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Preface
This writing business. Pencils and what-not.
Over-rated, if you ask me. Silly stuff. Nothing in it.
Eeyore

In the early hours of a cold January morning in 1988 the angry signals from a phone
caught my drowsy attention. Not entirely sure of my position in space I orbited my
arm in the direction of the noise, brought the phone to the vicinity of my head and
grunted a seven a.m. hello. From the other end of the line the enthusiastic voice of Peter
Englund poured strange words and phrases into my confused head. I distinctly remember
things like: "... prosearch reject ... coimplication ... serious analysis ... " and even greater
complexities which I still don't know how to pronounce or how to spell for that matter.
To end the phonecall as quickly as possible I said I was interested and hung Up.1
Six months later I left Minneapolis for Stockholm and began to work on time series
models with cointegration restrictions. At the time, my experience in this field was limited
to having been present at workshops in Helsing~r, Denmark, and Minneapolis, Minnesota,
where people like Clive Granger, David Hendry and Christopher Sims talked about some
of its basic ideas, implications and shortcomings. Nevertheless, had it not been for my
collaboration with Peter Englund, Erik Mellander and Anders Vredin this thesis would
undoubtedly have another title and deal with something completely different.
In the course of time I have also benefitted greatly from advice, discussions and correspondence with Michael Bergman, Nils Gottfries, Niels Haldrup, Tor Jacobson, S~ren Johansen, Karl Jungenfelt, Katarina Juselius, Sune Karlsson, Helmut Liitkepohl, Lars-Erik
Oller, Aris Protopapadakis, Avi Simhony and Karl Warneryd. I am especially grateful to
my thesis adviser, Staffan Viotti (Y80), my computer consultant, Ossian Ekdahl, my high
school teacher Hans Ekroth for getting me interested in economics, my versatile tutor,
the late Fred Wilson, and my brother-in-arms and applied game theory expert, Dave
Christian. I am also grateful to the staff, researchers and fellow students at the Department of Economics, University of Minnesota, Minneapolis, the Department of Financial
Economics, Stockholm School of Economics, and FIEF, Stockholm. A very special thanks
to the weekend crew: Catharina Lagerstam, Kerstin Lindskog and Tomas Vaclavinek.
1 In a popular Soviet joke, Comrade Leader and Comrade General are reviewing the forces of the May
Day parade in Red Square. At the end of the parade, behind the last missile, walk two men. "And who
are those two?" asks Comrade Leader. "Ah," replies Comrade General, "they are economists." "Why
are they in the parade?" asks Comrade Leader. "Well," Comrade General replies jubilantly, "nothing
equals the destructive power of two economists."

For inspiration I wish to thank M. Camilo, Brita and Oskar, Sergei P., Scott H.,
Reynolds and Camels, Charlie P., Droopy, M. Roberts, Grandma's, B. Berg and M.
Stern, G. Vladimov, Zdena T., Chick C., B. Fields, B. Adder, Miles D., M. Groening, Big
G., Double R., B. Breathed, C. Hunter, H. and A. Selmer, J. Patitucci, Opus, Wolfgang
M., D. WeekI, Rosie O'Grady's, R.L. Jones, Maurice R., A. Gaudi, Te Mutunga - Ranei
Te Take, G. Larson, Antonin D., Kirby P., D. Malouf, C. Kent, Sebastian B., K. Hulme,
F. Gambale for legato licks, J.M. Coetzee, L. George and L. Feat, Snell A., Milan K., ther
Pooh, John C., Basil F., E. Marienthal, S. Dan, A. Ghosh, Reb's, Jaroslav H., all the
Goede's in the world, Michael and Randy B., Nols P., Mutts G., Larry L., etc. Finally, I
owe it all to my family: from Greenpeace supporters to missile design engineers, from up
and coming journalists to elementary philosophers, from Birdlovers to Mother of punk,
from rockin' horse cousins to furry woodpeckers, Yanks, Brits, Dasswedanyans, Scots,
ex-Aussies and the lot - in one way or another you are all to blame; to Scotty for Warp
II, an occasional Warp III, and a rare imitation of Hal (whenever the Klingons invade my
programs); to TFX for typesetting; and to Alyoshie for getting things done.
Financial support from Jan Wallanders Research Foundation, the Royal Academy of
Sciences (Karl Langenskiolds Foundation), the Stockholm School of Economics (Louis
Fraenckels Foundation), Humanistisk-Samhallsvetenskapliga Forskningsradet and Bankforskningsinstitutet is gratefully acknowledged.

Stockholm, October 1990,

Anders Warne
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Chapter 1
Vector Autoregressions and
Cointegration
1.1

Some Useful Definitions

Vector autoregressive models have primarily been applied to economic data for three
purposes:
(i) to forecast macroeconomic indicators (see, e.g., Doan, Litterman and Sims
[21], and Litterman [55]),
(ii) to study the sources and characteristics of economic fluctuations (see, e.g.,
Cooley and LeRoy [17], Keating [50], and Sims [90,91]), and
(iii) to test economic theories which specify relationships between the present and
the expected future realisations of a set of variables (see, e.g., Baillie [4], and
Sargent [81]).
In the following three chapters I shall consider the latter two areas. Specifically, I will
analyse vector autoregressions with cointegration constraints (cf. Engle and Granger [26],
and Granger and Weiss [34]).
The basic idea of cointegration is very simple: although a vector time series may
have the property that each individual series is nonstationary certain linear combinations
of such processes can be stationary. For example, aggregate income and consunlption
are generally not well modelled as wide sense stationary. However, the permanent income
hypothesis may suggest that these two series do not drift too far apart (see, e.g., Campbell
[13] and Stock and Watson [96]).
From a practical point of view there are several reasons why cointegration is of interest.
In relation to (ii) above, cointegrating or steady state relationships can be used to identify
stochastic ~rends in the data. Innovations to such trends mayor may not be an important
factor for describing short run fluctuations in macroeconomic variables such as ouput, the
price level, investments, etc. In other words, cointegration provides a tool for modelling
nonstationarity by imposing steady state or long run equilibrium relationships on the
variables. Furthermore, the standard distribution theory for hypothesis testing in a time
series framework relies on the assumption that data are stationary. If this assumption is
not satisfied then inference will generally be based on the wrong limiting distributions (see,
1

e.g., Sims, Stock and Watson [92]). In this case, possible cointegrating relationships can
often be derived from the economic hypothesis. Once we have conditioned the econometric
or time series model on these restrictions we may be back in a setting where standard
asymptotic theory is applicable. For example, the market efficiency hypothesis of exchange
rates states that the expected one period ahead spot exchange rate is equal to the current
one period forward rate. If exchange rates are nonstationary in levels and stationary in
changes the market efficiency hypothesis suggests that the spread between the forward
and spot exchange rates is stationary.
To be more precise about the notion of cointegration, let {Xt}:1 be an n dimensional
real valued stochastic process generated according to the vector autoregression:
p

Xt

= P + L AkXt-k + Ct,

(1.1 )

k=1

where {xo, . .. ,X1-P} are np (deterministic) initial conditions, Ct is purely nondeterministic
and serially uncorrelated with mean zero and positive definite covariance matrix E, and
with Cs = 0 for all s ::; O. Also, let E[xt] = J-lt and Xt := Xt - Itt for all t 2:: 1, where :=
denotes a definition.

Definition 1.1 A vector time series {Xt}:1 is said to be jointly wide sense stationary if
(i) Itt = It, and (ii) E[(xt - /-l)(Xt-k - /-l)'] = lk for all t and k.
To avoid arrlbiguities below consider also the following:

Definition 1.2 A vector time series {Xt}:1 is said to be jointly covariance or second
moment stationary if {Xt}:1 is jointly wide sense stationary.
It should be noted that if Xt is generated according to
(1.2)
then {~t}~1 is jointly covariance but not jointly wide sense stationary. Furthermore,
subtracting Xt-1 from both sides of equation (1.2) we find that

Xt - Xt-1

= h + Ct -

Ct-1'

(1.3)

Accordingly, {( Xt - Xt-1)}:1 is jointly wide sense stationary. In fact, this examplifies
why the following definition of integration is relevant:

Definition 1.3 If { Xt} ~1 is not second moment stationary but {( Xt - Xt-1)} ~1 is jointly
wide sense stationary, then {Xt}:1 is said to be integrated of order 1.
Thus, if the stochastic process {Xt}:1 is jointly covariance stationary it cannot be integrated of order one (and vice versa) although {Xt}:1 in (1.2) is not wide sense stationary
while {( Xt - Xt-1)}:1 is. This motivates the condition that {Xt}:1 should not be second
moment stationary in Definition 1.3. It can also be noted that if the sequence {Xt}:1 is
jointly wide sense stationary I will also refer to it as being integrated of order zero.

Definition 1.4 If {Xt}:1 is integrated of order 1 and for some a E Rnxr with rank[a] =
< n the r dimensional stochastic process {Zt}:1' Zt := a/xt, is jointly wide sense stationary, then {Xt} ~1 is said to be cointegrated of order (1,1) with r cointegration vectors.

r

2

The terminology here follows that in Engle and Granger [26] although Definition 1.4
differs slightly from their definition of cointegrated processes of order (1,1). In fact, the
above definition is more general than Engle and Granger's since it allows some elements
of Xt to be wide sense stationary while Engle and Granger require all elements to be
integrated of order one. From a practical perspective Definition 1.4 is preferable since
we may be interested in studying a system where we wish to model some variables (e.g.,
unemployment) as wide sense stationary and others as integrated of order one (e.g., real
output) . Note that the first 1 in the order term refers to {Xt}:l being integrated of order
1, while the second 1 is obtained from {Zt}:l being integrated of order 1 - 1 = 0, i.e.,
the cointegration vectors decrease the order of integration by one.
For the stochastic process described in (1.2) there exists an n X (n -1) matrix a with
rank (n - 1) such that a'b = 0, i.e., {o:' Xt}:1 is jointly wide sense stationary. However,
since {Xt} ~1 is not integrated of order one it follows that this stochastic process is not
cointegrated of order (1,1) with (n - 1) cointegration vectors. Furthermore, this model
cannot be written in the form of equation (1.1).
To illustrate what is implied by these definitions, suppose the stochastic process generated by (1.1) is two dimensional with Xo = and

°

X1,t
X1,t-1

(1.4)

+ 62,t·

Solving the first equation we find that
t

X1,t

L 61,s,

=

(1.5)

s=l

and substituting this into the second equation of (1.4) for

X1,t-1

we obtain

t-1

(1.6)

6 2t.
X2t=
""'£ls+
,
~,
,
s=l

The two dimensional vector time series {Xt} ~1 is integrated of order one. To show this,
it can first be seen that E[xt] = 0, while the contemporaneous covariance matrix of Xt is
given by

E[

'] - [

Xt

Xt

-

to"ll

(t - 1)0"11

+ 0"12

(t - 1)0"11
(t - 1)0"11

+ 0"12
+ 0"22

]
'

where O"ij is the (i,j):th element of ~.1 Hence, second moments of Xt are functions of t
and {Xt} ~1 is thus not covariance stationary in levels. The first difference or change of
Xt is
X1,t -

Xl,t-l

£l,t,

X2,t -

X2,t-l

£2,t

The contemporaneous covariance matrix of
E[(Xt -

Xt-l)(Xt -

Xt-l)']

+ £1,t-l -

(Xt -

= [

0"11
0"12

Xt-l)

0"11

(1.7)
£2,t-l·

is equal to

+ 2(0"12
0"22 -

0"12

) ] .

1 It can be noted that limt_oo E[t-1XtX~] converges to a singular matrix with 0"11 in each of its elements.
From equations (1.5)-(1.6) it can be seen that Xt has one common stochastic trend. It is precisely the
variance of this trend that dominates the uncertainty of Xt.
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Neither this matrix nor the autocovariance matrices E[(Xt-Xt-l)(Xs-Xs-l)'] are functions
of t or s. .A.ccordingly, {Xt}:l is jointly wide sense stationary in first differences.
Furthermore, Xt has one cointegration vector which can be described by a' = [1 - 1]
so that
Zl,t

:= Xl,t - X2,t = 6l,t - 62,t,

(1.8)

is wide sense stationary since its mean is constant, E[z; t] = 0"11 + 0"22 - 20"12, whereas
E[Zl,tZl,s] = 0 for all s i= t, i.e., {Zl,t}:1 is a white noise process.
Looking at these equations it can be seen that if we suppose the parameters are
unknown, then only the system in (1.4) is easily estimated. The other two systems,
i.e., (1.5)-(1.6) and (1.7), involve serially correlated residuals. I shall refer to the former
system as a stochastic trends (or reduced form common trends) representation, and to the
latter as a vector moving average representation. Note, however, that if (1.4) is estimated
the fact that Zl,t in (1.8) is wide sense stationary will not be taken into account in finite
samples (see, e.g., Engle and' Yoo [28]). If a is known, we n1ay instead consider the
following two representations
Xl,t -

XI,t-l

Cl,t,

X2,t -

X2,t-l

Zl,t-l

+ 62,t,

(1.9)

and
Xl,t -

Xl,t-l

6l,t,

Cl,t -

ZI,t

(1.10)
62,t·

The first system is called a vector error correction representation since the changes in x
at time t reacts to a steady state error (Xl - X2) at time t -1. The second system is called
a restricted vector autoregression as it is expressed in vector autoregressive form but is
conditioned on the given cointegration relationship. Both these representations of (1.4)
take the assumed form of nonstationarity into account and are easy to estimate since the
unobserved variables are serially uncorrelated.
It should be emphasized that if {Xt} ~l is cointegrated of order (1,1) with r cointegration vectors, then all elements of this stochastic process need not be nonstationary. To
illustrate this, consider the following unrestricted vector autoregression:
XI,t

Xl,t-l

+ Cl,t,
(1.11)

X3,t

Xl,t-l -

X2,t-l

+ C3,t·

The first two equations correspond to the earlier system (cf. equation (1.4)). The third
equation specifies that X3,t is equal to the difference between Xl and X2 at t - 1 plus a
white noise residual. In terms of a restricted vector autoregression the system in (1.11)
ca.n be written as
Xl,t -

Xl,t-l

6l,t,

(1.12)

Zl,t
Z2,t

ZI,t-l

4

+ C3,t·

Consequently, there are now two cointegration vectors which can be described by the
matrix

,

a=

[1 -1 0]
0

01·

For this case there are two series, {Xl,t}:1 and {X2,t}:1' which are integrated of order
one, and one series, {X3,t}:1' which is integrated of order zero. As a system, however,
we find that {Xt}:1 is cointegrated of order (1,1) with two cointegration vectors and is
therefore nonstationary in levels.
In the theoretical and elnpirical analyses of financial and macroeconomic time series
below I shall concentrate on the restricted vector autoregression. There are at least
two reasons for this. First, it is autoregressive and standard theory on s steps ahead
forecasts ("rational expectations"), estimators, asymptotic properties, multivariate tests,
etc., can thus be applied. Second, the cointegration and common trends literature is
mainly concerned with the vector error correction representation. 2 Hence, its pros and
cons are already fairly well known. 3

1.2

A SUIIlrnary of the Thesis

In Chapter 2 necessary and sufficient conditions for the existence of a restricted vector
autoregression are given. Furthermore, it is shown how we can estimate a common trends
model from a restricted vector autoregression when the n dimensional vector time series
{Xt}::1 is cointegrated of order (1,1) with r cointegration vectors. Identification of k =
n - r permanent and r transitory innovations for estimating impulse response functions
and forecast error variance decon1.positions is analysed in detail. Analytical expressions of
the asymptotic distributions for estimates of these functions are derived for the case when
a and an upper bound for p, the lag order, are known. Here, the property that the sum of
a forecast error variance decomposition is one is explicitely taken into account. This has,
to my knowledge, not been dealt with previously in the literature. The chapter is based
on a paper by myself with the title "Estimating and Analysing the Dynamic Properties
of a Common Trends Model".
Chapter 3 is concerned with an illustration of how the theoretical results in Chapter 2 can be used to analyse macroeconomic fluctuations in small open economies. The
data I use is annual from Sweden (1871-1986) and Finland (1866-1985). It should be
emphasized that it is not my intention here to argue that a common trends model is well
suited for analysing these particular samples. Instead the motivation for the exercises
in this chapter is to make the rather technical material in Chapter 2 more accessible to
economists who are mainly interested in empirical analysis of macroeconomic data. For
each economy I identify three common stochastic trends in a vector of six variables containing terms of trade, the price level, the money stock, real output, real investments,
and real consumption. The cointegration vectors are derived from a steady state solution
to a small open economy real business cycle model and the trends are interpreted as a
2See, e.g, Johansen [44, Theorem 4.1] for conditions under which {Xt}~l in (1.1) is cointegrated of
order (1,1) with r cointegration vectors.
3It may also be added that a vector autoregression, in my opinion, has a more beautiful mathematical
composition than a vector error correction model.
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foreign, a real domestic, and a nominal domestic trend. Shocks to these trends are then
examined via impulse response functions and forecast error variance decompositions. The
chapter is based on a joint paper with Erik Mellander, the Industrial Institute for Economic and Social Research (lUI), and Anders Vredin, Trade Union Institute for Economic
Research (FIEF), with the title "Stochastic Trends and Economic Fluctuations in Small
Open Economies: The Cases of Finland and Sweden".
Finally, in Chapter 4 I analyse the connections between a rational expectations model
of the term structure of interest rates and a vector autoregressive data generating model.
For nonexplosive time series it is shown that the long term yield series Granger-causes
the short term yield when data are consistent with the economic modeL Furthermore,
the term structure model generally implies that jointly wide sense stationary interest
rates are nearly cointegrated. A simple likelihood ratio test is proposed to examine
cointegration and economic theory jointly. From bootstrap and X2 based inference on
Swedish data on I-month Treasury bills and 5-year Treasury bonds (1983:11-1989:12) it
is found that possible nonstationarity probably does not need to be accounted for when
testing the term structure model, and that the X2 distribution performs well in relation
to the bootstrap distributions as estimates of the small sample uncertainty. The chapter
is based on joint work (same title) with Ossian Ekdahl at the Department of Financial
Economics, Stockholm School of Economics. Naturally, my co-authors are not responsible
for any errors, obscurities or views expressed here. That burden is carried by me alone.
All numerical calculations in Chapters 3 and 4 have been performed by RATS, version
3.01. Interactive programs for all computations except the Johansen likelihood ratio
tests have been written by myself and are available on request. Programs for performing
the Johansen tests have been written by S~ren Johansen, Katarina Juselius and Henrik
Hansen at the University of Copenhagen.
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Chapter 2

A Common Trends Model:
Representation, Estimation and
Asymptotic Properties
2.1

Introduction

In many models on macroeconomic fluctuations the dichotomy between growth and cycles
has played an important role. Traditionally, growth has often been treated as deterministic
in studies on business cycles (cf. King, Plosser and Rebelo [51]). In contrast, stochastic
growth models, such as the real business cycle models considered by, La., King, Plosser
and Rebelo [52], and King, Plosser, Stock and Watson [53], allow shocks to growth to
influence the short run fluctuations.
A common feature of stochastic growth models is that the number of growth disturbances is rather low relative to the number of variables. The prevailing view in the
theoretical literature seems to be that macroeconomic fluctuations arise from shocks to
fundamental variables such as economic policy, preferences, and technology. These shocks
are then propagated through the economy and result in systematic patterns of persistence
and comovements among macroeconomic aggregates. Consequently, it should be of interest to analyse a simple time series model which makes it possible to examine connections
between growth related shocks and transient fluctuations. Such a model will then by
necessity incorporate stochastic rather than deterministic trends. Furthermore, to consider the notion of a few important growth disturbances, there will in general be fewer
stochastic trends than time series.
In papers by King, Plosser, Stock, and Watson [53] and Stock and Watson [95], the
connection between cointegration and common stochastic trends was first examined in
some detail. The basic idea is that there is a reduced number of linear stochastic trends
feeding the system. This implies that there exists certain linear combinations of the (log)
levels series which ensure that the trends average out, i.e., the residuals from the linear
combinations are wide sense stationary stochastic processes. King, Plosser, Stock, and
Watson investigate a common trends model on five U.S. macroeconomic time series (output, consumption, investments, the price level, and the money stock) and model growth
by two stochastic trends, a nominal and a real trend. With five time series and two
trends, common sense (or algebra) suggests that we can construct three independent vec-
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tors which eliminate the trends, i.e., there are three cointegrating vectors which describe a
steady state in such a system. A shortcoming of their paper is that the description of the
estimation and computation strategy they make use of is somewhat limited. For example,
an inversion afgoritnm neeae d- to ootain estimates of; e.g., impulse response functions
and forecast error variance decompositions is only mentioned. Furthermore, asymptotic
properties of these functions are not considered.
A purpose of this chapter is to mathematically establish how one may estimate the
parameters in a common stochastic trends model when the time series of interest are
cointegrated of order (1,1).1 Furthermore, I shall show how one may perform dynamic
analysis within this framework when the innovations to the system are either permanent
or transitory, i.e., when the responses in at least one variable to an innovation are or are
not persistent. In particular, the calculation of impulse response functions and forecast
error variance decompositions will be looked into in some detail. Finally, I shall derive
asymptotic distributions of estimates of these functions in the present setting. Here,
the theory is based on Baillie [5,6], Liitkepohl [58,59,60], Liitkepohl and Poskitt [61],
Liitkepohl and Reimers [62], and Schmidt [82,83], although the particular innovations I
examine complicate the analys~s somewhat. Furthermore, the fact that the sum of an
s steps ahead forecast error variance decomposition is equal to one will be taken into
account. To my knowledge, this has not been dealt with before.
The chapter is organized as follows. In section 2.2, I discuss some representations
which are equivalent for cointegrated time series. There it is shown that a restricted
vector autoregressive representation for cointegrated time series exists under familiar circumstances. Since this representation is invertible, it is well suited for calculating all other
parameters of interest (see also Warne [98]). Section 2.3 is concerned with the moving
average parameters and identification of permanent and transitory innovations. In section
2.4, I analyse the asymptotic properties of impulse response functions and forecast error
variance decompositions under the assumptions that the cointegrating vectors are known
and the lag order has a known upper bound. Section 2.5 summarizes the main results in
the chapter. An illustration of the theory is discussed in Chapter 3.

2.2

Estimation of a Common Trends Model

Linear time series models which are conditioned on cointegrating restrictions are generally
specified in terms of variables which can be observed and a purely nondeterministic and
serially uncorrelated error. Accordingly, they can be estimated with standard tools. In
contrast, a common trends model consists of a vector of trends and a vector of stationary
variables, where neither component can be observed as an individual factor. Without loss
of generality, let {Xt}:l be a vector time series such that

Xt

= xf + x~.

x:

Here, xi represents a vector of trends of Xt, while
is a stationary residual. To estimate such a tilne series model it is therefore necessary to model the structure of either
component and thereby identify both.
1 See Blanchard and Quah [10], and Shapiro and Watson [86] for approaches which are related to the
one I shall examine here.

8

In King, Plosser, Stock and Watson [53] and Stock and Watson [95] it is shown that
there is a simple duality between the concepts of cointegration and common trends. In
particular, the cointegrating restrictions determine the number of independent trends
and how a vector of observed variables is related to all the independent trends. That
is, if a is a vector of cointegrating restrictions, then a'xf = 0 for a' Xt = a' x~ to be
stationary. These restrictions, however, generally neither specify nor suggest whether
a certain trend is related to, e.g., technology shocks or economic policy. To be able to
make such interpretations it is necessary to consider further identifying assumptions. In
this section I shall devote the first part to the mathematical structure of cointegrated
time series and the second part to estimation and identification of the common trends
parameters. As an illustration, the third part contains an example of a three dimensional
system for output, the price level, and the money stock.

2.2.1

A Mathematical Structure for Cointegrated Time Series

From Granger's Representation Theorem (cf. Engle and Granger [26], Hylleberg and Mizon [42], Johansen [44,45,46], and Warne [98]) we know that the following vector moving
average model may be rewritten in various forms (representations) for an n dimensional
real valued vector time series {Xt}~l which is cointegrated of order (1,1) with cointegrating rank r < n:
(2.1)
Here, L is the lag operator, i.e., Lk Xt = Xt-k for any integer k, ~ := 1 - L is the first
difference operator, the n x n matrix polynomial C (,\) := In + E~l Cj,\j is finite for
all ,\ on or inside the unit circle, In is the n x n identity matrix, 6 = C(l)p is the
mean for ~Xt, rank[C(l)] = n - r, and the n dimensional random variable Ct is purely
nondeterministic and serially uncorrelated with mean zero and positive definite covariance
matrix E. Hence, cointegration implies, among other things, that C(l) has reduced rank
so that C('\) cannot be inverted with standard techniques.
From the above references, however, we find that the vector moving average representation in equation (2.1) is a solution to the following unrestricted vector autoregressive
system:
A(L )Xt = P + Ct,
(2.2)

,a',

A('\)C('\) = C('\)A('\) =
where A(,\) = In - E~l Ak,\k, rank[A(l)] = r, A(l) =
(1 - '\)In , the matrices a and, are of dimension n x r, and the columns of a are called
the cointegrating vectors. From these properties it can be seen that equation (2.1) is a
solution to (2.2).
Without loss of generality, let us assume that the matrix polynomial A('\) is of finite
order p, Le., A p+s = 0 for all s ~ 1. We can easily rewrite equation (2.2) as a vector error
correction representation of the form

(2.3)
where the r dimensional vector time series {Zt}~l is integrated of order zero, Zt := a' Xt,
A*('\) = In - Et:~ Ak,\k, and A k = - Ef=k+l AI. In relation to equation (2.2), the vector
error correction representation is based on the cointegrating matrix, i.e., all variables in
the model are written in terms of stationary transformations.
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In, e.g., Hylleberg and Mizon [42], King, Plosser, Stock, and Watson [53], Stock and
Watson [95], and Warne [98] it is shown that there exists a common trends model of the
form
(2.4)
Xt = Xo + ATt + C(L)ct,
where Tt is a k x 1 vector of random walks with drift p and innovation 'Pt, i.e.,

Tt = P + Tt-l

+ c.pt·

(2.5)

It can be shown that k = n - r. Below I shall analyse dynamic effects from shocks to the
k common trends. For that reason it is convenient to assume that the innovations, c.pt,
are mutually independent so that (E[c.pt] = 0 and) E[c.pt'P~] = ~ = diag[~ll ... ~kk].
The matrix A in equation (2.4) is n x k with rank k, and the matrix polynomial
C('x) = L:~o Ci,Xi. It can be shown that C i = - 2:~i+l Cj (cf. Stock [94]). The condition
that {Xt}~t is cointegrated of order (1,1) with cointegrating rank r implies that C('x) is
finite for all I,XI ~ 1 and rank[C(l)] ~ r. To see this, note that the sequence {Zt}~t,
where
Zt := a'xt = a'xo + a'C(L)ct,
(2.6)
is integrated of order zero. Below it will be shown that a'C(L )Ct represents an invertible
vector moving average representation for Zt (cf. Theorem 2.1). For now it suffices to note
that this can only be the case if 6(,X) is finite and 6(1) has rank at least equal to r.
Furthermore, since the cointegrating (or steady state) relationships imply that a' xf = 0
and xf = ATt, we have that a' A = o. Note also that Xo cannot be nonstationary. To
simplify matters, it is assumed that Xo is constant.
The exact relationship between the the vector moving average and common trends
model in equations (2.1) and (2.4) may now be established. As noted by, e.g., Stock [94]
the matrix polynomial C('x) can be written as C('x) = C(l) + (1 - 'x)6(,X). Inserting
this into equation (2.1), moving Xt-l to the right hand side, recursively substituting for
Xt-t, . .. ,XI, and letting C8 = 0 for all s ~ 0, we obtain the following stochastic trends or
reduced form common trends representation:
(2.7)
where et = p + et-l + Ct. The mathematical intuition for the reduced number of random
walks in (2.4) stems from the fact that the matrix C(l) has rank n - T. Hence, only n - r
elements of the n dimensional vector C(l )Ct result in independent permanent effects on
Xt. In fact, comparing (2.4), (2.6) and (2.7) we find that a'A = a'C(l) = o. Furthermore,
combining equations (2.4), (2.5), and (2.7) we get

Ac.pt

= C(l)ct,

A~A'

= C(l)EC(l)',

and Ap

= C(l)p.

(2.8)

When one is concerned with estimating the common trends model, it is clear that we need
to have information about the parameters of C(l), ~, and p.2
2King, Plosser, Stock, and Watson [53] make use of the vector error correction representation in their
study. Based on the results in Theorem 2.1 it can be shown that C(A)
M-lD(A)[A*(A)M-l D(A) +
N A]-l. An inversion routine which is built on this relationship seems somewhat more complex than the
one derived in section 2.3 although they are algebraically equivalent; see also Liitkepohl and Reimers [62].

