ,TEXT{JEKA)
CALL CURVE (KA,KB,KC)
KB= KB-11

PAYNYS

53.0
54.0
55.0
56.0
57.0
58.0
59.0
60.0
61.0
62.0
63,0
64.0
65.0
66.0
67.0
68.0
69.0
70.0
71.0
72.0
73.0
T4.0
75.0
76.0
77.0
78.0
79.0
80.0
81.0
82.0
83.0
84.0
85.0
86. 0
87.0
88.0
89.0
90.0
91.0
92.0
93.0
94.0
95.0
96.0
97.0
98.0
99.0
100.0
101.0
102.0
103.0
104.0
105.0
106.0
107.0
108.0
109.0
110.0
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GN TO (50,51)y LT 111.0

GO TO 52 112.0

50 LT= 2 113.0
GO 1O 10 114.0

51 LT=JTHOR 115.0
GO 10 1¢C 116.0

52 GO TO (452,452,452,201),1 117.0
201 L= 1 118.0
210 JT=LT 119.0
QIN)Y= Q(N)/10. 120.0
QIN-1}=Q(N) 121.0

IPRO= 32 ) 122.0

DO 220 JA=1,50 123.0

CALL ANPAY2(SEFHLM) 124.0
PAR(JA,10)= QIN} 125.0

QUN)= Q(N)+ QNORM/10. 126.0

220 QIN-1)= Q(N) 127.0
GIN)= QNCRM 128.0
Q(N-1)= QNORM 129.0

KB= HB/2.0 130.0
H{NS,N)= HB 131.0

1PRO= 33 132.0

DO 230 JA=1,50 133.0

CALL ANPAY2 (SEFHLM) ’ 134.0
PAR(JA,11)= HB 135.0

HB= HB+ HNCRM/60. 136.0

230 HINS,N)=HB 137.0
HINS+N)= HNORM 138.0

HB= HNORM 139.0
RES{1loN+1)= DRESET 140.0
RES(14N)=0.0 141.0

IPRO= 34 142.0

DO 240 JA=1,50 143.0

CALL ANPAY2 (SEFHLM) 144. 0
PAR(JA,12)= RES{1,N¢1) 145.0
RES(1,N+1)= RES(1,N+1)+ DRESET/4. 146.0

240 RES(1,N}= RES(14N)+ DRESET/4. 147.0
RES{1,N#1)= RNORM 148.0
RES(1,N)= RNORM— DRESET 149.0

QIN}= Q(N} /2. 150.0

IPRO= 35 151.0

DO 260 JA=1,41 152.0

CALL ANPAY2(SEFHLM) 153.0

DQ= QI(N) - QIN-1) 154.0
PAR{JA,13)= DQ i 155.0

260 QIN}= QU(N}+ O0.1% QNORM 156.0
QIN)= QI{N}- O.l* QNORM 157.0

DO 265 JA= %2,50 158.0

QIN)= Q(N)}+ 0.2% QNORM 159.0

CALL ANPAY2(SEFHLM} 160.0

DQ= QI(N) - QiIN-1) . 161.0

265 PARUJA,13)= DQ 162.0
Q(N}= QNORM 163.0
RES(1yN)= RNORM— 0.08% DRESET 164.0

I[PRO= 36 165.0

DO 270 JA=1,50 166.0

CALL ANPAY2(SEFHLM) 167.0

DR= RNORM - RES(1,4N) 168.0



270

280

242
243
244
245

246
247

241

248

250
251

252
401

410

420
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PAR{JA, 14)= DR

RES{1yN)= RES{1,N)- 0.08% DRESET
RES{1yN)= RNORM- DRESET

HINS,N)= HNORM/2.