=
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Campbell and Shiller [15] show that it is straightforward to rewrite the vector error
correction representation as a restricted vector autoregressive system when n = 2 and
r = 1. Whereas Campbell [13] only discusses the matter, Warne [98, Theorem 2] shows
that this result can be generalized to any choice of nand r. The inclusion of linear
deterministic trends, however, has not been analysed in the literature before.
Let M be an n x n nonsingular matrix given by [S~ 0]', where the rows of the k x n
selection matrix Sk satisfy Si,kC(I) =1= 0 for all i E {I, ... , k}. Also, let N be an n X n
matrix equal to [0 ,], while the n x n matrix polynomials D(A) and ~(A) are

Ik
0
]
D(.\):= [ 0 (1 - .\)1r

'

The main representation theorem of this thesis for a real valued vector time series with k
common trends is the following:

Theorem 2.1 If and only if the n dimensional vector time series {Xt}~l (i) satisfies
~Xt = C(L) . (p + Ct), where the n X n matrix polynomial C(A) = In + L:~l CjAj, {€t}~l
is a sequence of a purely nondeterministic and serially uncorrelated random variable,
Ct, with mean zero and positive definite covariance matrix E, and (ii) is cointegrated of
order (1,1) with cointegrating rank r, then there exists a restricted vector autoregressive
representation
(2.9)
B(L)Yt = (} + 'TJt.

Here, B(A) := M[A*(A)M- 1 D(A)+N·A], B(O) = In, the n dimensional vector time series
{Yt}~l is integrated of order zero, Yt := ~(L)MXt, (} := Mp, 'TJt := Mct, E['TJt'TJ;] = n is
positive definite, and the function det[B(A)] = 0 has all solutions outside the unit circle.
In addition,
(2.10)
A(A) = M- 1 B(A)~(A)M,
and
C(A) = M- 1 D(A)B(A)-l M.

(2.11 )

Proof To show sufficiency, let us start from the vector error correction representation,
which is known to exist under conditions (i) and (ii) (cf. Hylleberg and Mizon [42]).
Premultiplying both sides of equation (2.3) by the nonsingular matrix M, we find that
MA*(L)M-l~MXt= (} _·M,Zt-l

+ 'TJt.

Making use of the relationships (1 - A)In = D(A)~(A) and NYt = ,Zt we arrive at
the restricted vector autoregressive representation for Xt. Since 'TJt = M Ct, we find that
E['TJt'TJ~] = n = MEM'. This matrix is evidently nonsingular by virtue of the fact that
E and Mare nonsingular matrices. Finally, the solutions to det[B(A)] = 0 are outside
the unit circle if the vector time series {Yt}~l is integrated of order zero. The latter is
established by noting that Yt = [~(SkXt)' z;]'.
Necessity is proven by first noting that the restricted vector autoregressive representation can be written as
M-IB(L)~(L)MXt = P + Ct,
by premultiplying both sides in (2.9) by M- 1 • From this expression we find that the
matrix polynomial A( A) in the unrestricted vector autoregressive representation is equal
11

to M-IB('\)~('\)M, where the rank of A(l) is equal to the rank of ~(1). The latter matrix, of course, has rank r. Premultiplying both sides in the above equation by
M-1D('\)F('\)M, where F('\) = B(,\)-l, we find that
~Xt = M- 1D(l )F(l)M p

+ M- 1 D(L )F(L)MCt.

Hence, C('\) = M- 1D('\)F('\)M is finite since F('\) is finite and invertible, and the rank
of C(l) is equal to the rank of D(l), which is k. The latter property implies that {Xt}~l
is cointegrated of order (1,1) with cointegrating rank r since {Yt}~l is integrated of order
ZffO.

Q.E.D.

In a sense, Theorem 2.1 summarizes all we need to know about the (reduced form)
mathematical properties of a vector time series which is cointegrated of order (1,1) with
cointegrating rank r. The matrix polynomial B('\) captures the general 'short run' dynamics, whereas (~(,\), D('\)) and M represent integration and cointegration, respectively
(see Warne [98, page 20]). Furthermore, it provides a foundation for the Stock and Watson [95] strategy to testing for cointegration. To see this, note that Sk may be chosen
so that its rows are orthogonal to the columns of the cointegrating matrix o. Moreover,
the restricted vector autoregression may be used as a convenient data generating process
for testing linear rational expectations models when the time series of interest are cointegrated (cf. Baillie [4], Campbell and Shiller [14], Warne [98], and Chapter 4). However,
for my purpose here, a more important result is that we have found a fundamental and
simple mathematical connection to the vector moving average representation. Hence, the
restricted vector autoregressive representation is very well suited for estimating a common
trends mode1. 3

2.2.2

Estimation of the Common Trends Parameters

Without loss of generality, let us suppose that the selection matrix, Sk, is given by [Ik 0].
This implies that Yt is equal to "[~Xl,t·· • ~Xk,t Zl,t··· Zr,t]'.4 From the relationship between A(,\) and B(,\) it follows that the latter matrix polynomial is never of an order
greater than A(,\). Unless all elements in the final r columns of Ap are zero, B(,\) is
also of order p. Hence, I shall let B(,\) = In - L:1=1 Bk,\k. Furthermore, Theorem 2.1
establishes that the matrix C(l) is equal to M- 1 D(l)F(l)M, where F(l) is the inverse
of B(l). It then follows that if M, (J, 0, and B(l) were known, so would p, ~, and C(l)
be.
The space spanned by the rows of 0' may be estimated and analysed by applying
the maximum likelihood based methods developed in Johansen [44,45,48], and Johansen
31t may be noted that from a purely mathematical point of view it is always possible to consider a
selection matrix Sk of the form Sk
[Ik 0] when the cointegrating vectors are known. The reason for
this is that rank[a] = r so that the components of Zt can be ordered to ensur~ that the last r columns of
a' is an invertible matrix. In fact, we can let a' = [a~ I r ], where a~ is an r x k matrix. It is now easily
established that a'G(l) = O.

=

4Several authors have actually applied the restricted autoregressive representation in equation (2.9)
and this specific choice for Sk (cf. Campbell [13], Shapiro and Watson [86], and Walsh [97]). Intuitively,
it seems natural to consider this choice for Yt when time series are cointegrated. Theorem 2.1 provides
mathematical conditions for that intuition.
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and Juselius [49]. Another possibility is to let these parameters be determined by the
steady state of an appropriate economic theory (cf. King, Plosser, Stock and Watson [53]
and Chapter 3). In either case, knowledge of these parameters suffices for the purpose
of determining the matrices M and ~(A), needed to construct the vector time series
{Yt} ~l. Furthermore, consistent and asymptotically efficient estimates of the parameters
{9, B}, ... , B p , O} may be obtained from, e.g., multivariate least squares or Gaussian
maximum likelihood estimation of Yt on a constant and p lags (see, e.g., Baillie [4]).5
To summarize, we can calculate estimates of C(l), b, and p from estimates of the parameters in the restricted vector autoregressive representation and the exact relationships
are:
M- 1 9,
P
M-1fl(M')-1,
E
(2.12)
M- 1 D(1)F(1)M.
C(l)
The next step is to calculate the matrix of common trends parameters, A, and the
variance matrix for the. innovations,~. In order to identify the common trends, Tt, one
may proceed along the route suggested by King, Plosser, Stock, and Watson [53] (see also,
e.g., Johansen [44, Theorem 4.1] for an alternative approach). That is, when {Xt}~l has
k common stochastic trends, we may write the matrix A as
A = A o1r,

(2.13)

where A o is an n x k matrix with known parameters, chosen so that (x' A o = 0, and 1r is
a k x k matrix of unknown parameters. Using the result that A~A' = C(l)EC(l)' and
letting 1r* := 1rCJ.)1/2, we have that
A o1r*1r*' A~ = C(l )bC(l )'.

(2.14)

Since A o has rank equal to k, we may rearrange the parameters of equation (2.14) in the
following form
1r*1r*' = (A~Ao)-l A~C(l)bC(l)'Ao(A~Ao)-l.
(2.15)
The right hand side of equation (2.15) is a k x k positive definite and symmetric matrix
with known parameters. Accordingly, 1r*1r*' is known.
We cannot, however, solve for 1r* uniquely without making some additional assumptions. For the above system of equations no more than k . (k + 1)/2 parameters can be
uniquely determined. Since ~ is assumed to be diagonal, this implies that k· (k - 1) /2 parameters remain for computing 1r unless, for example, we choose <P = I k ; then k(k + 1)/2
parameters of 1r can be uniquely determined. In the first case, we may, e.g., suppose
that 1r is lower triangular with unit diagonal elements. On the other hand, if <P = I k is
5Note that the asymptotic properties of, e.g., C(l) are not independent of how a has been determined.
An estimated a matrix will always imply that the estimated C(l) matrix has a greater asymptotic
covariance matrix than when a is given by economic theory in the sense that the difference between
the two covariance matrices is a positive definite matrix. More importantly, Sk = [lk 0] need not be
an appropriate choice for the selection matrix when a is estimated since there is no guarantee that
the estimated M matrix converges to a nonsingular matrix in probability. Instead, we can consider
Sic o'~, where O"ttl. = 0 and a~ 0'1. lk. This selection matrix ensures that an estimate of M, based
on appropriate assumptions (cf. Liitkepohl and Reimers [62]), converges in probability to a nonsingular
matrix.

=

=
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chosen, the diagonal elements of the lower tringular matrix 1r are free. 6 From a Choleski
decomposition of 1r*1r*' we then obtain 1r, ~, and A.
Other identification procedures such as a method of moments decomposition of 1r*1r*'
may also be considered (cf. Bernanke [8]). It should be noted that although the Choleski
decomposition of 1r indicates a recursive structure for the influence of Tt on Xt, the choice
of An actually determines which components of Tt will have influence on Xt and which may
not. Thus, unless one so desires, A need not represent any recursiveness for the common
trends model. Finally, the k x 1 vector of drifts, associated with the mutually independent
random walks, Tt, may be calculated from

At this stage, it should be emphasized that this procedure for identifying the common
trends parameters implies that the innovations to the common trends influence transient
fluctuations in Xt as well as the growth path. To see this, note that 'Pt = (A'A)-l A'C(l )Ct.
Consequently, the covariance matrix between 'Pt and Ct is
E['PtC~]

= (A'A)-l A'C(l)b.

Obviously, this matrix is nonzero since the columns of A cannot be orthogonal to the
columns of C(l). It is precisely this fact that allows us to study connections between
growth and transitory fluctuations.

2.2.3

An Example

Suppose we are interested in examining the interactions between the logarithms of real
output (In }It), the price level (In Pt ), and the money stock (In M t ). Furthermore, suppose
we model Xt = [In yt In Pt In M t ], as being cointegrated of order (1,1) with one cointegrating vector. Let 0' = [1 1 -1], so that the logarithm of the velocity of money is integrated
of order zero. Accordingly, each series is nonstationary in levels. 7
In this case, we can estimate the restricted vector autoregression in equation (2.9)
with Yt = [Llln yt Llln Pt In "\tt]', where In \It = (In yt + In Pt -In M t ). From estimates of
the B k matrices we can then determine an estimate of C(l) as shown above.
To estimate the 3 x 2 matrix of common trends parameters, A, we need to specify
A o. A choice suggested by economic theory is to let Tt include a real (technology) and a
nominal (monetary policy) trend, and assume that the nominal trend does not influence
6Since the elements of CPt can only be identified up to a linear (nonzero) transformation, it is irrelevant
from a practical and theoretical point of view which specific nonzero numbers that are assigned to the
diagonal of ~.

7N ote, however, it is not necessary that each time series in a common trends model is nonstationary.
For example, the time series model studied by Blanchard and Quah [10] can easily be fitted into a
common trends framework. Since they examine real output and unemployment and model the former
as first difference stationary and the latter as stationary, there is one cointegrating vector which aSsigns
a nonzero coefficient to unemployment and a zero coefficient to real output. Then, the time series Yt is
given ,by the first difference of real output and the level of unemployment. Furthermore, the matrix A
is 2 x 1 with a nonzero coefficient in the output equatio~ and a zero coefficient in the unemployment
equation. See also equation (1.12).
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the long run growth path of In Y;. The real trend, however, is allowed to influence growth
in the nominal variables.
Given a, the above discussion implies that
aO,11

Ao =

+

a021
[
aO,11

aO,21

It can be verified that the choice of aO,21 does not influence the matrix A, whereas aO,11
and aO,22 must be nonzero. Therefore, let aO,21 = 0 and aO,11 = aO,22 = 1.8 With 1C' being
lower triangular, the general form of A is then
71"11

A

=[

71"21
1C'11

+ 71"21

1r~2

] ,

1C'22

where 1C'ij denotes the (i,j):th element of 1C'. From A it can be seen that the first element
of Tt is the real trend, while the second element is the nominal trend. Furthermore, the
matrix A satisfies three restrictions and thus has three free parameters, i.e., al2 = 0,
all + a21 = a31, and a22 = a32.
It should be noted that if 1C'ii is obtained directly from 1C'~, then the variance matrix
of CPt is given by 12 , On the other hand, if we let 1C'ii = 1, then 1C';~ is the variance of the
innovation to the real trend, while 1C'i~ is the variance of the innovation to the nominal
trend. From a theoretical point of view, it is irrelevant which specific nonzero numbers
we assign to the diagonal of CJ> since the cornmon trends can only be identified up to a
linear (nonzero) transformation.

2.3
2.3.1

Inversion and Identification
The Moving Average Parameters

The vector moving average representation in equation (2.1) is a natural starting point
for analysing some dynamic properties of a vector time series {Xt}~l with k common
trends. The central issues for performing impulse response analysis and forecast error
variance decompositions are those of (a) calculating the sequence of matrices {Cj } ~l'
(b) identifying the innovations to the system, and (c) computing standard errors for the
estimated parameters of these functions. Here, I shall focus on (a), whereas (b) and (c)
are studied in sections 2.3.2 and 2.4, respectively.
From Theorem 2.1 we find that the C(A) polynomial is equal to M-ID(A)F(A)M,
and F(A) is the inverse of B(A). Since the latter polynomial is assumed to be of finite
8To verify this claim, let tP be a k x k matrix such that A = AOtP-1tP1r = Aoi. Since 1r is lower
triangular it follows that tP must also be lower triangular for i := tP1r to be lower triangular. Standard
matrix theory tells us that the inverse of a lower triangular matrix is lower triangular. Thus, the matrix
Ao := A OtP- 1 can be constructed in any way we desire as long as a' A o = 0 and tP is lower triangular. In
the example, we may consider a lower triangular tP matrix whose diagonal elements are given by tPii = aO,ii
for i E {I, 2}, thus the nonzero requirement. Also, tP21 = aO,21 is permissible. If 1r is not lower triangular
it becomes more difficult to determine what kind of tP matrices that may be considered.
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order p, it follows that F('x) is not. Accordingly, C(A) is also of infinite order. Letting
F('x) = In + Ei=1 Fj,Xj, and using the above relationship, we find that
(2.16)
where F o = In and the n X n matrix D is defined from D('x) = In - D . A. It may be
noted that D = ~(1) is idempotent, a property I shall use below.
One algorithm for performing the inversion is obtained from using the fact that

j-l

00

F(A)B(A)

= In + E(Fj
j=1

-

E FiB

j-

j

i) . A

= In.

i=O

If this equality is to hold for any A, it is evident that

j-l

= E FiBj - i ,

Fj

(2.17)

i=O

for all j ~ 1, where B j = 0 for all j ~ p + 1.
Alternatively, we can stack equation (2.9) into a first order system of the form

Y~~l

[

Yt-p+l

] = [

~ + [~:

80

]

0

B~_l ~P]. [ ~:~~ ] + [ ~ ] ,

2

0

In

0

0

Yt-p

0

or
(2.18)
Since det[B('x)] = 0 has all solutions outside the unit circle, it is clear that the eigenvalues
of B are inside the unit circle. Accordingly, lims -+ oo BS = 0 so that the solution to th~
system of stochastic difference equations in (2.18) is
00

00

yt = EBje+ EBjNt - j.
j=O

(2.19)

j=O

Defining the n x np matrix Jp as' [In 0··· 0], we find that Yt = JpYt, e = J;O, and
Nt = J;TJt. Hence, the solution to equation (2.9) in terms of current and past realizations
of TJt can be written as

Yt

00

00

j=O

j=O

= E JpBj J;O + E JpBj J;TJt-j,

(2.20)

where F(I) = Ei=o JpBj J;.9 It is then obvious that an equivalent expression to that in
equation (2.17) is
(2.21 )
9This immediately follows from an inspectiot:l of equation (2.9). Inverting the B(A) polynomial we
find that Yt B(l)-l(J + B(L)-l7Jt, where F(l) B(l)-l.

=

=
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This latter relationship between Fj and the B k matrices is simpler to work with when we
derive asymptotic distributions for impulse response functions and forecast error variance
decompositions; a matter to be discussed in section 2.4.
Hence, we find that the sequence of matrices {Cj} ~l can be computed from the
estimates of {Bk}1=1 and prior knowledge of M. In particular,

- M-1DJ.P Bj-1J'M
C3· = M-1J.P BjJ'M
P
p'

J. = 1, 2 , ...

(2.22)

where Co

= In.

2.3.2

Identification of Permanent and Transitory Innovations

In section 2.2.2 we identified k innovations, i.e., those which are associated with the common trends. In this subsection my objective is to be more specific about all innovations
in the common trends model. In particular, it is important to be precise about identification in the sense that implications from impulse response functions and forecast error
variance decompositions are fully consistent with the common trends model. Before we
come to that, however, two definitions and some new notation is introduced to minimize
ambiguities.
Let F be any n x n nonsingular matrix such that FEF' is diagonal. The matrix
R(l) = C(l )F- 1 is called the total impact matrix. Also, let Vit be the i:th component of
the vector F Ct.

Definition 2.1 An innovation

Vit is said to be permanent (transitory) if the i:th column
of the total impact matrix is nonzero (zero).

Definition 2.2 An n x n matrix F is said to identify a common trends model if (i) the
covariance matrix of Fct is diagonal with nonzero diagonal elements, and (ii) the total
impact matrix is given by R(l) = [A 0].
From these two definitions it follows that if an n x n matrix F identifies a common trends
model, then the permanent innovations are those which are associated with the common
trends.
Let the n x n nonsingular matrix F be chosen so that (i) the permanent innovations
are equal to CPt, (ii) the permanent and the tran~itory innovations, tPt, are independent,
and (iii) the transitory innovations are mutually independent. We then have that

(2.23)
where R(A) = C(A)F- 1 , Vt = FCt, and E[vtv:J = r. The component R{L)vt in equation
(2.23) is called the impulse response function of dXt. The above three conditions imply
that r is diagonal. Furthermore, this matrix can be partitioned into

(2.24)
where E[tPttP;]

= \11 = diag[Wll ... Wrr ] is the variance matrix of the transitory innovations.
17

In order to derive a suitable matrix F, it may first be noted that
(2.25)
where Fk and Fr are k x nand r x n matrices, respectively. It has alrea<;ly been established
that Acpt = C(1 )Ct and that A as well as C(1) had rank equal to k. Hence, it is evident
that the permanent innovations may be descrIbed by
(2.26)
and, accordingly, the top k x n matrix Fk in (2.25) is
(2.27)
From section 2.2 we know that <P = FkEF~ is a diagonal matrix, which is implied by the
assumption that the permanent innovations are mutually independent.
To find a matrix F r , which satisfies the conditions (ii) CPt and 'l/Jt are independent, and
(iii) the components qf tPt are mutually independent, we may either make use of a Jordan
decomposition of some suitable matrix or mathematically related schemes (cf. Stock and
Watson [95]). I shall first consider condition (ii). Evaluating the covariance between the
permanent and transitory innovations, we find that
(2.28)
For this k x r matrix to be zero, it seems natural to let Fr include E- 1 . That allows
us to focus on the matrix C(1), which is known to have reduced rank. From linear
algebra it is well known that there exists exactly r linearly independent vectors in Rn,
the n dimensional Euclidean space., which are orthogonal to the rows of C(1). Letting
F r = H r E- 1 , we are therefore seeking an r X n matrix H r such that

One possibility is to consider the space spanned by the columns of /. From the
properties of the A(1) and C(1) matrices, we have that C(1), = O. Furthermore, from
Theorem 2.1 we find that, may be calculated from the estimated parameters {Bk }1=1
and the cointegrating matrix o. In fact, the following relationship may be established
(2.29)
where Pr is the n X r matrix determined from D
plying / in equation (2.29) by C(I), we find that

= [0

Pr ], i.e., Pr

= [0 f r Y.I0

Premulti-

(M- 1 D(I)F(I)M) . (M- 1 B(I)Ll(1)M o( 0'0)-1)
0,

=

lOThis is easily established by noting that Ma(a'a)-l
[(a'a)-la'S~ frY. Premultiplying by D we
obtain Pro Alternatively, from Theorem 2.1 we know that B(l) M[A*(1)M- 1 D(l)+N]. Premultiplying
by M-l and postmultiplying by Pr , we find that M-IB(l)Pr = NPr . Since N = [0 1], it follows that
NPr
1·

=
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=

since D is idempotent, i.e., D(1)8(1) = (In - D)D = o.
Let H r = Q;l,', where Qr is an r X r matrix. The covariance matrix for the transitory
innovations is then given by

(2.30)
In order to ensure that W is compatible with the assumption of "pt being mutually independent, Qr must be chosen such that ,'E- 1, is diagonalized. In general, one may let the
transitory innovations be identified in the sense that the innovations have an economic
interpretation. Such identification involves, e.g., a method of moments (cf. Bernanke
[8]) or a Choleski decomposition. However, if no specific economic interpretation of the
transitory innovations is aimed at, then an ordinary eigen decomposition may also be
considered. This decomposition implies that the diagonal of W contains the eigenvalues
of the positive definite r X r matrix ,'E- 1" whereas the columnvectors of Qr are the corresponding eigenvectors. Whichever decomposition we apply, the transitory innovations
are determined from
"pt = Q;I,'E-1€t.
(2.31)
Accordingly, the matrix F r is given by Q;I,'E- 1 so that the matrix F becomes
_ [ (A'A)-l A'C(l) ]
F Q-l
'E- 1
r ,

(2.32)

.

It may be noted that the k linearly independent rows of Fk are linearly independent to
the r linearly independent rows of Fr. These properties imply that F is of full rank (cf.
Theorem 3.19 in Magnus and Neudecker [63, page 56]).
:We are now in a position to state the following important result concerning the properties of the matrix F.

Theorem 2.2 If the n dimensional vector time series {Xt} ~l satisfies the assumptions in
Theorem 2.. 1, then the n x n nonsingular matrix F in equation (2.32) identifies a common
trends model, i.e.,
R(l) = C(1)F- 1 = [A 0],

and FEF' =

r

(2.33)

is diagonal.

Proof Let us partition the inverse of F into
F- 1 = [F;l F r- 1 ]

,

where F;l and Fr- 1 are n x k and n x r matrices, respectively. Postmultiplying F in
equation (2.32) by this expression for F- 1 , we obtain
-1

FF

=

[(A'A)-IA'C(l)F;1
Q-I
r , 'E-I R-1
k

(A'A)-IA'C(l)Fr-l]
Q-I
r , 'E-1 Fr1

= In.

Letting Fr-l = ,(Q~)-IW-l and F;l = EC(l)'A(A'A)-l~-1 we have found the inverse of
F. Substituting for these relationships in equation (2.33), we have that

= [R(l)k R(l)r] = [C(l)EC(l)'A(A'A)-I~-l C(l)'(Q~)-lW-l].
Clearly, R(l)k = C(l)EC(l)'A(A'A)-I~-1 = A since C(l)EC(l)' = A~A', while R(l)r =
o by virtue of the fact that C(l), = o. Finally, it is obvious from the above analysis that
FEF' = r is a diagonal matrix.
Q.E.D.
R(l)
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2.4
2.4.1

Consistency and ASYlllptotic Normality
Asymptotic Properties of Impulse Response Functions

If the lag order of a covariance stationary vector autoregression is finite and known or if an
upper bound for the order is known, results from· Baillie [5,6], Schmidt [82,83], and others
can be applied to obtain the asymptotic distribution of the vector moving average and
impulse response parameters. Also, the case of unknown and possibly infinite lag order
is examined by, e.g., Liitkepohl [58,59] and Liitkepohl and Poskitt [61].11 Furthermore,
the asymptotic distribution for the impulse responses in a cointegrated framework with
Gaussian innovations is analysed in Liitkepohl and Reimers [62]. Unfortunately, neither
of these approaches can fully be applied in the present setting. In particular, while the
results in Liitkepohl and Reimers imply that some innovations will have permanent effect
on some components of Xt, permanent and transitory innovations in the sense implied by
the common trends model have generally not been identified.
Here, I shall concentrate on the case when an upper bound for the lag order as well
as the cointegrating vectors are known. There are at least two reasons why the case
of a known M matrix is of interest. First, economic theory can be made use of by
letting the elements of the cointegrating vectors represent steady state parameters. At
times, numerical values of these parameters can be assigned in much the same manner
as is frequently the case in empirical studies on real business cycle models (cf.; King,
Plosser, Stock and Watson [53] and Chapter 3). Second, it is well known that prior
information decreases the asymptotic covariances of the estimated parameters. The study
by Runkle [80] suggests that the uncertainty of estimated impulse response functions
in an unconstrained vector autoregression for covariance stationary time series is often
disturbingly great. Although estimated cointegrating vectors impose a rank constraint
on the parameters of the data generating process, it is unclear whether the effect on the
forecasting uncertainty is substantial. Moreover, from Johansen [47], we find that the
asymptotic local power of the likelihood ratio test for cointegration is generally, as one
may suspect, low. If we wish to model data as being cointegrated and study a common
trends model, it seems reasonable to suggest that economic theory should be consulted
at least for determining steady states of the time series. For further discussions on this
interesting topic, cf. King, Plosser, and Rebelo [52] and Runkle [80] with comments.
Without loss of generality, let r = In. Furthermore, suppose Qr is lower triangular,
i.e., the transitory innovations are computed from a Choleski decomposition of ,'E-1 ,.12
Also, suppose that an upper bound for the lag order, p, is known. Let vec denote the
column stacking operator for any matrix, vech the corresponding operator for symmetric
and lower triangular matrices that only stacks elements on and below the diagonal. The
Kronecker product is denoted by ®, the mn X mn commutation matrix !(mn is defined
such that for any m X n matrix G, Kmnvec(G) = vec(G'), and the m 2 x m 2 matrix
N m = !(Im2 + !(mm). The m 2 x m(m + 1)/2 duplication matrix D m is defined such that
11 If it can be shown that a consistent and asymptotically normal estimator of B(l) exists when the lag
order is unknown and possibly infinite and a finite order vector autoregression is fitted, it is straightforward
to extend the theory below. I am currently examining the existence of such an estimator.

i2Results similar to those obtained below hold with other Qr and
and 1r1r' = (A~Ao)-l AbC(l)~C(l)' Ao(A~Ao)-l, respectively.
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1r

matrices satisfying QrQ~

= fiE-if

D m vech(G) = vec(G) for any symmetric m X m matrix G. The Moore-Penrose inverse
of Dm is given by D~ = (D:nDm)-l D'm, while the m(m + 1)/2 X m 2 elimination matrix
L m is defined such that for any m X m matrix G, vech(G) = Lmvec{G). In addition, if
G is lower triangular, then vec(G) = L:n vech(G); see Henderson and Searle [40], Magnus
and Neudecker [63,64,65], and Neudecker [67]. Finally, let ~ denote convergence in
distribution, T the sample size for the estimated parameters, which are denoted by a
caret, while N denotes the (multivariate) normal distribution.
Suppose that we shock ~Xt at t = t* by a one standard deviation change in Vt.. The
dynamic responses in ~Xt.+s are then given by

(2.34)
where
Xt*+s,

resp(~Xinf) =

lims --+ oo resp(~Xt.+s) = O. Similarly, the responses in the levels,

are given by

s

resp(Xt*+s) = ~ R j ,

(2.35)

j=O

where resp(xinf) = lims --+ oo resp(Xt*+s) = R(l) = [A 0]. To estimate these impulse response functions we replace, e.g., R s with Rs = CsP-I.
For the purpose of deriving asymptotic distributions of functions of estimated parameters .a result from Serfling [85, Theorem 3.3.A] is employed. Let </> E 'R,m be a vector of
parameters and ~ a consistent estimator of </> such that

Suppose f( </» is a continuously differentiable function which maps </> into n,n and
<p for all i E {I, ... , n }. Then,

o at

where
VJ

of

aIii 8¢/ =1=

of

= o</>' V¢ o</> '

and (afla</» is the transpose of (of 18¢l). This well known result is vital in the following
analysis. Hence, if ~ is a consistent estimator of ¢> and converges at the rate T 1/ 2 to a
joint asymptotic normal distribution, then f(~) has similar properties. Accordingly, only
(af / 8</>') has to be derived. It should perhaps be pointed out that instead of considering
theoretical asymptotic distributions, one can employ resampling methods, such as the
bootstrap and the jackknife to assess the uncertainty of the point estimates in question
(cf. Efron [23]).