IPRO= 40

D0 280 JA=1,50

CALL ANPAY3(SLM,SPAR)

DH= HUNSsN) -HB

PAR{JAy15)= DH

HINSyN)= HINS¢N)+ HNORM/60.
HINSyN)= HNORM

KT= PAR{70,JT)

JEKB= 14

00 241 JEXA=145

KA= JEKA+ 9

KB= JEKA+ 31

GO TO (2424243428452459246) 4 JEKA
KC= 20

GC T0 247

KC= 31

GO TO 247

KC= 17

GO TO 247

KC= 6

CO TO 247

KC= 13

WRITE (649321) TEXT{JEKB) ¢ TEXT{JEKA) yKT,TEXTIJEKB) o TEXT(JEKB),
2 TEXT{JEKB), TEXT(JEKA)
CALL CURVE(KAKBoKC)

WRITE {6,9321) TEXT{15),TEXT(4) ¢KT,TEXT{15) ,TEXT{15) o TEXT{15),
2 TEXT(4)

CALL CURVE(13437,26)

JEKA= 6
KA= 15
KC= 21

00 248 JEKB=16,17

KB= JEKB+ 24

WRITE (699321) TEXT(JEKB) ,TEXT{JEKA) yKTTEXT{IEKB) ,TEXT({JEKB),
2 TEXT{JEKB), TEXT{JEKA)
CALL CURVE(KA,KB,KC)

GO TO (250,251),LT

GO TO 252

LY= 2

GO Y0 210

LT= JTHOR

G0 TO 210

GO TO (4524524452+4011),1
N=NMA X

Q{N)= CNCRM

Li=2

RES{1,NMAX+1)=NMAX & DRESET
JT=LT

QIN)= CIN)/10.

IPRO= 42

DO 420 JA=1,50

CALL ANPAY4IHEND)
PAR(JA,10)= Q(N)

QIN}= QI(N)+ QNORM/10.

PAYMTS

169.0
170.0
171.0
172.0
173.0
174.0
175.0
176.0
177.0
178.0
179.0
180.0
181.0
182.0
183.0
184.0
185.0
186.0
187.0
188.0
189.0
190.0
191.0
192.0
193.0
194.0
195.0
196.0
197.0
198.0
199.0
200.0
201.0
202.0
203.0
204.0
205.0
206.0
207.0
208.0
209.0
210.0
211.0
212.0
213.0
214.0
215.0
216.0
217.0
218.0
219.0
220.0
221.0
222.0
223.0
224.0
225.0
226.0



430

440

442

443

444

445

441

450
451

452
9025
9046
9047

2
3
9048
9049
2
9310
9311
2
3
9315
2
9321
2
3
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QIN)= QNORM
HB= HB/2.0
IPRO= 43

D0 430 JA=1,50

CALL ANPAY4 (HEND)

PAR{JA,11)= HB

HB= HB+ HNORM/60.

1= RES(1,NMAX+1)%0.2

HB= HNORM

RES {19 NMAX #1)=27

IPRO= 44

DO 440 JA=1450

CALL ANPAY4 (HEND)

PAR(JA,16)= RES(]1,NMAX+]1)

RES{14NMAX+1)= RES[14NMAX+1)}+ 2%0.25

RES(]1 4NMAX+] )=NMAX * DRESET

KT= PAR{T0,4T)

JEKB= 18

DO 441 KD=1,3

KB= KD+ 41

GG TD (4424¢443,4444) 4KD

KA= 10

KC= 20

GC TO 445

KA= 11

KC= 31

GO TN 445

KA= 16

KC= 17

JEKA= KA- 9

WRITE (649321} TEXT(JEKB}, TEXT(JEKA) yKToTEXT(IEKB) TEXT{JEKB) »
TEXT(JEKB) yTEXT (JEKA)

CALL CURVE(KA ¢KByKC)

GO TO (4504451),L7

60 TC 452

LYY= 2

GO TO 410

LT= JTHOR

GO TO 410

STOP

FORMAT (8(8F9.3/), 6F9.3)

FORMAT (49HL *ANNUALLY CHANGING ECONOMIC PARAMETERS, PAR{JD))

FORMAT (1HO,16Xe 3HJID=96X+2H®0,8X, 2H*l, 8X, 2H*2, B8X, 2H#3,

8Xs 2H%®4, B8X, 2H*5, 8X, 2H*6, 8X, 2H®*7, 8X, 2H*8, 8X, 2H*9/

9H YEAR o113,y 3Xy SH®= 0 , 10X, 9F10.3)
FORMAT (1H , 17X, Il,y 1X, 10F10.3 )

FORMAT (1H s17X¢2HT ,F10.3,33H THIS YEAR IS REFERRED TO BY JT=,

13}
FORMAT (F7.443F7.24314)
FORMAT (40HO *INPUT DATA FOR TEST OF PAYMENT MODELS/
11HO * HNORM=4FTo 493X 6HANORM=3FT.2 93X 6 HRNORM=,F7 .2,

3XyTHDRESET=¢FT7e2¢3Xy 6HITHOR= ¢ 1 493X SHNMAX=y1 &) ~
FORMAT {63H1 PAYMENTS ACCORDING TO PAYMENT MODELS IN SUBROUTINES
ANPAY1-4 )

FORMAT (1 7HL*%*PAYMENT TYPE: ,ZAG'SX.I3HFUNCTION OF: ,2A8,5X,
15HDATA FOR YEAR: 4137/
1HOy2A8 95X 12ABe3He oo 964X93Heaoy 2AB/1H ¢12Xs2A8)

END

227.0
228.0
229.0
230.0
231.0
232.0
233.0
234.0
235.0
236.0
237.0
238.0
239.0
240.0
241 .0
242.0
243.0
244.0
245.0
246.0
247.0
248.0
249.0
250.0
251.0
252.0
253.0
254.0
255. 0
256.0
257.0
258.0
259.0
260.0
261.0
262.0
263.0
264.0
265.0
266.0
267.0
268.0
269.0
270.0
271.0
272.0
273.0
2T74.0
275.0
276.0
277.0
278.0
279.0
280.0
281.0
282.0
283.0
284.0
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SUBROUTINE ANPAY1({SSKG)

[ FIND PAYMENTS IN YEAR JT FOR ORE SALES, RUNNING PRODUCTION AND RE-

c INVESTMENTS

COMMON B8(99), BMAX{S), BTOT(20), DRES, EXDRES, RES{20,15), HB,
T(20,15), 7B, TE, C1{14), C2{14), C3({14), C4(14), CS, C6y
C7, C8y C9, DELTA3, DELTALl, DELTA2, H{20+14), HA(99),
HAENDl, HAEND2, HAMAX{5), HBIN, HEQVi14), PAR(70,50),
Q(14), QBIN, R, IDENT, JTOT, JA, NA, NSA, Ny NS, NMAX,
NSMAX, M, JAEND1l, JAEND2, JAMAX(5), JTOTMX, JTOTED, JC.
JD, JTy JTHOR, JMe JMHMIN, I, IPRO, LT

HD=H(NS4N)

QD=Q(N)

SS={PAR{1,LT)-PAR{2,LT )*QD*QD

2 +PAR( 3 LTI*(HD-PAR(4,LT)}

3 #PAR(S,LT)I*(RES{1,NI+RES{1,N#+1)))*QD

SS=SS&PAR{69,LT)

SK=PAR (6oL TI+PAR( T,LTI*QD+PAR(B¢LT)I*EXP(PAR(I, LTI *QD) —PAR(8B,LT)

2  +{PAR{10,LT)I*{PAR{&4oLT )-HD)+PAR{11,LTI*(-EXPIPAR{12,LT)

3 %PAR(4,LT))+EXP{PARIL124LT)*HD) ) )% (QD*+PARI13,LT))

4

5

~orwndwnN

+(PAR{14,LT)SEXP{PARI1S,LTI*RES{1yN+1))=PAR{L4,LT)IS(QD
+PAR(16,LT))
SK=SK&PAR{68,LT)
IF (TE-TB) 7+8,9
7 IDENT=812351
CALL PRICOM
STOP
8 S6=0.
GO TG 2
9 SG=PAR[17,LT)+PAR{18,LT)*QD
2 4+PAR(19,LT)*{HD-PAR(4,LT))*{(QD+PAR{20,LT))
SG=SG*PAR{67,LT)
IF (TE-TB-PAR{21,LT)) 1,1,2
1 SG=SG*(T(1,NMAX#1)-TB)/PAR(21,LT)
2 SSKG=SS—SK-SG
C SPECIAL FDR PROGRAM PAYMTS:
PAR{JA, IPRO)= SS
PAR(JA,IPRO+1)= SK
PAR(JA,IPRO+2)= SG
PAR(JA, IPRD+3)= SSKG
RE TURN
END