Lemma 2.1 If the lag order in equation (2.9) has a known upper bound p, the cointegrating vectors a for an n dimensional vector time series {Xt} ~l are known, and
T 1/ 2

[

~

-

f3 ]

w-w

21

~ N(o, V),

where (3 = vec(JpB), w = vech(O), and

V=[~ ~w],
then

(2.36)
for j

= 1,2, ...,

where

v; _ ovec(Fj ) v: ovec(Fj )
Fj 0(3'
(3
0(3 ,

and

ovec(Fj )
or.l1
11

T 1/

=~
[J (B,)j-1-k ~ J p BkJ'lp '
LJ p
k=O

j

2
(

j

~vec(Fi) - ~vec(.F;)

)

d

-+

.N(O, VEFj)'

(2.37)

for j = 1,2, ..., where

v; . = (~aveC(F;))
~

EFJ

1=1

and

oa,11

V;
{3

(~aveC(Fi))
{)P

~

1=1

,

T 1/ 2 (vec(F(l)) - vec(F(l))) ~ N(o, VF (l»)'

where

- ovec (F(l))

V;

F(l) -

and

op'

v: ovec (F(l))
(3

8(3

(2.38)

,

ave~~(l)) = [F(l)'Ep ® F(l)],

where E p = [In· .. In] is an n

X

np matrix.

Proof The expression in equation (2.36) is proved by Baillie [5] using Lemma 1 in
Q.E.D.
Schmidt [82], whereas Liitkepohl [59] proved (2.37) and (2.38).
Regarding the asymptotic distributions for the parameters of the vector moving average representation, the following holds true:
Lemma 2.2 If the assumptions in Lemma 2.1 are satisfied, then

T 1 / 2 (vec(Gj )
for j

= 1,2, ...,

-

vec(Cj )) ~ N(o, VCj ),

where
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(2.39)

and

where the second term on the right hand side is zero for j = 1, and
T 1/ 2

j

j

~vec(6i) - ~vec(Ci)

(

)

d

-+

(2.40)

N(o, VEe;),

for j = 1,2, ..., where

~

.=

I;GJ

(~OVeC(Ci))
~
or.l1
~=1
~

(~OVeC(Ci))
~
oa~
'
1=1

l0
(3

and, finally,

T 1/ 2 (vec(C(l)) - vec(C(l))) ~ N(O, VG(l»)'
where

~

_ ovec (C (1)) l0 ovec (C (1) )

of3'

G(l) -

and

ovec(C(l))

8f3'

{3

of3

'

= (M' M- 1 D(1)) 8vec(F(1))
8f3'

Q9

(2.41 )

.

Proof To show (2.39), we make use of equation (2.22). The first differential is equal to:

j-1

j-2

k=O

k=O

1
k
k
dC·J = '"""
- '"""
L...J M-1Jp BkdBBj-l-kJ'M
p
LJ M- DJp B dBBj-2- J'M
p
,
where the second term on the right hand side is zero for j = 1 since dFo = O. Noting that
dB = J;db, where b = [BI .•. B p ] and making use of the vec operator, the desired result
is obtained. Expressions (2.40) and (2.41) follow from (2.39) in the same way as (2.37)
and (2.38) follow from (2.36).
Q.E.D.
We are now ready to state the main results regarding analytical expressions for the
asymptotic distributions of the impulse response functions.
Theorem 2.3 If the assumptions in Lemma 2.1 are satisfied and the matrix F is given
by equation (2.32), with 1r and Qr being lower triangular matrices, then

(2.42)
for j

= 0, 1,2, 0• 0'

where

v; - 8vec( R j ) v: 8vec( R j)
Rj -

8f3'

{3

8f3
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+

8vec( R j) V 8vec( R j )

8w'

w

8w

'

and

ovec(Rj )
op'

with Co

= In

1

= [(F- 1 )' ® 1 ] ovec(Cj ) + [1
n

® C.] [ 8vec(Fk )jof3' ]
n
3
8vec(Fr- 1 )j8{3' ,

8P'

so that dCo = 0, while
1

Bvec(Rj) _ [1
C.] [ 8vec(Fk- )j8w' ]
ow' - n ® 3 8vec(Fr- 1 )j8w' ,
Furthermore,

8vec(Fk 1 )j8P'

I(nk[M- 1 nF(1)'E p ® (A' A)-l A'M- 1 D(l )F(l)][1r- 1 ® EC(l )'A(A'A)-l]KkkLk{L kN k(1r ® Ik)L k}-1 Dt X
[(A~Ao)-l ~C(l)M-lnF(l)' E p ® (A~Ao)-l ~M-l D(l)F(l)],

_[Q;l P:Ep Q9 M- 1 ] + [Q;l ® ,(Q~)-l]I(rr X

8vec(Fr- 1 )j8P' =

L~{LrNr(Qr ® Ir)L~}-lDt[P:Ep ® ,'M'n- 1 ],
whereas

8vec(Fk 1 )jow'

=

[(A'A)-l A'C(1)M- 1 ® M-l]D n

-

![1r-1 ® EC(l)'A(A'A)-l]Kkk X

Lk{L kN k(1r ® Ik)L k}-1 Dt[(A~Ao)-lA~C(l)M-l
®(A~Ao)-l~C(l)M-l]Dn,

and
~[Q;l ®,( Q~)-l]I(rrL~{LrNr(Qr® I r)L~} -1 Dt X

ovec(Fr-l )jow' =

[,' M'~-l ®,' M'O-l]D n •
The asymptotic distributions for the accumulated response functions are given by
j

j

T 1/ 2 ( ~ vec(Ri) - ~ vec(Ri)

)

d

-+

N(o, VERj ),

(2.43)

for j = 0, 1,2, ..., where
VERi

=

(t avec(~)) (t
i=O

8(3

Vp

i=O

avec(R;))
aP

+

(t avec(~)) (t
i=O

ow

Vw

i=O

avec(R;)) ,
Ow

and finally,

T 1 / 2 (vec(A) - vec(A)) ~ N(O, VA),
where

v _ ovec(A)V; Bvec(A)
A -

B{3'

p

+

8P

Bvec(A)V- ovec(A)
Bw'
w
8w '

while the remaining matrices of partial derivatives are given by

Bvec(A) = [I

BP'

k

A ] L' 8vech(1r)
®
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0

k

BP'

(2.44)

avech( 1r ) / af3'

{LkNk(1r ® Ik)L~} -1 nt x
[(A~Ao)-1 AoC(l )M- 10F(L)' E p 0 (A~Ao)-1 A~M-l D(l)F(l)],

and

= [I A ] L' avech(1r)
aw'
k 0
0
k
aw' ,
!{L kN k(1r 0 Ik)L~} -lnt x

avec(A)
avech( 1r ) / aw'

[(A~Ao)-1 A~C(l )M- 1 0 (A~Ao)-l A~C(l )M-1]Dn .

Proof In order to derive the matrices in equation (2.42), note that the following relationships hold: R j = CjF- 1, F-l = [EC(l)'A(A'A)-l 1'(Q~)-l], ~ = ·M-10(M')-I,
l' = M- 1 (ln - JpBE;)Pr , A = A0 1r, QrQ~ = ,'~-1" and

1r1r'

= (A~Ao)-l A~C(l )~C(l)'Ao(A~Ao)-l.

Then, taking vec's of the first differential of R j , we find that

Before we consider dvec(Fj;I), note that

Since A o is known we only need to consider 1r when deriving the first differential of
A(A'A)-l.
The first differential of F k- 1 is equal to

dFk- 1

=

(dE)C(l)'A(A'A)-l

+ E(dC(l)')A(A'A)-l

- EC(l)' Ao(A~Ao)-l(1r,)-l (d1r')( 1r,)-l.
Taking vec's and using the commutation matrix, we have that

dvec(Fk- 1)

[(A'A)-l A'C(l) 0 1n]dvec(E) + [(A' A)-l A' ® E]I<nndvec( C(l))
_[1r- 1 ® ~C(l)' A(A'A)-l ]I<kkdvec( 1r).
(2.46)
From the function mapping the parameters of n into E, we get

=

Furthermore, we know from Lemma 2.1 and 2.2 above that
dvec( C(l)) = [M' F(l)' Ep ® M- 1 D(l )F(l )]df3.

(2.48)

Next, the matrix 1r is lower triangular and obtained from a symmetric matrix. Lemma 1
in Liitkepohl [60] implies that
dvech( 1r)

= {2L kNk(1r ® Ik)L~} -1 dvech( 1r1r').
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From the properties of the elimination and duplication matrices, we then find that
(2.49)
The first differential of 1r1r' is
d(1r1r')

=

(A~Ao)-1 A~( dC(1) )EC(1)' Ao(A~Ao)-1+

( A~Ao) -1 A~C (1)E( dC (1 )') Ao( A~Ao) -1 +
(A~Ao)-1 A~C(1)(dE)C(1)'Ao(A~Ao)-1.

Taking vec's and making use of the commutation and N matrices, we find that
dvec(1r1r') =

2Nk[(A~Ao)-1 A~C(1)E @ (~AO)-l A~]dvec(C(1))+
[(A~Ao)-1 A~C(1) ~ (~Ao)-1 A~C(1)]dvec(E),

(2.50)

by employing Lemma 4 in Magnus and Neudecker [65]. Substituting for the expressions in
equation (2.47)-(2.50) into (2.46), using the relationship between E and 0, and the fact
that DtNk = Dt (Magnus and Neudecker [63, Theorem 3.12]), the matrices of partial
derivatives of vec(F;1) with respect to (3.and w follow directly.
The first differential of Fr- 1 is

Taking vec's we get

Next, the first differential of I is

Employing the vec operator we obtain

since dvec(B) = [Inp ~ J;]d(3 and JpJ; = In.
With Qr being lower triangular, Liitkepohl [60, Lemma 1] provides us with
(2.53)
The first differential of QrQ~ is

Taking vec's, we get

Substituting for the expressions in equations (2.47) and (2.52)-{2.54) into (2.51) and making use of the property DtNr = Dt, the matrices with partial derivatives of vec(Fr- 1 )
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with respect to f3 and ware immediate. Finally, equations (2.43) and (2.44) follow directly from (2.42), the above expressions, and the fact that dvec(A) = [Ik ® Ao]dvec(1r).

Q.E.D.
A few remarks about the asymptotic covariance matrices for consistent and asymptotically normal estimators of f3 and w may be of interest. l3 Here, I shall only consider the
multivariate least squares and Gaussian maximum likelihood estimators of the parameters.
First, it is well known that ~ and ware asymptotically independent under standard assumptions. Moreover, if 0 = 0, then V,B = (Iy l ® n), where I y := plimT- 1 E[=l yt-lY;~l
is assumed to be nonsingular (cf. Warne [99]). If a constant is included in the restricted
vector autoregression, the expression for V,B looks similar to that above. In fact, letting
Y;* := [1 Y;']', the np x (np + 1) matrix G = [0 I np ], and I y • := plimT-l E[=l Y;:'1Y;~1'
we find that V,B = (GIy!G' ® n). Second, if ''It is i.i.d. Gaussian, from the inverse of the
information matrix we find that Vw = 2D~(n ® n)D~' (cf. Magnus and Neudecker [65,
section 11], or Warne [99]).
Furthermore, it can be seen that Qr does not influence the upper left nk x nk submatrices of V Rj and V~Rj' The diagonal elements of these matrices are the asymptotic
variances of the responses in ~Xt and Xt, respectively, from a one standard deviation
impulse to the permanent innovations. Similarly, 1r does not appear in the lower right
nr X nr submatrices of these covariance matrices. Hence, identification of the permanent and the transitory innovations can be said to be asymptotically independent. This
is clearly a desirable property, whether we are primarily concerned with the permanent
innovations or not.
Moreover, it should be noted that some of the asymptotic variances may be zero.
For example, if an element of the k:th column of Ao is constrained to zero, then the
corresponding elements of A and A are also zero. Although this is really not troublesome
from a theoretical point of view, in applied work one has to be cautious to this possibility
when, e.g., t-ratios are calculated (cf. Liitkepohl [59]).
Before we turn our attention to forecast error variance decompositions, the asymptotic
properties of the drifts 6 and Jl are as follows:

Corollary 2.1 If in addition to the assumptions in Theorem 2.3

T 1/ 2
where (3*

= vec( [0

~:w-w
- {3* ] ~ N(O, V*),

[

JpB]) , and

V*
then

Tl/2
where

= [V,B.

o

0]

Vw

(6 - 6) ~ N(o, lt8),
86

86

Vo = 8f3*' V,B. 8f3* '
3
1 For

'

a general treatment, see Dunsmuir and Hannan [22].
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(2.55)

and

:;, = [C(1')M- 1 (O'F(l)'Ep 0 M-1D(1)F(1)) ],
while the asymptotic distribution of {l is

(2.56)
where

while

:;, = [(A'A)-1A'C(1)M- 1 (O'011"-1)3(F(1)'Ep0(~Ao)-1A~M-1D(1)F(1))],

:~,
and

= -[O'(M')-1C(1)'A(A'A)-1 0

11"-1

]L~ av;~,( 11") ,

__ .- Ink - [(M')-lC(l)'A(A'A)-l 0 Ik]L~{LkNk(7r 0 Ik)L~}-lDtx
[(A~Ao)-l A~C(l )M-1n 0

I k].

Proof We know that fJ = C(l )M- 1 () and Jl
(A'A)-l A'. The first differential of fJ is
dfJ

= 7r-l(A~Ao)-l A~fJ, where 7r-l(A~Ao)-l A~ =

+ C(l )M- 1 ( d(})
In]dvec(C(l)) + C(1)M-1(d(}).

(dC(l) )M- 1 (}

[(}'(M')-l 0

(2.57)

From Lemma 2.2 and the definition of (3* it follows that
dfJ = [ C(l )M- 1

(()'

F(l)'E p 0 M- 1 D(l )F(l)) ] d(3*,

(2.58)

from which the matrix of partial derivatives of fJ with respect to (3* follows trivially.
The first differential of Jl is
dJl

-7r- 1 (d7r)(A' A)-l A'fJ + (A' A)-l A'(dfJ)
-[fJ'A(A'A)-107r- 1]dvec(7r)

+ (A'A)-lA'(dfJ).

(2.59)

Substituting equations (2.49) and (2.50) for dvec( 7r), equation (2.58) for dfJ, and rearranging terms the claimed result follows.
Q.E.D.
In reference to the discussion on consistent and asymptotically normal estimators of
= (Iy! 00) when the restricted vector autoregression
is estimated by multivariate least squares or Gaussian maximum likelihood.
(3 and w, it may be noted that V,8.
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2.4.2

Derivation of the Forecast Error Variance Expressions

In this subsection, I shall derive expressions of the s steps ahead forecast error covariance
matrices of ~x and x. From these matrices formulae of the variance deconlpositions are
easy to compute. It should be noted that the s steps ahead forecast error covariance
matrix of ~x is a version of that stated for covariance stationary time series in, e.g.,
Reinsel [76] and Yamamoto [104]' while an s steps ahead forecast error covariance matrix
of x is derived in Reinsel and Lewis [77]. Finally, the long run variance decomposition of
x is of particular interest in the common trends model. Since the s steps ahead forecast
error covariance matrix of x is not finite when s -4 00, transformations of the covariance
matrix has to be considered. Furthermore, the long run variance decomposition of x must
be numerically invariant with respect to any such transformation.
From equation (2.23) we find that
6 + L:~l

Rj-1 Vt+s+1-j

6 + L:3=1

Rj-1 Vt+s+l-j

The s steps ahead forecast of

~Xt+s

+ L:~1 R s- 1+j Vt+l-j.

(2.60)

based on information available at t is
00

6+

E[LlXt+sIVt, Vt-},· ..] =

L R s-

1 +j Vt+l-j.

j=1

Hence, the s steps ahead forecast error is
s

tt+s =

LR

j - 1 Vt+s+1-j

j=l

so the s steps ahead forecast error covariance matrix is given by
s

~ := E[tt+st~+s] =

LR

j - 1Rj_1·

(2.61 )

j=1

The i:th diagonal element of
1, ... ,n.Then

~

Vi,s

is the s steps ahead forecast error variance of

~Xi,

i

=

s

:= e~~ei =

L e~Rj-1Rj_1 ei·

(2.62)

j=1

We can now decompose the expression on the right hand side of equation (2.62) into n
terms. That is,
where

e~Rj-1el

is the (i, l):th element of

Rj-1.

Hence,

Vi,s = tt(e~Rj-lel)2.

(2.63)

j=11=1

Equations (2.62) and (2.63) may now be employed to construct the s steps ahead forecast
error variance decomposition for Xi.
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Moving Xt+s-l in equation (2.60) to the right hand side and recursively substituting
for Xt+s-l, ... , Xt+l, we obtain

+ 6s + E~=l E~l Rj-1Vt+m+l-j
Xt + 6s + E~=l E7=1 Rj-1Vt+m+l-j + E:n=l E~m+l Rj-1Vt+m+l-j.

Xt+s = Xt

(2.64)

The s steps ahead forecast of Xt+s based on information at t is
s

E[Xt+sIVt, Vt-l,."] = Xt
Accordingly, the

8

00

+ 68 + L:: L::

m=lj=m+l

Rj-1Vt+m+l-j.

steps ahead forecast error for Xt+s is given by

f;+s

=

E:n=l Ej=1 Rj-1Vt+m+l-j

E~=l (Ej~~-m R j - 1 ) Vt+m
E:n=l ft+m'
Hence, the stochastic process {f;+S}:l has a unit root and the forecast error variance will
therefore explode linearly in 8.
The s steps ahead forecast error covariance matrix is

E~=1 (Ej~}-m R j - 1 ) (Ej~~-m Rj_l)

V*s

E~=t (Ei=1 R j- 1) (Ej=1 Rj-l)

(2.65)

E~=1 R:nR:.

It should be noted that the second equality follows from reversing the order of summation.
For 8 finite, the variance decomposition vii s follows directly from equation (2.65) and
the analysis on ~ above. However, the lo~g run case deserves special attention since
lims-+ oo "V,* is not finite.
If we collect the products R j - 1 Rj_l into one group and all other products into a second
group, we find that

s

~* = L::(s + 1 - j)Rj-1Rj_l
j=l
Let

17:,

:= Vs* / s. As

8

~

00,

s-1

m

+ L:: L::(8 - m) (Rj-1R'm + RmRi-t) .

(2.66)

m=l j=l

we get
E~t Rj-1Rj_t

+ E~=l Ej=1(Rj-1R:n + RmRj_t)

(E~t Rj-t)(E~t Rj_t)

(2.67)

R(I)R(I)'.
From the definition of ~ is it clear that the 8 steps ahead forecast error variance decomposition for Xi, i = 1, ... , n, can be performed on either Y:* or 17:,. More importantly,
the long run forecast error variance decompostion for Xi can be computed from finf. In
particular, by Theorem 2.2 we know that R(I)R(I)' = AA'.
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2.4.3

Asymptotic Properties of Forecast Error Variance Decompositions

To my knowledge, the only papers which provide analytical expressions of the asymptotic
distributions of forecast error variance decompositions are those by Liitkepohl [59] and
Liitkepohl and Poskitt [61] (see also Reinsel [76], Reinsel and Lewis [77], and Yamamoto
[104]). Liitkepohl [59] shows that the asymptotic variances are quite easy to calculate
when the lag order in a vector autoregressive model for covariance stationary time series
has a known upper bound. In case the lag order is unknown and possibly infinite, then
the asymptotic variances of forecast error variance decompositions can be derived under
the assumptions made by Liitkepohl and Poskitt.
The analytical expressions for the asymptotic covariance matrices which are derived
in Liitkepohl [59] (and Liitkepohl and Poskitt) are, however, not based on the fact that
the joint influence of all innovations account for all of the forecast error variance in any
variable. Since such a fact is basically a set of linear restrictions and constrained estimators
generally have smaller variances (at least in a matrix sense) than unconstrained estimators,
it seems plausible that there are efficiency gains to be made from taking the restrictions
into account.
Before the main results are stated and proven, some additional notation will be useful.
Let Vii,s denote the fraction of the s steps ahead forecast error variance of dXi which is
accounted for by shocks in VI, where i, 1 E {I, ... , n}. Similarly, v~,s is the fraction of the
s steps ahead forecast error variance of Xi which is accounted for by shocks in VI, whereas
Vii denotes the long run fraction of the forecast error variance in the levels series Xi which
is accounted for by shocks in VI. Accordingly,

L:j=1 (e~Rj-l er)2

Vii,s

= ~s

LJj=1

'R j-l R'j-I ei ,

ei

for i,l E {I, ... , n} and s = 1,2,.... Here,
letting R':n = E:i=1 Rj-l, we have that

ei

is the i:th column of In. Furthermore,

for i, 1 E {I, ... , n} and s = 1,2, ..., and finally,

for i E {I, ... , n} and 1 E {I, ... ,k}. Here, e'(k) is the l:th column of I k .
For practical as well as theoretical reasons, it is preferable to examine the forecast
error variance decompositions is terms of matrices. In particular, letting 8 denote the
Hadamard product (see, e.g., Magnus and Neudecker [63, page 45]) we find that

V

s=

[t

3=1

(Rj-1R;_1

<:)

In)]
31

-I

[t

3=1

(Rj- 1 <:) Rj-l)] ,

(2.68)

for s = 1,2, .... The (i, l):th element of Va is

Vil,s.

Furthermore,

(2.69)
whereas

(2.70)
The (i, l):th elements of these two matrices correspond to Vii,s a~d Vii, respectively. It
should be noted 'that if all elements in some row of Ao are equal to zero, this row must
be deleted from A when computing Vinf. The reason is, of course, that the corresponding
diagonal element of AA' is zero and [AA' 0 In] is consequently singular.
For any m x n matrix G, let diag[vec( G)] denote the mn X mn diagonal matrix whose
diagonal elements are given by vec( G). Regarding the asymptotic distributions of the
estimated forecast error variance decompositions it can now be stated that:
Theorem 2.4 If the assumptions in Theorem 2.3 are satisfied} then

(2.71 )
for s

= 1,2, ...} where

while

ovec( va ) / 0(3'

2[In 0 [2::i=1 (Ri-1R~_1 8 I n)]-l] 2::j=l {diag[vec(Rj _ 1 ) ] [v~ 0 I n]diag[vec(In)][Rj_1 0 I n]}(ovec(Rj_1)/o(3'),

8vec( Va) / ow'

2[In 0 [2::i=l (Ri-1R~_1 8 I n )]-l] 2::j=l {diag[vec(Rj _ 1 )][v~ 0 In]diag[vec(In)][Rj_1 0 I n]}(ovec(Rj_1)/ow').

Regarding the asymptotic distribution of

v;,

we have that

T 1 / 2 (vec(v;) - vec(v;)) ~ N(o, w;),
for s

= 1,2, ...,

(2.72)

where

* _ ovec( v;) l0 8vec( v;)
wa 0(3'
{3
0(3

+

ovec( v;) V ovec( v;)

ow'

w

ow

'

while

ovec( v;) /0(3'

2[In 0 [Ei=l (Ri R;' 8 I n)]-1] E:n=l {diag[vec(R~)]
[v;' 0 In]diag[vec(In)][R~ 0 In]}(ovec(R~)/a(3'),

ovec( v;) / ow'

2[In 0 [Ei=l (Ri R;' 8 I n )]-l] E:n=l {diag[vec(R~)]
[v;' 0

In]diag[vec(In)][R~ 0 In]}(ovec(R~)/aw').
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Finally, the asymptotic distribution for

Vinf

is given by

(2.73)
where

_.

_ 8vec( Vinf ) ~ 8vec( Vinf )

8f3'

Wlnf -

while

8vec(Vinf)j8f3'

=

f3

2[Ik

(29

8f3

+

Bvec( Vinf ) V 8vec( i\nf )

8w'

w

8w

'

[AA' 0 In]-l]{diag[vec(A)]-

[vInf ® In]diag[vec(In)][A (29 In]}(8vec(A)j8f3'),
ovec(vinf)jow'

2[Ik

(29

[AA' 0 In]-l]{diag[vec(A)]-

[vInf (29 In]diag[vec(In)][A ® In]}(8vec(A)j8w').
Proof Comparing the expressions for Vs, v; and Vinf it is obvious that the asymptotic
covariance matrices for estimates of these functions have a similar parametric structure.
Hence, I shall limit the proof to equation (2.71).
To derive the matrices of partial derivatives of vec( vs) with respect to f3 and w, note
that the first differential of V s is given by

dv s

=

-[E:=l(Ri-lR~_l 0 In)]-l[Ej=l d(Rj-1Rj_l 0 In)]vs

+

[Li=1(Ri-1Ri-t 0 In)]-l[L.f=l d(R j- 1 8 Rj-l)]
[Ei=l(Ri-lRi-l 0 In)]-l Lj=t{[(dR j- 1 0 Rj-l) + (R j- 1 0 dR j- 1)]
-[(d(Rj-1Rj_l) 0 In)]vs }.
Taking vee's and using Magnus and Neudecker [64, Lemma 2], we obtain

The first differential of Rj-1Rj_t is

Applying the vec operator and the commutation matrix, we have that

dvec(Rj_1Rj_l)

=

[Rj- 1 (29 In]dvec(Rj_1) + [In

(29

Rj-l]I(nndvec(Rj-l)

2Nn[Rj-l ® In]dvec(Rj_1),

(2.75)

by Magnus and Neudecker [65, Lemma 4]. Subsituting equation (2.75) for the differential

dvec(Rj_1Rj_l) into equation (2.74), it is clear that equation (2.71) follows if
diag[vec(In)]Nn = diag[vec(In)]Knn =
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diag[vec(l~)].

If the second equality is valid, the first is an immediate consequence of the definition of
N n . To show the second, note that

(2.76)

whereas
I(nn

In ® e~ ]
In ® e~

=

:

[

.

(2.77)

In ® e~

Since !(nn is symmetric (cf. Magnus and Neudecker [63, page 47]) it is immediately clear
Q.E.D.
from an inspection of (2.76) and (2.77) that the result follows.
In a common trends framework it may be of particular interest to study the joint
influence of, e.g., the permanent versus that of the transitory innovations on the forecast
error variance of the time series. Other linear functions of variance decompositions that
can be relevant in empirical studies of macroeconomic time series are sums of real versus
sums of nominal innovations and sums of domestic versus sums of foreign innovations. To
examine such linear functions, let G be an n X q matrix and G be a k X q matrix whose
rows are taken from the first k rows of G. Consider the matrix functions

Hs

H:

Hinf
for s

= 1,2, ....

=
=

vsG,
v;G,

(2.78)

VinfG,

The following result can easily be proven:

Corollary 2.2 If the assumptions in Theorem 2.3 are satisfied, then

for s

= 1,2, ...,

T 1 / 2 (vec(Hs) - vec(Hs)) ~ N(o, [G' ® In]ws[G ® In]),

(2.79)

T 1 / 2 (vec(H;) - vec(H;)) ~ N(o, [G' ® In]w;[G ® In]),

(2.80)

while

T 1 / 2 (vec(H inf ) - vec(fIinf )) ~ N(o, [G' ® In]Winf[G ® InD.

(2.81 )

It is claimed above that there are theoretical and practical reasons for analysing the
asymptotic properties of forecast error variance decompositions in terms of matrices rather
than scalars. From a practical point of view, the above matrix expressions are easier
to compute than the corresponding elements obtained from an analysis of the limiting
distribution for each individual variance decomposition (cf. Liitkepohl [59, Proposition 1]
for such expressions). Theoretically, the above covariance matrices take into account that
the rows of vs,
and Vinf sum to one. Accordingly, the rank of W s and
is (less than
or) equal to n(n - 1), while the rank of Winf is (less than or) equal to n( k - 1).
The reduced rank property of the covariance matrices can be stated in a very simple
yet general form. Let Zm be the m x 1 unit vector. We then have that:

v;,

w;
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Corollary 2.3 If G = Zn and (j
lary 2.2 are equal to zero.

= Zk,

then the asymptotic covariance matrices in Corol-

Proof This follows immediately from the fact that VsZ n = v;zn = VinfZk

== zn. 14

This result can now be used to determine the asymptotic relationship between two
groups of innovations for a particular variance decomposition. In particular, let 9 be an
n X 1 vector with known elements and 91. := Zn - 9. Similarly, let 9 be the k x 1 vector
obtained from the first k elements of 9 and 91. := 'lk - g. It now follows that
Corollary 2.4 The asymptotic covariance matrices in Corollary 2.2 are equal for G = 9
and G = 91. for s = 1,2, ... and also for (j = 9 and (j = 91..
Proof Below I shall show that for any n
equality holds true:

1 vector 9 with 91. :=

X

'In -

9 the following

The two remaining equalities then follow from similar arguments.
The first differential of VsZ n == Zn is

Using the fact that Zn = 9

~-

91., we obtain

Taking vec's provides us with

or in terms of partial derivatives

s ) __ ['
[9 ' 0 1n ] Bvec(v
8(3'
91.

Q9 n

1 ]8vec(v s )
8(3' '

(2.82)

ovec(Vs) __ ['
{9 ' (8) 1]
now' 9.1.

(8)

1 ] ovec(vs)
now' .