PAYNTS

8101
8102
8103
CMNS
CHNG
CMNT
CMNS
CMN9
CMN10
CMN1L
8112
8113
8114
8115
8lL16
8117
8118
8119
8120
8121
8122
8123
812350
812351
812352
812352
812354
812355
8124
8125
8126
8127
8128
8129
8130
8131
8132
8133
8134
8135
8136
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SUBROUTINE ANPAY2 { SEFHLM) 8201
C FIND PAYMENTS IN YEAR JT FOR INVESTMENTS EXCEPTING GRADE CHANGE 8202
C INVESTMENTS 8203
COMMON B(99), BMAX{S), BTOT(20)y DRES, EXDRESy RES(20415), HB, CMNS
2 T{(20,15}), TB, TE, Cll14)y, C2{(14), C3(14), C4l14), CSy C6,y CMN6
3 c7y C8, C9, DELTA3, DELTAL, DELTA2, H(20,14), HA(99), CMNT
4 HAFND1l, HAEND2, HAMAX{5), HBIN, HEQV(14)}, PAR(T70,50), CMNB
5 Q(14), QBIN, Ry IDENT, JTOT, JA, NA, NSA, N, NS, NMAX, CMN9
6 NSMAX, M, JAEND1, JAEND2, JAMAX{(S), JTOTMX, JTOTED, JC, CMN10O
7 JOy JT, JTHORy JM, JMHMIN, I, IPRO, LT CMN11
QD=C(N} 8212
IF (N-1) 142,3 8213
1 IDENT=8214 8214
CALL PRICOM 8215
sTop 8216
2 QB8=QBIN 8217
IF (HBIN) 1,5,9 8218
5 HB=H(NS,N) 8219
GO TO 9 8220
3 CB=Q(N-1} 8221
C SPECIAL FOR PROGRAM PAYMTS: 822141 - 8222 AND 823041 - 42 822140
AQD= QD 822141
AQB= QB 822142
oh= Q8 822143
QB= QD+ AQB- AQD 822144
SF=PAR{22,LT)}+PAR(23,LT ) *QD+PAR{ 24,LT)*EXP (PAR(25,LT)*QD) 8222
2 +4PAR(26,LT)#(QD-QBI=QD 8223
3 +(PAR(27,LT)I*(PAR(4,LT)-HB)}+PAR(28,LT)*(EXP(PAR(29,LT)SHB) 822%
4 —EXP(PAR(29,LT)&PAR(4,LT))}I%(QD+PAR(30,LT)) 8225
5 +{PAR(31,LT)*EXP(PAR(32,LT)*RES(1,N+1)1-PAR{31,LT)}) 8226
6 *(QD+PAR(6L,4LT}} 82217
7 *(PAR(33.LT)'EXP(PAR(34'LT|*(RES(1.N+1)-RES(I N)))—-PAR{33,LT)) 8228
8 #(QD#+PAR(3S5,LTIVI*EXP(PAR(36,LTI®(PAR(44LT)-HB)) 8229
SE=SE¥PAR(66,LT) 8230
QD= AQD 823041
Q8= AQB 823042
IF (QI(N}-QB+0.005) 11,10,10 82305
10 IF (Q(N)-QB-0.005) 12,12,13 8231
11 SF=0 8232
SH={PAR(42,4LT)-PAR(43,LT)*EXPIPAR(44,LT)I*{QD-QB) )+PAR(43,LT}) 8233
2 *EXP(-PAR(45,LT)*QB) 8234
3 *EXP(PARI46,LT)*{PAR(4,LT )-HBY) 8235
SH=SH*PAR(65,LT) 8236
GO T0O 20 8237
12 SF=0 8238
SH=0 8239
GO T0 20 8240
13 SF=(PAR(3T7,LT)-PAR(38,LT)I*EXP(PAR{39,LT)I®{QB-QD) I+PAR(38,LT)) 8241
2 *EXP(—-PAR(40,L7)%QB) 8242
3 #EXP(PAR{41,LT)}*{(PAR{4,LT)-HB)) 8243
SF=SF*PAR{65,LT) 8244
SH=0 8245
20 CALL ANPAY3 (SLM,SPARI 8246
SEFHLM=SE+SF+SH+SLM=-SPAR 8247
C SPECIAL FOR PROGRAM PAYMTS: 8248
IF (IPRO-35) 24,23,24 8249
23  PAR(JA,35)= SE 8250