(2.83)

and

Postmultiplying both sides of (2.82) by
equation we get

V~

times the transpose of the expression in the

1 ]8vec( VS) l0 8vec( VS) [
1]
0 (3'
~ 8 (3
91. 0 n·

(2.84)

8vec( vs) V ovec(vs) [
1 ] _ ['
1 ] ovec(vs) V ovec( vs) [
1]
[9 ' Q9 1]
now'
w
Ow
9 Q9 n - 9.1. 0 n
ow'
w
ow
9.1. Q9 n·

(2.85)

Bvec( Vs) l0 8vec( Vs) [
1 ] _ ['
[9 ' Q9 1]
n
{)(3'
~ 0(3
9 Q9 n - 9.1.

(8) n

Similarly, for (2.83) we find that

14A

more sophisticated proof of this corollary would be based on showing that [z~®In]diag[vec(Rj_d]=
In]. Such a proof is available from the author on request.

[z~v~ ® I n ]diag[vec(In )][Rj_l ®
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Adding the expressions in equations (2.84) and (2.85) the result follows.

Q.E.D.

Hence, letting G = 9 be a vector with ones in the first k elements and zeros elsewhere
or vice versa, i.e., G = 91.., will provide us with identical estimates of the asymptotic
covariances matrices for fI s and iI;. That is, the standard error for an estimate of the
joint influence of the permanent innovations in a variance decomposition is equal to the
standard error for an estimate of the joint influence of the transitory innovations.
In essence, the property that all rows of the forecast error variance decomposition
matrices sum to one is a set of restrictions. Accordingly, it can be expected that taking
these restrictions into account when estimating the asymptotic covariance matrices will
provide us with efficient estimates of these parameters in relation to estimates which
ignore the n restrictions.
It should also be noted that although the above expressions are obtained from a common trends model, the results are more general than may first be obvious. In fact, equation
(2.71) can be applied for calculating estimates of the asymptotic variances of variance decompositions for the known lag order vector autoregressive model which Liitkepohl [59]
studies. However, the matrices (8vec(R j _ 1 )/8(3') and (8vec(R j _ 1 )/8w') should be replaced with the expressions given in part (iv) of Proposition 1 in Liitkepohl. This solves
Liitkepohl's problem (p. 120) of not taking the restrictions 2:1=1 Vii,s = 1 for i = 1, ... , n
into account. Unfortunately, if Vii,s = 0 or if Vii,s = 1, the asymptotic variance of Vii,s is
zero here as well as in Proposition 1 in Liitkepohl. Hence, a formal significance test of
the hypothesis Vil,s = 0 cannot be conducted. 15

2.5

Concluding COlllrnents

In this chapter I analyse how we can estimate a common trends model with k permanent and r transitory innovations when the time series are cointegrated of order (1,1)
with r' cointegrating vectors. Such innovations may be of particular interest when we
are interested in studying connections between growth and business cycle fluctuations in
macroeconomic time series. Theorem 2.1 establishes that all reduced form parameters
can be calculated directly from the (estimated) parameters of a restricted vector autoregression. The restrictions this model satisfies are the cointegration constraints which may,
e.g., describe the steady state of a stochastic growth model. Furthermore, a simple description of the solution to the unrestricted and restricted vector autoregressions as well
as the vector error correction representation in terms of estimable parameters is provided.
The solution is expressed as a vector moving average representation which describes a
reduced form of the propagation mechanism.
Second, an identification matrix for permanent and transitory innovations has been
derived. Since this matrix is generally not triangular and is based on certain assumptions
regarding the nature of permanent and transitory innovations, it cannot be computed
by a Choleski, an eigen, or a method of moments decomposition of E. However, it is
shown that its parameters are solely determined by parameters which have already been
calculated and is therefore easily obtained in practise.
150bviollsly, this is also true for

Vi,,8

and Vil-
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Third, I have analysed the asymptotic properties of impulse response functions and
forecast error variance decompositions within a common trends model when an upper
bound for the lag order and the cointegration matrix a are known. Such functions are
calculated directly from the vector moving average representation and the identification
matrix. Based on the results in Theorems 2.3 and 2.4, we find that the analytical expressions of the asymptotic covariances are somewhat more complex than in the model
studied by Liitkepohl and Reimers [62]. The reason for the added complexity' is that I
have analysed identification of permanent and transitory innovations, whereas Liitkepohl
and Reimers study the case when the covariance matrix ~ is orthogonalized via a Choleski
decomposition. From a practical point of view, however, the added complexity is not severe. For example, to compute estimates of the asymptotic covariance matrices of impulse
response functions is about as time consuming as for ordinary vector autoregressions. Finally, Corollary 2.2 provides us with asymptotic distributions of the estimated forecast
error variances which are accounted for by linear functions of the innovations. Based on
these distributions it is, e.g., possible to analyse how important innovations to growth
are, at a business cycle horizon, relative to transitory shocks for the time series of interest. Also, it highlights the fact that the asymptotic covariance matrices of the estimated
forecast error variance decompositions are conditioned on the property that the sum of a
decomposition for any time series is equal to one.
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Chapter 3
Common Trends and
Macroeconomic Fluctuations
3.1

Introduction

The purpose of this chapter is to illustrate the theory in Chapter 2. I shall consider data
on six macroeconomic time series: terms of trade, the money stock, the price level, real
output, and real consumption. The choice of variables is based on a small open economy
real business cycle model due to Lundvik [57] and a steady state solution to this model
will be used to derive cointegration vectors.
The particular data sets I shall examine have been collected annually; for Finland
(1866-1985) and for Sweden (1871-1986). The discussion on the estimation of common
trends models for these samples will be related to the following questions:
(i) the relative importance of permanent and transitory shocks,
(ii) the relative importance of (permanent) domestic and foreign shocks,
(iii) the relative importance of (permanent) real and nominal shocks, and
(iv) whether the sources of fluctuations are similar in the two countries.
It should be emphasized that I view all conclusions reached on these questions here as
illustrations. Whether they may also be considered "empirical regularities" will not be
addressed in this thesis.
The remainder of the chapter is organized as follows. Section 3.2 contains a discussion
of some general issues involved when analysing macroeconomic fluctuations. Theoretical
cointegration constraints suggested by an open economy growth model are discussed in
section 3.3. Finally, the illustrations for the Finnish and the Swedish data are presented
in section 3.4 and some concluding remarks in section 3.5.

3.2

Analysis of Macroeconolllic Fluctuations

The two illustrations in section 3.4 will be based on three ideas which may capture some
important characteristics of macroeconomic fluctuations. First, such fluctuations can be
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well modelled as being driven by stochastic shocks to the economy. The shocks themselves
do not follow any regular, cyclical processes; if they did it would be possible to predict
them, in which case they would cease to act as pure shocks to the economy. The cyclicality,
instead, derives from various propagation mechanisms, through which the disturbances
are transmitted. Second, the secular trends nlay also be represented by a stochastic
process, just like the short run cycles. Third, the number of independent trends is rather
low compared to the number of relevant macroeconomic variables.
The impulse-propagation mechanism idea is well captured by a vector moving average
model of the data generating process:
(3.1)
Xt is an n X 1 vector time series and Xt contains the deterministic components of
is the lag operator (i.e., Li Xt = Xt-i), H(A) is an n X n matrix polynomial, and
the n X 1 vector Ct is purely nondeterministic and serially uncorrelated with mean zero
and positive definite covariance matrix E. The matrix function H(A) thus represents the
mechanism through which the impulses Ct are propagated.
The vector moving average model (3.1) is a natural starting point for analyses of the
contributions of different types of disturbances to movements in Xt. In the terminology
of vector autoregressions, an impulse response function gives the response of an element
of Xt+s, S = 0,1, ..., to an unpredicted movement in some component of Ct; the impulse
response functions are thus given directly by H(A). A variance decomposition of the s
steps ahead forecast error variance gives the proportion of the total forecast error variance
of one component of Xt+s accounted for by various components of c. It should be noted,
however, that the Ci,t:S typically cannot be interpreted as "structural shocks" since, among
other things, E will in general not be a diagonal matrix. That is, the elements of Ct will
not have the property of being mutually uncorrelated, conventionally associated with
structural shocks. The question of how impulse responses and variance decompostions
associated with structural shocks can be derived and analysed is addressed in Chapter 2.
To formalize the second idea, that Xt consists of both cyclical and secular components,
we may reformulate the data generating process as

where
Xt, L

(3.2)
where Xo is a vector of constants containing the initial values of Xt, and A7t and C(L )Ct
capture the (wide sense) nonstationary and stationary components of Xt, respectively. It
is assumed that Cs = 0 for s ~ 0 and, in order for O(L)ct to be stationary, that the
polynomial 6 (A) is finite for all IAI :::; 1. If the trends are linearly deterministic, then
7t = pt, i.e., 7t - 7t-1 = It, where It is a vector of constants. The idea of linear stochastic
trends, on the other hand, can be operationalized by modelling 7t as a vector of random
walks with drift:
7t

= It + 7t-1 + 'Pt,

(3.3)

where 'Pt is a vector of structural shocks with permanent effects. It is, of course, not
necessary to model stochastic trends as random walks with drift. However, the random
walk model is simple and if, for example, the elements of p are large in relation to the
variances of the elements of 'P, then the trends will display a pattern of slowly time varying
slopes. This is a property that may reflect the development in macroeconomic time series
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more accurately than linear deterministic trends with constant slope parameters (cf. Stock
and Watson [96]).
In practical work, it is virtually impossible to statistically distinguish a random walk
with drift from a linear deterministic trend l (cf. Christiano and Eichenbaum [16], Haldrup
[36], and Haldrup and Hylleberg [37]). Whether one prefers to model macroeconomic
time series as being governed by random walks with drift or linear deterministic trends
is therefore very much a question of taste. Most univariate empirical studies (see, e.g.,
Perron [72]) are consistent with the stochastic trend hypothesis, however, which indicates
that an investigation of the relative importance of permanent and transitory shocks should
be worthwhile.
The idea that there are fewer trends than variables can be modelled by letting the
dimension of Tt be smaller than that of Xt. For instance, technology and preferences
presumably suggest that, e.g., output and investments, or output and consumption, do
not follow independent growth paths. It is thus assumed that Tt is a k X 1 vector, with
k < n. As shown by Stock and Watson [95] (see also the example in Chapter 1), this
implies that there exists n - k linearly independent linear functions of the elements of Xt
which are stationary, even if the individual elements themselves are all nonstationary.
With varying success, atten1pts have been made to integrate nonstructural models like
(3.1)-(3.3) with theoretical structures. King, Plosser, Stock and Watson [53] discuss a
simple, stochastic growth model of a closed economy where consumption, investments,
and output have a common trend. This trend arises from the technology factor of an
aggregate Cobb-Douglas production function, where (the natural logarithm of) technology is modelled as a random walk with drift. They show that the model may be written
in the form of (3.2)-(3.3). When they extend the vector of variables to include the general price level and the money stock, they assume, essentially on a priori grounds rather
than by means of theoretical arguments, that there are two underlying stochastic trends,
which they interpret as a real and a nominal trend. With two common trends and five
trending variables (the logarithms of consumption, investments, output, money, and the
price level) it should be possible to find three stationary linear combinations of the (log)
levels. King, Plosser, Stock and Watson thus assume that the logarithms of the ratios
between consumption and output and investments and output are stationary (which is
consistent with their growth model) and that the logarithm of the velocity of money is
also stationary.
I am not aware of any attempt to extend the analysis of King, Plosser, Stock and
Watson to an open economy framework. 2 However, similar models have been discussed
in slightly different contexts. For my purpose, the two most interesting examples are
given by the open economy, deterministic growth models constructed by Lundvi-k [57],
and Persson and Svensson [73]. 3 In both these models the effects of variations in terms
of trade on consumption, investments, and output are considered.
lThat is, using classical test procedures. Bayesian frameworks for testing for unit roots have been
presented by, e.g., DeJong and Whiteman [20], and Sims and Uhlig [93].
2In an empirical analysis of the British balance of trade, Ahmed [1] treats the main forcing variable,
real government (military) spending, as a random walk with drift. The theoretical framework is not
stochastic, however.
3In spite of the fact that growth is deterministic in these models, they are not qualitatively different
from the model in King, Plosser, Stock and Watson [53].
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Lundvik's model has the property that from its steady state solution two (log) linear
cOIILbinations between terms of trade, consumption, investments, and output can be derived. If the four variables are driven by stochastic trends and if stationary (transient)
fluctuations around the steady state values are allowed for, the two relationships can be
taken to indicate the existence of two common trends. I will discuss the implications of
Lundvik's model in some detail in section 3.3 below.

3.3

Cointegration Vectors and Common Trends in
a Small Open EconolIlY Growth Model

Models like (3.1) or (3.2)-(3.3) are not easily estimated since they are formulated in
terms of unobserved components. The approach suggested by Sims [90] is to estimate a
vector autoregression, which can be inverted with standard techniques to yield a moving
average model like (3.1) provided that {Xt} ~1 is jointly covariance stationary. On the
other hand, if we wish to model data as being driven by a few common stochastic trends
in the sense discussed in section 3.2, standard inversion algorithms of unrestricted vector
autoregressions (UVAR) will no longer be valid. On the basis of the analysis by Engle and
Granger [26] and Stock and Watson [95], King, Plosser, Stock and Watson [53] suggest
that we can estimate and invert a vector error correction model. Alternatively, a restricted
vector autoregression (RVAR) can be estimated and inverted along the lines suggested in
Chapter 2. I consider the latter procedure preferable from a practical point of view as it,
e.g., yields a simpler inversion algorithm.
As discussed in section 2.2.2, the implementation of a restricted vector autoregression
requires an estimate of the cointegrating matrix. Given Q, we may then proceed and
calculate the common trends model (3.2), which requires some further information about
the structure of Ao and 1r (where A = A0 7r). In this section I shall present the assumptions
about a and A o that will be used in the empirical analyses in section 3.4.
In the absence of any prior information the methods in Johansen [44,45,48], and
Johansen and Juselius [49] still make it possible (i) to test for the rank of Q, i.e., the
number of cointegrating vectors, and (ii) for a given rank also a numerical structure
of these vectors. However, economic theory should be able to provide information on
both these issues. Use of such information will greatly facilitate the interpretation of the
common trends model and, moreover, probably increase the efficiency of the resulting
estimates. Since Lundvik's [57] real business cycle model of a small open economy is of
relevance for this chapter I will consider certain implications of his model in some detail.
Below I shall derive two log-linear relationships among real output, real consumption,
real investments, and terms of trade from the certainty equivalent steady state solution to
Lundvik's model. Since the steady state solution variables are detrended transformations
of the original variables and, moreover, the steady state solution has been calculated in
the absence of any stationary stochastic disturbances, the derived log-linear relationships
do in general not yield sufficient information about possible cointegrating vectors. To
be able to interpret the relationships as corresponding directly to cointegrating vectors I
shall make two additional assumptions which, however, turn out not to be very restrictive.
First, it is assumed that the variables of interest can he multiplicatively decomposed into
a nonstationary stochastic trend term and a stationary component (and, hence, that the
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logarithms of the same variables can be additively decomposed). This assumption is
made in virtually all studies employing the cointegration idea. Second, I suppose that it
is permissible to view the steady state solution as pertaining to a situation in which all
stationary disturbances in the system are equal to their expected, zero, values.
To distinguish the steady state solution variables from the corresponding observed
macro variables I will denote the former by small letters and the latter by capitals. Output, y, is produced by means of a Cobb-Douglas technology. There are three factors of
production: labor and two types of goods, the capital stocks of which are denoted by
k h and k f . The labor input being normalized to unity, the production function can be
written as
(3 .4)
k Oh kOf
y=ahj'
where a is a constant, ()h, Of > 0 and Oh + OJ < 1. The index h denotes a good that is
produced in the home country and abroad, while the index f indicates that the good is
only produced abroad, in the foreign country. Letting the price of the home country good
act as numeraire, maximization of (3.4) subject to a cost constraint yields the following
first order condition for the allocation of the two capital goods
(3.5)
where t is terms of trade. 4 According to the steady state solution, k h can be expressed as
kh

= v (at 0f )l/(l-Oh-Of ) ,

(3.6)

where v is a constant. Total investn1ents, i, on the other hand, is given by
(3.7)
where 9 is the rate of growth in output and d the rate of depreciation. Inserting (3.5) and
(3.6) into (3.4) and (3.7) we obtain after some manipulations

In y

-

In i = c*,

(3.8)

where c* is a constant involving v, Oh, OJ, g, and d. From this expression it can be seen
that even if the corresponding observed macro variables, Y and I, are driven by stochastic
trends, In Y - In I will be stationary.
Let us now turn to a linear relationship between consumption, output, investments
and terms of trade. The steady state budget constraint can be written
c = y - [1

+ h(g + d)]i + (r -

g)pCb,

(3.9)

where c is aggregate (detrended) consumption, h is a parameter determining the installation cost associated with new investments, r is the real rate of interest, pC is the price of
aggregate consumption, and pCb is bond holdings, nominated in terms of aggregate consumption. Lundvik employs a CES function to aggregate consumption of the two goods,
4Regarding terms of trade, my notation differs from Lundvik's. Instead of defining terms of trade
in the conventional way Lundvik uses its inverse, i.e., the ratio between the import price index and the
export price index, which he denotes by p. Thus, the t that I use is the inverse ~f Lundvik's p.
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Ch and Cj, to the composite good, c. For computational simplicity let us instead assume
that the aggregator function is Cobb-Douglas. In this case pC is given by

(3.10)
where {3 is the share of Ch in total consumption.
Assuming that in steady state the stock of bonds grows at the same rate as output we
can substitute "'y for b in (3.9), where", is a constant of proportionality. Together with
(3.10) this makes it possible to rewrite (3.9) according to
C

+ h(g + d)]i + [{3-,6(1 m1i + m2 t l'-l y .

y - [1

Y-

{3),6-1 ",]tl'-l y

(3.11)

In order to express (3.11) in log-linear form, let us approximate it by the corresponding
constant elasticity relation. 5 Doing so, we obtain
Inc

E[y/c] lny - 031

In t -

m1E[i/c] In i + m2 E [tl'-l y jc] In t,6-1y
(034 -

(32)

In y -

035

(3.12)

In i,

where the somewhat odd notation will be motivated below.
The two cointegrating vectors which have been derived here relate only to real aggregates. When extending the model to include nominal variables in the form of the
money stock (Mt ) and the general price level (Pt ) I will follow King, Plosser, Stock
and Watson and impose the constraint that the logarithm of the velocity of money, i.e.,
(In It + In Pt - In M t ), is stationary.
Taken together we thus have three cointegrating vectors relating to six variables; In Tt ,
In Pt , In Mt , In rt, In It, and In Ct. Given this ordering of the variables, the matrix can
be written
0 1 -1
1
0 0]
0' =
0 0 0
1
-1 0
(3.13)
[
031 0
0 (034 - (32) 035 1 '

°

where I have ordered the cointegrating vectors such that the first and second one derived
constitute the second and third rows of 0'. The ordering of the rows of 0' is immaterial
and is just a matter of convenience. However, to ensure that the matrix M (cf. section
2.2.1) is nonsingular, the columns of 0' have been ordered such that the final three columns
make up a nonsingular matrix. 6
When it comes to empirical implementation of the
matrix a problem arises with
respect to its last column, since its coefficients have to be estimated in one way or another.

°

5To this end, we can make use of two sinlple facts. First, that the elasticity of a variable x with
respect to another variable y is given by exy := (ox/oy)(y/x) = oln x/o In y. Secondly, that, up to a first
order approximation, the expected value of a product of two stochastic variables, a and b say, is equal to
the product of their respective expectations, i.e., E[ab] ~ E[a]E[b]. Thus, if a ox/oy and b x/y, we
can estimate E[e xy ] by estinlating E[a] and E[b] separately and multiply these two estimates. In terms
of (3.11) E[a] corresponds to 1, ml, and m2, respectively. The expected values of b correspond to the
expected values of the ratios y/c, i/c, and tfJ-1y/c, which can be estimated by the mean values of these
ratios.

=

=

6This is not necessary if the 8 3 matrix is chosen such that its linearly independent rows are orthogonal
to the columns of a, i.e., 83 == a~, where a~ a 0 and a~ aJ. 13 (cf. Chapter 2).

=

=

43

In empirical applications of his model, Lundvik [57] has assigned numerical values to
the parameters in (3.11). However, to determine the coefficients in (3.12) we would,
in addition, have to estimate the mean values of the ratios (y/c), (i/c), and (t f3 - 1 y/c).
Since these ratios concern the steady state solution variables, y, c, i and t whereas I only
have data on the actual realisations of these macro variables, i.e., the time series on Y,
C, I and T, I cannot estimate the ratios directly. Using the theory in Johansen and
Juselius [49] it is possible, however, to estimate the space spanned by the last column of 0
conditional on the other two cointegrating vectors being fully specified. For computational
reasons, it is then easier to consider the following equivalent specification of the theoretical
cointegrating matrix

0'

= [

~

1

o

-1

1

0

o

1

-1

(3.14)

031

This matrix is obtained by premultiplying the cointegrating matrix in (3.13) by the nonsingular matrix

The matrix 0 is unique up to a nonsingular linear transformation, i.e., if Zt is jointly
wide sense stationary then a* Zt is also jointly stationary for some 3 x 3 matrix a*. The
requirement of nonsingularity is needed to preserve the cointegrating properties of the
system. The particular transformation here, which is chosen for computational reasons,
is the motivation for the somewhat odd notation in (3.12) above. More importantly, it
highlights that the coefficients on the money stock and the price level in all cointegrating
vectors sum to zero, i.e., that only the real money stock matters in steady state.
Let us now turn to the question about the structure of A o. As the number of common
trends is equal to the number of variables (six) minus the number of cointegrating vectors
(three), we have that there are three common trends. I shall denote these trends the
foreign trend (TJ,t), the real domestic trend (Tr,t), and the nominal domestic trend (Tn,t),
respectively. In order to interpret the trends in this way two assumptions may be considered. The first is that shocks to the domestic trends have no long run effect on terms
of trade, i.e., the small open economy hypothesis is imposed as a long run restriction.
The second assumption states that money is neutral in the long run, i.e., shocks to the
nominal trend have no long run effects on the real variables. The following A o matrix is
consistent with these assumptions and with the restriction that 0' A o = 0:

Ao =

1
0
1
1
1

0
0
1
1
1

aO,61

aO,62

0
1
1
0
0
0

(3.15)

where aO,61 = 032 - (031 + 034 + 035), and aO,62 = 032 - (034 + 035). The zeros in the
first row of A o reflect the small open economy assumption; the foreign trend is thus the
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first stochastic trend. The zeros in the third column similarly reflect the assumption
of neutrality; the nominal trend is the third stochastic trend. The zeros in the second
row, on the other hand, are just a convenient normalization and does not influence the
determination of the elements of A. The structure of A in (3.2) may now be found by
postmultiplication of A o by the 3 X 3 lower triangular matrix 1r. Letting 1rij denote the
(i,j):th element of 1r, we have that

A=

1rll

0

0

1r31

1r32

1r33

+ 1r21 + 1r31
+ 1r21
XII + X21
aO,61 1r11 + aO,62 1r 21
1r11

XII

1r22

+ 1r32

1r22
1r22
aO,62 1r22

X33

(3.16)

0
0
0

Since 1r is lower triangular and has rank 3 it is clear that 1rii =f 0 for all i E {I, 2, 3}.
However, 1rij is not constrained for i =f j. It thus follows that, e.g., Tj,t need not have a
significant long run impact on any variables but the terms of trade. 7
In closing, it seems appropriate to refer back to the first paragraph of this section and
consider what properties of the a and Ao matrices that economic theory has helped to
establish. We have found that: (i) rank[a] = 3, (ii) the exact numerical structure of two
of the columns of a, (iii) the space spanned by the remaining cointegrating vector, and
(iv) the structure of Ao and hence of the loading matrix A in the common trends model.

3.4

Common Trends and Macroeconomic Fluctuations in Finland and Sweden

In this section I will estimate and analyse common trends models using annual data
from Finland (1866-1985) and Sweden (1871-1986). The estimation strategy follows the
procedures discussed in Chapter 2. It should be emphasized that the material presented
below is an illustration of how one can conduct empirical analysis of macroeconomic
data by applying the common trends idea. It is not my intention here to argue that the
results should or could be viewed as empirical regularities of the Finnish and the Swedish
economies.

3.4.1

The Data

For both countries, the vector of variables if given by
Xt

= [

In It In Pt In Mt In It In It In Ct

]',

where Tt denotes terms of trade (export price index/import price index), Pt the gross
domestic product (GDP) price deflator, M t the nominal money stock per capita (M2), Y;
7Furthermore, the matrix A in (3.16) satisfies 12 restrictions and the common trends are thus exactly
identified. These 12 restrictions are given by the 5 zeros and 7 of the 9 restrictions from the matrix
a'A = O. The remaining 2 restrictions from this 3 x 3 matrix are already implied by the zeros. Since
no more than 6 elements of 1(' can be uniquely determined it follows that when A (and thus A o) has 18
elements, we must impose 12 restrictions to exactly identify this matrix.
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real GDP per capita, It real gross domestic investments per capita, and Ct real (private
and public) consumption per capita. 8
The following data sources have been used. Terms of trade for Sweden have been
calculated from export and import price indices given in Ohlsson [70] for the period
1871-1966. The implicit price indices in the official national accounts have been used
for the period 1967-1986. For Finland, export and import prices have been taken from
Hjerppe [41]. The sources for It, Ct, ~, and Pt are for Sweden Krantz and Nilsson [54]
(1871-1949) and the official national accounts (1950-1986), and for Finland Hjerppe [41].
I have used series in current prices from the sources, and calculated the real series simply
by deflating with Pt. It should be noted that
• In order to get Sweden's GDP at market prices 1871-1949, I have used the national
income identity, and aggregate series on public and private consumption, investments, etc., in Krantz and Nilsson [54]. That is, I have not used their series on
"domestic product", which is given in terms of factor prices.
• In the Krantz and Nilsson [54] data set, changes in inventories are included partly in
consumption and partly in investments. In the official national accounts, however,
changes in inventories are treated separately (and have not been included in my
series on It, 1950-1986).
• The GDP price deflator for Sweden is the ratio between domestic product in current
and fixed factor prices 1871-1949, and between GDP in current and fixed market
prices 1950-1986.
In these respects the choice of data is in line with the suggestions made by Englund,
Persson and Svensson [29].
The sources for the series on population are for Sweden "Statistisk Arsbok" (various
issues) and for Finland, Hjerppe [41]. The series on the Swedish money stock is the same
as that used by Bergman and Jonung [7] and the series on the Finnish money stock has
been obtained from Tarmo Haavisto, University of Lund.

3.4.2

Illustrations

Before any tests for cointegration can be performed, we have to decide on a suitable lag
order of the unrestricted vector autoregression in (2.2) of the Finnish and Swedish data
sets. In Table 3.1 the results are presented.
In Paulsen [71] it is shown that the log criterion (SIC) of Schwarz [84] and the iterated
log criterion (ILC) of Hannan and Quinn [39] are consistent measures for determining the
true lag order in the presence of unit roots (stochastic trends). The Akaike information
criterion (AIC) (cf. Akaike [2]), however, is not consistent and tends to overestimate the
true lag order. These findings are, of course, consistent with what has previously been established for vector autoregressions of covariance stationary time series (see, e.g., Geweke
and Meese [33, Theorem 5], Quinn [74, Corollary], and Shibata [88]). Furthermore, the
Monte Carlo study in Jacobson [43] suggests that the iterated log criterion tends to pick
the true lag order with greater accuracy than the other two for cointegrated systems (for a
8The availability of money stock data is the reason I look at M2 rather than, e.g., Ml.
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Table 3.1: Lag order selection for UVAR(p) models on the Swedish and the Finnish data.

Information Criteria:

Sweden

Finland

lags
AIC
SIC
ILC
Ale
SIC
ILC

1
-37.422
-34.451*
-36.447
-33.608
-30.717*
-32.662

2
-38.173
-33.191
-37.290*
-33.869
-29.047
-32.962*

3
-38.839*
-30.803
-36.870
-34.783
-26.991
-32.901

4
-38.418
-28.285
-36.429
-34.548
-24.746
-32.678

5
-37.854
-25.580
-35.829
-34.139
-22.285
-32.265

6
-38.647
-23.187
-35.569
-35.037*
-20.089
-32.143

7
-38.325
-20.633
-35.178
-34.685
-17.600
-31.757

8
-37.908
-17.937
-34.675
-34.382
-15.115
-31.403

Lag Order Tests:
Sweden
LR
(p-value)
W
(p-value)

1 vs. 2
198.514
(.000)
293.221
(.000)

1 vs. 3
263.981
(.000)
402.497
(.000)

2 vs.3
64.242
(.003)
72.451
(.000)

Finland
LR
(p-value)
W
(p-value)

1 vs. 2
172.306
(.000)
235.568
(.000)

1 vs. 3
244.972
(.000)
338.875
(.000)

2 vs. 3
74.610
(.000)
82.527
(.000)

Note: The * indicates the minimum for a maximum lag order of 8. LR denotes the likelihood ratio test and
W the Wald test. For a null hypothesis of po lags in a vector autoregression with PI > Po lags, the limiting
distribution of these tests is X2 with 36(PI - Po) degrees of freedom (see Sims, Stock and Watson [92]).