PAR(JA,37)= SF+SH 8251



24

RETURN
PAR{JA,IPRO}= SE
RETURN

END

329
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8252
8253
8254
8255
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SN

12

13
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SUBROUTINE ANPAY3 (SLM,SPAR)
FIND PAYMENTS IN YEAR JT FOR INVESTMENTS FOR GRADE CHANGE
COMMON B(99), BMAX(S), BTOT{20), DRES, EXDRES, RES(20,15), HB,

2 T(20,15), TB, TE, C1(14), C2(14), C3(14), C4(14&)}, C5, Cb,
3 Cc?, C8, C9, DELTA3, DELTALl, DELTA2, H{20,14)y HA[99),
4 HAEND1l, HAEND2, HAMAX(5), HBIN, HEQV(14), PAR(T70,50),
S Q(l4), QBIN, Ry IDENT, JTOT, JA, NA, NSAy Ny NS, NMAX,
6 NSMAX, M, JAENDl, JAEND2, JAMAX{S}, JTOTMX, JTOTED, JC,
7 JDy JT, JTHOR, JM, JMHMIN, I, IPRO, LT

HD=H{NS,N)

QD=Q(N)

IF (NS4N-2) 1,2,4

IDENT=8315

CALL PRICOM

STOP

IF (HBIN) 1,3.4

HB=HINS,N)

SA=QD*EXP(PARISO,LT} /QD)
2 SEXP{PAR(S1,LT)*{PAR(4,LT}-HB))
3 *EXP{PAR(52,LT)*RES(1,N+1))

IFTH{NS yN)—HB+0.00005) 13,6+6"

IF{HINSyN}-H8-0.00005) 12,11.11
SLM=PAR(47,LT)~PAR(48,LT)*EXP{PAR( 49,LT)*(HB-HD) }+PARI{48,LT)
SLM=SLMkSAXPAR(64,LT)

SPAR=PAR{4T7,LT)*SA*PAR{64,LT)

GO TO 14

SLM=0

SPAR=0.

GO TO 14
SLM=PAR(S53,LT)+PAR(S54,LT)*EXP(PAR(SS,LT)*(HB—HD) )—PAR{S54,LT)
SLM=SLM¥SA®PAR(64+LT}

SPAR=PAR{53 LT 1*SA*PAR(64,LT)

C SPECIAL FOR PROGRAM PAYMTS;

14
23

25

IF (IPRO-40) 25,23,25
PAR{JA,40)= SLM
PAR(JA,41)= SPAR
RETURN

END

8301
8302
CMNS
CHN6
CHMNT
CMNS
CMN9
CHMN1O
CMN11
8312
8313
8314
8315
8316
8317
8318
8319
8321
8324
8325
83255
8326
8327
8328
8329
8330
8331
83315
8332
8333
8334
8335
8336
8337
8338
8339
8340
8341
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SUBROUTINE ANPAY4 (HEND)
FIND PAYMENTS IN YEAR JT FOR FINAL CLOSING DOWN OF MINE
COMMON B(99), BMAX(S), BTDT(20), DRES, EXDRES, RES({20,15), HB,
T{20415), TB, TE, Cl{14)y C2(14), C3{14), C4l14)y CSy C6,
C7?, C8, C9, DELTA3, DELTAl, DELTA2, H(20,14), HA(99),
HAENDL, HAEND2, HAMAX(5), HBIN, HEQV{14)s PAR(70450),
Q(14), QBIN, R, IDENT, JTOT, JA, NA, NSA, Ns NS, NMAX,
NSMAX, M, JAENDl, JAEND2, JAMAX(S), JTOTMX, JTOTED, JC,
JD, JT, JTHOR, JM, JMHMIN, I, IPRO, LT
QD=Q(NMAX) ‘
HEND={PAR (56 yLT ) 4PAR (57 ,LT ) #EXP(PAR {58, LT)*QD)-PAR(57,4LT))
2 SEXP(PAR(S59,LTI®{PAR(4,LTI-HB))
3 #(PAR(62,LT )+PAR(60,LT) #RESI1,NMAX+1))
HEND=HEND*PAR (63 ,LT)
SPECTIAL FOR PROGRAM PAYMTS:
PAR(JA, IPRO)= HEND
RE TURN
END