Monte Carlo study on the small sample properties of various lag order selection statistics
in covariance stationary vector autoregressive systems, see Nickelsburg [68]). Based on
this criterion, a lag order of 2 should be selected in the unrestricted vector autoregressions for both the Swedish and the Finnish data. On the other hand, the lag order tests
(Likelihood Ratio and Wald) strongly suggest that there is, e.g., serial correlation left in
the estimated residuals of a UVAR(2) model. I have nevertheless decided to let the lag
order equal 2 for both countries. 9
The next step is to test for the presence of stochastic trends conditional on p. In
the upper panel of Table 3.2 we find the results from the Johansen [44,45,48] likelihood
ratio tests for cointegration. The null hypothesis is that there are r or fewer cointegrating
vectors. The alternative hypotheses are r + 1 and at least r + 1 cointegrating vectors for
the LRmax and LRtr tests, respectively. For both Sweden and Finland, there is evidence
of two cointegrating vectors according to the LRtr test. The tests, however, also suggest
that there may be as many as four cointegrating vectors for the Finnish data, according
to the LRtr test, while there may be no more than one in the case of Sweden, according
to the LRmax test.

9When a maximum lag order greater than 10 is examined, the information criteria tend to favor the
maximum and the lag order tests always reject the null hypothesis. The primary reason why I consider the
low lag order here is based on computational convenience. For example, to compute standard errors for
impulse response functions and forecast error variance decompositions the matrices of partial derivatives
(8vec(Rj)/8f3') for j
0,1, ... must be estimated. Every such matrix is of dimension 36 x 36p, i.e., has
1296p elements. Clearly, the smaller p is the faster the computation is.

=
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Table 3.2: Cointegration tests on the Swedish and the Finnish data for a null hypothesis
of r .or fewer cointegrating vectors when p = 2.

r
0
1
2
3
4
5
0
1
2
3
4
5

Sweden

Finland

p-value
< .01
.20
.17
.50
> .50
> .50
< .01
< .01
.08
.14
.17
.11

LRmax
80.334
27.272
22.734
12.331
4.586
.210
60.413
53.691
25.288
17.955
10.784
2.725

'\r+1
.506
.213
:181
.102
.039
.002
.401
.365
.193
.141
.087
.022

LRtr
147.467
67.133
39.861
17.127
4.796
.210
170.856
110.444
56.753
31.465
13.510
2.725

p-value
< .01
.05
.20
> .50
> .50
> .50
< .01
< .01
< .01
.04
.11
.11

Estimated Cointegrating Vectors:

(is)t =

&(F)'

= [

-.138
-.233
.596

-.072
-.361
.260

.047
.225
-.381

1.0
1.0
-.121

-.154
.509
-.238

-.851 ]
-1.590
1.0

.099
.827
-.085

.003
.308
-.131

.056
-.404
.072

1.0
-.126
1.0

-.395
-.280
.089

-.823 ]
1.0
-1.118

Testing the Hypothesis:

Q(i)t=

[

.0
.0

1.0
.0

-1.0
.0

1.0
1.0

.0
-1.0

(i)

(i)

(i)

(i)

(i)

0'32

0'33

Q 31

LR(6)
p-value

fi~1
fi~1
ii~~

fi~~
fi~2

Q 34

Sweden
76.259
(.000)
.175
.196
-.196
-.385
-.392

0'35

.0 ]
.0
1.0

i=S,F.

Finland
85.163
(.000)
.139
.200
-.200
-.407
-.363

Note: The p-values for the LRmax (the alternative hypothesis is r + 1 cointegrating vectors) and the LRtr (the
alternative being at least r + 1 cointegrating vectors) are based on the critical values reported by Johansen [45] in
Table T.I. The p-values for testing linear restrictions on 0' are taken from the X 2 distribution with 6 degrees of
freedom (see Johansen and Juselius [49, Theorem 2]). The number of degrees of freedom are equal to the number
of stochastic trends (n - r = 3) times the number of known cointegrating vectors (8 = 2). In addition, we can
test 0'~1 = -O'~~ along with the known cointegrating vectors. Such a hypothesis has 7 degrees of freedom in the
present case.
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Table 3.3: Estimated common trends models for Sweden and Finland based on the theoretical cointegrating vectors.

Sweden:

InTt
InPt
InMt
In yt

= xo+

In It
InCt

.0639
(.0042)
-.0660
(.0151)
-.0575
(.0149)
.0084
(.0030)
.0084
(.0030)
-.0030
(.0029)

.0

.0

(-)

(-)

-.0171
(.0144)
.0142
(.0144)
.0314
(.0021)
.0314
(.0021)
.0305
(.0020)

.1526
(.0102)
.1526
(.0102)
.0

(-)

[ rl.'
] +Ut.
~r,t
Tn,t

.0

(-)
.0

(-)

Finland:

InTt
InPt
InMt
In yt
In It
InCt

=xo+

.0657
(.0043)
-.0943
(.0145)
-.1079
(.0156)
-.0135
(.0062)
-.0135
(.0062)
-.0223
(.0061)

.0

.0

(-)

(-)

-.0167
(.0131)
.0495
(.0135)
.0663
(.0043)
.0663
(.0043)
.0643
(.0042)

.1414
(.0092)
.1414
(.0092)
.0

(-)

[ rl.'
] + -lh.
~r,t
Tn,t

.0

(-)
.0

(-)

Note: The estimated asymptotically normal standard errors within parenthesis are based on Theorem 2.3. The
vector Ut is equal to C(L)ct.

In section 3.3 it was noted that theoretical arguments suggest that there should be
three cointegrating vectors for each economy. The unrestricted maximum likelihood estimates of these three vectors are also given in Table 3.2. In addition, I have imposed
the restrictions on the first two cointegrating vectors implied by the conditions that the
log of the velocity of money and the log of the investments~utput ratio are stationary.
Although these restrictions are strongly rejected by the likelihood ratio tests, it can be
seen that if these constraints are imposed on the data generating process, then the estimated coefficients of the third cointegrating vector are consistent with the theoretical
restriction that the coefficients on the money stock and the price level should sum to zero.
Moreover, they are very similar in the two countries. Since the unconstrained estimates
of the three cointegrating vectors are quite similar (cf. Table 3.2) this is perhaps not so
surprising. Furthermore, King, Plosser, Stock and Watson [53] use the log of the ratio
between consumption and output as their third cointegration vector, which substantially
differs from the ones obtained here.
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Figure 3.1: Responses in Xt to a one standard deviation shock to the foreign trend
for Sweden (SWE) and Finland (FIN) with 95 percent confidence bounds.
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Figure 3.2: Responses in Xt to a one standard deviation shock to the real domestic trend
(Tr,t) for Sweden (SWE) and Finland (FIN) with 95 percent confidence bounds.
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Figure 3.3: Responses in Xt to a one standard deviation shock to the nominal domestic
trend (Tn,t) for Sweden (SWE) and Finland (FIN) with 95 percent confidence bounds.

Response in InT to

012

J

'I

5

17.

S

1

2

J

'I

S

I

7

•

S

(SWE)

Response in In T to

10 1112131'115 181711.,20
LEAD

Response in In P to

a

'Tn

'Tn

0123'1517'

'Tn

012

J'I

5

II

7

•

'Tn

(FIN)

S 10 111213 1'11518 17111S20
LEIlD

Response in In M to

(SWE)

(FIN)

10 111213 1'115 1817 II 1520
LEAD

Response in InP to

(SWE)

10 11 12 13 1'1 15 18 17 11 LS 20
LEAD

Response in In M to

S

'Tn

'Tn

(FIN)

11 ..........- - - - - - - - - - - - - - - - - - ,

s.

a

L

2

J

'I

5

•

7

•

S

a

10 11 12 13 1'1 15 18 17 18 UI 21
LEAD

54

1

2

J

'I

S

II

7

•

S

10 11 12 13 1'1 15 18 17 11 LS 20
LEAO

Response in In Y to

Tn

Response in In Y to

(SWE)

7",.

(FIN)

-2.0 -1-0r--0--r--,.-...,....~~--r~...,....~r-r--r~-.-..--,.......-,......,.....J

o

1

2

3

5

'I

II

7·'

II 1011 U
LEAD

Response in In I to

131'1151& 17 III III 2.

7"n

XI0- 2

o

1

2

3

'I

5

•

7

•

II 10 11 12 13 1'1 15 .. 17 18 l' 21
LEIIO

Response in In I to

(SWE)

7"n

(FIN)

------o

1

2

J

'I

5

I

7

,

S

11 II U
LEAD

Response in In C to

o

13 1'1 15 II 17 III III 2t

7",.

(SWE)

t

2

3

'I

5

•

7

•

,

10 11 12 13 1'1 15 II 17 II l' 21
LEIIO

Response in InC to

7""

(FIN)

.2

-1.0

-I. 'I ...1-r--r--r'....,....-r-~r--r--r-....,....-r-~r--r--r"""r""'T"""".,-,r--r--r-l
0 1 :2 3 'f 5 •
7 • , t' II J2 13 1'1 IS 18 17 II l' 2"

-2.2-L.-......r--"'I"~-.-~~~--,.-...,....-r--or--o~....,....-.-..--r--r-,.-l

110-2

o

1

2

3

'I

5

I

7

•

,

11 II 12 13 1'1 IS II 17 III III 2'
LEIID

xI0 -2

LEIID

Note: The estimated asymptotically normal standard errors from which the confidence bounds have been computed are based on Theorem 2.3.

55

Hence, the pretesting of data suggests that (i) a simple vector autoregressive model
may not be a good description of the time series, and (ii) conditional on such a model
there is basically no support for the economic steady state relationships. It is possible that
this reflects difficulties in measuring the variables with a "reasonable degree of accuracy"
and/or the different economic conditions that have been prevalent during, e.g., the pre
and post world wars periods. I shall nevertheless continue the illustration since these
results do not stand in conflict with the purpose of this chapter.
In Table 3.3 the estimated common trends models are presented. Recall from section
3.3 that the A = (A o7r) matrix has been chosen so that the first element of Tt is interpreted
as a foreign trend, while the second and third elements are interpreted as real and nominal
domestic trends, respectively. These interpretations are based on the restrictions of both
countries being small open economies (domestic shocks have zero long run effect on terms
of: trade, as reflected in the two zero elements in the first row of A) and of long run
neutrality of money with respect to effects on the real variables (innovations to the nominal
trend have zero long run impact on real variables).
The parameters of the estimated common trends models for the two countries are very
similar. Apart from the coefficients on the foreign trend in the output and investments
equations, the signs of the estimated parameters are equal in the two countries. In most
cases, the coefficients for the Finnish model are somewhat greater (in absolute terms) than
those for the Swedish model. It should be noted that the standard errors for estimated
parameters are based on treating a and Ao as known. Yet, two of the parameters in a
and Ao are not constrained. 10 This, however, does not seem overly problematic.
The responses (in log-levels) to innovations to the stochastic trends are displayed in
Figures 3.1 - 3.3 along with 95 percent confidence bounds. A major impression from a
quick glance at these figures is that the responses are very much the same for the two
countries. Looking first at the effects from shocks to the foreign trend (Figure 3.1), the
only important difference is that the response of Finnish consumption is negative, while
the effects on Swedish consumption are not "significantly" different from zero.
In Figure 3.2 the response functions from innovations to the real domestic trend are
depicted. The restriction that the long run response of terms of trade should be zero does
not seem to be "seriously in conflict" with the data. The maximum response is recorded
after about two years. Hence, within a business cycle horizon, a positive real domestic
shock tends to improve terms of trade and then vanish. Also, the long run responses
in the price level and the money stock are negative and positive, repectively, for both
countries (cf. Table 3.3), whereas the adjustment in the short and medium term is quite
different and typically very slow.
The response functions for an innovation to the nominal domestic trend are shown in
Figure 3.3. In terms of the responses of output and consumption, the restriction of long
run neutrality does not seem to be "in conflict" the data sets neither for Finland nor for
Sweden. The responses in terms of trade and investments in Sweden, however, are rather
far from the theoretical predictions. In Finland, the responses of these variables satisfy
the theoretical restrictions almost exactly at the business cycle horizon.
lOIt is misleading here to count the number of unknown parameters of a and A o in (3.14) and (3.15).
If we premultiply 0' in (3.14) by the inverse of the matrix obtained from the final 3 columns of a' and
compare the parameters of the tranformed a matrix to those in A o, it becomes clear that there are only
two free parameters in these two matrices.
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Table 3.4: Ratio of s steps ahead forecast error variance of Xt which is accounted for by
shocks to the foreign trend (Tj,t) for Sweden (S) and Finland (F).

k
1

2
3

4
5
6
7
8
9
10
15
20
00

InTt
S
F
.546
.328
(.063) (.071)
.622
.423
(.052)
(.064)
.653
.421
(.047) (.060)
.679
.432
(.045)
(.058)
.703
.469
(.043)
(.056)
.721
.503
(.055)
(.041)
.735
.529
(.039) (.053)
.746
.556
(.051)
(.038)
.757
.583
(.037) (.049)
.766
.609
(.036) (.047)
.805
.712
(.031 ) (.038)
.833
.782
(.027)
(.030)
1.00
1.00

(-)

(-)

InPt
S
F
.018
.001
(.025) (.006)
.036
.000
(.034) (.001)
.049
.001
(.039) (.004)
.002
.052
(.040) (.008)
.051
.005
(.040) (.011)
.054
.008
(.041) (.014)
.059
.012
(.042) (.018)
.064
.018
(.044) (.021)
.070
.023
(.045) (.024)
.075
.030
(.047) (.027)
.095
.065
(.051) (.038)
.099
.111
(.054) (.046)
.156
.305
(.063) (.071)
I

InMt
S
F
.012
.086
(.021) (.050)
.003
.059
(.006) (.042)
.003
.053
(.003) (.040)
.057
.004
(.008) (.041)
.007
.062
(.012) (.043)
.010
.068
(.016) (.045)
.013
.076
(.018) (.046)
.016
.085
(.021) (.048)
.094
.019
(.023) (.050)
.023
.104
(.025) (.052)
.038
.148
(.033) (.058)
.053
.182
(.038) (.062)
.124
.341
(.058) (.071)

In yt
F
S
.046
.066
(.038) (.044)
.037
.025
(.034) (.019)
.033
.024
(.033) (.007)
.023
.033
(.032) (.009)
.019
.032
(.032) (.010)
.031
.018
(.031) (.011)
.030
.017
(.031) (.013)
.030
.017
(.031) (.014)
.030
.017
(.031) (.015)
.030
.017
(.031 ) (.016)
.030
.018
(.031 ) (.020)
.029
.021
(.031) (.023)
.067
.040
(.046) (.036)

In It
S

F

.248
(.070)
.167
(.061 )
.143
(.058)
.124
(.054)
.110
(.052)
.100
(.050)
.094
(.049)
.090
(.048)
.085
(.047)
.082
(.046)
.069
(.043)
.060
(.040)
.067
(.046)

.329
(.071)
.247
(.064)
.207
(.061)
.182
(.059)
.166
(.057)
.154
(.056)
.146
(.055)
.140
(.054)
.136
(.054)
.132
(.054)
.120
(.053)
.112
(.052)
.040
(.036)

InCt
F
S
.000
.000
(.004) (.002)
.006
.006
(.009) (.009)
.026
.005
(.009) (.020)
.040
.005
(.006) (.027)
.045
.004
(.003) (.030)
.050
.003
(.003) (.033)
.056
.003
(.003) (.036)
.061
.003
(.002) (.037)
.065
.002
(.003) (.039)
.068
.002
(.003) (.040)
.082
.002
(.005) (.045)
.090
.003
(.007) (.047)
.107
.009
(.018) (.054)

Note: The estimated standard errors within parenthesis are based on Theorem 2.4.

Let us now turn to the questions about the relative importance of the various disturbances that were mentioned in the introduction of the chapter. These questions can be
approached through the decompositions of forecast error variances which are reported in
Tables 3.4 - 3.7.
Foreign versus domestic shocks: In both countries, shocks to the foreign trend
account for around 20 percent of the forecast error variance of investments in the short
run, while their role is negligible in the long fun. In the cases of output and consumption,
the role of permanent foreign shocks is negligible in the short run as well. Permanent
real shocks, on the other !land, account for most of the variance in output at the four
year horizon (70 percent in Sweden and 60 percent in Finland; cf. Table 3.5). They also
account for a substantial proportion of the variance in investments and, for Sweden, in
the price level. These findings may suggest that terms of trade is not a good proxy for
investigating foreign influence on small open economies. Instead or as a con1plement, a
measure on foreign output seems to be a plausible alternative. The foreign trend may
then be interpreted as reflecting, e.g., technology "import". That, however, requires a
different econonuc model for deriving the cointegration vectors.
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Table 3.5: Ratio of s steps ahead forecast error variance of Xt which is accounted for by
shocks to the real domestic trend (Tr,t) for Sweden (8) and Finland (F).

k
L.

2
3
4
5
6
7
8
9
10
15
20
00

InTt
S
F
.0.02
.011
(.006) (.016)
.024
.106
(.026) (.007)
.070
.137
(.029) (.018)
.109
.124
(.027)
(.024)
.123
.110
(.026)
(.026)
.104
.130
(.025) (.027)
.099
.135
(.028)
(.024)
.093
.134
(.023) (.028)
.130
.088
(.022) (.027)
.125
.083
(.022) (.026)
.067
.096
(.018)
(.021)
.056
.072
(.016)
(.016)
.0
.0

(-)

(-)

InPt
F
S
.060
.362
(.072) (.042)
.367
.034
(.071) (.032)
.374
.024
(.069) (.027)
.389
.019
(.068) (.024)
.016
.397
(.068) (.022)
.396
.015
(.068) (.021)
.014
.391
(.069) (.021)
.014
.383
(.069)
(.021)
.374
.015
(.069) (.021)
.363
.016
(.069) (.022)
.308
.022
(.068) (.025)
.027
.258
(.065) (.027)
.010
.010
(.018) (.015)

InMt
S
F
.007
.008
(.017) (.015)
.013
.006
(.006) (.020)
.053
.010
(.032) (.017)
.007
.103
(.047) (.014)
.006
.134
(.054) (.013)
.005
.151
(.057) (.012)
.160
.005
(.059) (.012)
.163
.006
(.060) (.013)
.162
.007
(.060) (.014)
.158
.009
(.060) (.016)
.132
.024
(.056) (.023)
.106
.040
(.050) (.028)
.007
.008
(.015) (.037)

In yt
S
F
358
.673
(.054) (.070)
.677
.453
(.052) (.066)
.696
.553
(.050) (.058)
.717
.613
(.047) (.053)
.740
.653
(.045) (.049)
.759
.685
(.043) (.046)
.774
.712
(.042) (.043)
.736
.785
(.041 ) (.041 )
.756
.795
(.040) (.039)
.804
.773
(.039) (.037)
.836
.833
(.036) (.031 )
.858
.868
(.035) (.029)
.960
.933
(.046) (.036)

In It

S

F

:l83

.113
(.045)
.381
(.058)
.531
(.059)
.620
(.057)
.673
(.056)
.706
(.055)
.728
(.054)
.744
(.053)
.756
(.053)
.765
(.053)
.797
(.052)
.816
(.051)
.960
(.036)

(.066)
.470
(.065)
.494
(.064)
.490
(.064)
.490
(.064)
.501
(.064)
.515
(.063)
.529
(.063)
.540
(.062)
.550
(.062)
.582
(.060)
.606
(.058)
.933
(.046)

InCt
F
S
.017
.638
(.054) (.024)
.018
.616
(.056) (.007)
.079
.634
(.054) (.024)
.657
.127
(.051) (.036)
.676
.175
(.049) (.047)
.692
.221
(.047) (.050)
.265
.706
(.054)
(.045)
.718
.306
(.056)
(.044)
.730
.344
(.043) (.058)
.379
.740
(.041) (.059)
.785
.520
(.035)
(.058)
.818
.616
(.030) (.055)
.991
.893
(.018) (.054)

Note: The estimated standard errors within parenthesis are based on Theorem 2.4.

Real versus nominal shocks: As can be seen from Table 3.6, the influence of
shocks to the nominal trend on fluctuations in real variables is small, except for the cases
of consumption and investments in Sweden. The most striking results in Tables 3.5 and
3.6 are related to consumption. In Finland, a rather small fraction of the short run
forecast error variance of consumption is accounted for by shocks to the real domestic
trend. The role of the nominal trend is practically zero (like it is for the other real
variables). In the Swedish data, most of the variance in consumption (65 percent at the
four year horizon) is accounted for by shocks to the real domestic trend, but nominal
shocks are important as well (25 percent at the four year horizon). Another interesting
observation that can be made from Table 3.5 is associated with investments. In Finland,
shocks to the real domestic trend initially have a quite small impact on the forecast error
variance of investments and then rapidly becomes more and more important. For Sweden
we find that such shocks account for about 40 percent of the forecast error variance in
investments at the one year horizon and slowly become more important. Also, permanent
real shocks are unimportant for the nominal domestic variables in Finland in the short
and medium run, while this is not the case in Sweden.
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Table 3.6: Ratio of s steps ahead forecast error variance of Xt which is accounted for by
shocks to the nominal domestic trend (Tn,t) for Sweden (S) and Finland (F).

k
1
2
3
4
5
6
7
8
9
10
15
20
00

InTt
F
S
.075
.064
(.030)
(.038)
.054
.049
(.020)
(.017)
.058
.050
(.017)
(.013)
.070
.042
(.017)
(.011)
.077
.037
(.018)
(.010)
.079
.032
(.018)
(.008)
.028
.081
(.018)
(.007)
.083
.026
(.007)
(.018)
.024
.084
(.018)
(.006)
.084
.022
(.018)
(.006)
.079
.015
(.016)
(.004)
.071
.011
(.003)
(.015)
.0
.0
(-)
(-)

InPt
S
F
.113
.242
(.044) (.067)
.173
.296
(.050) (.070)
.253
.338
(.054) (.070)
.370
.316
(.055) (.070)
.354
.399
(.057) (.069)
.377
.422
(.058) (.068)
.392
.441
(.059) (.068)
.406
.456
(.060)
(.067)
.419
.470
(.061)
(.066)
.432
.481
(.062) (.065)
.493
.519
(.064) (.062)
.545
.542
(.066)
(.0~1 )
.685
.834
(.064) (.071)

InMt
S
F
.298
.816
(.072) (.051)
.364
.804
(.071) (.047)
.778
.438
(.067) (.047)
.491
.762
(.063) (.048)
.527
.756
(.062) (.049)
.553
.754
(.061) (.050)
.573
.753
(.061) (.051)
.589
.751
(.061) (.052)
.603
.749
(.061) (.053)
.746
.616
(.061) (.054)
.722
.675
(.060) (.059)
.718
.696
(.058) (.062)
.869
.587
(.059) (.070)

In yt
F
S
.014
.023
(.015) (.016)
.047
.011
(.005) (.026)
.055
.012
(.002) (.025)
.015
.046
(.005) (.021 )
.019
.040
(.007) (.019)
.021
.036
(.008) (.017)
.032
.022
(.008) (.016)
.028
.021
(.008)- (.014)
.025
.020
(.008) (.013)
.019
.023
(.008) (.012)
.014
.015
(.006) (.008)
.010
.011
(.005) (.006)
.0
.0
(-)
(-)

In It
F
S
.063
.012
(.027) (.015)
.098
.013
(.031) (.004)
.127
.012
(.034) (.004)
.009
.153
(.037) (.003)
.007
.166
(.039) (.002)
.006
.167
(.039) (.002)
.005
.164
(.039) (.002)
.005
.162
(.039) (.001)
.005
.160
(.038) (.001)
.005
.159
(.038) (.001)
.004
.162
(.038) (.001)
.004
.165
(.037) (.001)
.0
.0
(-)
(-)

InCt
F
S
.238
.001
(.046) (.007)
.002
.270
(.048) (.002)
.013
.270
(.047) (.010)
.013
.251
(.045) (.011)
.013
.234
(.042) (.012)
.014
.221
(.041) (.013)
.014
.211
(.039) (.013)
.014
.201
(.038) (.013)
.013
.192
(.036) (.012)
.012
.184
(.035) (.012)
.010
.148
(.030) (.010)
.008
.122
(.025) (.007)
.0
.0
(-)
(-)

Note: The estimated standard errors within parenthesis are based on Theorem 2.4.

At a forecast horizon longer than three years, around 16 percent of the variance in
Swedish investments is accounted for by shocks to the nominal trend. On average, however, permanent nominal shocks do not appear to be very important. Another example
is provided by the behavior of the price level. At the four year horizon, only about 35
percent of its variance (in both countries) is accounted for by shocks to the nominal trend.
Finally, shocks to the nominal trend account for about 80 percent of the forecast error
variance of the money stock in Finland at the one to four year horizon but only for around
40 percent in Sweden. In the long run this picture is reversed.
Permanent versus transitory shocks: In a common trends framework, the most
interesting results when it comes to innovation accounting are those related to the importance of permanent shocks in relation to transitory shocks. In particular, the question
of how important growth innovations are within a business cycle perspective can be addressed. It can be noted that once the cointegration vectors have been determined, the
choice of A o is irrelevant for the interpretation of the permanent and transitory shocks
as groups of shocks. That is, the small open economy and long run nominal neutrality
assumptions do not influence any figures reported in Table 3.7.
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Table 3.7: Ratio of s steps ahead forecast error variance of Xt which is accounted for by
the three permanent shocks for Sweden (S) and Finland (F).

k

1
2
3
4
5
6
7
8
9
10
15
20
00

InTt
F
S
.612
.414
(.057) (.070)
.782
.496
(.034) (.060)
.848
.541
(.024) (.054)
.873
.583
(.020) (.050)
.890
.629
(.018) (.046)
.904
.665
(.016) (.043)
.915
.692
(.014) (.040)
.922
.716
(.013) (.038)
.737
.929
(.012) (.036)
.756
.933
(.011) (.034)
.951
.823
(.008) (.026)
.960
.865
(.007) (.020)
1.00
1.00

(-)

(-)

InPt
F
S
.303
.393
(.067) (.071)
.576
.330
(.060) (.071)
.373
.676
(.048) (.070)
.757
.391
(.038) (.070)
.802
.420
(.031) (.069)
.827
.445
(.028) (.068)
.467
.842
(.026) (.067)
.853
.488
(.024) (.065)
.863
.508
(.022) (.064)
.870
.527
(.021) (.062)
.896
.606
(.017) (.055)
.914
.668
(.014) (.048)
1.00
1.00

(-)

(-)

InMt
S
F
.318
.909
(.072) (.016)
.373
.876
(.071) (.021)
.841
.494
(.064) (.026)
.598
.826
(.056) , (.029)
.824
.668
(.048) (.029)
.714
.827
(.043) (.029)
.746
.834
(.039) (.028)
.768
.842
(.036) (.026)
.784
.850
(.034) (.025)
.797
.859
(.032) (.024)
.845
.894
(.025) (.018)
.877
.918
(.020) (.014)
1.00
1.00
(-)
(-)

In tt
S
F
.438
.742
(.042) (.069)
.725
.525
(.044) (.062)
.741
.632
(.041) (.051)
.765
.682
(.038) (.046)
.712
.791
(.034) (.043)
.739
.818
(.031) (.040)
.761
.826
(.029) (.037)
.781
.836
(.027) (.034)
.798
.845
(.026) (.032)
.853
.813
(.025) (.030)
.880
.866
(.021 ) (.022)
.897
.900
(.018) (.017)
1.00
1.00
(-)
(-)

In It
-S
F
.454
.694
(.048) (.068)
.735
.641
(.041) (.049)
.764
.750
(.037) (.036)
.767
.811
(.036) (.028)
.766
.846
(.036) (.023)
.768
.866
(.036) (.020)
.773
.879
(.035) (.018)
.781
.889
(.034) (.016)
.897
.785
(.034) (.015)
.791
.902
(.033) (.014)
.921
.813
(.030) (.012)
.932
.831
(.028) (.010)
1.00
1.00
(-)
(-)

InCt
S
F
.018
.921
(.022) (.025)
.026
.892
(.012)
(.018)
.909
.118
(.016) (.032)
.913
.180
(.015) (.044)
.914
.233
(.015)
(.051)
.916
.285
(.014)
(.056)
.920
.335
(.014) (.058)
.922
.381
(.013) (.059)
.924
.422
(.013) (.059)
.459
.926
(.013) (.058)
.612
.935
(.011) (.051)
.714
.943
(.010) (.041)
1.00
1.00
(-)
(-)

Note: The estimated standard errors within parenthesis are based on Corollary 2.2.