~rwmewnN

PAYMTS

8401
8402
CMNS
CMN6
CMNY?
CMNB
CMN9
CMNLO
CMN11
8412
8413
8414
8415
8416
8417
8418
8419
8420
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SUBROUTINE PRICOM

DUMMYROUT INE

WRITE(6,49104)

RETURN

FORMAT (21 HO**COMMON PRINT DUMNY )
END

9101
9102
9103
9104
9105
9106
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SUBROUT INE CURVE (KA,KB,KC)
DRAWING CURVES FROM TABLES
INDEX OF INDEPENDENT VARIABLE
INDEX OF DEPENDENT VARIABLE
INDEX OF NDRMAL VALUE

COMMON B{99), BMAXI5), BTOT(20), DRES, EXDRES, RES(20,415)y HB,
T(20,15), 7B, TE, ClU14}, C2(14), C3(14&), C&ll&}, C5, Cb,
C7, C8, C9y DELVA3, DELTAl, DELVA2, H(20414)}, HA(99)},
HAENDL1 , HAEND2y HAMAX (5}, HBIN, HEQV(14)}, PAR( 70450},

Ql14), QBINs R, IDENT, JTOT, JA, NAy; NSA, Ny NS,

NSMAX, M, JAEND1, JAEND2, JAMAX(S)y JTOTMX, JTOTED, JC,

JDy JT, JTHOR, JM, JMHMIN, I, EPRO, LT
DIMENSION A(70,50), AR(102)
EQUIVALENCE (PARI(1,1),A(1,1))
DATA AST/1H®/4,ABL/1H 7 4APL/1H*/
AL=ALOGLO(ABS(2.%A(KC,KB)))
KAL=AL
IF (AL} 30,31,31
KAL=KAL-1
ADL=AL-KAL
IF (ADL-0.301) 4,21
IF (ADL-0.699) 2,3,3
AM=5,%10.%*%KAL
GO 70 5
AM=]C.*]10.%%KAL
GO TO S
AM=2 %10 . **KAL
IF(AM~5000000.1649,8
IF(AM~-5,17,10,9
1F(AN-0.00518,98,10
DO11KD=1,10
AR(KC)=KD#AM/10.
WRITE(6,91) (AR(KD) 4KD=1,10}
GO 10 13
KE=AM/10.40.1
KAM=AM+0. 1
WRITE(6992) (KD, KD=KE yKAMsKE }
GO TC 13
DO12KD=1410
AR(KD)}=KD#AM/10.
WRITE(6,493)(AR(KD},KN=1,101)
WRITE(6594)

AR(1}=APL

AR{101)=APL

AR(102)=ABL

D014KD=2,100

AR{KD)=ABL

KJ=0

D022KF=1,10

DO17KG=144

KJ=KJ+1
KD=100.*%ABS{A(KJ,KB})/AM¢1.5
IF{KD-101216416,415

KD=102

ARA=AR (KD}

AR(KD)=AST

WRITE(6495) A(KJ,KB),ALKJI,KA)}sAR
AR{KD}=ARA

PAYMTS

9301
9302
9303
9304
93041
CMNS
CANG
CMNT
CMND
CMN9
CNNL1O
CMN11
9312
9313
9314
9315
9316
93164
93165
9317
9318
9319
9320
9321
9322
9323
9324
9325
9326
9327
9328
9329
9330
9331
9332
9333
9334
9335
9336
9337
9338
9339
9340
9341
9342
9343
9344
9345
9346
9347
9348
9349
9350
9351
9352
9353
9354
9355
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19

20

21
22

91
92
93
9%
95
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KJd=KJ+1

KD=100.%ABS{A(KJI,KB))}/AM+1.5
IF{KN~101)19,19,18

KD=102

ARA=AR{KD)

DO20KG=11,91, 10

AR{KG)=APL

AR{KD)=AST

WRITE(6,95) A(KI KBIyAIKIoKAD,AR

AR{KD) =ARA

D021K6G=11,91,10

AR {KG)=ABL

CONTINUE

WRITE{ 6994)