I have already stressed the role of permanent real domestic shocks to the fluctuations
of output and investments in Finland and Sweden. Table 3.7 summarizes the role of all
three permanent shocks. 11 There, we find that these innovations generally account for
most (about 60 percent) of the fluctuations at the business cycle (four year) horizon in
both countries. Transitory shocks, as a group, exert important influence only on the price
level (60 percent) and consumption (80 percent) in Finland. It has been noted above that
the role of permanent foreign and nominal shocks is rather small. In principle, transitory
foreign and nominal shocks could still be of importance. However, considering the great
influence of permanent shocks, it may be concluded that transitory foreign and transitory
nominal shocks potentially can be important only to the price level and consumption in
Finland.
Hit can be noted that the forecast error variance decompositions of the transitory shocks as a group
can be derived immediately from Table 3.7 by multiplying a figure by -1 and adding 1. The standard
errors of these figures are identical to those for the permanent shocks. It can be noted that all standard
errors reported above are such that the closer the variance decomposition is to 0 or 1, the smaller is the
error (cf. section 2.4).
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3.5

Concluding Remarks

In this chapter I have illustrated how the common trends approach can be implemented
in practise. It should probably be emphasized again that whether the conclusions reached
from the analysis of impulse response functions and forecast error variance decompositions
above should be regarded as "empirical regularities" of the Swedish and the Finnish
economies has neither been add~essed nor been my purpose to discuss. Instead I have
focused on the basic ideas in common trends modelling and how economic theory can
be made use of. Furthermore, some of the practical problems has been examined, e.g.,
lag order selection and tests of the theoretical cointegration vectors. For the Finnish and
Swedish samples it is found from such analysis of the common trends model that data are
not well described by these simple "structures".
I have not mentioned any "informal tests" of the cointegration vectors. It is, however,
straightforward to compute estimates of the transitory components from the restricted
vector autoregression (cf. Warne and Vredin [100]). For example, graphs of these components may suggest whether theoretical cointegration vectors (which have been rejected by
the LR test) are completely unreasonable or not. For the Swedish and the Finnish data
I have used above such graphs strongly suggest that estimates of the transitory components are unlikely to be well modelled as wide sense stationary. Hence, the trends are
misspecified as well. Although such "tests" of the cointegration vectors are statistically
unsatisfactory they may at least shed some light on how well the trends are accounted for
and thus act as a complement to the formal tests.
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Chapter 4
Stationarity, Cointegration and a
Rational Expectations Model of the
Term Structure
4.1

Introduction

One of the basic problems in monetary and financial economics is to explain how returns
on bonds with different time to maturity are related. From the point of view of conducting
and predicting monetary policy it is often of great importance for the monetary authority
as well as for investors in financial markets to know how and to what extent changes
in, e.g., short term rates influence longer term rates. A popular family of models for
explaining the behavior in the term structure of interest rates is what is generally known
as expectations models (cf. Cox, Ingersoll and Ross [18]). A common denominator for
these models is that the interest rate on a long term bond can be expressed as a function
of current and expected future short term rates.
Hypotheses which follow from simple expectations models have generally been rejected
by data (see, e.g., Campbell and Shiller [14], Fama [30,31], and Mankiw and Summers
[66]), although there are some exceptions (Froot [32] and Sargent [81]). In most of these
papers interest rates are transformed by means of first differences and cointegration relationships (cf. Engle and Granger [26]) prior to testing the economic hypothesis. The
argument for using such transformations is often that standard asymptotic theory is based
on stationary data and that diversions from such a property need to be accounted for.
Consequently, there seems to be a consensus among empirical researchers that interest
rates are not stationary! and that nonstationarity probably biases inference in models
where this has not been dealt with.
When data are generated by a linear time series model, first differences and cointegra1 Ekdahl [24] and Rose [78], for example, test for unit roots in interest rate series. In both studies
the conclusion is that nominal interest rates for Sweden and the U.S., respectively, are nonstationary in
levels but stationary in first differences. However, given that the Fisher relationship holds, their evidence
on the hypothesis that real interest rates are stationary differ; while Rose does not reject nonstationary
real interest rates, Ekdahl finds that Swedish real interest rates may be stationary. The reason for this
difference appears to be that Rose only considers an approximation of the Fisher hypothesis, while Ekdahl
also uses the exact formulae.
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tion relationships are linear restrictions on the data generating process. If such restrictions
are not supported by data,2 then tests of economic hypotheses as well as estimated parameters are asymptotically biased. On the other hand, if nonstationarity is not accounted
for, inference is generally based on incorrect limiting distributions (cf. Sims, Stock and
Watson [92]). This is, of course, a standard dilemma in empirical analyses. Nevertheless,
this type of problem is rarely examined in practise.
In this chapter I shall analyse and test a linear rational expectations model of the
term structure of interest rates on Swedish time series data. The maintained hypothesis
is that data can be represented by a finite order vector autoregression. In connection with
inference I shall consider some fundamental statistical questions. First, I will examine if
it matters whether data is modelled as jointly stationary or cointegrated of order (1,1).
Second, the procedure for testing the economic hypothesis involves a nonlinear reparameterization of the original constraints. From Gregory and Veall [35] it is well known that
the commonly applied Wald test is not numerically invariant in finite samples with respect
to such reparameterizations. It therefore seems natural to compare the performance of
the Wald test with a test statistic which is invariant, e.g., the likelihood ratio test. Third,
the limiting X2 distribution is not necessarily a good approximation of the small sample
uncertainty of these two statistics. Hence, empirical distributions of the tests are interesting alternatives to the X2 • I will approach these three questions mainly by means of
bootstrap resampling (cf. Efron [23]).
The remainder of the chapter is structured as follows. In section 4.2 I discuss the term
structure model. Section 4.3 is concerned with connecting the data generating process to
the economic and nonstationarity restrictions. Specifically, I shall examine implications
from the term structure model on the data generating process and how we can test
for cointegration and the term structure model jointly. To my knowledge, no such test
has previously been considered. The empirical results are presented in section 4.4, and
conclusions are given in section 4.5. In the appendix I show that standard inference is
valid in an unrestricted vector autoregression if interest rates are cointegrated of order
(1,1) with a stationary spread. The analysis there relies on the results obtained by Sims,
Stock and Watson [92].

4.2

An Expectations Model of the Term Structure

If there is no uncertainty about future bond prices, a no arbitrage condition generally
implies that the returns on holding different bonds, say, one period are equal regardless
of time to maturity. However, this is not necessarily true when future bond prices are
uncertain. Instead, agents may require a term premium to invest in a bond with a time to
maturity different from their investment horizon. In that case, expected holding period
yields are equal across maturities except for a term premium. In this chapter, I shall test
whether the term premium for a long term bond in relation to a short term bill is constant
over time when investors are assumed to have rational expectations.
2 For example, time series are jointly stationary or nonstationarity is not reflected in terms of linear
trends in the first and second moments but rather from some other (nonexplosive) functions of time.
Furthermore, models which incorporate conditional heteroskedasticity, such as the GARCH and GARCHM models, may be more suitable descriptions of the data generating process (cf. Bollerslev [11] and Engle,
Lilien and Robins [27]).
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4.2.1

The Local Expectations Hypothesis

Let H}~~ denote the one-period ahead holding period yield on a bond which matures at
time t + T. Furthermore, rt denotes the time t yield to maturity on a one-period pure
discount bond, and E the mathematical expectations operator. In the terminology of Cox,
Ingersoll and Ross [18], the local expectations hypothesis states that

E[Ht~~IAt] = rt

+ 1jJ(T).

(4.1)

Here, At is the information set which agents use at t, and 1jJ(T) is a constant term premium,
associated with T-period bonds.
An often overlo.oked advantage from considering the local expectations hypothesis is
that it is consistent with coupon carrying bonds. In contrast, the yield to maturity, return
to maturity, and unbiasedness expectations hypotheses (cf. Cox, Ingersoll and Ross [18])
are stated in terms of interest rates on discount bonds. There are, at least, two reasons why
this is problematic. First, trade in or even existence of any long term pure discount bonds
is very rare in actual markets. Second, interest rates on bonds carrying coupons generally
provide poor approximations to interest rates on pure discount bonds (cf. Litzenberger
and Rolfo [56]). Hence, it is convenient to examine a hypothesis which allows for coupon
carrying bonds when one analyses the long term part of the maturity spectrum.
In section 4.4 I shall treat the long terlU bond as a consol. To simplify the discussion
about the local expectations hypothesis I will do the same here. Thus, let R t denote yield
to maturity measured as a one-period rate, H t +1 the one-period ahead holding period
yield, 1jJ the term premium, and C the coupon for a consol. It is assumed that coupons
are paid once per period, prior to trade, i.e., if an investor purchases a consol at t, (s)he
will receive the first coupon at t + 1, the second at t + 2 if (s )he does not sell the consol
at t + 1, and so on. The time t price of a consol, Pt , is related to yield to maturity by
(4.2)
where R t > 0 ensures that Pt is finite and with C > 0 we have that Pt is positive. The
one-period ahead holding period yield on the consol is therefore

H t +1 := Pt+!

+C

Pt

_ 1 = Rt (1

+ R,,+1)

_ 1,

(4.3)

Rt +1

by substituting for Pt and Pt +1 from (4.2). From this relationship between holding period
yield and yield to n1aturity is can be seen that if Rt and Rt +1 are observable, so is H t +1 ,
i.e., information on the value of the coupon is not needed. For a T-period coupon carrying
bond paying a principal of, e.g., $1.00 this is no longer true (cf. Shiller [89]).
To obtain a linear relationship between R t and rt from (4.1) and (4.3) we must linearize
the latter equation. A first order Taylor expansion of H t +1 about E[Rt ] = R and some
algebra give us
1
P
Ht +1 ~ - - Rt - - - Rt +b
(4.4)
I-p

1-p

where p := 1/{1 + R). Substituting the approximation of H t +1 in (4.1) and assuming that
R t E At, we find that the local expectations hypothesis can be written as
E[Rt+1 IAtJ

= !Rt + P -1 (rt + 1jJ).
p

p
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(4.5)

Subtracting Rt from both sides of (4.5) we obtain the version of the local expectations
hypothesis which is tested by Mankiw and Summers [66]. Ruling out rational bubbles,3
the forward solution to the linear stochastic difference equation in (4.5) is
00

R t = (1 - p) EpiE[rt+iIAt ] + 1/;.

(4.6)

i=O

Hence, the local expectations hypothesis and the linear approximation of the one-period
ahead holding period yield jointly imply that the consol yield can be expressed as a
weighted average of current and expected future short term rates plus a term premium.
The weights on the short term rates sum to one and are exponentially declining in the
distance between t and t + i, i.e., short term rates in the immediate future are assigned a
larger weight than short term rates which are realized at a later date.
Equation (4.6) is, in fact, a special case of Shiller's [89] linear rational expectations
model of the term structure of interest rates for r-period coupon carrying bonds. As
shown by Campbell and Shiller [14,15], an equivalent form of (4.6) is
00

R t - rt =

E piE[rt+i -

rt+i-lIAt ] + 1/;.

(4.7)

i=1

That is, the spread between the long term and the short term yield to maturity is a
weighted average of expected future changes in the short term yield plus a term premium.

4.2.2

Discussion of the Model

Present value models such as (4.6) and (4.7) have been examined for stock prices and
dividends as well as the long term part of the maturity spectrum for bonds (see, e.g.,
Baillie [4] and Campbell and Shiller [14]). Whether one decides to test (4.6) or (4.7)
generally depends on ones prior views about which statistical assumptions seem to comply
best with data. In particular, if interest rates are modelled as jointly stationary, it is
straightforward to test (4.6) while (4.7) is less appropriate. On the other hand, if interest
rates are modelled as nonstationary in levels but stationary in first differences, Campbell
and Shiller [14,15] argue that (4.7) is better suited for the exercise. Their argument is
based on substituting the conditional expectation of the first difference of rt+i for the
realization of the variable and a stationary, purely nondeterministic forecast error. Since
o < p < 1, it follows that the spread, Rt - rt, is stationary. In the terminology of Engle
and Granger [26], interest rates are cointegrated of order (1,1) with one cointegration
vector.
As noted above, from equation (4.3) it can be seen that Ht +1 can be directly infered
from observations on R t and R t +1. Since the local expectations hypothesis is a linear
(affine) relationship between the expected one-period ahead holding period yield and the
current short term rate, it seems reasonable to ask why a linearization is considered.
Clearly, if we would like to examine a linear term structure relationship between the
short and the long term yield a linearization is required. If the error from using the
approximation in (4.4) instead of the exact formulae in (4.3) is small, then inference should
not be very different when analysing a linear instead of a nonlinear model. Campbell [12]
3See Campbell and Shiller [14, page 1066] for a discussion on this matter.
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has shown that linear approximations such as (4.4) are often very good for long term
bonds. In terms of the long term yield series I shall study in section 4.4, the estimated
mean error between Ht +1 in (4.3) and (4.4) is -.00077, when measured as a monthly
holding period yield. Furthermore, the estimated error variance is .000019, the ratio
between the estimated error variance and the estimated variance of H t +1 in (4.3) is .012,
while the estimated correlation between the two measures of holding period yield is .994.
Hence, the approximation seems to provide quite accurate values for the holding period
yield series. 4
Also, the Taylor expansion is based on the assumption that the long term rate is not
"too variable" (see, e.g., Campbell [12]). If interest rates are modelled as nonstationary in
levels and stationary in first differences, terms involving second order effects and higher
in (4.4) may have a tendency to diverge from zero. Accordingly, the approximation
may eventually become very unreliable. To examine this possibility, suppose we compare
(Ht+1 - rt) to its first order Taylor expansion about R - r. My reason for looking at
such an expansion is simply to see if (4.7) can be derived, from the local expectations
hypothesis when interest rates are nonstationary in levels but not in first differences. If
Rand r exist, such an approximation and the local expectations hypothesis imply that

E[Rt+1

-

rt+lIAt ] =

!p (R r -

rt) - !E[rt+l - rtlAt ] + p - 1 'ljJ.
p

p

(4.8)

Ruling out rational bubbles, the forward solution to (4.8) is given by the right hand side in
(4.7). Thus, the approximation in (4.4) may still serve its purpose even if higher n1.oments
of the long term rate are explosive.

4.3
4.3.1

Connecting Econolllic Theory with Data
The Data Generating Model

In most empirical studies on the term structure it is assumed that interest rates are either
stationary in levels or after differencing once. Although the latter assumption is by far
more common than the former, I shall model the data generating mechanism such that
one of the cases is true. The argument for allowing for both possibilities is simply that it
is virtually impossible to statistically distinguish many nonstationary stochastic processes
from a stationary process.
Let Xt := [rt RtY and suppose that the bivariate stochastic process {Xt}:l is generated according to
A(L )Xt = J-l + Ct.
(4.9)
Here, A(L) is a 2

X

2 matrix polynomial of order p in the lag operator, L, i.e.,
p

A(L) := 12

-

L

AkL k,

k=l
12 is the 2

X

2 identity matrix, LkXt

= Xt-k, and for all k E {I, ... ,p}

A k = [a11k a12k ].
a21k a22k
4Graphs on the two holding period yield series are available from the author on request.
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It is assumed that det[A(A)] =I 0 for alllAI < 1, i.e., {Xt}:l is not an explosive process.
Furthermore, J1, = [J1,r PRJ' is a vector of constants which is related to the unconditional
mean of Xt, while Ct = [Cr,t CR,tl', and the innovations {Ct}~1 are independent and identically distributed with mean zero and positive definite covariance matrix E. Finally,
{xo, . .. , Xl- p } are 2p purely deterministic variables which serve as initial conditions to Xt
in (4.9).
If {Xt} ~1 is jointly wide sense stationary, by the Wold Decomposition Theorem (see,
e.g., Hannan [38, page 137]) we know that the matrix polynomial A(L) is invertible, i.e.,
det[A(A)] =I 0 for all IAI ::s 1. On the other hand, if {Xt}:1 is cointegrated of order
(1,1) with the spread between the long and the short term yield being stationary, from
Campbell and Shiller [14,15] and Theorem 2.1 we find that an equivalent representation
of the data generating process in (4.9) is
(4.10)
Here, we may let Yt := [~rt (Rt - rt}l', ~ := 1 - L is the first difference operator,
[J1,r (PR - Pr)]', 1]t := [cr,t (cR,t - Cr,t)]', and E[1]t1]~] = O. Hence, {Yt}:1 is jointly
wide sense stationary and the matrix polynomial B(L) := 12 - 2:1==1 BkL k is invertible.
Furthermore, the relationship between A(L) and B(L) is given by
() :=

if k

= 1,

if k E {2, ... ,p} ,
where

M

:=

[_~

n,

(4.11 )

D~ := [~ ~],

and BpD.L = O. It can be noted that Yt = (12 - D.LL)M Xt and that the second row of
M, denoted by m2., corresponds to the cointegration vector. Also, D.L is specified such
that the first difference operator is applied to m1.Xt, but not to m2.Xt. Details on the
connection between A(L) and B(L) are given in Theoren12.1.
A few observations can be made on the basis of equation (4.9) and (4.10). First, if
interest rates are cointegrated of order (1,1) with one cointegration vector, the matrix
A(l) has rank 1 and has one unit root. To see this, note that

Here, M and B(I) both have rank 2, while (12 - D.L) has rank 1. 5 Accordingly, since A(l)
is of reduced rank, it follows that the matrix polynomial A(L) cannot be inverted with
standard techniques and that cointegration imposes the set of linear restrictions in (4.11)
on the data generating process in (4.9). Second, if interest rates are jointly wide sense
stationary, the matrix A(l) has rank 2 since A(L) is invertible, i.e., the data generating
process for Xt is misspecified in equation (4.10).
5It can be noted that if A(l) has rank 1, then A(A) does not necessarily have one unit root. However,
if {Zt} ~1 is nonstationary in levels and jointly wide sense stationary in first differences, it follows that
rank[A(l)J
1 implies that A(A) has one unit root. On the other hand, if A(A) has, say, two unit
roots when A( 1) has rank 1, then interest rates are nonstationary in first differences but not in second
differences.

=
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Since the representation in equation (4.9) is valid for interest rates which are jointly
wide sense stationary as well as cointegrated of order (1,1), one may ask why one even
bothers about the representation in (4.10). A brief comment on this nontrivial question
may be presented in the following way. If we estimate the vector autoregression in (4.9)
by, e.g., multivariate least squares and interest rates are nonstationary, the estimated
regression coefficients will generally not have a joint asymptotic normal distribution (cf.
Sims, Stock and Watson [92]). Furthermore, statistics such as the Wald and the likelihood
ratio (LR) tests generally do not have a limiting X2 distribution. Supposing that the
nonstationarity of interest rates can be modelled by the restrictions in equation (4.11),
then estimates of the regression coefficients in the transformed model (4.10) and of the
Wald and the LR tests have their standard limiting properties. Hence, inference can be
conducted in (4.10) with standard procedures.
However, there are some cases when the limiting distributions of the regression coefficients in (4.9) and the corresponding test statistics are standard even if the time series
are nonstationary. According to Sims, Stock and Watson [92, page 114]:
... estimators of coefficients in the original untransformed model have a joint
nondegenerate asymptotic normal distribution if the model can be rewritten so that these original coefficients correspond in the transformed model to
coefficients on mean zero stationary canonical regressors . . . when all the restrictions being tested in the untransformed model correspond to restrictions
on the coefficients of mean zero stationary canonical regressors in the transformed model, then the test statistic [Wald test; my remark] has the usual
limiting X2 distribution ...
In terms of the data generating process being studied here, the untransformed model is
given in (4.9). The transformed model considered by Sims, Stock and Watson, however,
does not correspond to that in (4.10). In the appendix I derive a transformed model
of the Sims, Stock and Watson type and show that all coefficients in (4.9) correspond
to coefficients on mean zero stationary canonical regressors in the transformed model
when interest rates are cointegrated of order (1,1) with a stationary spread. Also, the
restrictions I test in section 4.4 satisfy the conditions which ensure that the Wald (and
LR) test has a limiting X2 distribution (see also West [101]).
Despite the fact that standard inference from statistical analysis of (4.9) is valid when
interest rates are cointegrated of order (1,1) with a stationary spread, it is an open question
whether tests should be conducted from estimated coefficients of this representation or
from estimated coefficients of equation (4.10). As noted by Sims, Stock and Watson [92],
tests based on the two versions of the data generating process may be very different, e.g.,
in terms of small sample accuracy and degree of pretest bias. I shall address such issues to
some extent in section 4.4. In particular, I will examine if it matters greatly for inference
whether one tests the term structure model in (4.9) or (4.10) when one does not know if
the latter represents data correctly.

4.3.2

Term Structure Restrictions

In section 4.2 I derived two equivalent term structure relationships for the long term and
the short term yield to maturity. To connect the economic hypothesis with the data
generating model in section 4.3.1, let us assume that
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(i) At, the information set which agents use at t, includes at least current and
lagged values of x t for all t 2:: 1, and
(ii) E[Xt+iIAtJ = P[xt+iIAtl for all t, i 2:: 1.
Here, P[Xt+iIAtJ denotes a linear projection of Xt+i on the set At. Given that agents'
expectations are modelled as rational and symmetric, these two assumptions do not seem
very restrictive when data is generated by a linear time series model.
Let £t := {Xt_k}~~-I be the set of time t information which is available to an econometrician. By assumption (i) it is found that £t C At for all t 2:: 1. This result and
assumption (ii) imply that

Le., the law of iterated projections applies to agents' expectations. Since R t = P[Rtl£t],
a linear projection of both sides of equation (4.6) on £t gives us
00

R t = (1 - p) LpiP[rt+il£t] + ¢.

(4.12)

i=O

In contrast to equation (4.6), this hypothesis can be tested. Specifically, the linear projections on the right hand side can be derived from the data generating process in (4.9),
whereas agents' conditional expectations are unknown in the present framework.
To derive a linear projection of Tt+i on £t, let us rewrite (4.9) as a first order vector
autoregression. We then get

or

(4.13)
Here, Xt, U, and E t are 2p x 1 vectors and A is a 2p X 2p matrix.
Let the 2 x 2p matrix Jp := [12 0···0] so that Xt = JpXt , whereas U = J;J-l and
E t = J;£t. Now, by recursive substitution for X t+i- I , ... ,Xt +I in equation (4.13), we find
that X t +i may be written as
i-I

i-I

X t+i = L AjU + AiXt + L Aj E t+i- j.
j=O

j=O

Premultiplying both sides by J p and using the functions for U and E t , we obtain
i-I

i-I

Xt+i = L JpAi J;J-t

+ JpAiXt + L

j=O

JpAj J;£t+i-j.

(4.14)

j=O

Projecting both sides of (4.14) on £t, we have that
i-I

P[Xt+il£t]

=L

JpAj J;J.l

j=O
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+ JpAiXt ,

(4.15)

for all i 2: 1. Here, the forecast error is given by E~~~ JpAi J;Ct+i-i, a moving average
process of order i-I.
Let Xt be measured about its unconditional mean so that It and 'ljJ can be cancelled. 6
Also, let No := [0 1] and Nt := [1 0] so that R t = NoXt = NoJpXt and P[rt+il£t] =
N1P[Xt+il£t] for all t, i 2: 1. Substituting these expressions into (4.12) and using (4.15),
we get
00

NoJpXt = (1 - p)NtJpE(pA)iXt .
i=O

This relationship must hold for any realisation of X t when the vector autoregression in
(4.9) is consistent with the term structure model in (4.12). Accordingly, we find that
00

NoJp = (1 - p)NtJp E(pA)i

= (1 -

p)Nt J p(I2p - pA)-t.

(4.16)

i=O

The second equality is implied by the assumptions that Rt > 0 (i.e., R > 0) and that
{Xt} ~l is not an explosive stochastic process. 1
Postmultiplying both sides in (4.16) by (12p - pA) and rearranging terms, we obtain
the following set of term structure restrictions on the data generating process in (4.9):

[0 p] [ At· .. Ap ] = [(p - 1) 1]

[1

2

0 ...

0].

(4.17)

Since the parameters {A k 11=t are unknown, equation (4.17) suggests that p should be
known prior to testing the term structure constraints. Campbell and Shiller [14] use an
estimate of R to calculate p. Alternatively, one can, and according to Shea [87] should,
replace R with the mean of the coupon. For the long term yield series I study in section
4.4 all estimated parameters and test statistics are equal for these two estimates of p.
Hence, I shall only report results for an estimate of p which is based on R.
In case we nl0del interest rates as cointegrated of order (1,1), it can be shown that
for the vector autoregression in (4.10) to be consistent with the term structure model in
(4.7), given assumptions (i) and (ii) above, the following linear cross equation restrictions
must hold: 8
[p p]
•••
(4.18)
1
p ] = [0 1]
2 0 ...

[B

[1

B

0].

A quick glance at the restrictions in (4.17) and (4.18) may suggest that they are algebraically different. This is, however, not the case.
From equation (4.11) we have that there is a (unique) mapping from the parameter
space of the Bk matrices to the parameter space of the A k matrices. Imposing the term
6From equations (4.6) and (4.7), it can be shown that E[Rt ]- E[rt] = "p. Hence, measuring the yield
series about their unconditional means implies that "p must be excluded from the term structure model.
Similarly, taking expectations of both sides in (4.9) and letting E[Xt] = 0 for all t, it follows that J.t should
be excluded.
7Mathematically, if {Xt}~l is not an explosive time series, then det[A(A)] f.: 0 for all IAI < 1, or
equivalently, the eigenvalues of A are on or inside the unit circle. Consequently, with R > 0, the
eigenvalues of pA are inside the unit circle. Since all eigenvalues of 12p are unity, it follows that (I2p - pA)
is nonsingular.
8For a derivation, see Campbell and Shiller [14].
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structure restrictions in (4.17) on the A k matrices, we find that
if k = 1,
(4.19)
if k E {2, ... ,p} .
Similarly, the term structure restrictions in (4.18) imply that

bl2l

[ bl l l

Bk =

-bIll

[ bw
-bIlk

]

II p -

b l21

b12k
-bl2k

]

if k = 1,
(4.20)
if k E {2, ... ,p} .

If we apply the nonstationarity restrictions in (4.11) to these B k matrices we get
[

1 + bIll

-

b l21

(p-l)lp

b121 ]

llt-1- b ,k

[ bll,k - b

if k = 1,

IIp
12

bt~'k]

(4.21 )
if k E {2, ... ,p} .

Hence, the term structure restrictions in (4.17) and (4.18) are algebraically equivalent if
interest rates are cointegrated of order (1,1) with a stationary spread. I shall make use
of equations (4.19)-(4.21) below in relation to discussions on Granger-causality and a
simple and intuitive explanation as to why jointly wide sense stationary interest rates can
be nearly cointegrated.
Before we turn to that, it should be noted that these term structure restrictions have
a simple economic interpretation. The constraints in (4.19) suggest that future excess
returns on long term bonds are unpredictable given information on current and lagged
rt and R t . A far greater problem is that of interpreting a statistical rejection of the
restrictions. Campbell and Shiner [14] propose an approach based on replacing A in
(4.16) with an unconstrained estimate and apply these parameters on X t • This gives us
a theoretical but unconstrained estimate of the right hand side in (4.6) which can be
compared to the historical R t time series. I shall use this approach when the need occurs.