RETURN

FORMAT(24H0 DEPEND. [INDEP. 00,10E10.3)
FORMAT (24HO DEPEND. INDEP. 00,10110)
FORMAT (24H0 DEPEND. INDEP . 00, 10F10.3)
FORMAT(1H 921Xy1H+,10(10Heccco®acoet))
FORMAT(1H 4E10.3,F10.4,1X,102A1)

END

9356
9357
9358
9359
9360
9361
9362
9363
9364
9365
9366
9367
9368
9369
9370
9371
9372
9373
9374
9375
9376
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23

41

42
43

44
45

46
47
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PROGRAM NEWPAR
ALLOCATING NEW VALUES TO PAR(JD,LT) AND PRODUCING NEW PAR DECK
DIMENSION PAR(70,50)

C INSERT OLD HORIZON, JTHOR= .

IPRO=

1

DO 23 LT=14JTHOR
READ (5,9025) (PAR(JDsLT)y JD=1,70)

KA=~4
KB=0
KA=KA+
KB=KB+

5
5

[F(JTHOR-KB) 42+43,43
KB8=JTHOR
WRITE (6,9046)
DO 45 JT=KA,KB

WRITE (649047} JT,

DO 44 KC=1,6
KD=10%KC
KE=KD+9

WRITE (6499048) KCy (PARIIDLJT),

WRITE (6,9049) PAR(T70,JT}
IF{JTHOR-KB) 46446441
(47448)y IPRO

60 TO
CONTIN

UE

(PAR(JDeJT)y JD=1,9)

JO=KD.KE}

C INSERT NEW HORIZON (MIN=2, MAX=50) AND REQUIRED NEW PAR VALUES

48

49
50
9025

9026
9027

IPRO=
KA= =4
KB= 0
GO TO

2

41

WRITE (6,9028)

LT= 1,4JTHOR
DO 49 KB= 8' 64' 8
KA= KB- 7
WRITE (649026) {((PAR{JDsLT)y JO=KAsKB)4KB,LY)

D0 50

WRITE (7,9026) ({PAR(JD,LT},
WRITE (649027) ((PAR{JID,LT),

JD‘KAIKB’QKB'LT’
JD=65,T70),LT)

WRITE (749027) ((PAR{JD,LT}y JD=65,T70)4LT)

sToP

FORMAT
FORMATY
FORMAT

9028 FORMAT
9046 FORMAT
9047 FORMAT

2
3

9048 FORMAT
9049 FORMAT

END

(8(8F9.3/), 6F9.,.3}
(8F9.3,44X,212)
(6F9.3,22X42HT70412)
(1TH1*=&NEW DATA CARDS)
{49H1 #=ANNUALLY CHANGING ECONOMIC PARAMETERS, PAR(JD))
(1HO 216Xy 3IHJID=96X2H*0, 8X,

BX»
9H

(1H
(1H

2H%],

BXy 2H®2,

BXy 2H#3,

2H®4, 8X, 2H*5, 8X, 2H*6, 8X, 2H%*7, 8X, 2H*8, 8X,

YEAR 13, 3X, SH&= 0 ,
v 17Xy 11y 1Xy 10F10.3 )}
» 17Xy 2HT 4F10.3)

10X,

9F10.3)

2H*9/

NEWPAR
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Appendix F

Selected symbols

Symbols used in the computer programs, Appendix B, and Appendix E are listed in
Appendix C.

A Data horizon.

ry Intermediate variable defined in section 48 of Appendix D.

a Calendar year within the data horizon. a=1,2,...,4

Bn Capital value (present value) at time 'I‘n of future mining.

Bn'n Capital value at time Tn'n of future mining.

Bn'no Capital value of future mining at time Tn'n discounted to
time O,

]3'n Capital value at time '1‘n of gzone n.

B, Capital value at time T , of subzone n'n.

n'n n'n

B'n'nO Capital value of subzone n'n discounted to time O.

b(t) End of the calendar year during which time t occurs.

Ci Technical coefficients relevant for all zones. is=5,6,7,8,9.

in Technical coefficients relevant for zone n. i=1,2,3,4.

Cia Coefficients of the payment functions relevant for year a.
i=1,2,...470.