4.3.3

Implications for Statistical Analysis

In order to test the constraints in (4.17) and (4.18), classical asymptotic theory provides
us with at least three standard test statistics; the Wald, the LR, and the Lagrange Multiplier (LM) tests. 9 When selecting between these statistics, researchers tend to pick the
one which is the easiest to apply. Although such a selection procedure is not always
recommendable, the properties of the tests are often very similar.
However, the constraints in (4.17) and (4.18) are derived from nonlinear reparameterizations of the original nonlinear cross equation restrictions (see, e.g., the step from
9For a survey, see Engle [25], and for analyses on implicit alternatives and asymptotic local power, see
Davidson and MacKinnon [19].
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equation (4.16) to (4.17)). The study of Gregory and Veall [35] shows that the Wald
test is not numerically invariant in finite samples to nonlinear transformations of algebraically equivalent restrictions and that this can substantially effect size and power of the
Wald test. Furthermore, the numerical noninvariance follows from the observation that
the Wald test is based on a first order Taylor expansion of the constraints. Accordingly,
algebraically equivalent nonlinear restrictions lead to nontrivial differences in the corresponding first order approximations. In contrast, the LR and LM tests are not based on
Taylor series expansions and consequently not subject to such numerical noninvariance.
For this reason I shall examine the Wald and the LR tests in the empirical analyses to see
whether the choice of a test statistic appears to be important. The method I will apply is
bootstrap resampling which, under somewhat mild assumptions, gives us fairly accurate
estimates of the unknown small sample distributions (cf. Efron [23]).
Second, the term structure model has some interesting implications for Grangercausality. From the constraints in (4.19) it can be seen that rt-l Granger-causes R t •
While this is trivial, a more interesting proposition is the following:

Proposition 4.1 If {Rt - S }:=1 does not Granger-cause rt, the restrictions in (4.19) are
satisfied by the data generating process in (4.9), and the term structure model in (4.6)
holds true, then {R t }::1 and {rt}~1 are both explosive stochastic processes.
It may appear as if the" ... and the term structure model ... " condition would be redundant. However, this is, as will be discussed below, not the case. Similarly,

Proposition 4.2 If {Xt}:1 is generated by (4.9) such that det[A(A)] 1= 0 for aUIAI < 1
and satisfies the restrictions in (4.19), then {R t- S }:;:1 Granger-causes rt.
An informal proof of these propositions will be given below. Before we come to that, note
that if {Xt}:1 is an explosive stochastic process, so is {Yt}:I'
Let aij(A) denote the (i,j):th element of A{,\). The determinant of the matrix polynomial A( A) is then given by

(4.22)
The economic restrictions in (4.19) implies that a21('\) = -(p - l)p-l,\ and a22('\) =
(1 - p-l A). Accordingly, the determinant of A(A) conditional on these scalar polynomials
is
(4.23)
Suppose {R t - S }:=1 does not Granger-cause rt, i.e., aI2('\) = O. A root to det[A(A)] = 0
can then be obtained from (1- p-l,\) = 0, i.e., ,\ = p and A is consequently inside the unit
circle since the discount factor p takes values in the open unit interval. Hence, {R t }:1
is explosive. Furthermore, from equation (4.6) it can be seen that an explosive long term
yield series is not compatible with a nonexplosive short term yield series. 10 Accordingly,
a test of the hypothesis a12k = 0 for all k E {I, ... ,p} conditional on the term structure

=

10 Alternatively, if a12k
0 for all k E {I, ... ,p}, then A has an eigenvalue equal to p-l and pA
therefore a unit eigenvalue. Hence, (I2p - pA) is singular and limi_oo(pA)i :j:. O. It then follows that the
derivation of the term structure constraints from (4.12) to (4.16) is invalid. The same conclusions apply
to similar expressions for Yt.
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model is based on explosive time series and standard inference (if any) does therefore
not apply. Also, if we test this hypothesis without conditioning on the term structure
model, it follows that a true null cannot be consistent with the term structure model if
we model interest rates as a joint nonexplosive stochastic process. Hence, if the term
structure model holds true and the corresponding restrictions in (4.17) are supported by
the nonexplosive data generating process in (4.9), it must follow that a12k =1= 0 for some
k E {I, ... ,p}, i.e., {R t - s }f=l Granger-causes rt.
In relation to a proposition in Campbell and Shiller [15, page 513] an interesting
observation can be made on the basis of equation (4.20). The Campbell and Shiller
proposition states that: If the cointegrated present value model in (4.7) holds, then either
(R t - rt) is an exact linear function of current and lagged ~rt or {(R t - s - rt-s) }~=1
Granger-causes ~rt (and ~Rt). In a vector autoregressive framework with all roots on
and outside the unit circle, there is no doubt about the validity of this statement. However,
what Campbell and Shiller fail to see is that the "either" statement can be dispensed
with. From (4.20), i.e., from the cointegrated vector autoregressive parameters which are
conditioned on the present value model in (4.7), it can be seen that if (R t -rt) (second row
of the B k matrices) is an exact linear" function of lagged ~rt, then b121 = 1/P and b12k = 0
for all k E {2, ... p}. Accordingly, (R t - 1 - rt-l) is associated with a nonzero coefficient
in the ~rt-equation. Hence, the "or" statement is implied. In fact, the proposition in
Campbell and Shiller is a special case of Proposition 4.2 above.
From a practical perspective, Granger-noncausality tests are only meaningful if the
parameters in the data generating process are not conditioned on the term structure
model. Furthermore, Propositions 4.1 and 4.2 suggest that a failure to reject Grangernoncausality in the rt-equation should make us suspicious of the validity of the term
structure model. On the other hand, a failure to reject Granger-noncausality in the R t equation is less of a problem, especially if p is very close to 1, i.e., a211 = (p - 1)/ p ~ 0,
while a21k = 0 for all k ~ 2 when the ternl structure model is consistent with data.
Moreover, a221 = 1/ p ~ 1 suggests that the long term rate almost has a unit root.
Since Proposition 4.2 implies that a12k =1= 0 for some k, it follows that the short term rate
almost has a unit root as well. Thus, even if interest rates are modelled as jointly wide
sense stationary, the term structure model and p ~ 1 implies that interest rates are nearly
cointegrated. This may be expressed more formally as:

Proposition 4.3 If {Xt}:l is generated by (4.9) and satisfies the restrictions in (4.19),
then lim p -+l det[A(l)] = O.
The result follows immediately from noting that det[A(I)] = [all(l) +a12(1)](p-l)/p. In
practise we expect p to be close to one for high frequency data. It may thus be virtually
impossible to distinguish wide sense stationary from cointegrated interest rates when data
are (nearly) consistent with the term structure model.

4.3.4

A Joint Test of Cointegration and the Term Structure
Model

In view of the fact that an estimator (least squares) of the parameters in equation (4.9) has
a joint nondegenerate asymptotic normal distribution when interest rates are cointegrated
of order (1,1) with a stationary spread, I shall propose a likelihood ratio test which allows
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me to test the cointegration and the economic theory restrictions jointly. Moreover, the
test statistic has a limiting X2 distribution. To my knowledge, a similar test has never been
considered previously in the cointegration literature. To make the analysis more general,
I shall first introduce some new notation which I relate to the rational expectations model
studied here.
Let the n dimensional vector time series {Xt}:1 be cointegrated of order (1,1) with
r < n cointegration vectors. It is assumed that Xt is generated according to a vector
autoregression of order p, i.e., of the form in (4.9). Let the columns of the n x r matrix a
contain the cointegration vectors. Furthermore, let M = [8~ a]' be an n x n nonsingular
c
matrix, where 8 k = [Ik 0] is k x nand k = n - r (cf. Theorem 2.1). Finally, let Ak ) be
determined as in (4.11), where (c) denotes cointegration based parameters, except that
M is as stated here and D1. is n x n and given by

D1.

= [ Ik0

0]
0 .

c

Hence, A(c)(I) = In - L:t=1 Ak ) = ,a' has rank r under the null hypothesis (see, e.g., Engle
and Granger [26] and Johansen [44]) and, is an n x r matrix with nr free parameters.
In relation to the term structure model, if interest rates are cointegrated of order (1,1)
with one cointegration vector such that the spread is stationary, then a' = [-1 1] while
the 2 x 1 vector, is free. Hence, n = 2, r = 1, and k = 1. Furthermore, 8 1 = [1 0] is
admissible since it has rank 1 and its row is not a cointegration vector.
The null hypothesis I first wish to consider can be stated as follows: The cointegration
vectors are fully specified by the matrix a. Letting E(c) denote the matrix E conditional
on the null, vec the column stacking operator, vech the corresponding operator which
only stacks elements on and below the diagonal of a square matrix (cf. Chapter 2), ~
denotes convergence in distribution, T the sample size of the estimated parameters, N
the normal distribution, and a hat estimates which are not conditioned on any economic
theory restrictions,11 we can now state the following:

Proposition 4.4 Suppose {Xt}:1 is cointegrated of order (1,1) with r < n cointegration
vectors which are fully specified by the matrix a,

Tl/2

vec[Al ... A ] - vec[Al ... A ] )
(

:

p

vech[E] - vech[E]

~ N(O, V),

where ApD1. = Ap, and suitable regularity conditions are satisfied by the loglikelihood
function of the i.i.d. Gaussian sequence {et};=I' then

det[t(C)])

LRh := Tin (
det[E]
A

d

---+

2

Xn(n-r).

(4.24)

Instead of proving this proposition formally, I shall present a simple argument why it is
true. 12 If a is known, then under the null hypothesis a Gaussian maximum likelihood
UTo avoid ambiguities, I do not refer to cointegration restrictions as being economic theory restrictions.
12Suitable regularity conditions on the Gaussian loglikelihood function are given by, e.g., Amemiya [3,
pages 142-143] and Rao [75, pages 415-420].

74

estimator of ( {B k }~=I , 0) has a joint nondegenerate asymptotic normal distribution (see,
e.g., Baillie [4]). The reason for this is, of course, that the parameters are estimated from
jointly wide sense stationary time series. Accordingly, if we compute the A k matrices from
the B k matrices as in (4.11) and note that bee) = M-IO(M- I )', the constrained maximum
likelihood estimator of ( {A k }~=I' b) has a limiting normal distribution. In addition, if the
unconstrained estimator of ( {A k }~=I' b) has a limiting normal distribution, we are clearly
in the standard setting for performing classical inference. Hence, we can expect, e.g., the
likelihood ratio test to have a limiting X2 distribution. It should be emphasized, however,
that such an unconstrained estimator often does not exist under the null hypothesis (cf.
Sims, Stock and Watson [92]), thus limiting the possible applications of the proposition.
Nevertheless, it can be ll1ade use of here as well as in any bivarite vector autoregressive
setting where both variables are associated with nonzero cointegration coeflicients. 13
The number of degrees of freedom of the test statistic in (4.24) can be calculated as
follows. If the n X r matrix a is known, then A(e)(l) = ,a' has nr free parameters, i.e.,
the number of (free) parameters of ,. In the alternative model, the matrix A(l) can be
of full rank. Accordingly, it has n 2 free parameters. Hence, the number of degrees of
freedom of the LRh test is n 2 - nr = n(n - r).14
For the data generating model of the yield series, letting a' = [-1 1] under the null
hypothesis, we know from the discussion in section 4.3.1 that we can estimate the parameters in (4.9) without conditioning on cointegration and the (least squares or maximum
likelihood) estimator has a joint nondegenerate asymptotic normal distribution. Hence,
the conditions of Proposition 4.4 are satisfied and the LR test in (4.24) has a limiting X2
distribution with 2 degrees of freedom.
It may be noted that Wald and LM tests may also be considered in the present setting.
However, the LR test seems far easier to compute. More importantly, the approach I
consider for testing cointegration allows us to derive a joint test of the term structure and
the cointegration restrictions which is very easy to apply in practise. To my knowledge,
no other cointegration test is based on such a joint hypothesis. 15 In particular, letting
a bar represent an estimator which is conditioned on some economic theory restrictions,
the following holds true:
13A rule of thumb appears to be that if cointegration is limited to be of order (1,1) and a can be written
such that all rows are associated with at least one nonzero coefficient, then an unconstrained maximum
likelihood estimator of ( {Ak }1=1' E) has a joint nondegenerate asymptotic normal distribution. Whether
this is true or not remains (to my knowledge) to be shown.
14The general idea underlying Proposition 4.4 is examined by Johansen and Juselius [49, Theorem
2]. They show that we can test a partially or a fully specified a matrix with an LR test under weaker
conditions. In particular, the assumption of an asymptotically normal unconstrained estimator of the A k
matrices can be dispensed with. In their model, if a is fully specified, then the LR test has a limiting
X 2 distribution with r( n - r) degrees of freedom, where the lower number of degrees of freedom for their
statistic depends on the fact that their "alternative" model is based on r cointegration vectors, whereas
the alternative model here is based on n cointegration vectors. The primary reasons why I consider
Proposition 4.4 are: (i) the test statistic in (4.24) is substantially easier to compute than the test statistic
in Johansen and Juselius, and (ii) it naturally introduces the main test statistic below (cf. equation
(4.26)).
15The Johansen procedure only allows for tests on the cointegration vectors (so far, at least). It seems
likely, however, that his approach can also deal with tests on the short run dynamics.
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Proposition 4.5 Suppose that in addition to the assumptions in Proposition 4.4 the q X
(np - r) affine matrix constraint function F(A 1 , ••• , A p ) = 0 and the q x n{p - 1) affine
matrix constraints G(BI, ... , B p - 1 ) = 0 are consistent with the restrictions in (4.11), and
T 1/ 2

(

_
vec[Al . · . A ]- vec[A1 •.. A ] )
~
P
~ N(O, V),
vech[~] - vech[~]

then

det[E(C)]) d
LRb := TIn ( det[E]
-+

2
X(n-q)(n-r),

(4.25)

and

LRbh := Tin (

det[E(C)])
A

det[~]

d

2

--+ X(qn[p-l]+n[n-r]).

(4.26)

Note that the test statistic in (4.25) is conditioned on the economic theory restrictions
F(A 1 , ••• , A p ) = 0 under the null and the alternative, whereas G(BI, ... , B p - 1 ) = 0 are
only consistent with the null, i.e., the latter constraints are preconditioned on the assumed
form of nonstationarity (cf. equations (4.19)-(4.21)). A rejection of the null hypothesis is
therefore due to the cointegration restrictions (assuming the data generating model is not
misspecified). The number of degrees of freedom are obtained from noting that, under
the alternative, (n - q)n parameters of A(I) are free, while (n - q)r are free under the
null. The number of degrees of freedom are thus (n - q)(n - r). If q = 0 this corresponds
to what we obtained for LRh in (4.24).
The test statistic in (4.26), on the other hand, is only conditioned on the economic
theory restrictions under the null hypothesis. Hence, a rejection of the null implies that
either the economic theory or the cointegration restrictions are inconsistent with data. It
should be noted that the proposition specifies p - 1 lags in the Yt-model. This implies
that the xt-model has p lags and ApD.L = A p. The alternative model in the proposition
has n 2p - nr free parameters, while the null model has (n - q)(np - r) - (n - q)(n - r)
free parameters. The latter follows from noting that the economic theory restrictions
F(·) = 0 leave the A k matrices with (n - q)n free parameters each, except A p which only
has (n - q)(n - r) free parameters. Furthermore, the economic theory restrictions imply
that there are (n - q)n free parameters of A( 1). Since these restrictions are consistent with
the form of cointegration under the null, it follows that cointegration and the economic
theory restrictions provide A( 1) with (n - q)r free parameters. The number of degrees of
freedom is thus qn(p - 1) + n(n - r).16
Finally, if an estimator of ( {A k }:=l'~) which is not constrained on any restrictions
converges to a joint nondegenerate asymptotic normal distribution, an estimator which is
conditioned on the F(·) = 0 restrictions but not on a generally also has a limiting normal
distribution (see, e.g., Baillie [4] and Warne [99]). Hence, the additional assumptions in
160n the other hand, if w~ let all columns of Ap be nonzero under the alternative, we have that
BpDl.
0 must hold, Le., only the final r columns of Bp may be nonzero. In that case, the alternative
model has n 2p free parameters while the null model has (n - q)np - (n - q)(n - r) parameters which
are free. Accordingly, the number of degrees of freedom of the LRbh test is then qnp + (n - q)(n - r),
i.e., there are qr extra restrictions. The reason is simply that we have nr more free parameters in the
alternative model, while the economic restrictions imply that only (n - q)r of these additional parameters
are free.

=
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Proposition 4.5 do not seem strong and we expect LRb and LRbh to have a limiting X2
distribution whenever LRh does. 17
In relation to the term structure model, the affine matrix constraint functions F(·) = 0
and G(·) = 0 correspond to equations (4.17) and (4.18), respectively, if we move the
matrices on the right hand side to the left hand side. Since n = 2 and q = 1, the LRbh
test has 2p degrees of freedom for the joint test of cointegration and the term structure
model when equation (4.10) is associated with p - 1 lags.

4.4
4.4.1

Empirical Results
The Data

The observations on the two yield series I shall investigate are depicted in Figure 4.1.
These are monthly rates on I-month Treasury bills (Statsskuldvaxlar) and 5-year Treasury bonds (Riksobligationer) from Swedish bond markets, where the latter series represents the consol yield. The sample covers the period November 1983 to December 1989. 18
In order to obtain the best possible data on the I-month yield, I have chosen quotations
with delivery on the 15:th whenever possible. Since delivery is always two banking days
after trade in the bill has taken place, the day when the actual observation is made is
generally on the 13:th. 19 The observations on 5-year bond yields are then taken from the
same day as those for the I-month bill.
5-year Treasury bonds were introduced in November 1983. Since trade in other long
term bonds was very limited prior to that month, reliable observations on a long term
yield do not exist for the period up to November 83. Furthermore, the trading volume
in bonds with a time to maturity greater than 5 years has been low relative to that of
5-years bonds for the sample period. Hence, this yield series is the most reliable source
on a long term rate.

4.4.2

Tests of the Term Structure Model in Swedish Bond
Markets

Before we select a value for the lag order parameter, p, and test the restrictions in (4.17)
and (4.18), it should be noted that I have adjusted the interest rate series around'estimates
of their unconditional means. The primary reason for doing this is simply that I wish to
restrict the empirical analyses such that linear deterministic trends are not allowed for. If
interest rates "are" jointly wide sense stationary, this is not a restriction on the estimated
17Under the assumptions considered by White [103], the Wald and the LM statistics have an asymptotic
X 2 distribution even when the econometric model is misspecified. This, however, is not true for the LR

test.
18The data have been collected by Svenska Handelsbanken. I am grateful to Greger Wahlstedt for
making data easily accessible to Ossian and myself.
19Sometimes the 15:th is on a non banking day. In these cases I have looked at the closest banking day
to determine the delivery date. The reason why I consider this dating scheme is simply that Treasury
bills are generally issued, as 6-month or 12-month bills, in the middle of each month (between the 6:th
and the 20:th). Thus, end of month observations are associated with anything from I-week to 7-week
bills, whereas middle of month observations are associated with 3-week to 5-week bills.
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parameters. On the other hand, if interest rates "are" cointegrated of order (1,1) with a
stationary spread, the constant vector J.l in (4.9) is related to linear deterministic trends
in Xt unless J.l = ,flo, where, is a 2 x 1 vector determined as in section 4.3.4 (cf. Johansen
[44]). A simple procedure for imposing such restrictions is to measure Xt about an estimate
of its unconditional mean (see also the appendix).20
Figure 4.1: Monthly yield to maturity on a I-month Treasury bill (continuous line) and
a 5-year Treasury bond (dotted line) in Sweden, 1984:2-1989:12.
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The procedure I consider for determining a suitable lag order in (4.9) and (4.10) is
based on examining three information criteria and two lag order tests. In Paulsen [71]
it is shown that the log criterion (SIC) of Schwarz [84] and the iterated log criterion
(ILC) of Hannan and Quinn [39] are consistent measures for determining the true lag
order even in the presence of unit roots. The Akaike information criterion (AIC) (cf.
Akaike [2]), however, is not consistent. For finite samples, it is well known that AIC
tends to overestimate the true lag order, whereas SIC and to some extent ILC tends to
underestimate it (see, e.g., Hannan and Quinn [39] and Nickelsburg [68]). Accordingly, I
let these three criteria pick an upper and a lower bound for p and expect SIC to give me
the lower and Ale the upper. Within this set of permissible lag orders, I test hypotheses
of the form p = s versus p > s (in Table 4.1 this is refered to as s versus p lags) using the
Wald and the LR tests. In the present setting, these tests have, as shown by Sims, Stock
and Watson [92, page 134] (see also the appendix), a limiting X2 distribution.
20In fact, the constant Po is equal to the term premium if the term structure model is consistent with
the cointegrated vector autoregression in equation (4.10).
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Table 4.1: Lag order selection and Granger-noncausality tests for data generating processes of Xt and Yt in Sweden, 1983:11+p-1989:12.
Information Criteria:
Xt

p
1
2
3
4
5
6
7
8
9
10

Yt

SIC

ILC

AIC

SIC

ILC

AIC

-30.181·
-29.860
-29.394
-28.950
-28.488
-28.015
-27.689
-27.339
-27.057
-26.522

-30.492·
-30.487
-30.345
-30.231
-30.106
-29.977
-30.003
-30.013
-30.098
-29.939

-30.651
-30.810
-30.835
-30.892
-30.942
-30.994
-31.203
-31.402*
-30.6~n
-30.720

-30.126·
-29.763
-29.342
-28.870
-28.396
-28.005
-27.654
-27.318
-26.816
-26.244

-30.440·
-30.397
-30.303
-30.165
-30.031
-29.988-29.993
-30.021
-29.892
-29.700

-30.601
-30.724
-30.799
-30.834
-30.878
-31.017
-31.209
-31.428*
-30.495
-30.505

Lag Order Tests:

LR
Xt

(p-value)
W
(p-value)

Yt

(p-value)
W
(p-value)

1 vs. 2
11.568
(.021 )
12.329
(.015)

1 vs. 3
14.902
(.061)
15.888
(.044)

1 vs. 4
19.466
(.078)
20.942
(.051 )

10.299
(.036)
10.791
(.029)

15.908
(.044)
16.946
(.031 )

19.924
(.068)
21.468
(.044)

LR

2 vs. 3
3.888
(.421 )
3.976
(.409)
,6.098
(.192)
6.312
(.177)

2 vs. 4
8.482
(.388)
8.845
(.356)

3 vs. 4
4.732
(.316)
4.885
(.299)

10.286
(.245)
10.837
(.211)

4.369
(.358)
4.501
(.342)

Granger-Noncausality Tests:

LR
Tt-equation

(p-value)
W
(p-value)

Rt-equation

(p-value)
W
(p-value)

~Tt-equation

(p-value)
W
(p-value)

LR

LR

LR
(R t

-

Tt)-equation

(p-value)
W
(p-value)

p=l

p=2

p=3

p=4

4.057
(.044)
4.173
(.041)
1.435
(.231 )
1.450
(.228)

6.045
(.049)
6.310
(.043)
5.898
(.052)
6.150
(.046)

6.046
(.109)
6.315
(.097)
6.443
(.092)
6.749
(.080)

9.044
(.060)
9.663
(.046)
7.455
(.114)
7.872
(.096)

7.290
(.007)
7.672
(.006)
.869
(.351 )
.874
(.350)

10.045
(.006)
10.791
(.004)
2.627
(.269)
2.676
(.262)

11.790
(.008)
12.841
(.005)
6.306
(.098)
6.599
(.086)

12.146
(.016)
13.281
(.010)
10.010
(.040)
10.773
(.029)

Note: The * indicates the minimum value of an information criterion for a maximum lag order of 15. The
p-value for a lag order test of the hypothesis s versus p lags is taken from the X2 distribution with 4(p - s) degrees
of freedom. A Granger-noncausality test in, e.g., the Tt-equation is a test of the hypothesis: a12k
0 for all
k E {I, ... ,pl. The p-value for such a test is taken from a X2 distribution with p degrees of freedom.

=
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From Table 4.1 we find that SIC and ILC are both minimized at p = 1 and the Akaike
criterion at p = 8 for the Xt and the Yt models. It can be seen that for each information
statistic the actual value, given p, is generally smaller in the Xt-model. Furthermore,
whereas the differences between the two smallest values for SIC and Ale are quite large,
this is not true for ILC. For both models,21 the second smallest value of ILC is obtained
at p = 2 and particularly the xt-model is associated with a small difference between the
value of ILC at lag orders 1 and 2. As we shall see belo,v, the choice between these two
lag orders leads to sharply different conclusions on the term structure tests.
In the box below the information criteria of Table 4.1 a sample of lag order tests is
given. Here, the cautious attitude towards selecting p solely from an information criterion
is to some extent confirmed. For example, in VAR(2) models for Xt and Yt, the null
hypotheses A 2 = 0 and B 2 = 0 do not receive much support from the data. Furthermore,
when testing a VAR(2) model within VAR(3) and VAR(4) models, the test statistics are
not significantly different from zero. This suggests that p = 2 should be chosen.
The bottom box of Table 4.1 contains results from various tests of Granger-noncausality. In the xt-model we find some evidence that the long term yield may Granger-cause the
short term yield. Also, in a VAR(2)-model both test statistics suggest that the short term
rate may Granger-cause the long term rate. Since the estimate of p is .991 we know from
the discussion in section 4.3.3 that the null hypothesis a21k = 0 for all k E {I, ... ,p} may
be difficult to reject when data are consistent with the term structure model. Furthermore,
in view of Proposition 4.2 these results are quite encouraging for testing the term structure
restrictions in a VAR(2) model. Also, the Granger-noncausality tests in the rt-equation
of a VAR(3) model suggest that a failure to reject the ternl structure model may either
be associated with large uncertainty of the estimated coefficients or with explosive roots.
If we turn to the Yt-model, it can be shown from equation (4.11) that b12k = a12k for
all k when interest rates are cointegrated (see also (4.21)). On the other hand, a211 =
(1 + bIll - b121 + b211 - b221 ) and a21k = (b 11 ,k - b11 ,k-l - b12 ,k + b21 ,k - b21 ,k-l - b22 ,k)
for all k E {2, ... ,p}, i.e., the hypothesis b21k = 0 for all k is not equivalent to the
hypothesis a21k = 0 for all k. Yet, the Granger-noncausality tests in the (R t - rt)equation are of some interest. From equations (4.20) and (4.21) and the assumption that
{ Xt}:1 is not an explosive stochastic process, it can be shown that if {~rt-s }:=1 does
not Granger-cause (R t - rt) and the term structure model is consistent with data, then
(1 - p)/p ~ b121 ~ (1 + p)/ p. Hence, the hypothesis b21k = 0 for all k and nonexplosive
interest rates provides us with a set of permissible positive values for b121 and, thus, for
a121 when data are consistent with the term structure model. In Table 4.1 it can be seen
that for p ~ 3, the hypothesis of Granger-noncausality in the (R t - rt)-equation is not
rejected while the hypothesis is strongly rejected in the Llrt-equation.
To summarize the analyses so far, the lag order selection scheme suggests that p = 2
should be chosen for Xt and Yt. Second, the Granger-noncausality tests provide evidence
which suggests that tests of the term structure restrictions will not suffer from substantial
uncertainty about the estimated parameters, Le., the tests indicate that the long term
rate Granger-causes the short term rate and, for a VAR(2) model, that the opposite may
also be consistent with data.

21 It is perhaps misleading to view Xt and Yt as merely two models since different lag orders are associated
with different vector autoregressive models. Nevertheless, the "sloppy" terminology is used.
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Table 4.2: Tests of the term structure restrictions and estimated coefficients for VAR(2)
data generating processes of Xt and Yt in Sweden, 1984:2-1989:12.

I***

The

Xt

2

.926.10-2
.737.10-6
.845

.961. 10.225.10-5
.765

p=

k
1
2

t

= [.528
.132

*** I

Data Generating Model

.99083

aUk

a12k

a21k

a22k

allk

a12k

a21k

422k

.549
(.140)
.250
(.139)

.643
(.296)
-.393
(.302)

-.156
(.065)
.149
(.065)

1.364
(.137)
-.453
(.141)

.719
(.118)
.077
(.117)

.233
(.249)
.139
(.255)

-.009

1.009

(-)

(-)

.0
(-)

.0
(-)

(.089)
(.033)

.132
.114

E=

(.033)]. 10-6
(.019)

[.560
.160

(.094)
(.038)

.160
.138

(.038)]. 10-6
(.023)

convergence measure for constrained estimates after 3 iterations: .177· 10-31
In L(A1 , A2 , E) = 1085.936

Tests of Term Structure Restrictions:
LR(4)
W(4)
W*(4)

I***

k
1
2

o = [.518

-.388

bllk
.188
(.241)
.142
(.111)
(.087)
(.070)

13.717
15.131
12.198

p-value
p-value
p-value

.008
.004
.016

The Yt Data Generating Model

*** I

.007.10- 3
.611. 10-6
.152

-.366.10-3
.177.10-5
.678

b12k
.608
(.283)
-.401
(.296)
-.388
.378

b21k
.063
(.206)
-.151
(.095)

E[(R t - rt)]
V[(R t - rt)]

R2

p = .99083
b22k
.823
(.242)
-.008
(.253)

6llk

612k

621k

622k

-.083
(.206)
.152
(.095)

.153
(.242)
.041
(.252)

.083
(.206)
-.152
(.095)

.856
(.242)
-.041
(.252)

n=

(.070)]. 10-6
(.063)

[.539
-.389

(.090)
(.071)

-.389
.378

(.071)]. 10-6
(.063)

convergence measure for the constrainted estimates after 4 iterations: .470· 10-33
In L(.81 , .82 , 0) = 1090.689

In L(B1 , .82 , 0) = 1085.665

Tests of Term Structure Restrictions:
LR(4)
W(4)
W*(4)

10.047
10.792
11.082

p-value
p-value
p-value

.040
.029
.026

Note: Estimated parameters with a bar satisfy the term structure restrictions whereas those with a hat need
not. Estimated standard errors of estimated coefficients are reported within parenthesis.
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In Table 4.2 I report estimated coefficients and tests of the term structure restrictions
in the Xt and the Yt environments. The estimates of the parameters of the data generating
processes in (4.9) and (4.10) are obtained from unconstrained and constrained maximum
likelihood (see, e.g., Baillie [4], Berndt and Savin [9], Oberhofer and Kmenta [69], Rothenberg [79], and Warne [99]). In addition to the LR and Wald tests, the W*-test is a Wald
test where White's [102, pages 133-135] heteroskedasticity consistent covariance matrix
estimator is used. For the xt-model we find very little or no evidence that the term structure restrictions are supported by data. Looking at individual coefficients, it can be seen
that the constraints change the value of a222 to a value outside a 95 percent confidence
bound around £1222, while all other constrained estimates are within similar confidence
bounds around the unconstrained estimates. Similarly, if we assume that Ct is i.i.d. Gaussian we can easily calculate standard errors for each element of an estimate of E and
(cf. Magnus and Neudecker [63, Theorem 15.4]). In Table 4.2 these standard errors are
reported within parenthesis in the estimated E and matrices. For ~ we have that each
individual elen1ent is well within a 95 percent confidence bound about the corresponding
element of t.
For the Yt-model we find that none of the constrained estimates of bijk are outside 95
percent confidence bounds about the unconstrained estimates. In view of this, it is perhaps
not surprising to find that the p-values of the term structure tests are much larger for the
Yt-model than for the xt-model. Hence, if interest rates are assumed to be cointegrated
of order (1,1) with a stationary spread the evidence against the term structure model
as given by the test statistics is not entirely convincing. Given the results from the Xtmodel, the test results thus far are somewhat ambiguous. Let us therefore look at some
graphs on theoretical and observed long term rate series (Figure 4.2).
The theoretical yield series have been computed in the manner proposed by Campbell
and Shiller [14, equation (9)]. That is,

n

n

Rt

Rt ~

Tt

.- (1 - p)Nl J 2 (/4

-

pA)-l Xt,

pNl J 2 13(/4 - pB)-l¥t,

= [y~

Y~-l]' and B has the same form as A except that A k has been replaced by B k •
From Figure 4.2 we find that the Rt series tracks the Rt series very poorly, whereas the
(R t - rt) series follows (R t - rt) quite closely. In relation to Campbell and Shiller's study,
this latter observation is consistent with what they have found on U.S. data. Keeping
the above test results in mind, it may seem as if this is precisely what we should expect.
However, the great difference between the two graphs in Figure 4.2 may also be a result
of some numerical problem. To examine whether the cointegration restrictions are behind
this I have computed an Rt series based on Bl and 132 , using (4.11). However, that
gives us a series which closely resembles the one found in the upper chart of Figure 4.2.
Accordingly, a plausible reason seems to be that the constant (1 - p) ~ 0, which directly
appears in the Rt but not in the (R t - rt)-expression, is responsible for the difference.
Hence, the variability of the theoretical series on the long term yield is probably very
sensitive to which one of these expression we apply, thereby lowering the usefulness of
such expressions for making economic interpretations. In particular, to conclude that the
bottom graph in Figure 4.2 provides some encouraging evidence for the term structure
model seems somewhat overly optimistic.

82

Figure 4.2: Actual (continuous line) and theoretical (dotted line) observations on the long
term yield (top chart) and the spread between the long term and short term yield (bottom
chart) in Sweden, 1984:2-1989:12.
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Table 4.3: Likelihood ratio tests of cointegration and the term structure restrictions when
data on Xt and Yt are generated by a VAR(2) model, 1984:2-1989:12.
Hypothesis:

I;( c) vs. I;

I;( c) vs. I;

LR

5.925
2 (h)
.052

2.215
1 (b)
.137

df
p-value

vs. I;
15.971
6 (bh)
.014

t(c)

Note: The hat denotes estimates which are not constrained on the term structure model while the bar corresponds
to estimates which are based on these constraints. The superscript (c) relates to estimates which are conditioned
on the cointegration restrictions, i.e., one cointegration vector such that {(R t - rt)}~l is stationary. The degrees
of freedom (df) for the limiting X2 distribution are obtained from Propositions 4.4 and 4.5.

So far I have discussed the term structure tests as if they are, in some sense, equivalent for the Xt and the Yt models. However, whereas a test in the former model is not
conditioned on a certain kind of nonstationarity, a test in the latter model is. In Table 4.3
we find tests based on Propositions 4.4 and 4.5. Two of these tests only examine the
cointegration restrictions while the third statistic is employed to test the joint hypothesis
of cointegration and the term structure model. If we condition on the term structure
model when testing the cointegration restrictions, we find that the LRb test has a p-value
around 14 percent, whereas the LRh test, which is not conditioned on the term structure
restrictions, has a p-value around 5 percent. Hence, the cointegration restrictions in isolation are only weakly supported by data. Moreover, when we test the term structure
model and the cointegration constraints jointly, the LRbh test has a p-value around 1.4
percent. This is less than half of what was found for the tests of the term structure model
conditional on cointegration. It should be noted that the value of the LR test is, for
obvious reasons, higher in Table 4.3 than in Table 4.2. Yet, there is no a priori reason
to expect the p-value to be lower in the former case since this test is associated with a
larger number of restrictions.
To sum up, from the analyses of the term structure model (when data are generated
by a VAR(2) model) one may conclude that it generally receives very little support from
Swedish interest rate data. However, if the empirical analyses is based on a prior "belief" in cointegrated interest rates, the term structure tests provide some support for the
model, except when the null hypothesis also incorporates the cointegration restrictions.
Since economic theory seldom gives any guidance on whether data should be modelled as
cointegrated or not, it is generally preferable to test the cointegration restrictions along
with the term structure restrictions. I shall return to these issues in the next section.
Before coming to that, in Table 4.4 I report tests of the term structure restrictions
for various choices of lag order. In the xt-model we find that the conclusion from these
tests is particularly sensitive to the decision between p = 1 and p 2:: 2. For cointegrated
interest rates, the LR and, to some extent, the Wald test appear to be sensitive to the
choice between p = 2 versus lag orders in the immediate vicinity. In view of these results,
we may conclude that the choice of p, which is not a trivial matter, can be very important
for the conclusion from the term structure tests. Furthermore, for the heteroskedasticity
consistent Wald test the conclusion changes dramatically for both models when we examine a lag order greater than one in relation to p == 1. Finally, Campbell and Shiller [14,
Table 3] report a p-value of .03 percent (the full sample on U.S. data) for a W*-test of the
cross equation restrictions in (4.18) when the Akaike criterion is employed for selecting p.
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Table 4.4: Tests of the term structure restrictions for VAR(p) data generating processes
of Xt and Yt in Sweden, 1984:p-1989:12.
W(2p)

LR(2p)

W*(2p)

p

Xt

Yt

Xt

Yt

Xt

Yt

1

3.873
(.144)
13.717
(.008)
13.853
(.031 )
14.919
(.061 )
37.246
(.002)

2.158
(.341)
10.047
(.040)
11.247
(.081)
11.622
(.169)
26.495
(.047)

3.979
(.137)
15.131
(.004)
15.319
(.018)
16.655
(.034)
50.285
(.000)

2.184
(.336)
10.792
(.029)
12.201
(.058)
12.658
(.124)
32.710
(.008)

4.281
(.118)
12.198
(.016)
19.666
(.003)
20.795
(.008)
76.644
(.000)

2.295
(.317)
11.082
(.026)
17.123
(.009)
21.288
(.006)
58.843
(.000)

2
3
4
8

Note: The p-values reported within parenthesis are taken from the X2 distribution with 2p degrees of freedom.

Had I also made use of such a test procedure, the W*-test in the Yt-model for p = 8 has
a p-value of approximately the same magnitude. If we also take the similarities between
Figure 4.2 above and Figure 1 in Campbell and Shiller into account, one may suspect that
a less mechanical approach to the selection of p and a different test statistic can change
some of the conclusions made by Campbell and Shiller markedly.

4.4.3

Inference from Bootstrap Distributions

So far, all inference has been carried out under the assumption that asymptotic distribution theory provides us with good approximations of the tests' unknown small sample
distributions. In general, the limiting X2 distribution of the LM, LR, and Wald tests is
derived for a sequence of i.i.d. Gaussian innovations {Ct} ~1. Since it is often argued that
innovations to financial variables, such as interest rates and exchange rates, are better
modelled as leptokurtic than Gaussian, i.e., the tails of the probability distributions from
which the innovations are generated are thicker than those of the Gaussian probability
distribution, one may perhaps lean towards questioning the usefulness of a distribution
which is based on Gaussian innovations.
It is, of course, possible that leptokurtosis is a reflection of, e.g., conditional heteroskedasticity (see, e.g., Engle, Lilien and Robins [27]). Below, however, I shall limit the
analyses from such cases. Instead, I am interested in studying a relevant alternative to
the X2 distribution for small samples. The maintained assumption is that {Ct}:1 is i.i.d.
The questions I shall focus on in- this section are:
(i) shall possible nonstationarity be accounted for prior to testing the economic
hypothesis,
(ii) is the choice of test statistic important, and
(iii) how does the limiting X2 distribution perform in relation to the alternative
estimates of the small sample uncertainty.
To some extent, the first and second question have been addressed above. Here, I shall
use bootstrap resampling which, among other things, allows me to study cases when the
85

estimated model differs from the data generating model. The analyses will be limited to
the Wand LR tests of the term structure:model within a VAR(2) setting.
The data generating models for interest rates are given by ({6t} ~~1 , {A k } ~=1' { X -s} ~=o)
for Xt, and ({ilt}~~I' {Bk}~=I' {Y-s}~=o) for Yt. The former model is called the xt-model
and the latter the Yt-model. The residuals 6t and fit are determined from tt = Xt 2:%=1 AkXt-k and ilt = Yt - 2:%=1 BkYt-k, respectively. The bootstrap algorithms are
constructed along the lines suggested by Efron [23, pages 35-36].
Specifically, suppose the true innovations for the sample, {et} ~~1' are generated from
an unknown probability distribution f on the 2 dimensional Euclidean space, Le.,

For the xt-model, an empirical probability distribution
fboot:

fboot

is given by

probability mass 1/71 on 61, 62, ... ,671'

Second, a Monte Carlo algorithm is used to randomly select 71 integers, iI, i 2, . .. ,i71 ,
with replacement, from {I, 2, ... , 71}. Then, a bootstrap series {€t}~~1 is generated by
letting it = tit' t = 1,2, ... ,71. Given the initial conditions, {x-s}~=o' and the estin1ated
2
parameters, {A k }k=I' I let
2

Xt :=

L AkXt-k + €t,
k=l

for t = 1,2, ... , 71 and x- s = X- s fot s = 0,1. In a similar fashion a bootstrap series is
constructed within the Yt-model. These bootstrap series are then transformed to series
which correspond to the model which is estimated. For that model, a Wald and an LR
test is computed.
The second step is then repeated B times, yielding ordered sequences {LR(b)}~=1 and
{W(b)}==1 for each pair of data generating and estimation model. Here, the ordering is
such that LR(b) ~ LR(b+l) for every b E {I, 2, ... ,B -I}, and similarly for the Wald test.
To obtain a reasonably good estimate of the unknown small sample distributions for each
test statistic, I let B = 5000. Finally, the percentile method is employed to construct the
bootstrap distributions (cf. Efron [23, Chapter 10]).22
In Figure 4.3 the fboot empirical probability distributions for {6t} ~~1 and {ilt} ~~1 are
depicted. The residuals associated with the long term rate equation seem to have thick
22The idea behind the percentile method is extremely simple. To construct a lOOp percent one-sided
confidence bound, I simply let p = biB, and for, e.g., the LR test I pick the b:th largest value. Accordingly,
for a given hypothesis, there is no a priori reason why we should expect the bootstrap p-value of the
Wald test to be smaller than the bootstrap p-value for the LR test as the case is for the X2 distribution.
Furthermore, we do not know how large these p-values are in relation to the limiting X2 p-value. Thus,
the bootstrap resampling plan allows us to study questions (ii) and (iii) above. In particular, one of
the test statistics can have a severely skewed bootstrap distribution relative to the X 2 • If the bootstrap
distribution of the LR test is skewed to the right, then X2 based inference for the LR test is less "sensitive"
than similar inference for the Wald test and vice versa if the bootstrap distribution of the Wald test is
skewed to the left of the X2 distribution. It may also be noted that the ~ercentile method is not the only
procedure for constructing bootstrap distributions given, e.g., {Lft(b)}b=l (cf. Efron [23, Chapter 10]).
Nevertheless, in many applications it appears to provide quite accurate estimates of the small sample
uncertainty.
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Figure 4.3: Empirical probability distributions of the constrained residuals for the Xtmodel (top) and the Yt-model (bottom) ~ith the residuals of the first equation in the
graphs to the left and the residuals of the second equation in the graphs to the right.
Data is generated by VAR(2) models.
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tails, whereas the residuals from the short term rate equation are probably well approximated by a Gaussian distribution. However, as a joint distribution, these two graphs
suggest skewness as well as kurtosis. Similarly, the two residual series for the constrained
Yt-model are both skewed, to the left for the ~rt-equation and to the right for the
(Rt - r t )-equation, and seem to have one thick tail each. Hence, the joint empirical
probability distributions of the Xt and the Yt models certainly do not look Gaussian.
The bootstrap distributions of the LR and Wald tests are shown in Figure 4.4 along
with the limiting X~ distribution. Generally, the bootstrap and X2 distributions appear
very similar in all four graphs. Furthermore, since all bootstrap distributions are somewhat skewed to the right, the LR test is less sensitive than the Wald test to the choice
of approximation of the unknown small sample distributions. It should perhaps be emphasized that this does not imply that the LR test is better suited for testing the term
structure model than the Wald test. However, in view of the fact that the latter test
statistic is not numerically invariant in finite samples with respect to nonlinear transformations (such as those associated with the derivation of equations (4.17) and (4.18))
while the LR test is, the distributions in Figure 4.4 suggest that when the X2 distribution
is employed for inference, the performance of the LR test seems more reliable.
In Table 4.5 I report p-values for the LR and W tests of the term structure restrictions
which are based on three distributions. When we estimate the xt-model, the bootstrap
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Figure 4.4: Bootstrap distributions for the LR (continuous line) and Wald (dashed line)
tests along with the X~ (dotted line) distribution. The top charts are associated with the
(VAR(2)) Xt data generating model and the charts in the left column with estimated Xt
models.
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p-values of the Xt and Yt data generating models are nearly identical to the X~ p-value
for the LR test. In contrast, the p-values of the Wald test are identical to those of the
LR test when data are generated by the Xt and the Yt model, whereas the X~ p-value
is less than half of the bootstrap p-values. When the Yt-model is estimated a similar
picture emerges. Although all p-values are associated with rejecting the term structure
restrictions if a critical 5 percent value is chosen, these results suggest that a cautious
attitude regarding the Wald test seems justified. In particular, the size of the Wald test
may have been affected by the nonlinear transformations discussed above.
Another interesting observation that can be made from Figure 4.4 is that when the
xt-model is estimated the bootstrap distributions are somewhat more skewed in relation
to the X2 distribution than when the Yt-model is estimated, but that this skewness seems
negligable at the right tails. Furthermore, this does not seem to depend much on whether
Xt or Yt actually generates data. If the cointegration restrictions in the Yt-model are nearly
"consistent" with the Xt data generating model, as was discussed for p ~ 1 at the end of
section 4.3.3, this may explain such behavior of the bootstrap distributions.
To examine this issue further, in Figure 4.5 the bootstrap distributions of the LRbh
tests are depicted when data are generated by the Xt and Yt models, along with the density
function of the X~ distribution. The estimated model for both bootstrap distributions is
the Yt-model. If the cointegration and term structure restrictions are satisfied by the
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Figure 4.5: Bootstrap distributions for the LRbh test (continuous line) and the density
function of the X~ distribution (dotted line). Data are generated by the Xt- model (left
chart) and Yt model (right chart), while the Yt model is estimated.
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data generating process it can be seen that the bootstrap distribution of the LRbh test is
approximately equal to the limiting X2 distribution. However, the skewness is somewhat
larger than for the bootstrap (LR) and X2 distributions in Figure 4.4. Hence, inference
based on the limiting distribution of the LRbh statistic seems to be mildly biased in
favor of the alternative relative to inference based on the bootstrap distribution. On the
other hand, if data satisfies the term structure but not the cointegration constraints, the
bootstrap distribution of the LRbh test has shifted a significant distance to the right of the
X2 • It should perhaps be emphasized that the X2 distribution is still valid under the null
hypothesis and that this hypothesis is, by construction, generally only nearly consistent
with the xt-model. Hence, the LRbh test seems fairly well equipped for rejecting the joint
hypothesis of cointegration and the term structure model when the former is almost but
not entirely true. For example, the p-values of the LRbh test on Swedish interest rates
in Table 4.5 indicate that the Yt-model is probably misspecified while the xt-model is
consistent with the observed value of this test.
Table 4.5: Bootstrap and X2 based p-values of tests of the term structure model when
data is generated by a VAR(2) model.
data model
estimated model
Xt

LR

Yt

LR

W
W

I Yt

LRbh

2

Xt

Yt

X

.013
.013
.043
.043

.010
.010
.039
.046

.008
.004
.040
.029

(df)
(4)
(4)
(4)
(4)

I .257 I .024 I .014

(6)

I

Note: The p-values for the bootstrap distributions are based on the percentile method (cf. Efron [23, Chapter
10]).

Let me summarize the discussion by refering to the three questions stated at the
beginning of this subsection. First, since the Yt-model is conditioned on a set of linear
restrictions (suggested but not implied by theory) it is reasonable to propose that these
constraints should be tested along with those implied by the term structure model. If
the LRbh test rejects the joint hypothesis of cointegration and the term structure model,
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the xt-model should be employed when testing the latter restrictions in isolation. On
the other hand, if the joint hypothesis is not rejected, the results indicate that it may
not matter which data generating model is used for testing the theory. Second, since the
bootstrap distributions of the LR tests are slightly less skewed to the right of the X2 than
the bootstrap distributions of the Wald tests, it follows that the choice of test statistic
may be important. Third, the limiting X2 distribution is very similar to most bootstrap
distributions. Furthermore, when the xt-model generates data and the Yt-model is used
for estimation, i.e., generally a model misspecification, the bootstrap distributions of the
test statistics have not shifted away from the X2 distribution by any notable distance as
long as only the term structure restrictions are investigated. Hence, X2 based inference
seems fairly robust with respect to such model misspecification.

4.5

Concluding Remarks

In this chapter I have analysed and tested a rational expectations model of the term structure of interest rates. Based on the local expectations hypothesis and a linear approximation of the one-period ahead holding period yield, the term structure model implies
that t,he long term (consol) yield can be expressed as a weighted average of the current
and expected future short term yields plus a constant term premium. The weights on
the short term rates sum to one and are exponentially declining in the forecast horizon.
Equivalently, the term structure model specifies that the spread between the long term
and short term yield is a weighted average of expected future changes in the short term
rate plus a constant term premium. When the economic hypothesis is connected with a bivariate finite order vector autoregression we find that either a levels or a cointegrated data
generating model can be used. Furthermore, while the latter model is only valid under
the form of cointegration suggested by the term structure hypothesis, the former model is
also consistent with, e.g., jointly wide sense stationary interest rates. More importantly,
if interest rates are modelled as being cointegrated of order (1,1) with a stationary spread,
standard inference can be carried out within either data generating model. Also, if it is
assumed that interest rates are nonexplosive and the term structure model holds true, I
have shown that the long term yield Granger-causes the short term yield. Should such a
condition not be satisfied by unconstrained estimates of either vector autoregression, the
term structure restrictions imply that interest rates are explosive, i.e., standard inference
from tests of these restrictions is no longer applicable when we condition on the term
structure model.
From the empirical analyses it is found that the choice of lag order seems to be especially important. For example, if the log or iterated log criteria determines the lag
order, the term structure restrictions are consistent with Swedish data, while a lag order
selection based on the Akaike criterion provides us with the opposite conclusion. To deal
with this I suggest that information criteria may be used to choose an upper and a lower
bound for the lag order and that lag order tests help us in selecting a suitable lag order
within this set.
To examine whether data are cointegrated, I propose some simple LR tests. In the
present setting these tests have a limiting X2 distribution. Moreover, one of the statistics,
denoted by LRbh' allows us to test the cointegration and the term structure restrictions
jointly. In connection with inference from tests of the term structure model on Swedish
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data, we find that it can generally be rejected. However, it is not irrelevant whether the
levels or the cointegrated vector autoregression represents the data generating process.
In general, the cointegrated vector autoregression is not strongly at odds with the term
structure model, whereas the levels model is. In view of the fact that a discount factor p
being approximately equal to one and the term structure restrictions imply that jointly
wide sense stationary interest rates are nearly cointegrated, it is perhaps not surprising
that the Yt-model is somewhat more in line with the term structure model than the
xt-model is. Furthermore, the LRbh test suggests that either cointegration or the term
structure restrictions are not supported by data.
Finally, I have used bootstrap resampling to obtain alternative estimates (to the limiting X2 ) of the unknown small sample distributions of the LR and Wald tests. It is then
found that if we only test the term structure restrictions, inference does not seem to be
greatly effected by which model actually generates data. In particular, the tests seem to
be quite robust with respect to misspecification of the cointegration restrictions. However,
once the joint hypothesis of cointegration and the term structure model is tested, it can
be concluded that if the LRbh test rejects this hypothesis, the levels model should be employed when testing the term structure model. Furthermore, the X2 distribution performs
quite well in relation to the bootstrap distributions as an estimate of the small sample
uncertainty. Moreover, the X2 and the bootstrap LR distributions are less different (in
terms of p-values) than the X2 and the bootstrap Wald distributions, thereby suggesting
that the choice of test statistic may be important when the X2 distribution is considered
for inference from statistical analysis of the term structure model.
Natural extensions of this study are currently being pursued by Ossian Ekdahl and
n1yself. First, the Li.d. assumption in the bootstrap analysis may be dropped and replaced with the assumption that Ct is conditionally heteroskedastic and model conditional
heteroskedasticity as a multivariate GARCH process (cf. Bollerslev [11]). This makes it
possible to consider, e.g., the W* statistic in a bootstrap study.
Second, time varying term premia are also of interest. Engle, Lilien and Robins [27]
study (single equation) term structure tests of, e.g., a relationship similar to that examined
by Mankiw and Summers [66] and assume that the residual is generated by an ARCH-M
process. This time series model is based on the assumption that the conditional mean
of Ct is a function of its conditional variance. Accordingly, the model allows the term
premium to be a function of volatility. In terms of a bivariate vector autoregression we
aim to model Ct as a multivariate GARCH-M process. To accomplish these two related
extensions some new econometric tools must first be developed.

Appendix: A TransforIDed Model for Cointegrated
Interest Rates
The purpose of this appendix is to derive a transformed model of equation (4.9) which
can be written in the form of equations (2.2) and (2.3) in Sims, Stock and Watson [92].
The transformed model (or transformed regression equation if we stick to the terminology
in Sims, Stock and Watson) can then be used to show that all coefficients in (4.9) correspond to coefficients on mean zero stationary canonical regressors in the transformed
model. In the terminology of Sims, Stock and Watson, a "canonical" regressor is a linear
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transformation of the original regressors Xt. Furthermore, I shall show that lag order,
Granger non-causality, cointegration, and term structure restrictions on the coefficients
of (4.9) imply and are implied by a corresponding set of restrictions on the coefficients
of the transformed model for interest rates which are cointegrated of order (1,1) with a
stationary spread (see also, case 3 in Sims, Stock and Watson and the analysis in West
[101]).
To derive the transformed model for Xt, let us begin by rewriting the vector autoregression in (4.9) such that
(4.27)
where

p

Aj:=-

E

Ak

VjE{I, ... ,p-l},

k=j+1

and J.L = ,Ilo = ,a' ji = A(l )ji. The constraints on Il ensure that Xt is not driven by
any linear deterministic trends. It should be emphasized, however, that similar results
as those below hold when Il is not constrained as in the present case. Since the matrix
A(l) = 12 - 2:1=1 A k , we find that (4.27) can be written as
p-1

Xt - ji

= E AjdXt_j + (12 -

A(I)) (Xt-l - it)

+ Ct·

(4.28)

j=1

If {Xt}:1 is cointegrated of order (1,1) with 0, 1, or 2 cointegration vectors, then all
elements of Aj for all j E {l, ... ,p -I} are co_~fficients on mean zero stationary canonical
regressors. This follows from the fact that {~Xt}:1 is jointly wide sense stationary
and E[~Xt] = for all t ~ 1. Hence, to show that all coefficients in (4.9) correspond
to coefficients on mean zero stationary canonical regressors, it remains to consider the
elements of (12 - A(l)).
To accomplish this, let us follow the notation in Sims, Stock and Watson and introduce
the transformation matrix W which produces the canonical regressors (t := W(Xt - it)
and (i is the i:th element of (t. If there is one cointegration vector, W should be specified
so that (t has one stationary canonical regressor and one nonstationary. Specifically, when
the spread between the long and the short term yield is stationary, let

°

W Xt

=

[1 1] [ rt ] = [ rtRt-rt
+ t].
-1

1

Rt

R

(4.29)

The first element of (t, i.e., (I, is thus dominated by a stochastic trend while the second
element, (;, is stationary. This follows from the observation that the first row of W is
orthogonal to the second row, and the second row is a cointegration vector. Furthermore,
from, e.g., Engle and Granger [26] and Theorem 2.1, we know that ~Xt = C(L)Ct, and
(4.30)

where et = et-1 + Ct, rank[C(I)] = 1, a'C(I) = 0, and {Ut}:1 (where Ut := C(L)ct) is
jointly wide sense stationary. Since a' = [-1 1] we know that (R t - rt) is not influenced
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by the stochastic trend eta It can also be seen that p = [r .Ill' and that Po = a'ji = R- r.
Accordingly, if the term structure model is consistent with data, then Po = 'l/J, the term
premium.
Making use of equation (4.29), the transformed model for Xt can be written as
p-l

Xt - ji

= E A;~Xt_j + (12 -

A(l)) W- 1e2(;_1

+ (12 -

A(l)) W-1el(I_1

+ Ct,

(4.31)

j=l

where ei denotes the i:th column of 12 • From this equation it can be seen that since
W-1e2 = [-.5 .5]' does not have a zero element, all elements of (12 - A(l)) correspond to
coefficients on the mean zero stationary canonical regressor (;. It may be noted that these
elements also correspond to coefficients on the canonical regressor (1 which is dominated
by a stochastic trend. However, the rate of convergence of (least squares) estimates of
the elements in (12 - A(l)) is T 1/2 as this rate ils determined by the regressor which
is associated with the slowest rate of convergence, i.e., the canonical regressor (;. For
example, if interest rates are nonstationary in levels but not in first differences and there
is no cointegration vector, the elements of (12 - A( 1)) would converge to some limiting
distribution (see Sims, Stock and Watson [92, Theorem 1]) at a rate T, i.e., faster than
when there exists a cointegration vector for the interest rates. Before I turn to the
restrictions, note that the Sims, Stock and Watson "moving average" model (equations
(2.2) and (2.3)) can be derived directly from (4.30) and (4.31). In particular, letting
Zl := [~x~ ... ~X~_p+2 (;]' and := (1 (the Sims, Stock and Watson notation is used),
equation (2.2) in Sims, Stock and Watson is given by

zt

whereas equation (2.3) may be written as

The vector WI. is the first row of W. Since wI.a' = 0 and a'O(l) = 0, we know that
wI.C(l) -I 0, i.e., Zl is dominated by a stochastic trend.
The four main hypotheses being tested on the coefficients of equation (4.9) in section
4.4.2 are related to lag order, Granger-noncausality, cointegration, and term structure
restrictions. The lag order tests are particularly simple to study. Suppose the null hypothesis is s versus p lags. In that case

Ho : A S +1
Accordingly,
H~:

= ... = Ap = o.

A: = ... = A;_l = 0,

is an equivalent set of restrictions. A Wald or LR test of the latter restrictions have
a limiting X2 distribution, and since the hypotheses Ho and H~ are equivalent, a Wald
or LR test of the former restrictions also has a limiting X2 distribution. Second, the
Granger-noncausality test within the model (4.9) is based on the null hypothesis
H o : aijk=OVkE{l, ... ,p},i-lj.
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In terms of equation (4.31), an equivalent set of restrictions is
H~: a:jk

=0

and a( 1 )ij = 0 V k E {I, ... ,p - I}, i

=1=

j,

where a(l)ij is the (i,j):th element of A(l). Third, the term structure model implies the
hypothesis
Ho : a211

p -1

= --,
p

a221

1

= -,
p

= 0, V k E {2, ... ,p}

and a2jk

.

and J E {1,2},

when a test is conducted in equation (4.9). Equivalently, the term structure restrictions
on the coefficients of the transformed model are given by

H~: a~jk = 0 V k E {1, ... ,p -

I} and j E {l,2} and a(I)21

= -a(lb = p -

p

1.

Fourth, if the cointegration and the term structure restrictions are examined jointly, in
addition to the term structure constraints above we have that cointegration implies the
following for the untransformed model:
p

Ho : l.:(allk
k=l

+ a12k) = 1.

The corresponding restrictions on the coefficients of (4.31) are those above for the term
structure and
H~: a(l)ll = -a(1)12'
for cointegration. Hence, all the restrictions being tested in the untransformed model (4.9)
correspond to restrictions on the coefficients of mean zero stationary canonical regressors
in the transformed model (4.31). Accordingly, the Wald and LR tests have their usual
limiting X2 distribution even when interest rates are cointegrated of order (1,1) with a
stationary spread. Finally, it may be noted that results similar to those above hold for
all bivariate vector autoregressions where both elements of the cointegration vector are
nonzero, i.e., for all cointegrated systems with one cointegration vector where none of the
original regressors are jointly wide sense stationary (for more details, see West [101]).
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