Ea.1n Zone invesiment in zone n at time T1n'

e Base of natural logarithm.

Fa.1n Expansion investment at time 'I‘1n.

£(x) Funotion of x.

Ga.n'n Current reinvestments (annual amount) according to payment

function for year a during the production period of subzone

n'n.
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Ha,1,N+1

n'n
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Contraction investment at time T1n'

Close~down payments at time T1,N+1'

Average grade of the ore mined in subzone n'n.

Average grade of ore mined immediately before starting in

zone 1.

Equivalent average grade in zone n.

General subscript.
Contimuous rate of interest,

Payments for current operating costs (annual amount) according
to payment function for year a during the production period of

subzone n'n,

Grade—change investment (increased average grade) at time T in
Grade—change investment (decreased average grade) at time T in

Number of zones in an ore deposit.
Subscript of zones. n=1,2,...,N. (A4lso N+1 in certain cases.)
Number of subzones in each zone.

Subscript of subzones. n'=1,2,...,N'. n'n denotes subzone

n'n, i.e. subzone n' of zone n.

Rate of production {annual amount) in zone n.
Rate of production immediately before starting in zone 1.

Maximum rate of production as a function of time i, which is

reached if the maximum rate of expansion is fully utilized.

Ore reserve (actual ore reserve) in subzone n'n.
Equivalent ore reserve in zone n.
Equivalent ore reserve in subzone n'n.

Discontinuous rate of interest.

Payments received for producte sold (anmual amount) according
to payment function for year a during the production period
of subzone n'n.
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Starting time of zone n.

1n
Tn'n Starting time of subzone n'n.
T1 N+l End of the production period of an ore deposit, i.e. the time
14
of the final closing of a mine.
t Time.
a, 3 ¥,Q Defined in the context.
’Pn Production period of zone n.
T, Production period of subzone n'n.

n'n
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. 83: Ixpression (3.1) is more easily understood if written

e
T,

Mesrinun B = Maximem(B! Hlaximum B_ ,-e ) (3.1)
n n

Q N Qn...N Q

Nooo

n+1
n+l,..N

The expressions(3.4) (p. 87), (4.3) (p. 116), and (4.4) (p. 117) may be rewritten
covrespondingly.

p. 84, lines 11 to 16 are replaced by:

first period. The restriction in the principle of optimality has been introduced in
order to permit a certain simplification in the payment functions without simultaneously
complicating the optimigation piocedure. The restriction is said to be effective if it
exerts influeace on the optimum obtained. It exerts influence only where the optimum
decision for a period n, as determined at the beginning of period n, differs from the
optimum decision for period n in conjunction with decisions for preceding periods, the
combined optimum being deternined at the beginning of a period preceding n., Ths optima
will differ only if the assumption is abandoned, that B' is independent of Q for
i=n414n4+2,...,N. An example of the simplification in qﬁeqtlon will be given., 1) It is
obtained from the payment model of section 44 in Appendix D, which represents the only
case in this study where the restriction is effective (through T JN+1s i.e. TN+1)
However, if the remaining production period (through T i 1) is insSerted into other
peyment functions as a variable, this will cause Purthér cases. An optimization regarding

p. 86, lines 9 to 18 are replaced by:

model in order to avoid complications in the calculations. A sensitivity analysis
will show whether the error introduced influences the optimum significantly. In that
case some alternative approximation will have to be found. For example, the reinvest-—
ments may be formally assumed independent of the remaining production period, and the
decrease in the reinvestments during the last years of the production period may be
treated as a part of the close-~down payments. This part should equal the difference
between the formally assumed reinvestments and the actually assumed decreasing rein-
vestments, the difference being discounted to the end of the production period, and
accumulated over time.

p. 142, line 11: "The contraction limit" is replaced by "The expansion limit"

0. 188, line 15 is replaced by:

iz opvimized as if independent, but with the capital value of all deposits together

as the optimization criterion. A way of achieving this is to let the payment functions
cf the dcposit which is currently being optimized, include the effect of the value of
the current cecision variable upon payments pertaining to the other deposits. The
payment functions should be determined fcr given

oo o

p. 245, line 32, and n. 256, line 11: "JTUOR=3" is replaced by "3 SJTHOR <10".
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